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CHAPTER 1 FUNCTIONS 


1.1 

i. 

3. 

4. 

5. 

6 . 


7. 


9. 

10 . 

11 . 

12 . 

13. 

14. 


FUNCTIONS AND THEIR GRAPHS 


domain = (-co, oo); range =[l,co) 2. domain = [0, co); range = (-co, 1] 

domain = [-2, oo);y in range and y = 4 5x + 10 > 0 => y can be any positive real number => range = [0, oo). 

domain = (-oo, 0]u[3, oo); y in range and y = <Jx 2 -3x > 0 => y can be any positive real number => 
range = [0, oo). 

domain = (-oo, 3) u(3, oo); y in range and y = yry, now ift<3=>3-i>0=> yy- > 0, or iff > 3 => 

3 -1 < 0 => y^y < 0 => y can be any nonzero real number => range = (-co, 0) u (0, oo). 


domain = (-oo, -4) u (-4, 4) u (4, co); y in range and y = —, now if t < -4 => t 2 - 16 > 0 => -y- — > 0, or if 

i — 16 i — 16 

-4 < t < 4 => -16 < t 2 - 16 < 0 => -4- —, or if t > 4 => t 2 - 16 > 0 => -44 — > 0 => v can be any nonzero 

16 t 2 - 16 t 2 - 16 

real number range = (-co, -i] u (0, oo). 

O 

(a) Not the graph of a function of x since it fails the vertical line test. 

(b) Is the graph of a function of x since any vertical line intersects the graph at most once. 


(a) Not the graph of a function of x since it fails the vertical line test. 

(b) Not the graph of a function of x since it fails the vertical line test. 


base = x; (height) 2 + |-|j" =x 2 => height = ^-x; area is a(x) = \ (base)(height) = i(x)|^y-xj = ^y-x 2 ; 
perimeter is p{x) = x + x + x = 3x. 


= side length 


= d- 


i 2 

• ^ = -7=; and area is a = s~ 

42 




2 2 2 

Let D = diagonal length of a face of the cube and l = the length of an edge. Then l + D =d and 


D 2 = 'll 2 


■ 3 1 2 = d 2 


i • 9 £\s 9 • 9 

• l =-%=. The surface area is 6 1 = = 2d~ and the volume is l = 

4i 3 


/ 7\3/2 

ft) 


JL 

2 42 ' 


The coordinates ofP are ^x , Vx) so the slope of the line joining P to the origin is m = —y = -j=(x > 0). 
Thus, (x,^) = (^r,i). 

2x + 4y = 5 => y = -yX+-|;L = \](x-0) 2 + (y-0) 2 =^x 2 +(-^x + |) 2 =^x 2 +^x 2 -|x+|| 

/ 5 ji 5 25_ /20x^2o7725 _ ^20x^20x725 

~\4 X _ 4 X + t6“V 16 “ 4 

y = 4 x-3 =>y 2 + 3 = x;Z = yj(x- 4) 2 +(y-0) 2 =i/(j ;2 +3 -4) 2 +y 2 =^j(y 2 -l) 2 +y 2 
= yjy 4 -2y 2 +l + y 2 =^y 4 -y 2 +1 


Copyright © 2014 Pearson Education, Inc. 
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2 Chapter 1 Functions 

15. The domain is (— oo, oo). 16. The domain is (-co, oo). 



19. The domain is (-oo, 0)u(0, oo). 


20. The domain is (-oo, 0) u (0, oo). 



21. The domain is (-oo, -5) u(-5,-3] u[3, 5) u(5, oo) 22. The range is [2, 3). 
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24. Neither graph passes the vertical line test 

(a) 



(b) 




0 

l 

2 

y 

l 

0 

0 





29. (a) Line through (0, 0) and (1, 1): y = x; Line through (1, 1) and (2, 0): y = -x + 2 

x, 0 < x < 1 

-x + 2, 1 < x < 2 


fix) = 


(b) fix) 


2 , 0 < x < 1 
0 , 1 < x < 2 
2, 2 < x < 3 
0, 3 < x < 4 


30. (a) Line through (0, 2) and (2, 0): y = -x + 2 

Line through (2, 1) and (5, 0): m = ^ = y- 

-x + 2, 0 < x < 2 


fix) = ■ 


-jx + j, 2<x<5 


-y,soj; = -i(x-2) + l = -±x + | 


Copyright © 2014 Pearson Education, Inc. 





4 Chapter 1 Functions 


-3-0 


(b) Line through (-1,0) and (0, -3): m = Q _ = -3, so y = -3x - 3 

ough (0, 3) and (2, - 
f—3 jc — 3, -1 < x < 0 


Line through (0, 3) and (2, -1): m = 2 _ 3 = = -2, so y = -2x + 3 


fix) = 


-2x + 3, 0 < x <2 


31. (a) Line through (-1,1) and (0,0): y = —x 
Line through (0, 1) and (1, I): y = 1 

Line through (1, 1) and (3, 0): m = j = y^ = -y, so y = +1 = -jX + ^ 


fix) = 


-x -l<x<0 

1 0 < x < 1 

_iv+3 1<x <3 

2 X+ 2 


(b) Line through (-2, -1) and (0, 0): y = jX 
Line through (0, 2) and (1, 0): y = -2x + 2 
Line through (1, -1) and (3, -1): y = -1 


fix) = 


1 - 0 


32. (a) Line through (y, oj and (T, 1): m - T _ {T/2) 
[ 0, 0 < x < ^ 

fix) =' 



-2 < X < 0 

-2x + 2 

0 < x < 1 

-1 

1 < x < 3 

+ 0 =|rX 

-1 


yrX- 

1, T 2 <x<T 

A, 

0 < X < y 

-A, 

y < X < r 

A, 

T<x<^- 

-A, 

<x <2T 


(b) fix') = \ 


33. (a) [xj = 0 for x e [0,1) 

34. [x J = [x] only when x is an integer. 


(b) x] = 0 for x e (-1, 0] 


35. For any real number x, n < x < n + 1, where n is an integer. Now: n < x < n +1 => -(/? +1) < -x < -/?. 
By definition: [~-x] = —n and |_xJ =n=> — |_xJ = -n. So [~-x] = -[xj for all real x. 


36. To find/(x) you delete the decimal or 
fractional portion of x, leaving only 
the integer part. 


y 
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Section 1.1 Functions and Their Graphs 


37. Symmetric about the origin 
Dec: -oo < x < oo 
Inc: nowhere 



39. Symmetric about the origin 
Dec: nowhere 
Inc: -oo < x < 0 
0 < x < co 


y 



4 1. Symmetric about the j-axis 
Dec: -oo < x < 0 
Inc: 0 < x < oo 


y 



38. Symmetric about they-axis 
Dec: -oo < x < 0 
Inc: 0 < x < oo 



40. Symmetric about the j-axis 
Dec: 0 < x < oo 
Inc: -oo < x < 0 


y 



42. No symmetry 
Dec: -oo < x < 0 
Inc: nowhere 


y 
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6 Chapter 1 Functions 


43. Symmetric about the origin 
Dec: nowhere 
Inc: —oo < x < oo 


y 



45. No symmetry 
Dec: 0 < x < oo 
Inc: nowhere 



44. No symmetry 


Dec: 0 < x < oo 
Inc: nowhere 

' >’ 



46. Symmetric about the y-axis 
Dec: -oo < x < 0 
Inc: 0 < x < oo 
y 



47. Since a horizontal line not through the origin is symmetric with respect to the g-axis, but not with respect to the 
origin, the function is even. 

48. f(x) = x ~ 5 =-^and f(-x)=(-x )~ 5 =—^-=- = = -f(x). Thus the function is odd. 

x (-x) \x ) 

49. Since /(x) = x + 1 = (-x) + 1 = /(-x). The function is even. 

9 9 9 9 

50. Since [/(x) = x + x] #[/(-x) = (-x) -x] and [/(x) = x +x] #[-/(x) =-(x) -x] the function is neither 
even nor odd. 

51. Since g(x) = x + x, g(-x) = -x - x =-(x + x) =-g(x). So the function is odd. 

52. g(x) = x 4 + 3x 2 - 1 = (-x ) 4 + 3(-x ) 2 - 1 = g(-x), thus the function is even. 

53. g(x) = — =- h — = g(-*). Thus the function is even. 

x 2 - 1 (-x) 2 - 1 

54. g(x) = / ; g(—x) = — -f— = —g(x). So the function is odd. 

x‘-l x-1 

55. h(t) = A(-f) = —^y ; -/?(0 = y^y. Since /?(/) ^ -/?(t) and h(t) + h(—t), the function is neither even nor odd. 
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56. Since |t 3 | = |(-t) 3 1 ,h(t) = h(-t ) and the function is even. 

57. h(t) = 2t + 1, h(-t ) = -2t + 1. So h(t ) ± £(-?). -/t(t) = —2t — 1, so /?/) ± -h(t). The function is neither even 
nor odd. 


58. h{t) = 2|/j + 1 and h(-t) = 2|— 1 | + 1 = 2\t\ + 1. So h(t) = h(-t) and the function is even. 

59. s = kt => 25 = £(75) => k = => s = yt; 60 = => t = 180 

60. K — c v 2 => 12960 = c(18) 2 => c = 40 => K = 40v 2 ; K = 40(10) 2 = 4000 joules 

61. r = — =>6=4=>£ = 24=>r = —; 10 = — => s = 

5 4 s s 5 

62. P = =i> 14.7 = =i> k = 14700 => P = ±4ZQ0 23.4 = iiZOO ^ v = 2±M ^ 628 2 ; n 3 

v 1000 v v 39 

63. v = /(x) = x(14 -2x)(22 -2x) = 4.t 3 - 72* 2 + 308x; 0 < x < 7. 


64. (a) Let £ = height of the triangle. Since the triangle is isosceles, = 2 2 => ^4.5 = >/2. So, 


/? 2 + l 2 = 


= (^Jl j => £ = 1 => B is at (0,1) => slope of AB = -1 => The equation of AB is 
y = f(x) = ~x + l;x&[ 0 , 1 ], 

(b) A(x) = 2 xy = 2x(-x +1) = -2x 2 +2x;x & [0,1]. 


65. (a) Graph h because it is an even function and rises less rapidly than does Graph g. 

(b) Graph/ because it is an odd function. 

(c) Graph g because it is an even function and rises more rapidly than does Graph h. 


66 . (a) Graph/ because it is linear. 

(b) Graph g because it contains (0, 1). 

(c) Graph h because it is a nonlinear odd function. 


67. (a) From the graph, 4 > 1 + ^ 
(b) 4 >l + ^ 4 -l -^>0 

2 x 2 x 


■ x e (-2,0) u (4, <x>) 


x > 0: 4 — 1 — — > 0 : 
2 x 


jc — 2jc — 8 
2x 


> 0 : 


(x — 4)(x + 2) 
2x 


>0 


=> x > 4 since x is positive; 
x < 0 : 4 ~ 1 ~— > 0 => - / 2x ~ 8 < 0 : 

2 X 2x 

=> x < -2 since x is negative; 
sign of (x - 4)(x + 2) 


(x-4)(x+ 2) < q 
2x 


-2 4 

Solution interval: (-2, 0)u(4, 00 ) 


y 
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Chapter 1 Functions 


68 . 


(a) 

(b) 


From the graph, ^ 2 | < 2 


x e (-oo, -5) u(-l, 1) 
Case x < -1: —2-r < —- => 3(:l + > 2 

- x - 1 X + l x - 1 

=>3x + 3<2x-2=>x<-5. 

Thus, x e (-oo, -5) solves the inequality. 


Case -1 < x < 1: —3-r < - 2 


X — 1 X + 1 


3Q + 1) 
x — 1 


<2 


=> 3x + 3 > 2x -2 => x > -5 which 
is true if x > -1. Thus, x e (-1,1) 
solves the inequality. 

Case 1 < x: —=>3x + 3<2x-2=>x<-5 

- x - 1 x + 1 


which is never true if 1 < x, 
so no solution here. 

In conclusion, x e (-oo, -5) u(-l, 1). 


y 



69. A curve symmetric about the x-axis will not pass the vertical line test because the points (x, y) and (x, —y) lie 
on the same vertical line. The graph of the function y = f(x) = 0 is the x-axis, a horizontal line for which there 
is a single y- value, 0 , for any x. 

70. price = 40 +5x, quantity = 300 -25x => R(x) = (40 + 5x)(300-25x) 

71. x 2 +x 2 = /? 2 =^x=4 = 

V2 

72. (a) Note that 2 mi = 10,560 ft, so there are \J 800 2 + x 2 feet of river cable at $180 per foot and (10,560-x) 

feet of land cable at $100 per foot. The cost is C(x) = 180v/800 2 +x 2 + 100(10,560 — x). 

(b) C(0) =$1,200,000 
C(500)« $1,175,812 
C(1000)« $1,186,512 
C(1500)« $1,212,000 
C(2000)« $1,243,732 
C(2500)«$ 1,278,479 
C(3000)« $1,314,870 

Values beyond this are all larger. It would appear that the least expensive location is less than 2000 feet 
from the point P. 

1.2 COMBINING FUNCTIONS; SHIFTING AND SCALING GRAPHS 

1. Df\ -oo<x<co, D g : x>\^ D f+g = D fg \x>l.Rf \ -oo < y < oo, R g : y > 0, Rf +g : y > 1, R/ g : J > 0 

2. Dy:x + I>0=>x>-1, D g :x-l>0=>x >1. Therefore Df +g = Df g : x > 1. 

R f =R g :y> 0, R f+g : y>^2,R fg :y>0 


cost = 5(2x) + 10 h => C(h) = 10^j + 10 h = 5h{*Jl +2) 


3. Dj : -oo <x < oo, D g : -oo <x < oo, Dy ,„: -oo <x < oo, D g/ f : -oo <x < oo, Rj-: y = 2, R g : y > 1, Rf/ g - 0 < y < 2, 
R g/ f. ±<y< oo 

4. D f \ -cc <x <co,D g : x>0, D f/g : x>0, D g/f :x>0; R f \ y = \,R g : y>l,R f/g : 0<y<l,R g/f : l<y<cc 
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5. (a) 2 (b) 22 (c) x 2 +2 

(d) (x + 5 ) 2 -3 =x 2 +1 Ox + 22 (e) 5 (f) -2 

(g) x + 10 (h) (x 2 -3 ) 2 - 3 =x 4 - 6 x 2 +6 


6 . 


(a) 4 
(d) I 

(g) x-2 


(b) 2 
(e) 0 


1 _ X + 1 

x+2 ~ X + 2 
x + \ 


(c) 


X + 1 


-1 = 


X + 1 


(f) 


1 

4 


7. (f°g°h)(x) = f(g(h(x))) = f(g(4-x)) = /(3(4 —jc)) = /(12 -3x) = (12 -3x) + 1 = 13 -3x 

8 . (f°g°h)(x) = f(g(h(x))) = /(g(x 2 )) = f (2(x 2 ) — 1) = f (2x 2 -1) = 3(2x 2 -1) + 4 = 6 x 2 + 1 


9. (fogw,). /(*(/,(,») = /(*(i)) - /- /(rfc)=V t* +1 ' 

u y 


10 . (fogoh)(x) = f(g(h(x))) = /(g(V 2 ^)) = / 


2 


(- 72 ^ 4+1 


■4 


2 - X \ 3 - x 


+2 


1 - 3x 


3 - x I 9 _ 2 ^ 7 - 2x 

3 - X 


13. 


(a) 

(f°g)(x) 


(b) (j°g)(x) 

(d) 

(j°j)(x) 


(e) {g°h°f){x) 

(a) 

(f 0 f)(x) 


(b) (g°h)(x) 

(d) 

(. f°f)(x ) 


(e) (j°g°f)(x) 


g(x) 

fix) 

(f°g)(x) 

(a) 

x — 1 

\[x 

Vx-7 

(b) 

x + 2 

3x 

3(x + 2) = 3x + 6 

(c) 

2 

x 

yjx- 5 

Vx 2 -5 

(d) 

x 

x - 1 

* 

X — 1 

X 

A - 1 _ X 



- 1 X - (X - 1) 

(e) 

1 

x - 1 

i+i 

X 

X 


(f) 

I 

i 

X 

* 

X 


(a) 

II 

o 

« ( - v) “TT 


(b) 

II 

o 

g(*) t x 

1 1 _ x 

g(x) X + 1 

g(x) X + 1 


(c) (g°g)M 

(f) (hojofXx) 

(c) (h°h)(x) 

(f) (gofoh)(x) 


g(x ) 




(d) Since (/°g)(x) = / |Vx j = |x|, /(x) =x 2 . (Note that the domain of the composite is [0, oo).) 
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10 Chapter 1 Functions 

The completed table is shown. Note that the absolute value sign in part (d) is optional. 


g(x) 

fix) 

(f°g)(x) 

1 

X - 1 

1*1 

|.v-l| 

x + 1 

x — 1 

X 

X 

x + l 

2 

X 

yfx 

1*1 

Vx 

2 

X 

1*1 


15. (a) /(g(-l))=/(l)=l (b) g(/(0)) = g(-2)=2 (c) /(/(-l)) = /(0) = -2 

(d) g(g(2)) = g(0)=0 (e) g(/(-2)) = g(l) = -l (f) /(g(l)) = /(-l)=0 

16. (a) /(g(0)) = /(-1) = 2 - (-1) = 3, where g(0) = 0 — 1 = —1 

(b) g(f(3)) = g(—1) = -(-1) =1, where /(3) = 2 — 3 = —1 

(c) g(g(-l))=g(l)=l-l = 0, where g(-l) =-(-1) = 1 

(d) f( f( 2)) = /(0) = 2-0 = 2, where f(2) = 2-2 = 0 

(e) g(/(0)) = g(2) =2-1=1, where /(0) = 2-0=2 

( f ) /(&(!)) = /(-{) = 2-(4) = f, where g(I) = = 


17. (a) (fogXx)=f(g(x))=jf^ = ^ 

(, g°f)(x ) = g(f (x)) = -j= 

yJX + 1 

(b) Domain (/°g): (-oo, -1]u(0, oo), domain (g°f): (-1, oo) 

(c) Range (fog): (1, oo), range (g°f): (0, oo) 

18. (a) (/°g)(x) = /(g(x)) = l-2Vx+x 

(g°f)(x) = g(f(x)) = l-\x\ 

(b) Domain (/og): [0, oo), domain (go/): (-oo, oo) 

(c) Range (fog): (0, oo), range (go/): (-oo, 1] 

19. (. f°g)(x) = x => /(g(x)) = v => g ^ x) _ 2 = v => g(x) = (g(x) - 2)x = x ■ g(x) - 2x 
=> g(x)-x-g(x) = -2x =t> g(x) = 


20. 

(. f°g)(x) = * + 2 f(g(x)) = x + 2 2(g(x)) 3 

4=x + 2^>(g(x)) = 2 : 

=>g(*)-y/ 2 

21. 

(a) y = -(x + i) 2 


(b) y = -(x -4) 2 


22. 

(a) y = x 2 + 3 


(b) y = x 2 -5 


23. 

(a) Position 4 

(b) Position 1 

(c) Position 2 

(d) Position 3 

24. 

(a) y = -(x -l) 2 +4 

(b) y - -(x + 2) 2 +3 

(c) y = -(x +4) 2 -1 

(d) y = —(x - 2) 
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25. 26. 





29. 


y 



30. 




32. 



33. 


y 



34. 



lx- I + l) + 5 
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55. 


(a) domain: [0, 2]; range: [2, 3] 

y 


/\ 


= /(*) +2 


l l l L 


0 12 3 4 


(b) domain: [0, 2]; range: [-1,0] 

y 
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(c) domain: [0, 2]; range: [0, 2] 


y 



(d) domain: [0, 2]; range: [-1, 0] 

y 



(e) domain: [-2, 0]; range: [0, 1] 

y 



(f) domain: [1, 3]; range: [0,1] 


y 



(g) domain: [-2, 0]; range: [0,1] 

y 



(h) domain: [-1, 1]; range: [0, 1] 

y 




(c) domain: [-4, 0]; range: [0, 3] 



(d) domain: [-4, 0]; range: [1,4] 
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(e) domain: [2, 4]; range: [-3,0] (f) domain: [-2, 2]; range: [-3,0] 


y y 




67. Let y = -f2x+\ = fix) and let g(x) = x 1/2 , 

/ , \ 1/2 r , . -. 1/2 
h(x) = lx + ^1 , ?'(x) = V 2lx + j\ , and 

j(x) = - V2 (r + ^J = f{pc). The graph of/?(x) 

is the graph of g(x) shifted left ^ unit; the graph 
of/(x) is the graph ofh(x) stretched vertically by 
a factor of \[2; and the graph of j(x) = f (x) is the 
graph of ?(x) reflected across the x-axis. 



68. 


Let y = = f(x). Let g(x) = (-x) 1/2 , 

/?(x) = (-x + 2) 1/2 , and /(x)=-L(-x + 2) 1/2 = 


^1 -j - f (x). The graph of g(x) is the graph 

of v = Vx reflected across the x-axis. The graph 
of h{x) is the graph of g(x) shifted right two units. 


And the graph of ?(x) is the graph of /?(x) 
compressed vertically by a factor ofv/2. 
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"2 

69. y = f(x) = x . Shift /(x) one unit right followed by 
a shift two units up to get g(x) = (x - 1 ) +2. 


70. y = (1 - x) 3 + 2 = -[(x -l) 3 + (-2)] = f(x). 

Let g(x)=x 3 , /?(x) = (x—l) 3 , /(x) = (x-1) 3 +(-2), 

and j{x) = —[(x — l) 3 + (—2)]. The graph of/?(x) is the 
graph of g(x) shifted right one unit; the graph of i(x) 
is the graph of/?(x) shifted down two units; and the 
graph of /(x) is the graph of i(x) reflected across 
the x-axis. 

71. Compress the graph of f (x) = horizontally by a 
factor of 2 to get g(x) = Then shift g(x) 
vertically down 1 unit to get h(x) = y^-1. 


72. Let /(x) = Ay and g(x)=-^- + l= +1 

W 

= —-—7 +1 =-i —7 +1. Since V2 «1.4, we see 

[(t/V2)x] 

that the graph of /(x) stretched horizontally by 
a factor of 1.4 and shifted up 1 unit is the graph 
ofg(x). 

73. Reflect the graph of y = /(x) = l[x across the x-axis 
to get g(x) = -v/x. 


y 





y 
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77. (a) ( fg)(-x) = f (-x)g(-x) = /(x)(-g(x)) = -( fg)(x), odd 

<«> (f)<->=M = W = -(7)«’» dd 

(d) / 2 (-X) = f(-x) f(-x) = f(x)f (x) = f 2 (x), even 

(e) g 2 (-x) = (g(-x)) 2 = (-g(x)) 2 = g 2 (x), even 

(f) if °g)(-x)=f(g(-x))=f(-g(x))=f(g(x))=(fog)(x), even 

(g) (g 0 f )(-x) = g(f(~x)) = g(f(x)) = (g° /)(x), even 

(h) (/ o /)(-x) = /(/(-x)) = /(/(x)) = (/ o /)(x), even 

(i) (g° g)(-x) = g(g(-x)) = g(-g(x)) = -g(g(x)) = -(g° g)(x), odd 

78. Yes, /(x) = 0 is both even and odd since /(-x) = 0 = /(x) and /(—x) = 0 = -/(x). 

79. (a) (b) 
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1.3 TRIGONOMETRIC FUNCTIONS 

1. (a) s = r9 = {W)(±f-)=%7rm (b) 5 = rd = (10)(110°) (j^) = lJ ^- = ^m 


2. 8 = - = ^ L = ^f- radians and = 225° 

8 4 4 V n ) 

3. 8 - 80° => 8 = 80°(y^-) = => s = (6)= 8.4 in. (since the diameter = 12 in. => radius = 6 in.) 
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7. 

cos* = -j, tanx = - 

3 

4 

8. sinx = -i=, cosx = -4= 

V5 V5 

9. 

jo 

sinx = -y-, tanx = 


10. sinx = jj, tanx =--y 

11. 

sinx = —L, cosx = 
v5 

2 

12. cosx = --y, tanx = -^= 

13. 

y 


14. 

y 


y- sin 2x 

r\ 

y = sin .r y = sin 


period = n 


period = An 
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21 . 


y 



period = 2 n 


22 . 




25. period = 4, symmetric about the s-axis 


S 



26. period = An, symmetric about the origin 



27. (a) Cos x and sec x are positive for x in the interval 

(-"f ’ 2 }’ anc * cos x alK * sec x are ne S at * ve 

in the intervals -y) and (y, y^j. Sec x is 

undefined when cos x is 0. The range of sec x is 
(-oo,-l]u[l,oo); the range of cos x is [-1,1], 
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(b) Sin x and esc x are positive for x in the intervals 
(--y, -x'j and (0, n)\ and sin x and esc x are 
negative forx in the intervals (~n, 0) and 
(;r, -yj. Csc x is undefined when sin x is 0. The 
range of csc x is (—ao, -1] u[l, oo); the range of 
sin x is [-1,1]. 



28. Since cot x = —!—, cot x is undefined when tan x = 0 
tanx 

and is zero when tan x is undefined. As tan x 
approaches zero through positive values, cotx 
approaches infinity. Also, cot x approaches negative 
infinity as tan x approaches zero through negative 
values. 


y = lan .c 



29. D: -oo <x < oo; R: y = -1, 0,1 


30. D: -oo <x < oo; R: y = -1, 0,1 


y 




31. cos(x-tyj = cos xcos -sinxsin|“j = (cos x)(0) — (sin x)(—1) = sinx 

32. cos^x + -yj = cos x cos sinx sin (yj = (cosx)(0) — (sinx)(l) = -sinx 

33. sin(x + ^j = sin x cos (y) +cosx sin = (sin x)(0) +(cosx)(l) = cosx 

34. sin(x--^j = sinxcos^--^j + cosxsin|—= (sinx)(0) +(cosx)(-l) = -cosx 

35. cos (A-B) = cos (A+(-B)) = cosricos(-8)-sinrisin(-8) = cosricos8-sinri(-sin8) 

= cos A cos 8 + sin A sin B 

36. sin(ri -B) = sin(ri + (-8)) = sinricos(-8) + cosrisin(-8) = sin A cos B + cosri(-sin8) 

= sin A cos B - cos A sin B 

37. If .8 = A, A-B =0 =^>cos(ri-8) =cos0 =1. Also cos (A-B) =cos (A-A) =cos ricos A+ sinri sinri 

2 . 9 2*2 

= cos'ri + sin"ri. Therefore, cos A + sin"ri = 1. 

38. If 8 = 2n, then cos(ri + 2^) =cosricos2^- sin ri sin 2^- = (cosri)(l) - (sinri)(0) = cosri and 

sin(ri + 2;r) = sinricos2;r + cosrisin2;r = (sinri)(l) + (cosri)(0) = sin A . The result agrees with the fact that the 
cosine and sine functions have period 2 n. 

39. cos(7T + x) = cos7rcosx-sin n sinx = (-l)(cosx) — (0)(sinx) = -cosx 
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40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

49. 

51. 

52. 

53. 

54. 

55. 

56. 


sin(27r-x) = sin27rcos(-x) + cos(2;r)sin(-x) = (0)(cos(-x)) +(l)(sin(-x)) = -sinx 
sin|^-xj = sin|"yjcos(-x) +cos^^jsin(-x) = (-l)(cosx) +(0)(sin(-x)) = -cosx 


cos|^ + xj = cos cosx- sin sin x = (0)(cosx) -(-l)(sinx) = sinx 


, In . 


12 


COS^jy = COS | "x 


(f + ¥) 


sm-jtr = sm|^- + tf 1 = sin^cos^ + cos^sintf = 


• ^cin 2L 


V2 \l\\ , /V2i/V3\_ VjWf 


hW#)(#) 


, / n n\ 


COSyV = COS | tr--T I = COS ^ COS ( —^7 




sin jj = sin 


m (iL- f ) =sin (3 f ) cos (- f ) + cos (2 f ) sm (_ } ).(4)(4) + (-i)(-4) 


2V2 

_ 1 + V 3 
2V2 


cos 


2 ^ 1 + C0S (¥) 1 + f 2 + V2 


48. cos 


2 5z 
12 


; 2 . _ 1 - cos (t)_l-#_2-^ 


sm - = 


sin 2 0 = l^sin0 = ±f ^0 = f,f,4^,f 


50. sin 2 = 


l + cos(i^) _ I + (“T-) _ 2-^3 
2 2 " 4 

,- 0 os(M)_ 1 -(-f)_ 2 + V J 


2 2 
sin 0 = cos 8 - 


■ tan 2 0 = 1 => tan 0 = ±1 => 0 = If- 


sin 20 - cos 0 = 0 => 2 sin 0 cos 6 — cos 8 = 0 => cos 0(2 sin 8 - 1) = 0 => cos 8 = 0 or 2 sin 9 -1 = 0 
=> cos 9 = 0 or sin 0 = ^ => 0 = -^, 4?-, or 8 = ■§•, => 8 = -§-, 

z 11 00 ozoz 

cos20 + cos0 = 0 => 2cos 2 0-1+ cos0 = 0 2cos 2 0 + cos0-l = 0 => (cos0 + l)(2cos0-l) = 0 

=> cos 0 + 1 = 0 or 2cos 0-1 = 0 => cos0 = -1 or cos0 = \ => 0 = n or 0 = j, $2. => Q = ^ 4^ 


tan(^4 + 0) = 


tan(^4 -5) = 


* / a ¥-*n ^ ^ sin+1 cos 5 , cos^sin^ „ 

sin(^4 + B) _ sin ^4 cos# + cosAcosB _ cos +icos£ + cosAcosB _ tan^4 + tan if 


cos(^4 + B ) cos A cos B - sin A sin B cosAcosB _ sin a sing 1 - tan A tan B 

cos A cos B cos A cos B 


. , . „ N . „ , „ sin A cos B cos A sin B , „ 

sin(^4 - B) _ sin ^4 cos if - cosAcosB _ cos ^ C os5 ~~ cosAcosB _ tan^4 - tan if 


cos(^4 - B) cos A cos B + sin A sin B cosAcosB + sin a sin B 1 + tan A tan B 

cos A cos B cos A cos B 


2 2 2 

57. According to the figure in the text, we have the following: By the law of cosines, c = a + b -2abcos 9 

= 1 +1 - 2cos(,4-0) = 2-2cos(^4-0 ). By distance formula, c = (cos^4-cos0) + (sin^4-sin0) 

= cos" A— 2 cos A cos 0 + cos B + sin” A - 2 sin A sin B + sin" 0=2- 2(cos A cos 0 + sin A sin 0) . Thus 
7 

c = 2 - 2cos (A-B) = 2-2(cosAcosB + sin A sin 0) => cos (A -0) = cos A cos 0 + sin A sin 0 . 
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58. (a) cos(A-B) = cos A cos B + sin rising 

sin# = cos(y-#j and cos# = sin|y-#j 
Let # = A + B 

sin(ri + 7?) = cos^y-(ri + i?)J = cos =cos^y-rijcos#+sin^y-rijsin# 

= sin A cos B + cos A sin B 
(b) cos(ri-#) =cosricos#+sinrisin# 

cos(ri —(—#)) = cosAcos(-B) + sinAsin(-B) 

=> cos (A + B) = cos ri co s( —B ) + sin ri sin( —B ) = cos A cosB + sinri(-sin B) = cos ri cos .6 -sinrisin# 
Because the cosine function is even and the sine functions is odd. 

59. c 2 = a 2 +b 2 - lab cos, C = 2 2 + 3 2 - 2(2)(3) cos(60°) = 4 + 9 -12cos(60°) =13-12 (^) = 7. 

Thus, c = V7 w 2.65. 

60. c 2 = a 2 + b 2 - lab cos C = 2 2 + 3 2 - 2(2)(3) cos(40°) = 13-12 cos(40°). Thus, c = Jl3-12 cos 40° * 1.951. 


61. From the figures in the text, we see that sin B = If C is an acute angle, then sin C = ^. On the other hand, 
if C is obtuse (as in the figure on the right in the text), then sin C = sin(7r — C) = y. Thus, in either case, 
h = Zisin C = csin# => ah = aZ>sin C = acsin B. 


2 2 2 2 2 2 

By the law of cosines, cos C = ——==—— and cos B = — —T-. Moreover, since the sum of the interior 

J lab lac 

angles of triangle is n, we have sin A = sin(;r - (B + C)) = sin(# + C) = sin B cos C + cos B sin C 


a 2 + b 1 - c 1 
2 ab 


a 2 + c 2 - b 2 \( h 


(I) = (lL) i2c ' 2 + b 2 -c 2 + c 2 -b 2 ) = ^^ah = bc sin A. 


Combining our results we have ah = ab sin C, ah = ac sin #, and ah = be sin A. Dividing by abc gives 
h _ sin A _ sin C _ sin B 
be a c b 

law of sines 

62. By the law of sines, ^y^ = ^y^- = By Exercise 59 we know that c = yfl. Thus sin B = = 0.982. 


63. From the figure at the right and the law of cosines, /v 

b 2 = a 2 + l 2 -l(la)cosB / 

= a" + 4-4a^j = a 2 -2a +4. y 

Applying the law of sines to the figure, / \ 

y /9 I a X T/3 _ 

=> —= —— => a - Thus, combining results, 8 2 A 

2 9 t ? 1 2 2 

a -la+4=b =^a =i> 0 = ya + la-4 => 0 = a + 4a -8 . From the quadratic formula and the fact that 

A u -4 + y/4 2 - 4(1)(—8) W3-4 . 

a > 0, we have a =--— 9 -= —-— = 1.464. 


64. (a) The graphs of y - sin x and y = x nearly coincide when x is near the origin (when the calculator is in 
radians mode). 

(b) In degree mode, when x is near zero degrees the sine of x is much closer to zero than x itself. The curves 
look like intersecting straight lines near the origin when the calculator is in degree mode. 
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65. A = 2,B=2tt,C = -x,D=-\ 


66. A=j,B=2,C = l,D=j 


67. A = -1,B=4,C = 0,D=± 

n n 


68. A=j^,B =L,C=0,D = 0 





y 



/ 


v = sin —, L > 0 


69-72. Example CAS commands: 

Maple: 

f :=x-> A*sin((2*Pi/B)*(x-C))+Dl; 

A:=3; C:=0; D1:=0; 

f_list :=[seq(f(x), B =[ 1,3,2*Pi,5*Pi])]; 

plot(f_list, x=-4*Pi..4*Pi, scaling=constrained, 

color=[red,blue,green,cyan], linestyle=[l,3,4,7], 
legend=["B=l", "B=3","B=2*Pi","B=3*Pi"], 
title="#69 (Section 1.3)"); 

Mathematica: 

Clearfa, b, c, d, f, x] 
f[xj :=a Sin[27i/b (x - c)] + d 

Plot[f[x]/. {a ->3, b -> 1, c —> 0, d -> 0}, {x, -4n, 4n}] 

69. (a) The graph stretches horizontally. 
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(b) The period remains the same: period - \B\. The graph has a horizontal shift of j period. 



70. (a) The graph is shifted right C units. 



(b) The graph is shifted left C units. 

(c) A shift of ± one period will produce no apparent shift. |C| = 6 

71. (a) The graph shifts upwards 1 D\ units for D > 0 
(b) The graph shifts down | D | units for D < 0. 



72. (a) The graph stretches \A\ units. (b) For A < 0, the graph is inverted. 



Copyright © 2014 Pearson Education, Inc. 

























































26 Chapter 1 Functions 


1.4 GRAPHING WITH SOFTWARE 

1-4. The most appropriate viewing window displays the maxima, minima, intercepts, and end behavior of the 
graphs and has little unused space. 

1. d. 2. c. 



5-30. For any display there are many appropriate display widows. The graphs given as answers in Exercises 5-30 
are not unique in appearance. 

5. [-2, 5] by [-15, 40] 6. [-4, 4] by [-4, 4] 
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-4, 4] by [-5, 5] 


10. [-2, 2] by [-2, 8] 




[-2, 6] by [-5, 4] 


y 



[-1,6] by [-1,4] 


y 



[-3, 3] by [0, 10] 


y 



12. [-4, 4] by [-8, 8] 



14. [-1, 6] by [-1, 5] 



16. [-1,2] by [0,1] 
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17. [-5, 1] by [-5, 5] 


y 



18. [-5, 1]by [-2, 4] 



19. [-4, 4]by [0,3] 

y 



21. [-10, 10] by [-6, 6] 


y 



23. [-6, 10]by [-6, 6] 



20. [-5, 5] by [-2, 2] 



22. [-5, 5] by [-2, 2] 



24. [-3, 5] by [-2, 10] 



25. [-0.03, 0.03] by [-1.25,1.25] 

y 



26. [-0.1, 0.1] by [-3, 3] 
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1.5 EXPONENTIAL FUNCTIONS 



y 



5. y 



7. 

y 





6. y 



8 . 
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9. 


11 . 

12 . 

14. 

16. 

18. 

19. 

21 . 

22 . 

23. 

24. 




16 2 -16 -1 ' 75 =16 2+( - L75) =i* 0 ' 25 =i^ 1/4 - 


= 16 =16 =2 


9I/3.9I/6 =9 I+1 _9I/2 _3 


13. = 44.2-3.7 = 4 0.5 = 4 l/2 = 2 


o5/3 1-2 1 

J_— ^3 3 — 'V — Q 

o2/3 


15. (25 1/8 ) 4 =25 4/s =25 1/2 =5 


K) 


■jin 


= 13 2/2 =13 


17. 2^-7^ = (2-7)^ =14^ 


(^) 1/2 (VIi) 1/2 = (V3 -Vl2) 1/2 = (V36) 1/2 =6 1/2 


-_2^_ - 16.-4 

V2/ (2 1/2 ) 4 2 2 


20 . 


Ver _(6 1/2 ) 2 _6_2 


^2 9 3 


Domain: (- 00 , 00 );y in range => y = —-—. Asx increases, e x becomes infinitely large and v becomes a smaller 

2+e x 

and smaller positive real number. As .r decreases, e x becomes a smaller and smaller positive real number, 
y < and y gets arbitrarily close to ^ => Range: ( 0 , yj. 


Domain: (-ao, co); y in range => y = cos(e '). Since the values of e 1 are (0, 00 ) and 
-1 < cos x < 1 => Range: [-1, 1]. 


Domain: (-00, co); y in range => y = v/l + 3 1 . Since the values of 3 * are (0, 00) => Range: (1, 00). 

If e 2 v = 1, then x = 0 => Domain: (-co, 0) u (0, 00); v in range => v = —If x > 0, then 1 < e 2x < 00 

\-e* 

=^> -co <y < 0. If x < 0, then 0 < e 2x <1 =^> 3 < j < co => Range: (-co, 0) u ( 3 , co). 
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x « 2.3219 



7 

... 

/ . 

Intersection 

P=H 


[-6, 6] by [-2, 6] 


1.3863 



7 




/ 

./ 

>—*—*—*—*—4^ 

f 

ROOT 



|p = 'i 


[-6, 6] by [-3, 5] 

-0.6309 



29. Let t be the number of years. Solving 500,000(1.0375) ? =1,000,000 graphically, we find that t « 18.828. The 
population will reach 1 million in about 19 years. 

30. (a) The population is given by P(t) = 6250(1.0275/, where t is the number of years after 1890. 

Population in 1915: P(25) ~ 12,315 
Population in 1940: P(50) « 24,265 

(b) Solving P(t) = 50,000 graphically, we find that t ~ 76.651. The population reached 50,000 about 77 years 
after 1890, in 1967. 

/ , \tl\A 

31. (a) A(t) = 6.6(1) 

(b) Solving ,4(f) = 1 graphically, we find that t ~ 38. There will be 1 gram remaining after about 38.1145 days. 

32. Let t be the number of years. Solving 2300(1.60/= 4150 graphically, we find that 10.129. It will take 
about 10.129 years. (If the interest is not credited to the account until the end of each year, it will take 

11 years.) 

33. Let A be the amount of the initial investment, and let t be the number of years. We wish to solve 
.4(1.0625)* = 2^4, which is equivalent to 1.0625^ = 2. Solving graphically, we find that t ~ 11.433. It will take 
about 11.433 years. (If the interest is credited at the end of each year, it will take 12 years.) 

34. Let A be the amount of the initial investment, and let t be the number of years. We wish to solve 
A e 0.0575t _ ^ which is equivalent to e 0 - 0575 ' = 3 . Solving graphically, we find that t ~ 19.106. It will take 
about 19.106 years. 
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35. After t hours, the population is P(t) = 2 tj °' 5 , or equivalently, P(t) = 2 2t . After 24 hours, the population is 
P(24) = 2 48 «2.815xlO 14 bacteria. 

36. (a) Each year, the number of cases is 100% - 20% = 80% of the previous year’s number of cases. After 

t years, the number of cases will be C(t) = 10,000(0.8/. Solving C(t) = 1000 graphically, we find that 
t ~ 10.319. It will take 10.319 years. 

(b) Solving C(t ) = 1 graphically, we find that t « 41.275. It will take about 41.275 years. 

I. 6 INVERSE FUNCTIONS AND LOGARITHMS 

1. Yes one-to-one, the graph passes the horizontal line test. 

2. Not one-to-one, the graph fails the horizontal line test. 

3. Not one-to-one since (for example) the horizontal line y = 2 intersects the graph twice. 

4. Not one-to-one, the graph fails the horizontal line test. 

5. Yes one-to-one, the graph passes the horizontal line test. 

6 . Yes one-to-one, the graph passes the horizontal line test. 

7. Not one-to-one since the horizontal line y = 3 intersects the graph an infinite number of times. 

8 . Yes one-to-one, the graph passes the horizontal line test. 

9. Yes one-to one, graph passes the horizontal line test. 

10. Not one-to-one since (for example) the horizontal liney = 1 intersects the graph twice. 

II. Domain: 0 <x < 1, Range: 0 <y 12. Domain: x < 1, Range: y> o 
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15. Domain: 0 <x < 6 , Range: 0 <y < 3 16. Domain: —2 <x < 1, Range: -1 <y < 3 



17. The graph is symmetric about y = x. 



19. Step 1: y = x 2 +1 => x 2 —y — 1 => x = \jy- 1 
Step 2: y = ~Jx- 1 = / _1 (x) 


20. Step 1: y = x 2 => x = ~-Jy, since x < 0. 

Step 2: y = ~4x = / _1 (x) 

21. Step 1: > , = x 3 -l=>x 3 =>’+l=>x = (y + 1 ) 1/3 
Step 2: y = \lx + 1 = / _1 (x) 

22. Step 1: y = x 2 -2x + l => y - (x-1 ) 2 => ^Jy = x-1, since x > 1 => x = 1 + yfy 

Step 2: = 1 + \fx = / _1 (x) 

23. Step 1: j = (x + 1 ) 2 => Jy = x + 1, since x > -1 => x = Jy - 1 
Step 2: y = Vx -1 = / _1 (x) 
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24. Step 1: y = x 2 ' 3 ^x = y i/2 
Step 2: y = x’ jl = / _ 1 (x) 

25. Step 1: y = x 5 => x = j 1/5 
Step 2: y = ZJx = / _ 1 (x); 

Domain and Range of / -1 : all reals; 

/(/ _1 (x)) = (x 1/5 ) 5 = x and r\f(x)) = (x 5 ) l/5 =x 

26. Step 1: y = x 4 => x = y X!4 
Step 2: y = ifx = f~ x (x); 

Domain of / _1 : x > 0, Range of / _1 : y > 0; 
f(f-\x))=(x 114 ) 4 =x and f-\f(x)) = (x 4 ) 114 =x 


27. Step 1: y = x 3 +1 => x 3 = y -1 => x = (y -1 ) 1/3 
Step 2: y = y/x-l = / _ 1 (x); 

Domain and Range of f~ X : all reals; 

f{f-\x))={{x-\) m ?+\={x-\) + \=x and f~\f{x)) = ((x 3 + 1 ) - 1) 1/3 = (x 3 ) 1/3 = 


28. Step 1: y = \x-^ =>^-x =>’+2 =>* = 2>> + 7 
Step 2: y = 2x + l = / _1 (x); 

Domain and Range of / -1 : all reals; 

/(/' 1 (x)) = |(2x + 7) -1 = (x + |)-1 = x and f~ x (/(x)) = 2(I*-f) + 7 = (x-7) +7 


29. Step 1: y = -^ => x“ = — =>x = -4= 

x‘ - v Jy 

Step 2: j = -C = / _ 1 (x) 

yJX 

Domain of / -1 : x > 0, Range of / _1 : j>0; 

= = TT7 = x and /“‘(/(x)): 

(i) 


(i) 


= x since x> 0 . 


30. Step 1: v = -C^>x 3 = — =^> x = -r-r- 

y / 3 

Step 2 : y = ^- = 3j± = f-\ x); 

X 

Domain of f~ l : x ^ 0, Range of / _1 : y ^ 0; 

f' '( f~ l = ^—173^3 = ^ and f~ l (/(x)) = (^) = (J) ' = * 
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31. Step 1 : y = => y(x -2) = x + 3^>xy-2y = x + 3^>xy-x = 2y + 3^> x = 


2v+3 


Step 2: y = 2^ = f~\ x ) ; 

Domain of f~ l : x ^ 1, Range of / _1 : y # 2; 
r, r-1 1 ^ _ ftr)+ 3 _ 1 2 v • 3 1 • 3t v n _ 5x 


/(/ (x)) = 


(2x±3j_ 2 (2x+3)-2(x-l) 


= f = r and /“ 1 (/(x)) = 


2 (f ± l)+3 


_ 2(x+3)+3(x-2) 5x 

(x±lj_l (x+3)—(x—2) 5 


32. Step 1 : y = ^ => 7 ^Vx - 3 j = Vx => y~Jx - 3y = Vx => yyfx -yfx =3 7 => x = 

Step 2: y=(j±f = f- 1 (x ); 

Domain of / _1 : (- 00 , 0] u (1, 00 ), Range of / _1 : [0, 9) u (9, 00 ); 

t/( 5 ) 


nr\x))= 


r\m) = 


r) -3 

x—1 / 


; If.r > 1 orx < 0 

x—1 


> 0 : 


3.r 3.V 

x-i/ _ x—1 _ 3x _ 3x _ 


3 .2 _3x__? 3x-3(x-l) 3 

7?) - 3 x-l 3 


= x and 


( ^ 2 

i( 


m 

*Jx 

'-#- 1-1 
v*-3j y 


9x 


(V7-(^-3)) 


_ 9x _ 

rv 


2 9 


33. Step 1 : 7 = x 2 - 2 x, x < 1 => y +1 = (x- 1 ) 2 , x < 1 => -yjy +1 = x-l, x < 1 => x = l-^Jy+l 

Step 2 : _v = l- VxTT = / _1 (x); 

Domain of / -1 : [-1, 00), Range of / _1 : (-00, 1]; 

2 

/(/ _1 (x)) = (l -Vx+I) -2^1-Vx+I) = 1 - 2 VxTT + x +1 -2 + 2fx + 1 = x and 
/ _1 (/(x)) = 1 - -\/(x 2 -2x) +1, x < 1 = 1 - a/(x — l) 2 , x<l = l—|x-l| = l—(1— x) = x 


34. Step 1:7 = (2x 3 +1 ) 1/5 => 7 5 = 2x 3 + 1 => 7 s -1 = 2x 3 => 3 '_ 1 = x 3 => x = 


Step 2: y = ^r l = f *(x); 

Domain of / _1 : (-«, 00 ), Range of / -1 : (- 00 , 00 ); 


/(/ _1 (x)) = 



n!/5 


\ 1/5 


= | 2 (^-) + lJ" =((x 5 -l) + l ) 1/5 =(x 5 ) 1/5 =x and 


_ 3 /( 2 x 3 + 1)-1 _ 3 2 x 3 _ . 


35. (a) y = mx=> x = -^y => / 1 (x)=-^-x 

(b) The graph of 7 = / - 1 (x) is a line through the origin with slope —. 
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36. y = mx + b =? x = --—=> f 1 (.r) = — x- — ; the graph of f '(x) is a line with slope — and 
^-intercept - JC 


37. (a) y = x+\^>x=y-\-=3> f l (x) = x-\ 

(b) y = x + b => x =y — b => / _1 (x) = x-b 

(c) Their graphs will be parallel to one another 
and lie on opposite sides of the line y = x 
equidistant from that line. 



38. (a) y = —x + 1 => x = —y + 1 => / 1 (x) = 1 —x; 
the lines intersect at a right angle 

(b) y**-x + b=>x=-y + b=> f~ 1 (x)=b-x; 
the lines intersect at a right angle 

(c) Such a function is its own inverse 



39. (a) In 0.75 = ln-| = ln3 -ln4 = ln3 -ln2 2 = ln3 - 21n2 

(b) In |- = In 4 - In 9 = In 2 2 -ln3 2 = 21n2-21n3 

(c) ln^ = lnl-ln2 = -ln2 (d) ln%/9 =j-ln9 =yln3 2 =-=Tn3 

(e) In 3 V2 = In 3 + In 2 1/2 = In 3 + ^ In 2 

(f) lnVTrJ = -yin 13.5 =yln-y- =y(ln3 3 -In2) = ^(31n3-In2) 


40. (a) ln-pL = lnl-3In5 = -3In5 (b) In9.8 = ln^ = In7^ -In5 = 2In7-In5 

(c) ln7V7 =ln7 3/2 =|ln7 (d) lnl225 = ln35 2 = 21n35 = 2 In 5 +21n 7 

(e) In 0.056 - In -^ = In 7-In 5 3 =ln7-31n5 

ln35+lnj = I n 5+ln7-ln7 = 1 
K ’ In 25 2 In 5 2 


41. 




( 

\ 

/sinff' 

G 

II 

sin0 


l 5 ; 

(sin0\ 




U 5 ) 

y 


= In 5 


(b) ln(3x 2 - 9x) + In j = In | 


3.Y--9.r 

3x 


= ln(x -3) 


(c) j ln(4t 4 ) - In 2 = In V^t 4 - In 2 = In 2t 2 - In 2 = In j = ln(t 2 ) 


42. (a) In sec 9 + In cos 9 = ln[(sec ^(cos 9 )] = In 1 = 0 

(b) ln(8x + 4)-ln2 2 = ln(8x + 4) - In 4 = In (^±4) = ln(2x +1) 

(c) 3 In Ijt 2 -1 - In+ 1) = 3 ln(t 2 - 1) 1/3 - 1n(f +1) = 3 (±) ln(t 2 -1) - \n(t +1) = In = ln(r - 1) 
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43. 

44. 

45. 

46. 

47. 

49. 

50. 

51. 

52. 

53. 

54. 

55. 


(a) 

(a) 

(a) 

(c) 

(a) 

(c) 


e ln7 - 2 =7.2 

e ln,*W) =x 2 + J 2 

2 In Ve = 21 ne 1/2 = ( 2 )^jln<? = 1 (b) ln(lne e ) = ln(eln<?) = lne =1 

lne (_x ~ y •* = (-x 2 -y 2 )lne = -x 2 -y 1 

ln^e sec6/ j = (sec t?)(lne) = sect? (b) In e^ e ^ = (e x )(ln e) = e x 

ln(e 21nA ) = In |e ln A j = In x 2 =2 In x 


(b) 


-In x l 


(c) ^x-\ay =e \a(x!y) _ 


(b) 


-In 0.3 


1 

0.3 


(c) 


^In7pr-ln2 _ ^ln(>rx/2) _ nx_ 


In y = 2t + 4^> e ny = e 2f+4 => y = e 2t+4 48. lay = -t + 5 => e loy = e~ t+5 => y = e~ t+5 

In (y - 40) = 5/ => e ln( - v_40) = e 5t => y - 40 = e 5r => y = e 5t + 40 

ln(l -2 y) = t=> e H1 ~ 2y) = e 1 => 1 -2y = e => -2y = e -1 => y = -fe) 

ln(y - 1) - In 2 = x + lnx => ln(y - 1) - In 2 - In x = x => In = x => e ( 2i ) = e x => ZJ. = e x 
=^> y -1 = 2 xe A => y = 2 xe A +1 


In (y 2 - 1 ) -\n(y + 1 ) = ln(sinx) => = ln(sinx) => In (y - 1 ) = ln(sin x) => e n ^ y = e ln ( sm - r) 

=>y - 1 = sin x => y = sin x + 1 

(a) e 2k = 4 => In e 2A = In 4 => 2k In e = In 2 2 => 2k = 2 In 2 => k = In 2 

(b) 100 e 10A = 200 => e 10A = 2 ^ 1 ne 10A =ln 2 => 10 * In e = In 2 => 10 * = In 2 => k = ^ 

(c) e A/100 ° = a => lne A/100 ° = In a => yj^lne = In a => = In a => k = 1000 In a 

(a) e 5k = -j => lne 5A = ln4 _1 => 5k In e = -In 4 => 5k = -In 4 => k = —^ 

v ' 4 5 

(b) 80e A = 1 => e A = 80 _1 In e k = In 80 _1 => k In e ==ln 80 => k =* -=ln 80 

(c) e (lna8)A = 0 . 8 ^>(e ln0 ' 8 ) A = 0 . 8 ^>( 0 . 8 ) A = 0.8 =>Jfc= 1 

(a) e^ 3t = 21 => lne -0 ' 3 ' = ln3 3 => (-0.3r)ln e = 3 In 3 => -0.3/ = 3 In 3 => t = -10 In 3 

(b) e kt = -b => lne A/ = ln 2 _1 = kt lne = - In 2 => t = — 

(c) e 0n°.2)r = 04 _ >(e ln0.2y = 0 . 4 => 0.2' = 0.4=>ln0.2 ? = In 0.4 => t In 0.2 = In 0.4 => / = 

v ' v ' In 0.2 


Copyright © 2014 Pearson Education, lne. 





40 Chapter 1 Functions 


56. (a) e -° 01f = 1000 => lne~ 0 ' 01? = In 1000 => (-O.Olt)ln e = In 1000 => -0.0 If = In 1000 => t = -100 In 1000 

(b) e kt = ^ => \ne kt = lnlO 1 =kt\ne = -lnlO =^> kt = -In 10 => t = 

(c) e (ln2) * = I => (e ln2 / = 2 _1 => 2‘ = 2 -1 => t = -1 

57. e ^ = x 2 => In e^ = In x 2 => \ft = 2 In x => t = 4(ln x) 2 


59. (a) 5 log 5 7 = 7 (b) 8 log8%/2 =V2 (c) 1.3 Iog3 75 = 75 

(d) log 4 16 = log 4 4 2 =21og 4 4 = 2-1 =2 

(e) log 3 V3 = log 3 3 1/2 = ylog 3 3=y-l=i = 0.5 

(f) log4 (|) = >0g4 4_1 = —llog 4 4 = —1 -1 = —1 

60. (a) 2 log23 =3 (b) 10 loglo(1/2) = j (c) ;r log * 7 =7 

(d) lo gl 1 121 = lo gll 11 2 = 21o gll 11 = 2-1=2 

(e) log 121 11 = log 121 121 1/2 = (|) log 121 121 = (i) -1 = 1 

(f) log 3 (|) = log 3 3“ 2 = -2 log 3 3 = -2 • 1 = -2 

61. (a) Let z = log 4 x => 4" = x => 2 2z = x => (2^ ) 2 = x => 2 Z = \[x 

(b) Let z = log 3 x => y = x => (3 Z ) 2 = x 2 => 3 2z = x^ => 9 Z = x 2 

(c) log 2 (e (ln2)sinx ) = log 2 2 sinx = sin x 


62. (a) Let z = log 5 (3x 2 ) => 5 r = 3x 2 => 25 r = 9x 4 

(b) log e (e x ) = x 

(c) log 4 ( 2 eJsinx ) =log 4 4 (etsmx)/2 =£m* 


63. (a) 
(c) 


l°g 2 x _ In x ^ In x _ In x In 3 _ In 3 

log 3 x In 2 In 3 In 2 lnx In 2 

l n .r a _ In a In a _ In a In x 2 _ 2 lnx _ 2 

In 2 a In x i n x 2 In x In a In x 


/i_\ ^°§2 x _ lnx lnx _ lnx _ ln8 _ 3In2 _ o 

^ loggX In 2 In 8 In 2 lnx In 2 


ca log9 * _ Inx ^ Inx _ lnx In3 _ 1 

w log 3 x In9 ' In3 21n3 ’ lnx 2 

log Vio * _ lnx lnx _ lnx ( 2 )^^ _ ln2 

V } log^x in^io Inyfl (I)In 10 ln * lnl ° 

^ _ In b In a _ In b In b _ / In b 

' log^ a In a In b In a In a \ In a) 


65. (a) 


71 


6 


(b) f 


(c) -f 
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66. (a) f (b) f (c) f 

67. (a) arccos(-l) = irsince cos(;r) = -1 and 0 < n< n. 

(b) arccos(0 )=-y since cos^)=0 and 0<-|-<7r. 

68 . (a) arcsin(-l) =since sin(--yj =-1 and -y <<-|. 

(b) arcsin|--j=j = —^ since sin(—=--J= and —^ < y. 

69. The function g(x) is also one-to-one. The reasoning: /(x) is one-to-one means that if xj ^ X 2 then 

f(x \) ^ /(x 2 ), so — f (x,) ^ — f (x 2 ) and therefore g(xi)^g(x 2 ). Therefore g(x) is one-to-one as well. 

70. The function /?(x) is also one-to-one. The reasoning: /(x) is one-to-one means that if X| ^ X 2 then 

/(xi)^ /(x 2 ), so and therefore /?(xj) ^ /?(x 2 ). 

71. The composite is one-to-one also. The reasoning: If xj =£ x 2 then g(x,) ^ g(x 2 ) because g is one-to-one. Since 
g(x,) ^ g(x 2 ), we also have f(g(x \)) ^ /(g(x 2 )) because/is one-to-one; thus, fog is one-to-one because 
*1 * x 2 => /(g(x,)) * /(g(x 2 )). 

72. Yes, g must be one-to-one. If g were not one-to-one, there would exist numbers x, * x 2 in the domain ofg 
with g(xj) = g(x 2 ). For these numbers we would also have f(g(x l )) = /(g(x 2 )), contradicting the 
assumption that fog is one-to-one. 


73. (a) 


(b) 


y = —IHH- > 1 y. 2~ x = 2~ x = — - 1 — >■ 

i+ 2 - x y y 


log 2 (2^) = log 2 (if--l) -> -x = log 2 (^-l) 


X = 


-l°g2 (~- 1 ) = -log 2 = log 2 (l 


ttoo-v l 

Interchange x andy: y = log 2 ( T ^-y) -> /“'(x) = log 2 (y^y) 
Verify. 

100 100 100 


100 100.V 


(f°f )(x) ./ (l°g2 (roo-.v)) locd 10 °- x l 1 + 1 °°=+ x+100-x 100 " 

\ + 2 vlOO-x/ i + 2 \ X ) X 

( 100 h f X 

- [ °te lOWxf-i-KK) ■ l08; (t=) - ‘° e2<2,) 


y = 


->1 + 1.1“* = -^->1.1“* =50- 


i+i. r 


i^logi i(Li x ) = log u ^-l)->-x=log, .i(y-l) 


x = -logu (f-l) = -logn (^) = log L1 

Interchange x andy: y = log, , (y^yy) -> f~\x) = log, ., 
Verify. 
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(/°/- 1 )M=/( l 0 g L l(^)): 


50 


50 


50 


50.v _ 50x 


f _50 

(.r 1 ofxx)=r 1 ( I ^)=iog u i 


l° gl if—*—) io gll (52=£) i I 50—x x+50-x 50 

1+1.1 ° ' O0-rJ 1+U 81 h x ) t+ x 

50 


50- 


= !ogi.i 


V 1+1.1 •* J 


= log. 1 — 1 — = logi l (1.1 ) = X 
sop+i.r A )- 5 o; 511 \i.r v 1 6L1 


74. sin -! (l) + cos 1 (l)=y + 0=y; sin ! (0) + cos 1 (0)=0 + y = y; and sin '(-1)+cos -! (-1) =-y + ;r = y. 
If x 6 (-1, 0 ) and x = -a, then sin - 1 (x) +cos - 1 (x) = sin -1 (-a) + cos -1 (-a) = -sin -1 a +{n -cos -1 a) 

= n - (sin -1 a + cos -1 a) = n - y = y from Equations (3) and (4) in the text. 

75. (a) Begin with y = lnx and reduce they-value by 3 =>y = lnx - 3. 

(b) Begin with y = In x and replace x with x - 1 =>y ~ ln(x - 1). 

(c) Begin with y = In x, replace x with x + 1, and increase the y -value by 3 =>y = ln(x + 1) + 3. 

(d) Begin with y = In x, reduce the y-value by 4, and replace x with x - 2 =>y = ln(x - 2) - 4. 

(e) Begin with y = In x and replace x with -x =>y = ln(-x). 

(f) Begin with y = In x and switch x and j => x = In v or y = e x . 


76. (a) Begin with v = Inx and multiply they-value by 2 =>y = 2 lnx. 

(b) Begin with y = In x and replace x with y => y = In (yj. 

(c) Begin with y = In x and multiply the y -value by y => y - y Inx. 

(d) Begin with y = In x and replace x with 2x => y = In 2x. 


77. From zooming in on the graph at the right, we 
estimate the third root to be x » -0.76666. 



78. The functions /(x) = x ln2 and g(x)=2 lnA 

appear to have identical graphs for x > 0. This is 

no accident, because 

^.ln2 _^ln21nx _^ln2^1njt _ 2 ^ nx 



\t/\2 


79 . (a) Amount =8 (4) 

<■» -(ir-(ir-A- 3 

There will be 1 gram remaining after 36 hours. 


\t! 12 


= 3 —=36 


Copyright © 2014 Pearson Education, Inc. 



Chapter 1 Practice Exercises 


43 


80. 500(1.0475)' = 1000 ->1.0475' = 2 -> ln(1.0475') = ln(2) -> t ln(l.0475) = ln(2) -> t = ^ » 14.936 

It will take about 14.936 years. (If the interest is paid at the end of each year, it will take 15 years.) 


81. 375,000(1.0225)'=1,000,000->1.0225' = | -> ln(l .0225') = In(|) -> t ln(l .0225) = In (|) 

'•(t) 


-^ t - ' 


= 44.081 


ln( 1.0225) 

It will take about 44.081 years. 


82. y = y 0 e °' 18 ' represents the decay equation; solving (0.9)y 0 = y 0 e °' 18 ' => t = ~ 0.585 days 

CHAPTER 1 PRACTICE EXERCISES 


1 . 

2 . 


The area is A = nr 2 and the circumference is C = 2nr. Thus, r = -f- => A = n(S~\ = 

2 n \2jt 1 


The surface area is S = A nr 1 => r = . The volume is V = => r = Substitution into the formula 

9 / -w, \ 2/3 

for surface area gives S = 4nr = 4ny^\ 


3. 


The coordinates of a point on the parabola are (x, x 2 ). The angle of inclination 9 joining this point to the origin 

2 • • 2 2 
satisfies the equation tan 9 = -- =x. Thus the point has coordinates (x, x ) = (tan 9, tan" 9). 


4. tan 9 = - 


h . 
500 


■ h =500 tan 9 ft. 


5. 


y 



Symmetric about the origin. 


6 . 


y 



Symmetric about the j-axis. 



9. y(-x) = (~x) 2 +1 =x 2 +1 = y(x). Even. 
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10. y(-x) = (-x) 5 - (-x) 3 - (—x) = -x 5 + x 3 + x = —y(x). Odd. 


11. y(-x) = 1 - cos(-x) = 1 - cos x = y(x). Even. 

sin(-.y) _ _ sinA . 


12 . y(-x) = sec(-x) tan(-x) = 


cos 2 (-x) cos 2 x 


= -sec x tan x = -y(x). Odd. 


K) 4 +i 


x 4 +1 


x 4 +l 


13. y(-x) = ——p—— = = = Odd. 

(-x) 3 -2(-x) -x 3 + 2x x 3 -2x 


14. y(-x ) = (-x)-sin(-x) = (-x) +sinx = -(x-sinx) = —y(x). Odd. 


15. y(-x) = —x + cos(—x) = -x + cosx. Neither even nor odd. 

16. y(-x ) = (-x)cos(-x) = -xcosx = -y(x). Odd. 

17. Since/and g are odd => f(-x ) = -f(x) and g(-x) = -g(x). 

(a) (f-g)(~x) = /(—x)g(—x) = [-/(x)] [-g(x)] = /(x)g(x) = (/-g)(x) => f-g is even. 

(b) / 3 (-x) = /(-x)/(-x)/(-x) = [-/(x)] [-/(x)] [-/(x)] = -/(x) • /(x) • /(x) = -/ 3 (x) ^ / 3 is odd. 

(c) /(sin(-x)) = /(-sin(x)) = -/(sin(x)) /(sin(x)) is odd. 

(d) g(sec(-x)) = g(sec(x)) => g(sec(x)) is even. 

(e) |g(-x)| = | -g(x) | = | g(x) | => | g | is even. 


18. Let f(a-x) = /'( a + x) and define g(x) = f(x + a). Then g(-x) = f((-x)+a) - f {a - x) = / (a + x) = 
/ (x + a) = g (x) => g(x) = /(x + a) is even. 


19. (a) The function is defined for all values of x, so the domain is (—oo, co). 

(b) Since |x| attains all nonnegative values, the range is [- 2 ,oo). 

20. (a) Since the square root requires 1-x > 0, the domain is (-ao,l]. 

(b) Since %/l -x attains all nonnegative values, the range is [-2, oo). 

21. (a) Since the square root requires 16- x~ > 0, the domain is [-4, 4]. 

(b) For values ofx in the domain, 0 < 16 - x 2 < 16, so 0 < V 16-x 2 < 4. The range is [0,4]. 

22. (a) The function is defined for all values ofx, so the domain is (-oo, oo). 

2— X 

(b) Since 3 attains all positive values, the range is ( 1 , oo). 

23. (a) The function is defined for all values ofx, so the domain is (-oo, oo). 

(b) Since 2e -A attains all positive values, the range is (-3, oo). 

24. (a) The function is equivalent to v = tan 2x, so we require 2x * Af- for odd integers k. The domain is given by 

x ^ for odd integers k. 

(b) Since the tangent function attains all values, the range is (-oo, oo). 

25. (a) The function is defined for all values ofx, so the domain is (-oo, oo). 

(b) The sine function attains values from -1 to 1, so -2 < 2 sin (3x + n) < 2 and hence -3 < 2 sin (3x + 7i) —1 < 1. 

The range is [-3,1], 
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26. 

27. 

28. 

29. 


30. 

31. 


32. 

33. 


34. 


35. 


36 . 


(a) The function is defined for all values ofx, so the domain is (-oo, <x>). 

(b) The function is equivalent to y = v/?, which attains all nonnegative values. The range is [0, oo). 

(a) The logarithm requires x - 3 > 0, so the domain is (3, oo). 

(b) The logarithm attains all real values, so the range is (-oo, oo). 

(a) The function is defined for all values of x, so the domain is (-oo, oo). 

(b) The cube root attains all real values, so the range is (-oo, oo). 

(a) Increasing because volume increases as radius increases. 

(b) Neither, since the greatest integer function is composed of horizontal (constant) line segments. 

(c) Decreasing because as the height increases, the atmospheric pressure decreases. 

(d) Increasing because the kinetic (motion) energy increases as the particles velocity increases. 

(a) Increasing on [2, oo) (b) Increasing on [-1, oo) 

(c) Increasing on (-co, oo) (d) Increasing on |j^, ooj 

(a) The function is defined for -4 < x < 4, so the domain is [-4, 4]. 

(b) The function is equivalent to y = *J\x\, -4 < x < 4, which attains values from 0 to 2 for x in the domain. 
The range is [0, 2]. 

(a) The function is defined for -2 < x < 2, so the domain is [-2, 2]. 

(b) The range is [-1,1]. 

and (1, 0). m = ^ = y- = -l=>g = -x + l= l-x 

1) and (2, 0). m = j = ^ = -1 => y = -(x -1) +1 = -x + 2 = 2 -x 

and (2, 5). m = = -|=> J =-|x 

5) and (4, 0). m = ^ = -f => y = -f(x-2) + 5 = -fx + 10 = 10-^ 

f{x) = \ (Note: x = 2 canbeincludedoneitherpiece.) 

Il0-^s 2 <x < 4 


First piece: Line through (0, 1) 

Second piece: Line through (1, 
fl—x, 0<x<l 


fix) = 


2-x, l<x<2 


First piece: Line through (0, 0) 
Second piece: Line through (2, 


4x, 0<x<2 


(a) (/°g)(-l) = f(g(- 1)) = = I = 1 


(b) (g°/)(2) = g(/(2)) = g(i) = ~^= = 

(c) (/o/)(x) = /(/(x)) = /(i) = ^ = x, x ^ 0 

(d) (g°g)(x) = g(g(x)) = g 




_ $]x + 2 




(a) (/°g)(-l) = /(g(-l)) = /(^m) = /(0) = 2-0 = 2 

(b) (g°/)(2) = f(g( 2)) = g(2 -2) = g(0) = W+i = 1 

(c) = /(/(x)) = /(2 -x) = 2 -(2-x) ~ x 

(d) (gog)(x) = g(g(x))=g(v/x+T) = ^/x+r+l 
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37. (a) (/°g)(*) = /(g(x)) =f{4x + l) =2-[4 x + 2) =-x,x>-2. 

( g°f)(x ) = g(f(x)) =g( 2-x 1 ) = ^2-x 2 ) + 2 = V 4 -X 2 

(b) Domain of/°g: [-2, 00 ). (c) Range of /°g: (- 00 , 2], 

Domain of g°f: [-2, 2], Range of g°f: [0, 2], 


38. (a) 

(b) 

39. 


(/°g)(*) = /(gM) = f (= VVT^ 
(g°/)(X> = g(/M) = g (V*) = Vi-V* 

Domain of /og: (- 00 , 1], 

Domain of g°f: [0, 1]. 
y = f{x) 



$] l-x. 


(c) Range of f °g: [0, 00 ) 
Range of go/: [0,1]. 

y = if °/)U) 





The graph of /> (x) = / (| x|) is the same as the h does not change the graph, 

graph of / (x) to the right of the y-axis. The graph 
of /? (x) to the left of the y-axis is the reflection of 
y = fl (x), x > 0 across the j-axis. 
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43. 


y 



Whenever gj (x) is positive, the graph of y = 
g 2 M = 1^1 Ml * s same as the graph of y = 
gl (x). When gj (x) is negative, the graph of y = 
g 2 (x) is the reflection of the graph of y - gj (x) 
across the x-axis. 


y 



Whenever gi(x) is positive, the graph of 
y = g 2 (x) = gj (x) | is the same as graph of 
y = g| (x). When gj (x) is negative, the graph of 
y = g 2 (x) is the reflection of the graph of 
y = g| (x) across the x-axis. 

47. 


y 



The graph of / 2 (x) = /J(|x|) is the same as the 
graph of f\(x) to the right of the j-axis. The graph 
of/, (x) to the left of the j-axis is the reflection of 
y = /j (x), x > 0 across the j-axis. 

49. (a) y = g(x- 3)+i 
(c) y = g(-x) 

(e) T = 5 • g (x) 


44. 



Whenever gj(x) is positive, the graph of y = 
g 2 (x) = |gj(x)| is the same as the graph of y = g j(x). 
When gi(x) is negative, the graph of y = g 2 (x) is 
the reflection of the graph of y = g l (x) across the 
x-axis. 

46. 



The graph of /, (x) = /j (|x|) is the same as the 
graph of /j (x) to the right of the g-axis. The graph 
of / 2 (x) to the left of thej-axis is the reflection of 
y = fl (x), x > 0 across the j-axis. 


48. 



The graph of/ 2 (x) = /(|x|) is the same as the 
graph of /j(x) to the right ofthej-axis. The graph 
of / 2 (x) to the left of the j-axis is the reflection of 
y = /i(x), x > 0 across the j-axis. 

(b) y = g(x + fj-2 

(d) y = -g(x) 

(f) y = g(5x) 
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50. (a) Shift the graph of/right 5 units (b) Horizontally compress the graph off by a factor of 4 

(c) Horizontally compress the graph of/by a factor of 3 and then reflect the graph about the y-axis 

(d) Horizontally compress the graph of/by a factor of 2 and then shift the graph left 4 unit. 

(e) Horizontally stretch the graph of/by a factor of 3 and then shift the graph down 4 units. 

(f) Vertically stretch the graph of/by a factor of 3, then reflect the graph about the x-axis, and finally shift the 
graph up 4 unit. 

51. Reflection of the graph of y = ~Jx about the x-axis 
followed by a horizontal compression by a factor of 
4 then a shift left 2 units. 



52. Reflect the graph of y = x about the x-axis, followed 
by a vertical compression of the graph by a factor 
of 3, then shift the graph up 1 unit. 


53. Vertical compression of the graph of y = -4- by a 
factor of 2, then shift the graph up 1 unit. 



1 

54. Reflect the graph of y = x about the y-axis, then 
compress the graph horizontally by a factor of 5. 
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65. 


Let h = height of vertical pole, and let ft and c denote 
the distances of points B and C from the base of the 
pole, measured along the flat ground, respectively. 

Then, tan50° = -, tan35° = 4, and b-c = 10. 

c b 

Thus, h = ctan50°and h = ft tan 35° = (c + 10) tan 35° 
=> c tan50° = (c + 10) tan 35° 

=> c(tan50°-tan35°) =10 tan35° 

=> C = 10tan35° -ft = c tan50° 

tan 50 - tan 35° 


_ 10 tan 35° tan 50° 
tan50°- tan35° 


-16.98 m. 



66 . 


Let h = height of balloon above ground. From the 
figure at the right, tan 40° = tan 70° = j, and 
a + ft = 2. Thus, h = ft tan 70° => h = (2 - a) tan 70° 
and h = a tan 40° => (2 — a) tan 70° = a tan 40° 

=> a (tan 40° + tan 70°) = 2 tan 70° 


tan 40°+ tan 70° 


• h = a tan 40° 


2 tan 70° tan 40° _,i tv™ 
tan 40°+ tan 70° 


balloon 



67. (a) 

y 



y *sinx + cos| 


(b) The period appears to be 4;r. 

(c) /(x + 4tt ) = sin(x + 4 7t)+ cos| A j = sin(x + 2^) +cos^ + 27rj =sinx + cos|- 

since the period of sine and cosine is 2 n. Thus,/(x) has period 4 n. 


68 . (a) 



(b) D=(^»,0)u(0,oo);*=[-l,l] 

(c) /is not periodic. For suppose/ has period p. Then / + kp j = / = sin 2^=0 for all integers k. 

Choose k so large that + kp > d-=>0< —— * —— < n. But then f\4~ + kp ) = sin * —=- > 0 

° 2 71 ^ n (1/(2 n)) + kp J \2n v } \(l/(2jr)) + kp) 

which is a contradiction. Thus / has no period, as claimed. 


69. (a) D : — oo < x < oo 
(b) D: x> 0 
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70. (a) D = (-«, 0)u(0, oo) (b) D = (-co, -2) u(-2,2) u(2, oo) 

71. (a) D: -3<x<3 (b) £>:0<x<4 

72. (a) D=[-l,l) (b) £> = [-U] 

73. (/og-)(x) = ln(4 - x 2 ) and domain: -2 <x <2; 

(g°f)(x) = 4-(lnx)“and domain: x >0; 

(/ ° /)(*) = ln(lnx) and domain: x > 1; 

4 2 

(g°g)(x) = -x +8x -12 and domain: -oo <x < oo. 

74. (a) Even (b) Neither even nor odd (c) Neither even nor odd (d) Even 

76. For c > 0, D = (-oo, oo) 

Forc<0, D = (-oo,-Vc)u(Vc, oo) 



78. For large values of x, y = a x has the largest values; y = log Q x has the smallest. 

79. (a) D:(-oo,oo) R:[=f,f\ (b) D:[-l,l] £:[-l,l] 

80. (a) £>:-oo<x<oo; 7?:0<j<^ (b) £7>: —1 <x<l; £?:—1 <j^<1 


y 
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81. 

82. 

83. 


84. 


Chapter 1 Functions 
(a) No (b) Yes 

Answers depend on the view screen used. For [15,17] x[5-10 6 ,10 7 ] it appears that e x > 10 7 for x>16.128. 

(a) /(g(x)) = (^x) 3 =x, g(f(x))=tfx* =x 

(b) 


y 



(a) /*(£(*)) = }((4*) 1/3 ) 3 = *, k(h(x)) =( 4 -x) = * 

(b) 


v 



CHAPTER 1 ADDITIONAL AND ADVANCED EXERCISES 

1. There are (infinitely) many such function pairs. For example, /(x) = 3x and g(x) = 4x satisfy 
f(g(x)) = /(4x) = 3(4x) = 12x = 4(3x) = g(3x) = g(f(x)). 

3 1/3 

2. Yes, there are many such function pairs. For example, if g(x) = (2x + 3) and /(x) = x , then 

= f(g(x)) = /((2x + 3) 3 ) = ((2x + 3) 3 ) 1/3 = 2x + 3. 

3. If/ is odd and defined at x, then /(-x) = -/(x). Thus g( -x) = /(-x) - 2 = -/(x) - 2 whereas 

-g(x) = -(/(x) - 2) = -/(x) + 2. Then g cannot be odd because g(-x) = -g(x) => -/(x) -2 = -/(x) + 2 
^>4 = 0, which is a contradiction. Also, g(x) is not even unless /(x) = 0 for all x. On the other hand, if/is 
even, then g(x) =/(x) -2 is also even: g(-x) = /(-x) -2 = /(x) - 2 = g(x). 

4. Ifg is odd andg(0) is defined, then g(0) = g(-0) = -g(0). Therefore, 2g(0) = 0 => g(0) =0. 
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5. For (x, y) in the 1st quadrant, |x| +| y\ = 1 + x 
Ox + j?=l + xO i )’=l. For (x, y) in the 2nd 
quadrant, |x| + \y\ =x + l <=> -x + y = x + l 
o y = 2x +1. In the 3rd quadrant, |x| +1 y \ = x +1 
0 -x->’ = x + loj = -2x -1. In the 4th 
quadrant, |x| + \y\ =x +1 c $ x+(-y) = x + 1 
Op-1, The graph is given at the right. 


y 


/ 



A 




6. We use reasoning similar to Exercise 5. 

(1) 1st quadrant: y+ \y\-x+ |x| 
o2p2xoy=x. 

(2) 2nd quadrant: y + \y | = x+|x| 

<=> 2y = x + (—x) = 0op0. 

(3) 3rd quadrant: y + \y\ =x + |x| 

<o> y + (-y) = x +(-x) co 0=0 
=> all points in the 3rd quadrant 
satisfy the equation. 

(4) 4th quadrant: y+ \y\ =x+|x| 

<=> y + (-y) = 2x O 0 = x. Combining 

these results we have the graph given at the right: 



7. 


>(l-cosx) = - 


+ cosx 


2 2 -2 2 

(a) suUx + cos x = 1 sin^x = l-cos“x = (l-cosx)(l + cosx): 

(b) Using the definition of the tangent function and the double angle formulas, we have 


1 - cosx 
sinx 


tan' 


it)' 


cos 


2 (f) 

! (f) - 1+ros ( 2 (f)) 


1 - cosx 
1 + cosx ' 


The angles labeled y in the accompanying figure are 
equal since both angles subtend arc CD. Similarly, the 
two angles labeled a are equal since they both subtend 
arc AB. Thus, triangles A ED and BEC are similar which 

,. a — c 2a cos 9 — b 

implies —;— =- 

r b a + c 

=> (a - c)(a + c) = b(la cos 6 - b) 

=o> a 2 - c 2 = lab cos 6-b 2 
=o> c 2 - a 2 + b 2 - lab cos 0. 



9. As in the proof of the law of sines of Section 1.3, Exercise 61, ah = be sin A - ab sin C = ac sin B 
=> the areaofASC = ^-(base)(height) = \ah =\bc sin A =^ab sinC =\ac sin B. 


10. As in Section 1.3, Exercise 61, (Area of ABC) 2 = C (base) 2 (height) 2 = ^a 2 h 2 = ^a 2 b 2 sin C 
= \a 2 b 2 ( 1 - cos 2 C ). By the law of cosines, c 2 - a 2 + b 2 - lab cos C => cos C = “ c . Thus, 


(area of ABC) 2 = ^a 2 b 2 ( 1-cos 2 C) = ^a 2 b 2 


lab 


2 A 


lab 

1 (a 2 + b 2 - c 2 ) 


2 3 


(4 a 2 b 2 -(a 2 +b 2 -c 2 ) 2) J = ± [(lab + (a 2 +b 2 - c 2 )) (lab-(a 2 + b 2 - c 2 ))] 


= ^ [((« + b) 2 - c 2 )(c 2 - (a - b )~)] = i [(( a + b) + c)((a + b) - c)(c + (a - b))(c -(a- ft))] 


( a + b + c\ 

' -a + b + c\ 

(a - b + c\ 

/ a + b - c) 

[\ 2 j 

2 j 

1 2 ) 

l 2 jj 


= s(s —d)(s —b)(s - c ), where s = 


a + b + c 


Therefore, the area ofv4,8C equals *Js(s - a)(s - b)(s - c). 


sin x 

1 + cosx 
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11. If/is even and odd, then f(-x) = -/(x) and /(-x) = f (x) => /(x) = -/(x) for all x in the domain off 
Thus 2/ (x) = 0 => / (x) = 0. 

12. (a) As suggested, let E(x) = x) => E(-x) = A)+ / ( ( ' r)) = IQlsLll x) - E{x) => E is an even 

function. Define O(x) = f(x)-E(x) = /(x)- /(x) = f(x) ~ /( ~ T) . Then O(-x) = Ji ~ x) ~ 

_ J( x) ^ _f(x) _ j _ _Q( x j q j s an fusion => / (x) = E(x) + O(x) is the sum of an even 

and an odd function. 

(b) Part (a) shows that /(x) = E(x) + O(x) is the sum of an even and an odd function. If also 
f(x ) = E x {x) + Ofx\ where E x is even and Oy is odd, then /(x) -fix') = 0 

= ( E\ (x) + (J\ (x)) - (E(x) + O(x)) . Thus, E{x) - E x {x) = O x (x)-0(x) for all x in the domain of/(which is 
the same as the domain of E-E x and 0-O x ). Now {E -E x )(-x) = E(-x) -E x (-x) = E(x)-Efx) (since E 
and I?! are even) = (E-E x )(x) => E-E x is even. Likewise, (O x -0)(-x) = O x (-x)-0(-x) 

= -O x (x)-(-0(x)) (since O and 0\ are odd) = -(Ofx) - O(x)) = -(O x -O) (x) =^> O x -O is odd. 
Therefore, E -E x and 0 x —0 are both even and odd so they must be zero at each x in the domain of/by 
Exercise 11. That is, E x = E and O x = O, so the decomposition of / found in part (a) is unique. 

ax 2 + bx + c = a(x 2 + —x + -^- T 'l- 7 - + c = a(x + ^~) --%— + c 
\ a 4a 2 / 4 a \ 2a) 4a 

If a > 0 the graph is a parabola that opens upward. Increasing a causes a vertical stretching and a shift of 
the vertex toward the j-axis and upward. If a < 0 the graph is a parabola that opens downward. Decreasing 
a causes a vertical stretching and a shift of the vertex toward the j-axis and downward. 

If a >0 the graph is a parabola that opens upward. If also b> 0 , then increasing b causes a shift of the graph 
downward to the left; if b < 0 , then decreasing b causes a shift of the graph downward and to the right. 

If a < 0 the graph is a parabola that opens downward. If b > 0 , increasing b shifts the graph upward to the 
right. If b < 0, decreasing b shifts the graph upward to the left. 

Changing c (for fixed a and b) by Ac shifts the graph upward Ac units if Ac > 0, and downward -Ac units 
if Ac < 0. 

14. (a) If a > 0, the graph rises to the right of the vertical line x = —b and falls to the left. If a < 0, the graph falls 
to the right of the line x = -b and rises to the left. If a = 0, the graph reduces to the horizontal line y = c. 

As | a | increases, the slope at any given point x = x 0 increases in magnitude and the graph becomes steeper. As 
| a | decreases, the slope at x 0 decreases in magnitude and the graph rises or falls more gradually. 

(b) Increasing b shifts the graph to the left; decreasing b shifts it to the right. 

(c) Increasing c shifts the graph upward; decreasing c shifts it downward. 

15. Each of the triangles pictured has the same base 
b = vA t = v (1 sec). Moreover, the height of each 
triangle is the same value h. Thus 4. (base)(height) 

= \bh = A x = A 2 =A 2 .In conclusion, 
the object sweeps out equal areas in each one 
second interval. 



13. y = 

(a) 

(b) 

(c) 
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16. 


(a) Using the midpoint formula, the coordinates of P are | 


la + 0 

b + 0) 

— la b\ 

l 2 

2 J 

\2 ’ 2/ 


of OP = ^=^=^~. 

Ax a!2 a 

(b) The slope of AB = Q _ = —K The line segments AB and OP are perpendicular when the product of their 
slopes is -1 = Thus, b 2 = a 1 => a =b (since both are positive). Therefore, AB is 

perpendicular to OP when a = b. 


17. From the figure we see that 0 < 9 < y and AB = AD = 1. From trigonometry we have the following: 

sin 6 = = EB , cos 9 = = AE, tan <9 = = CD, and tan 9 = -ff- = We can see that: 

XB AB^ AD AE cos0 

area A 4EB < area sector DB <area AADC => \{AE){EB) <\{AD) 2 9 < \{AD) (CD) 

=> j-sin 9cos9 <\{l) 2 9 <-b(l)(tan#) => \sm9cos9 <\9 < 


18- (/ °g)(x) = f(g(x)) = a(cx + d)+b =acx + ad +b and (g°f)(x) = g{f{x)) = c{ax + b) + d = acx+cb+d 
Thus (/°g)(x) = (g° f)(x) => acx + ad +b = acx + bc + d => ad +b =bc + d. Note that /(</) = ad+b and 
gib) = cb + d, thus (f°g)(x) = (g°f)(x) if f(d) = g(b). 


19. (a) The expression a(b c x ) + d is defined for all values of x, so the domain is (— oo, oo). Since b c x attains all 
positive values, the range is (d, oo) if a > 0 and the range is (-d, oo) if a < 0. 

(b) The expression a\og b {x-c)+d is defined when x - c > 0, so the domain is (c, oo). Since 
alog 6 (x-c) + t/ attains every real value for some value of.r, the range is (-oo, oo). 


20. (a) Suppose f(x\ ) = /(x 2 ). Then: 

ax x +b _ ax 2 +b 
CX[ +d cx 2 +d 

( ax\ +b){cx 2 + d) = (ax 2 +b){cx\ +d) 
acx^X 2 + adx\ + Z>cx 2 +bd = ac;q.r 2 +ad.r 2 +bcxi +bd 
adx j + bcx 2 = adx 2 + bcx\ 

{ad -bc)xi = {ad - bc). r 2 
Since ad -bc + 0, this means that xi = jt 2 . 


(b) 


y = 


ax+b 

cx+d 


cxy + dy = ax + b 


{cy - a)x = —dy + b 


_ -dy+b 
cy-a 

Interchange x and y. 
—dx+b 

y - - 

cx-a 

f-\ x ) = =dx±b 
J cx—a 
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21. (a) y = 100,000 - 10,000*, 0 <* < 10 

(b) j = 55,000 

100,000-10,000* =5 5,000 
-10,000* = 55,000 
* = 4.5 

The value is $55,000 after 4.5 years. 

22. (a) /(0) = 90 units 

(b) /(2) = 90 - 52 In 3 « 32.8722 units 



23. 1500(1.08/ = 5000 —> 1.08 ? = fff = y -> ln(l.08/ = IntIn 1.08 = In^ t »15.6439 

It will take about 15.6439 years. (If the bank only pays interest at the end of the year, it will take 16 years.) 

24. A(t) = A 0 e rt ; A(t) = 2 A 0 ^>2 Aq = A^e' =}> e rt =2 ^>rl=ln2=>t=^=>t«^- = T ^ : = 


25. In **' = *' In * and ln(**) * = * ln(*') = x~ In *; then, x x In * = * 2 In * => x x = * 2 =>*ln* = 21n*=>* 
Therefore, x^ x * = (x x ) x when* = 2. 


26. (a) No, there are two intersections: one at * = 2 
and the other at * = 4. 


(b) Yes, because there is only one intersection. 



102 

2 
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27 log 4 x _ (1114) _ lnx ln2 _ ln2 
logo x (tait In 4 In x In 4 
\ ln2 / 


In 2 
2 In 2 


1 

2 


28. (a) /(*) = £J,*(*)=£f 

(b) /is negative when g is negative, positive 
when g is positive, and undefined when 

g = 0; the values of/decrease as those ofg 
increase. 

( c ) Hf =£!^ ln2 ) 2 =( ln *) 2 

=> (In 2 In x)(ln 2 + In x) = 0 => In x = In 2 
or In x = -In 2 => e lnx =e ln2 or 

e lnx =e ln(l/2) ^ I= 2on = i 

Therefore, the two curves cross at the two 

p° m,s ') and 

(2,{g) = (2,l). 
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CHAPTER 2 LIMITS AND CONTINUITY 


2.1 RATES OF CHANGE AND TANGENTS TO CURVES 


1. (a) M- = /( 3 )~/(2) _ 28^9 _ 19 
Ax 3-2 1 


A/ /(!)-/(-!) _ 2-0 i 

W Ax l-(-l) 2 


-> Ag _ g(3)-g(l) _ 3-(-l) _ 0 

Ax — 3-1 -~2~ ~ 2 


Ag _ g(4)-g(-2) _ 8-8 _ n 
1 ; Ax 4 - (-2) 6 


, A h h (f)~ h (f) -1-1 4 

W 3/T 71 71 tt 


At Ak-K 
4 4 


(b ) — MfHfl 0^/3 -3-7? 

^ ' At 71 71 71 tt 


At 2L—2L 

2 6 


4 Ag gU)-g(O) (2—1)—(2+1) 2 

> At n-Q n -0 n 


Ag _ gO)-g(-?0 _ (2—1)—(2—1) _ „ 
1 ; A/ 2;r 


c A R _ 7?(2) -g(0) _ %/8+l —s/T _ 3—1 _ 1 
Ad 2-0 " 2 " 2 

AP P(2)-/>(1) (8—16+10) (1—4+5) - - n 

Afl 2-1 1 

7. (a) ^ = ^ 2+/i) ~^~ <2 ~ 5> = 4+4/i+ j( ; ~ 5+1 = Ah ^ h = 4 + h. As h —> 0, 4 + h —> 4 => at P(2, -1) the slope is 4. 

(b) v -(-1) = 4(x -2) => y + 1 = 4x -8 4x-9 

8 . (a) ^ = ( 7 -( 2 +/>rV( 7 - 2 -) = 7 - 4 - 4 /i-/r -3 = ^ 4 ±Jr_ = _ 4 As h _> o, -4 -h -+ -4 => at P( 2 , 3 ) the slope 

is - 4 . 

(b) _y - 3 = (- 4 )(x - 2 ) => y - 3 = — 4 x + 8 => y = - 4 x + 11 

9 (a) Av (( 2 +/ 0 2 - 2 ( 2 +M- 3 )-( 2 2 - 2 ( 2 )- 3 ) 4 + 4 /,+/r- 4 - 2 /,- 3 -(- 3 ) 2 M 2 . 2 | /; Ag /; ; Q 2 | , 2 - at 

' ' Ax h h h ’ ’ 

P( 2 , - 3 ) the slope is 2 . 

(b) j-(- 3 ) = 2 (x- 2 )=>y + 3 = 2 x- 4 =>>’ = 2 x- 7 . 

! 0 . (a) f = « 1 + / b 2 - 4 H+ 7 b)-(l 2 - 4 (l)) = l + 2 / ;+ /r- 4 - 4 /,-(- 3 ) = /r_^ = h _ 2 , As h _> p, /? _ 2 _> _ 2 ^ at P( i, _ 3) the 
slope is - 2 . 

(b) >>-(- 3 ) = (— 2 )(x - 1 ) => y + 3 = — 2 x + 2 => y = — 2 x — 1 . 


11. (a) An = (2+/) ) 3 y = 8+12/;+4/r+/ i 3 -8 = nh+4h 2 +h 3 = 12 + 4/7 +/r. As h -> 0, 12 + 4/? +A 2 -> 12, => at P(2, 8) 


v 7 A x h h h 

the slope is 12. 

(b) y — 8 = 12(x-2) =4>y-8 = 12x-24=>>’ = 12x-16. 


12. (a) = 2 < 1+/ ^ ( 2 l3) = 2—1—3/3—3/) 2 —/; 3 —1 = —3/;-3/i 2 —/i 3 = _ 3 _ 3 / ; _/ ? 2 As h q _ 3 _ 3 /, _/,2 _ 3 ^ at 

Ax h h h 

P( 1,1) the slope is -3. 

(b) _y-l = (-3)(x-l) =4> y -1 = -3x +3 => y = -3x +4. 
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13 (a) Av _ (l+/Q 3 -12(l+/»)-(l 3 -12(1)) _ l+3/i+3/r+/i 3 -12-12M-ll) _ - 9 /, +3 / ; 2 +/, 3 _ 9 , 3/n /; 2 

' ' Ay h h h 

As h —> 0, -9 + 3/? + h 2 —>■ -9 => at P(1, -11) the slope is -9. 

(b) y -(-11) = (-9)(x-l) => y +11 = -9x + 9=> y = -9x-2. 

14 ( a ) Ay _ (2+/i) 3 3 ( 2+/;) 2 +4 ( 2 3 3 ( 2) 2 +4) _ 8 +12/;+6/r+/i 3 -12-12/7-3/r+4-0 _ 3 lr+h 3 3 ^ I h 2 

' ' Ay h h h 

As h —> 0, 3/7 + h 2 —> 0 => at P(2, 0) the slope is 0. 

(b) y — 0 = 0(x — 2) => y = 0. 


15. (a) Q Slope of PQ = 

C ?1 (10,225) 639 ~ 225 = 42.5 m/sec 

Ql (14,375) Mi = 45.83 m/sec 

C ?3 (16.5,475) <Mi = 50.00 m/sec 

2U—lO.J 

£>4 (18,550) 6 50-550 =50.00 m/sec 

20—1 o 

(b) At t = 20, the sportscar was traveling approximately 50 m/sec or 180 km/h. 


16. (a) Q Slope of PQ = % 

C?l(5,20) _ 12 m/sec 

C?2 (7,39) 8 t Q~ 3 7 9 = 13.7 m/sec 

Ql (8.5,58) = 14.7 m/sec 

£>4(9.5,72) 89 ~J 2 =16 m/sec 

(b) Approximately 16 m/sec 



(b) ^ = 2014^012 = = ^ thousand dollars per year 

(c) The average rate of change from 2011 to 2012 is ^ = 35 thousand dollars per year. 

The average rate of change from 2012 to 2013 is -F = ^Q^r-fop = 49 thousand dollars per year. 

So, the rate at which profits were changing in 2012 is approximately -Jy (35 + 49) = 42 thousand dollars 
per year. 


18. (a) 


F(x) = 1 

X 

(x + 2)/(x — 2) 

1.2 1.1 

1.01 

1.001 

1.0001 

1 

F(x) 

-4.0 -3.4 

-3.04 

-3.004 

-3.0004 

-3 


A F 
AV¬ 
AL 

AV¬ 

AL 

Ay 


-4.0-(-3) 

L2-1 

—3.04—(—3) 

1 . 01- 1 


= -5.0; 

= -4.04; 


-3 


.0004-(-3) 

1 . 0001-1 


= -4.0004; 


A F _ 
Ay 

A F _ 
Ay 


-3.4-(-3) _ 

1 . 1- 1 

-3.004-(-3) 

1 . 001-1 


-4.4; 

= -4.004; 


(b) The rate of change of F(x) at x = 1 is —4. 
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19. (a) j|= g(2 j_f (1) = ^*0.414213 

Ag _ gd+/i)-g(i) _ yi+TT—i 
Ax (l+/*)-l h 


Ag = g(l.5) g(l) = VTTu K 0.449489 
Ax 1.5-1 0.5 


(b) g(x) = x[x 


20 . 



1 + h 

1.1 

1.01 

1.001 

1.0001 

1.00001 

1.000001 



vr+i 

1.04880 

1 1.004987 

1.0004998 

1.0000499 

1.000005 

1.0000005 



Ul + h -1)//? 

0.4880 

0.4987 

0.4998 

0.499 

0.5 

0.5 


(c) 

(d) 

The rate of change of g(x) at x = 1 is 0.5. 

The calculator gives lim = X 

h—>0 h 2 





(a) 

. / (3)—/ (2) ; 

; 3-2 

2 ) 

1 1 -1 

3 2 _ 6 _ 

1 1 

1 1 2 

T 2 _ IT 

1 

6 

T 

2 T _ 2-T 

2-T 

2.001 




(b) 

1 r -2 

T 

T-2 T- 

-2 2T(T-2) 

2.1 

-2T(2-T) 

2.01 

2.0001 

2.00001 

2.000001 


f(T ) 


0.476190 

0.497512 

0.499750 

0.4999750 

0.499997 

0.499999 


(/ (T) - f (2 ))/(T - 2) 

-0.2381 

-0.2488 

-0.2500 

-0.2500 

-0.2500 

-0.2500 


(c) The table indicates the rate of change is -0.25 at t = 2. 




NOTE: Answers will vary in Exercises 21 and 22. 

21. (a) [0,l]:f = ^=15 mph; [1,2.5]: f = fgf = f mph; [2.5, 3.5]:^ = = 10 mph 

(b) At ’ 7.5): Since the portion of the graph from t = 0 to / = 1 is nearly linear, the instantaneous rate of 
change will be almost the same as the average rate of change, thus the instantaneous speed at t = T is 
15 ~ 7 ^ 5 =15 mi/hr. At P( 2, 20): Since the portion of the graph from t = 2 to t = 2.5 is nearly linear, the 
instantaneous rate of change will be nearly the same as the average rate of change, thus v = 20 ~ 2 ^ = 0 mi/hr. 
For values of t less than 2, we have 


0 Slope of PQ = ^ 

01 (U5) !f=2& = 5 mi/hr 

02 (1.5,19) ^i5-2 = 2 m '^ lr 

03(1.9,19.9) If|=§0=l mi/hr 

Thus, it appears that the instantaneous speed at t = 2 is 0 mi/hr. 


At P(3, 22): 

0 Slope of PQ = ^ Q 

a (4, 35) = 13 mi / hr a (2, 20) 

0 2 (3.5,30) yC2= = 16 mi/hi' 02 (2.5,20) 

03(3.1,23) = 10 mi/hr 0 3 (2.9,21.6) 


Thus, it appears that the instantaneous speed at t = 3 is about 7 mi/hr. 


Slope ofP0 = ^ 
= 2 mi/hr 
f=^ = 4 mi/hr 
= 4 mi/hr 
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Slope of PQ = f t 


(c) It appears that the curve is increasing the fastest at t = 3.5. Thus for P{ 3.5, 30) 
0 Slope of PQ=j^ q SI 

01 (4,35) = , o mi /hr 0^3,22) 1 

02(3.75,34) 3 3 7 4 ~_ 3 3 ° 5 - 16 mi/hr 0 2 (3.25,25) A 

03(3-6,32) = 20 mi/hr 03(3.4,28) -i 


Slope of PQ = f 
|=^2 = 16 mi/hr 
jgfj-Mmi'hr 
= 20 mi/hr 


Thus, it appears that the instantaneous speed at t = 3.5 is about 20 mi/hr. 


22. (a) [ 0 , 3 ]:M = 1 MA 

(b) At P(\, 14): 

_0_ 

01 ( 2 , 12 . 2 ) 

02(1.5,13.2) 

03(1.1,13.85) 




Slope of PQ = Ai 


- 2 - 2 S ;[7 - 10I: ^ = TPT 


: -0.5#L 


12 ? 2 _ 1 14 =-1.8 gal/day 
1 3 - 2 ~| 4 = -1.6 gal/day 
^2=14 =-1.5 gal/day 


13.85-14 

1 . 1-1 


0 

01 (0,15) 

02(0.5,14.6) 

03(0.9,14.86) 


Slope of PQ = Ai 


= -1 gal/day 
1 q 5 ~ i 4 ~ —!- 2 gal/day 
14 q9-i 4 = -4 gal/day 


Thus, it appears that the instantaneous rate of consumption at t = 1 is about -1.45 gal/day. 
AtP(4,6): 


0 

01(5,3.9) 
0 2 (4.5, 4.8) 
03(4.1,5.7) 


Slope of PQ = Ai 


32 ^_ 4 6 =-2.1 gal/day 
ffff = -2.4 gal/day 

^ — _ 'X rrol/rlo^i 


- -3 gal/day 


0 

01 (3,10) 
0 2 (3.5, 7.8) 
03(3.9,6.3) 


Slope of PQ = A4 
^ = -4 gal/day 
jfzf = “ 3 - 6 gal/day 
f#4 = -3 gal/day 


Thus, it appears that the instantaneous rate of consumption at t = 1 is -3 gal/day. 
At P(8, l): 


0 

0i(9,O.5) 

02(8.5,0.7) 

03(8.1,0.95) 


Slope of PQ = Ai 

= -0-5 gal/day 
= -0.6 gal/day 
= -0.5 gal/day 


0 

0l(7,1.4) 

02(7.5,1.3) 

03(7.9,1.04) 


Slope of PQ = Ai 
iAd. = _o.6 gal/day 
A|=I = -0.6 gal/day 
= -°- 6 gal/day 


Thus, it appears that the instantaneous rate of consumption at t = 1 is -0.55 gal/day. 

(c) It appears that the curve (the consumption) is decreasing the fastest at t = 3.5. Thus for /T3.5. 7.8) 


0 

01(4.5,4.8) 
02 ( 4 , 6 ) 
03(3.6,7.4) 


Slope of PQ = ■ 


4.8-7.8 _ 

4.5- 3.5 
6-7.8 _ _ 
4-3.5 
7.4-7.8 _ 

3.6- 3.5 


| = -3 gal/day 
= -3.6 gal/day 
| = -4 gal/day 


0 

01(2.5,11.2) 

02(3,10) 

03(3-4,8.2) 


Slope of PQ = ■ 


11.2- 7.8 _ 
2.5-3.5 
10-7.8 _ 
3-3.5 

8.2- 7.8 _ 


^ = - 3.4 gal/day 
= -4.4 gal/day 


= -4 gal/day 


Thus, it appears that the rate of consumption at t = 3.5 is about -4 gal/day. 

2.2 LIMIT OF A FUNCTION AND LIMIT LAWS 

1. (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x) 

approaches 1. There is no single number L that all the values g(x) get arbitrarily close to as x —> 1. 

(b) 1 (c) 0 (d) 0.5 

2. (a) 0 

(b) -1 
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(c) Does not exist. As t approaches 0 from the left, /( t ) approaches -1. As t approaches 0 from the right, 
fit) approaches 1. There is no single number L that f (t) gets arbitrarily close to as t —> 0. 

(d) -1 


3. (a) True 
(d) False 
(g) Tme 


(b) Tme 
(e) False 


(c) False 
(f) Tme 


4. (a) False 
(d) Tme 


(b) False 
(e) Tme 


(c) Tme 


5. lim 7^7 does not exist because A = — = 1 if x > 0 and A = — = -1 if x < 0. As x approaches 0 from the left, 7 ^ 

a —> 01*1 1*1 * 1*1 -* 1*1 

approaches -1. As x approaches 0 from the right, jyy approaches 1. There is no single number L that all the 


function values get arbitrarily close to as x —> 0 . 


6. As x approaches 1 from the left, the values of —become increasingly large and negative. As x approaches 1 
from the right, the values become increasingly large and positive. There is no number/, that all the function 
values get arbitrarily close to as x — > 1, so lim —does not exist. 

X —AI * _1 

7. Nothing can be said about / (x) because the existence of a limit as x —> x 0 does not depend on how the function 
is defined at x 0 . In order for a limit to exist, /(x) must be arbitrarily close to a single real number L when x is 
close enough to x 0 . That is, the existence of a limit depends on the values of f(x) for x near x 0 , not on the 
definition of /(x) at x 0 itself. 

8. Nothing can be said. In order for lim /(x) to exist, /(x) must close to a single value for x near 0 regardless of 

x ^>0 

the value /(0) itself. 


9. No, the definition does not require that/be defined at x = 1 in order for a limiting value to exist there. If /(1) is 
defined, it can be any real number, so we can conclude nothing about /(1) from lim /(x) = 5. 


x —> I 


10. No, because the existence of a limit depends on the values of /(x) when x is near 1, not on /(1) itself. If 

lim /(x) exists, its value may be some number other than /(1) = 5. We can conclude nothing about lim /(x), 

X —>1 X —>1 

whether it exists or what its value is if it does exist, from knowing the value of /(1) alone. 

11. lim (x 2 -13) = (-3) 2 -13 = 9-13 = -4 

a—»—3 

12. lim (-x 2 +5x-2) = -(2) 2 +5(2)-2 = -4 + 10-2 = 4 

a '-»2 

13. lim 8(f-5)(f-7) = 8(6-5)(6-7) = -8 

t —>6 

14. lim (x 3 -2x 2 +4x + 8) = (-2) 3 -2(-2) 2 + 4(-2) + 8 = —8 — 8 — 8 + 8 = —16 
*+>-2 


15. lim 2 x± 1 = 2(2)+5 = i = 3 
a—> 2 1 l-x 3 ll-(2) 3 3 
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16. lim (8 -3^)(2., -1) - (8 -5(f))(2(f)-1) = (8 -2)((i)-1) _ (6)(i) = 2 

17. ^ lim 4,(3, +4) 2 =4(-i)(3(-i) + 4) 2 -(-2)(-| + 4) : = |-2)(|) 2 --f 


18. lim / +2 — = —^=±2 -= —L—= ^L = i 

y->2 y +5y+6 (2)-+5(2)+6 4+10+6 20 5 

19. lim^ (5 -y ) 4/3 =[5-(-3 )] 4/3 = ( 8) 4/3 = (( 8) 1/3 ) 4 = 2 4 =16 

20. lim yjz 2 - 10 =a/ 4 2 -10 =Vl6-10 = ^6 

r—>4 


1 li m -2-=-2-_ 3 _ 1 

/ 2 _>o 'M+i +1 73(0)+l+l 4+1 2 


lim ^4-2 = lim ~j5h+4-2 _ %fsh+A+ 2_ _ , im (5/7+4)-4 _ ,- m _5A_ = 1im _...5_ = 

/?—>0 A->0 /! 4^4+2 / 2 ^0 A(V^*T4+2) /^O *(444+2) *^0 444+2 4+2 


lim * 5 = lim — x 5 = lim —= =4 = 4 
x—>5 x 2 -25 x— >5 (^+5)(-v-5) r _> 5 x+5 5+5 10 

lim —=4)— = lim —i±3— _ u m _!_ _ —1— _ —L 
x-»-3 x 2 +4x+3 x ^-3 (*+3)(*+l) x ^-3 *+l -3+1 2 

lim £±3^10= lim l£±2Xx z 2) = lim (x _ 2) = 

x— »-5 x+5 x->-5 *+ 5 x->- 5 


■5-2 =-7 


lim a- 2 -7x- 1° = lim = lim (*-5) = 2-5 =-3 

c-»2 *“ 2 x->2 x “ 2 x->2 

im r^t-2 = Hm 0+2K/-1) = Hm r+2 = 1+2 = 3 

_»1 r-l ,_>i 0 - 00 + 1 ) ,_a /+1 l+l 2 

Hm tl±3t±2 = lim 0+2)0+l) = Hm f ±2 _ = 1+2 _ _J_ 

_»-l r-l-2 ,_^i 0-2)0+11 ,_ > _ 1 f-2 -1-2 3 

Hm 4 - 4 = lim Hm 4 = ^ = -i 

c->-2 x 3 + 2 x 2 x -»-2 x 2 (x+2) x ->-2 x 2 4 2 


5.v 3 +8v 2 _ i- r 2 (5v+8) _ ■■ 5v+8 _ 8 _ _J_ 

3/-16.V 2 v^o r(3r-16) v->0 3.v 2 -16 -16 2 

x 7 1 = lim = lim(—■—!—) = hm -- = -1 

x->l - r_1 x-4 * x ~ l > x-4 x 


- L t+- L 


Q+l)+(x-l) 

32 lim -^2—= Hm ( x ~ 1 )( x+1 ) _ ( - 2 x-L j _ _ 

x—>0 * x-»0 * x^olc-DC+D x) (*-lX*+D -1 


■4 = lim 


= 4 = -2 
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33. lim 


u -l 


= lim 


0 2 +l)0+l)0-l) 


u—>\ u — 1 u— >1 (w +u+\)(u-\) 


= lim 


(u- +!)(»+!) _ ( 1 + 1 )( 1 + 1 ) _ 4 


'4—U +W + 1 


1 +1+1 


34 l im J^ = l im 6-2)(v-+ 2 v+ 4 ) = lim v 2 +2v+4 _ 4+4+4 — 12. _ 3. 
v—>2 v 4 -16 v—>2 (v— 2)(v+2)(v 2 +4) v ^ 2 (v+2)(v 2 +4) (4)(8) 32 8 

x/x- 3 


35. lim ^7 = lim 


= lim 


mil _ — mil ,— ,— — mil i — — ,— — 

x->9 x ~9 x->9 (x/x-3)(x/x+3) x ->g 4x+3 x/9+3 6 

i- 4x-x 2 i- x(A-x)_ .. x(2+Vx)(2-x/x) 


36. lim = lim = lim 

x->4 2-%/x x-»4 2-Vx x-»4 


-x/x)(2 x/x) _ Hm x / 2 + Vx) = 4(2 + 2) 
2-Vx x->4 ' ' 


= 16 


37. lim 


x-l 


■ = lim 


(x—1)( .x+3 + 2 I (.x - l)(Vx+3 + 2 I / 1 - \ j— 

-+ 7 - =+-r = lim , ^ , 1 = lim (JxTI + 2=V4+2 = 4 

7I7_ 2 VJ7l3+2l v v, (x+3)-4 / 


11111 ,- — 11111 / -- x / .- x — 11111 , . — 11111 

V*+3-2 *-»l ^V.x+3-2 V*+3 +2j x->l (*+3)-4 


38. lim ^ x2+ ?~ 3 = lim 


i/x“+8-3 


j(x/x 2 +8+3j 


x-»-l 


x+1 


= lim 


(x 2 +8)-9 


= lim 


(x+t)(x-l) 


. - — mu , r -— mu , - 

1 (x+l)^x/x 2 +8+3j x + 1 (x+l)|x/x 2 +8+3 j x->-l (x+l)|Vx 2 +8+3 


= lim - v ~ 1 - ~ 2 - 1 

x—>—1 477+3 3+3 3 


39. lim ^ 

x—>2 


x +12-4 


x-2 


= lim 


|Vx 2 +12-4j|Vx 2 +12 +4 j 


= lim , = lim 


(x-2)(x+2) 


11111 / -- X - 11111 / ,- X - 11111 / -- X 

x->2 (x-2)|x/x 2 +12+4j x->2 (x-2)|x/x 2 +12+4j x-»2 (x-2)|x/x 2 +12+4 


= lim 


x+2 


x->2 Vx 2 +12+4 %/l6+4 2 


40. lim 

x—: 


x+2 


= lim 


(x+2)Vx“ +5 +3 


= lim 


(x+2) 


(x/x 2 + 5+3j 


= lim 


(x+2)\ylx z +5+3 


3 ) 


■2 >/^^-3 x->-2 (4775-3}(4775+4j x—>-2 (x 2 +5)-9 xT-2 (x+ 2 )(x-2) 

_ Vx~ +5 +3 _ x/9+3 _ _ 3^ 


x —^—2 


x—2 


-4 


41. lim 

x—>—3 


2-4x 2 -5 
x+3 


= lim 


^ 2 - 47 - 5 ^ 2 + 47-5 


x->-3 (x+3) 2+x/x 2 -5 x->-3 (x+3)(2+Vx -5 x-»-3 (x+3)i 


= lim 


42. lim 


4-x 


-= lim 


)h.+4x 
(3-x)(3+x) 
x->-3 (x+3)^2+477 j 

(4-x)^5+47+9 


= lim 


4-(x 2 -S) 


= lim 


g~x l 


)[2+4x 2 -5 


= lim — 3 , v —^=4 

x->-3 2+477 2 +V4 2 


= lim 


(4-x)^5+4x' L +9 


= lim 


(4-x)i5+4~x z +9 


11111 I - - 11111 / ,-X / . -X - 11111 ry - 11111 

x->4 5-x/x 2 +9 x->4 |5-Vx 2 +9 ^5+Vx 2 +9 x-» 4 25-(x +9) x-+4 16-x' 


= lim 


(4-x)[5+4x z +9 


x -+4 (4-x)(4+x) x ^ 4 4+x 


= lim 5+477 5+425 _ 5 

8 4 


43. lim(2sinx-1) = 2sin0-1 = 0-1 =-1 

x-»0 


44. lim sin 3 x = I lim sinx I = 


x->0 


x->0 


45. lim sec x = lim 


1 


1 _ 1 


x-»0 


x-»0 


cosx cosO 1 


= 1 = 1 


46. lim tan x = lim 


x—^0 


x-»0 


sinx sinO 
cosx cosO 
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47 lim l + * +s i n x — 1 +Q+sinO _ 1 +0+0 _ J_ 
3cosx 3cos0 3 3 


48. \im(x 2 -1)(2 -cosx) = (0 2 -1)(2 -cosO) = (—1)(2 — 1) = (-1)(1) = -1 

x->0 

49. lim Vx + 4 cos(x + 7r)~ lim y]x + 4 ■ lim cos(x + ^)=^/-^ + 4 cosO =^4-n -l = ^4-;r 

x^y-n x — y—u x — y—u 


50. 


lim gl + sec 2 x = / lim (7+ sec 2 x) 
x-yO \x-y 0 


7 + lim sec” 

x-yO 


: ^7+sec 2 0 = V 7 + (l) 2 = 2 V 2 


51. (a) quotient rule 

(c) sum and constant multiple rules 


(b) difference and power rules 


52. (a) quotient rule 

(c) difference and constant multiple rules 


(b) power and product rules 


53. 


(a) 

(b) 

(c) 

(d) 


lim f(x)g(x) = 
x—>c 


lim f(x) 

X->C 


lim g(x) 

X->C 


lim 2/(x)g(x) = 2 
x—>c 


lim f(x) 
x->c 


lim g(x) 

_X->C 


= (5X-2) = -10 

= 2(5)(—2) = -20 


lim [/(x) + 3g(x)] = lim /(x) + 3 lim g(x) = 5 + 3(-2) = -1 

x—yc x->c x-yc 

lim m ^/ (X) 5 5 

v _> c /(x)-g(x) lim /(x)-lim g(x) 5—(—2) 7 


54. 


(a) 

(b) 

(c) 

(d) 


lim [g(x) + 3] = lim g(x) + lim 3 = -3 + 3 = 0 
x — >4 x — >4 x — >4 

lim xf (x) = lim x • lim /(x) = (4)(0) = 0 
.v—>4 x-»4 x-»4 

~|2 


lim [g(x)]“ = 
x->4 

lim g(x) -- 
X™ /(*H 


lim g(x) 
_x-y4 
lim g(x) 


lim /(x)-lim 1 

x->4 x->4 


= [ _ 3] =9 


= —= 3 
0-1 


55. 


(a) 

(b) 

(c) 

(d) 


lim \_f{x) + g(x)] = lim /(x) + lim g(x) = 7 + (-3) = 4 

x-yb x->Z> x^yb 


lim /(x)-g(x) = 

x—yb 


lim /(x) 
,x-*b 


lim g(x) 
,x-*b 


= (7)(—3) = -21 


lim 4g(x) = 

x—yb 


lim 4 

x^yb 


lim g(x) 
_x-yb 


= (4)(—3) = -12 


lim f (x)/g(x) = lim /(x)/ lim g(x) = 4r = 


x^yb 


x^yb 


x-^yb 


56. 


57. 


(a) 

(b) 

(c) 


lim 

/)->() 


lim [p(x)+ r(x)+s(x)] 

x—>—2 

lim p(x) ■ r(x) ■ s(x) = 

x — y—2 


= lim p(x)+ lim r(x) + lim s(x) 
x—^—2 x—^—2 x—^—2 


lim p(x) 

x—>—2 


lim r(x) 

x->-2 


lim s(x) 

x ^-2 


= 4 + 0 + (-3) = 1 
(4)(0)(—3) = 0 


lim [-4p(x) + 5r(x)]/.S'(x) 
x-y—2 


-4 lim p(x) + 5 lim r(x) 

x-y-2 x-y-2 


lim s(x) = [-4(4) + 5(0)]/ -3 

x—>—2 


(l+/i) 2 —l 2 _ ,. 1 +2/1+/; 2 -! 

* /'+> h 


lim 

h-y 0 


h(2+b) 

h 


lim (2 + h) = 2 
h —>0 
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58. lim ( 2+h) ] ( 2)2 = lim 4 ~ 4A + /;2 ~ 4 = li m n m -4) =-4 


59 . lim [3(^ + ^)-4]-[3(2)-4] _ [im jA — 3 


60 lim = ij m _=±a—_ |j m { *-+^0 _ |j - h — _ __L 

*->0 * A—>0 A^O -2/K-2+A) /^o *(4-2/,) 4 

61 lim 77T7-V7 = H (V^-^)(V^W7) = (7+/0-7 =li _A_ =lim _i_ = _!_ 

' 0 * *-*> a(VtTa+^7) a-»o a(V^Ta+V 7) y^o a(VtTa+V7) *->0 VtTaW? 2 V 7 

62. Um = llm = Ilm (W lim 3^ lim = f 

/z—>0 ^ /z—>0 /^v3/h-1+1J A—>0 /^a/3/hT+1J A—>0 h\yJ3h+l+lj A—>0 v3/z+l+l 2 

63. lim V5 -2x 2 = ^5 -2(0) 2 = V? and lim ^5-x 2 = ->^5 -(0) 2 = ^; by the sandwich theorem, lim /(x) = V? 

x—>0 x-»0 x-»0 

2 

64. lim (2-x)=2-0 = 2 and lim 2 cos x = 2(1) = 2; by the sandwich theorem, lim g(x) = 2 

x—>0 x->0 x-»0 


5 . (a) lim (l-i-) = 1-^ = 1 
x->0 \ 6 / 6 


- 7 - = 1 -7 = 1 and lim 1 = 1 ; by the sandwich theorem, lim 


x->0 V u / u x-»0 

(b) For x + 0, y = (x sin x)/(2-2 cos x) lies 
between the other two graphs in the figure, 
and the graphs converge as x —> 0. 


2-2 cos x 


y = (x sin x)/(2 - 2 cos x) 


h(x) = 1 ^ 


2 7 

1 g(x) = 1 - (X /6) — 


66. (a) lim (7 -77) = lim 7- lim 77 = 7 - 0 =7 and lim 7 = 7; by the sandwich theorem, lim 

x->0 \ 1 24 1 x-»0 “ x-»0 14 1 1 x->0 1 1 x->0 

2 

(b) For all x ± 0, the graph of /(x) = (1- cosx)/x y 

lies between the line y = 7 and the parabola 

1 2 ~ ' 

y = j - x /24, and the graphs converge as-——p ——- 

x -> 0. 


1-COS X _ J_ 
r 2 2' 



. 1 I' • J 

\4 


67. (a) /(x) = (x 2 -9)/(x + 3) 



-3.1 -3.01 

-3.001 

-3.0001 

-3.00001 

-3.000001 

f(x) 

-6.1 -6.01 

-6.001 

-6.0001 

-6.00001 

-6.000001 

X 

-2.9 -2.99 

-2.999 

-2.9999 

-2.99999 

-2.999999 

f(x) -5.9 -5.99 

The estimate is lim /(x) = -6. 

-5.999 

-5.9999 

-5.99999 

-5.999999 


x->-3 
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(c) f(x) = - x -3 if x =jz _3, an d lim (x-3) = -3-3 = -6. 

x+i x+i x->-3 


68 . (a) g(x) = (x 2 -2)1 (x- V2 j 



1.4 

1.41 

1.414 

1.4142 

1.41421 

1.414213 

g(x) 

2.81421 

2.82421 

2.82821 

2.828413 

2.828423 

2.828426 


(b) 



69. (a) G(x) = (x + 6)/(x 2 +4x-l2) 



-5.9 

-5.99 

-5.999 

-5.9999 

-5.99999 

-5.999999 

G(x) 

-.126582 

-.1251564 

-.1250156 

-.1250015 

-.1250001 

-.1250000 
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70. (a) *(*) = 

- (x 2 -2x - 

3)/(x 2 - 4x + 3) 





2.9 

2.99 

2.999 

2.9999 

2.99999 

2.999999 

h(x) 

2.052631 

2.005025 

2.000500 

2.000050 

2.000005 

2.0000005 

X 

3.1 

3.01 

3.001 

3.0001 

3.00001 

3.000001 

h(x) 

1.952380 

1.995024 

1.999500 

1.999950 

1.999995 

1.999999 


(b) 



(c) h(x) = - 




-4x+3 (x-3)(.v-l) 


x-»3 



7L (a) f(x) = (x 2 -l)/(|x|—1) 


(b) 


X 

-1.1 

-1.01 

-1.001 

-1.0001 

-1.00001 

-1.000001 

fix) 

2.1 

2.01 

2.001 

2.0001 

2.00001 

2.000001 

X 

-.9 

-.99 

-.999 

-.9999 

-.99999 

-.999999 

fix ) 

1.9 

1.99 

1.999 

1.9999 

1.99999 

1.999999 


y 


1)/(|JC| - 1) 
, X 

-1 1 



(c) f(x) 


f (-V+1X-Y-1) 



x-1 

(-V+l)(v 1) 
-(x+1) 


= x +1, x > 0 and x +1 

,and lim (1-x) = l-(-l) = 2. 
= 1 - x, x < 0 and x + -\ v->-l 


Fix) = i 

X 

(x 2 +3x +2)/(2- 
1 -2.1 -2.01 

-W) 

-2.001 

-2.0001 

-2.00001 

-2.000001 

Fix) 

-LI 

-1.01 

-1.001 

-1.0001 

-1.00001 

-1.000001 

X 

-1.9 

-1.99 

-1.999 

-1.9999 

-1.99999 

-1.999999 

Fix) 

-.9 

-.99 

-.999 

-.9999 

-.99999 

-.999999 
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(b) 



(c) 


Fix) = 


-V" +3.Y+2 
2—|jc 


(X+2XY+I) xS0 

2-jc , 

, and 

(a+2)(a+ 1) _ x + 1 x < o and x±-2 


lim (x +1) = -2 +1 

a '->-2 


73. (a) g{6) = (sin 0)!6 


e 

,i 

.01 

.001 

.0001 

.00001 

.000001 

giO) 

.998334 

.999983 

.999999 

.999999 

.999999 

.999999 

e 

-.1 

-.01 

-.001 

-.0001 

-.00001 

-.000001 

giO) 

.998334 

.999983 

.999999 

.999999 

.999999 

.999999 


lim g(<9) = 1 
0->o 

(b) 


y 



74. (a) G(t) = (1-cos t)/t 2 


t 

.1 

.01 

.001 

.0001 

.00001 

.000001 

Git) 

.499583 

.499995 

.499999 

.5 

.5 

.5 

t 

-.1 

-.01 

-.001 

-.0001 

-.00001 

-.000001 

Git) 

.499583 

.499995 

.499999 

.5 

.5 

.5 


lim G(t) = 0.5 


(b) 



G{f) = - 
| 0.5 

1 

z 

I l l 

-0.4 

- 0.3 

-0.2 

-0.1 

i i 

1 y 

-O.CXX)3 -O.OOOl 

O.OOOl 

0.0003 ' 


Graph is NOT TO SCALE 
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75. (a) f(x)=x ]/(] - x > 


X 

.9 

.99 

.999 

.9999 

.99999 

.999999 

fix) 

.348678 

.366032 

.367695 

.367861 

.367877 

.367879 

X 

1.1 

1.01 

1.001 

1.0001 

1.00001 

1.000001 

fix) 

.385543 

.369711 

.368063 

.367897 

.367881 

.367878 


lim f{x) ~ 0.36788 


x-»l 



Graph is NOT TO SCALE. Also, the intersection of the axes is not the origin: the axes intersect at the 
point (1,2.71820). 

76. (a) /(*) = ( 3*-l)/x 


X 

.1 

.01 

.001 

.0001 

.00001 

.000001 

fix) 

1.161231 

1.104669 

1.099215 

1.098672 

1.098618 

1.098612 

X 

-.1 

-.01 

-.001 

-.0001 

-.00001 

-.000001 

Ax) 

1.040415 

1.092599 

1.098009 

1.098551 

1.098606 

1.098611 


lim f{x) * 1.0986 

X —^1 

(b) * 



4 2 4 2 2 2 

77. lim / (x) exists at those points c where lim x = lim x . Thus, c =c =>c(l-c) = 0=>c=0,l,or-l. 

x—>c x—>c 

2 

Moreover, lim /(x) = lim x = 0 and lim f (x) = lim / (x) = 1. 

x-»0 x->0 x->-l x—>1 


78. Nothing can be concluded about the values of /, g, and h at x = 2. Yes, /(2) could be 0. Since the conditions 
of the sandwich theorem are satisfied, lim /(x) = —5^0. 

x—>2 


79. 1 = lim 

x-»4 


/(-v)-5 

x—2 


lim f(x)— lim 5 
, x->4 x->4 

lim x— lim 2 
x—>4 x-»4 


lim /(x)-5 

■v—>4 _. 

4-2 


• lim f{x )~5 =2(1): 
x->4 ' 


• lim /(x) =2 + 5=7. 

x->4' 


. lim /(x) 
80. (a) 1= lim 2222 = ^__ 
x-»-2 x lim x 

x-^-2 


lim f ( x ) 

*~ > ~ 2 . -lim /(x) = 4. 

x —^—2 
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(b) 1 = lim 77/7 = 

x->-2 x- 


lim 


/(*) 


81. (a) 0 = 3-0 = 
= lim / 

x—>2 

(b) 0 = 4-0 = 


lim 


-2 x 
fix)~5 

x—2 


lim i 

x->-2 x 


lim 77/7 

x—>-2 x 


lim (x - 2) 
,X—>2 


_ x —>2 _ _ 

= lim /(x) - 5 => lim /(x) = 5 

jt —>2 *-^2 

/(x)-5 


= lim 

X—>2 


7 /0-5 
l - r “ 2 


(i)= 

(x-2) 


- lim 77/1 = _ 2 . 
x->-2 x 


= lim [/(*)-5] 

x-»2 


lim 

|_x-»2 


x—2 


lim (x-2) 

x—>2 


■ lim /(x) = 5 as in part (a). 

x—>2 


82. (a) 0=1-0 = 


lim 


fix) 


_. Y — >0 X 

, lim /(x) - 

X-»0 


(b) 0=1-0 = 


lim 


fix) 


x—>0 x 



lim x 


_x—>0 

0. 

lim x 


_x->0 


lim 71/1 

2 

lim x 

= lim 

'fix) s 

_x-»0 x“ 

_x->0 

x—>0 

Lx 2 J 


= lim f (x). 
X-»0 


= lim 

x —^0 


/« 


■x 


= lim Jf—L, That is, lim 71/1 = o. 

X-»0 x X->0 x 


83. (a) lim xsin-= 0 

x-»0 x 


(b) -1 <sin-< 1 for x + 0: 

V 7 X 

x>0=>-x<xsin—<x=> lim x sin — = 0 by the sandwich theorem; 
x x — >0 x 

x < 0 => -x > x sin — > x => lim x sin — = 0 by the sandwich theorem. 
x x -»0 x 



84. (a) lim x 2 cos(7-) = 0 

x-»0 \ x J ) 


(b) -1 < cos|-yj <1 for x / 0 : 





lim x = 0. 

x->0 


85-90. Example CAS commands: 

Maple : 

f := x -> (x A 4-16)/(x -2); 
xO := 2; 

plot( f(x), x = x0-l..x0+l, color = black, 
title = "Section 2.2, #85(a)" ); 
limit( f(x), x = xO ); 
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In Exercise 87, note that the standard cube root, x A (l/3), is not defined for x<0 in many CASs. This can be 
overcome in Maple by entering the function as f := x -> (surd(x+l, 3) - l)/x. 

Mathematica : (assigned function and values for xO and h may vary) 

Clear[f, x] 

f[x_]:=(x 3 -x 2 -5x -3)/(x + 1) 2 
x0= -1; h = 0.1; 

Plot[f[x],{x, xO-h, x0 + h(] 

Limit[f[x],x —» xO] 


2.3 THE PRECISE DEFINITION OF A LIMIT 


Step 1: |x-5| <<5=>-<5c.r-5<<5=>-<5 + 5<x<<5 + 5 
Step 2: <5 + 5 = 7=><5 = 2,or -<5 + 5= l=><5 = 4. 

The value of <5 which assures \x — 5| < <5 => 1 <x < 7 is the smaller value, 8 = 2. 

2. 

■* ( •-)- 

1 2 7 

Step 1: |jc — 2| < 8 => —8 < x - 2 < 8 => —8 + 2 < x < 8 + 2 
Step 2: -<5 + 2 = l=><5 = l,or<5 + 2=7=><5 = 5. 

The value of 8 which assures |x-2|<«5=>l<x<7 is the smaller value, <5 = 1. 

3 —(— 1 - )—** 

J ■ - 7 / 2-3 - 1/2 

Step 1: \x- (-3)| <<5=>-<5<x + 3<<5=>-<5-3<x<<5-3 
Step 2: -<5-3 = -|^<5 = i,or<5-3 = -|^<5 = |. 

The value of 8 which assures |x - (-3)| < 8 => ~ < x < -T is the smaller value, 8 = T. 


4. 




x 


Step 1: 
Step 2: 



|<<5 => —8 < v + -| <8 =^>—8-^<x<S-j 
—-^^>8 = 2, or 8 — ^ = — j =>8 = 1. 


The value of 8 which assures 


■H) 


<8 


7 

~<X<- 


~ is the smaller value, <5 = 1. 


-4 -»- 

4/9 1/2 4/7 

Step 1: |.r-^-|<5=>-<5<x-Y<<5^ > -<5 + 4 < -r<'5 + i' 

Step 2: -S + \_=±^S = ±,ox8 + ±=^8 = ± 

The value of 8 which assures |x-|j < 8 => < x < -y is the smaller value, 8 = 
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6 . 


7. 


9. 

10 . 

11 . 


12 . 


13. 


14. 


15. 

16. 


17. 


--(-1-)-► x 

2.7591 3 3.2391 

Step 1: \x-3\<8 => -8 <x-3 < 8 => -8 + 3 <x <8 + 3 

Step 2: -(5 + 3 = 2.7591 => 8 = 0.2409, or 5 + 3 = 3.2391 => 8 = 0.2391. 

The value of 8 which assures |x-3| < 8 => 2.7591 < x < 3.2391 is the smaller value, 8 = 0.2391. 

Step 1: |x-5| <8 =>-8 <x -5 < (5 => —8 + 5<x<(5 + 5 

Step 2: From the graph, -<5 + 5 = 4.9 => 8 = 0.1, or (5 + 5 = 5.1 => 8 = 0.1; thus 8 = 0.1 in either case. 

Step 1: |x - (-3)| <(5=>-(5<x + 3<(5=>-(5-3<x<(5-3 

Step 2: From the graph, -S-3 = -3.1 => 8 = 0.1, or 5-3 = -2.9 => 8 = 0.1; thus 8 = 0.1. 

Step 1: |x-l|<(5=>-(5<v-l<(5=>-(5 + l<x<(5 + l 

Step 2: From the graph, -8 + 8 = yj-, or<5 + l = y4=>(5 = 4L; thus 8 = 

Step 1: |x — 3| <<5 => —8 <x-3 <8 => —8 + 3 <x <8 + 3 

Step 2: From the graph, -(5 + 3 =2.61 => 8 = 0.39, or 8 + 3 = 3.41 => 8 =0.41; thus 8 = 0.39. 

Step 1: \x — 2\<S=>-S<x — 2<S=>—S + 2<x<8 + 2 

Step 2: From the graph,-(5 + 2 =^3 => (5 = 2-^3 » 0.2679, or (5 + 2 = V? => 8 = V?-2 « 0.2361; 
thus <5 = V5-2. 

Step 1: |x —(—1)| <(5=>-(5<x + l<(5=>-(5-l<x<(5-l 

Step 2: From the graph, -(5-1 = => (5 = * 0.118 or 8 -1 = => 8 = * 0.1340; 

thus (5 = ^-. 

Step 1: |x —(—1)| <(5=>-(5<x + l<(5=>-(5-l<x<(5-l 

Step 2: From the graph, -8-1 = —y => 8 = ^ « 0.77, or (5 -1 = => ^- = 0.36; thus 8 = -^ = 0.36. 

Step 1: |x-4j < (5 => -(5 < x <8 => -8 + \< x < S + \ 

Step 2: From the graph, -8 + \ = yL => S = \ -yL « 0.00248, or (5 + 4 =-j-L => (5 =199 ~o ~ 0.00251; 
thus 8 = 0.00248. 

Step 1: |(x + l)-5| < 0.01 => |x-4| < 0.01 => -0.01 < x-4 < 0.01 => 3.99 <x < 4.01 
Step 2: |x — 4| < 8 => -8 < x — 4 < 8 => —8 + 4 < x < 8 + 4 => 8 = 0.01. 

Step 1: |(2x — 2) — (—6)| < 0.02 => |2x + 4| < 0.02 =^> -0.02 < 2x + 4 < 0.02 

=> —4.02 < 2x < -3.98 => -2.01 < x < -1.99 
Step 2: |x — (—2)| <(5=>-(5<x + 2<(5=>-(5-2<x<(5-2=>(5 = 0.01. 

Step 1: |Vx+T-l| < 0.1 => -0.1 < -Jx + l-l < 0.1 => 0.9 <Vx+I< 1.1 => 0.81 <x + l< 1.21 
=> -0.19 <x< 0.21 

Step 2: |x-0| < 8 => -8 <x < 8. Then, -8 = -0.19 => 8 = 0.19 or 8 = 0.21; thus, 8 = 0.19. 
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18. Step 1: 
Step 2: 


19. Step 1: 
Step 2: 


20. Step 1: 
Step 2: 


21. Step 1: 
Step 2: 


22. Step 1: 
Step 2: 


23. Step 1: 
Step 2: 


24. Step 1: 
Step 2: 


25. Step 1: 
Step 2: 


26. Step 1: 
Step 2: 


27. Step 1: 
Step 2: 


Vx < 0.1 -0.1 < \[x -j <0.1 =>0.4 < yjx < 0.6 => 0.16 < x < 0.36 

x — -|r| < <5 => —<5 < x — -j < (5 => -(5 + -j-<;t<£>+t- 
41 4 4 4 

Then -8 + j = 0.16 => 8 = 0.09 or 8 + 4 = 0.36 => 8 = 0.11; thus 8 = 0.09. 

4 4 ’ 

|Vl9-.r-3|<l=>-l<Vl9-.r-3 <1^2<Vl9-x < 4 4 < 19-x < 16 

=>-4>x-19>-16=>15>x>3or3<x<15 
|x-10|<<5=>-<5<x-10<<5=>-<5 + 10<x<<5 + 10. 

Then -<5 + 10 = 3 => 8 = 7, or J +10 = 15 => 8 = 5; thus <5 = 5. 


JVx^^l <1 => -1 <7^7-4 <1 => 3 < 7x^7 < 5 => 9 <x-7 < 25 => 16 < x <32 
|x — 23| < <5 => —8 <x—23 <8 => —<5 + 23 < x < <5 + 23. 

Then -8 + 23 = 16 => 8 = 7, or <5 + 23 = 32 => <5 = 9; thus <5 = 7. 

I 1 -\\ < 0.05 => -0.05 < 4-| < 0.05 => 0.2 < i < 0.3 => ^ > x > ^ or ^ < x < 5. 

\x 4| x 4 x 2 3 3 

jx - 4|< <5 => -<5 < x - 4 < <5 => —8 + 4 < x < <5 + 4. 

Then -<5 + 4 = y or <5 = -|, or <5 + 4 = 5 or <5 = 1; thus <5 = j. 


2 o 

x -3 


-V4 


< 0 . 1 : 
<8 - 


> -0.1 <x 2 -3 < 0.1 => 2.9 < x 2 < 3.1 => yfL9 <x < V4T 
-<5 < x — V3 < <5 => -<5 + V3 < x < <5 + V3. 


Then -<5 + V3 = 7 t 9 : 
thus <5 = 0.0286 


■^ = V3-VT9 « 0.0291, or <5 + a/3 = VlT => <5 = VlT-%/3 « 0.0286; 



< 0.5 => -0.5 <x" -4 <0.5 =>3.5 < x 2 


< 4.5 VL5 < Ixl < V45 ^-VL5 <x < -VL5, 


for x near -2. 

|x — (—2)| <<5=>-<5<x + 2<<5=>-<5-2<x<<5-2. 

Then -<5-2 = -VL5 => <5 = VL5-2 « 0.1213, or 8 - 2 = -Vis => <5 = 2 - Vl5 * 0.1292; 
thus <5 = VL5-2 *0.12. 


H" 1 ) 

x-(-l) 


< 0 . 1 : 


■ - 0.1 <J-+i<o.i=^> -41 < — 


< 


Then -<5-1 = -^ 


x 10 X 10 

< <5 => —<5 < x +1 < <5 => —<5 — 1 < x < <5 — 1. 

l . 


JO > v > -10 or _ 10 < V < -10 
n >x> 9 or 9 <x< ir 


■<5 = 1 or<5-l = -if: 


<5 = jj; thus 8 = j 


(x- -5)-11 


< 1 : 


x 2 -16 


<l=>-l<x 2 -16<l=>15<x 2 <17 


•Vl5 <x<Vl7. 


|x-4|<<5=>-<5<x-4<<5=>-<5 + 4<x<<5 + 4. 

Then -8 + 4 = Vf5 => 8 = 4 - Vl5 » 0.1270, or <5 + 4 = Vl7 => <5 = Vl7-4 « 0.1231; thus 
<5 = s/L7 -4 ~ 0.12. 


--5 < 1 => -1 < —-5 < 1 => 4 < — < 6 4 > TtTT > 4 => 30 > x > 20 or 20 < x < 30. 

| X | X X 4 120 6 

jx — 24| < <5 => —<5 < x — 24 < <5 => —<5 + 24 < x < <5 + 24. 

Then -<5 + 24 = 20 => 8 = 4, or <5 + 24 = 30 => 8 = 6; thus ^><5 = 4. 


mx — 2m\ < 0.03 => -0.03 < mx 


-2 < 8 : 


-8 < X —2 < 8 : 
0.03 


- 2m < 0.03 => -0.03 + 2m < mx < 0.03 + 2m : 
■<5 + 2<x<<5 + 2. 


Then -8 + 2 = 2-^>l^> 8 or <5 + 2 = 2 + ^ => <5 = ^. In either case, <5 = LM 

m m m m m 


0.03 

m 
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28. Step 1: 
Step 2: 


mx —3 ml <c => -c < mx—3m < c => -c + 3m < mx < c +3m =^> 3 - — < x < 3 + — 

1 m m 


: — 3| < 5 => —8 < x -3 < 8 => —8 + 3<x<c>+3. 


Then -8 + 3=3--^: 

m 


■ 8 = — , orJ + 3 = 3+ — ^ 8 = — .In either case, 8 = —. 

m m m m 


29. Slept: 
Step 2: 


(mx + b)-(*%- + b) I < c => -c <mx -^-<c^-c + ^-<mx<c + ^-^>\-—<x<\ + —. 

\2/| 2 2 2 2 m 2 m 

x —jjj <8=>-8<x-^<8=>-8+ \<x<8 + ^. 

Then -8+\=\~— => 8 = —, orc)+d. = i + -^^>£ = -^.ln either case, 8 = —. 

2 2 m m 2 2 m m m 


30. Slept: 


Step 2: 


(mx + b)-(m + 6)| < 0.05 => -0.05 < mx - m < 0.05 => -0.05 +m < mx < 0.05 + m 


0.05 


<X <1 + 


0.05 


|x —1| < 8 => —8 < x -1 < 8 => -8 + \ < x < 8 + \. 
Then -8 + 1 = 1 -Ml => 8 = Mi, or 8 + 1 = t + Mi 


^>8 = 


Mi. In either case, 8 = Mi. 

m m 


31. lira (3 -2x) =3-2(3)= -3 

x-»3 

Step 1: |(3 -2x) -(-3)| < 0.02 => -0.02 < 6 -2x < 0.02 => -6.02 < -2x < -5.98 =} 3.01 > x > 2.99 or 

2.99 < x <3.01. 

Step 2: 0<|x-3|<<5=>-<5<x-3<(5=>-(5 + 3<x<(5 + 3. 

Then -8 + 3= 2.99 => 8 = 0.01, or 8 + 3 = 3.01 => 8 = 0.01; thus 8 = 0.01. 


32. lira (-3x - 2) = (-3)(-l) -2=1 

x—> -1 

Step 1: |(—3x — 2) —1| < 0.03 =?> -0.03 < -3x-3 < 0.03 =} 0.01 >x +1 > -0.01 => -1.01 < x < -0.99. 

Step 2: |x — (—1)| <8 =>-<5 <x + l< £ =>-<5-l<x<J-l. 

Then -8-\ = -1.01 => 8 = 0.01, or 8-1 = -0.99 => 8 = 0.01; thus 8 = 0.01. 


33. lim 

x-»2 


x-2 


= lim 

x-»2 


(x+2)(x-2) 

(x-2) 


Step 1: 


Step 2: 


-4 


= lim (x + 2) = 2+ 2=4, x^2 

x->2 

(x+2 )(x-2) 


< 0.05 => -0.05 < - 


(x-2) 


4 < 0.05 =^> 3.95 < x + 2< 4.05, x + 2 


x—2 

=^> 1.95 < x < 2.05, x # 2. 

|x — 2| < 8 => —8 <x — 2 < 8 => — 8 + 2 <x <8 + 2. 

Then -8 + 2 = 1.95 => 8 = 0.05, or 8 + 2 = 2.05 =^> 8 = 0.05; thus 8 = 0.05. 


34. 


lim 2C±6i±5 

x—>—5 x+5 


lim 

x->-5 


(x+5)(x+l) 

(x+5) 


lim (x +1) = -4, x + —5. 
x—>-5 


Step 1: 



< 0.05 => -0.05 < ( *+ 5)( * +1) + 4 < 0.05 ^-4.05 <x+1 <-3.95, x #-5 
(x+5) 


=^> -5.05 < x < -4.95, x + -5. 

Step 2: |x — (—5)| <8 => -8 < x + 5 < £ => - 8-5 <x < 8 - 5 . 

Then -8 -5 = -5.05 ^8 = 0.05, or 8 - 5 = -4.95 ^>8 = 0.05; thus 8 = 0.05. 


35. lim Vl-5x = Jl-5(-3) =x/l6 =4 

x-> -3 

Step 1: |Vl-5x-4|<0.5=>-0.5 <Vl-5x 4<0.5=>3.5<Vl-5x <4.5 =^12.25 <l-5x <20.25 
^ 11.25 < -5x < 19.25 => -3.85 <x <2.25. 

Step 2: |x — (—3)| <£=>-<5<x + 3<<5=>-£-3<x<<5-3. 

Then -8-3 = -3.85 8 = 0.85, or 8-3 = -2.25 => 0.75; thus 8 = 0.75. 
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36. lim — = 4 = 2 

x—>2 x 

Step 1: |4-2|<0.4=>-0.4<4-2<0.4=>1.6<4<2.4=> >J£=>i£>x>^orf<x<4. 

F |x I x x 16 4 24 4 632 

Step 2: jx-2|<<5=>-<5<x-2<e>=>-£ + 2<x<<5 + 2. 

Then -<5 + 2 = |=><? = y,or<y + 2= ^=><? = T; thus 8 = T. 


37. Slept: 
Step 2: 

38. Slept: 
Step 2: 


39. Slept: 
Step 2: 


40. Slept: 


Step 2: 


41. Step 1: 


Step 2: 


42. Step 1: 
Step 2: 


43. Step 1: 
Step 2: 


44. Step 1: 


|(9-x)-5|<£=>-e<4-x<£=>—£-4<-x<e-4=>e + 4>x>4-e=>4-e<x<4 + e. 
|x-4|<e>=>-c><x-4<<5=>-<5 + 4<x<<5 + 4. 

Then -e> + 4 = -£ + 4=><5 = e, or <5 + 4 = £ + 4 => =e. Thus choose 8 = e. 

|(3x -7) -2| < e => -e < 3x -9 < e => 9 — e < 3x < 9 + e => 3 —< x < 3 + J-. 
jx-3|<ei>=>-<5<x-3<e>=>-<5 + 3<x<<i>+3. 

Then -c>+3=3--|:=>£=-|,or<5 + 3 = 3 + -|=><5 = -|. Thus choose 8 = y. 

|%/x-5 -2| < e -e < -Jx — 5 —2<e=>2—e< yfx -5 < 2 + e => (2 -e) 2 < x -5 <(2 +e) 2 

=^> (2 - e) 2 + 5 < x < (2 + e) 2 +5. 

|x-9|<(5=>-<5<x-9<5=>-<5 + 9<x<(5 + 9. 

Then -8 + 9 = 2 - 4e + 9 => <5 = 4e - 6 2 , or 8 + 9 = e 2 + 4 e + 9 => 8 = 4e + e 2 . Thus choose the smaller 
2 

distance, <5 = 4 e - e . 


|V4 -x -2| <e=>-e < >/4-x -2 < e => 2-£ < %/4 -x < 2 + e =^> (2 -e) 2 < 4-x < (2 +f) 2 

=^> -(2 +e) 2 < x- 4 < -(2 - e) 2 => -(2 +e) 2 + 4 <x < -(2 -e) 2 +4. 

|x — 0| <8 => -c> <x <8. 

Then = -(2 +e) 2 +4 = -£ 2 -4e => 8 = 4e +e 2 , or 8 = -(2 - e) 2 + 4 = 4e - e 2 . Thus choose the 
2 

smaller distance, 8 = 4e-e . 


Forx + 1, 


x 2 -l 


< £ : 


■-£<X 2 -1<£^>1-£<X 2 <l + £ 


• V1 - £ < Ixl < Vl + e 


=^> Vl — e < x < vm near x = 1. 

|x —1| < c> => —c> < x -1 < 8 => —c> + 1 < x < 8 + 1. 

Then -8 + 1 = y/l — e =><5 = 1- y/l — e, or 8 +1 = yjl + e => <5 = Vl +e -1. Choose 


(5 = min \ 1 


that is, the smaller of the two distances. 


For x # -2, 


lx 2 -4 


< £ : 


■ —£ < X 


— 4<e=>4-e<x 2 <4 + e^ 


e < \x < 




+ £ 


-V? 


+ £ <X 


< —s/4 — e near x = -2. 

|x — (—2)| < c> => —c> < x + 2 < 8 => -8 — 2 < x < 8 — 2. 

Then -8-2 = -^4 + e => 8 =~j4+e -2, or<J-2=-V4-£=>J = 2 -V4-e. Choose 
8 = min {^4+7-2, 2-V4^I}. 


1 -H 

X 

X —1 


< £ : 


-£<- L -l<£=>l-£<-<l+£^ 

X X 

< 8 => — J < x -1 < c> => 1 — <5 <x<l + (5. 


l 

l+e 


I 

1 —£ 


Then \-8 = :p- => 8 = 1 or 1 + 8 = ^ => 8 = -4—1 = T S -. 

l+e l+e l+e ’ 1-e 1-e 1-e 

Choose 8 = -7^—, the smaller of the two distances. 

l+e ’ 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 

52. 


53. 


Chapter 2 Limits and Continuity 


Step 2: 


: - V3 < 8 => -S < x - < 8 => V3 — 8<x< V3 + 8. 


Then V3 -8 = , 


•5 = 4 . 3- 


or V3 + <5 =. 


<5 = 


Choose <5 = min -v/3 j. 



Step 1: 
Step 2: 



< e => -e < (x -3) + 6 < e, i^-3^>-e<i + 3<6=>-e-3<x<e-3. 


jx — (—3)| < 5 => —<5 <x + 3 < 5 => —<5 — 3 <x < 5 — 3. 

Then -<5-3 = -e-3 => <5 = e, or<5-3 = e-3^><5 = e. Choose 5 = e. 


Step 1: 

Step 2: 

Then 1 — <5 = 1 — e=><5 = e, orl + <5 = l + e=><5 = e. Choose 5 = e. 

Step 1: x < 1: |(4 — 2x) — 2| <e=>0<2-2x<e since x < 1. Thus, 1--| < x < 0; 

x > 1: |(6x — 4) — 2| < e => 0 < 6x -6 < e since x > 1. Thus, 1 < x < 1 + 4- 
Step 2: |x-l|c<5=>-<5<x-l<<5=>l-<5<x<l + <5. 

Then l-<5 = l-l=-=><5 = -?=-, or 1 + <5 = 1 + f => <5 = f. Choose 5 = -f. 

2 2 o o o 

Step 1: x < 0: 2x — 0| < e => —e < 2x < 0 => --|< x < 0; 

x > 0: ^ - o| < e => 0 < x < 2e. 

Step 2: |x-0| <<5 =>-<5 <x < <5. 

Then -(5 = —| => <5 = or <5 = 2e =><5 = 2e. Choose <5 = -|. 


4 


<e=>-e <(x+l)— 2 < e, x ^ 1 => 1 — e < x < 1 + e. 


: —1| < <5 => —8 < x — 1 < <5 =>l-<5 <x<l + <5. 


By the figure, -x < xsin — < x for all x > 0 and -x > xsin — > x for x < 0. Since lim (-x) = lim x = 0, then by 
x x x—>0 x->0 

the sandwich theorem, in either case, lim xsin — = 0. 

x-»0 x 


2 2 1 2 2*2 
By the figure, -x < x sin — < x for all x except possibly at x = 0. Since lim (-x~) = lim x = 0, then by the 

x x—>o x—>o 

2 • 1 

sandwich theorem, lim x sin—= 0. 

x—>o x 


As x approaches the value 0, the values of g(x) approach k. Thus for every number e > 0, there exists a 8 > 0 
such that 0<|x-0|<<5=> |g(x) - k\ < e. 

Write x = h+c. Then 0 < |x-c| < <5 Ci> -8 < x-c < 5, x + c ce> —S < (/? +c) -c < 5, h +c + c Ci> —5 < h < 8, 
h ± 0 o 0 < \h - 0| < 8. 

Thus, lim /(x) = L o for any e > 0, there exists 8 > 0 such that |/(x)-Z| < e whenever 0 < \x-c\ < 8 O 

x—>c 

I f(h + c)-L\<e whenever 0 < \h -0| < 8 o lim f(h+c) =L. 

/!-> o 


Let /(x) = x . The function values do get closer to -1 asx approaches 0, but lim /(x) = 0, not -1. The 

x-»0 

function f (x) = x never gets arbitrarily close to -1 for x near 0. 
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54. Let f(x) = sinx, L = T.and x 0 = 0. There exists a value ofx (namely x = for which |sinx-4| < e for any 
given e > 0. However, lim sin x = 0, notT The wrong statement does not require x to be arbitrarily close to x 0 . 

x->0 2 

As another example, let g(x) = sin T, L = T, and x 0 = 0. We can choose infinitely many values ofx near 0 such 

that sin — = T as you can see from the accompanying figure. However, lim sin — fails to exist. The wrong 

x 1 *_»o X 

statement does not require all values ofx arbitrarily close to x 0 = 0 to lie within e > 0 of L = T. Again you can 
see from the figure that there are also infinitely many values ofx near 0 such that sinT = 0. If we choose e < T 
we cannot satisfy the inequality sin T — i.| < e f° r ah values ofx sufficiently near x 0 = 0. 



2 2 

55. \A-9\< 0.01 => -0.01 < 7 r(f) -9 < 0.01 => 8.99 < ^-< 9.01 =i> |(8.99) <x 2 <|(9.01) 

=^> 2 ■ s j^- <x < or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and 

the right endpoint was rounded down. 

56. V = i?7 =>-£ = /=> |-^-5| <0.1 => -0.1 < i|p-5 < 0.1 => 4.9 < ^ < 5.1=> -^7 -tt 

K | K | K K 4y 12U M 

(120)00) R 020)00) 23.53 < R < 24.48. 

51 49 

To be safe, the left endpoint was rounded up and the right endpoint was rounded down. 

57. (a) -S <x-l < 0 => l-<5 <x < 1 =>/(x) =x. Then |/(x)-2| = |x-2| = 2 -x > 2 -1 =1. That is, 

I f(x) — 2 | > 1 > 2 - no matter how small 8 is taken when 1 — 8 <x<l=> lim f(x)i= 2. 

X->1 

(b) 0<x-l<£=>l<x<l + £=>/(x) = x + l. Then |/(x) -l| = |(x + l)-l| = |x| = x > l.That is, |/(x)-l| > 1 
no matter how small 8 is taken when 1<x<1 + <5=> lim / (x) ^ 1. 

X —>1 

(c) -<J <x-l < 0 => 1-<J <x < 1 => /(x) = x. Then |/(x) —1.5| = |x-1.5| = 1.5 -x > 1.5 -1 = 0.5. 

Also, 0<x-l<£=>l<x<l + <5=>/(x)=x + l. Then |/(x) -1.5| = |(x + l)-1.5| = |x-0.5| 

= x -0.5 > 1-0.5 = 0.5. Thus, no matter how small 8 is taken, there exists a value ofx such that 
-8 <x-l < 8 but |/(x) —1.5| >2- => lim f(x) ^1.5. 

2 X->1 ' 

58. (a) For 2<x<2 + J=> h(x) = 2 => \h(x) -4| = 2. Thus for e <2, \h(x) —4| > e whenever 2<x<2 + «5no matter 

how small we choose 8 > 0 => lim h(x) + 4. 

x—>2 

(b) For 2 < x <2+8 => h{x) = 2 => \h(x) -3| = 1. Thus for e < 1, \h(x) -3| > e whenever 2<x<2 + £no matter 
how small we choose 8 > 0 => lim h(x) + 3. 

x—>2 

2 i I 2 2 

(c) For 2 -8 <x < 2 => h{x) =x~ so \h{x) -2 = x -2 . No matter how small 8 > 0 is chosen, x is close to 4 

whenx is near 2 and to the left on the real line => x 2 -2 will be close to 2. Thus if e < 1, |/?(x) -2| > e 
whenever 2—8 <x< 2 no matter how small we choose 8 > 0 => lim h(x) # 2 . 

x-»2 
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59. (a) For 3 —8 < x < 3 => f(x) > 4.8 => \f{x) -4| > 0.8. Thus fore < 0.8, |/(x)-4| > e whenever 3 -8 <x <3 no 

matter how small we choose 8 > 0 => lim /(x) ^ 4. 

x —>3 

(b) For 3 <x <3 + <J => /(x) <3 => |/(x) —4.8| >1.8. Thus for e < 1.8, \f(x) -4.8| > e whenever 3 <x < 3 + 8 

no matter how small we choose 8 > 0 => lim fix) f 4.8. 

x—>3 

(c) For 3 —8 <x < 3 => f{x) > 4.8 => |/(x)-3| > 1.8. Again, for e < 1.8, |/(x) -3| > e whenever 3 -8 <x < 3 no 

matter how small we choose 8 > 0 => lim /(x) f 3. 

x—>3 

60. (a) No matter how small we choose 8 > 0, for x near -1 satisfying -1-8 < x < -1 + 8, the values of g(x) are 

near 1 => |g(x) -2| is near 1. Then, for e = \ we have |g(x)-2| > j for some x satisfying -1-8 < x < -1 + 8, 

orO < |x + l| < 8 => lim g(x) # 2. 

x->-l 

(b) Yes, lim g(x) = 1 because from the graph we can find a 8 > 0 such that |g(x)-l| < e if 0 < |x — (—1)| < 8. 

x —>-1 

61-66. Example CAS commands (values of del may vary for a specified eps): 

Maple : 

f := x -> (x A 4-8 l)/(x-3); xO := 3; 

plot( f(x),x=x0-l..x0+l, color=black, # (a) 

title=" Section 2.3, #61(a)"); 

L := limit( f(x), x=x0 ); # (b) 

epsilon := 0.2; # (c) 

plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01, 

color=black, linestyle=[l,3,3], title ="Section 2.3, #61(c)"); 
q := fsolve( abs( f(x)-L ) = epsilon, x=x0-l..x0+l); # (d) 

delta := abs(xO-q); 

plot( [f(x),L-epsilon,L+epsilon],x=xO-delta..xO+delta, color=black, title="Section 2.3, #61(d)"); 
for eps in [0.1, 0.005, 0.001] do # (e) 

q := fsolve( abs( f(x)-L ) = eps, x=x0-l..x0+l); 
delta := abs(xO-q); 

head := sprintf ("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f \n", eps, delta ); 
print(plot( [f(x),L-eps,L+eps], x=x0-delta..x0+delta, 
color=black, linestyle=[l,3,3], title=head)); 

end do: 

Mathematica (assigned function and values for xO, eps and del may vary): 

Clearff, x] 

yl: = L -eps; y2: = L + eps; xO =1; 
f[x_]: = (3x 2 -(7x +l)Sqrt[x] +5)/(x -1) 

Plot[f [x], {x, xO - 0.2, xO + 0.2}] 

L: = Limit[f[x], x —> xO] 
eps = 0.1; del = 0.2; 

Plot[{f[x], yl, y2}, {x, xO-del, x0 + del}, PlotRange —> {L-2eps, L +2eps}] 
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2.4 ONE-SIDED LIMITS 


1 . (a) 

True 

(b) 

True 

(c) 

False 

(d) 

True 

(e) 

True 

(f) 

True 

(g) 

False 

(h) 

False 

(i) 

False 

(j) 

False 

(k) 

True 

( 1 ) 

False 

2 . (a) 

True 

(b) 

False 

(c) 

False 

(d) 

True 

(e) 

True 

(f) 

True 

(g) 

True 

(h) 

True 

(i) 

True 

CD 

False 

(k) 

True 




3. (a) 

(b) 

(c) 

(d) 


lim f(x)=i +1 = 2, lim f(x) = 3-2=1 

x-»2 + x-»2~ 

No, lim /(x) does not exist because lim /(x) + lim /(x) 

x->2 x—»2 + x->2~ 

lim f(x)=4 +1 = 3, lim f(x)-4- +1 = 3 

x—>4~ ~ x-»4 + 

Yes, lim /(x) = 3 because 3 = lim f '(x) = lim /(x) 
x-»4 x->4“ x->4 + 


4. (a) lim /(x) = 1 = 1, lim /(x) = 3-2 = 1,/(2) = 2 

x->2 + z x-»2 _ 

(b) Yes, lim /(x) = 1 because 1 = lim /(x)= lim /(x) 

x—>2 x-»2 + x-»2 _ 

(c) lim /(x) = 3 - (-1) = 4, lim /(x) = 3 —(—1) = 4 

A'—> — 1 X—^—1 

(d) Yes, lim /(x) = 4 because 4 = lim /(x)= lim /(x) 

x—>—i x->-r a'—>—1 + 


5. 


(a) No, lim /(x) does not exist since sin(-) does not approach any single value as x approaches 0 

x-»0 + Vx/ 

(b) lim /(x) = lim 0 = 0 

x-»0 - x->0 - 

(c) lim /"(x) does not exist because lim f{x) does not exist 

x->0 x->0 + 


6 . (a) Yes, lim g(x) = 0 by the sandwich theorem since ~4x < g(x) < ~Jx when x > 0 

x-^ 0 + 

(b) No, lim g(x) does not exist since xjx is not defined for x < 0 

x-»0“ 

(c) No, lim g(x) does not exist since lim g(x) does not exist 

x-»0 x->0~ 



(b) lim f (x) = 1 = lim /(x) 

x->r x —> i 

(c) Yes, lim /(x) = 1 since the right-hand and left-hand 

X —^1 

limits exist and equal 1 
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(b) lim f(x) = 0 = lim /(x) 

x->i + .v->r 

(c) Yes, lim /(x) = 0 since the right-hand and left-hand 

x-»l 

limits exist and equal 0 


9. (a) 

(b) 

(c) 

(d) 


domain: 0 < x < 2 

range: 0 < y < 1 and y = 2 

lim /(x) exists for c belonging to (0,1) u (1, 2) 

x—>c 

x = 2 
x = 0 



10 . (a) domain: -oo < x < co 
range: -1 < y < 1 

(b) lim /(x) exists for c belonging to 

(-co,-l)u(-l, l)u(l, oo) 

(c) none 

(d) none 



11 . 


lim 

x—>-0.5~ 



-0,5+2 

-0.5+1 



12 . 



Vo =0 


11 te)-(^r) 

Sfe) (¥1 (¥)-(*) (¥) (¥)-()) (1) (?)-* 


15. 


lim 

h —> 0 + 


V/r+4/;+5-x/5 

h 


]• [ V/) 2 +4/1+5— | [ %//r+4/i+5 +x/5 I 

A->0 + l h J L V* 2 +4/1+5 +^5 J 


= lim ? , A(/;+4) 
/i^>0 + h V/! 2 +4/!+5+V5 


0+4 2 

x/5+V5 >/5 


Hm /f 2+4/ ' +5) - 5 

/)->0 + /j( V* 2 +4A+5 +V5 


16. 


lim 

/)-» 0 “ 


h 


+ 11/)+6 


lim r V6-V5/7 2 +l l/)+6 V f V6+V5/i 2 +ll/)+6 1 
A->0“1 h J L V6+V5* 2 +l 1/2+6 J 

]im 6—(5/? 2 +1 l/i+6) |jrn -/)(5/7+ll) -(0+11) 

h-> 0“ /i|V6+x/5/) 2 +ll/)+6 0 “ /j|V 6+V5 /i 2 +1 l*+6^ V6 +x /6 


11 

2 x /6 
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17. (a) 

(b) 


lim 

x-»-2 + 


lim 

x-»-2 _ 




0 + 3) 


Jx+2[ 

x+2 


: lim 0 + 3) ' " (|x + 2| = (x + 2) for x > -2) 

x—>-2 + (X+Z) 

lim (x + 3) =((-2) + 3) =1 

x->- 2 + 


lim 

x-+-2“ 


0 + 3) 


~(-v+2) 

(x+2) 


(|x + 2 | = -O + 2 ) for x < - 2 ) 


lim (x + 3)(-l) = -(-2+3) = -l 

x—>—2 


18. 


19. 

20 . 


(a) 

lim 

x-»l + 

■Jlx{x-Y) 

Mj 

= lim 

x-»-l 

%/2x(x-l) 

+ (x—1) 




= lim 

V2x = V 2 




x—>— 1 

f 

(b) 

lim 

x->l“ 

\f2x(x—\) 

|x-i| 

= lim 

x->r 

%/2x(x-l) 

(x 1) 




= lim 

1 

II 

*4 

1 




x->r 


(a) 

lim 

0J_3. 

n 'l 

= 1 



6>->3 + 

(7 J 



(a) 

lim 

(t-[tj) = 

= 4-4 = 

= 0 


4 + 




(|x - 1 | = x -1 for x > 1 ) 


(|x -1| = -(x _ 1) for -x < 1) 


(b) lim i|i = f 
6>->3“ ^ 3 

(b) lim (f-|_?J) =4-3 =1 

?-> 4“ 


21 . lim - lim sinx _ j (where x = a/26 1 ) 

<?->0 V2<9 *->0 * 


22. Hm sill2L = |j m |j m = * lim ^ = k-]=k 

t->o 1 t~>o kt <?->o u d-^>o u 

23. ii m 2i20 = ll im l!E0 = 2li m 2E0 = lli m sa£ = l 

y —>0 4 + 4 y -»0 O 4 v —>0 3 + 4 9^0 9 4 

24. lim -Kr= 1 
*->O' sln3/! A 

( sin2x \ 

00S2J 

v A X .A X 





f ) 

( 1 . 3 h \ 

=4 lim 

3 /!-> 0“ 

1 _ 1 

1 

\ 3 sin 3 h ] 

^sin3/t j 3 

lim M 
Ke-x>- 7 


(where # = kt) 
(where 9 = 3 y) 

0-1=3- (where 


26. 


lim = 2 lim , - = 2 lim tcost 

t^O tanf f-»0 (f^) t->0 smi 


r \ 

( \ 

lim cos? 

1 

lim smi 

0 -> 0 ' / 

v?->o ) 


27. lim^^x 

x->0 oos5 - r 



1 

cos 5x 



| lim 

1 x~>0 


2x 

sin2x J 


lim 

x-^0 


1 


cos5x 



1 

2 


28. 

29 . 


A 

lim 6 x (cotx)(csc 2 x) = lim 

x-»0 x-»0 


lim Y+ - YC0S - Y = lim ^- 

x _»0 sm * cos * ' sin x cos x 


6 y cos x = lim Ocosx-O^-^ = 3-1-1 

smxsinzx \ sinx sin2i/ 


= 3 


xcosx \ _ 


sin x cos x 


) = lim (—-!—) 

/ x ^o' smx cos x/ 


- lim -+*- 

x-»0 slnY 


= lim 

x—>0 



( 1 )( 1 ) + 1=2 
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30 fan x 2 —x+sin .v = fan (i-I + i(an*)) = 0-i + |( 1 )=0 
x-»0 2x x^O \2 2 2\ x }} 2 2 v 


31 lim - cos ^ = Hm — — c osg)(l+cosg) — _ |j m - 1 cos & - = Hm - sin_j?- 

^_>0 s ' n2 ^ $_»() (2singcosg)(l+cosg) Q=,§ (2singcosg)(l+cosg) o=,§ (2singcosg)(l+cosg) 

= lim - sm — -= — 2 — = 0 

0 (2cosg)(l+cosg) (2X2) 


32. 


lim - r ~- rcos - r = Hm £(lz££££) = lim 


x(l-cosx) 
9.x 2 


x-»0 


x^O 


x-»0 


sin 2 3x 
9 a ' 2 


■ = lim 


iW w> 


;i(") 


= 0 


33. lim slr * (1 cos?) = lim = 1 since 0 = l-cost —> 0 as t —> 0 

f-yO 1 - cos? g-> 0 9 


34. lim sln(sln h ' 1 - Jim sm£ = i since 0 = sin h -> 0 as h —> 0 

/j—>0 sm/! g^O 9 


35. lim 

g-yO 


sin 9 _ 
sin 29 


g-y 0 


t sing 

2g\ . 

- i lim 

(sing 

29 ) 

\sin2g 

29} 

- nm 

2 g—>0 

1 g 

sin 2 9} 


H 


= ±. 1-1 = 1 


36. lim lim (iitLii. ii. 1 ) =1 fan (si|5x ,_*x_\ = £.j = 1 

sm 4x JC _ > Q\sin4x 5x 4/ 4 x _^q V 5x sin4x/ 4 4 


37. lim <9cos <9 = 0-1 = 0 

g->o 


38. lim sin 0cot 20 = lim sin 0 cos2 f = lim sin 0 


cos 20 _ 


g-> 0 


g-yO 


sin 29 


= lim 


cos 2 g _ 1 


g-yO 


2singcosg ^_ > g2cos0 2 


39 . lim Sa|£ = lim («30i._L) = fan (sm|x._L.f*.i) 

x ^q sinoi x _ > q\cos3^ sin 8.x:/ ^.^qVcosjx sinsx 3* 8/ 


lim (—L_) (aa 2 i) 

Y _vA \ cos 3.x:/ \ 3x /\sin8x/ 


= |-1-1-1=| 


’ x-yO 


40. 


, • sin3vcot5y sin3ysin4vcos5y 

lim - : ——— = lim - ; — . -. - —— = lim 


y-y0 


ycot4y v->0 ycos4ysin5y 
sin 4y 


= lim 

y-y 0 




4 y 


im ( sin3 > , '\ I sin4 .l’ i / cos 5y \ / 3-4-5y \ 
^ 0 \ y ) \ cos4y / \ sin5y / \ 3-4-5 y) 

)( 


y-y0 

5y \ / cos5y 
sin5yl \cos4y 




41. lim 


tang 


= lim 


sinff 

cosff 


= lim 


sing sin 3g 


= lim 


g—>0 g 2 cot 3g g_>0 g 2 ^gfff g->0 g 2 COS geos3g g_y o 


”(") (“jr) (t»L»Hw>(n) 


A =3 


42. lim — ^ cot4 ^ — 

g-y0 snrgcor2g 


/i COS 4# n 9 9 

lim _ | im gcos4gsin 2 29 _ jj m g cos 4g(2 sing cos g)~ _ j im gcos4g(4sin-gcos-g) 

g—>0 sin 2 g cos216 g-yO sin 2 gcos 2 2gsin4g g-y0 sin 2 gcos 2 2gsin4g g-yO sin 2 gcos 2 2gsin4g 

sin 2 26 


lim 

g-> 0 


4gcos4gcos 2 g 

cos 2 2gsin4g 



43. Yes. If lim f(x) = L 

x-y« + 

exist. 


lim /(x), then lim /(x) = L. If lim f(x) 4- lim /(x), then lim /(x) does not 

x-ya _ x—>a x—>a + x—>a _ x—ya 


Copyright © 2014 Pearson Education, Inc. 




Section 2.4 One-Sided Limits 


85 


44. Since lim fix) = L if and only if lim fix) = L and lim fix) = L, then lim fix) can be found by 

x—>c x->c + x-»c“ x—>c 

calculating lim fix). 


45. If/ is an odd function ofx, then /(-x) = -/(x). Given lim /(x) = 3, then lim /(x) = -3. 

x—>0 + x—>0 - 

46. If/is an even function of x, then /(-x) = fix). Given lim /(x) = 7then lim /(x) = 7. However, nothing 

x— >2 x—2 

can be said about lim /(x) because we don’t know lim /(x). 

x—^—2 x— >2 

47. I = (5, 5 + c>) => 5 < x < 5 + 8. Also, six- 5 <e=>x-5<e 2 =>x<5+e 2 . Choose 5 = e 2 ^> lim jx-5 = 0. 

x->5 + 

48. 1 = (4 - 8 , 4) =^> 4-8 <x < 4. Also, ^4-x <e=i>4-x<e 2 =>x>4-e 2 . Choose 8 = e 2 => lim f4-x = 0. 

x->4“ 

49. As x —>• 0“ the number x is always negative. Thus, A - (-1) < e =^> +1| < e => 0 < e which is always true 

independent of the value ofx. Hence we can choose any S > 0 with —8 < x < 0 => lim A = -1. 


50. Since x —> 2 + we have x > 2 and lx — 2| =x-2. Then, 4-2-1 = p-^-l < e => 0 < e which is always true so 

1 1 |x-2| |x-2 | J 

long as x > 2. Hence we can choose any 8 > 0, and thus 2<x<2 + £^> A-4-1 < e. Thus, lim = 1 • 

M x—>-2 + Ml 

51. (a) lim | x | = 400. Just observe that if 400 < x < 401, then | x | = 400. Thus if we choose 8 = 1, we have for 

x-»400 + 

any number e > 0 that 400 < x < 400 + 8 => |[x J -400| = |400 — 400| = 0 < e. 

(b) lim [xj = 399. Just observe that if 399 < x < 400 then [xj = 399. Thus if we choose 8 = 1, we have for 


any number e > 0 that 400 -8 <x < 400 => ||_x J — 399| = |399 — 399| = 0 < e. 

(c) Since lim | x | / lim | x | we conclude that lim | x | does not exist, 
x—>400 + x->400“ x-»400 


52. (a) lim /(x)= lim 4x = Vo = 0; v/x-ol < e => -e < Vx < e => 0 < x < e 2 for x positive. Choose 8 = < 


x—>0 x->0 

lim f{x) = 0 . 

x->0 + 


(b) lim fix) = lim x 2 sin f—| = 0 by the sandwich theorem since -x 2 < x 2 sin ( —) < x 2 for all x / 0 . 

x—>0“ x->0“ ' x ' ' x ' 

Since x 2 - 0 = -x 2 - 0 = x 2 < e whenever |x| < Ve, we choose 8 = Ve and obtain x 2 sin - 0 < e 
if-8 < x < 0. 

(c) The function / has limit 0 at xq = 0 since both the right-hand and left-hand limits exist and equal 0. 
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2.5 CONTINUITY 


1. No, discontinuous at x = 2, not defined at x = 2 

2. No, discontinuous at x = 3,1 = lim g(x) + g(3) = 1.5 

x— 

3. Continuous on [-1, 3] 


4. No, discontinuous at x = 1,1.5 = lim k(x) + lim £(x) = 0 

X— X —^1 

5. (a) Yes (b) Yes, lim f(x) = 0 

x — 1 + 

(c) Yes (d) Yes 

6 . (a) Yes, /(1) = 1 (b) Yes, lim f(x) = 2 

X —^1 

(c) No (d) No 

7. (a) No (b) No 

8 . [-1,0) u (0,1) u(1, 2) u(2, 3) 

9. /(2) = 0, since lim /(x) = -2(2)+ 4 =0 = lim f(x) 

x — >2 x — >2 

10 . f (1) should be changed to 2 = lim f (x) 

x->\ 


11. Nonremovable discontinuity at x = 1 because lim f(x) fails to exist ( lim /'( x) = 1 and lim f(x) = 0). 

X X —> I X —>1 

Removable discontinuity at x = 0 by assigning the number lim f (x) = 0 to be the value of /(0) rather 
than /( 0 ) = 1 . 

12. Nonremovable discontinuity at x = 1 because lim /(x) fails to exist ( lim /(x) = 2 and lim /(x) = 1). 

x—>1 x->l~ x— >1 + 

Removable discontinuity at x = 2 by assigning the number lim /(x) = 1 to be the value of /(2) rather than 

x ->2 

/( 2 ) = 2 . 

2 

13. Discontinuous only when x -2 = 0 => x = 2 14. Discontinuous only when (x + 2)~ = 0 => x = -2 

15. Discontinuous only when x-4x+3=0=> (x-3)(x-l) = 0=>x = 3 orx = l 

16. Discontinuous only when x -3x-10 = 0 => (x -5)(x + 2) = 0=>x=5orx = -2 

17. Continuous everywhere. (|x —1| + sin x defined for all x; limits exist and are equal to function values.) 

18. Continuous everywhere. (|x| +1 #= 0 for all x; limits exist and are equal to function values.) 
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19. 

20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 


Discontinuous only at x = 0 

Discontinuous at odd integer multiples of y, i.e., x = (2 n -l)y, n an integer, but continuous at all other x. 

Discontinuous when 2x is an integer multiple of n, i.e., 2x = im , n an integer =^> x = y 1 , n an integer, but 
continuous at all other x. 

Discontinuous when y- is an odd integer multiple of y, i.e., = (2 n -l)y, n an integer => x = 2n -1, « an 

integer (i.e., x is an odd integer). Continuous everywhere else. 

Discontinuous at odd integer multiples ofy, i.e., x = (2 n -l)y, n an integer, but continuous at all other x. 

Continuous everywhere since x +1 > 1 and -1 < sin x < 1 => 0 < sin“ x < 1 => 1 + sin“ x > 1; limits exist and are 
equal to the function values. 

Discontinuous when 2x + 3<0orx<--|=> continuous on the interval |yy °°)- 
Discontinuous when 3x -1 < 0 or x < j =^> continuous on the interval [I’”)' 

I/O 

Continuous everywhere: (2x -1) is defined for all x; limits exist and are equal to function values. 

Continuous everywhere: (2 -x ) 1/5 is defined for all x; limits exist and are equal to function values. 

Continuous everywhere since lim x ~C ~ 6 = lim — 3 ^ + ~^ = lim (x + 2) = 5 = g(3) 

x->3 x ~ i x->3 x ~ i x->3 

Discontinuous at x = -2 since lim /(x) does not exist while /(-2) = 4. 

x—>—2 


lim sin(x -sinx) = sin(^- - sin n) = sin(7T -0) = sin n = 0, and function continuous at x = n. 


lim sin(yCOs(tan?)) = sin(ycos(tan(0))) = sin|ycos(0)j = sin|yj = 1, and function continuous at t = 0. 


2 2 2 2 2 2 
lim sec (y sec y -tan - y -1) = lim sec(ysec y - sec“ y) = lim sec {{y -1 )sec y) = sec ((1 -l)sec 1) = 


v->l 1 

sec 0 = 1, and function continuous at y = 1. 


y->i 


lim tan 

x—>o 


cos(sinx 1/3 ) = tan ycos(sin(0)) = tan(ycos(0)j = tan|-|j = 1, 


4-1 = 1, and function continuous at x = 0. 


lim cos 
t-> o 


yj 19-3 sec It 


= COS 


^/l 9—3 sec 0 


= cos—p= = cos4 =4-, and function continuous at t = 0. 
y/16 4 2 


lim \/csc 2 x+ 5^3 tan x = ^csc ? + 5x/3 tan = ^4 + 5V3^-j^| = V9 = 3, 


= 3, and function continuous 


at x = 4- 

O 
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37. 


lim sin j = sin j = sin (y) = 1, and the function is continuous at x = 0. 


38. 


lim cos *^lnVxj = cos *(ln\/rj = cos 1 (0) = y, and the function is continuous at x = 1. 


39. g(x) = = <A ^-3) 3) =;t + 3 ^^ 3 ^ > g( 3 ) = lim (x + 3) = 6 


40. h(t) = <2+3f ~ 10 = (f+5)( ' 2) = t + 5, t + 2 => /?(2) = lim (f + 5) = 7 
t ~ 1 /—>2 


41. ./'(.S') = 

42. g(x) = 


■ s 3 -! Q 2 +■?+!)( .s-l) 
s 3 -l (s+1)(s-1) 


.Y" —16 = (-V+4K.Y-4) 

x 2 -3x-4 (x—4)(x+1) 


.yl,.v#4=.g(4)=lim(|^) = 


8 

5 


2 

2 


43. 


As defined, lim /(x) = (3) 
x->3 _ 


6 a = 1 


^a=-. 


-1=8 and lim (2a)(3) = 6a. For f (x) to be continuous we must have 

x-»3 + 


44. As defined, lim g(x) 
4b = -2=>b = -\. 


-2 and lim g(x) = b(-2) 2 

x—>—2 + 


= 4b. For g(x) to be continuous we must have 


45. As defined, lim f(x) = 12 and lim f(x) 
x—>2 x—>2 

12 = 2a 1 - 2a => a = 3 or a = -2. 


a 2 (2) -2a = 2 a 2 


- 2a. For /(x) to be continuous we must have 


46. 


As defined, lim g(x) = j-j 

x->(T b+ 

^- = b^b=0or:b = -2. 



2 

lim g(x) = (0)- + b =b. For g(x) to be continuous we must have 
x->0 + 


47. As defined, lim /(x) = -2 and lim /(x) = a(-l) +b = -a +b, and lim /(x) = a(l) + b = a +b and 

X—>—1 X—>—1 X'—>1 

lim f(x) = 3. For fix) to be continuous we must have -2 = -a+b and a +b = 3 => a =4 and b = \. 

x-»r 


48. Asdefined, lim g(x) = a(0) + 2b = 2b and lim g(x) = (0) 2 +3a -b = 3a-b, and lim g(x) = (2) 2 +3a -b = 

x—>0“ x->0 + x—>2“ 

4 + 3 a -b and lim g(x) = 3(2) -5 =1. For g(x) to be continuous we must have 2b = 3a-b and 4 + 3a-Z> = l=> 

x—»0 + 

a = and b = — 
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49. The function can be extended: /(0) « 2.3. 



51. The function cannot be extended to be continuous 
at x = 0 . If / ( 0 ) = 1 , it will be continuous from the 
right. Or if /(0) = -1, it will be continuous from 
the left. 


y 



53. /(x) is continuous on [0,1] and /(0) < 0, /(l) > 0 => 
by the Intermediate Value Theorem / (x) takes on 
every value between /(0) and /(1) => the equation 
/(x) = 0 has at least one solution between x = 0 
and x = 1. 


50. The function cannot be extended to be continuous at 
x = 0. If /(0) « 2.3, it will be continuous from the 
right. Or if /(0) « -2.3, it will be continuous from 
the left. 



52. The function can be extended: /(0)x:7.39. 


y 



y 



54. cosx = x => (cosx)-x = 0. Ifx = cos (~-f) ~(~f) >0. If x = y, C 0 S ("f) _J f < 0. Thus cosx-x = 0 for 
some x between —y and y according to the Intermediate Value Theorem, since the function cos x - x is 
continuous. 


55. Let /(x) = x 3 -15x + l, which is continuous on [-4, 4]. Then /(- 4) = -3, /(-l) = 15, /(l) = -13, and /(4) = 5. 
By the Intermediate Value Theorem, /(x) = 0 for some x in each of the intervals -4 < x < -1, -1 < x < 1, and 

1 < x < 4. That is, x -15x + 1 = 0 has three solutions in [-4, 4]. Since a polynomial of degree 3 can have at 
most 3 solutions, these are the only solutions. 

56. Without loss of generality, assume that a <b. ThenC(x) = (x-a) (x-b)~ +x is continuous for all values ofx, 

so it is continuous on the interval [a, b\ Moreover F(a) = a and F(b) = b. By the Intermediate Value Theorem, 
since a < < b, there is a number c between a and b such that F(x) = ^yk 
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57. Answers may vary. Note that / is continuous for every value of x. 

(a) /(0) = 10, /(1) = l 3 -8(1) +10 = 3. Since 3 < n < 10, by the Intermediate Value Theorem, there exists a c so 
that 0 < c < 1 and /(c) = n. 

(b) /(0) = 10, /(-4) = (-4 ) 3 -8(-4) +10 = -22. Since -22 < -VJ < 10, by the Intermediate Value Theorem, 
there exists a c so that —4 < c < 0 and /(c) = -%/3. 

(c) /(0) = 10, /(1000) = (1000 ) 3 -8(1000) +10 = 999,992,010. Since 10 < 5,000,000 < 999,992,010, by the 
Intermediate Value Theorem, there exists a c so that 0 < c < 1000 and /(c) = 5,000,000. 

58. All five statements ask for the same information because of the intermediate value property of continuous 
functions. 

(a) A root of /(x) = x -3x-l is a point c where/(c) = 0. 

3 3 

(b) The point where y = x crosses y = 3x +1 have the same y-coordinate, or y = x = 3x +1 => /(x) = 

v 3 —3 jc — 1 = 0. 

3 3 3 

(c) x -3x = l=>x -3x -1 = 0. The solutions to the equation are the roots of /(x) = x -3.r-l. 

3 3 

(d) The points where y = x -3x crosses y = 1 have commony-coordinates, or y = x -3x = 1 => f(x) = 
x 3 -3x—1 = 0. 

(e) The solutions of x -3x -1 = 0 are those points where f(x) = x -3x-l has value 0. 

^_ 2 ) 

59. Answers may vary. For example, /(x) = — x _ 2 ‘~ ' s discontinuous at x = 2 because it is not defined there. 
However, the discontinuity can be removed because/has a limit (namely 1) as x —> 2. 

60. Answers may vary. For example, g(x) = —has a discontinuity at x = -1 because lim g(x) does not exist. 

X+1 x —>—1 

lim g(x) = -oo and lim g(x) = +oo. 

Vx—»-l _ x —^—L J 

61. (a) Suppose x 0 is rational => /(x 0 ) = 1. Choose e = y.For any 8 > 0 there is an irrational number x (actually 

infinitely many) in the interval (x 0 - 8, x 0 +£)=>/(x) = 0. Then 0 < |x -x 0 | < 8 but |/(x) - /(x 0 )| = 

1 > j= e, so lim /(x) fails to exist => / is discontinuous at x 0 rational. 

X — 

On the other hand, x 0 irrational /(x 0 ) = 0 and there is a rational number x in (x 0 - 8, x 0 + 8) => /(x) = 1. 
Again lim /(x) fails to exist => / is discontinuous at x 0 irrational. That is,/is discontinuous at every point. 

X->Xq 

(b) /is neither right-continuous nor left-continuous at any point x 0 because in every interval (x 0 -8, x 0 ) or 
(x 0 , x 0 + 8) there exist both rational and irrational real numbers. Thus neither limits lim /(x) and 

A'-»Xq 

lim /(x) exist by the same arguments used in part (a). 

X-»Xq 


62. Yes. Both /(x) = x and g(x) = x are continuous on [0,1], However is undefined at x = j since 


g = 0 => is discontinuous at x = 


63. No. For instance, if/(x) = 0, g(x) = x , then h(x) = 0([x]) = 0 is continuous atx = 0 and g(x) is not. 


64. 


Let / (x) = 

l ... l 

(x+l)—1 X 


and g(x) = x +1. Both functions are continuous at x = 0. The composition f°g = f (g(x)) = 
is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that /(x) be continuous 


at g(0), which is not the case here since g(0) = 1 and/is undefined at 1. 
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65. Yes, because of the Intermediate Value Theorem. If f(a) and /( b ) did have different signs then/would have 
to equal zero at some point between a and b since/is continuous on [a, b\. 


66 . Let / (x) be the new position of point x and let d (x) = / (x) - x. The displacement function d is negative if x is 
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the 
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, /(x) = x for some point x, 
which is then in its original position. 


67. Iff (0) = 0 or / (1) = 1, we are done (i.e., c = 0 or c = 1 in those cases). Then let /(0) = a > 0 and /(l) = b < 1 
because 0 < f(x) < 1. Define g(x) = /(x) -x => g is continuous on [0,1], Moreover, g(0) = /(0) - 0 = a > 0 and 
g(l) = /(l)-l=/?-l<0=>by the Intermediate Value Theorem there is a number c in (0, 1) such that 
g(c) = 0 => /(c) - c = 0 or /(c) = c. 


68 . 


Let e = > 0. Since/is continuous at x = c there is a S > 0 such that |x -c| < S => |/ (x) - f (c)| < e 

=> f(c)-e<f(x)<f(c)+ e. 

If /(c) > 0, then e = ^/(c) => ^f(c) < f(x)< /(c) f(x) > 0 on the interval ( c—S , c + S). 

If /(c) < 0 , then e = - j f(c) => /(c) < f(x)<\ f (c) => /(x) < 0 on the interval (c-S,c + S). 




Thus, /(x) is continuous atx = cO lim /(x) = /(c) O lim / (c + h) = f (c). 

x—tc 0 


70. By Exercise 67, it suffices to show that lim sin(c + h) = sin c and lim cos(c + h) = cosc. 

h— >0 h— >0 

Now lim sin(c + /?)= lim [(sin c)(cos/?) +(cos c)(sin/?)]= (sine) lim cos h +(cosc) lim sin/? . 

/?-> 0 /?-> 0 U->0 J \h-> 0 y 

By Example 11 Section 2.2, lim cos h = 1 and lim sin h = 0. So lim sin(c + /?) = sin c and thus /(x) = sin x is 

h— >0 h— >0 h— >0 

continuous at x = c. Similarly, 


lim cos(c + /?)= lim [(cosc)(cos/?)-(sinc)(sin/?)] = (cosc) lim cos h -(sine) lim sin h = cosc.Thus, 
/;—>0 h-> 0 V/!^0 J \h-> 0 J 

g(x) = cos x is continuous at x = c. 


71. 

x « 1.8794, -1.5321, -0.3473 

72. 

x «1.4516, -0.8547, 0.4030 

73. 

x» 1.7549 

74. 

x« 1.5596 

75. 

x « 3.5156 

76. 

x« -3.9058,3.8392, 0.0667 

77. 

x« 0.7391 

78. 

x« -1.8955, 0,1.8955 
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2.6 LIMITS INVOLVING INFINITY; ASYMPTOTES OF GRAPHS 


1. (a) 

lim /(x) = 0 

(b) 

lim /(x) = -2 


x—>2 


x-»-3 + 

(c) 

lim /(x) = 2 

(d) 

lim f (x) = does not exist 


x-»-3“ 


x-»3 

(e) 

lim f (x) — — 1 

(f) 

lim /(x) = + oo 


x-»0 + 


x-»0~ 

(g) 

lim /(x) = does not exist 

(h) 

lim /(x) = 1 


x-»0 


X—>00 

(i) 

lim /(x) = 0 




X—>-00 



2. (a) 

lim /(x) = 2 

(b) 

lim /(x) = -3 


x—>4 


x->2 + 

(c) 

lim /(x)=l 

(d) 

lim /(x) = does not exist 


x->2 


x— >2 

(e) 

lim f (x) = +oo 

(f) 

lim / (x) = + oo 


x->-3 + 


x—> -3“ 

(g) 

lim /(x) = +co 

(h) 

lim /’(x) = +oo 


x — >—3 


x-»0 + 

(i) 

lim /(x) = -oo 

(j) 

lim /(x) = does not exist 


x-»0“ 


x-»0 

(k) 

lim /(x) = 0 

( 1 ) 

lim f (x) — 1 


X-»oo 


X—»-00 


Note: In these exercises we use the result lim —1— = 0 whenever — > 0. This result follows immediately from 

X —»± OO x 


Theorem 8 and the power rule in Theorem 1: lim (—k-] = lim (—) 

X— >± 00 \ x m n ] X—>± 00 ' x ' 


= | lim L 

X-»± 00 x 


min 


= O mln = 0 . 


3. (a) -3 

4. (a) n 

5. (a) \ 

6 . (a) \ 

7. (a) -f 

8 . (a) | 


(b) 

-3 

(b) 

7T 

(b) 

1 

2 

(b) 

1 

8 

(b) 

5 

3 

(b) 

3 

4 


g _j_ < sin2x < J_ . 

X — X — X 


lim 


sin2x 


= 0 by the Sandwich Theorem 


10. lim = o by the Sandwich Theorem 

5u iu 


w 


0 —CO 


3 9 


11 . lim 2 ?+slnf = lim 


7 - 1+ (¥) 


0 - 1+0 


11111 - 11111 / X — 1 r\ 

<->oo t+cost f-> oo l+(af) 1+0 


= -l 


12 . 


lim 

r^> oo 


r+sin r 
2r+7-5 sinr 


l + (smA 

lim . 1 ; / , 
'■->00 2+ 7 -5(—j 


lim 

r— >oo 


1+0 

2 + 0-0 


1 

2 
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13. 


14. 


15. 


16. 

17. 


18. 


19. 

20 . 


21 . 


22 . 


23. 


24. 


25. 


(a) 


lim 

X—>00 


2x+3 

5x+7 


2+ 1 

= lim —f- = 

x->® 5+- 


2 

5 


(b) | (same process as part (a)) 


2+4 


a) lim 2x3+7 = lim , v f y 7 = 2 

A —>00 * —* +.X+7 A—>oo 2” 1 3~ 

X X 

'b) 2 (same process as part (a)) 


i . i 


i) lim -ftL = ii m —_ 
A —>00 x +3 A —>00 lH T 

x 


= 0 


1+J- 

lim = lim = 0 

X->oo X~-2 x->°0 1+— 


7 3 

(a) lim -r—A--= pm — 

X— >00 x —3x“+6x A'— >oo l - 


(b) 0 (same process as part (a)) 


(b) 0 (same process as part (a)) 


(b) 7 (same process as part (a)) 


4 7-1 —J 

(a) lim — 9x +x -= lim —t—-—— = -| (b) 9 (same process as part (a)) 

A—>00 2a +5a —a+6 A—>00 2n 2 " 3 - " 1 4" ^ ^ 

x x J x H 

10 + _L + li 

(a) lim — +x +31 = lim —— x x =0 (b) 0 (same process as part (a)) 

A—>00 X x —>00 1 

(a) lim x t 7 ' Y ~ 2 = lim - r+7 ~ 2 - r _, = oo, since x~ n —> 0 and x + 7 —> oo. 

A—>00 X —A—1 A—>00 l - X —X 

(b) lim — t 7x ~ 2 = lim XJrl ~} x = — °o, since x~" —> 0 and x +1 —> -oo. 

A— >—oo X ~ A— 1 A— >—00 l - X —X 


(a) lim 3v , +5x —- = lim 3x + 5 j —= °°, since x " —> 0 and 3x 4 — > oo. 

a —>00 6a —7a+3 a—> oo 6—7 a +3a 

(b) lim 3x + 5 v - 1 = lim 3 - r +5 jj ~~ r _, = °°, since x~ n —> 0 and 3x 4 —» oo. 

a—>— oo 6 a —7a+3 a—>— oo 6—7 a +3a 


(a) lim —— 2x t 9 = lim ——^— = -oo, since x ” —> 0, 5x 3 —> oo, and the denominator —> -4. 

x->oo 3+x-4x 5 x ->oo 3x -5 +x” 4 -4 

(b) lim 5x ~ 2x +9 = lim 5x ~_ 2a t 9x = oo, since x~ n —> 0, 5x 3 —> -oo, and the denominator —> -4. 

x—>—oo 3+x—4x x—>—oo 3x + x —4 


lim 


8x -3 


= lim 


x—>oo V 2x“ +x x—>oo 


lim 


2 +x-l 


-00 \ 8x -3 


1/3 





1 

2 


lim 

X —> —oo 



lim 

X —> —oo 



l-ij 


/ _L _ r ^ 5 

2 

lim ~ Y - 

i 7 

X —>—GO 1 .. 



= 00 
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26. lim 


x 5 +x-2 


= lim 


0-0 


1_5_ I_5_ 

1x2 ^. x 2 

I- - — — lim --—_ 

HrH "' Vl+ °-° 

X X XX 


= Vo = 0 


27. lim 


2 \fx+x 
3 x —7 


= lim - 

X—>00 


3 -- 


= 0 


_ 2 _ 1+1 

28. lim 2 ±^ = lim 

x—>oo 2 -Vx x—>oo I 2 |_i 

L 1/2 J 


= -l 


29. lim |I4& = lim 


.(1/5)—(1/3) 


>-00 rx +^ xToo t + x (1/5 )- (1/3) 


= lim 

X->-0O 1 + | 


= 1 


x+-L 

x 2 

-t— = 00 


30. lim * ‘+- Y "! = lim 

—2—3 1 1 

X —>00 X X X —>00 i x 


31. lim 


= lim 


x->oo x 8/5 +3x+Vx x—>°o ' + ^5" +_ Tl' 


32. 


lim 

x->-co 


yfx- 5x+3 
2x+x 2/3 -4 


lim 

X —>—00 


1 

2/3 


X 


-5+ 


1 

X 


2 +- 

X 


1 

1/3 


.4 

x 


1 

2 


33. 


lim 

X —>00 


ylx 2 +l 

x+\ 


lim 

- V —>00 


( x +1 )/•/? 


lim 

X—>0O 


a/(x 2 +1)/x 2 

( x + l)/x 


lim 

X—>00 


%/l+l/x 2 

( 1 + 1 / x ) 


VT+O =1 

( 1 + 0 ) 


34. 


lim 

X—>-oo 



lim 

X—>—CO 


(x+l)/V? 


lim 

X—>—00 


V(X 2 + l)/x 2 

( x + 1 )/(— x ) 


lim 

X—>00 


V 1 + 1 / x 2 
(- 1 - 1 /*) 


VI+o ... i 

(- 1 - 0 ) 


35. 


lim . - Y ~ 3 

x—>oo V4 x 2 +25 


lim 

X—>00 


(x-3 )l4x* 

•J 4 x 2 + 25 / V ? 


lim . (x ~ 3)/x 

x—>oo yj(4x 2 +25)/x 2 


li m (l-3/-v) (1-0) 1 

- V —>00 V 4 + 25 / x 2 "/ 4+0 2 


36. lim lim < 4 3 x 3 )/ 3 p = Um 


( 4 - 3 x 3 )/(- x 3 ) 


= llm , —4 /-v j + 3) _ (0+3) _ 3 


.±i i- — mil i- i- — inn i- — 11111 i- — , - 

-oo Vx 6 + 9 x->-oo Vx 6 +9/Vx 6 x—>—co ^(x 6 + 9)/x 6 x->oo yi+9/x 6 Vl+O 


37. lim = go 

x —> 0 + 3x 


/ positive 
\ positive ( 


38. lim 4- = -oo 
A - 2x 
x->0 


39. lim —- = -oo 

x->2“ x ~ 2 


41. lim -^- = -oo 

x->-8 + x+>i 


/ positive \ 
\ negative ] 

I negative \ 
\ positive ] 


40. lim —^ = oo 


xh>3 + 


42. lim 


x -3 


3 x 

2 x +10 


43. lim 


x ->7 (*- 7 ) z 


/ positive' 
\ positive 


44. lim 


-1 


x ->0 x ( x + 1 ) 


45. (a) lim -^j = go 


x ->0 


3 x 


( b ) lim ^ = —oo 


x -> 0 ‘ 


3 x 


/ positive 
\ negative 

/ positive 
\ positive 

( negative 
negative 

negative 

positivepositive 
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46. (a) lim -22- = oo 

X->0 + * 


47. 


lim = lim — 

x—>0 -V x—>0 (x 


_4_ 

1/5 


= GO 


49. lim tanx = oo 



51. lim (1 + esc O') — —co 

0-xr 


(b) lim -fry = -° 


x-»0“ * 


48. lim —L- = lim * _ = co 

x->0 x 2/3 x->0 (x 1/3 ) 2 


50. lim secx = oo 


52. lim (2 - cot 9) = — oo and lim (2 -cot 9) = oo, so the limit does not exist 
$-»o + 0-><r 


53. (a) lim 


= lim 


x-»2 + x 1 -4 x ^2 + (*+2X*-2) 


(b) lim 


■ = lim 


x—>2“ x 2 -4 x ^2~ (*+2X*-2) 


1 


(c) lim 

x-»-2 + *~“ 4 


= lim 


1 


_ ? + (x+2)(x-2) 

(d) lim -y—= lim 1 . 

x->-2“ * “ 4 x->-2~ (x+2)(x 2) 


\ positivepositive / 

( .. i . ) 

\ positive negative / 

( .. 1 . ) 

\ positivenegative ) 

f . I . ) 

y negative-negative / 


54. (a) lim = lim 


11111 ~ — 11111 “ 7 — — 

x-+l + x 2 -l X ^1+ (x+t)(x—1) 

(b) lim = lim 


mil z — mil - — — 

x ->r x 2 -i x->r (v+tXA-i) 


= 00 


= —OO 


(c) 

(d) 


lim 


= lim 


11111 ~ — 11111 - 7 — 7 — 

x->-! + * 2 -' x->-i + v +1 )G-h 


- = oo 


lim 


-r x 2 -! 


- = lim 


(x+lXx-1) 


= —oo 


/ positive 
\ positivepositive 
/ positive \ 
\ positivenegative / 
/ negative \ 
\ positivenegative ) 

( negative \ 
negative-negative / 


55. (a) 

(b) 

(c) 

(d) 


(*-!)■ 


lim |2C_1| = 0 - 

x-»0 + 


lim — = -oo 
x-»0 + _x 


\ negative / 


(4- -L =0+ lim — = oo (—L — 

\ 2 x) 0 - -x \positive/ 


lim 

x->0 _ 

lim (4-i) = 2 

x—>^2 V x z 

lim 

x—1 


x->0 
2/3 
2“ 


2 — = 2 -1/3 - 2 _1/3 =0 


Hi)' 


x 2 -l 

2x+4 “ “ 

^ xM = lim ( X+ D( X -D : 

j+ 2 x +4 2 x+4 

1 


I positive \ 
\ positive J 

: —— Q 

2+4 


2x+4 4 


(b) lim 


x-»-2' 


2x+4 


( positive 
negative 
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57. 

(a) 

lim 

x 2 -3x+2 

= lim 

(x-2)(x-l) 

= —00 


x-»0 + 

x 3 -2x 2 

x->0 + 

x 2 (x-2) 



(b) 

lim 

x 2 —3x4-2 

= lim 

(x—2)(x—1) 

= lim 


x-»2 + 

x 3 -2x 2 

x->2 + 

x 2 (x-2) 

x->2 + 


(c) 

lim 

x 2 —3x+2 

= lim 

(x—2)(x—1) 

= lim - 


x-»2“ 

x 3 -2x 2 

x->2“ 

x 2 (x-2) 

x-»2“ 


(d) 

lim - 

x 2 -3x+2 

= lim — 

-2)(x-l) 

lim *=J- 


x—>2 

x 3 -2x 2 

x—>2 •* 

• 2 (x-2) 

x->2 * 


(e) 

lim - 

r 2 -3x+2 _ 

- lim — 

—2)(x—1) 

—00 


x-»0 

x 3 —2x 2 

x->0 * 

;2 (x-2) 


58. 

(a) 

lim 

x 2 —3x4-2 

= lim 

(x-2)(x-r 

- = lim 

x->2 + 

x 3 -4x 

x->2 + 

x(x—2)(x+2) x ^ 2 - 


negativenegative 

positivenegative 


x-l _ 1 
x 2 4’ 

x—1 J_ 
v 2 4’ 


- 4 > x £ 2 


( negative negative \ 
positive negative / 


lira A ~ ~ 3 - v+2 = li, 
x->-2 + * - 4 * x->- 

lim * ~ 3a+2 = ij m 
x—»CT x 4.V .v—>0 

1 i m — 3X+2 — lim 


= lim C-2)C-D = Hm C-D =00 

x _j > _ 2 + x(x-2)(x+2) x(x+2) 


(x—2)(x—t) = Jx-1)_ 

X ™- a 'C-2K^2) x(x+2) 


I negative 
[ negative positive 

( negative 
negative positive 


(x—2)(x—1) 


* 3 - 4 * x->i + a c - 2 ) c + 2 ) x !Xi + x(x+2) (1)(3) 

lim -^=V = -oo f negative . ) 

0 + x C+2) \ positivepositive / 

li-X-l /_negative_\ 


f negative 
{positivepositive 


and lim x 1 = oo (- ” egatlve — 

x(x+2) ^negative-positive 

so the function has no limit as x —» 0. 


59. (a) lim 2-^yj- = -oo 

0 + L t _ 

60. (a) lim -^C- + 7 =oo 

t->0 + L/ 

61. (a) lim ~xjx +— 

x^0 + L* c-d 2/3 J 

(c) lim -L- + — 

x->l + L* 3 c-i) 2/3 J 


“• (a) ,5- 
(c) 


f-lh 


(b) lim 2-X = oc 
r—>o _ L > 

( b ) hm -±r + l = -o 
/—>o L t 


(b) 

(d) 


(b) 

(d) 


64. v--L 

J X+l 
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66 . 



71. Here is one possibility. 


y 



68 . 


70. 


72. 



Here is one possibility. 



Here is one possibility. 
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73. Here is one possibility. 

y 



75. Here is one possibility. 


y 


*(x)=—. x*o 

M i< 



0 

>--1 




76. Here is one possibility. 



fix) . . ... f(x) 

77. Yes. If lim ' ’ = 2 then the ratio the polynomials’ leading coefficients is 2, so lim ' ’ = 2 as well. 

JC^OO X —00 


78. Yes, it can have a horizontal or oblique asymptote. 


f(x) 

79. At most 1 horizontal asymptote: If lim = Z, then the ratio of the polynomials’ leading coefficients 

x— >oo S\ x ) 

so lim 7L2. = Z as well. 

x->-co •?(*) 


80. 


lim [yjx + 9 -\lx + 4^j 



y/x+9 +yjx+4 
yfx+9+yfx+A 
5 


= lim 

X->00 


lim ,— ,- 

x—>oo vx+9 +v*+4 


1+1 


(.v+9)-(.y+4) 
V.y+9 x +4 


81. lim 

X-»°0 


f x/v 2 + 25 - v/x 2 -1 | = lim 

V-r 2 + 25 —yjx' -1 • 

yl x 2 +25+sl x 2 

1 J X^oo 


_7x 2 +25+Vx 2 -1 _ 


= lim 


26 


= lim 


11111 i i- — mu i- i 

x->co Vx 2 + 25 +Vx 2 -1 X-+CO /l+-^+ /l—V 


1 1+1 


= Hm (x^HxM) 
x-»oo Vx“+25+Vx 2 -1 

= 0 


V x 2 + 3 + x = lim 

yjx 2 + 3 +x ■ 

Vx 2 + 3-x 

V J x —>—oo 1 


_ Vx 2 +3 -x _ 


= lim (X^+W) = lim 


11111 I - — 11111 I - 

x->-°o /x 2 +3-x x—>—co Vx 2 +3-x 


= lim 


3 

77 


X-»-» ll+- 


77 


■ = lim -j= 

X-»-oo /in—4-+1 


■=£=« 
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83. 


lim 

X—> —GO ' 


( 2x + y/4x 2 + 3x - 2 I = lim 

2x + y/4x" +3x-2 

2x-yl4x 2 +3x—2 

V J x—>-co 

- 

_2x-y4x 2 +3x-2 


= lim 


(4x 2 )-(4x 2 +3x-2) 


-3x+2 


= lim .— 

x->-°o 2x-y4x z +3x-2 

3-- 

= lim 


■ = lim 


44 


x->-°o 2x-^4x 2 +3.V-2 
—3x+2 


■ = lim 


x —>—qo —- (4+4—y 


x—>—oo -2- 4+4-4 


3-0 

- 2-2 


84. lim 

X—>00 


V9.4 -x — 3x^) = lim [y/9x z -x -3x 

= lim 


X'—>00 

= lim 


Sx 2 -. 


x+3x 


V 9x 2 -x+3x 
-1 


Jlx_ 4+1 _?_ 

A V * , 2 

_3 

4 


= Hm 19£4£M^2 = lim 


A 


x -x+3x 


X->oo yfi)x z -x+3x 


mu 1- — 11111 1- 

x —>00 r/x 2 x ,3x x —>00 9— 4+3 

V"A7 + “ V * 


-1 

3+3 


85. lim 

X—>00 


y/x 2 + 3x - V* 2 - 2x ] = lim y/x 2 + 3x - V-x 2 - 2x 

y x->» _ 

= lim 


Vx 2 +3x+Vx 2 -2x 
y/x 2 +3x +\l x 2 -2x 


= lim 


(x 2 +3x)-(x 2 -2x) 


x->oo Vx 2 +3x+>/x 2 -2x 


5x 


x —>00 


V x 2 +3x +V x 2 -2x 


= lim 


x '—>00 ,/1+-+a/1—- 


5 _ 5 
2 1+1 2 


Jx~ + x -V-x 2 -x = lim 

Vx 2 + x -' 

s/x 2 -x 

Vx 2 +X+Vx 2 -X 

X—>co 1 

- 

- 

_yjx z +x+ylx z -x _ 


= lim +^)-G 2 -+) = lim -2x_ 


11111 1- 1- — 11111 1- 1- 

X—> 0 O Vx 2 +X+VX 2 -X X—> 0 O Vx 2 +x+Vx 2 -x 


= lim 


=A = 1 


*^A 1+ A/A l+l 

87. For any e > 0, take X = 1. Then for all x > X we have that |/(x) -&| = |& -&| = 0 < e. 

88. For any e >0, take X = l.Then for all y < -X we have that |/(x)-fc| = \k—k\ = 0 < e. 

89. For every real number -B < 0, we must find a 8 > 0 such that for all x, 0 < lx - 0| < 8 => — 5 - < —5 

X 2 

Now, —V < -7? < 0 C4> -V > B > 0 C4> x 2 < -jr C4> Ixl < A. Choose 5 = -j=, then 0 < Ixl < 5 => Ixl < -J= 


4b' 


4b’ 


4b 


x ->0 x* 


90. For every real number B > 0, we must find a 8 > 0 such that for all x, 0 < |x - 0| < 8 => ^ > B. Now, 
o > B > 0 C4> Ixl <-f. Choose 8 = - r Then 0 < lx-0| < 8 => Ixl < 4 => A > B so that lim A = 00 . 

M 1 1 B B 11 115 H x ->0 H 

91. For every real number —B < 0, we must find a 8 > 0 such that for all x, 0 < lx - 3| < 8 => —=A < —B. Now, 

11 (x-3 ) 2 


<-B < Oo —A >5>0o (x <{o (x-3) z < j- o 0 < Ifc —3| < A. Choose 5 = A, then 


(x-3 ) 2 


2,2 


(x-3)' 


0<|x-3|<^: 


-2 

(x-3) 2 


<-B < 0 so that lim 


-2 


x->3 (x-3 ) 2 


92. For every real number B > 0, we must find a<5>0 such that for all x, 0 < |x - (—5)| < 5 => —A- > B. 

Now, —A > B > 0 o (x + 5) 2 <-f o |x + 5| < A- Choose 8 = A- Then 0 < lx — (—5)1 < 8 
(x+5) 2 B 1 1 4b 4b 11 

=y> lx + 5| < -4= => —A- > B so that lim —A- = oo. 

1 1 4b (x+ 5)- x—>-5 (X+5) 2 
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93. (a) We say that f(x) approaches infinity as x approaches x 0 from the left, and write lim /(x) = <x>, 

X-»Xg 

if for every positive number B , there exists a corresponding number 8 > 0 such that for all x, 

Xq - 8 < x < Xq => f (x) > B. 

(b) We say that /(x) approaches minus infinity as x approaches xq from the right, and write lim /(x) = -oo, 

X-»Xq 

if for every positive number B (or negative number —B) there exists a corresponding number 8 > 0 such 
that for all x, x 0 < x < x 0 + 8 => f (x) < -B. 

(c) We say that /(x) approaches minus infinity as x approaches xq from the left, and write lim f (x) = -oo, if 

X-»Xq 

for every positive number it (or negative number —B) there exists a corresponding number 8 > 0 such that 
for all x, Xq - 8 < x < x 0 => /(x) < -B. 

94. For B >0, — >it>0ox<-]r. Choose 8 = \. Then 0<x<J=>0< x < -jr => — > B so that lim — = oo. 

B B B x x ^ 0+ x 

95. For B > 0, — <-B < 0 a> >B>0a>-x<-^c^ —< x. Choose 8 = 4r- Then -8 < x < 0 => —j- < x 

XX B B B B 

=> — <-B so that lim — = —oo. 

* x->0“* 

96. For B > 0, —4- <-B o— hr>B ci> -(x-2) <X x -2 >— l -a>x>2 —h Choose 8 = -h 

x-2 x-2 B B B B 

Then 2 -i5<x<2=>-£><x- 2<0=> —jr<x-2<0=> —4r < -B < 0 so that lim —L = — oo. 

B x-2 x—>2~ x ~ 2 


97. For it > 0, -d— >2tci>0<x-2<-j-. Choose 8 = \. Then 2<x<2 + £=>0<x-2<£^>0<x-2<-j- 

x-2 B B B 

=> —L- > B > 0 so that lim —1— = oo. 

x-2 x->2 + x “ 2 

98. For B > 0 and 0 < x <1, —t>l-x 2 <- 5-0 (1 -x)(l + x) < Now ^ < 1 since x < 1. Choose 8 < 

\_ x 2 B v 7 B 2 2 B 

Then l-<5 <x<l=>-£><x-l<0=>l-x<£><^-=> (l-x)(l + x) <^{^~) < > B for 0 <x < 1 and 

x near 1 => lim —^ = 00 . 

X->1 _ ^~ x 
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109. (a) y — > oo (see accompanying graph) 

(b) y —> oo (see accompanying graph) 

(c) cusps at x = ± 1 (see accompanying graph) 


110. (a) y —> 0 and a cusp at x = 0 (see the 
accompanying graph) 

(b) J —> 7 (see accompanying graph) 

(c) a vertical asymptote at x = 1 and contains the 

3 

2^4 


j (see accompanying graph) 





CHAPTER 2 PRACTICE EXERCISES 

1. Atx = -1: lim fix) = lim /(x) = 1 
x -»-l - x->-l + 

^ lim f(x) = 1 = /(-l) 
x->-l 

=^> / is continuous at x = -1. 

At x = 0 : lim /(x) = lim /(x) = 0 
x—>0 x —^0 

=> lim f{x) = 0. 
x->0 

But /(0) = 1 * lim /(x) 

x-»0 

=> / is discontinuous atx = 0. 

If we define /(0) = 0, then the discontinuity at 
x = 0 is removable. 

At x = 1: lim /(x) = -1 and lim /(x) = 1 

X —^1 X —^1 

=> lim /(x) does not exist 

X —^1 

=7> / is discontinuous at x = 1. 
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2. Atx = -1: lim /(x) = 0 and lim f(x) = -1 

A'—A —1 X—1 

=> lim /(x) does not exist 
—1 

=> / is discontinuous at x = -1. 

At x = 0 : lim /(x) = -oo and lim /(x) = oo 
x —^0 x —>0 

=> lim /(x) does not exist 
x —>0 

=> / is discontinuous at x = 0. 

At x = 1: lim /(x) = lim f(x) = 1 => lim /(x) = 1. 
x->r x-»i + ' x—>i 

But /(l) = 0 5* lim /(x) 

X—^1 

=> / is discontinuous at x = 1. 

If we define /(1) = 1, then the discontinuity at 
x = 1 is removable. 



3. (a) lim (3/(0) = 3 lim f(t)= 3(-7) =-21 

t — >t() t — 

(b) lim (/(f)) 2 = 
r —>r 0 


lim/(f) | = (—7) = 49 


(c) lim (/(?) ■ g(f)) = lim /(?) • lim g(f) = (-7)(0) = 0 


t~>t(\ 




>tc\ 


fm lim 

(d) lim /( = 

W ilAiA „( f \ _7 l irn 


lim /(0 


g(?)-7 I™ (g(?)-7) 


t->tQ 


(e) lim cos (g(f)) = cos 


t-xt 0 

(f) lim |/(/)| = 


lim g(f)- lim 7 

t —t —WQ 


0-7 


= 1 


lim g(t) 


t—>t n 


= cosO = 1 


lim /(?) 

t->t 0 


= 1-71 = 7 


(g) lim (/(?) + g(?)) = lim /(?) + lim g(?) = -7 + 0 = -7 

t - t - Hq t - 


(h) lim —-—1 =---= — = —— 

v 11 / AAA1A j lim f(t\ _7 7 


t — }t( 


lim f{t ) -7 


4. (a) 

(b) 

(c) 

(d) 

(e) 
(0 


lim -g(x) = - lim g(x) = -^2 

X^0 X—>0 


lim (g(x)-/(x)) = lim g(x)- lim /(x) =(V2)(■!•) 
x->0 x->0 x->0 ' / V - / 


lim (/(x) + g(x)) = lim /(x) + lim g(x) = \ + y/2 
x-»0 x-»0 x-»0 z 

lim —1— =-!-= — = 2 

v _>0 /(*) lim /(x) 1 

lim (x + /(x)) = lim x + lim /(x) = 0 + \ = d- 

x—>0 x->0 x-^0 


lim 

x—>0 


/(x) cos x 

Z 1 ! 


lim f(x) lim cos x 

_ x —>0 _ x—>0 _ 

lim x—lim 1 

x —>0 x —>0 


0-1 


1 

2 


V2 

2 


5. Since lim x = 0 we must have that lim (4-g(x)) = 0. Otherwise, if lim (4 -g(x)) is a finite positive number, 

x-»0 x->0 x->0 

= co so the limit could not equal 1 as x —> 0. Similar 


we would have lim 

4-g(x) 

= -co and lim 

4-g(x) 

x->0“ 

X 

x->0 + 

X 


reasoning holds if lim (4 - g(x)) is a finite negative number. We conclude that lim g(x) = 4. 

x—>0 x—>0 
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x lim g(x) 

= lim x- lim 

lim g(x) 

= -4 lim 

lim g(x) 

x-»0 

x->-4 x->-4 

_x-»0 J 

x->-4 

_x-»0 


6 . 2 = lim 
x-»-4 

constant) => lim g(x) = -=j = -\. 

x->0 ~ 4 


: -4 lim g(x) (since lim g(x) is a 

x-»0 x->0 


1/3 1/3 

7 . (a) lim /(x) = lim x = c = /(c) for every real number c => / is continuous on (-oo, qo). 

x^c x—>c 

(b) lim g(x) = lim x 3/4 = c 3/4 = g(c) for every nonnegative real number c^> g is continuous on [0, oo). 

x->c x—>c 

—2/3 1 

(c) lim /?(x) = lim x = +77 = h(c) for every nonzero real number c => h is continuous on (- 00 , 0) and 

x—>c x —C 

(-CO, 00). 

(d) lim k(x) = lim x _1/6 = -7-7 = k(c) for every positive real number c => k is continuous on (0, 00 ) 

X—>c x-»c c 

8 . (a) [J ^77+ y)/ w here / = the set of all integers. 

n e I 

(b) M (nn, (77 + l)zr), where / = the set of all integers. 

n <e I 

(c) (-00, n)^>(n, 00) 

(d) (- 00 , 0)u(0, oo) 


9. 


lim 

x-»0 

lim 

x-»0~ 

lim 


x 2 - 4 x +4 = (x-2)(x-2) 

x 3 +5x 2 -14x x ->0 x(x+7)(x-2) 

x ~ 2 = co and lim x ~ 2 
x(x+7) x ^. 0 + x(x+7) 

x 2 -4x+4 = (x-2)(x-2) = 


= lim x 2 x h 2 ; the limit does not exist because 

x->0 x( - x + 7 > 

= —00 


x—2 


10 . (a) lim x +x = lim X C +1 ) — = ij m —x±I-= Hm —J—, x * 0 and x * - 1 . 

x—>0 x +2x +x x—>0 x (-* +2x+l) x—>0 x (x+l)(x+l) x—>0 x (x+1) 

Now lim ——!■— = oo and lim — = oo => lim - +x —7 = 00 . 

x->0~ x 2 (x+1) x->0 + x 2 (x+1) x->0 x 5 +2x 4 +x j 

(b) lim x +x = lim x(x+l) —_ |j m ; x * 0 and x * -1. The limit does not exist because 

x —>—1 x +2x +x x —>—1 x (x +2x+l) x —>—1 x (x+1) 

lim -7^-— = -oo and lim —— = 00 . 

x-»-l“ x (x+1) *->-1+ x (x+1) 


11 . lim kpS- = Hm- r = lim 

x->l 1_x x-»l (1-Vx)(l+Vx) X ->1 l+vx 2 

12 . lim x ~ a = lim — , ° 7 > ., = lim 1 = -X 7 

x—>a x -a x—>a (x +a )fx -a ) x —>a x +a 2a" 


13. 


lim 

/ l ->0 


(x+/i) 2 -x 2 

h 


lim 

h-> 0 


(x 2 +2hx+h 2 )-x 2 
h 


lim (2x + h) = 2x 
h —^0 


14. 


lim 

x->0 


(x+/j) 2 -x 2 

h 


lim 

x—»0 


(x 2 +2 hx+h 2 )-x 2 
h 


lim ( 2x + h) = h 

x—>0 


_j_i 

15. lim 2+x 2 

x->0 x 


lim 


2-(2+x) 


x-*0 2 x(2+x) 


lim 

x-»0 


-1 

4+2x 


i 

4 


16. lim (2+ * )3 8 = lim (* 3+6 * 2+12 *+ 8 > 8 = lim ( x 2 + 6 x+ 12 ) =12 
x-»0 x x-»0 x x->0 
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17. lim = lim = lim 


(x l)(Vx+l) _ V-X+l 


1+1 


x->l -Jx—l X ^1 (Vx-1) (Vx+l)(x 2/3 +x 1/3 +l) x->l (x-l)(x 2/3 +x 1/3 +l) X ->1 x 2/3 +x 1/3 +l 1+1+1 3 

(x 1/3 -4)(x 1/3 +4) (x 2/3 +4x 1/3 +16)(Vx+8) 


18. lim 

x— >64 yx-8 x—>64 

= lim 


= lim C 1/3 -4)C 1/3+4 ) = lim 


•Jx— 8 

(x-64) (x' /3 +4) (Vjc+ 8) _ ,. m (x 1/3 +4) (Vx+8) _ (4+4) (8+8) _ 8 


v _>64 -s/x-8 (Vx+8)(x 2/3 +4x i/3 +16) 

= lim 


x-»64 (x-64) (x 2/3 +4x i/3 +16) x->64 x 2/3 +4x 1/3 +16 


16+16+16 


19. lim = lim sm_^x . 52122 _ ij m 

x-»0 tan nx x-»0 008 2 - r Sln nx x->0 


jm f sin 2x W cos;rx \f nx 1 1 2x \ _ 
2x A cos 2x/ysin 7rx ]\nx) 


^1 = 1.M.^ = A 
;r n 


20. lim esc x = lim — = go 

- v - sin x 

X — >7T X — >7T 


21. lim sin^ + sin x) = sin|y + sin ;r) = sin^j 


4 =1 


22. lim cos 2 (x- tan.v) = cos 2 (n — tan tz) = cos“(tt) = (—l) 2 = 1 


23. 


lim . — 

x->0 3s,n 


lim 

x-»0 



8 

3(D-1 


= 4 


74 i;™ _ cos 2x-l _ i- / cos 2x-l _ cos 2x +1 \ _ i- cos 2 2x-l _ i-_ -sin 2 2x 

x _^q sinx v->0' sinx cos 2x +1 / sinx(cos 2x+l) x _>o sln T ( cos 2x+l) 

-4sinxcos 2 x —4(0)(1) 2 „ 

= lim -r—-— = —-= 0 

r _>0 cos 2 ' r+ + 


25. Letx = t-3=> limln(t-3) = lim lnx = —oo 

r->3 + x->0 + 


26. 


limt 2 

t->l 



= In 1 = 0 


27. -1 < cos(f ) < 1 => e- 1 < e m ^ /d) < e 1 4de~ l < V(?e cos(7r/0) <4de^> lim Jde cos(rr/d) = 0 by the 

V 0 ' 0-> 0 + 

Sandwich Theorem 


2e Vz 

28. lim -jf- 

r—»0 + e z +1 


lim —2 
r—»0 + 1+e 


l/z 


2 

1+0 


= 2 


29. lim [4 g(x)] 1/3 = 2 : 

x-»0 + 


nl/3 


lim 4g(x) 

,x->0 + 


= 2=> lim 4g(x) = 8, since2 =8. Then lim g(x) = 2. 

x— > 0 + x—>0 + 


30 - li ^TT^(T) =2 ^ > l ^(x + g(x))=^yf5+ hm_ g(x)=i=> hm_ g(x) = ^-V? 

31. lim 3a ' +1 = oo => lim g(x) = 0 since lim (3x 2 +1) = 4 

x—>I SW x —> I x—>1 


^ 2 2 
32. lim A 2 — ~ 0 => h m g(x) = oo since lim (5-x )=1 
x ->-2 y/g(x) X-+-2 x->-2 
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33. At x = -1: lim fix) = lim —— 

v—> 1 x— >—1 _ l v ~h 

= lim —— = lim x = —1, and 

x-»-r A '~ - i 

lim fix) = lim 2l£^0 = ij m iffz 11 
x—»—1 + x^-l + h -!| x^-l + -(^ 2 -D 

= lim (-x) = -(-1) =1. Since lim fix)* 

jc—>— i x->~r 

lim /(x) =^> lim /(x) does not exist, the 

x->-l + x >—1 

function / cannot be extended to a continuous 
function at x = -1 . 

At x = 1: lim /(x) = lim ^—— = lim x ^ x ^ 
x ->r x-*r I* -h x->r -(* 2 -i) 

= lim ^—— = lim x = l. 

x->l + x _1 X->1 + 



lim (—x) = —1, and lim /(x) = lim 2ii. 
x->r x —>1 + x->l + l x ~ 


Again lim /~ (x) does not exist so/ cannot be extended to a continuous function at x = 1 either. 

x — 


34. The discontinuity at x = 0 of /(x) = sin (—) is nonremovable because lim sin — does not exist. 

Xx/ x->0 x 


35. Yes,/does have a continuous extension at a = 1: 


define /(1) = lim 


x—1 _ 4 


x->l x-ifx 3 



0 = 1 


36. 


Yes, g does have a continuous extension at a 



lim 

<9->f 


5 cos 9 
\9-2n 


5_ 

4' 


_ . 
2 ' 


37. From the graph we see that lim hf) * hm h)t) 

1->(T 0 + 

so h cannot be extended to a continuous function 
at a - 0. 
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38. From the graph we see that lim k(x)^ lim k{x) 

x —>0 x —> 0 1 

so k cannot be extended to a continuous function at 
a = 0. 





39. (a) f(-l) = -1 and f( 2) = 5 => f has a root between -1 and 2 by the Intermediate Value Theorem, 
(b), (c) root is 1.32471795724 


40. (a) /(-2) = -2 and /(0) = 2 => / has a root between -2 and 0 by the Intermediate Value Theorem, 
(b), (c) root is -1.76929235424 


41. 


lim 

X —>00 


2x+3 

5x+7 


2 +- 

lim —f- = 
x->oo 5+- 


2+0 

5+0 


2 

5 


42. 


lim 2x n +3 = lim —+ 
x—>-oo 5x +7 x—>—oo5 + — 


2 + 0 
5 + 0 


2 

5 


43. lim x2 ~ 4 ^ +8 

x —>-oo 3x 


lim 

X-»-oo 


(i 



= 0 - 0 + 0=0 


44. lim -p—!-= lim — f . 

x—»oo x -7x+l x—>oo 7 


0 

1-0+0 


= 0 


45. lim 


lim ^-+ = -oo 

, X+l lii 


x-7 
x—>—oo 1+7 


46. lim 


■ = lim 


x+l 


jt —>00 12.x +128 x—>— co 12 h 


47. lim nP-f < lim x+r = 0 since Ixl—>ooas;r—>oo=> lim = 0. 

.. . ._ JX ..... I X I L J ..... I X I 


>L x J 


L x J 


48. lim cos /~ 1 < lim -g- = 0 lim = 0. 

6>->oo V 6>->oo V 0—>oo V 


49. 


lim 

X—>00 


x+sin x+2 -Jx 
x+sin x 


lim 

x—>co 


1 + 


sin x | 2 

x 77 _ 1+0+0 

1+sffiA 1+0 

X 


= 1 


50. 


lim 

X—>00 


( \ 


lim 

x->oo 


l+x_ 


2 

1 I COS 1 

V +3 J 


1+0 _1 
1+0 


51. lim <? 1/x cos(-) = e° -cos(O) =1-1=1 

x->oo ' x ' 

52. lim ln(l + i) = lnl = 0 

53. lim tan -1 x = -y 

x:—>—oo 
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54. lim e 3f sin *(i) = 0-sin ^O) = 0-0=0 

t->-0o ' 


55. (a) y = * +4 is undefined at x = 3 : lim - +4 = —oo and lim x +4 = + oo, thus .r = 3 is a vertical asymptote. 
x ~ 3 x~>3~ x ~ 3 x->3 + x_3 

(b) y = ~ A ~~ is undefined at .r = 1: lim x = — oo and lim \ ~ x ~ z = -oo, thus x = 1 is a vertical 

x -2x+l x ^p x — 2x+l x-^l + x — 2x+l 

asymptote. 

(c) y = * +A ’~ 6 is undefined at x = 2 and - 4: lim * +x ~ 6 = lim ^4 = lim * +x ~ 6 = lim ^- = <x> 

x 2 +2x-8 x->2 x 2 +2 x-8 x->2 x+4 6 x ->-T * +2x-8 x > 4~ x+4 

lim A , +x ~ 6 = lim -^±4 = -oo. Thus x = -4 is a vertical asymptote. 

x—>-4 + x 2 +2x-8 x^-t +x+4 
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3. lim L = lim Z 0 

V— >C~ V'—»c~ 

The left-hand limit was needed because the function L is undefined if v’ > c (the rocket cannot move faster than 
the speed of light). 

4. (a) ^-1 <0.2=>-0.2<^-1<0.2=>0.8<^<1.2=>1.6 <Vx < 2.4 => 2.56 < x < 5.76. 

(b) ^-1 <0.1=>-0.1< : y--l<0.1=>0.9<^<l.l=>1.8< s[x < 2.2 => 3.24 < x < 4.84. 

5. |10 + (t -70) xl0“ 4 -10|< 0.0005 =>\(t -70) xlO -4 | < 0.0005 => -0.0005 <(t -70) x 10“ 4 <0.0005 
=4> -5 < t -70 < 5 => 65° < t < 75° => Within 5° F. 

6. We want to know in what interval to hold values of h to make V satisfy the inequality 
| V -10001 =|36;z7? —1000| < 10. To find out, we solve the inequality: 

136 nh -1000| < 10 => -10 < 36^/7-1000 < 10 ^ 990 < l>6nh < 1010 => < h < ^ => 8.8 < h < 8.9 

1 1 2>6n 36;r 

where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe. 

The interval in which we should hold h is about 8.9 -8.8 = 0.1 cm wide (1 mm). With stripes 1 mm wide, we can 
expect to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking. 

7. Show lim f(x) = lim (x 2 - 7) = -6 = /(1). 

X —>1 X —>1 _ _ 

Step 1: |(x 2 -7) + 6|<e=>-e<x 2 -l<e^>l-e<x 2 < 1 + e => V1 -e < x < yl l+e. 

Step 2:\x-\\<8 -8 <x-\<8 -8 + \<x <8 + \. 

Then -8 + 1=75^6 or 5 + 1 = Vl + e. Choose 8 = min |l —s/l — e, -Jl + e -lj, then 0<|x-l|<d=> 

2 

\(x -7) -61 < e and lim /(x) = -6. By the continuity text, /(x) is continuous at x = 1. 
x-»-l 

8. Show lim g(x) = lim -L = 2=g4). 

Step l:|^--2|<e=>-e<^-2<e=>2-e<-^<2+e=> —L- > x > -Ax-. 

r \2x | 2x 2x 4-2e 4+2e 
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Step 2: x-\ <8 => -8 <x-\ < 8 => -8 +\<x < 8 + -j. 
r 4 4 4 4 


Then -8 + \ = - -h- 
4 4+2£ 


Choose 8 = 


4(2+e) 


: —-— or 8 + — = —1— z 
4(2—e) ’ 4 4-2e 

, the smaller of the two values. Then 0 < lx ■ 


.£=1- - — 

4 4+2e 


>^ = 437 


4 

J__ 

2x 


4(2-6)' 


By the continuity test, g(x) is continuous at x = 


2 < e and lim -^- = 2 

I 2x 


9. Show lim h(x) = lim ~Jlx-2> = 1 = h( 2). 

x —>2 x->2 


Step 1: 
Step 2: 


V 2x -3 -1| < e => -e < V 2x -3 - l<e^>l-e< \/2x -3 < 1 + e : 
x-2|<<5=>-<5<x-2<£or-£>+2<x<<? + 2. 


U-e) 2 +3 : ; (l+6) 2 +3 


Then —8 + 2 = 


Q-Q-+3 


■ 8=2 — 


0-Q-+3 


l-(l-e) 2 e 2 „ , „ (l+e) 2 +3 

—--= e-^-,orP+2=- 


2 2 2 2 ’ 2 2 
2 2 I I - I 

e + Y- Choose £ = e-y, the smaller of the two values. Then, 0<|x-2|<£^> k/2x-3 -1 < e, 
so lim V2x -3 = 1. By the continuity test, h(x) is continuous at x = 2. 

x—>2 


^ _ (l+e)~ +3 2 _ (l+e)~-l 


10 . 


Show lim F(x) = lim V 9-x =2= F( 5). 

x->5_ x->5 

Step 1: |V9-x — 2| <e=> —e <y/9 —x — 2 < e => 9 — (2 — e) 2 > x > 9-(2 +e)“. 

Step 2:0<|x-5|<<J=>-<J<x-5<<J=>-<J + 5<x<<J + 5. 

Then -<S + 5 = 9 - (2 + e) 2 => 5 = (2 + e) 2 - 4 = e 2 + 2e, or 6? + 5 = 9 - (2 - e) 2 => = 4 - (2 -e) 2 = e 2 -2e. 

Choose 8 = e 2 -2e, the smaller of the two values. Then, 0<|x-5|<<5=> k/9 — x —2 < e, so lim 9 — x = 2. 

1 1 x—>5 


By the continuity test, F(x) is continuous at x = 5. 


11 . 


Suppose L\ and L 2 are two different limits. Without loss of generality assume L 2 > f. Let e = y(Z 2 - ). Since 

lim /(x) = L\ there is a 8 l >0 such that 0 < |x -x 0 1 < Si => |/(x) -Ly \ < e => -e < f(x) - L\ < e 

■X->X 0 


=> -\(L 2 - L \) + L\ < f(x) <\(L 2 —L ) + Z| => ALi - L 2 <3 f(x) < 2L\ + L 2 . Likewise, lim f(x) = L 2 so 
there is a 8~, 

such that 0 < |x -x 0 1 < S 2 => |/(x) -L 2 \<e=>-e< f(x)-L 2 <e=> ~\(L 2 -L x )+L 2 < f(x) <\(L 2 -Lf + L 2 
=^> 2Z, 7 +Cj <3/(x) <4Z 2 -L x x^>L x -AL~, < -3/(x) < -2L 2 — Ly. If 8 = min {Sy, S 2 } both inequalities must 
4Zr —L 2 <3/(x) < 2Zr + Z 2 ] 

hold for 0 < |x-x« | < 8: “ " 1 => 5(L\ -Lot < 0 < Ly -Z, 2 .That is. Ly-L 2 <0 and 

Ly -4L 2 < -3/(x) < -2 L 2 -Ly J 

Ly-L 2 > 0, a contradiction. 


12. Suppose lim /(x) = L. If k = 0, then lim kf (x) = lim 0 = 0 = 0- lim /(x) and we are done. If k ^ 0, then given 

X—>C X—»c x->c X—>c 

any e > 0, there is a 8 > 0 so that 0 < \x-c\ < 8 < => |/(x) —L \ <=+ => | k\\f{x) —L \ < e => | k{f{x) —L) \ < e 

\K\ 

=> |(kf (x)) -(kL )| < e. Thus lim kf (x) = kL = k [ lim /(x) |. 

x—>c vx-^c y 

13. (a) Since x —> 0 + , 0 <x 3 <x < 1 => (x 3 -x) —> 0“ => lim/(x 3 -x)= lim f(y) = B wherey = x 3 -x. 

x->0 + v^0“ 

(b) Since x -+ 0 _ , -1 < x < x 3 < 0 => (x 3 -x) -+ 0 + => lim/(x 3 -x)= lim f(y) = A where y =x 3 -x. 

x—>0“ v-> 0 + 

(c) Since x —> 0 + , 0 <x 4 < x 2 < 1 => (x 2 -x 4 ) —> 0 + lim /'(x 2 -x 4 )= lim /(y) = A wherey = x 2 -x 4 . 

x->0 + v^0 + 

(d) Since x —> 0 _ , -1 <x <0 => 0 < x 4 < x 2 < 1 => (x“-x 4 ) —> 0 + lim f(x 2 -x 4 ) = ^4 as in part (c). 

x->0 + 
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14. (a) True, because if lim (/(x) + g(x)) exists then lim (/(x) + g(x)) - lim f(x) = lim [(f(x) + g(x))-f(x)\ = 
x—>a x-^a x—>a x—>a 

lim g(x) exists, contrary to assumption. 
x—>a 

(b) False; for example take f(x ) = — and g(x) = —-. Then neither lim f(x ) nor lim g(x) exists, but 

x * x—>0 x->0 

lim (/(x) + g(x )) = lim (— - —) = lim 0 = 0 exists. 

x—>0 x—>0' x x ' x—>0 

(c) True, because g(x) =|x| is continuous => g(f(x )) = |/(x)| is continuous (it is the composite of 
continuous functions). 

f-1, x < 0 

(d) False; for example let f(x) = \ =>/(x) is discontinuous at x =0. Flowever |/'(x)|=lis 

[ 1, x > 0 

continuous at x = 0. 


15. Show lim f(x)= lim —d = lim (A+1)>A — = -2, x ^ -1. 
x->-l x->-l X+1 x->-l (x+1 ) 

Define the continuous extension of/ (x) as F(x) = 1 x+1 ’ .We now prove the limit off (x) as x —> -1 


-2 , x = -1 


exists and has the correct value. 


Step 1: 
Step 2: 


X--1 

x+1 


-(- 2 ) 


< e => —e < ■^-//Y) _ ^' + 2 <e=>-e<(x-l)+2<e, x -1 => — e —l<x<e-l. 


x — (—1) |< 8 => —8 < x +1 < 8 => —8 — l <x <8 — 1. 


Then —8 — 1 = —e — 1 => 8 = e,or 8-1 = e-l=> 8 = e. Choose 8 = e. Then0 < |x — (—1)| < 8 


x+1 


-(- 2 ) 


< e => lim F(x) = -2. Since the conditions of the continuity test are met by F(x), then /(x) has 

X—> —1 


a continuous extension to F(x) at x = -1. 


16. Show lim g(x) = lim * 2x 3 = lim — 3 ^ 1) = 2, x ^ 3. 
x->3 6 ' x~>3 2x “ 6 x->3 2 C- 3 > 

f x 2 -2x-3 

Define the continuous extension of g(x) as G(x) = < 2x-6 

[2 , 

exists and has the correct value. 


x ^ 3 
x = 3 


. We now prove the limit of g(x) as x —» 3 


x -2x-3 


2x-6 

x — 31 < 8 


< e -e < - 2 < e => -e < - 2 < e, x^3=>3-2e<x<3+2e. 

2(x-3) 2 

^>-(5<x-3<<5=>3-<J<x<<5' + 3. 


Step 1: 

Step 2: 

Then, 3 = 3 - 2e^> 8 = 2e, or <5 + 3= 3 + 2e =>(5 = 2e. Choose 8 = 2e. Then 0 < |x-3| < 8 


x~-2x-3 


2x-6 


< e => lim = 2. Since the conditions of the continuity test hold for G(x), g(x) can be 

x—>3 2 (x-3) 


continuously extended to G(x) at x = 3. 


17. (a) Let e > 0 be given. Ifx is rational, then /(x) = x =>|/(x) —0|=|x -0|< e O |x -0| < e; i.e., choose 8 = e. 
Then|x-0| < 8 => |/(x)- 0| <e forxrational. Ifx is irrational, then /(x) = 0^>|/(x)-0|<6o0<« 
which is true no matter how close irrational x is to 0, so again we can choose 8 = e. In either case, given 
e > 0 there is a 8 - e > 0 such that 0<|x-0|<£=>|/(x)-0|< e. Therefore,/is continuous at x = 0. 

(b) Choose x = c > 0. Then within any interval (c - 8, c + 8) there are both rational and irrational numbers. If c 
is rational, pick e = No matter how small we choose 8 > 0 there is an irrational number x in 
(c-S, c + 8) => |/(x)-/(c)|«=|0-c| =c >j = e. That is, /is not continuous at any rational c > 0. On the 
other hand, suppose c is irrational /(c) = 0. Again pick e = No matter how small we choose 8 > 0 
there is a rational number x in (c- 8, c + £) with |x-c| <^ = fi , o|-<x<4f. Then |/(x)-/(c)| = | x — 01 
= |x| >-| = e => /is not continuous at any irrational c > 0. 

|c| _ 

Ifx = c < 0, repeat the argument picking e = ■y- = Therefore/fails to be continuous at any nonzero 
value x = c. 
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18. (a) Let c = — be a rational number in [0,11 reduced to lowest terms => f(c) = —. Picke = No matter 

v/ n L J j v / n 2 n 

how small S > 0 is taken, there is an irrational number x in the interval (c - S, c + <5) => | /(x) - /(c) | 

= 0 =— > J- = e. Therefore / is discontinuous at x = c, a rational number. 

I n\ n 2n J 

(b) Now suppose c is an irrational number => /(c) = 0. Let e > 0 be given. Notice that 2- is the only rational 
number reduced to lowest terms with denominator 2 and belonging to [0,1]; j and -=- the only rationals with 
denominator 3 belonging to [0,1]; d. and with denominator 4 in [0,1]; j, j, and d. with denominator 5 
in [0,1]; etc. In general, choose N so that => there exist only finitely many rationals in [0,1] having 


denominator < N, say r p . Let S = min {|c-r ; |: i = 1,..., p\. Then the interval (c -S, c + S) 

contains no rational numbers with denominator < N. Thus, 0 < | x - c \ < 8 \ /(x) - /(c) | = | /(x) - 01 

| /(x)|< -h < e =>f is continuous at x = c irrational. 


(c) The graph looks like the markings on a typical 
ruler when the points (x, /(x)) on the graph of 
/(x) are connected to the x-axis with vertical 
lines. 



1/n if x = m/n is a rational number in lowest terms 
0 if x is irrational 


19. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the zero 
point, 0, on the equator =>0 + 7rR represents the midnight point (at the same exact time). Suppose Xj is a point 
on the equator “just after’’ noon => xj + nR is simultaneously “just after” midnight. It seems reasonable that the 
temperature T at a point just after noon is hotter than it would be at the diametrically opposite point just after 
midnight: That is, 7’(x| )-7’(x| + 7tR) > 0. At exactly the same moment in time pick x 2 to be a point just before 
midnight =^> x 2 + nR is just before noon. Then T(x ~,) - T(x 2 + nR) < 0. Assuming the temperature function T is 
continuous along the equator (which is reasonable), the Intermediate Value Theorem says there is a point c 
between 0 (noon) and nR (simultaneously midnight) such that T(c ) -T(c + nR) = 0; i.e., there is always a pair 
of antipodal points on the earth’s equator where the temperatures are the same. 


20. lim /(x)g(x)= lim + g(x)) 2 -(/(x)-g(x)) 2 l = j 

r—±r x—±r ^ <- -1 


= 1( 3 2 -(-l) 2 ) = 2. 


7 7 

( 7 " 

lim(/(x) + g(x)) 

- lim (/(x)-g(x)) 

\X^>C J 

Vx->c J 


21. (a) At x = 0: lim r + (a) = lim — \±^H±S. = lim 

a—>0 a->0 a a 

Atx = -1: lim r,(a)= lim — 1 (1+ "_L 


ini ( ' . VH' | 
-> 0 \ a )\—l~Jl+a I 


= lim 


!-(!+«) 


a_>o a(-l-yjl+a) —1—«/l+0 - 


= lim 


-1 


-1 a{-1 - ~Jl+a) -1-V0 


= 1 
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(b) At x 


0: lim r_(a)= lim )i m / -1-VA^ W -l+Vi+a U lim 1 (1+ /L = li m - ~ a , _ 

a—> 0" a->0“ a j-> 0“\ “ A -1+vl+a / «(-!+Vl+a) <,_>()- a(-lWl+a) 

= lim —=i= = oo (because the denominator is always negative); lim r_(a ) 
a->0" -1+vl+a a—>0 + 

= lim — — = -oo (because the denominator is always positive). 
a-> 0 + -1+vl+a 


Therefore, lim r_(a) does not exist. 

a—>0 


At x = — 1: lim r_(a) 
a—>-l + 


lim 

a—>-l + a 


lim —=t==1 
a->- 1 + -1+Vl+a 




22. /(x)=x+2 cos x =>/(0) = 0 + 2 cos 0 = 2 > 0 and f{-n) = -n + 2 cos(-;r) = —n -2 < 0. Since /(x) is 
continuous on \-n, 0], by the Intermediate Value Theorem, /(x) must take on every value between [-n -2, 2], 
Thus there is some number c in \-n, 0] such that /(c) = 0; i.e., c is a solution to x + 2 cos x = 0. 

23. (a) The function / is bounded on D if /(x) > M and /(x) < N for all x in D. This means M < /(x) < N for 

all x in D. Choose B to be max {\M\, \N |}. Then |/(x)|< B. On the other hand, if |/(x)| < B, then 
-B < f(x)<B^> f (x) > -B and / (x)<B=> f (x) is bounded on D with N = B an upper bound and 
M = -B a lower bound. 

(b) Assume /(x) < N for all x and that L > N. Let e = L ~ N . Since lim /(x) = L there is a 5 > 0 such that 

X —>x 0 

0 < | x - Xq | < 5 => | /(x) - L | < e o L — e < /(x)<Z+eoZ - - < f(x)<L+ - o L t ) N < fix) 

< 3£ ~ jv . But L > N => -CtA > N => N < f(x) contrary to the boundedness assumption /(x) < N. This 
contradiction proves L < N. 

(c) Assume M < /(x) for all x and that L <M. Let e = M ~ L . As in part (b), 0<|x-x 0 |<<J=>Z - M ~ L 

< f(x) <L + —^— o iL ~ M < f (x) < M ^ L < M , a contradiction. 
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24. 


(a) If a > b, then a-b >0 => \a-b\ = a-b => max {a, b} = = -=f = a. 

If a <b, then a-b < 0 => \a-b\ = -{a-b) =b-a => max {a, 6} = + = £ y~ + ^ l 

(b) Let min {a, b) = . 


lb 

2 


= 6. 


25. 


jj _ sin(l-cos x) 
~ * 


sin( 1-cos x ) 1-cos x _ 1+cos x 
v _ > 0 1-cos x x 1+cos x 


= 1 • lim 

x->0 


■ 2 

sin x 
x(l+cos x) 


pm sin x , sin x 
x->0 * ' 1+cos x 



= 0 . 


|jm sin(l-cosx) | im 1-cos 2 x 
X->0 1-cos X x _ >0 x(l+cos x) 


26. 


lim ^i!Li = Jim Ml.^L 
x->0 + s m vx ,v->0 + * sin Vx 


-^ = 1- lim 
Vx r ^.o + 



lim Vx = 1 -1 - 0 = 0. 

x-»0 + 


27. 

lim 

sin(sin x) 

- lim 

sin(sin x) 

sin x _ 

lim sm(sin x) • lim sin * =1-1 = 1. 


x-»0 

X 

x->0 

sin x 

X 

x^0 

sm x x _> 0 x 

28. 

lim 

sin(x 2 +x) 

- lim 

sin(x 2 +x) 

2 

(x + l) 

= lim 

sin(x 2 +x) 

2 

■ lim (x + l) =1-1 = 1. 


x-»0 

X 

x-»0 

X +X 

x-»0 

X +X 

x-»0 

29. 

lim 

sin(x 2 -4) 

- lim 

sin(x 2 -4) 

9 

■ (x + 2) 

= lim 

sin(x 2 -4) 

• lim(x + 2) =1-4 = 4. 


x-»2 

XT z 

x-»2 

x -4 

x— >2 

x -4 

x— >2 

30. 

lim 

sin(>/x— 3) 

= lim 

sin(Vx-3) 

1 

= lim ■ 

sin(Vx—3) 

lim ’ = 1 • 1 = 1 . 


x->9 

x-9 

x->9 

Vx- 3 

Vx+3 

x->9 

Vx- 3 

x->9 Vx+3 6 6 


31. Since the highest power of.r in the numerator is 1 more than the highest power of.r in the denominator, there is 


an oblique asymptote, y = 


2x +2x-3 
Vx+1 


= 2x - 


Vx+1 


, thus the oblique asymptote is y = 2x. 


32. As x —> ±<x>, L —> 0 => sin|^j —> 0 => 1 + sin|^j —» 1, thus asr-> ±oo, y = x + xsin(ij = x^l + sin^)j —> -L thus 
the oblique asymptote is y = x. 


33. As x —» ± co, x 2 +1 —> x 2 => ^x 2 +1 — > \]x z ; as x —> -oo, \]x~ = -x, and as x —» + oo, -\lx z = x; thus the oblique 
asymptotes are y = x and y = -x. 


34. Asx— >±oo, x + 2—»x=> \lx 2 +2x = ^x(x + 2) —> Jx 2 ; as x —» -oo, V? = -x, and as x —> + oo, 
asymptotes are y = x and y = -x. 


2 

x =x; 
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3.1 TANGENTS AND THE DERIVATIVE AT A POINT 


1. F \: »/| = 1, P 2 : m 2 = 5 


2. Pf ?»?| = -2, P 2 : m 2 = 0 


3. Piiffij = \,P 2 .m 2 =-\ 


4. P[: mj = 3, P 2 : m 2 = 


5. 


» = lim [4-(-l + /0 2 H4-,-l) 2 ) = Hm -(l-lh+h 1 )+l 

/ i ->0 h / i ->0 h 

= lim = 2; at (-1,3): j = 3 + 2(x -(-1)) 
h->0 h 

=> y = 2x +5, tangent line 


6. m = lim 
h —^0 


1(1+* 


-1) 2 +1]- 


10 


11 +1 ^ = lim = lim h = 0; 
/!->0 h h ->0 


at (1,1): y = 1 + 0(x -1) => y = 1, tangent line 


■ = lim 
A-> 0 


7. = lim 

/ j —>0 h 

= lim = lim -7— 

/?—>0 2/i^vl+^+lJ /z—>0 yl+h+l 


2jl+h-2 2 *JuTi+2 
h 2 -JuTi+2 

2 


= 1 : 


at (1,2): j = 2 + l(x -1) => j = jc + 1, tangent line 


i 


m = lim 
A—> 0 


(~i+A) 2 (~i) 2 


= lim 

A->o A( 1 ; A) 


= lim ( 2/,+ V = lim -2=*- = 2; at (-1,1): 
A->0 A(-l+A) 2 A->0 (-1+A) 2 


j = 1 + 2(x - (-1)) => y = 2x + 3, tangent line 


y 




y 
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9. 


10 . 


11 . 

12 . 

13. 


14. 

15. 

16. 

17. 


18. 


19. 


m = lim 1 1 2 ) _ lj m 8+12/i 6A +h +8 

A—>0 h A—>0 h 

= lim (12 -6h + h 2 ) =12; 

A—^0 

at (-2, -8): y = -8 + 12(x - (-2)) => y = 12* +16, 
tangent line 



i 


_l_ 

(- 2 + A ) 3 (~ 2) 3 


m = lim 
A->0 

= Iim —(12A—6A 2 +A 3 ) |jm I2-6A+A 2 


= Iim z5±±£ 

A->0 -8A(-2+A) 3 


A-»0 

12 

' 8 (— 8 ) 


-8A(-2+A) 
- _JL- 
16’ 


/?—>0 8(-2+/7) j 


at 


■ y = — -j, tangent line 



m = 


lim 

A->0 


[ (2+ A) 2 +1 ]-5 

h 


l im (5W)-5 lim ^ 
A->0 * /j >0 " 


= 4; at (2,5): y-5 = 4(x-2 ), tangent line 


W = lim [a+^WH-D 

A—>0 h 


lim 

A—>0 


(l+A-2—4A—2A 2 )+l 
h 


lim 

A-»0 


A(-3-2A) 

A 


-3; at (1,-1): y + 1 = —3 (jc — 1), tangent line 


m = lim 
A-> 0 


3+h 

(3+/f)—2 


/i 


■3 


lim 

A->0 


(3+A)-3(A+l) 
A(A+1) 


-2/i 


lim ... 

/ i —>0 *1/1+1) 


-2; at (3,3): y-3 = -2(x-3), tangent line 


r (2+A) 2 

w = lim -—- 

/ i ->0 * 


lim 

A->0 


8-2(2+/i) 2 

A(2+A) 2 


]jm 8-2(4+4A+A 2 ) 
A->0 h(2+h) 2 


lim^l 

A->0 h(2+hy 


^ = -2; at (2,2): y — 2 = -2(x-2) 


(2+A) 3 -8 (8+12A+6A 2 +A 3 )-8 

m = lim- ; -= lim- ; - 

A-»0 * A-»0 h 


lim /l(1 -+6/i+/i ) _ ^ 2 ; at (2,8): y-S - 12(/-2), tangent line 
A-» 0 h 


m = lim [ (1+/;)3+ f 1+A) ]- 4 = lim ^A + 3A Y+3+3/Q-4 = lim A(6+3A+A 2 ) = 6; ftt ft4) . 4= 6( , _ 1}> tangent llne 

A->0 h A-> 0 /! /i—>0 /! 

/«= Hm fe2= Hm ^2.^+2 = Hm (4+AH4 lim A 1 = 1 ; 

/z—»0 ^ /z—>0 " v4+/?+2 /?—>0 A^V4 +/h-2J /z—>0 hy\l4+h+2j v4+2 4 

at (4,2): y — 2 = i(x-4), tangent line 

m = lim V (S+/ 0 +1 1 _ Jj m V9+A-3 V9+A+3 _ Jj m (9 +A) 9 _ j- m A — _ 1 — _ I- 
A->0 h A-»0 * V9+A+3 A->0 a(V9+A+3) A^-0 a(V9+A+3] V9+3 6 

at (8,3): _y - 3 = ^ (x - 8), tangent line 

A . - , .. 5(-l+A) 2 -5 .. 5(l-2A+A 2 )-5 5A(-2+A) . A , 

At x = -l,y = 5 => w = lim- ; -= lim- ; -= lim- ; — 2 = -10, slope 

A—>0 h /i—>0 * A-»0 h 
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20. At x = 2, j = -3 => m = lim [HWH- 3 ) = lim (1-4-4/,-/^) + 3 = , m ^kfgk) = _ 4 slope 


/j->0 


A ->0 


JhO 


21. At .Y = 3, v = A => m = lim 

2 h-> 0 /! 


1 l3+,,) 1 2 = lim 2 , ^ +l '- = lim „,, J’ ,' = -j, slope 


h ^ 0 2h(2+h) h ^ 0 2h(2+h) 4’ 


22. At x = 0 ,y = -1 => m = lim 

h->0 


M-(-d 


= lim (/, ~ 1)+(/,+1) = lim 2,1 =2 

/!To *(*+D S *(* + D 


23. (a) It is the rate of change of the number of cells when t = 5. The units are the number of cells per hour. 

(b) P'( 3) because the slope of the curve is greater there. 

, . n/1c\ ,• 6.10(5+ /?) 2 — 9.28(5 + /?) +16.43 — [6.10(5) 2 -9.28(5)+ 16.43] 61.0A + 6.10/? 2 -9.28/? 

(c) P(5) = hm-= lim- 

*-* 0 h ,!_>0 h 

lim 51.72 +6.10A = 51.72 = 52 cells/hr. 

h-> 0 


24. (a) From t = 0 to t = 3, the derivative is positive. 

(b) At t = 3, the derivative appears to be 0. From t = 2 to t = 3, the derivative is positive but decreasing. 


25. At a horizontal tangent the slope m = 0 => 0 = m = lim h A+ D +4(.\+/i) 1] (x +4x 1) 

h->0 " 


= lim (* 2 +2.r/i+/r+4.r+4/ ; -l)-(x 2 +4*-l) _ Um (2xh+h 2 +4h) = i im ( 2x + h +4) = 2x + 4; 2x + 4 = 0 
h-> 0 h /i—>0 h h-> 0 


=> v = -2. Then / (-2) = 4- 8-1 = -5 => (-2, -5) is the point on the graph where there is 
a horizontal tangent. 


26 0 = m = lim [<- v+/ 0 3 -3U+/QH* 3 -3x) _ ^ (x 2 +3x 2 h+3xh 2 +h 3 -3x-3h)-(x 2 -3x) _ ^ 3x 2 h+3xlr+h 2 -3h _ 

h —>0 h A-> 0 h h^0 h 

lim(3x 2 + 3xh+h 2 -3) = 3x 2 -3; 3x 2 -3=0=>x = -lorx = 1. Then /(-l) = 2 and /XI) = -2 => (-1,2) 
/;—>0 

and (1,-2) are the points on the graph where a horizontal tangent exists. 


27. -1 = m = lim (J+; ' 1 1 

h—>0 /! 


( .r-l)- ( -V + A-l) jj __ 

/,_> o *(*-ix*+*-D *(*-i)(*+*-i) 


=> x(x-2) = 0=> x = 0 orx = 2. If x = 0, then + = -1 and m = -1: 
then y = 1 and m = -l=>>’ = l-(x-2) = -(x-3). 


—= \^ x z -2x = 0 
(x-l ) 2 

= — l — (x — 0) = —(x +1). Ifx = 2, 


28. \ = m= lim^£= lim = i im lim . * = -L 

4 /?->0 " /;->0 " \Ix+h+y]x /,_>o hUx+h+-Jx\ h^>0 hUx+h+y/x) 2-Jx 

Thus, d. = —L => = 2=>x = 4=>j = 2. The tangent line is_v = 2 + d-(x-4) = ^ + l. 

29 . lim /( 2+ *)-/< 2 ) = hm (100-4.9(2 + /0 2 )-(100-4.9(2) 2 , = ^ -4.9(4+4/i+/? 2 ) + 4.9(4) = = 

h-* 0 h /)-> 0 h h —>0 h A-> 0 

The minus sign indicates the object is falling downward at a speed of 19.6 m/sec. 

30. lim /(10+/0-/(10) = llm 3(10 + /,) 2 -3(10) 2 = lim 3(W) =60ft/sec 

/i-> 0 h A->0 h /!-> 0 h 

31. llm /(3+/0-/Q) = Hm ,(3 + /0 2 -,(3) 2 ) = Hm ;r[9+6A+/r-9] = ^ y(6 +A) = 6ff 

A->0 « A->0 h h-> 0 h h —>0 
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32 . i im matm 

A_>.n « 


lim 

A —>0 


4f(2+A) 3 -4f(2) 3 

h 


lim 

h—>0 


4f[12A+6A 2 +A 3 ] 

h 


lim if[12 + 6/7+/? 2 ] = 16;r 
A-»0 J 


33. At {xn,mxn +b) the slope of the tangent line is lim (, »(ao+A)+A) (m.\ 0 +b) _ \\ mm=m 

h->0 (*0+«>-*0 h-> 0 " A->0 

The equation of the tangent line is y-(»7x 0 +/>) = m(x-x 0 ) => y = mx+b. 


i i 

34. At x = 4, y = -C = ^ and m = lim 

V4 2 a->0 /! 


= lim 

A—>0 


i i 
-j4+h 2 
A 


2V4+A 

2^/4+A 


lim(^p) =lim r^p.^p 
/;_>0\2/!v 4+/; / /j_>0 |_2Av4+A 2+V4+A 


= lim 

A->0 


( \ 
4—(4+A) 

= lim 

h—>0 

f 3 

—h 

= lim 

A->0 

f \ 

-1 

1 _ 1 

2aV4+a(2+V4+a)J 

^2aV4+a(2+V4+a)^ 

274+A(2+V4+A) 

2,/4(2+V4) 16 


~ C1 . • • ,• /(0+A)-/(0) 

35. Slope at origin = lim -^— 

A->0 " 

origin with slope 0. 


" sln ltj /1 \ 

lim-r- 222 . = lim /? sin 4- = 0 => yes, /'(x) does have a tangent at the 

A->0 " A->0 v "' 


ctIO+A) 0 ) ^ sin I ^ 1 . . 

36. lim ——— = lim —^jz = u m sin j-. Since lim sin -j- does not exist, /(x) has no tangent at the origin. 


A->0 


/i—>0 h A->0 h ' 


A-» 0 


37. lim 
A-> O' 


./ (0+A) /(0) _ jj m ^ ant j jj m 

h A->0“ /! A^O 3 


/(0+A)-/(0) 


= lim = 00. Therefore, lim 


• /(0+A)-/(0) 


A—>0 


A->0 


38. lim 
A->0 


yes, the graph of/has a vertical tangent at the origin. 
0-1 


U(0+h) U(0)__ jj m 0_L _ and lim D(0+/?) t/(0) _ j- m i_L = 0 => no, the graph of/does not have a 
A->0“ A->0 + h A—>0 + 


h . h ’ / A+ A 

/ z —>0 / z —>0 

vertical tangent at (0,1) because the limit does not exist 


39. (a) The graph appears to have a cusp at x = 0. 



(b) lim 7 (0+/i) CO) _ |j m A 0 _ jj m _ _ G0 anc j jj m _ , 

A-KT b A-XT h A->0 - * 3/5 A->0 + * 3/5 

..2/5 . 


limit does not exist => the graph 


of y = x does not have a vertical tangent at x = 0. 
40. (a) The graph appears to have a cusp at x = 0. 



■ y = x 


(b) lim 7 (0+/ 0 ./(°> = |j m A 0 - jjm _L_ = _ooand lim -^ 7 - = ao => limit does not exist - 4/5 

A^O- h h->0~ h A-KT * 1/5 A-»0 + 

does not have a vertical tangent at x = 0 . 
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41. 


42. 


(a) The graph appears to have a vertical tangent * 



(b) lim riO+D ,/(°) _ jj m h 0 _ |j m = oo => v = x 1/5 has a vertical tangent at = x = 0. 

/ j ->0 h 0 " *->0 /? 


(a) The graph appears to have a vertical tangent 
at x = 0. 



(b) iim 

/;-»0 h 


lim -—-—- = lim —L- = oo the graph of y = x 3/5 has a vertical tangent at x = 0. 
h->0 h h ->0 h ' 


43. (a) The graph appears to have a cusp at x = 0. 


(b) 


hm lim 


h —^0 — 


A->0" 

..2/5 


■ = lim 
A->0' 


l^ 5 2 ) 



the graph of y = 4x — 2x does not have a vertical tangent at x = 0. 


44. 


(a) 


(b) 


The graph appears to have a cusp at x = 0. 



lim ri Q+/i) ./(°) _ jj m h 5h — _ jj m //, 2/3 —_ q _ jj m _JL_ not ex j st t b e graph of 

h-> 0 h /;—>0 * h m ) h^0h m 

5/3 2/3 

j = x - 5x does not have a vertical tangent at x = 0. 
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45. 


(a) 


(b) 


The graph appears to have a vertical tangent 
at x = 1 and a cusp at x = 0. 


x = 1: 


lim 

A-> 0 


(l+A) 2/3 -(l+/)-l) 1/3 -l 

h 


lim 
h^y 0 


(l + / 0 2/3_ A l/3_i 

h 


y 



j/'i i/t} 

-oo => j; = x — (jc —1) has a vertical tangent 


x = 0: fan = lim ^-(^-(-1)^ = Hm 


A—>0 
^ j = x 


h 

.2/3 


h->0 

\l/3 


/j->0 


1 

,. 1/3 


(ft-l)‘ /3 , 1 

h h 


does not exist 


- (x -1) /J does not have a vertical tangent at x = 0. 


46. 


(a) 


(b) 


The graph appears to have vertical tangents 
at x = 0 and x = 1. 


x = 0: 
x = 1: 


h-> 0 h 


lim 

A->0 


/i 1/3 + (/i— 1} 1/3 —(—t) 1 / 3 

h 


lim 

h-> 0 


(l+*) 1/3 +(l+/!-l) 1/3 -l 

h 



1/3 1/3 

= oo z=> y = x +(x—1) has a vertical tangent at x = 0 

1/3 1/3 

= oo => y = x + (x — 1) has a vertical tangent at x = 1. 


47. 


(a) 


(b) 


The graph appears to have a vertical tangent 
at x = 0. 


lim 7( 0+/i ) /(0) _ |j m 4h 0 _ |j m l _ go- |j m 

h-> 0 + " x-»0 + h-yO-s/h h-y 0“ 

= lim -4= = oo => j has a vertical tangent at x = 0. 
h^0~ ■#! 


y 
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48. (a) The graph appears to have a cusp at x = 4. 


(b) iim mmtm, , im , i im M, , im ■ , im iwtm, lim gggj 

0 + h h->0 + h h —>0 + h i-» 0 + V* /?—>0“ /! A—>0“ * 

= lim = lim -== = —co =^> j; = V4 -x does not have a vertical tangent at x = 4. 
h-> 0“ _i " 

49-52. Example CAS commands: 

Maple : 

f :=x->x A 3+2*x;xO := 0; 

plot( f(x), x=xO-l/2..xO+3, color=black, # part (a) 

title ="Section 3.1, #49(a)"); 

q := unapply( (f(x0+h)-f(x0))/h, h ); # part (b) 

L := limit( q(h), h=0 ); #part(c) 

sec_lines := seq( f(x0)+q(h)*(x-x0), h=1..3 ); # part (d) 

tan_line := f(x0) + L*(x-x0); 

plot( [f(x),tan_line,sec_lines], x=x0-l/2..x0+3, color=black, 
linestyle=[l,2,5,6,7], title ="Section 3.1, #49(d)", 
legend=["y=f(x)","Tangent line at x=0","Secant line (h =1)", 

"Secant line (h=2)","Secant line (h=3)"]); 

Mathematica: (function and value for xO may change) 

Clear[f,m,x,h] 
x0 = p; 

f[x_]: = Cos[x]+4Sin[2x] 

Plot[f[x],{x, xO-1, x0+3}] 
dq[h_]: = (f [xO+h] - f[x0])/h 
m = Limit[dq[h], h —> 0] 
ytan: = f [xO] + m(x - xO) 
yl: = f [x0] + dq[ l](x — xO) 
y2: = f[x0] + dq[2](x - xO) 
y3: = f[x0] + dq[3](x - xO) 

Plot[{f[x], ytan, yl, y2, y3}, {x, xO -1, xO + 3}] 

3.2 THE DERIVATIVE AS A FUNCTION 

1. Step 1: f(x) = 4-x 2 and f(x + h) =4-(x + h) 2 

Step 2- /(- (+ll )-/(j) _ l 4 -(.(+t) ; ]-(4-r) _ (4-.f-2ifi-)r)-4+.f _ - 2 dT h(-2x-h) ^ 

Step 3: f'(x) = lim (-2 x-h) = -2x; f'(- 3) = 6, /'(0) = 0, /'(1) = -2 

h —^0 
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2. F(x) = (x -1) 2 +1 and F(x + h) = (x + h - 1) 2 +1 => F’(x) = lira [{x+h [(t 1)2+1] 

h-+ 0 " 

= lim t A ' 2 +2.v/i+/r-2.v-2/i+l+l)-(,r 2 -2.T+1+1) = lim 2xh+br-2h = li m (2* + A - 2) = 2(x -1); 
h-> 0 h /?—>0 h h~+ 0 

F'(-l) = -4, F'(0) = -2, F'(2) = 2 


3. Step 1: 


Step 2: 
Step 3: 


git) = \ and g(t + h) = 


1 


(t+h) 1 


g(t+h)-g(t ) _ (t+h) 2 


g'(t) = lim 


h 

-2 t-h 
h -+>0 {t+hft 1 


f 2 , 

r-(f+fr) 

v (t+hy -t 2 
: A 


t 2 -{t 2 +2th+h 2 ) 
(t+h) 2 -t 2 -h 


-2th-h 2 _ H-2t-h) 


(t+h) 2 t 2 h (t+h) 2 t 2 h 


= f^ = f ;«'(-!)= 2, g'(2) = -g'(V3) ; 


2 

3V3 


-2 t-h 
{t+h) 2 1 2 


k(z ) = -Lf and k(z + h ) = 


l-(z+A) 


• C(z) = lim 

h->0 


j l-O+ft) l-z \ 
1 2(z+A) 2z 1 


= lim 

A->0 


(1—z—/?)z—(1—z)(z+/z) 


= lim 


= lim 


h^t)2(z+h)zh h ^ 0 2(z+h)z 2 z 


2 (z+h) 

— = fY-’k'(- 1) = = 4, A:'(V2) : 


2{z+lt)zh 

_I 

4 


= lim — 

/j->0 


Step 2: 


^3d+3h-42d) | 

(V36»+3/2 +V3^) 

1 _ 

(3<9+3/z)-36> 

h 

i 

(V36»+3/2 +V3^) 

r*i 

(V30+3*W3?) 


3A 


/?(V36»+3/i +V3^) y/29+Vt+yfw 


Step 3: p'(^) = lim 


_ 3 


; F' (1) =^,F' (3) 4^'(!)=i 


’ /,^o -Jie+ih+Jie -Jie+Jw 2+Ue 2 ^ 

6. r(s) = V2s + 1 and r(s + A) = +J%J+h)+ 1 => r'(s) = lim V2j+2ft+l^/2Jri 


(V2i+/i+l-V2l+I) (V2^+2/?+l +V27+T 


= lim 


/!-> 0 
(2jr+2A+l)—(2ar+l) 


h->0 

= lim 


2/! 


(V2s+2/i+l +-\/2 j+1 ) —>0 /i(V25 , +2/)+1+a/2«+i| 

-= lim-^^-- 


/z—>0 h(\j2s+2h+\-\-yl2s+\ j h —>0 V25+2A+1+V25+1 >/2.s’+l +y/2s+\ 2-\/2s+\ y/2s+\ 


n /■/ \ t 3 j i\ ->/ r \3 dy ,■ 2{x+h) 2 -2x 3 ,■ 2(x 3 +3x 2 h+3xh 2 +h 3 )-2x 3 

7. y = f(x) = 2x and / (* + /?) = 2(x + /?) => -f= lim —-2-= h m -2---2- 

dr A->0 /! h ->0 h 

= lim 6x 2 h+6xh 2 +21? = Hm A(6-v-+6r/7+2/i-) = Hm (6;f 2 + 6x/? + 2/ ^ = ^2 
A-»0 * /i->0 h /;—>0 


? r= ..3 q 7 2 f3=> = |j m ((s+/i) 3 -2(s+/i) 2 +3)-Qf 3 -2C+3) _ ^ s i + 3s 2 h+3sh 2 +h 2 -2s 2 -4sh-2lr+3- 

ds h-> 0 h h —^0 * 

= lim 3s 2 h+3sh 2 +1?-4sh—2h 2 = lim />(3.r+3s/z+/* 2 -4.s-2/z) = lim(3j 2 + 3 ^ +/? 2 _ 4? _ 2/j) = 3 j 2. 


A->0 


h —^0 


/?—>0 


2 -zh—z—h+z 
2 (z+h)zh 


-s 3 +2s 2 -3 


2s 
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9. ^ = r(t) = yFj and r(t + h) = 


“ T1 A->C 

_ i: m (t+4)(2t+l)-t(2/+24+l) _ ■ ■ 2r+t+2ht+h-2t 2 -2ht-t _ ■: _ h ■: 1 

l,Xo (2‘+2h+l)(2t+l)h (2t+2h+l)(2t+l)h h “ 0 (2t+2h+l)(2t+l)h ^ (2/+2A+l)(2t+l) 

1 _ 1 


/ t+h \ ( I \ / (f+*)(2'+D-'(2'+2ft+l) \ 

t+h ds_ = |j pQ+ZQ+lj \2t+\) = I, (2f+2*+l)(2f+l) ) 

2(t+h)+\ dt h —h h ^ 0 h 


(2t+l)(2/+l) (2t+\) 2 


10 . 


dv _ Jj m [ (f+/ ^ tlh_ (t I 1 _ " ,+h ' > 


dt 


j 1 I h(t+h)t-t+(t+h)\ 

= lim / '~ 7 f +7 = lim 2 -^-- = lim 


= lim 


+/??+! _ 1 +1 _j H _1_ 


h —>0 


4-»0 


A-»0 


h —>0 h(t+h)t / ? J.Q ( ,+ ^) ? r 


dp - lim (g+ A ) ' 


11. ^=lim- 

dc l h^> 0 


■ = lim 
h-> 0 


(q+h)(q+h) V2 -qq V2 _ ^ j q [( q +h)' !1 - q m ] _ h( q +h)' n 


imf- 

t->o V 




iim ( ^*c~c^ ) r va] +(g + ^) i/2 )= Hm ( 

/i->o\ W(q+h) +<j ] ^ / A—>o \ 


q[(q+h)-q] 

h[( q +hf 2 +q vl ] 


- (q + hf 2 ) = lirn(^_ + (9 + / ? )>' 2 ) = 4 + ^r 1/2 = 4? 1/2 


12 . 


dz_ _ ij\/(«'+*) 2 -i 4^-1 

dw 


= lim ■ 

A-> 0 


7 yf^~\-^+h) 2 -\ ,. (V^i-Vcw+zo 2 -i)(V^m+V(»’+*) 2 -i) 

- = lim — , v , = lim -— , , j 2 -,—= — . 

/*->0 hyj(w+h) 2 -lylw 2 -l h->0 hyj(w+h) 2 -\yJw 2 -\^Jw 2 -\ +yj(w+h) 2 -\ 


lim 


w 2 —1—(w 2 +2w/z+/z 2 —1) 


■ = lim 


-2w—h 


4-> 0 4^ w +4 ) 2 -1 Vw 2 -1 |V w 2 -1 +^( w+A ) 2 -1) *->» h\J(w+h ) 2 -lslw 2 -l[xj w 2 -1 + ^( w+4) 2 -1 j (w 2 -l) 3/2 

/(x+4)-/(x) _ [ (x+/!)+ ofi)]“[ x+ f] _ x(x+4) 2 +9x-x 2 (x+4)-9(x+4) 


13. /(v)=x + ^and/(x + /?) =(v + /?)+^y 


x(x+4)4 


_ x 2 +2x 2 h+xh 2 +9x—x 2 — x 2 h—9x-9h _ x 2 h+xh 2 — 9h _ 4(x~+x4—9) _ x 2 +xh-9 . rq \ _ j• x 2 +x4-9 _ x 2 —9 _ i 9_. 

x(x+4)4 x(x+4)4 x(x+4)4 x(x+4) ’ x \ x(x+4) x 2 x 2 ’ 

m=f’{- 3) =0 


14 k(x}= 1 and k(x + h\ = 1 ^ it'Crl = lim ^’* x l = lj m ( 2 + J '+ ; » 2 +-') _ r™ (2+-v) (2 +.y+/;) 

i4 ' /c(x) 2+JC and/c(x + /?) 2+(x+A) =>«W ™ 0 h h }™ 0 h(2+x)(2+x+h) 

— li m _=4_ _ lim _=1_ _ _=1_• _ _ 1 


= lim 


/,_>() 4(2+ x )(2+ x +4) /)—>0 (2+x)(2+x+4) (2 +x ) : 


= ^ L r;n2) = -i 


15. 4- = lim 


[0+4) 3 -(f+4) 2 ]-(/ 3 -F) 




A-> 0 
) 

n - 

/!->0 


= lim 

h-> 0 


(t 2 +3t 2 h+3th 2 +h 2 )-(t 2 +2th+h 2 )-t 2 +t 2 


_ 3t 2 h+3th 2 +h 2 —2th—h 2 

/?—>0 * 


= lim *( 3r+3rt + /r 2? *) = lim(3r +3th + h 2 -2t-h) = 3t 2 -2t,m = f =5 
h /,->0 dt t =-1 


(jt+A)+ 3 a -+3 

16. 4t = lim 1 = |,m 

rfx /j—>0 h /l—>o 


(jc+A+3X1-*)-(x+3X1-*-A) 

-2121^2- = l im _ 

h / j —>0 


/i(l-x-4)(l-x) 


= lim 


44 


/,_>() *(!— x “*)(!— x ) 


= lim 


4_. dy 


0 (1-X-4)(1-X) (1 —x) 2 ’ dx 


_ _J_ _ 4 
x=-2 (3) 2 ^ 


17. /(v) = ^=and f(x + h) = 

8[(x-2)-(x+4-2)] 


8 /(x+4)-/(x) _ 4(x+h)-i 4 x ^2 _ 2 -Jx+h 2) (Vx 2+4x+h 2j 

yj(x+h)-2 h h hy/x+h-24 x-2 (4x-2 Wx+4-2j 


-8/1 


• /'(*) = lim ■ 


h V x+h-2%/ x-2 (xjx-2+4x+h-2^ h4 x+/^-2^/ x-2(yj x-2 +4x+h -2 j ' 4^0 xfx+h-2yfx—2^Jx—2 +V x+h-2 j 

= , ,_,4 — ; - r =- ~ 4 ,- ; m = f(6) = —i- the equation of the tangent line at (6,4) is 

4^2~J7 = 2{-^-2+4^2) (x-2)^2 4 2 

> , -4 = -2-(;r-6)=>>’ = -2-x + 3 + 4=>>’=-2-x + 7. 
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18 Cl+V4-( Z +/,))-(l+V4^) i; _ (7542=5-7547) (75=745+754=) v _ ( 4 -r-/;)-( 4 -z) 

18. iim h iim h 

= lim . , ~ h — ; - - = lim . , , = —d=; m = g'(3) = =1— = -4. => the equation 

/;->0 /i(74-z-/i+74-z) /;->0 (74-z-/)+74-z) 2f4-z 274-3 

of the tangent line at (3, 2) is w-2 = -=-(z-3) => w = -jz +4 + 2 => w = ~z + 4. 


19. ^ = f(t) =1-3 1 2 and fit + h) = 1 - 3(t + h) 1 = 1 - 3r - 6th - 3h 2 


ds 

dt 


= lim 

/)-> 0 


(l-3r-6f/)-3/r)-(l-3t 2 ) 


= lim 

/)—>() 




= lim (- 6 / -3/?) = - 61 : 


h~> 0 


ds 

dt t=—\ 


= 6 


20 . j = /(x) = 1 -—and /(x + /t)=l- ^-=>^1 = lim /(x+/l , ) /(x) = lim ^ 3+,, | ^ = lim 

^ J * ' x+h dx h ^ Q h />—> 0 * 

jC = I 

* x=75 3 


/!->0 


= lim 


= lim 


h _> 0 x{x+h)h h —>o xix+h) f 


21 . r = f(0)=-rL= and f(0 + h)= , 2 => ^ = lim ■ /(g+/; , ) /(g) = lim ^ 

75=0 f 4-jd+h ) dd w A /,^0 /! 

_ lim 275=0-275=0=5 (275=0+274-0-/)) ^ 4(4-6>)-4(4-6>-/,) 

/;—>0 A75=074-0-/) (275=0+274-0-/)) A->0 2/)75=074-0-/) (75=0+74-0-/)) 

= li m _2_ = _2___1_ ^df = I 

/)->0 75=074-0-/)(75=0+74-0-/)) (4-0)(275=0) (4-0)7540 gW|0 =O 8 


lim 27540-274-0-/) 
(,->0 hf4-0yj4-9-h 


22. w= f{z)=z + ^ and f{z + h) = {z + h) + jz + h^>^= lim /(z+/, . ) f(z) = lim (~ +/,+ ^) U+ ^ 7) 

dz n h^C\ " 

= lim Wi+LV£ = i im 

/z—>0 h h—>0 

_y dw \ _ 5_ 
dz | z -4 4 


i , 7555-75 (V^+^) 
h (7555+77) 


= 1 + lim 


iz+h)-z 


■ = 1 + lim 


= 1 + - 


11111 , j :-pr- — if 11111 j - J= — 14- j= 

/?—>0 hly/Z+h+^Jz) h^> 0 'JZ+h+yJz 2yjz 


23. fix) = lim f(z) f(x) 
^ vv z-x 


\ _L 


lim 

z—>x 


z+2 x+2 
Z-X 


lim 

z—»x 


(x+2)-jz+2) 

(z-x)(z+2)(x+2) 


lim- =—2 - 

z _^ x (z-x)(z+2)(x+2) 


lim 

z >x 


-1 

(z+2)(x+2) 


-1 

(x+2) 2 


24. 


f'(x) = lim 5 (z) -/(x) 
z-»x z x 

_ |- m (~-x)[(z+x)—3] _ 


= lim (z 2 -3z+4)-(x 2 -3x+4) 
z—>x z “ x 

lim [(z + x)-3] = 2x-3 

Z~>X 


lim z 2 -3z-x 2 +3x _ j im z 2 -x 2 -3z+3x _ | jm (z-x)(z+x)-3(z-x) 
z—>x z “ x z—>x z “ x z—>x z “* 


25. g'U) 


lim g( ~ ) = lim z 1 3 ' 1 

z-»x z “ x Z-+X z “ x 


lim 

z-»x 


z(x—1)—x(z—1) 
(z—x)(z—l)(x—1) 


lim 

z->x 


-z+x 

(z—x)(z—l)(x—1) 


lim 

z—»x 


-1 

(Z-1)(X-1) 


(X-1) 2 


26. g'(x) = lim g(z) - g(x) 

z —>x z x 


lim 

Z^>X 


( 1 +Vz )—( 1 +-v/x ) 
z—x 


lim- z 44 = 

z—>x z_x 7z+7x z _ >x (z-x)(7z+7x) 


lim 

z->x 


1 

75+75 


i 

275 


27. Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x = 0), then 
positive => the slope is always increasing which matches (b). 

28. Note that the slope of the tangent line is never negative. For.r negative, fix) is positive but decreasing as 

x increases. When x = 0, the slope of the tangent line to x is 0. For x > 0, f (x) is positive and increasing. This 
graph matches (a). 
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29. FTv) is an oscillating function like the cosine. Everywhere that the graph of /3 has a horizontal tangent we 
expect / 3 ' to be zero, and (d) matches this condition. 

30. The graph matches with (c). 


31. (a) /' is not defined at .r = 0,1, 4. At these points, the left-hand and right-hand derivatives do not agree. For 

example, lim /( = slope of line joining (-4, 0) and (0, 2) = ^ but lim a ^_q ( 0) = slope of line 
.y-»(T ' *->0 + 

joining (0, 2) and (1, -2) = -4. Since these values are not equal, f'( 0) = lim '^ (A> ,( (0> does not exist. 

x-»0 

(b) 

y 


4 


3 

/'on (- 4 ,6) 

2 

- 0-0 

1 , 


-8-6-4-20 

f 2 4 6 8 > * 




r 



34. (a) 


P' 



(b) The fastest is between the 20th and 30th days; 
slowest is between the 40th and 50th days. 


35. Answers may vary. In each case, draw a tangent line and estimate its slope 
(a) i) slope «1.54 1.54^ ii) slope 

|2E U.A - 


2.86 => ^* 2 . 86 ^ 

at hr 


iii) slope « 0 : 


dT 

dt 


‘0 


hr 


iv) slope « -3.75: 


dt 


-3.75 


op 

hr 
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(b) The tangent with the steepest positive slope appears to occur at t = 6 => 12 p.m. and slope ~ 7.27 

=> ^jj- « 7.27 The tangent with the steepest negative slope appears to occur at t = 12 => 6 p.m. and 

slope « -8.00 -8.00^ 

(c) 

Slope 



36. Answers may vary. In each case, draw a tangent line and estimate the slope. 

(a) i) slope » -20.83 => » - 20 . 83 ii) slope » -35.00 => * - 35 . 00 -^_ 

iii) slope « -6.25 => * -6.25^=- 

1 at month 

(b) The tangent with the steepest positive slope appears to occur at t = 2.7 months, and slope » 7.27 
—s dW ~ _o | o lb 

dt ’ month 

(c) 


slope 



37. Left-hand derivative: For h< 0,/(0 + h) = f(h) = h 1 (using y =x 2 curve) => lim 7 (0 +D ,/(°) 

h-> 0“ /! 

= lim ^ = lim h = 0; 

/z— /! h-> 0“ 

Right-hand derivative: For A > 0, f(0 + h)= f (/?) = h (using j = x curve) => lim ^° +/,) ,/(0) 

/z->0 + " 

= lim = lim 1 = 1; Then lim C0+D ,/(°) ^ |j m ./ (0+/») 7(0) t | le derivative /''(0) does not exist. 

h-> 0 + h h^0 + /z—>0“ h *-> 0 + /! 


38. Left-hand derivative: When /? < 0,1 + /?< 1 => /’ll + /?) = 2 => lim = u m = n m 0 = 0; 

/z->0“ /! //—>0 _ " h-* 0“ 

Right-hand derivative: When A > 0,1 + /? > 1 => f(l + /?) = 2(1 + /?) = 2 + 2A => lim y , ^ <1> = lim 

/z—>0 + /! h-> 0 + h 

= lim = lim 2=2; 

/z—>0 + ' h-+ 0 + 

Then lim /<D ^ jj m ./(1+/?) ,/(D ( |ie derivative /'(l) does not exist. 

/, >0 h /z—>0 + h 


39. Left-hand derivative: When /? < 0,1 + /? < 1 => /"(l + h) = Vl + h => lim ■^ <1) 

/z->(T h 

= lim (VIT^-i) (VTT^+i) = (i + /,)-i _ lim ^_ = i. 

*->0- /; (%/i+A+i) a(^ + i) /z^o-Vi^+1 - ’ 


lim 

/z—>0 


Vt+TT-i 

h 
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Right-hand derivative: When h > 0,1 + h > 1 => f(l + h) = 2(1 + h) -1 = 2h +1 => lim 7U+ /; ) /(h 

h-> 0 + " 

= lim (2h+ .' y ' = lim 2 = 2; 

/;-> 0 + /! h —>0 + 

Then lim 7( 1+ ^> /(D ^ jj m ./ (1+/?) ,/d) t | )e derivative f\ 1) does not exist. 

7 A - “ 7 A+ A 

A—>0 A—>0 


40. Left-hand derivative: lim 
A—>0“ 


/(1+A)-/(1) 

h 


(1+A)—1 


Right-hand derivative: lim 7( 1+ ^) /<D _ jj m u +*—_ jj m L2 _ jj m 

A—>0 + h A—>0 + h h-* 0 + h A->0 + /,(1 - 

Then lim 7d+ / 0 ./(h ^ jj m ./ (l+A) ./(D ( | le derivative /'(l) does not exist. 


' A-»O' h 

A-> 0“ 

-L-1 

= lim u+, l ' 

= lim 

/^0 + /! 

A->(r 


= lim t4 = -1; 


a-o + *< 1+ » /^o +1+/) 


41. /is not continuous at x = 0 since lim f(x) = does not exist and /(0) = -1 

x->0 

42. Left-hand derivative: lim s ^ h \ g ^ = lim h = lim -^r = +co; 

A-> 0- h A-> 0- * A—>0 — ^ 2/3 

Right-hand derivative: lim £121/121 = ii m h -0 _ jj m —4* = +oo; 

A—>0 + * A-»0 + * 7/—>0 + A*' 3 

Then lim g(/f) g(0) = lim g (/ 0 g(0) _ +c0 t | le derivative g'(0) does not exist. 

A->0“ " /)->0 + " 

43. (a) The function is differentiable on its domain -3 < x < 2 (it is smooth) 

(b) none 

(c) none 

44. (a) The function is differentiable on its domain -2 < x < 3 (it is smooth) 

(b) none 

(c) none 

45. (a) The function is differentiable on-3 < x < 0 and 0 < x < 3 

(b) none 

(c) The function is neither continuous nor differentiable at x = 0 since lim f (x) ^ lim f (x) 

h~> 0“ ‘ A—»0 + 

46. (a) /is differentiable on-2 <x <-1,-1 <x < 0, 0 < x < 2, and 2 < x < 3 

(b) /is continuous but not differentiable at x = -1: lim /(x) = 0 exists but there is a corner at x = -1 since 

X —1 

lim — 1+/i) ^ — = -3 and lim — X+h ] ^ 11 = 3 /'(-1) does not exist 

A—>0“ h h-> 0 + h 

(c) /is neither continuous nor differentiable at x = 0 and x = 2: 

at x = 0, lim /(x) = 3 but lim /(x) = 0 => lim /(x) does not exist; 

x— »0~ x— >0 + x —>0 

at x = 2, lim /(x) exists but lim /(x) ^ /(2) 
x^>2 x—>2 

47. (a) /is differentiable on -1 < x < 0 and 0 < x < 2 

(b) /is continuous but not differentiable at x = 0: lim /(x) = 0 exists but there is a cusp at x = 0, 

so /'(0) = lim T (o+A) ./ (o) j^g not ex j st 
A->0 /! 

(c) none 


Copyright © 2014 Pearson Education, Inc. 




128 Chapter 3 Derivatives 


48. (a) /is differentiable on -3 < x < -2, -2 <x <2, and 2 < x < 3 

(b) /is continuous but not differentiable at x = -2 and x = 2: there are corners at those points 

(c) none 



(c) y' = -2x is positive for x < 0 , y' is zero when x = 0 , y' is negative when x > 0 

2 

(d) y - -x is increasing for — oo < x < 0 and decreasing for 0 < x < oo; the function is increasing on intervals 
where y' > 0 and decreasing on intervals where y' < 0 



(c) y' is positive for all x * 0, y' is never 0, y' is never negative 

(d) y = -2 is increasing for -oo <x <0 and 0 <x < oo 


51. 



(c) y' is positive for all x ^ 0, and y' = 0 when x = 0; y is never negative 

3 

(d) y = is increasing for all x ^ 0 (the graph is horizontal at x = 0 ) because y is increasing where y' > 0; y is 
never decreasing 
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52. (a) 


(b) 


(c) 

(d) 


Using the alternate form for calculating derivatives: f'(x) = lim 

Z —>X 


m-m 


4 _ 4 

= lim ~ x - = lim 

7 .4(z-x) 7 


(z—x)(z 3 +xz 2 +x 2 z+x 3 ) 
4 (z-x) 


= lim 

z —>x 


z 3 +xz 2 +x 2 z+x 3 _ 3 

4 ~ X 


= lim 

Z —>X 

3 


■ f'{x) =x 



y is positive for x > 0, y is zero for x = 0, y is negative for x < 0 

4 

y = is increasing on 0 < x < oo and decreasing on —oo < x < 0 


53 y' = lim ( 2 ( jc+/ 9 2 -13(a-+/;)+5)-(2x 2 -13x+ 5) _ ^ 2x 2 +4x/;+2/r-13x-13/;+5-2x 2 +13x-5 = jj m 4.v/i+2/r-13/; 
h-> 0 h h^> 0 h h-+ 0 h 

= lim(4x + 2/? -13) = 4x-13, slope at x. The slope is -1 when 4x-13 = -1 => 4x = 12 => x = 3 
h->0 

=^> ja = 2-3" —13-3 + 5 = —16.Thus the tangent line is y +16 = (—l)(x —3) => y = -x-13 and the point of 
tangency is (3, -16). 


x+h~4x j ^Jx+h + 4^) 


= lim ■ 


(x+h)—x 


■ = lim 


_ 1 


54. For the curve y = Vx, we have y' = lim - - -—=- - ..... . —=r- - ..... - —- — j=. 

h ->0 h Ux+h+\]x 1 h->0Nx+h+ylx\h ^_>o -Jx+h+yx 2-Jx 

Suppose (a, yfa ) is the point of tangency of such a line and (-1, 0) is the point on the line where it crosses the 


x-axis. Then the slope of the line is 


4a — 0 _ 4a 


x = a 


4a _ 1 

a +l 2/a 


a-(-l) 


which must also equal —using the derivative formula at 

2 Va 


2a = a+ l=>a = l. Thus such a line does exist: its point of tangency is (1,1), its slope is 


Pj= = 2; and an equation of the line is i y-l=d-(x-l)=>> , =d-x+2. 


55. Yes; the derivative of-/ is -/' so that /'(-x 0 ) exists => -/'(x 0 ) exists as well. 


56. Yes; the derivative of3g- is 3 g' so that g'(7) exists => 3 g'(7) exists as well. 


57. Yes, lim pp- can exist but it need not equal zero. For example, let g(t) = mt and h{t) = t. Then g-(O) = h( 0) = 0, 
t ->0 "vl 

but lim pp = lim — = lim m = m, which need not be zero. 

t->0 "vl f->o 1 f—>o 


58. (a) Suppose |/(x)| < x 2 for -1 < x < 1. Then | /\0)| < 0 2 => AO) = 0. Then /'(0) = lim /(0+ \ ) /(0) 

A-> 0 h 

= lim ° = lim ^p-. For | h \ < 1, -h 2 < f ( h ) < /? 2 => -A < ^p- < A => /'(0) = lim = 0 by the 
h ->0 h h ->0 h " h -> 0 h 

Sandwich Theorem for limits. 

(b) Note that for x * 0, 

2 i 7 i 2 2 2 

|/(x)| =|x sin^[=|x 11sin^-| <\x | -1 = x“(since -1 <sin x < 1). = x"(since -1 < sin x <1). By part (a),/is 

differentiable at x = 0 and /'(0) = 0. 
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59. The graphs are shown below for h = 1,0.5,0.1 The function y = —L= is the derivative of the function y = a/x so 

2y]x 


that —= lim — x+l1 ^ . The graphs reveal that y = ^ x+h ^ gets closer to y = —K= as h gets smaller and 
lyjx /,_>() h " h 2V.r 

smaller. 

y y 





60. The graphs are shown below for h = 2,1,0.5. The function y = 3x“ is the derivative of the function y = x so that 
3x 2 = lim (A+ ^) ——. The graphs reveal that y = ^ A+/l) A gets closer to v = 3a 2 as h gets smaller and smaller. 

/ j ->0 11 h 





61. The graphs are the same. So we know that for 
/(x)=|x|,wehave/'(x)=M 


y 

i 


-i 


-T 1 

62. Weierstrass’s nowhere differentiable continuous function. 


y 



+ • • + coj(9Vx) 
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63-68. Example CAS commands: 

Maple : 

f := x -> x A 3 + x A 2 - x; 
xO := 1; 

plot( f(x),x=x0-5..x0+2, color=black, 
title="Section 3.2, #63(a)"); 

q := unapply( f(x+h)-f(x))/h, (x,h)); # (b) 

L := limit( q(x,h), h=0 ); # (c) 

m := eval( L, x=xO); 
tan_line := f(xO) + m*(x-xO); 
plot( [f(x),tan_line], x=xO-2..xO+3, color=black, 
linestyle=[l, 7], title="Section 3.2 #63(d)", 
legend=["y=f(x)","Tangent line at x=l"]); 

Xvals := sort( [xO+2 A (-k) $ k=0..5, xO-2 A (-k) $ k=0..5 ]): # (e) 

Yvals := map( f, Xvals ): 

evalf[4](<convert(Xvals,Matrix), convert)Yvals,Matrix) >); 
plot) L, x=x0-5..x0+3, color=black, title="Section 3.2 #63(f)"); 

Mathematica : (functions and xO may vary) (see section 2.5 re. RealOnly ): 

«Miscellaneous' RealOnly' 

Clear)f, m, x, y, h] 
x0= ji/ 4; 
f[x_]:=x 2 Cos[x] 

Plot[f[x],{x,x0-3,x0 + 3}] 
q[x_,h_]:=(f[x + h] — f [x])/h 
m[x_]:=Limit[q[x,h], h —> 0] 
ytan:=f[x0] + m[x0] (x - xO) 

Plot[{f[x], ytan},{x, x0-3, x0 + 3}] 
m[x0 -1]//N 
m[xO + l]//N 

Plot[{f[x], m[x]}, {x, xO -3, xO +3}] 

3.3 DIFFERENTIATION RULES 

1. y = -x 2 + 3 ^- 7 - = -j-(-.r 2 ) +-j-(3) = —2x + 0 = —2x => —f = -2 

A dxdx dx dx 1 

2. y = x 2 + x + 8 => = 2x + 1 + 0 = 2x + 1 => —£■ = 2 

dx dx 2 

3. s = 5t 3 - 3 t 5 ^f^( 5 t3 ) -A ( ^ ) , 15 ,2_ 15? 4^^ = ^ (15? 2 ) _^ (15? 4 )=30? _ 60? 3 

4. w = 3z 7 -7z 3 + 21z 2 =>#^ = 21z 6 -21z 2 + 42z ^>-^ = 126z 5 -42z + 42 

« z d: 2 

5. y = 4x 3 -x+2e x => ■$- = 4.r 2 -l +2e x => = 8x + 2e x 

7 3 dx dx 1 
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6. y =^- + 4p + e * =>-^ = x 2 +x+e x =>4r = 2x + l + e x NOTE: *j = -e ' from Example 8(b). 

7 . w = 3 z ~ 2 - z ~ 1 ^>^ = -6 z “ 3 + z “ 2 =4 + J t ^-^ = 18 z ' 4 - 2 z ~ 3 = 4~4 

dz z 3 z 2 dz 2 z 4 z 3 

8. s = -2r* + 4r 2 => 4 = 2r 2 - 8r 3 = 4 - 4 => = ~ 4t ~ 3 + 24r 4 =4+4 

dt t 2 t 3 dt 2 t 3 

9. J = 6x 2 -10.r-5x“ 2 ^»4= 12 ^- 10 + 1 0-r' 3 = 12x-10 + 4^>-^ = 12-0-30v“ 4 = 12-4 

x 3 rfx 2 x 4 


10. j = 4-2x-x“ 3 ^4 = - 2 + 33r “ 4 = - 2 +4^ i ^T = 0 - 123r “ 5 = ^ J r 

x 4 dx 2 x s 


11. r = 4- 2 -4^ 1 ^4 = -i^ 3 + 4- 2 = ^ + ^ 

3 2 as 3 2 


d-L - 2s~^ -5s~ 3 =— - 

3s 3 2s 2 ds 2 s 4 s 3 


12. r = 120 -1 -40 + 0“ 4 ^4(- = -120“ z + 120" 4 -40“ 3 = + => -H = 240 _J -480“ 3 + 200“ 




24 _ 48 20 

e 3 0 s 


<*0- 


13. (a) J = (3 -x 2 ) (x 3 - x + 1) j' = (3 - x 2 ) ~ (x 3 -x +1) + (x 3 - x + 1) ~ (3 -x 2 ) 


dx 

= (3 -x 2 ) (3x 2 -1) + (x 3 - x + 1) (-2x) = -5x 4 +12x 2 —2x — 3 
(b) y = -x 5 + 4x 3 -x 2 -3x + 3 => y' = -5x 4 +12x" — 2x —3 


14. (a) y = (2x + 3)(5x 2 -4x) =>/ = (2x + 3)(10x-4) + (5x 2 -4x)(2)=30x 2 +14x-12 
(b) y = (2x + 3)(5x 2 — 4x) = 10x 3 +7x 2 -12x => y' = 30x 2 + 14x -12 


(a) y - (x 2 +1) (x + 5 +^) => y' - (x 2 + l)~(x + 5 + i)-r (x + 5 + (x 2 +1) 

= (x 2 4-1) (1 -x - ^) + (x + 5 + x _1 ) (2x) = (x 2 -1 + 1 - x -2 ) +(2x^ +10x + 2) = 3x 2 +10x + 2 —-y 

X 

(b) y = x 3 +5x 2 + 2x + 5 + — => j/ = 3x 2 + lOx + 2 --y 


16. j = (l+x 2 )(x 3/4 -x“ 3 ) 


(a) / = (l + x 2 )-(|x 1/4 +3x 4 j + (x 3/4 -x 3 )(2x) =^ 77 + -^- + 4-r 7/4 +-^- 

(b) y = * 3/4 - x“ 3 + x 11/4 -x -1 => y’ = —^4 + 4 + 4 x?/4 + 4 

4x x ^ x 


2x+5 . 

3x-2 

6x-4—6x-15 _ —19 


17. y = |t 4 ; use quotient rule: = 2x + 5 and v = 3x-2=>w' = 2 and v' = 3 => y' =- 


(3x-2) 2 


(3x-2)- 


(3x-2)- 


18. j = 4 3x ; use the quotient rule: u = 4-3x and v = 3x 2 + x => w' = -3 and v' = 6x + l=> j/ = v ’“ 7 “ v 

3x~+x v 

_ (3x 2 +x)(-3)-(4-3x)(6x+1) _ -9x 2 -3x+18x 2 -21x-4 _ 9x 2 -24x-4 
(3x 2 +x) 2 (3x 2 +x) 2 (3x 2 +x) 2 

19. g(x) = 4 q 4 use the quotient rule: u = x 2 -4 and v = x + 0.5 => u' = 2x and V = 1 => g'(v) = vu ~ 2 UV 

(x+0.5)(2x)-(x 2 -4)(l) 2x 2 +x-x 2 +4 x 2 +x+4 

(x+0.5) 2 (x+0.5) 2 (x+0.5) 2 
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20. m = = A/) = ^M) = /±m = ^L 

J t 2 +t-2 (t+2)(t-l) t+2’ •' 0+2) 2 (f+2) 2 p+2) 2 


21 . v = (l~0 a + / 2 r l = J =V=>#= a+^X- 1 )-(l- 0 ( 2 r) = -i-r 2 -^ = f^i 

1+? 2 dt (l+; 2 ) 2 (1+/ 2 ) 2 (1+r 2 ) 2 


22. w = 


- x+5 / _ (2 .v-7)(1)-(.y+ 5)(2) _ 2x-7-2x-10 _ -17 

2x-l nv '7\2 7\2 fOv- '7\2 


23. f(s) = &±=>f'(s)= r , 

J VJ+i - (V7+i) 2 


(2x-ly (2x—l) (2x-lY 


2y[s(y[s+l) 2 >/7(V7+1) 2 


NOTE: -j-(Vj) = — 1 = from Example 2 in Section 3.2 

2 V-S 


24. «= ix+l^ > ^. = 
2Vx dx 


(2^)(5)-(5^+l)(j=j 


4x 


5x-l 

4x 3/2 


25. v = 


l+x— 


4Vx ^ Y ( 1 ~i)~ (1+ ' Y ~ 4 ^ ) 2^ 


26. r = 2^ + V0|^>/ = 2 


, i 

Q 2-Je 


0 3/2 e xn 


27. j = ——L- 

(x 2 -l)(x 2 +X+1) 


2 2 

; use the quotient rule: u = 1 and v = (x -l)(x + x + l) => u' = 0 and 


v’ = (x 2 — l)(2x +1) + (x 2 + x + l)(2x) =2x J + x 2 -2x-l+2x 3 + 2x 2 + 2x = 4x J + 3x 2 -1 =>^ = - 
_ 0-1(4x 3 +3x 2 -1) _ -4x 3 -3x 2 +1 


(x 2 -l) 2 (x 2 +x+l) 2 (x 2 -1 ) 2 (x 2 +x+l) 2 


28. y = 


(x+l)(x+2) _ x 2 + 3x + 2 _ (x 2 -3x+2)(2x+3)-(x 2 +3x+2)(2x-3) _ _ 6 x 2 +12 _ ~6(x 2 ~2) 


(x-l)(x-2) x 2 _3 x+ 2 


■ y =■ 


(x-1) 2 (x-2) 2 


(x—l) 2 (x—2 ) 2 (x-1 ) 2 (x—2) 2 


29. y = 2e~ x + e 3x = 2e~ x +e 2x ■e x => / = 2(-e~ x ) +e 2x ■e x +e x -(2e zx ) => y’ = -2e~ x +3e 

dx 


-x \ . 2x x . „x /o ^2x\ 


—x . 3x 


NOTE: ) = 2e from part b of Example 6 and -^(e ) = —e from part b of Example : 


_ x 2 +3e' T , _ (2e 1 -x)(2x+3e jr )-(x 2 +3e j )(2e jr -l) _ (4xe I +6e 23 -2x 2 -3xe jr )-(2x 2 e A -x 2 +6e 2t -3e jr ) 


30. .V- ; ;• -> v - 

2e —X 


(2e x -x) 2 


(2e x -xf 


y =- 


(2e i -x) 2 


31. y = x 3 e x => y' = x 3 • e x + 3x 2 • e x = (x 3 + 3x" )e x 


32. w=re ' =>w' = r-e ; (-l) + (l)-e ' = (l-r)e 
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33. 7 = x 9/4 +e ~ 2 * = x 9/4 + 4- => / = fx 5/4 + e "'°- 1(2g " ) => / = fx 5/4 - 2e~ 2x 

e 4 (e )~ ' 4 

NOTE: 4r(e 2x ) - 2e 2x from part b of Example 6 


34. y = x~ 3/5 + ;r 3/2 =7 / = v- 8/5 + 0 => / = -|x~ 8/5 


yc o,3/2 o 2 _ t t.1/2 _ i o.l/2 

35. s = 2t +3e => s =3/ +0=>s =3t 


o/r 1 71 —1.4 —1/2 _ ? i a —2.4 Ti —i/2 

36. w = —f^- + ^f= = z +tiz =>w=-1.4z ~i z 

z y/z 


1.4 n 


o - 7/2 e 2/7 e . t 2 -5/7 e-1 , 2 

37. y = yx -x =x -x y = = x -ex y = — 

7 " 7x 5/ 


e-1 


39. r = — => r = 


1) , _ e s (s-\) 


40. r = e° (■\ 


'jy + 9~ n/2 j = e 6 (<T 2 + 9~ nl2 ) => r' = e 9 (-2 9~ 2 -f 0“ ;r/2 “ 1 ) + (<9 -2 + 9~ nl2 )e 8 


=7> r' = e 8 (-2<?“ 3 -f 6> -7r/2 + <T 2 + 9~ nl2 ) =4> r' = e 8 ( 

^ r '_ c e(e-2 20-n 

' 0 3 2^ /2+1 


r =e d [ -J._L + i + ^ 

' 0 3 20 W2+1 V 0* /2 


41. j = 4x 4 -4v 2 -x=>> , ' = 2x 3 —3 jc — 1 => y" = 6x*~ -3 => y'" = 12x => y * 4 ' = 12 4”* = 0 for all n > 5 

42. j = phyx 5 => y' = jyx 4 =7 y" = p-x 3 => y’" = Jj-x 2 => 4 4) = x => 4 5) = 1 => y^ = 0 for all n > 6 

43. y = (x-l)(x + 2)(x + 3) = y' = (x + 2)(x +3) +(x —l)(x + 3) + (x -l)(x + 2) = x 2 + 5x + 6+ x 2 +2x-3 + 
x" + x - 2 = 3x 2 +8x +1 => y" = 6x +8 => y'" = 6 => y ^ = 0 for n > 4. 


44. 


y = (4x 3 +3x)(2 -x)x = |-4x 3 +8x -3x + 6^x = -4x 4 +8x 3 -3x 2 +6x => y' 
y" = -48x 2 + 48x - 6 => y'" = -96x + 48 => / v = -96 => y (n) = 0 for n > 5 


= -16x 3 +24x 2 -6x + 6 : 


45. y = l+l = x 2 +7x _1 => 4 = 2x-lx~ 2 = 2x-\ => = 2 + 14x -3 =2+4 

dx x~ dx 1 x 3 


46. ^ = '7±44 = i+4_i = i + 5r 1 -r 2 ^»4 = °-5r 2 +2r 3 =-5f 2 +2r 3 = 4+4 

t 2 t t 2 dt t 2 r 

=^> 3 4 = 1 0 1~ 2 -6C 4 =4—7 

dt 2 ? 3 / 4 


4? (e-\){e 2 +e+\) y_i x i 

< 9 3 < 9 3 < 9 3 


1 - 6> 3 =>4 = 0 + S# -4 = 36> -4 =4 

d0 q* 



-12 

0 5 
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u _ (-V +x)(-Y --V+1) ,r(x+l)(.v —-V+l) _ x(x_ +1) _ x 4 +x _ ^ _x_ _ ^ _j_ x ~^ 


=^> = 0 - 3x = -3x = =±^>^ = 12x~ 0 =-4- 


dx 


dx z 


49. w = 


(“ t )(3-r)=(ir- , + 1 )(3- 2 ) = if l -| + 3. 


■^ = 2 z -3 -0 = 2 z “ 3 =4 

dz 2 z 3 


— 1 ,8 _v tiw _ _-2 . rv 1 —2 i —1 I 

■ Z = Z + — Z => —r- = — Z + U — I = —Z — 1 = —7 — I 

3 dz z l 


50. p = 


q~+3 __ q~+3 __ q~+3 _ q~+ 3 _ _j_ _ J_ -1 dp_ _ _ L c ,~- — 1 

( 9 -l) 3 +(?+l) 3 (q 3 -3q 2 +3q-l)+(q 2 +3q 2 +3q+l) 2q 3 +6q 2q(q 2 +3) 2q 2 1 dq 2 1 2 q 2 


d 2 p -3 1 

~TT — q = — 

dq q 


51. w = 3z 2 e 2 ^ => 4 = 3z 2 (2e“) + 6ze“ => 4" = 6ze 2 “ (1 + z) => = 6ze 2 ^ (1) + (1 +z)(6z(2e 2z ) + 6e 2 ”) 

az az d z L 

^^~d 2 ~ = ^ e "”(l + 4z + 2z 2 ), NOTE: -jz(e 2 ") =2e 2 ” from part b of Example 6 

52. w = e z (z — l)(z 2 +1) = e~ (z 3 -z 2 + z — 1) => W = e z •(z 3 -z 2 + z — 1) + (3z 2 — 2z +1) -e z = e z (z 3 +2z 2 — z) 
and w" = e~ ■ (z 3 +2z 2 —z) + (3z 2 +4z -1) -e z =e^ (z 3 +5z 2 +3z — 1) 

53. k(0) = 5,m'( 0) = -3,v(0) = -l,v'(0) = 2 

(a) 4 («v)= M v' + v M '^^( M v >L =o = m(0)v'(0) + v(0)m'(0) = 5-2 + (—1)(—3) =13 

d lu\— vu'-iiv' d /if \| _ v(0)m'(0)-m(0)v'( 0) _ (~l)(~3)-(5)(2) __ n 

V 2 dx\v) v 2 dx\v )| x = 0 (v( 0)) 2 (- 1) 2 

/g\ d /v\ uv'-vu' d / r \ u(0)v (0)-v(0)» (0) (5)(2) (—!)(— 3) 7 

1 J dx\uj u 2 dx\u)\ x = 0 ~ («( 0)) 2 ~~ ( 5) 2 ~~ 25 

(d) ±{lv-2u) = 7v'-2m' => ^(7v-2m) | x = 0 = 7v'(0) -2«'(0) = 7 • 2 -2(-3) = 20 

54. m(1) = 2,m'( 1) = 0,v(l) = 5,v'(l) = -1 

(a) ^(mv) | x = j = u (l)v'(l) + v(l )u '(1) = 2 • (-1) + 5 • 0 = -2 

(b) Jt(u\ I v(l)i/(l)-»(l)v'(l) 5-0—2-(—1) 2 

1 J <fe\v/| x = 1 (v(l )) 2 (5 ) 2 25 

( C ) _rf(v\| udMD-vdiii'd) 2 -(— 1 )—5-0 ! 

1 J dx v u )\ x _ j (w(l )) 2 ( 2) 2 2 

(d) 4(7v - 2 m) | x = , = 7v'(l) - 2 m'(1) = 7 • (-1) - 2 • 0 = -7 

55. y = ,r 3 -4x + 1. Note that (2,1) is on the curve: 1 = 2 3 -4(2) +1 

(a) Slope of the tangent at (x, y ) is y' = 3x 2 -4 => slope of the tangent at (2,1) is y'( 2) = 3(2) 2 -4=8. Thus 
the slope of the line perpendicular to the tangent at (2,1) is -i => the equation of the line perpendicular to 

o 

the tangent line at (2,1) is y-l = —^(x — 2) or v = —# + 4. 

o o 4 

2 

(b) The slope of the curve at .r is m = 3x - 4 and the smallest value for m is —4 when x = 0 and y = 1. 

(c) We want the slope of the curve to be 8 => y' = 8 => 3x 2 -4 = 8 => 3x 2 = 12 => x 2 = 4 => x = ±2. When 
x = 2, y = 1 and the tangent line has equation y-l = 8(jc- 2) or y = 8x-15; When x = -2, 

y = (-2) — 4(—2) +1 =1, and the tangent line has equation y-l = 8(x + 2) or y =8x + 17. 
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56. (a) y = x -3x-2 =^> y' = 3x~-3. For the tangent to be horizontal, we need m = y' = 0 => 0 = 3x“-3 

=> 3x = 3 => x = ±1. When x = - 1 , y = 0 => the tangent line has equation y - 0. The line perpendicular to 
this line at (-1, 0) is x = —1. When x .= 1, y = -4 => the tangent line has equation y = -4. The line 
perpendicular to this line at (1, -4) is x = 1. 

(b) The smallest value of y' is -3, and this occurs when x = 0 and v = -2. The tangent to the curve at (0, -2) 
has slope -3 => the line perpendicular to the tangent at (0,-2) has slope j => y + 2 = i(x-0) or v = jX -2 
is an equation of the perpendicular line. 


57. 


y - ■ 


4x 


dy 

dx 


(x 2 +l)(4)-(4x)(2x) 

(x 2 +l ) 2 


(x 2 +\f 


4( ~ * . When x = 0, y = 0 and y' = 4(0+1 ^ = 4, so the tangent 

(x 2 +l) 2 I 


to the curve at (0, 0) is the line y = 4x. When x = 1, y — 2 : 
line y = 2. 


■ y' = 0, so the tangent to the curve at (1, 2) is the 


58. 


y = - 


y = 


(x-+4)(0)-8(2.v) 

(x 2 +4) 2 


-16x 


(x 2 +4) 2 


When x = 2, y = 1 and y' = — 


(2+4) 


: -j, so the tangent line to the 


curve at (2,1) has the equation y -1 = -^-(x-2), or v = ~f + 2. 


2 2 

59. y = ax +bx +c passes through (0, 0) => 0 = a(0) +6(0) +c c = 0; y = ax +bx passes through (1, 2) 

=^> 2 =a+b\ y' = lax + b and since the curve is tangent to y = x at the origin, its slope is 1 at x = 0 => y' = 1 

when x = 0 => 1 = 2a(0) + 6 =>6=1. Then a +6 = 2 => a = 1. In summary a = 6 = 1 and c = 0 so the curve is 
2 

y = x + x. 


9 • 9 

60. y = cx-x~ passes through (1, 0) 0 = c(l) -1 c = 1 => the curve is y = x-x . For this curve, y' = 1 -2x 

2 2 2 
and x = 1 => y’ = -1. Since y = x-x and v =x“ +ax + 6 have common tangents at x = 1, j =x“ +ax + 6 must 

also have slope -1 at x = 1. Thus > , ' = 2x + a=>-l = 2- l + a=>a=-3=>>’=x -3x + 6. Since this last curve 
passes through (1, 0), we have 0=l-3+6=>6=2.1n summary, a = -3, 6 = 2 and c = 1 so the curves are 

2 2 
j = x“-3x + 2 and j = x-x . 

61. j = 8x + 5 => m = 8; /(x) = 3x 2 - 4x => f'(x) =6x-4;6x-4=8=>x = 2=> /(2) = 3(2) 2 - 4(2) = 4 => (2,4) 


62. 8x -2_y = 1 => y = 4x — ^ => m = 4;g(x) = -|x 3 ~^x~ +1 => = x: 2 -3x;x" -3x = 4=>x=4orx = -l 

g(4) = j(4) 3 -f (4) 2 +1 = -f, g(-l) = I(-l) 3 -|(-1) 2 +1 = -f => (4, -f) or (-1, -f) 

63. _y = 2x+3=>m=2=> nij_ = ~j',y = => y' = 


(x-2) 


2 , 2 = -==>4 = (x-2) 

(x-2)- (x-2) 2 2 


=>±2=x-2=> x = 4orx = 0=>ifx = 4, y = - 2, and if x = 0, y = = 0 => (4, 2) or (0, 0). 


4-2 

v-t 


64. m = —;f(x) = x" => /'(v) = 2x;m = f\x) ^ 


= 2x => 2—= 2x x 2 - 8 = 2x 2 - 6x => x" - 6x + 8 = 0 


x—3 


=>x = 4orx = 2=> /(4) = 4 2 = 16,/(2) = 2 2 = 4 => (4,16) or (2, 4). 

9 9 

65. (a) y=x -x=>y' = 3x -1. When x = -1, j = 0 and y' = 2 => the tangent line to the curve at (-1, 0) is 
y = 2(x +1) or y = 2x + 2. 
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(c) y = 2 x +2 | -r 3 -x = 2x + 2 => x 3 — 3jc — 2 = (jc — 2)(jc h- 1 ) 2 = 0 => x = 2 or x = -1. Since j = 2(2) + 2 = 6; the 


other intersection point is (2, 6) 

y = x 3 - 6.x 2 + 5x => j/ = 3.x 2 -1 
(0, 0) is y = 5.x. 


3 2 2 

66. (a) j=x — 6 jc + 5x => y’ = 3.x -12x+5. When x = 0, j = 0 and _y = 5 => the tangent line to the curve at 


30 

. V 

20 

: A 

10 

i i i i i 

/ 

-10 -6 -2 J 

A 

\ 16 10 


(c) 6r +5A I ^ x 3 -6.x 2 + 5x = 5x => x 3 -6.x 2 = 0 => x 2 (x -6) = 0 => x = 0 or .x = 6. Since y = 5(6) =30, 
the other intersection point is (6, 30). 


67. lim = 50.x 49 = 50(1)“" = 50 

x->l x 1 x=\ 


68. Hm ^V = lx' 7/ 9 =^_ = -2 

*->-1 * +1 9 X=-1 9(—1) 7/9 9 

69. g'(x) = j 2 * -3 since g is differentiable at x = 0 => lim (2x-3) =-3 and lim a = a=>a=-3 

1 x->0 + x—>(T 


70. /'(x) = 1 2 bx > since/is differentiable at x = -1 => lim a = a and lim (2Z>x) = -2b => a = -2b, and 

1 ' x->-l + x->-r 

• „. . 7 

since / is continuous at x = -1 => lim (ax + b) = -a+b and lim (fox -3) = b -3 => -a +b = b -3 

x->-l + x->-r 

=> a = 3 => 3 = —2b => b = --|. 

71. P(x) = a n x n +a n _ix n ~' 4-ha 2 -r 2 + a^x + c/q => P'(x) = na n x n ~ l + (n -l)a„_jx” -2 h -b2a 2 -r + tfi 

72. =M 2 (-£-3£') = -£M 2 -|M 3 , where Cis a constant => = CM -M 2 

\ 2 3 / 2 3 dM 


73. Let c be a constant => ^ = 0 => -j-(m -c) = « ~ + c ~ = w -0 + c^- = c^-. Thus when one of the functions is a 

dx dx dx dx dx dx 

constant, the Product Rule is just the Constant Multiple Rule =4- the Constant Multiple Rule is a special case of 
the Product Rule. 
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74. 


(a) 

(b) 


v-0-1— 

dx . 


| av 


We use the Quotient rule to derive the Reciprocal Rule (with //= 1): -f-l-) = 

CIX \ V / y^ y^ 

Now, using the Reciprocal Rule and the Product Rule, we’ll derive the Quotient Rule: 

* (v') = ~dx{ u ' v) = u "Jx(v) + v"^ ( Pro ^ uct Rule) =u '(~2^^fr + v^ (Reciprocal Rule) 

the Quotient Rule. 


dx l v ) 


,, du dv 

. dx dx 


_L dv 

v 2 dx ’ 


75. 


(a) j^(uvw) = ^((hv) • w) = (mv)^ + w~(uv) = uvjg + w(u ^ + v^) = uv^ + wu + wv^ 


= uvw + uv w + u vw 
d_ 

dx' 


(b) ^(m im 2 m 3 m 4 ) = ^((wi«2«3 )u 4 ) = (m|M 2 m 3 )^- + m 4 j^(u x u 2 u 3 ) 

=> ) = U ] U 2 U 3 ^7 + m 4 («1«2 + «3 m 1 ^ + »3«2 ( usin g ( a ) above) 

=> fa\ u l u 2 u 'i u 4 ) = M 1 M 2«3 + «1«2 m 4 + «1 M 3 M 4 + «2 M 3 M 4 “^T 

= U]U 2 Ut > U 4 +M 3 M 2 M 3 M 4 +!/p/2 M 3 M 4 + U\U 2 U 2 U 4 

(c) Generalizing (a) and (b) above, • w„) = u x u 2 •••u n _\u' n +U\U 2 ■■■u n - 2 u' n _\u n H-t-w{« 2 '" u n 


76. 




•0-l(w-x / ” ) -m-x m 1 m—\—2m —m— 1 

--- = —^— = -m • x = -m • x 

Q m ) 2 x 2m 


77. P = y^J ih ~ ^y ■ We are holding T constant, and a, b, n, R are also constant so their derivatives are zero 


rfP _ (K-«Q-0-(«i?r)(l) P 2 (0)-(a« 2 )(2F) 




(V-nb) 2 


(V 2 ) 2 


-nRT , 2a/r 
(V-nb) 2 V 3 


78. /!(</) = 


km 


3.4 THE DERIVATIVE AS A RATE OF CHANGE 

1. s =t 2 -3t + 2, 0 <t <2 

(a) displacement = As = s(2)-s(0) = 0m-2m = -2m,v JV = -y = y = -1 m/sec 

(b) v = y- = 2t-3 |v(0)| = | —31 = 3 m/sec and |v(2)| = 1 m/sec; a = ^y = 2 => a( 0) =2 m/sec 2 and 

dt 

a(2) = 2 m/sec 2 

(c) v = 0 => 2t - 3 = 0 => t = 4- v is negative in the interval 0 < t < and v is positive when y < t < 2 => the 
body changes direction at t = -|. 

2. s = 6t-t 2 ,0 <t <6 

(a) displacement = As = s(6) -s(0) = 0 m, v av = y = |- = 0 m/ sec 

(b) v = y = 6-2 1 => |v(0)| = 161 = 6 m/sec and |v(6)| = | —61 = 6 m/sec; a = = -2 => a(0) = -2 m/sec 2 and 

2 

a(6) = -2 m/sec 

(c) v = 0=>6-2t=0=>t=3.vis positive in the interval 0 < t < 3 and v is negative when 3 < t < 6 => the 
body changes direction at r = 3. 
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3. s = -t 3 +3t 2 -3t,0<t<3 

(a) displacement = As = s(3)-s(0) = -9 m, v av =^ = = ^- = -3ml sec 

(b) v = ^ = -3 1 2 + 6?-3=> |v(0)| = | -31 = 3 m/sec and |v(3)| =| -121 = 12 m/sec; a = = -6t + 6 

2 2 
=^> a(0) = 6 ml sec" and a(3) = -12 m/ sec 

(c) v = 0 => -3 1 2 + 6t - 3 = 0 => t 2 - 2t + 1 = 0 => (t-1) 2 = 0 => t = 1. For all other values of t in the interval 

2 

the velocity v is negative (the graph of v = —3 1 + 6t - 3 is a parabola with vertex at t = 1 which opens 
downward =^> the body never changes direction). 

4. s = 1 ^-t 3 +t 2 ,0<f <3 

(a) As = s(3)-s(0) =|m, v av = = | = |m/sec 

(b) v = t 3 -3t 2 +21 =^> |v(0)| = 0 m/sec and | v(3)| = 6 m/sec; a = 3 1 2 -6t+2 => a(0) = 2 m/ sec 2 and 

a( 3) =11 m/sec 2 

(c) v = 0 => ? 3 - 3t 2 + 2t = 0 => t(t - 2 )(t -1) = 0 => t = 0,1, 2 => v = t(t - 2)(t -1) is positive in the interval for 

0 < t < 1 and v is negative for 1 < t < 2 and v is positive for 2 < t < 3 => the body changes direction at t = 1 

and at t = 2. 


5. S =-y---7, 1 < t < 5 

t t 

(a) As = s(5) - s(l) = -20 m, v av = - = -5 m/ sec 

(b) v = +-y => | v(l)| = 45 m/sec and | v(5)| = \ m/sec; a = a(l) = 140m/sec 2 and a(5)= m/sec 2 

t t 5 t t 25 

(c) v = 0 ~ 50 + 5t = 0 -50 + 5t = 0^>t = 10^> the body does not change direction in the interval 


6 . 


s -4 <t <0 
/+5 ’ 

(a) As = s(0) —s(—4-) = -20 m, v av = -yp = -5 m/sec 

(b) v = ~ 25 ^ => Iv(—4)I = 25 m/sec and |v(0)| = 1 m/sec; a = 50 , => a(- 4) = 50 m/sec 2 and a(0) = f m/sec 2 


(c) 


v = 0 => 


-25 

0+5) 2 


0 => v is never 0 => the body never changes direction 


3 2 

7. s=t —61 +9? and let the positive direction be to the right on the s-axis. 

(a) v = 3t 2 -12/ + 9 so that v = 0=>t 2 -4t+3 = {t-3){t -l)=0=>t=lor3;a = 6t-12=> a(l) = -6 m/ sec 2 
and a(3) = 6 m/ sec . Thus the body is motionless but being accelerated left when t = 1, and motionless 
but being accelerated right when t = 3. 

(b) a = 0 => 6t -12 = 0 => t - 2 with speed |v(2)| = 112 -24 + 9| = 3 m/sec 

(c) The body moves to the right or forward on 0 < t < 1, and to the left or backward on 1 < / < 2. The positions 
are s(0) = 0, s(l) = 4 and s(2) = 2 => total distance =|s(l) —s(0)| + |s(2) -s(l)| = |4| + | -2| = 6 m. 


8. v = t 2 -At +3 => a = 2t-4 

(a) v = 0=>t 2 -4t + 3 = 0=>f=lor3=> a( 1) = -2 m/sec 2 and a( 3) = 2 m/sec 2 

(b) v > 0 => (t- 3) (t -1) >0=>0<r<lort>3 and the body is moving forward; v < 0 => (t-3){t -1) < 0 
=^> 1 < t < 3 and the body is moving backward 

(c) velocity increasing =>a>0=>2t-4>0=>r>2; velocity decreasing ^>a<0=>2t-4<0=>0<t<2 

9. s,„ = 1.86? 2 => v m = 3.12t and solving 3.72? = 27.8 => t « 7.5 sec on Mars; Sj = 11.44r 2 Vj = 22.88 1 and 
solving 22.88? = 27.8 => t «1.2 sec on Jupiter. 
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10. (a) v(t) = s'(t) = 24-1. 6t m/sec, and a(t) = v\t) = s"(t) = -1.6 m/sec 2 

(b) Solve v(t) = 0 => 24-1.6t = 0 => t = 15sec 

(c) s(15) = 24(15) -.8(15) 2 = 180 m 

(d) Solve s(t) = 90 => 24t -.St 2 = 90 => t = 30±l ^^ « 4.39 sec going up and 25.6 sec going down 

(e) Twice the time it took to reach its highest point or 30 sec 


11. ^ = 15 t-\g s t 2 => v = 15 -g s t so that v = 0 => 15 -g s t = 0 => g s = y-- Therefore g s = = 4 = 0-75 m/sec 2 

12. Solving s m =832t -2.6t 2 = 0=> t(832 -2.6t)=0=>t =0 or 320 =>320 sec on the moon; 

solving s e = 832t-16t 2 = 0 =>t(832 -16t) = 0=>t =0 or 52 =>52 sec on the earth. Also, v m =832 -5.2t =0 
=> t = 160 and s m (160) = 66,560 ft, the height it reaches above the moon’s surface; v e = 832-32 1 = 0 
=^> t = 26 and s e { 26) = 10,816 ft, the height it reaches above the earth’s surface. 


13. (a) ^ = 179 — 16r 2 => v = —32t => speed = |v| = 32t ft/sec and a = -32 ft/sec 2 

(b) s = 0 => 179 -16t 2 = 0 => t = ~ 3.3 sec 

(c) When t = v = -32^j^ = -8 yfm ~ -107.0 ft/sec 


14. (a) lim v = lim 9.8(sin 6)t = 9.8t so we expect v = 9.8t m/sec in free fall 
(b) a = ^ = 9.8 m/sec 2 


15. (a) 
(c) 


at 2 and 7 seconds 

Ivl (m/sec) 

t 

Speed 



(b) between 3 and 6 seconds: 3 < t < 6 

(d) 



16. 


(a) 

(b) 


P is moving to the left when 2<t<3or5<t<6;Pis moving to the right when 0 < t < 1; P is standing 
still when l<f<2or3<t<5 


v (cm/sec) 



speed (cm/sec) 

4}- 0—0 


-6 6- 1 -►Msec! 

12 3 .3 6 


17. (a) 190 ft/sec (b) 2 sec 

(c) at 8 sec, 0 ft/sec (d) 10.8 sec, 90 ft/sec 

(e) From t = 8 until t = 10.8 sec, a total of 2.8 sec 

(f) Greatest acceleration happens 2 sec after launch 

(g) From t = 2 to t = 10.8 sec; during this period, a = ® -32 ft/sec 2 

lU.o —L 
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18. (a) Forward: 0 < t < 1 and 5 < t < 7; Backward: 1 < t < 5; Speeds up: 1 < t < 2 and 5 < t < 6; 

Slows down: 0 < t < 1, 3 < t < 5, and 6 < t < 7 

(b) Positive: 3 < t < 6; negative: 0 < t < 2 and 6 < t < 7; zero: 2 < t < 3 and 7 < t < 9 

(c) t = 0 and 2 < t < 3 

(d) 1 <t <9 

19. s — 490t~ => v — 980t => q = 980 

(a) Solving 160 = 490t 2 => t = ysec. The average velocity was ‘^ 4/ ^ 7 ' <(Q) = 280 cm/sec. 

(b) At the 160 cm mark the balls are falling at v(4/7) = 560 cm/sec. The acceleration at the 160 cm mark 
was 980 cm/sec 2 . 

(c) The light was flashing at a rate of yy = 29.75 flashes per second. 

20. (a) 



21. C = position, A = velocity, and B = acceleration. Neither A nor C can be the derivative of B because B’s 
derivative is constant. Graph C cannot be the derivative of A either, because A has some negative slopes 
while C has only positive values. So, C (being the derivative of neither A nor B) must be the graph of position. 
Curve C has both positive and negative slopes, so its derivative, the velocity, must be A and not B. That leaves 
B for acceleration. 

22. C = position, B = velocity, and A = acceleration. Curve C cannot be the derivative of either A or B because C 
has only negative values while both A and B have some positive slopes. So, C represents position. Curve C 
has no positive slopes, so its derivative, the velocity, must be B. That leaves A for acceleration. Indeed, A is 
negative where B has negative slopes and positive where B has positive slopes. 

23. (a) c(100) =11,000 => c av = $110 

2 

(b) c(x) = 2000 +100.r-.lx => c'(x ) = 100 ~.2x. Marginal cost = c'(x ) => the marginal cost of producing 
100 machines is c'(100) = $80 

(c) The cost of producing the 101st machine is c(101) -c(100) = 100-yR = $79.90 

24. (a) r(x) = 20000^1-yj => r'(x) = 200 ) 0Q , which is marginal revenue. r'(100) = 2 ^° = $2. 

(b) r'(101) = $1.96. 

(c) lim r'(x) = lim 200 , 00 = 0. The increase in revenue as the number of items increases without bound will 

X —^OO X —>00 x 

approach zero. 
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25. b(t) = 10 6 +10 4 t -10 3 r => b’(t) = 10 4 -(2)(10 3 t) = 10 3 (10 -2t) 

(a) b'{0) = 10 4 bacteria/hr (b) b'{5) = 0 bacteria/hr 

(c) fe'(10) = -10 4 bacteria/hr 

26. S'(w) = = y=; S increases more rapidly at lower weights where the derivative is greater. 

27. (a) ,.6(l-i) 2 .6(l-i + i)^f.i-l 

(b) The largest value of ^ is 0 m/h when t = 12 and the fluid level is falling the slowest at that time. 
The smallest value of y- is -1 m/h, when t = 0, and the fluid level is falling the fastest at that time. 

(c) In this situation, y- < 0 => the graph of y is 

always decreasing. As y- increases in value, 
the slope of the graph of y increases from -1 
to 0 over the interval 0 < t < 12. 


28. Q(t) = 200(30 -t) 2 = 200(900 -60/ + 1 2 ) => Q\t ) = 200(-60 + 21) => Q\\ 0) = -8,000 gallons/min is the rate 
the water is running at the end of 10 min. Then ^ >< 10 )^C>(0) _ _jq qqq gallons/min is the average rate the water 
flows during the first 10 min. The negative signs indicate water is leaving the tank. 

29. s'(v) = 1.1+0.108v; ^'(35) = 4.88, s'(70) = 8.66. The units of ds/dv are ft/mph; ds/dv gives, roughly, the 
number of additional feet required to stop the car if its speed increases by 1 mph. 

30. (a) V = ixr 3 = 4nr 2 4f\ = 4tt( 2) 2 = 16;r ft 3 /ft 

3 dr Ctf \y —2 

(b) When r = 2,y- = 16;r so that when r changes by 1 unit, we expect V to change by approximately 167T. 

3 

Therefore when r changes by 0.2 units V changes by approximately (16;r)(0.2) = 3.2;r «10.05 ft . 

Note that V(2.2)-V(2) «11.09 ft 3 . 

31. 200 km/hr = 55| m/sec = m/sec, and D = y f 2 => V = ^ yt. Thus V = => y t = 7y => t = 25sec. When 

t = 25, D = y (25) 2 = yy m 

32. s — v 0 t — 16t 2 => v — Vn -32 1; v = 0 => t =^; 1900 = v n t -16t 2 so that t=£=> 1900=^—^ 

u v 51 _ 51 51 o4 

^ v 0 = 7(64)0900) = 8oVl9 fl/sec and, finally, - 238 mph. 

33. 

S 


(a) v = 0 when t = 6.25 sec 

(b) v > 0 when 0 < t < 6.25 => body moves right (up); v < 0 when 6.25 < t < 12.5 => body moves left (down) 
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(c) body changes direction at t = 6.25 sec 

(d) body speeds up on (6.25,12.5] and slows down on [0, 6.25) 

(e) The body is moving fastest at the endpoints t = 0 and t = 12.5 when it is traveling 200 ft/sec. It’s moving 
slowest at t = 6.25 when the speed is 0. 

(f) When t = 6.25 the body is s = 625 m from the origin and farthest away. 

34. 



(b) v < 0 when 0 < t < 1 .5 => body moves left (down); v > 0 when 1.5 < t < 5 => body moves right (up) 

(c) body changes direction at t |sec 

(d) body speeds up on 5 J anc j slows down on |^ 0 , 4 ) 

(e) body is moving fastest at t = 5 when the speed = | v(5) | = 7 units/sec; it is moving slowest at t = ^ when 
the speed is 0 

(f) When t = 5 the body is s = 12 units from the origin and farthest away. 


35. 



=> body moves right (up) 

(c) body changes direction at t = sec 

l u ( 6+^ 4 


(d) body speeds up on 6 ^ , 2^ 


and slows down on 


n e—vu v ,/ 9 6+yi? ' 

U, , w z., 

J 3 


(e) The body is moving fastest at t = 0 and t = 4 when it is moving 7 units/sec and slowest at t = 


_ 6±VH 


sec 


(f) When? = 


6+JI5 


the body is at position s ~ -6.303 units and farthest from the origin. 
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(a) v = Owhent=-24411 

(b) v < 0 when 0 < t < 6 ~^ or 6+ ^ <t <4=> body is moving left (down); v > 0 when 6 ~^ < t < 6+ ^ 
=> body is moving right (up) 

(c) body changes direction at t = 6± ^ sec 

(d) body speeds up on 2 )4 and slows down on 0,-2=^Ju(2,-2+^IJ 

(e) The body is moving fastest at 7 units/sec when t = 0 and t = 4; it is moving slowest and stationary 
at t = 

(f) When t = 6+ ^ the position is s « 10.303 units and the body is farthest from the origin. 

3.5 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 


1. y = -lOx + 3cosx => -4 = -10 + 3^(cosx) = -10 -3sinx 


2. v=4 + 5sinx=>-^4 = + 5 4: (sinx) = ^- + 5 cosx 

X UX dx 


3. y = x 2 cosx => ^ = x 2 (-sin x) + 2x cosx = -x 2 sinx + 2xcos x 

4. y = -Jx secx + 3 => ^ = Vxsecxtanx + sec^r + q = yfx sec x tan x + 


5. y = esc x — 4 Vx + -4- =>2^= - 


esc x cot x —%= - — 


6. y =x 2 cotx -~y => ^ = x 2 (cot x) + cotx--^(x 2 ) +-y = -x 2 esc 2 x+ (cot x)(2x) + -4- 

2 2 2 * * 

= -x esc x + 2x cot x + -4r 

X 

7. /(x) = sinx tan x => f'(x) = sinx sec 2 x + cosx tan x = sinx sec 2 x + cosx^^- = sinx(sec 2 x + 1) 

1 2 3 2 

8. g(x) = C0 ^ X =_i_ .cgsx _ esc X cotx => g'(x) - CSC x(-CSC x)+(-cscxcot x)cotx =-esc x-cscxcot X 

7 s in 2 x sin* sin * ® 7 

2 2 

= -esc x(csc x + cot” x) 


9. y = xe r secx =>* = &r(x)e r secx+x^(e *)secx+xe r ^r(secx) = e *secx-xe 1 secx + xe *secxtanx : 
e~ x sec x(l - x + x tan x) 
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10. y = (sinx + cosx)secx => ^ = (sinx + cosx) ^(secx) + secx-+ (sinx + cosx) 

= (sin x + cos x)(sec x tan x) + (sec x)(cos x - sin x) = -^-+ cosx ~ 

• 2 -2 • i o C ° S X 

_ sin x+cosxsmx+cos x-cosxsinx _ 1 _ v 

-y ry - OVV Ji 

COS X COS X 

|Note also that y = sinxsecx + cosxsecx = tanx + 1 => = sec 2 x.j 

cotx dy (l+cotx)^(cot.r)-(cotx)^(l+cotx) (1+cot x)(-csc 2 x)-(cotx)(-csc 2 x) 


11. y = 


1+cot x dx 


(1+cot xy 
_ -esc 2 x 


(1+cot xy 


12. v = -^ _ . 
^ l+sin x dx 


(1+cot xy (1+cot x) 2 

dy _ (t+sin x )^( cos x)-(c°sx)-^(l+sin x) _ (l+sinx)(-sinx)-(cosx)(cosx) _ _ s 


_1 _ -(1+sinx) _ _i 


(l+sin x) 2 


(l+sin x) 2 


(1+sinx) 2 


(1+sinx) 2 (1+sinx) 2 1+sinx 


13. y = —+ —— = 4secx + cotx =^> = 4 sec x tan x-esc 2 x 

^ cos x tan x dx 


14 y = CQSX ! X 
+ v 


cos x dx 


dy _ x(—sin.r)-(cosx)(l) (cos*)(l)-*(-sinx) _ -, v sin.v-cos x ( cosx+xsinx 


15. y = (secx +tanx) (secx-tan x) =^> ^ = (secx +tanx) ■+(sec x-tanx) +(secx-tanx)-+(secx + tanx) 

2 2 
= (sec x + tan x)(sec x tan x - sec" x) +(sec x - tan x) (sec x tan x + sec x) 

2 232 2 23 2 

= (sec” x tanx + sec x tan x-sec x-sec” x tanx) + (sec x tan x-sec x tan” x + sec x-tanx sec x) = 0. 


( 9 7 7 7 dv \ 

Note also that y = sec x - tan" x = (tan” x +1) - tan" x = 1 => = 0. 


2 dy 7 

16. y = x" cosx-2xsinx-2cosx => = (x"(-sinx) + (cosx)(2x)) -(2xcosx + (sinx)(2))-2(-sinx) 

2 • 2 • 

= -x" smx + 2xcosx -2xcosx- 2smx + 2sinx = -x sinx 

17. /(x)=x sinxcosx => / (x) =x sinx(-sinx) +x cosx(cosx)+ 3x sinxcosx 

3 2 3 2 2 • 

= -x sin x+x cos x + 3x sinxcosx 

18. g(x) = (2 -x) tan 2 x => g'(x) = (2 -x) (2 tanx sec 2 x) + (-l)tan 2 x = 2(2 -x) tanx sec 2 x-tan 2 x 

2 

= 2(2 - x) tan x(sec" x - tan x) 


19. s = tant-e ' => 4 ;- = sec 2 t + e ’ 

dt 


20. s = t 2 -sect +5e => = 2t-sect tan t + 5e 

dt 


21. 5 = 


l+csc t _^ ds _ (1 CSC ?)( CSC/ cot 1) (l+cscf)(cscf cott) _ — cscf cot?+csc 2 tcott— cscf cott-csc 2 / cot t _ -2 CSC t cot t 


1-csc/ dt 


(1-cscf) 2 


(1-csc*) 2 


(1-cscO 2 


22 s = sinf ds_ _ (1—cos/)(cosQ (sin/)(sin/) _ cosf-cos 2 1— sin 2 1 _ cosf—1 _ _ 1 __l_ 

1-cos t dt (1— cost) 2 (1—cos*) 2 


(1-cos tf 1-cos t cos t-\ 


23. r = A —9 2 sin 9 => 

dO 


-( 9 2 ^(sin<9) + (sin#)(2#)) = ~(9 2 cos6 , + 26’sin6 ) ) = -<9(<9cos# + 2sin 9) 


24. r = 9sm 9 + cos 9 => = (8 cos 9 + (sin 8)(1)) -sin 9 = 9 cos 9 

dU 
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25. r = sec 9esc 9 ^ = (sec9)(-csc9cot9) + (csc9)(sec9tan9) = (—+ ( J—V_L—V 

dd \cos9 !\sm9 > V sin# / Vsin^/Vcos^/tcos#/ 

= +—h—= sec 2 9- esc 2 9 

sirr 9 cos 9 

26. r = (1 + sec 9) sin 9 => ^ = (1 + sec 0) cos 9 + (sin 0) (sec 0 tan 0) = (cos # +1) + tan 2 9 = cos 9 + sec 2 0 

27. p = 5 + —— =5 + tang => yjp- = sec 2 q 

r cotg 1 dq 1 

dp • * 2*2 

28. p = (1 +cscg)cosg => = (1 +cscg)(-sing) + (cosg)(-cscgcotg) = (-sin q -1) -cot - q = -sin q -esc q 


29. 

30. 

31. 


_ sin^+cosg rfp _ (cos^Xcosg-singt-tsinij+cost/X-sing) _ cos 2 g-cosgsin^+sin 2 <y+cos<7sin<7 
P cos q dq cos 2 q cos 2 q 

2 2 2 2 2 2 
_ tanq dp _ (l+taru/)(sec q)-(tan q)(sec~ q) _ sec - g+taru/sec c/—tan<7sec - q _ sec - q 

P l+tan<7 dq (l+tang) 2 (l+tan<j) 2 (l+tam/) 2 

_ qsmq dp _ (t/ 2 —l)(c/ cos ty+sin ^(1))—(^r sin c/)(2c/) _ q 3 cos q+q 2 sin q-q cos 77-sin q-2q 2 sinq 

P-^^Tq- (g 2 -!)* “ (7^ 

3 2 - 

_ q cos q-q smq-qcosq-smq 

~ (</ 2 -i ) 2 


-— = sec 2 


cos 2 q 


q 


_ 3 q + tan q dp _ (q sec q )(3 + sec 2 q)-( 3 q + tan q)(q sec q tan q + sec <7(1)) 

4 sec dq ~ (qsecq ) 2 

3 q sec q+q sec 3 q-( 3 q 2 sec q tan q+ 3 q sec q+ q sec q tan 2 <7+sec q tan q) 

(q sec q ) 2 

q sec 3 q — 3 q l sec q tan q-q sec q tan - q — sec q tan q 
(qsecq ) 2 

2 3 2 

y = cscx => y' = -cscxcot x => y" = - ((cscx)(-csc x) + (cot x)(-cscxcot x)) = esc x + cscxcot x 

2 2 2 2 3 

= (cscx)(csc x + cot“ x) = (cscx)(csc x + csc~ x —1) = 2 esc x-cscx 

2 3 2 

y = secx => y = sec x tan x => y' = (sec x)(sec x) + (tan x)(sec x tan x) = sec x + sec x tan" x 

2 2 2 2 3 

= (secx)(sec“ x + tan" x) =(secx)(sec~ x + sec x-l) = 2sec x-secx 

34. (a) y = -2 sinx => y' = -2cosx => y" = -2(-sinx) = 2sinx => y'" = 2cosx => y^ = -2 sinx 
(b) y = 9cosx =>y' = -9sinx => y" = -9cosx => y'" = -9(-sinx) = 9sinx => j ,4) = 9cosx 

35. y = sinx => y' = cosx => slope of tangent at x = —n is 
y\-ri) = cos (-n) = -1; slope of tangent at x = 0 is 
y'( 0) = cos (0) = 1; and slope of tangent at x = is 
y'(^f-) = cos^f- = 0. The tangent at (-n, 0) is 
y - 0 = -l(x + Ti), or y - -x - n\ the tangent at (0, 0) is 
y - 0 = 1 (x - 0), or y = x; and the tangent at 

-l) is T = -1. 



33. (a) 
(b) 
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36. y = tan x => y' = sec 2 x => slope of tangent at x = --j is 
sec 2 j) = 4; slope of tangent at x = 0 is sec 2 (0) = 1; and 
slope of tangent at x = y is sec 2 ^y j = 4. The tangent 
at(—|,tan(—= (--|,->/3j is y + Ji = 4^x + ^); the 
tangent at (0, 0) is y = x; and the tangent at 

(f ’ tan (f)) = (f ’ ^3) is j - V3 = 4(x -f). 

37. y = sec x => y' = sec x tan x => slope of tangent at 

x = -y is sec (~y) tan (~y) = -2%/3; slope of tangent 

at x = y is sec I y j tan I y j = The tangent at the point 

("f ’ SeC (- 3 )) = (-f ’ 2 ) ‘ S 4~ 2 = ~ 2 ^ ( X + f ) ; the 

tangent at the point sec (yjj = (y, -Jl j is 

T-V2 =V2(x—|). 

38. y = 1 + cosx => y' = -sinx => slope of tangent at x = -y is 

-sin^-yj =: y-; slope of tangent at x = yy is -sin^yij = 1. 
The tangent at the point y, 1+ cos(— yjj = (-y, yj 

isj -y = ~^~(x +yj; the tangent at the point 
(-y ,1 + cos jj = (-y, lj is y -1 = x 




39. Yes, y = x + sinx => y' =l + cos x; horizontal tangent occurs where 1 + cosx = 0 => cosx = -1 => x = n 

40. No, y = 2x + sin x => y' = 2 + cos x; horizontal tangent occurs where 2 + cosx = 0 => cos x = -2. But there are 
no x -values for which cos x = -2. 


41. 


2 2 2 
No, y - x cot x => y’ = 1 + esc x; horizontal tangent occurs where 1 + esc x = 0 => csc~ x = -1. But there are no 

2 

x-values for which csc~x = -l. 


42. Yes, y = x + 2 cosx => y' = 1 -2 sin x; horizontal tangent occurs where 1-2 sin x = 0 => 1 = 2 sin x 
=> ^ = sin x => x = -7 1 or x = ^4 

2 00 


43. We want all points on the curve where the tangent 
line has slope 2. Thus, y = tan x => y' = sec 2 x so that 
y' = 2 => sec 2 x = 2 => sec x = ± -Jl => x = +-£. Then the 
tangent line at (y, lj has equation y -1 = 2 ^x - yj; the 
tangent line at ( - y, — lj has equation y + 1 = 2^x + yj. 
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44. We want all points on the curve y = cot x where the tangent 

line has slope-1.Thus y = cot* => y = -esc x so that 
2 2 

y' = - 1 => —esc - X = -1 => CSC - V = 1 => CSCX = ±1 => X = y. 
The tangent line at ly, oj isy = -x+-j- 



45. 


y = 4 + cotx-2cscx => y' = -esc - x + 2cscx cotx = - 



(a) When x = y, then y' - -1; the tangent line is y = -x + ^ + 2. 

(b) To find the location of the horizontal tangent set y’ = 0 1 - 2 cos x = 0 => x = -j radians. When x = y, 

then y = 4— ~J3 is the horizontal tangent. 


46. v = 1 + -jl esc x +cot x => v' = -V 2 esc x cot x -esc 2 x = -(-4—l/ ^ cos;>:+1 j 

V sin x / ^ sin x j 

(a) If x = - j, then y' = -4; the tangent line is y = —4x + ;r + 4. 

(b) To find the location of the horizontal tangent set y' = 0 => ~J2 cosx + 1 = 0 => x = radians. 
When x = then y = 2 is the horizontal tangent. 

47. Iimsin(4-4.) = sin(4.-4.) = sin0 = 0 


48. lim yJl + cos(7rcscx ) = 1 Jl + cos(7rcsc(--|-)) = ^1 + cos(;r-(—2)) 


sin 0—\ j 

49. lim -^ = -4-(sin0) 

e ~T de 


0=¥ 


*=f 


50. lim = -^L(tan 9) 

e-f de 


Q—E. sec 0 


-HfK 

= sec 2 (f) = 2 


51. lim sec 

x-»0 


+ n tan (7— 2 —)-l =sec 1 + n tan( , g „ )-1 = =sec zr tan(^) = sec (zr) = —1 
\4secx/ J \4 secO/ J |_ \4/J v ’ 


52. 


lim sin ( * + tanx \ = sin ( « n + t «°0 J = sin (A = 
v \tanx—2 sec x) \ tan 0-2 sec 0/ \ 2/ 




53. lim tan 

0 


/, s ’ n 

l —) 

54. lim cos = cos n lim -Q— 

9 -»0 { 9 ^ 0 smd J 


= tan | 1 - lim -— = tan (1 -1) = 0 

i->o 1 1 


= cos 


1 


n • 


lim si, y 
V 9->o 0 J 


= cos (n -j) = -1 


Copyright © 2014 Pearson Education, Inc. 




Section 3.5 Derivatives of Trigonometric Functions 


149 


55. s = 2-2 sin t => v =4 L = -2 cos t => a = 4^ = 2 sin t => j 

at at J 

= —*/2 m/sec; speed = |= v /2 m/sec; acceleration = a 


= ^ = 2cost. Therefore, velocity = 

= V 2 m/sec 2 ; jerk = j = V 2 m/sec 3 . 


56. y = sin t + cost => v = 4r = cost - sin t => a = = -sin t - cos t => j = ^j~ -cos t + sin t. Therefore velocity 


dt 


dt 


v(j) = 0 m/sec; speed = v^j = 0 m/sec; acceleration = a = ->/2 m/sec 2 ; jerk = y|-^j = 0 m/sec 3 . 


57. lim /(x) = lim 


x-»0 


x->0 


■ = lim 9( s1 ” 3jc )( s1 “ 3x ) = 9 so that /is continuous at x = 0 : 
x —>0 \ ix J\ ix J 


■ lim /(x) = /(0) => 9 = c. 

x—>0 


58. lim g(x) = lim (x + b) =b and lim g(x) = lim cos x = 1 so that g is continuous at x = 0 => lim g(x) 
x—>0" x-»0" x—>0 + x->0 + x—>0" 

= lim g(x) => b = 1. Now g is not differentiable at x = 0: At x = 0, the left-hand derivative is jj-(x + b) | Ar= o = F 

x—>o + dx 

but the right-hand derivative is jj- (cosx)| A . =0 = -sinO = 0. The left- and right-hand derivatives can never agree 
at x = 0 , so g is not differentiable at x = 0 for any value of b (including b = 1 ). 


59. 


j999 ,4 

qqq (cosx) = sin x because -^(cosx) = cos x ; 
dx 999 ' dx 4 

multiple of 4 is cos x. Thus, dividing 999 by 4 gives 999 = 249 -4 + 3 

= -^Fr(cosx) = sin x. 

dx 1 


the derivative of cos x any number of times that is a 


^(cosx) 


dx 


dx 3 


dx- 


- (cos x) 


60. (a) y = secx: 

(b) y = esc x = 

(c) y = cotx = 


1 


cosx 

1 ■ 

sin* 

cosx . 


dx 

dy 

dx 

dy 

'lh 


(cosx)(0)—(1)(—sinx) _ s i n x 


(cosx) cos . 

(sinx)(0)-(l)(cosx) _ -cosx 

(sinx) 2 sin 2 x 

(sin x)(-sin x)-(cos x)(cos x) 

(sinx) 2 


= sec x tan x : 


■ yTsec x) = sec x tan x 


■ ( 1 1 ( sin x \ 

V cosx/V cosx/ 

= = -cscxcotx => -y-(cscx) = -cscxcotx 

V sin x / \ sin x / dx 


-1 


= -esc x => 


-^T(cotx) = -esc" 


61. (a) t = 0 x = 10cos(0) = 10 cm; t =j -» x =10cos(yj = 5 cm; t = ^~ -» x = lOcos^j = -5^2 cm 

(b) t = 0 -» v = -10sin(0) = 0 m ; t = v = -10sin(-^) =-5^3—-, t = -> v = -10sin(^) = -5^2 m 

62. (a) t = 0 -» x = 3cos(0) + 4sin(0) =3 ft; t = y x = 3cos(y) + 4sin(y) = 4 ft; 

( = n —> x = 3cos(^) + 4 sin(;r) = -3 ft 

(b) / = 0 -> v = —3sin(0) +4cos(0) = 4 —; t - -7 v = -3 sin (-?F) + 4 cos (- 7 ) = -3—; 

sec z \ z j \ z j sec 

t = n -> v = -3 sin( 7 r) + 4 cos(;r) = “4 TF- 

63. 


y y 



and closer to the black curve y = cosx because - 7 -(sin x) = lim sm(A +^) slnA _ cosx The same is true as h takes 

dx j, .n « 


on the values of-1, -0.5, -0.3 and -0.1. 
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As h takes on the values of 1, 0.5, 0.3, and 0.1 the corresponding dashed curves of y = cos C + ^ L0SA g et c i oser 

and closer to the black curve y = -sin x because 4~ (cosx) = lim C0S(A +^) cosv _ _ s ; n x q^g same ; s true as /, 

dx //—>0 h 

takes on the values of-1, -0.5, -0.3, and -0.1. 



The dashed curves of y = sln(A + /; Mm(^ l>) are c i oser t 0 the black curve y = cosx than the corresponding 
dashed curves in Exercise 63 illustrating that the centered difference quotient is a better approximation of 
the derivative of this function. 



v4 -/j' l_cos(X_ h') 

The dashed curves of v = — -—— -are closer to the black curve y = -sin x than the corresponding 

dashed curves in Exercise 64 illustrating that the centered difference quotient is a better approximation of 
the derivative of this function. 


66 . lim l Q+/i l 1 ° h \ - |j m K l /? l = li m 0 = 0 => the limits of the centered difference quotient exists even though the 
A ->0 2h x^O 2h h ^>0 

derivative of / (x) = \x\ does not exist at x = 0. 


2 

67. y = tan x => y’ = sec x, so the smallest value 

y = sec x takes on is y = 1 when x = 0; y' has no 
maximum value since sec x has no largest value 
on (--j’ ■§"); y' * s never negative since sec 2 x > 1. 



2 

68 . y = cotx => y = -esc” x so y has no smallest 
value since -esc" x has no minimum value on 
(0,7r); the largest value of y' is -1, when x - 
the slope is never positive since the largest value 
y' = -esc 2 x takes on is -1. 
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69. y = appears to cross the y-axis at y = 1, since 

lim = 1 ; y = sin2x appears to cross the y-axis at 

x-»0 x x 

y = 2 , since lim Sln2x = 2 ; y = sm4x appears to 

x—>0 x x 

cross the y-axis at v = 4, since lim Sln4x = 4. 

x—>o x 

However, none of these graphs actually cross the 
y-axis since x = 0 is not in the domain of the 

functions. Also, lim Sln5x = 5, lim — 3r> = -3, 

x—>0 x x—>0 x 

and lim Slnfa = k => the graphs of y = sm5x , 

x—>0 x x 

sin(- 3 x) j sin Ax i ^ j / 

y = —-—, and y = —-— approach 5, -3, and k , 

respectively, as x —» 0. However, the graphs do not 
actually cross the j-axis. 


y 



h 

sin h 

h 

(nr) (~t) 

1 

.017452406 

.99994923 

0.01 

.017453292 

1 

0.001 

.017453292 

1 

0.0001 

.017453292 

1 


lim 

/2—>0 


sin h° 
h 


lim 

x->0 



(converting to radians) 


lim 

li —>0 


sin | 


180 

( 180/ 


lim 

<9->o 


-5_ sin 0 
180 M 


e 



h 

cos h—1 

h 

1 

-0.0001523 

0.01 

-0.0000015 

0.001 

-0.0000001 

0.0001 

0 


cos h _1 

lim —-— = 0 , whether h is measured in degrees or radians. 
h-> 0 /! 


, , T , d , ■ \ sin(x+/ 2 )-sinx (sinx cos h + cos x sin / 2 )-sinx 

(c) In degrees, -^-(sinx) = lim- - -= lim- - - 

dx h-> 0 h h~> 0 " 

.. / • cos h—\ t ,. / sin/A , . ... /cos/i-l) , , / sin /? \ 

= hm sin x- ; — + lim cos x ■ —r~ = (sin x ) • lim — ; — + (cos x) ■ lim — r - 

h-*>\ h I h-> o\ h ) /;—>oV h ) h —>ov h I 

= (sin x)(0) + (cosx) (^) = yf^cosx 

/ j-, T i d , x ,. cos(x+h)-cosx (cosxcos /z-sinxsin/z)-cosx 

(d) In degrees, - 7 -(cosx) = lim- - -= lim- - -- 

dx /z—>0 h /z—>0 h 

(cos x)(cos /z—1)— sinx sin h I cosh— 1\ / . sin /z \ 

= lim-—- r 1 -= lim cos x-7— - lim sin x • —7— 

h —^0 h h —^0' h I 4-»i0\ * 1 

= (cos x) lim ) C0S /; /, ~' j - (sin x) lim j = (cos x)(0) - (sin x) (^) = -^ sin x 

(e) ^(sinx) (jf^cosx) = -(^f sinx; j^(smx) sinxj = -(^J 3 cosx; 

^(eosx) = f x (-^ sinx) = -(^f cosx;^(cosx) = cosx J = sinx 
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3.6 THE CHAIN RULE 

1. /(if) = 6 u -9 =^> f'(u) = 6 => f'{g{x )) = 6 ;g(x) = j.x 4 =^> g'(x) = 2x 3 ; 
therefore ^ = f'(g(x))g'(x) = 6 • 2 x 3 = 12x 3 

2 . /(h) = 2h 3 =>/'(h) = 6m 2 =^>/'(g(x)) = 6 ( 8 x-l) 2 ;g(x)= 8 x-l=>g'(x)= 8 ; 
therefore ^ = /'(g(v))g'(x) = 6 ( 8 x-l ) 2 -8 =48(8x-l) 2 

3. /(h) = suih=>/'(h)=cosh=> /'(g(x)) = cos(3x+l);g(x) = 3x+l => g'(x) = 3; 
therefore ^ = f'(g(x))g'(x) = (cos(3x+1))(3) =3cos(3x+l) 

4. / (u) = cos u => f\u) = -sinii => /'(g(x)) = -sin(e“ r ); g(x) = e“ l => g'(x) = -e“*; therefore, 
t = f'(g(x))g'(x) = -sin(e“ r )(-e~ r ) = <r*sin (0 

5. /(h) = Vh => /'(h) = 2^7 => f'(g(x)) = g(v) = sinx => g'(x) = cosx; therefore, 

If-AWW-* 


6 . /(h) = sinn => /'(h) = cosh => /'(g(x)) = cos(x-cosx); g(x) = x-cosx => g'(x) = 1 + sinx; 
therefore ^ = fg(x))g '(x) = (cos(x - cos x))(l + sin x) 


, 1 , 11 1 

7. /(h) = tan h => /(h) = sec u => /'(g(x)) = sec (7rx ); g(x) = 7rx~ =>g'(x) =2nx\ 

therefore ^ = /'(g(x))g'(x) = sec 2 (7rx 2 )(2;rx) = 2;rxsec 2 (;rx 2 ) 

8. /(h) = -sec h => /'(h) = -sec h tan u => /'(g(x)) = -sec(2- + 7x)tan(i- + 7x); g(x) =i- + 7x : 
g'W = -4- + 7; therefore, ^ = /'(g(x))g'(x) = ^-7^sec(^ + 7x) tan(^ + 7x) 

9. With h = (2x + 1), y = h 5 : ^ = 5h 4 • 2 = 10(2x + 1) 4 

10. With m = (4 -3x), ji = u 9 : % = %% = 9« 8 • (-3) = -27(4 -3x) 8 


11. With u = (i- y - 


-7. dy_ = dy_du_ 
dx du dx 




12 - w " h -if:—:I0»-" //) — 


-11 


13. WithM=(4 + x-i),j=H 4 :f = = 4H 3 .(f + l + J r ) = 4(f + x-i) (f + l+^ 

14. With h = 3x 2 - 4x + 6 , j; = h 1/2 : ~ ^ 1 / 2 -(6x-4) = 


Vi 


x -4x+6 
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15. With u = tanx, y = seen: ^ = (seen tan»)(sec 2 x) = (sec(tanx) tan(tanx)) sec 2 x 

16. With u = n-±y = cot w: f = f f = (-esc 2 u)(±) = -^esc 2 (n -1) 

17. With u — tan x, y = z/ 2 : -+- = — 3z/ 2 sec 2 x = 3 tan 2 x sec 2 x 

7 ^ ax du ax 

18. With zz = cosx, y = 5u~ 4 : ^ ^ ^ = (-20z/ -5 )(-sinx) = 20(cos - x)(sinx) 

19. With u = -5x, j = e": J = e“ (-5) = -5e -5x 

20. With M = 2 ± y=( ?.± = !£<ZL = e » (2) = | e 2x/3 

3 ' dx du dx \ 3 / 3 


21. With u = 5 - lx, y = e u :^ = = e u (-7) = -7e 5-7x 


22. With u = 4>/x + x 2 , j = e": T. = e 


u. dy_ _ dy_du_ _ Ji 
dx du dx 


( 4 -K 1/2 +2x) = (-^ + 2x)J 4 ^ + 


,-1/2 


23. ^ = V^7 = (3-0 1/2 ^f4(3-t)- 1/2 -f(3-0=4(3-tr 


2~ Z'') 2x1/3 6^7 1 (r\ 2\—2/3 d /o 2\ 1 to 2\—2/3/<-) ^ \ 2—2r 

24. q=yl2r-r = (2 r-r ) ^>-^- = 4(2r-r ) ~(2r-r )=^(2r-r ) (2-2r) = ^ f; 


rfz- 


3(2 z-r 2 ) 2/3 


25. ^ = 4-sin 3/ +-y-cos 5/ => -4- = ^-cos3t -4-(3t) +-^-(-sin5t) -4-(5t) = —cos3/ -—sin 5/ = — (cos3/-sin5() 

3 ;r 5 ;r dt 5 n dt v 7 5 ;r v 7 dt x 7 n n n x 7 

26 . ^ = sinpft) + cospf) =>J = cospf))-sinM —(^) = ^cos(^)sin (^f\ 

= ^(cos^-sin^-) 


27. r = (esc 9 + cot 6>) -1 => ^ = -(esc (9 + cot <9) -2 -fWcsc (9 + cot <9) = cscdcoW+cs^d = cscg(cotg +C 8cg) = eseg 

dO dO y 7 (esc #+cot <9) 2 / rsr.#+mt ffv" cscO+cotO 


(csc#+cot 0) 


28. r = 6 (sec#-tan #) 3/2 => ^ = 6 -|-(sec0-tan ^) 1/2 ^-(sec 6 >-tan 6 >) = 9Vsec (9 - tan 9 (sec 9 tan 9 - sec 2 9) 

29. y — x~ sin 4 x + xcos -2 x =>-^- = x 2 ^(sin 4 x) +sin 4 x ~(x 2 ) + x-^(cos -2 x) + cos -2 x~(x) 

= x (4sin x-J^(sinx)) + 2 xsin x + x(- 2 cos x~(cosx))+cos x 

2 3 4 —3 • —2 

= x~(4sin xcosx) + 2 xsin x + x((- 2 cos x) (-sin x))+cos x 

2-3 4 —3 —2 

= 4x sin xcosx + 2xsin x + 2xsmxcos x + cos x 


30. y = 4sin” 5 x-ycos 3 x => y' = -^-^(sin -5 x) + sin -5 x ~f^( cosi x ) -cos 3 
= i(-5sin- 6 xcosx) +(sin" x)|—yj-y((3cos 2 x)(-sinx)) - (cos 3 x)^) 

= --sin -6 xcosx-4-sin -5 x + xcos 2 xsinx-^cos 3 x 

* x 2 3 
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31. ,. 1 L,3.v-2) 6 + (4- i l 7 )‘ 1 =,f.A, 3 ,-2) 5 .f(3x-2) + (-l)(4- 3 l r )‘ : .f(4- 5 l T ) 


<34-2)^ + H)(4-^)- 2 (i).(3,-2)’--^ 


32. 2 , = (5-2,r’ + i(l + l) 4 ^f = -3(5-2,)-(-2) + |(2 + lf(-i) 

(M’ 


= 6(5 —2jc) 


-4 _ 1 Ml 


+1 = 


( 5 - 2 .v) 4 x 2 


33. y = (4x + 3 ) 4 (x +1)“ 3 => f = (4x + 3) 4 (-3)(x +1)“ 4 ~£(x+ 1) + (x +1)“ 3 (4)(4x + 3) 3 • £ (4x + 3) 
= (4x + 3) 4 (-3)(x +1) -4 (1) + (x +1) -3 (4)(4x + 3) 3 (4) = -3(4x + 3) 4 (x +1) -4 +16(4x + 3) 3 (x +1) -3 


= —t-[— 3(4x + 3) +16(x +1)] = (4x+3) <4x+7) 


(x+iy 


(x+i r 


34. y = (2x -5) _1 (x 2 - 5x) 6 => J = (2x - 5) _1 (6)(x 2 -5x) 5 (2x -5) + (x 2 - 5x) 6 (-l)(2x - 5)~ 2 (2) 
= 6(x 2 -5x) S - 2(x ~~ 5x f 


35. y = xe x +e x =>j' = x-e x (—1) + (1) e x + 3x 2 e x =(l-x)e x +3x 2 e x 

36. y = (l + 2x)e~ 2x => = (1 + 2x) ■ e _ 2 x (-2) + (2) ■ e _2x =^txe“ 2x 

37. y = (x 2 -2x + 2)e 5x/2 => = (x“ -2x +2) •e 5x/ " + (2x -2) -e 5x/ ~ = |-|x 2 -3x + 3je 5x/2 

38. y = (9x 2 - 6 x + 2)e x => = (9x 2 - 6 x + 2)-e x (3x 2 )+ (18x-6)-e x =(27x 4 -18x 3 +6x 2 +18x-6)e x 

39. h(x ) = xtan^2Vx j + 7 => h\x ) = x-^Ctan(2x 1/2 )) + tan(2x 1/2 ) ~(x) +0 

= xsec 2 ( 2 x 1/2 ) ~( 2 x 1/2 ) + tan( 2 x 1/2 ) =xsec 2 ^ 2 ^x j --j=h- tan^ 2 \/x j = Vxsec" ^ 2 %/x ) + tan| 2 Vx j 

40. £(x) = x 2 sec(l) =* C(x) =x 2 £(secj) + sec(l)-f (x 2 ) = x 2 sec(l)tan(±)-£(±) + 2x sec (I) 

= x 2 sec tan |4j. |—L.j + 2 x sec^j = 2 x sec|4j_ sec |ljtan^4j 

41. f(x) = VTTxsecx => /'(x) = jr (7 + x sec x) ~ 12 (x • (sec x tan x) + (secx)-l) = *secxtanx+secx 

1 2V7+xsecx 

/n „/ \ tan3x v A (x+7) 4 (sec 2 3x-3)-(tan3x)4(x+7) 3 .l _ (x+7) 3 (3(x+7)sec 2 3x-4tan3x _ (3(x+7)sec 2 3x-4tan3x) 

gKX) -~^f^ gKX) - ^ 77 ? " “ 7^7 " 

42 ! f(P\-( sin 6 > 7 ^ sin6> \ d I sin6> ) = 2sind (l+cosfl)(cosfl)-(sinfl)(-sinfl) 

■ /w D+COS0/ J Z \ 1+cos 9] dO\ 1+cos 9 1 l + cos 6 >' (l + cosf ?) 2 

_ (2sin 69(cos 9 + cos 2 9 + sin 2 9) _ (2 sin 9)(cos 9 + \) _ 2 sin 9 
(1 + cos 9 ) 3 (1 + cos df (1 + cos 9) 2 
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44 / l+sin3? ) 3-2 1 (l+sin3Q(-2)-(3-2/)(3cos3/) -2-2sin 3/—9 cos3/+6/cos3/ 

' V 3-2 1 ) l+sin3? ° (l+sin3f) 2 (l+sin3f) 

45. r = sin( 6 > 2 ) cos(260 => 4 = sm(0 2 )(-sm20)-^(20) + cos(20) (cosl^ 2 ( 6 > 2 ) 

dU atf dU 

= sin( 0 2 )(-sin 260(2) + (cos260(cos (6 2 ))(260 = -2sin(6 2 )sin(260 + 26 ) cos(260cos(6 2 ) 


46. r = (sec tan (Tj 4 = (sec )(sec 2 j (--^L j + tan (T j (sec -fo tan 40) (^-^- j 



48. q = cot(^) => J = -esc 2 (^)-^(^) = (-esc 2 (^-)) ( ifigsi^iai j 


49. 


y = cos 



dy 

Jo 





)do^ d2 ) = We ~° 2 sin 



50. j = 6>V 20 COS56I => ^ = (36> 2 )(e“ 2 ^ cos560 + (£ 3 cos56»)e“ 20 ^(-26») -5(sin56O(6»V 20 ) 

= 6 'V 20 ( 3 cos 56 '- 2 < 9 cos 56 >- 56 >sin 56 O 

51 . y = sin 2 ( 7 T/ - 2 ) => ^ = 2 sin(/z 7 - 2 ) --^-sin(;zt - 2 ) = 2 sin(/r/- 2 ) -cos(/rf- 2 ) - - 2 ) 

= 27 rsin( 7 T/ - 2 )cos( 7 T/ - 2 ) 

52 . j = sec 2 7 r/ => ^|- = (2 sec nt)~ (sec 7 T/) = (2 sec 7 r/)(sec nt tan;r/) • ^-( 7 T/) = 2 ^sec 2 7 r/tan 7 r/ 


53. >> = (1 + cos 2/) 4 => ^|-=-4(1+cos2/) 5 ~(l + cos26) = -4(l+cos2/) S (-sin2/) • J^(2 1) - ^ iism ^5 


4)) 3 -x( 1 + cot (i 

)) = -2(l+ cot (-6 

or 3 .(-esc 2 (i 

))4(i 

\ csc2 (i) 

V 2// v 2 

// \ V 2 

// \ V 2 

)} dt V 2 

9 (Mi))' 


55. y = (/ tan /) 10 => ^ = 10 (/ tan /) 9 (/-sec 2 / + 1 • tan/ j = 10/ 9 tan 9 /(/sec 2 t + tan/) 

= 10/ 10 tan 9 / sec 2 / + 10/ 9 tan 10 / 

~ ,,-3/4 • .>.4/3 .-1, • ,>4/3 . dy -1/4)/ • ,4/3 , ,-2, ■ ,>4/3 4(sin/) 1/3 cos/ (sin/) 4/3 

56. >> = (/ sin/) = / (sin/) =>-^ = / ljl(sin/) cos/-/ (sin/) =- 


56. j = (/ sin/) = / (sin/) 

_ (sin /) 1,3 (4/cos/-3cos/) 


57. y = e cos (7rt 11 => ^ = e cos ^ 11 -2cos( 7T/-1)-(-sin(7r/-1)) • n = -27rsin(/r/-l)cos(/r/-l)e cos11 
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58. y ~{e 


_ , sin(i/2)s3 dy_ _ 


) 3 =>$ = 3(e sin 6 /2 )) 2 . C os(|).I = | C os(|)e S in( ?/2 ) e 2sinh/2) = | cos jl) e 3sin(//2) 


59 y / r f 6 3 -4f)(20-r(3; 2 -4) 3t * 2t 4 -Sr -3/ 4 +4t 2 3t 4 (-t 4 -4t 2 ) -3r(t 2 +4) 

' V ? 3 -4/ / dl \t 3 -4tj (t 3 -4t) 2 (l 3 -4t) 2 (t 3 -4t) 2 t 4 (t 2 -4t) 4 (t 1 - 4) 4 

60 v = 1 3? ~ 4 r 5 — ^ = Si' 3? ~ 4 r 6 ( 5? + 2 > 3 -( 3f - 4 > 5 _ cl 5t+2 \ 6 15/+6-15f+20 ^ (5r+2) 6 26 = -130(5r+2) 4 

' y 15/+2/ => dt J \5t + 2) ' {5t+2 f J \3t-4) ' (5t+2 f (3/-4) 6 ' (5/+2) 2 (3 ? -4) 6 

61. y = sin (cos (2t-5)) => ^ = cos(cos(2f-5)) ~cos(2t -5) = cos(cos(2t -5)) ■ (-sin {It -5)) ~(2t -5) 

= -2cos(cos(2t -5))(sin(2t -5)) 


62. y = cos( 5 sin(j)) =>-^ = -sin( 5 sin(j))- f(5sm(f)) =-sm( 5 sm(l))( 5 cos(f))-|(f) 

= -fsin(5sin(|))(cos(f)) 

63. y = [l + tan 4 (^)] 3 => f = s[l + tan 4 (£)]“ ■ f[l + tan 4 (£)] = 3 [l + tan 4 (£)]“ [4 tan 3 (£) tan(£)] 

= 12 [ :+ tan4 (n )] 2 [ tan3 (n)sec 2 (n) -n] = [i+ tan4 (it)]" [ tan3 (ir ) sec2 (£)] 

r -.3 r -,2 

64. j = i l + cos 2 (7t) =>^ = -|[l + cos 2 (7t)] 2 •2cos(7t)(-sin(7t))(7) = -7 l + cos 2 (7t) " (cos(7t)sin(7t)) 

65. y = (1 + cos (r )) 1/2 => f = 1(1 + cos (t 2 ))" 172 (1 + cos (t 2 )) = 1(1 + cos (r 2 ))" 122 (-sin(r) -^(t 2 )) 

= -ia + cos (t 2 ))“ 1/2 (sin (r))-2t = - / sin(f2) , 

y1+cos (r) 



67. j = tan 2 (sin 1 1) => ^ = 2tan(sin 3 t) - sec 2 (sin 3 r) • (3 sin 2 t - (cost)) = 6tan(sin 3 t) sec 2 (sin 3 t)sin 2 tcost 


68 . y = cos 4 (sec 2 3t) =>^ = 4cos 3 |sec 2 (3t) j|-sin(sec 2 (3t)j-2(sec(3t))(sec(3?) tan(3t) -3) 

= -24cos 3 |sec 2 (3t)jsin^sec 2 (3t)jsec 2 (3t)tan(3t) 

69. y = 3t{2t 2 -5) 4 =>^ = 3t-4(2r -5) 3 (4t) +3-(2t 2 -5) 4 =3(2t 2 -5) 3 [16r +2t 2 -5] = 3(2t 2 -5) 3 (18r -5) 
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7i. ^(i + i)Uy^(. + i) 2 (-i) = -i(, + i) 2 ^,^(-i)4(. + if-(. + if4(A) 


72. y = (i-V ^) _1 =>/ = -(1 -4~ x y (-ix- 1/2 ) = I(i■ -4~ x )~ z x 

(\-4~x) (- 7 yx _3/2 ) + x _1/2 (-2)(l-Vx) (--yx _1/ ") 

^x - 3/2 (i-^f 2 +*- 1 (l-V ^)" 3 j = V (l-VT) 


1/2 


" 1 

■y = i 


\-3 


1 - 1/2 
~2 X 


(l - Vx j + 1 


73. y = ^cot(3x-l) => y' = -4-csc 2 (3x-l)(3) = -^csc 2 (3x-l) => y" = (—|j(csc(3x-l) ~csc(3x -1)) 
= —| csc(3x -1)(—csc(3x -1) cot(3x -1) ~(3x -1)) = 2 esc 2 (3x -1) cot(3x -1) 


74. y = 9tan( j) => y’ = 9(sec 2 (f))(}) = 3 sec 2 (f) =* / = 3 -2 sec(f)(sec(f)tan(f))(i) = 2sec 2 (f)tan(f) 


75. y = x(2x +1 ) 4 => y' = x ■ 4(2x + 1 ) 3 (2) +1 • (2x + 1 ) 4 = (2x + 1 ) 3 ( 8 x + (2x + 1)) = (2x +1 ) 3 (lOx +1) 

=> y" = (2x +1 ) 3 (10) + 3(2x +1 ) 2 (2)(10x +1) = 2(2x +1 ) 2 (5(2x +1) + 3(1 Ox +1)) = 2(2x + 1 ) 2 (40x + 8 ) 
= 16(2x + l) 2 (5x+l) 


76. y = x 2 (x 3 -l ) 5 => y' = x 2 -5(x 3 -l) 4 (3x 2 ) + 2x(x 3 -l ) 5 =x(x 3 -l) 4 [15x 3 + 2(x 3 -1)] = (x 3 -l ) 4 (17x 4 -2x) 
=> y" = (x 3 -1 ) 4 ( 68 x 3 -2) +4(x 3 - 1 ) 3 (3x 2 ) (1 7x 4 -2x) = 2 (x 3 - 1) 3 [(x 3 -1) (34x 3 -1) + 6x 2 (17x 4 - 2x)] 

= 2(x 3 -l) 3 (l36x 6 -47x 3 +l) 


77. y = e x + 5x => y' = 2xe A + 5 => y" 


2x ■ e* 1 (2x) + 2e A2 = (4x 2 + 2)e x2 


78. j = sin(x 2 e x ) => j'= cos(x 2 e x )-(x 2 e x +2xe x ) = (x + 2x)e x cos(x 2 e A ) 

=> (Use triple product rule: D(hvm>) = uvw' + uv'w + u'vw from Exercise 75 part a in Section 3.3) 

g'' = (x 2 + 2 x)e x (-sin(x 2 e A ) -(x 2 e A + 2 xe x )) + (x 2 + 2 x)e x cos(x 2 e x ) + ( 2 x + 2 )e x cos(x 2 e x ) 

= (x 2 + 4x + 2)e x cos(x 2 e x ) - xe 2x (x 3 + 4x 2 + 4x) sin(x 2 e x ) 

79. g(x) = ^ => g'(x) = => g(l) = 1 and g'(l) = £;/(«) = » 5 + 1 => /'(«) = 5 » 4 => f'{g{ 1 )) = /'(1) = 5; 

therefore, (/°g)'(l) = f'(g( 1 )) • g'O) = 5= | 

80. g(x) = (1 - x ) _1 => g'(x) = -(1 - x )“ 2 (- 1 ) = => g(-l) = i and g'(-l) = ^; /(«) = 1 - ^ /'(«) = \ 

=> /'(g(-l)) = /'(}) = 4; therefore, (/og)'(-l) = /'(g(-l))g'(-l) = 4 -± = 1 

81 . g(x) = 5s[x=> g'(x) = ^ g(!) = 5 and g'O) = f 5 /(«) = C0t (fo) => /'(«) = “ csc2 (fo) (if)) = if CS(;2 (fo) 

=> /'(g(l)) = /'(5) = -^esc 2 (f) = -j|; therefore, (/ °g)'(l) = /'(g(l))g'(l) = -yjpf = -f 
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82. 


g(x) = nx^> g'(x) = n => g(i) = f and g'(d-) = 7 r; /(w) = w + sec 2 i/ => /'(m) = 1 + 2 sec u • sec w tan u 
= l + 2sec 2 Htam/ =>/'(g(!)) =/'(f) = 1+ 2sec 2 -|tan-| = 5; therefore, (/°g)'(!) = /'(g({))g'(^) = 5 tt 


83. g(x) = 10x 2 +x + 1 => g'(x) = 20x +1 => g(0) = 1 and g'(0) = 1; f(u) = 2w =^> /"'(«) 

u +1 

= ^ /'(*«>)) = /'(l) = 0; therefore, (/ c g)'( 0 ) = /'(g(0))g'(0) = 0-1 = 0 


(m 2 +i)(2)-(2k)(2w) 


84. 


- = -l =• *'<*> - - J = SC-1)=0 and g-(-l) - 2; /<„) - (^f =, /'(») = 2(=l)i(=l) 


■ 2 ( El ) ■ l " +1> ! ll t ‘~' > ' 11 ■ 777 ■ 77 =■ /’«-•)) - /’ o ) 

\«+l/ (m+1 ) (»+l) (m+1 ) 

(/ ° g)'(-l) = /'(g(-D)g'(-l) = (-4)(2) = -8 


-4; therefore, 


85. y = /(g(x)), /'( 3) = -1, g'(2) = 5, g(2) = 3 => / = f'(g(x))g'(x) => /| x _ 2 = f'(g(2))g'(2) = /'( 3) -5 
= (-1) • 5 = -5 

86 . r = sin(/(t)), /(0) = f, /'(0) = 4 => f = cost/(f)) • /'(/) => f| (=Q = cos(/(0)) -/'(0) = cos(f) - 4 = (1) -4 = 


87. (a) y = 2f(x): 


dy 

dx 


= 2f\x): 


x=2 


(b) y = f (x) + g(x) = fix) + g'(x) => 


(c) y = f (x) ■ g(x) => ^ = f(x)g'(x) + g(x)f'(x) => ^ 


= 2f'(2) = 2 (j) = j 

= /'(3) + g'(3)=27r + 5 

= /(3)g'(3) + g(3)/'(3) 


x=3 


x=3 


= 3-5 + (-4)(2tt) = 15-8tt 

fix) rfy g(x)f\x)-f(x)g'(x) 
dx 


^ ^ g(*) ax [g(x)Y 

(e) y = f(g(x)) ^ = f'(g(x))gXx) ■■ 


dy_ 

dx 


(f) y - (/M) 1 ' 2 =■ J - X (/(at))- 1 ' 2 - /'(*) - => f | 

dy 
dx 


g(2)/'(2)-/(2)g’(2) ( 2 )(3~) (8K—3) 3? 

*=2 [ g (2)] 2 2 2 6 

= /'(g(2))g'(2) = /'(2)(-3) = i(-3) = -1 

- /'(2) (a) 1 1 = 72 

_2 2-77(2) 2^8 6# 1272 24 


x=2 


(g) y = (g(x)) 


-2 


{ = -2 (g(l))- 3 -g'(l): 


x-3 


= -2(g(3))- 3 g'(3) = -2(-4)- 3 -5 = ^ 


(h) j = ((/(x )) 2 + (g(x )) 2 ) 1/2 => f = i((/(x )) 2 + (g(x )) 2 )- 172 ( 2 /(x) • /'(x) + 2 g(x) • g'W) =4> f 


t/x 


x=2 


= 1 ((/(2 )) 2 + (g(2)) 2 )- i; - (2/(2)/'(2) + 2g(2)g'(2)) = i( 8 2 + 2 2 )“ 1/2 (2 • 8 • I + 2 ■ 2 • (-3)) =-^= 


(a) j = 5/(x) - g(x) => ^ = 5/'(x) - g'(x) =E> ^ 


^ = 5/'(l)-g'(l)=5(4)-(f) = l 


(b) y = /(x)(g(x )) 3 =E>^ = /(x)(3(g(x)) 2 g'(x))+(g(x)) 3 /'(x)^>^| 
= 3/(0)(g(0 )) 2 g'(0) + (g(0 )) 3 /'(0) = 3(1)(1 ) 2 (I) + (l ) 3 (5) = 6 


x=0 


(c) y = 


fix) dy (g(x)+l)/'(x)-/(.Y)g'(.Y) dy (g(l)+l)/'(l)-/(l)g'(l) ( 4+1 H 3 ) 3 ) ^ 

g(x)+! dx (g(x)+l) 2 dx X=x (g(l)+l) 2 (-4+1) 2 


(d) y = /(g(i))^|=/'(g(iMr)^| 

(e) y = g(/(x)) - f = g'(/(x))/'(x) => f | 


tO =/'te( 0 ))g'( 0 ) = /-(l)(i) = (4)(l) 
= g'(/(0))/'(0) = g'(l)(5) = (—f) (5) = 


_I 

9 

40 

3 
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(f) y =(x 11 + f{x)Y 2 => f = - 2 (x* 1 + fix))' 3 (l lx 10 + fix)) =* f 
- -2(1+3F 3 (l 1 -y)- (-j-)(f) * 4 


=-2(1+ /(1))- 3 (11+ /'(!)) 


X=1 


(g) y = /(X + g(x)) => ^ = /'(x + g(x))(l + g'(x)) : 




x=0 


: /’(O + g( 0 ))(l + g'( 0 )) = /'(l)(l + -j) 


89- ~r~ = : $ — cos 0 => yy = — sin $ => yyi = -sin(4y) = 1 so that = ■%— = 1-5 = 5 

at dO dt dO dO\Q-hL \ 2 ) dt dO dt 

2 


90 ± = ±.dx- v = x 2 +1 X -5^ > ± = 2 X + 1 

yu - dt dx dt' y x +,x D ^dx zx+, ^f 


dx 


x=l 


= 9sothatt = t4 = 94 = 3 

dt dx dt 3 


91. With y = x, we should get ^ = 1 for both (a) and (b): 

(a) y = -f + 7=>-y^ = b;M = 5x-35=> i y- = 5; therefore, = = \-5 =1, as expected 

x ' y 5 du 5 dx dx du dx 5 r 

(b) y = \+ y ^>^ = -\;u = (x-l ) _1 =>^ = -(x-l) _ 2 (l) = therefore ^ = _1 


-l 


-l 


(c-ir 1 


2 2 = (x - 1 ) • 

l 2 (x-l) 2 (x-l) 


dx ' ' ' ' (x-l) 7 

2 = 1 , again as expected 


dx du dx „2 ( x _p2 


92. With y = x 3/2 , we should get ^ = y-x 1/2 for both (a) and (b): 


(a) y = i? => 4- = 3 u 2 ;u = xfx => = _IL=; therefore, -j- = -j-4 = 3w 2 • — 7 = = 3(Vx ) 2 • —U = 

& if dx du dx 2fx if 2 v 


du 

as expected. 


_ l 
du 2 -J 

again as expected. 


(b) y = Vm =>-y = —t< = x 3 
2 du if 


^ = 3x 2 ; therefore, 4 = ^ 4 = ■ 3x2 = — 


dx du dx if 


ijf 


■3x 2 =fx 1/2 , 


93. J = (^4) andx = 0: 


y1 = 4(0-1) =ri = ^ 
3 l*=° (0+1) 3 l 3 


x = (^) M-l) 3 =l./ = 2( e l).fc!>U2=!H 
y -1 = —4(x — 0 ) => y = —4x+l 


(x+ir 


2 (x-t) 2 _ 4(x-l) 

(x+t) (*+ 1)2 (x+t) 3 


94. y 

y\x=2 = 


= Vx 2 -x +7 andx = 2 ^> 7 = 7 ( 2 ) 2 -( 2)+7 =4 = 3.y = i(x 2 -x + 7) 


- 1/2 


( 2 x-l) = 


2x-l 


2(2)—1 


2y[f- 


■x+7 


2V(2) 3 -(2)+7 


- = | = i=>y-3 = |(x-2)^y=4x + 2 


_ l 


_ l 


95. y = 2tan(^) => f = ( 2 sec 2 )(f) = f sec 2 


(a) £ 


: ySeC (f) = 7T 


> slope of tangent is 7 r ; thus, y(l) = 2 tan (^) = 2 and y'( 1) = 7 r => tangent line is 
given by y - 2 = 7r(x -l)=>y = 7rx + 2- 7r 

(b) y’ - 4 sec 2 and the smallest value the secant function can have in -2 < x < 2 is 1 => the minimum 


value of y 1 is y and that occurs when y = y sec 2 (y 2 -) 


= 01 = sec' 


(x) 


=> +1 = sec 


m- 


• x = 0 . 


96. (a) y = sin2x => y’ = 2cos2x => y'(0) = 2cos(0) = 2 => tangent to y = sin2x at the origin is y = 2x; 

y = - sin (y) => y’ = -y cos (y) => y\ 0 ) = -y cos 0 = -y => tangent to y = - sin |yj at the origin is 
y = - yX. The tangents are perpendicular to each other at the origin since the product of their slopes is -1. 
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(b) 

(c) 


(d) 


y = sin(mx) => y' = m cos {mx) => y'( 0 ) = m cos 0 = m;y = -sin^j => y' = --^cos^j 

=> y'( 0) = --T-cos(O) = --C. Since m = _ h the tangent lines are perpendicular at the origin. 

y = sin(mx) => y' = mcos(mx). The largest value cos (mx) can attain is 1 at x = 0 => the largest value y' can 

attain is \m\ because \y'\ = | m cos {mx )| = |»;||cos mx | < |»;| -1 = \m\. Also, y = -sin^j => y' = —T-cos^j-j 


—cos(- 

-) < - 

cos(—) 

m \ n 

/ m 

\m ) 


y = sin(mx) => y' = m cos(mx) => y'( 0) = m => slope of curve at the origin is m. Also, sin(»;x) completes m 
periods on [0, 2n\. Therefore the slope of the curve y = sin(mx) at the origin is the same as the number of 
periods it completes on [0, 2 n\. In particular, for large m, we can think of “compressing” the graph of 
y = sin x horizontally which gives more periods completed on [ 0 . 2 tt|. but also increases the slope of the 
graph at the origin. 


97. 5 = Acos{2nbt) => v = ^- = -Asin{2nbt){2nb) = -2nbAAm{2nbt). If we replace b with 2b to double the 
frequency, the velocity formula gives v = -4 Tib A sin(4;rbf) => doubling the frequency causes the velocity to 
double. Also v = -2nbAs'm{2nbt) => a = ^ = -An b Acos{2nbt). If we replace b with 2b in the acceleration 

9 9 

formula, we get a = -\6n b A cos{Anbt) => doubling the frequency causes the acceleration to quadruple. 

9 9 i 9 9* 

Finally, a = -An b~ Acos{2nbt) => j = ^- = 8n b Asin(2nbt). If we replace b with 2b in the jerk formula, 

3 3 

we get j = 6An b A&'m{Anbt) => doubling the frequency multiplies the jerk by a factor of 8 . 


98. (a) y = 37sin|^^-(x-101)J + 25 => y' = 37cos|j^-(x-101)J(-|^-) = cos [^(x -101)J. The temperature 

is increasing the fastest when y' is as large as possible. The largest value of cos ^^-(x- 101 ) J is 1 and 
occurs when (x-101) = 0=>x = 101=>on day 101 of the year (~ April 11), the temperature is 
increasing the fastest. 

(b) y'{l0l) = Hfcos[^(101 -101)] = COS(0) 0.64° F/day 

99. 5 = (1 + 4t ) 1/2 => v = J = \(1 + 4t )~ 1/2 (4) = 2(1 + 4t )~ 1/2 => v( 6 ) = 2(1 + 4 • 6) _1/2 = f m/sec; v = 2(1 + 4t)“ 1/2 
n> a = ^ = -1.2(1 + 4t)' 3/2 (4) = -4(1 + 4t)' 3/2 => a{6) = -4(1 + 4 ■ 6)“ 3/2 = -^ m/sec 2 

100. We need to show a=^j- is constant: a = = and ^- = 4- (ksfs) = => a = ^-~ = ^--v = 

dt dt ds dt ds ds \ ) '2.sJs t/rS dt ds 

-4= ■ ksfs = 4r which is a constant. 

2 As 2 

101. v proportional to -4= => v = 4= for some constant £ => 4 1 =- 4t ' Thus, a = = 4r- nr = 4r’V 

-Js -Js «s 2s 3 2 At ds dt ds 

1 2 

=> acceleration is a constant times -y so a is inversely proportional to s . 

s 

102. Let f . /(*). Then,„ = £ = £■ £ = £'■ /« - iff )•/(*> = f (/«) •/« = /'<*>/«, as required. 



A- A- 
2 s 3/2 /s 


103. T = 2n.\— => ^ = 2n ■ 
required. 




r- = -p= • Therefore, = 44'nr = “F= • kL = 
T yjgL Au dL du jgi 


_ nk^L _ _1 
^ “ 2 


= A--2nk.\4= K 4r,2& 


104. No. The chain rule says that when g is differentiable at 0 and/is differentiable at g(0), then/o g is 
differentiable at 0. But the chain rule says nothing about what happens when g is not differentiable at 0 
so there is no contradiction. 
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105. As h -> 0, the graph of y = 

approaches the graph of y - 2 cos 2x because 

sin2(x+A)-sin2.r j ~ ~ ~ 

lim- ; -= -y- (sin 2x) = 2 cos 2x. 

u _ ±r\ « ax 



106. As h —> 0, the graph of y = co X-\+h)] C0S ( A ) 

approaches the graph of y = -2x sin (x~) because 
lim cos[(A '+ /;) p- c °s(- t - ) = -f [cos (x 2 )] = -2xsin (x 2 ). 

. n « dx 



107. From the power rule, with y = x 1/4 , we get c -!X = ^x 3/4 . From the chain rule, y 


dy 

dx 


1 d 

2V7t dx 




1 


,— ■—L = i-x 3/4 , in agreement. 
2yfjx 2\[x 4 s 



108. From the power rule, with y = x 3/4 , we get 


i_3 r - 1/4 
dx 4 


From the chain rule, y 



=> 


dy 

dx 


2\[xjx 


■i( x 


i 

dx 2^/W^ 




3 -Jx 
4 *Jxs[x 


Wj = 3 y—1/4 
4^^ 4 ' 


in agreement. 


109. (a) 


dg/dt 



t 


(b) = 1.27324 sin 2 1 + 0.42444 sin 6 1 + 0.2546sin 1 Ot + 0.18186sin 14/ 
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(c) The curve of y = y- approximates y = ~jf 
the best when t is not —n, - y, 0, y, nor n. 



110. (a) 


(b) 

(c) 


dg/dt 

1 



^ = 2.5464cos(2 1) + 2.5464cos(6t) + 2.5465 cos (1 Of) + 2.54646cos(14t) +2.54646cos(18t) 



3.7 IMPLICIT DIFFERENTIATION 

2 2 

1. i j'+ij; = 6 : 


Step 1 

Step 2 
Step 3 
Step 4 


( x2 t + y 2x ) + ( x - 2 y$ + y 2 Y =0 

x 2 ir x + 2 x yi=- 2 x y-y 2 

^(x 2 +2xy) = -2xy-y 2 
dy _ -2xy-y 2 


dx 


x 2 +2 xy 


2. x 2 + y 2 = 18 xy => 3.r 2 +3 y 2 y; = 18y+ 18xy- => (3 y 2 -18x)y; = 18y-3x 2 => y- = * 


3. 2 xy + y -x + y: 


Step 1 
Step 2 
Step 3 
Step 4 


( 2.vf • 


dx 


2y^ + 2y 


dy _ y + dy_ 


dx 


dx 


2x f + 2 yf-f = l-2y 
dx y dx dx 

^(2x + 2y-l) = l-2y 


dy 

dx 


1-2 v 
2x+2y—1 
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4 - x 3 -x, + , 3 = 1 =. 3* 3 -4 + 3/ f = 0=> (3/ -x)f = , -3* 2 =. f = 


5. x 2 (x-y) 2 = x 2 -y 2 : 


2 (x-y)( 


-v)ll 

dx 


+ {x-y) 2 (2x)=2x-2y^ 


-2x 2 (x-y)^ + 2y^ = 2x-2x 2 (x-y)- 2x(x - j ) 2 


Step 1 
Step 2 
Step 3 

L 

_ 2 x[l - x(x-y) - (x-y ) 2 ] _ x[l-x(x-y)-(x-y) 2 ] _ x(l-x 2 +xy-x 2 +2^-4 ) _ x _ 2x 3 + 3 xVxy 2 

” ’ dx 


dy 

dx 


-2x 2 (x-y)+2y = 2x [1 -x(x -y) -(x - y) 2 ] 


-2x ( x-y)+2y 


y-x (x-y) 


2 3 

x y-x +y 


2 3 

x y-x +y 


6 . Qxy + 7 ) 2 = 6y =■ 2(3*,- + 7) ■ J + 3?) = 6* =. 2(3^ + 7X3*) f - 6± = -6y(3jy + 7) 


f + 7) -6] = + 7) => § = - 


7 -.2 _ x -1 _= 9 * _ (xh-I)-(x-I) _ 2 _^dv _ \ 

• X ,-x.i dx' 


8. X 


x +1 

.3 _ 2 x-y 


(x+ 1) 2 


(x+ 1) 2 dx y(x+ 1) 2 


x+3y 
/= 


• x 4 + 3x 3 y = 2x -y => 4x 3 + 9x 2 j + 3x 3 j' = 2 -j/ =>(3x 3 + l)j/ = 2 -4x 3 -9x 2 >> 


, _ 2-4x 3 -9x 2 y 


9. x = tan j 3 => 1 = (sec 2 y)^- 77 - = —f— = cos 2 y 


10 . xy = cot(xy) => x ^ + y = - esc 2 (xy) (x ^ + y j => x ^ + x esc 2 (xy) ^ = -y esc 2 (xy) - y 


dy 

dx 


x+xcsc z (xy) 


= -y 


csc z (xy) +1 


dy _ 
dx 


—y\ esc (xy)+l 


11 . x +tan(xy) = 0 => 1 + 
_ -1 


sec 


x^l+csc 2 (xv)] x 

xsec 2 (xy )= -1 -y sec 2 (xy ) => ^ = ~ 1 ~ vs f (j ^ 


'(xy)](y+x%yo-,— w/dx - x xsec2(;9;) 


^ _ -cos 2 (xy) _ -cos 2 (xy)-y 


^sec 2 (xy) * 


12. x 4 +sin y = x 3 y 2 => 4x 3 + (cosy)^- = 3x 2 y 2 +x 3 -2y-^-=> (cosy-2x 2 y)^ = 3x 2 y 2 -4x 3 => ^ = 3a 2 ^ 4 * 


dx 


dx 


dx 


cos y-2x y 


13. jsin|ij = l-xyn >> 3 cos^j-(-l)4 


dy 

-y 


dx ~ -icosf 

-)+sin(l 

[ -)+x 

y V 

y) (J 

v ) 


y 

-y 1 


dy 

4 "77 


+ sin (i_ 

\yJ dx dx 


dy 

y^Tx 


—-cos 

y 




+ x 


= -y 


14. xcos(2x + 3y) = ysinx => -xsin(2x + 3y)(2 + 3y') + cos(2x + 3y) = ycosx + y'sinx 
=> -2x sin(2x + 3 y) -3 xy' sin(2x + 3y) + cos(2x + 3 y) = y cos x+y 'sin x 
=> cos(2x + 3y)-2xsin(2x + 3y) -ycosx = (sinx + 3xsin(2x + 3y))y' 

> _ cos(2x+3.v)-2xsin(2x+3.y)-ycosx 
^ sinx+3xsin(2x+3.v) 
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15. e 2 ' = sin(x + 3y) => 2e ZA = (1 + 3y') cos(x + 3y) => 1 + 3y'= 

, _ 2e 2l -cos(x+3>') 


„2x 


2 e 


2x 

’-=>3v' =—— -1 

cos(x+3>>) J cos(x+3.v) 


■y = 


3cos(x+3y) 


16. e x y = 2x + 2y => e x y (x 2 y' + 2xy) = 2 + 2 y' =>x 2 e x y y' + 2xye x y =2+2y' => x 2 e x y y'-2y' = 2-2xye x y 


■y 


, _ 2-2xye x y 
x 2 e xly -2 


17 e yi +r y2 = 1 => - 9~ l/2 +4 /- _1/2 .i^i = 0 => — 
2 2 de do 


2-Jr 


— -1 dr _ 2\[r _ -Jr 

~ lyfo de ~ 2 4 e ~ 4e 


18 . r - 2^9 = 4 < 9 2/3 + 40 3/4 => - 6 »“ 1/2 = 9 ~ m + 6>“ 1/4 => = 6>“ 1/2 + 6>“ 1/3 + < 9" 1/4 

2 3 dO dO 

19. sin(r<9) = 4 => [cos {r9)\(r + 9p^ = 0 => ^[<9cos(r<9)] = -rcos(r<9): 


Ocos(rO) 9 


= - 4 , cos(r<?) + 0 


20 . cosr + cot<9 = e' 6 * => (-sinr)-esc 2 9 =e 9 ( r + #^) => (-sin r)-^-esc 2 0 = re ' 61 + 0 e 


tO dr 
dO 


=> - sin r -ffe - 9e rd 4r: = re rd + csc z 0 => = - 


2 dr _ re rd + CSC 2 9 


dO 


dO 


do 


9e e +sinr 


21 . x 2 +y 2 = 1 => 2x +2yy' = 0 => 2 yy' =-2 x => ^ = / = -p now to find , j^(y') = 




fczL 


y y 

22 . * 2/3 + y 2/3 = 1 => |x - 1/3 +\y~ m f = 0 => % 


, x dry „ -y 1 -x 2 -y 2 -(l-v 2 ) _i 

since y = => —f = v = —— 5 — = ——— = -f 

r rfx 2 2 / / / 


dx 


2 , —1/3 


-1/3 , dv X 

1 = -=X => y - — - -- 


rv ,, t . . „ x 1/3 .(-^- 2/3 )y+/ 3 (ix- 2/3 ) v 

Ditterentiating again, >> =---—---= — 

^ d 2 y _ 1 —2/3 -1/3 I 1/3 — 4/3 = y^_ ^ 1 

rfx 2 3 ^ + 3^ 3x 4/3 3/ 3 x 2/3 


]--+ 


rfx y -l/3 


1/3 


23. y~=e x +2x=>2yy' =2x + 2 = 2xe x + 2^>p = 


dy xe*\l ^j[2x x e x +e x )-\xe x -+l\y' 
y 4r 2 y- 


y\2x 2 e x2 Uxe x2 +1^ Xe +1 


^2x 2 y 2 +y 2 -2xje x -x 2 e 2x -1 


24. y~ -2x =l-2y =>2y-y'-2 = -2y' => y'(2y+2) = 2 => y' = -^j =(y + l) 1 ; then y" = -{y +1) z •/ 


\-2 


r+i 


= -(+ + l)- 2 (+ + l)- 1 ^^ = / = - 

(r+i) 


1 </ y 


-1 


1{ - r -1/2 <i / _ ,1 -1/2 , D 1 _ dy , 1 Jy 

25. 2yjy =x-y =^> y y=l-y^y(y +1) = 1 ^ ± = y = = -^; 


we can differentiate the 


equation /(+- 1/2 +l) = 1 again to find /(- 1 +- 3/2 +') + (+“ 1/2 +l)+" = 0 ^ (+- 1/2 + 1 )+" = 4[j/] 2 +- 


■3/2 


d 2 y 

Hx 2 


= y = 


/ 

^ 2 




if 

1 , —3/2 






1 


1 


(r“ 1 / 2 +i) 


2v 3/2 (^- 1/2 +l) 3 


2 ( 1 +^) 
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26. xy + y 2 =1 =>xy' +y + 2yy' =0 => xy' + 2yy' = -y => y'(x + 2y) = -y =^> y' = (x+ ^ ; 

d 2 y _ „ _ -(x+2y)y'+y(l+2y') _ ~ ( ' Y+ 2 - v) [(Tt|o] + > , [ 1 + 2 (i^ 27 y)] = jy^yj[y(x+2y)+y(x+2y)-2y^] = 2y(x+2y)-2y 2 

dx 2 y (x+2 y) 2 (x+2 v) 2 (x+2 y) 2 (x+2 v) 3 

_ 2y 2 +2xy _ 2 v(jc+ v) 

(x+2 y) 3 (x+2y) 2 


27. x 3 + 3> 3 = 16 => 3x 2 + 3y 2 y' = 0 3y 2 y' = -3x 2 => y' 


y 2 y" + y'[2y-y'] = -2x => y 2 y" = - 2 .r- 2 j{j /] 2 => y" 


d 2 y 

lx 2 


( 2 , 2 ) 


-33-32 n 
32 


• 9 

j-; we differentiate y y' 

-2/-4T -2x-^4 


= -x 2 to find y": 
—2xy 3 —2x 4 


28. xy+y 2 = 1 => xy' + y+lyy' = 0 => y\x +2y) =-y=>y'= 


„ (x+2 v)(-+')-(-+)(l+2y') , . 


■y = 


y' ( 0 - 1 ) = we obtain y" 


(-2)(i)-(-l)(0) 


(x+2 yf 


( 0 ,- 1 ) 


since 


29. y 2 +x 2 = y 4 -2x at (-2,1) and (-2, -1) => 2y ^ + 2x = 4y 3 ^ - 2 => 2y ^ - 4y 3 ^ = -2-2x 


f(2j-4v 3 ) = -2-2x: 


dy 

. x+l _ 

3 dy 

dx 

1 

1 

<N 

1 

dx 


dx 
(- 2 , 1 ) 


= -1 and 4 l 

dx 


dx 

= 1 


(- 2 ,- 1 ) 


30. (x 2 +y 2 )' =(x-y) 2 at ( 1 , 0 ) and ( 1 , - 1 ) => 2 (x 2 + y 2 )^2x + 2>>^j = 2(x- y) (l-^j 


^[2 y (x 2 + y 2 ) + (x - y)] = -2x (x 2 + j 2 ) + (x - y) => = 2 * ( *-+r )+( * v) 

* 4x 2 +(x 2 +/)+(x-v) 


= -l 


( 1 , 0 ) 


and 

dx 


= 1 


( 1 ,- 1 ) 


31. x 2 +xj ->’ 2 =1 2x + j> + xy'-2jy' = 0 => (x-2y)/=-2x-y => / = 

(a) the slope of the tangent line m = y' 3) = ^ => the tangent line is j -3 = j(x-2) => 3 ; = jx - 

(b) the normal line is j -3 = -y(- T_ 2) => 3 ; = ~x + ^j- 


32. x 2 + y 2 = 25 => 2x + 2yy' = 0 => y' = ; 


(a) the slope of the tangent line m = 3 ;' 


(3,-4) y 


(3,-4) 


the tangent line is y + 4 = |-(x-3) => y = 


(b) the normal line is y + 4 = —|(x-3) => y = - jx 

,, 2 2 r, _ 2 r\ 2 f r\ _ 2 r 2 _ , 

33. x y = 9 => 2x> > +2x 331 = 0 => x 331 = -xy => 3 ; = ■ 


y. 


(a) the slope of the tangent line m = y' 


(-1,3) 


(-1,3) 


= 3 => the tangent line is y - 3 = 3(x +1) => y = 3x + 6 


(b) the normal line is 3 ; -3 = —j(x + 1) => y = —jx + -| 
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34. y 2 -2x-4y-l=0=> 2yy'-2-4y' = 0 => 2(y -2)y' = 2 => y' = yyy; 

(a) the slope of the tangent line m = y '|^_ 2 ^ = —1 => the tangent line is y -1 = —l(x + 2) => y = —x -1 

(b) the normal line is y -1 = l(x + 2) => y = x + 3 


35. 6x 2 + 3xy + 2y 2 4-17y-6 = 0=> \2x + 3y + 3xy' + 4yy' + 17 y' = 0 => y'(3x + 4y + 17) = —12x — 3y 


_ j _ —12a:—3 y 

^ y ~ 3.r+4.v+17 ’ 

(a) the slope of the tangent line m = y' 

^y = |x+| 

(b) the normal line is y — 0 = -^(x + l) => y = ~\ x ~\ 


_ —12.x—3 y 
(- 1 , 0 ) ~~ 3x+4y+17 


(- 1 , 0 ) 


= -y => the tangent line is y - 0 = y (x +1) 


V3 .xy + 2y 2 = 5 => 2x - V3xy ' - V3 y + 4yy' = 0 => y' (4y - V3x) = yj3y - 2x => y' = i 

_ > Jly-2x 


36. x - 

(a) the slope of the tangent line m = y’ 

(b) the normal line is x = V3 


(y/3, 2 ) 4y-y/Jx 


(s/3,2) 


i _ -J3y-2x . 
4 y-\ 

= 0 => the tangent line is y = 2 


37. 2xy + 7rsiny =2x => 2xy’ + 2y + ;r(cos y)y' = 0 y'(2x + 7rcosy) = -2y => y' = 


-2 y 


(a) the slope of the tangent line m = y' 


-2 y 


|[ 2L J 2x+^cos .v 


2x+7rcosy ’ 


l 1 - f) 


= -y => the tangent line is y -y = —|-(x -1) 




(b) the normal line is y—?■ = —(jc- 1)=> y=—x-—+4 

J 2 n J n n 2 


38. x sin 2 y = y cos 2x => x(cos2y)2y' + sin2y = -2ysin2x +y'cos2x =^> y'(2xcos2y -cos2x) 

the tangent line is 


• ~ ~ ~ , sin 2 v+2 y sin 2x 

= -sm2y-2ysm2x=> y =—- r-; 

J cos2x-2.ycos2_v 


(a) the slope of the tangent line m = y' 


sin 2y-\ 2_ysin 2x 


Ik a;) cos 2.r-2x cos 2>> 

U’ 2 ) 


y~f = 2(x-f)^y = 2x 
(b) the normal line is y—f = —y(x—|-) : 


(f*f) 


— — — 2 
2L 
2 


■ y = - y x + ^f 


39. y = 2 sin (nx - y) => y 1 ' = 2 [cos(^x - y)] ■ (n - y ‘’) => y'[1 + 2 cos(ttx -y)] = Inco^nx - y) => y' = 

= 2 n => the tangent line is y - 0 = 2;r(x -1) 


2ncos(nx-y) 


( 1 , 0 ) l+2cos(7rx-v) 


(a) the slope of the tangent line m = y' 

=> y = 2nx — 2n 

(b) the normal line is y-0 = —y^-(jc-l) => y = + 


( 1 , 0 ) 


2 2 2 2 2 

40. x cos y-siny = 0 => x~(2cosy)(-siny)y' +2xcos y-y'cosy = 0 => y'[-2x cosysiny-cosy] 


~ 2 , 2xcos 2 v 

= -2xcos y=>y =—, ---; 

2.V cos v sin y+cosy 

(a) the slope of the tangent line m = y' 

(b) the normal line is x = 0 


2 x cos - y 


( 0 , n) 2x 2 cos y sin _y+cos y 


= 0 => the tangent line is y = n 


(0, n) 
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41. Solving x 2 +xy + y 2 = 7 and y = 0 => x 2 = 7 => x = ±V7 => and (i/7^o) are the points where the curve 

t n n 2x +V 

crosses the x-axis. Now x +xy + y = 7 => 2x + y + xy' + 2yy' = 0 => (x + 2y)y = -2 x — y => y = - y+2 
=4> m = => the slope at m = ~' Z ^~ = _ 2 and the slope at {^Y, ojis m = = -2. Since the 

slope is -2 in each case, the corresponding tangents must be parallel. 

42. xy + 2x-y = 0 => x^- + y + 2-^~ = 0 => the slope of the line 2x + y = 0 is -2. In order to be 

parallel, the normal lines must also have slope of-2. Since a normal is perpendicular to a tangent, the slope 
of the tangent is j. Therefore, = 4- => 2j/ + 4 = 1 -x => x = -3-2j/. Substituting in the original equation, 

y (-3 - 2 y) + 2(-3 - 2 y) - y = 0 => y 2 + 4 y + 3 = 0 => y = -3 or y = -1. If y = -3, then x = 3 and 
j + 3 = —2 (jc — 3) => y = -2x + 3. If y- -1, then x = -1 and y + 1 = -2(x +1) => j = -2x -3. 


43- y 4 =y 2 -x 2 =>4y 3 y' = 2yy'-2x=>2(2y 3 -y)y' = -2x - 


■y = 


(S 

'J 3 ) X 

l 4 ’ 

2 ) v-2.v 3 


(#•#) 


A 

4 


y-2y 


the slope of the tangent line at 


y/3 6yf3 
2 8 


= -py = p-r = -1; the slope of the tangent line at p-, y is 


!_1 2-3 

2 4 


7^ 


4) is 




(*i) 


A r 
T ,2^3 /T 

1 2 4_2 ^ 

2 8 


44. j 2 (2-x) = x 3 => 2yy'(2 —x) +y 2 (- 1) =3x 2 


■y = 


: +3 ' ■; the slope of the tangent line is m = y +3 ' r 


2 v(2-x) ’ 


= 4 = 2 => the tangent line is y -1 = 2(x -1) => y = 2x — 1; the normal line is y — l = -4(x —1): 


2y(2-x) 

■ y = ~Y X 


( 1 , 1 ) 
1 
2 


45. y 4 -4y 2 =x 4 -9x 2 => 4y 3 y' -Syy' =4x 3 -18x => y'(4y 3 -8y) = 4x 3 -18x : 


x(2x--9) 

y(2y 2 -4) 


= m; (-3, 2): m = 


(— 3)(18 — 9 ) 
2(8-4) 


= -2): 3, 2): 3, -2): m = 


_ 27. 


-27./ 


^ 4>> 3 -8;f 2 v 3 -4_y 

_ 27 


46. x 3 + j 3 - 9xy = 0 => 3x 2 + 3y 2 y' - 9xy' -9y = 0 => y' (3y 2 - 9x) = 9y - 3x 2 => y' = 9y , 3x ~ = Y 

3y-9x y -3x 


(a) / 


= fand/|, 


(4,2) 4 ■ 1(2,4) 5’ 

T=> X + (T 

x = 0 or x = yj 54 = 3^/2 => there is a horizontal tangent at x = 3%/2. To find the 
corresponding v-value. we will use part (c). 

V§x; y = V§x =>x 3 + (V3x j -9xV3x = 0x 3 -6V3: 
3/2 = 0 or x 3/2 = 6V3 => x = 0 or x = \/l08 = 3^/4 Since the equation 


2 / \ 3 

(b) j' = 0^^1 = o^,3>’-x 2 = 0=>.y = 2^=>x 3 + (^j -9x|£-) = 0^>x 6 -54x 3 =0 
=> x 3 (x 3 -54) = 0 : 


(0 f = o 


f=^ = 0^y 2 -3x=0^y=±^ 

3 y—x 


3/2 n 

X =0 


• x 3/2 (x 3/2 -6^) 


= 0 : 


* or x 


x J + y -9xy = 0 is symmetric in x and y, the graph is symmetric about the line y = x. That is, if ( a , b) is 
a point on the folium, then so is (b, a). Moreover, if y'\^ a ^ = m, then y' ^ = 4-. Thus, if the folium has 

a horizontal tangent at {a, b), it has a vertical tangent at (b, a ) so one might expect that with a horizontal 
tangent at x = x/54 and a vertical tangent at x = 3^[4~ the points of tangency are (^ 54 , 3 ^ 4 ) and 


3^/4, yJ54 , respectively. One can check that these points do satisfy the equation x J +y -9xy=0. 
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47. x 2 + 2xy-3y 2 = 0 => 2x + 2xy' + 2y - 6yy' = 0 => y'(2x-6y) = —2x — 2y => y' = 3 ^V Y => the slope of 

the tangent line m = y' = * y = 1 => the equation of the normal line at (1,1) is y — 1 = —l(x -1) 
a. 1 ) i y~ x (i,\) 

=> y = -x + 2. To find where the normal line intersects the curve we substitute into its equation: 
x 2 + 2x(2 -x) -3(2 -x) 2 = 0 => x 2 + 4x -2x 2 -3(4 —4x + x 2 ) = 0 => —4x 2 +16.r-12 = 0 x 2 — Ax + 3 = 0 
=> (x - 3)(x -l) = 0^>x = 3 and y = -x + 2 = -1. Therefore, the normal to the curve at (1,1) intersects the 
curve at the point (3, -1). Note that it also intersects the curve at (1,1). 

48. Let p and q be integers with q > 0 and suppose that y = v/x^" = x plq . Then y q = x p Since p and q are integers 

and assuming y is a differentiable function ofx,-^(y q ) = y ( x p ) => qy q ~ l ^ = px p ~ l => ^ = 

P x p ~ l P x p ~ l P x p-\-(p-plq) = P_ (p/q)~ 1 

q ( x P^f~' q x p-p!i q ' q 


49. y 2 = x => y = -y ■ If a normal is drawn from (a, 0) to (x\, jq) on the curve its slope satisfies y-4 = -2 y 1 
=> y\ = —2>»| (jC| -a) ox a = X\+y Since .q > 0 on the curve, we must have that a > By symmetry, the two 
points on the parabola are (xj, yjx j") and (xj, -• N /xj")- For the normal to be perpendicular, j = 

2 

=> ^ A| = 1 => Xj = (a-X )) 2 X| = (xi +-h-x j j => xj = ^ and jq = • Therefore, (-F, ±F) and a = 


50. 2x“ + 3j = 5 => 4x + 6j/ = 0 => / = => / 1} = = -f and / n _ n = -fj = also, 


1(1, I) 3y 


y =x =>2yy'=3x =>y' =^p=>/ | (U) =fc =| and/ 


1(1-D 2v | ([ _ 1} 2 


= -4. Therefore the 


tangents to the curves are perpendicular at (1,1) and (1, -1) (i.e., the curves are orthogonal at these two points of 
intersection). 


51. (a) x 2 +y 2 = 4, x 2 = 3y 2 => (3 y 2 ) + y 2 =4 y 2 =1 y = ±1. Ify = 1 => x 2 +(1) 2 =4^x 2 = 3=>x = ±VI. 
If y = -1 => x 2 + (-1)“ = 4=>x 2 = 3=>x = ±>/l 

x 2 +j 2 = 4 => 2x + 2y ^ = 0 => »ij =y = and x 2 = 3j 2 =^> 2x = => w 2 = ~^ = y 

At l): «1 = t = and £ = $=# > • *2 = (-/!)(#) = -1 

At (-V3, -l): m, = f = = VI and m 2 =^ = ^L = -f^> m, • m 2 = (VI) (-^) = -1 

At (73, -1): m x = % = = VI and m 2 = f = ^ = -# ^> W| . ,„ 2 = (VI)(-#) = - 1 

At (-VI, -1): n h =f x = = -VI and m 2 =f = ^ = #^ • «2 = (“V^ )(#) = -1 

2 

(b) x -l-y 2 , x- Ty 2 ,=>^y 2i )-l-y 2 => y 2 = ^ => y = ± : Q. If y = ^ => x “ 1- (4) = 4‘ 

If y - -f => 4 -1 -(-f f -1. * = 1- v 2 =, 1 = -2y% =.- f = -X a „d , = 1/ 


, 9 4v s 

^ 1 = 3^^ m 2 =^ = 27 



and w 2 



1 

2(-V3/2) 


and w 2 




3 

* 2(—V3/2) 


^ "4 -W2 
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52. j = -Ix + ^ 7 2 = x 3 ^f = -Ia nd 23;f = 3x 2 ^f = = = 

=> ^ = * 3 => x 4 -4x 3 = 0 => x 3 (x -4) = 0 => x = 0 or x = 4. If x = 0 => y = = 0 and = -1 i 

indeterminate at (0, 0). If x = 4 => y =^- = 8. At (4, 8), y = -jX+b => 8 = — j(4) +b => b = -y. 


53. xy 3 + x 2 y = 6^>x^3y 2 ^j 


dx 

also, xy 3 +x 2 y = 6 => x(3y 2 ) +y 3 j^ + x 2 +y( 2x^) = 0 ^ - J(y 3 + 2xy) = -3xy 2 -x 2 => ^ = ~^ +2xy , 

thus ^ appears to equal ■ The two different treatments view the graphs as functions symmetric across the 

dx 

line y = x, so their slopes are reciprocals of one another at the corresponding points (a, b) and (. b, a). 


dy (j _2 , _ .,3 dy_ _ - v 3 -2xy _ y 3 +2xy _ 


y 3 +x 2 £ + 2xy = 0^> J(3xy~ + x 2 ) = -/ -2xy => % = 


3w 2 « 2 3xy 2 +x 2 

.2 ..2 . dx _ 3w 2 +v 2 . 


54. x 3 +y 2 = sin 2 y 


-3x 2 


3.r- 


3x 2 + 2y-^ = (2 sin y)(cos y)^-=>^- (2y-2sin y cos y) = -3x 2 => -^ = -—- . 

y dx v ^ /v y ' dx dx y y y dx 2 }>-2sin j;cos >> 

—-r-; also, x 3 + y 2 = sin 2 y => 3x 2 ^f + 2y = 2 sin y cos y => = - sm 3 ,cos >' -- 1 ■ thus ^appears to 

2 sinycosy-2y A J dy dy 3 X 2 dy 

equal • The two different treatments view the graphs as functions symmetric across the line y = x so their 

dx 

slopes are reciprocals of one another at the corresponding points (a, b ) and ( b , a). 


55. y = sin -1 x => x = siny => -£(x) = -£s'my -v i - wsy-%- ^ - cos y 
cosy = yj l-sin 2 y = \Jl = x 2 . Therefore, ^ = ^rsin -1 x = ^ 1 2 


l = cosy^ = -^ = -^j. Since sin 2 y+ cos 2 y =1, 


56. (a) 4r(sin x )= 2sin x-4:sin x = 


i v _ 2 sin 


( b ) I 2 )- x 2jr_ 


^ or |x|^zi 


57-64. Example CAS commands: 

Maple : 

ql := x A 3-x*y+y A 3 = 7; 
pt := [x=2, y =1]; 

pi := implicitplot( ql, x=-3..3, y=-3..3 ): 
pi; 

eval( ql, pt); 

q2 := implicitdiff( ql, y, x ); 
m := eval( q2, pt); 
tan_line := y = 1 + m*(x-2); 

p2 := implicitplot( tan_line, x=-5..5, y=-5..5, color=green ): 
p3 := pointplot( eval([x, y],pt), color=blue): 
display! [pl,p2,p3],-'Section 3.7 #57(c)"); 
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Mathematica : (functions and xO may vary): 

Note use of double equal sign (logic statement) in definition of eqn and tanline. 
«Graphics'ImplicitPlof 
Clear} x, y] 

{x0, yO}={l, n! 4}; 
eqn=x +Tan[y/x]==2; 

ImplicitPlot[eqn,{x, x0-3, x0 + 3},{y, y0-3, y0+3}] 
eqn/.{x —> xO, y —> y0} 
eqn/-{ y -> y[x]} 

D[%, x] 

Solve[%, y’[x]] 
slope=y '[x]/.First[%] 
m=slope/.{x —> xO, y[x] —>■ y0} 
tanline=y==yO +m (x - xO) 

ImplicitPlot[{eqn, tanline}, {x, x0-3, x0 + 3},{y, y0-3, y0 + 3}] 


3.8 DERIVATIVES OF INVERSE FUNCTIONS AND LOGARITHMS 



2. (a) y = \x + l ^>\x=y-l 


>x=5y-35=>/ 1 (x) = 5x-35 


, s df | 
< C) ±\ 


x=-\ 


i Cl 

5 ’ dx 


= 5 


x=34/5 


3. (a) y= 5 - 4x => 4x = 5 -y 


4 4 


^ £ 


= -4. 


x=l/2 


dr 1 

dx 


x=3 
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5- (a) f(g(x)) = =x, g(f(x))=tfx? =x 

(c) fix) = 3x 2 => /'(l) = 3, /'(-l) = 3; 

g'(x) = yX _2/3 => g'(l) = g'(-l) = | 

•5 

(d) The line y = 0 is tangent to /(x) = x at 

(0, 0); the line x = 0 is tangent to g(x) = %/x at 
(0, 0). 

6. (a) /?(£(x)) =-f((4x) 1/3 ) 3 =x, 

/ 3 \l/3 

*(*(*)) = ( 4-i-j =x 

(c) A'(x)=^-=>A'(2)=3,A'(-2)=3; 
/t'(x)=|(4x)“ 2/3 =>Jfc'(2)=i, Jfc'(-2)=| 

3 

(d) The line j = 0 is tangent to /?(x) = ^- at 

(0, 0); the line x = 0 is tangent to £(x) = (4x) 1/3 
at (0, 0). 


(b) 


(b) 


y 




7. 


f = 3x 2 -6x=>^ 

dx ax 


= J_ 

1 

8. ^ = 2x- 

, df- 1 

-4 =>^— 

_ J_ 

X 

II 

'oj 

8 - 1 * 


dx 

dx 

df 

X=f( 5) & 


x=5 


1 

6 


9. 


r 1 


_ 1 

dx 



x=4 

x=f (2) 

dx 



10 . 




dg~ l 

_ J_ 

^ dx 

dg 

x-0 

X=f( 0) dr 


x=0 


1 

2 


11. y = ln3x + x =>/ = (^)(3) + l=i + l 


12 . 


T = 


ln3x ' 


y =■ 


(ln3x) 2 


(i)(^ 


1 

x(ln3x) 2 
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13. 

15. 

17. 

18. 

19. 

21 . 

22 . 

23. 

24. 




14. y - ln(l 3 ' 2 ) + -Ji =■ f - (prjfl' 1 ' 2 ) + -^7 -5 + 

16. y = ln(sinx) => 4- = -J— -y-(sinx) = casx =co tx 
^ v 7 ax smx ax v 7 sinx 


y = \n{9 + \)-e e => ^ = (^(1)-/=^-/ 

j = (cos601n(2<9 + 2) => = (~sin^)ln(2<9 + 2) +(cos<9)^ ?6> 1 +0 ^(2) = (-sin<9)ln(2<9 + 2) + (cos#)(-gJ-j-) 

^ = lnx3 ^& = (^) (3x2 )=7 20 - J = (ln.r) 3 =>“[■: = 3(lnx) 2 ~(lnx) = 

y = t(ln tf => J = (In t) 2 = 2t(lnt) • jj (In r) = (In tf + ^ = (In t) 2 + 2 In t 

y = = + = l n ^ + t(-L)(^ r ) = 1 nVt+| 


j = ^-Inx-f^- =^> ^ = v 3 lnx + ^j----^- = x 3 In x 
^4 16 dx 4x16 

y = ( x 2 In x) 4 => -^ = 4(x 2 In x) 3 (x 2 ■ + 2x In xj = 4x 6 (In x) 3 (x + 2x In x) = 4x 7 (In x) 3 + 8x 7 (In x) 4 


f (!) (ln?)(1) _ i_| n? 

t d,~ ,2 “ t 1 

9/: t dy ~ 2 ^ 2In 1 -1 

J Vta7 dt In t 2(ln tf 2 

27. v In x ^ , ( 1+| n .r)(^)-(lnx)(i) 1+^-^ j 

l + l nx (1+lnx) 2 (1+lnx) 2 x(l+lnx) 2 


28. 


y = 


xlnx 

1+lnx 


r 

y = 


(l+ln x)^ln x+x~ j— (x In x)^ j 
(1+lnx) 2 


(1+lnx) 2 —lnx _ ^ lnx 
(1+lnx) 2 (1+lnx) 2 


29. J = ln(lnx)^> / = (^)(i) 


1 

xlnx 


3°- y = ln ( ln ( ln *))=>/=i^by • i (ln(!n *» 


1 


1 


ln(ln x) In x dx 


(In x) 


1 

x(ln x) ln(ln x) 


31. y = #[sin(ln$) + cos(ln#)] => ^ = [sin(ln6>) + cos(ln#)] + 6^cos(ln 9) ~-sin(ln 6) 
= sin(ln 6) + cos(ln 9) + cos(ln 9) - sin(ln 9) =2 cos(ln 9) 
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32. , ■ lntsec0,,an t -. secg 


33. v = In—4= = -lnx — \\n(x + 1) => v' 

Wr+I - 


1 _ I ijt _ _2 (x+1)+£ 

x 2\x+\) 2x(x+l) 


3x+2 

2x(x+l) 


34. 


i |» is = >(1 «)-m ( 1 -*» => /=Li - (li) <-0 


1-x+l+x 
(l+x)(l—x) 


1-1 


« v Mnt^dy d-l°0(})-a+l°0 (f) 

t-tai dt (1-ln/) 2 


1 In/ ■ 1 ■ In? 
t t t t _ 2 

(1—In/) 2 /(l—In/) 2 


36. 


y = =(ln/ 1/2 ) 1/2 


* = i(l n i 1 , 2 r 1 ' 2 -A(lnf 1,2 ) = i(lnl 1 ' 2 r 1 ' 2 .Jj.i/, 1 ' 2 ) .l/ln , 1 ' 2 )- 1 ' 2 .Xif 12 


dt 


t 1 ' 2 dt 


t m - 



37. j/ = ln(sec(ln 0)) => % = ^(sec(ln 0)) 


sec(lng)tan(1ng) j_ . „ 

secfln 9) d9 K ’ 


tan(ln 0) 
9 


38. y = In ^ 2 ™ 9 = \ (In sin B + In cos 6) - ln(l + 2 In 9) 


1 cos 9 

sing t 

2 

e 

_ 1 

i>ao ton /3 4 

l sing 

cos 9) 

1+2 In 9 

2 

j^cos c7 tantf 0(1+21n0) J 


39. 


L = ln 


(v 2 +l) 5 ^| 

s/i-x J 


5 ln(x 2 +1) - ^ln(l - x) => / = -^2- 

1 " X +1 



10.x . 1 

x 2 +l 2(1-*) 


40. 


y = In 


ri+D 5 

(x+2) 20 


i[5 ln(x +1) -20 ln(x + 2)] y' 


J_M _ 

20 t 

5 

"(x+2)-4(x+l)~ 

5 

3x+2 

2 V x+1 

x+2/ 

2 

(x+l)(x+2) 

2 

_(x+l)(x+2) _ 


41. 


y = sjx{x + 1) = (x(x + 1)) 1/2 => In y = ^-ln(x(x +1)) => 2 In y = ln(x) + ln(x + 1) => — = “ + 

=y=(i 


42. j = a/(x 2 + l)(x -1) 2 


■ In v = }[ln(x 2 +1) + 2ln(x -1)] => £ = + 3^ 


1 / = V(x 2 + l)(x -1) 2 +yzr) = V(x 2 + !)(* -1) 2 


(x-+l)(x-l) 


(2x 2 -x+l)|x-l| 


yjx 2 +l(x- 


1) 


43. y = 


dy 

dt 


/+1 \/+l/ 

1 

2 ' 


1/2 


=-lnj.=i[lnr-ln(r+l)]=.iJ=i(i-Jj) 


rr 

1 

1/ /+!/ 2 V /+1 

/(/+i) 


2Vr(/+l) 3 
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44. 


y = -Jift+Ij = + ')] 1/2 =^hi>’=i[ln/‘ + ln(t+l)] 


dy 

dt 


1 1 

2r+l 

^ t(t+l) 

t(t+ 1) 


2 L 
2;+l 


i(t 2 +t) 3/2 


_ 1/1 . l \ 

y dt 2 \ t t +1 / 


45. j = V^+3(sin 0) = (0 + 3) 1/2 sin 0 => In j |ln(6> + 3) + ln(sin 0) => j ^ + yff 


= V<9 + 3(sin 0) 

do 


i 


2(0+3) 


-COt0 


46. y = (tan 0) JwV\ = (tan 0)(20 + 1) 1/2 => In y = ln(tan 0) + ±ln(20 + 1) => ^ + (±) (^) 

: ( lan + 5 +j) - (s ,c 2 + ygfr 


4+ 

Id 


47. j = t(t+l)(t + 2)^lnj = lnt + ln(t+l) + ln(t + 2)=>if = 1 + ^ + ^ 


dt 


■t(t + !)(/ + 2) (y + yyy + yy+y) - f(f + !)(/ + 2) 


48. >> = 


^(r+l)(/+2) 


(f+l)(f+2)+f(f+2)+f(f+l) 

/(/+l)(/+2) 

1 dy _ i i 


— 3^ +6^ + 2 


.ln^ = im-lnr-ln(r+l)-ln(r + 2)=>^— 


dy 1 

_i_ j_i_" 

-i 

"(f+l)(f+2)+f(i+2)+f(i+l)" 

dt t(t+\)(t+2) 

t t-\- 1 /+2_ 

f(*+l)(<+2) 

<(l+lX<+2) 


_ 3f +6f+2 
p 3 +3/ 2 +2?) 2 


49. j = 


_ 0+5 


0 cos 0 


In y = ln(0 + 5) - In 0 — ln(cos 0) => + => = ( g+5 )(-^L--jr + tan<9) 

v ' v ' y dO 0+5 0 cos0 dO \0cos0/\0+5 0 / 


50. j = 


0sm0 i n j = In 0 + ln(sin 0) -4ln(sec#) => = 


Vsec0 

^ = ^Sa£(l + cot0-Itan(?) 
de 4ssce\d 2 > 


1 . COS0 (sec 0)(tan 0) 

0 sin0 2sec0 


5L 7 (x+l) 2/3 


2^2±L=> In y = lnx + ^ln(x 2 + l)-|dn(x + l) =>4_ = 1_|_ 


r * 2 x +1 3(x+l) 


■J = 


K\lx 2 +1 


(x+l) 2/3 L- V X 2 +l 3 (X+1) 


52. j = 


(-v+l) lu 

(2x+l) 5 


■ In v = i[10 ln(x +1) - 5 ln(2x +1)] => f = ^ ^ 


./ = U 

V(2x+i) 5 vx+i 2x+1 ' 


53. y = 3=> In v = -y[lnx + ln(x-2)-ln(x 2 +1)]: 


2. 

r 


1 4 X ( X ~2) / i 

7 


+ _1_2x_ 

X X-2 r 2 +l 



1 2x 1 
x “ 2 x 2 +l/ 


54. v = 3 
" \\ 


x(x+2)(x-2) 


2 -v In j = ^-[lnx + ln(x + l) + ln(x-2) -ln(x +l)-ln(2x+ 3)] 

(.x +l)(2.x+3) 




1 x(x+l)(x-2) /1 , 1 , 1 


2x 


3'\I(x 2 +1)(2x+3)\ x + x+1 + x -2 x 2 +1 2 x+3 
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55. y = ln(cos" 6) => = —4— -2cos 9- (-sin 9) = -2 tan 8 

“9 cos~ 9 

56. y = \n{We~ d ) = \n?> + \n8 + \ne~ 9 = In3 +ln 9-6 => = tt-1 

atf U 

57. j = ln(3te _/ ) = ln3 + lnt + lne _f = ln3+lnt-t=>-^- = y-l=f^- 

58. y = ln(2e -? sin t) = In 2 +ln<?~ , + lnsint = In 2 —t + In sin t 

=> = -1 + (D-)-f (sin t) = -1 + ^ = cosf ~ sm? 

at \ sin t) at 7 sin t sin t 

= ( 1 )( 1 W 1 l|i) = ( 1+ ^)-^ = _I_ = 1 

\-Jei\24e) \\+4e}\2y[e] ie{\+S) ie(\+4e) 20(i+9 1 ' 2 ) 

61. y = e ^ ost+ln,) = e cos, e lnr =te cost => J = e cos? +te cos ^ (cost) = (1-t sin t)e cos? 

62. j = e smt (Inr 2 +1) => J = e sin '(cost)(lnr +1) + = e sin ' [(In r + l)(cos t) + j ] 


In v = sinx => i^jj/ = (j'e- v )(sinx) + e y cosx => y'^j-e y sinx = e y 


'( sinx |_ y 


= e J cosx => y 


ye y cos x 
1 —ye y sinx 


64. In xy = e x+y => lnx + In y = e x+y => 1 + (i)/ = (1 + y')e x+y => /(i - e x+ >’) = e * + - v -1 
y y y J X ^ x(l -ve x+y ) 


65. x y = y x => lnx^ = In y x => ylnx =xlnj => y ~ +y' - lnx = x — -y' + (1) -lnj => In x -y' — — -y' = In v-^ 

^ W - lny ~^ - V’lny-V 2 _ .y/ .vlnv-jA 
lnx—— xylnx-x 2 x\ylnx-x) 

66. tan j = e x +lnx => (sec 2 y)y' =e x +j^y' = (xeX+1 ^ C0S2 y 

67. y = 2 x =^/ = 2 x ln2 68. y = 3 _x => y' = 3"*(ln3)(-l) = -3 _x In3 

69. -5^(l„5)(i,- 1,2 ).(^.)5^ 
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70. y = 2 s2 ^ = 2 s2 (ln2)2s = (ln2 2 )D2 s2 1 = (ln4)^ 2 


71. y = x n => y' = 7rx^ n ^ 

73. ; .|, 8! 5«=!f 3 i.( i L)(l)( 5 ) = i J 1 

74. j = log 3 (l + 01n3)=^±^ 

75. j = log 4 x + log 4 x 2 =ttt + 


72. y = t X e =>^ = (l-e)t~ 


ln(l+01n3) 

>¥l-| 

fJ_V 

1 ) 

ta3 ^ 

dd 1 

Un 3 / V 

1+0 In 3 ) 

tax , tax 2 
“ In 4 In 4 

_ In x , j ln x 
_ ln4 In4 

, tax 
In 4 


1+0 In 3 


■y = 


xln4 


76. 

77. y = log, r ■ log 4 r = (Q(j^) = ^ f = [^ta4)]< 2 ln r >(?)' 

78. y = log 3 r -log 9 r = (-j-^^g) = (In3)(ln9) = > ~dr = (ln3)(ln9) ( 21nr )(7) = 


2 tar 

/•(In 2)(ln 4) 


21nr 

r(ln 3 )(ln 9) 


79. y = log 3 


(s) «3 ^P = ^ = |n ( s ) = ta(i + i) _. n(x - i) 


<iy _ l_i_ _ 

dx x+\ x—\ (x+l)(x—1) 


-2 


80. 


- / _ \(ln5)/2 

r2 -^^=( 


-'¥) 


1] fe) 

In 5 


2 1 \3x+2/ 


= |ln7.r-iln(3x + 2)^-^ = ^-- 


(3x+2)-3x 


1 


dx 2-lx 2-(3x+2) 2x(3x+2) x(3x+2) 


81. y = 0sin(log 7 9) = ^sin(j^) =* % = sin(£f ) + *[cos(£f J]^) = sin(log 7 9)+^ 


82. y = 


log? ( 


sin0cos0i _ ta(sin0)+ta(cos0)-tae fi -ta2 6, _ ln(sin0)+ln(cos0)-0-01n2 
^2 e “ ta7 “ ta7 


' “777 = ■ C m S ? 7 — 7— s 17,^ - t-4t - = (-j-h-) (cot 9 - tan 9 -1 - ln 2) 

dd (sm0)(ln7) (cos0)(ta7) ln7 ln7 \ln7/ v 2 


83. > , = log 5 e A 


tael 
In 5 


x . 

In5 


■y = 


i 

In 5 


84 v = log ( x 2 +tae 2 -In2-ln -Jx+\ 21nx+2-ln2-lln(x+l) 

y S2 \ 2V^+r / in2 > n2 

^ » _ _2_ 1 _ 4(x+l)-x _ 3x+4 

y x In 2 2(ln2)(x+l) 2x(x+l)(ln2) 2x(x+l)ln2 
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85. 

86 . 

87. 

88 . 

89. 

90. 

91. 

92. 

93. 

94. 

95. 

96. 

97. 

98. 

99. 


y = 3 log2? = 3 (ln/)/(ln2) => J = [ 3 (taO / On 2 )(i n3) = I ( i og2 3 ) 3 ^ 2 ' 

y = 3 iogg(iog 2 1 ) = - 


31n(log 2 t) 3 ln (in 2 ) k dv , 

f 3 ) 

1 

I 1 1 

1 - 3 _ i 

In 8 In 8 dt 1 

lln8/ 

(lnf)/(ln2) 

\t\n2) 

1 i(ln/)(ln8) r(ln/)(ln2) 


.. /odn2^ ln8+ln(r n ~) 3In2+(ln2)(lnf) 1 

y - log 2 ( 8 t )=- ^2 -=-Ui 2 - = 3 + lnt ^lF~ 7 


y = 


t log 3 (e (si 


(sinf )(ln3) \ _ fln (^ g * ) _ iln(3 sm ') _ f(sin/)(ln3) 


dy 


In 3 


, , - , , = tsint => -5- = sin / +t cost 

m3 In 3 at 


y = (,x + l) x => In y = ln(x + l) x = x ln(x + 1) => j = x ■ y-yyy + ln(x +1 )=>/ = (•* + l) x + ln(x +1)] 
y - x^ A+1) => In y = lnx ( ' A+1) = (x+ l)lnx => ^- = (x + l)^j + lnx = lnx +1 + -y => y' = x^ x+1 ^ (l +-y + lnx) 


y = (ft)‘ = ( t V2 y = t m In J = lnri /2 = (i)ln 


y dt 


(i) ( lnO + (i)0) 


L\lL\ - In t . 1 ^ dy 
2 2 dt 


¥Uir+i) 


y = (sinx) x =>\nv = ln(sinx) x = xln(sinx) => ^ = x + ln(sinx) => y' = (sinx) x [ln(sinx) +xcotx] 


y _ x sln - r => |n y - lnx sinx = (sinx)(lnx) => ^7 = (sinx)^j+ (cosx)(lnx) : 
sin x+x(ln x)(cos x) 


sin x+x(ln x)(cos x) 


1 sinx 
y = x 


y = x lnx , x > 0 => In y = (Inx ) 2 => £ = 2 (lnx)(l) => / = (x hx )(^) 

y = (In*) lnx => hiy = (In x) ln(lnx) ^ = (In x)(^)^(ln x) + (^)ln(lnx): 
..lnx ( ln(lnx)+l\ 


ln(lnx) 1 


■ y' = (lnx) 


\ x 


(g ° /)(*) g(f(x)) = X ^ g\f(x))f\x) = 1 


lim 

n—>co ' 


/ \ n 

/ . \(»/x) 

1+, J 

(1 + -) = lim 

1 n > «-» 00 1 

\ (n/x); 


= e x for any x > 0. 


The derivative of x n at x = 0 is given by lim 10+/ '* = lim h n l . For n> 2, /?-!>!, so lim h n 1 = 0. 


A—>0 


/!->0 


/!->0 
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100. Suppose n = 1. Then J-^lnx = i = (-1)° ~ and so the base case is established. Now if the statement holds for 


n = k we have that, for n = k + 1 , the following holds: 


jtl ,jA: + l 

(lnx) = -^- 7 —r(lnx) = 
dx" ’ dx k+l v ' 




= (—1)* —1 (A:-l)!-(-Jfc)jT* -1 


(-1 fk\ 




Thus by mathematical induction the result is established for all n > 1. 


101-108. Example CAS commands: 

Maple : 

with( plots );#101 
f := x -> sqrt(3*x-2); 
domain := 2/3 .. 4; 
xO := 3; 

Df := D(f); # (a) 

plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[l,3], legend=["y=f(x)","y=f(x)"], 
title="#101 (a) (Section 3.8)"); 


ql := solve) y=f(x), x ); 
g:= unapply) ql,y); 

#(b) 

ml := Df(x0); 

tl := f(x 0 )+ml*(x-x 0 ); 

y=ti; 

#(c) 

m2 := 1/Df(x0); 

t 2 := g(f(x 0 )) + m 2 *(x-f(x 0 )); 

y=t 2 ; 

#(d) 

domaing := map(f,domain); 

#(e) 


pi :=plot( [f(x),x], x=domain, color=[pink,green], linestyle=[l,9], thickness=[3,0]): 
p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 
p3 :=plot( tl, x=x0-l..fx0+l, coloured, linestyle=4, thickness=0 ): 
p4 :=plot( t2, x=f(x0)-l..f(x0)+l, coloi=blue, linestyle=7, thickness=l ): 
p5 :=plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ): 

display( [pl,p2,p3,p4,p5], scaling=constrained, title="#101(e) (Section 3.8)"); 


Mathematica : (assigned function and values for a, b, and xO may vary) 

If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows 
Mathematica to do this. 

«Miscellaneous 'RealOnly' 

Clear[x, y] 

{a,b} = {-2, 1}; xO = 1/2 ; 
f[xj = (3x + 2) / (2x - 11) 

Plot[{f[x], f[x]}, {x, a, b}] 
solx = Solvefy == f[x], x] 
g[y_] = x/. solx[[l]] 
y 0 =flx 0 ] 

ftan[x_] = y0+f[x0] (x-xO) 
gtan[y_] = xO + l/f[x0] (y-yO) 

Plot[{f[x], ftan[x], g[x], gtanfx], Identity[x]},{x, a, b}, 

Epilog —> Line[{{x0, y0},{y0, xO}}], PlotRange —> {{a, b},{a,b}}, AspectRatio —> Automatic] 
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109-110. Example CAS commands: 

Maple : 

with( plots); 
eq := cos(y) = x A (l/5); 
domain := 0 .. 1; 
xO := 1/2; 

f := unapply( solve/ eq, y ), x ); # (a) 

Df := D(f); 

plot/ [f(x),Df(x)], x=domain, coloured,blue], linestyle=[l,3], legend=["y=f(x)",y=f(x)"], 
title="#l 10(a) (Section 3.8)"); 
ql := solve/ eq, x); # (b) 

g:= unapply/ql,y); 

ml — Df(x0); # (c) 

tl := f(x0)+ml*(x-x0); 

y=ti; 

m2 := 1/Df(x0); # (d) 

t2 := g(f(x0)) + m2*(x-f(x0)); 

y=t2; 

domaing := map(f,domain); # (e) 

pi — plot/ [f(x),x], x=domain, color=[pink,green], linestyle=[l,9], thickness=[3,0]): 
p2 — plot/ g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 
p3 ~ plot/ tl, x=x0-l..x0+l, color=red, linestyle=4, thickness=0 ): 
p4 — plot/12, x=f(x0)-l..f(x0)+l, color=blue, linestyle=7, thickness=l ): 
p5 — plot/ [ [x0,f(x0)], [f(x0),x0] ], color=green ): 

display/ [pl,p2,p3,p4,p5], scaling=constrained, title="#l 10(e) (Section 3.8)"); 


Mathematica : (Assigned function and values for a, b, and xO may vary) 

For problems 109 and 110, the code is just slightly altered. At times, different “parts” of solutions need to be 
used as in the definitions of ffx] and g[y] 

Clear[x, y] 

{a,b} = {0, 1 };x0= 1/2; 
eqn = Cos[y] == x 1/5 
soly = Solvefeqn, y] 
f[x_] = y /. soly[[2]] 

Plot[{f[x], f[x]}, {x, a, b}] 

solx = Solvefeqn, x] 
g[y_] = x/. solx[[ 1 ]] 
yO = f[x0] 

ftan[x_] = y0+f[x0] (x-xO) 
gtan[y_] = xO + 1/f [xO] (y-yO) 

Plot[{ffx], ftanfx], g[x], gtanfx], Identityfx]}, {x, a, b}, 

Epilog —> Line[{x0, y0}, {y0, xO}}], PlotRange —> {{a, b}, {a, b}}, AspectRatio Automatic] 
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3.9 INVERSE TRIGONOMETRIC FUNCTIONS 


1. 

(a) 

71 

4 

(b) 

71 

3 

(c) 

71 

6 

2. 

(a) -f 

(b) 

71 

3 

(c) 

71 

6 

3. 

(a) 

71 

6 

(b) 

K 

4 

(c) 

71 

3 

4. 

(a) f 

(b) 

71 

4 

(c) 

71 

3 

5. 

(a) 

71 

3 

(b) 

371 

4 

(c) 

71 

6 

6. 

(a) f 

(b) 

71 

3 

(c) 

n 

6 

7. 

(a) 

3 n 

4 

(b) 

n 

6 

(c) 

271 

3 

8. 

(a) ^ 

(b) 

n 

6 

(c) 

2 71 

3 

9. 

sin | 

(cos -1 ^ 

j = sin 

II 

tbf 



10. 

sec^cos -1 -|j 

= sec(f 

) = 2 




11. tan(sin- 1 (-I)) = tan(-f) = --^ 


12. cot^sin- 1 (-f)j = cos(-f) = -^ 


13. lim sin 1 x = ■ 

x -»r 


14. lim cos 1 x = n 
x->-l + 


15. lim tan 1 x = y 

X-»0O 


16. lim tan 1 x = -y 

x-»-oo 


17. lim sec 1 x = -y 

x-»co 


19. lim esc 1 x = lim sin 1 (—1 = 0 

r—^nn v —±rri \ X / 


21. y — cos 1 (x 2 )=>-^ = — , 2x = r-^— 


18. lim sec l x= lim cos 1 (—) = y 
20. lim csc -1 .r = lim sin -1 (—) = 0 

X->-co X->-00 ' x ' 

22. y = cos -1 (y) = sec -1 v => ^ = 1 


23. y = sin -1 >/?;=>$ = ■ ^ = =~fi= 

l-(y/ 2 tf Vl-2 r 


24. y = sin -1 (l -t) => -^ =-— 


Vl-d-r) 2 y/^ 2 


25. j; = sec -1 (2.y + l)=>-^ =- 1 


* |2i+l|^/(2s+l) 2 -l |2^+l|V4i 2 +4i |2s+1|y/7+7 


26. j = sec 1 5s => - 5 


ds |5i|^/(5i) 2 -l |x|y/25^ 2 -1 


27. j = csc- 1 (x 2 +l)=>f = - 2 * 


-2x 


dX x 2 +lsj(x 2 +l) 2 -l (x 2 +1 )V-Y 4 +2.Y 2 
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28. y — esc 1 (^\ 




-2 

|jc| yj x 2 -4 


29. 


y = sec 


"M 


- = COS 



30. J = sin- 1 (^) = csc- 1 (4)^f = - ^ 


-It _ -6 


Ff x t4F- 9 


31. V = 001-' 77 = 001-' = 


dt 


l+(r 1/2 ) 2 2-Ji(l+t) 


32 V = cor 1 JTa = cot -1 !? -11 1/2 ^ dy - fe) (M) ~‘ /2 -_id_- -1 

J cot vt cot i) => A l + [(/-l) 1/2 ] 2 2VM0+/-1) 2 t^l 


33. >> = ln(tan _l x) — dy - ' +? 


dx tan l x (tan *x)(l+x 2 ) 


34. y = tan -1 (In x) => ^ = 7 - 7 ^ 2 


dx l + (lnx ) 2 x[l+(lnx) 2 ] 


35. y = CSC -\e')^f 


‘|J(e') 2 -l 


36. jr = cos *(e ? )=>^| = - 


Vl-(e“') 2 Vw 


37. J = S'Jl-S 2 + COS 1 5 = s(l -5 2 ) 1/2 +COS 1 5 => ^ = (1 +5 ^ j (1 — ) 1/2 (-2s) - -j= 

=^7- 


Jl-s z 


_.Jl „2 ,r+l 1—,< 2 -^ 2 -l -2 s 2 


^ 


38 


. j = Vs 2 -1 -sec 1 ^ = (s 2 -1) 1/2 -sec 1 s =>-^; = (4)(s 2 -1) 1 2 (2s)- 


ss-l 


39. y = tan 1 Vv ? -1 + csc 1 x = tan '(x 2 -1) 1/2 +csc 1 x 


(fy 

dfx 


(|)(x 2 -1)“ 1/2 (2x) j 


1 1 


l+[(x 1 ) ] Iris/ x 2 —1 xV x 2 —1 |xh/x 2 — 1 


= 0, for x > 1 


40. j = cot '(-)-tan 1 x=-f-tan l (x *)-tan 'x=>-^ = 0--i— = —i-L-=0 

V*/ 2 dx l+(x -1 ) 2 1 +X 2 x 2 +l 1 +x 2 
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41. 


42. 

43. 

44. 

45. 


46. 


47. 

48. 

49. 

50. 

51. 

52. 


— 1/2 • —1 2 1/2 
j = xsin x + y\-x = xsin x + (l-x ) 

=> % = siirl x + x^-j±=j + (})(1 -x 2 )~ V2 (~2x) = sin -1 




= sin 




y = ln(x 2 + 4) -xtan 1 


dy 

dx 


2x 


-tan’ 


1 (x\ J 

[ ( 1 ) ] 


_ 1 + (t)\ 


-tan -1 

x“ +4 



2x 

4+x 2 



The angle a is the large angle between the wall and the right end of the blackboard minus the small angle 
between the left end of the blackboard and the wall => a = cot" 1 - cot -1 (jj. 

65° + (90° - P) + (90° - a) = 180° => cr = 65°-/? = 65°-tan -1 (|i) * 65°-22.78° * 42.22° 


Take each square as a unit square. From the diagram we have the following: the smallest angle or has a tangent 
of 1 => a = tan -1 1; the middle angle /? has a tangent of 2 => /? = tan -1 2; and the largest angle ^has a tangent 
of 3 => ^ = tan -1 3. The sum of these three angles is n => a + J3 + y = n => tan -1 1 + tan -1 2 + tan -1 3 = n. 


(a) 


(b) 


(a) 

(b) 

(a) 

(b) 

(a) 

(b) 

(a) 

(b) 

CSC 


From the symmetry of the diagram, we see that n - sec : x is the vertical distance from the graph of 
y = sec -1 x to the line y = 7rand this distance is the same as the height of y = sec -1 x above the x-axis at 
-x; i.e., n -sec -1 x = sec -1 (-x). 

1 (—x) = n - cos -1 x, where -1 <x < 1 => cos -1 (—[:) = ;r-cos -1 where x >1 orx < -1 


cos 


sec 1 (—x) = n -sec 1 x 


Defined; there is an angle whose tangent is 2. 

Not defined; there is no angle whose cosine is 2. 

Not defined; there is no angle whose cosecant is 
Defined; there is an angle whose cosecant is 2. 

Not defined; there is no angle whose secant is 0. 
Not defined; there is no angle whose sine is V2. 

Defined; there is an angle whose cotangent is -2-. 
Not defined; there is no angle whose cosine is -5. 




w > 1 


y ~ tan 1 x => tan y = x => -^(tany) = -^-(x) 

^ (sec 2 T)f = 1 



triangle. 


l+x 


as indicated by the 
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53. f[x ) = sec v => f'(x) = sec x tan x => yy = —— - - 

X=b *,=/-!(*) 


sec(sec 1 b) tan(sec 1 b) d ±^b 2 -l\ 


Since the slope of sec 1 x is always positive, we choose the right sign by writing -j-sec 1 x = —J= 


( v du_ du_ 

% - tan -1 u | = 0 — 

2 I 1+u 2 l+u 2 

55. The functions /'and g have the same derivative (for x > 0), namely -j=4-. The functions therefore differ by a 

yjx(x+\) 

constant. To identify the constant we can set x equal to 0 in the equation fix) = g(x) + C, obtaining 
sin“ ' (-1) = 2 tan _1 (0) + C => -y = 0 + C => C = —y. For x > 0, we have sin -1 (yj-j = 2 tan -1 yfx -y. 


56. The functions / and g have the same derivative for x > 0, namely — Kr. The functions therefore differ by a 

1+x 

constant for x > 0. To identify the constant we can set x equal to 1 in the equation fix) = g(x) + C, obtaining 


sin 1 = tan l l + C=>^- = ^- + C=>C = 0. For x > 0, we have sin 1 1 — 

\V2 / 4 4 


= tan" 1 1. 


57. (a) sec -1 1.5 = cos -1 yy » 0.84107 
(c) cot -1 2 =-y-tan _1 2 « 0.46365 


(b) csc _1 (-1.5) =sin _1 * -0.72973 


58. (a) sec _1 (-3)= cos -1 «1.91063 (b) esc -1 1.7 = sin" 1 « 0.62887 

(c) cot -1 (-2) = y-tan _1 (-2) * 2.67795 


59. (a) Domain: all real numbers except those having the form y + kn where k is an integer. Range: ~2<y<2 



(b) Domain :-00 <x < 00 ; Range :-00 <y < 00 

The graph of y = tan -1 (tan x) is periodic, the graph of y = tan(tan _1 x) = x for 

—00 < x < OO. 
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60. (a) Domain: -oo <x < co; Range: -y < j <y 



(b) Domain: -1 <x < 1; Range: -1 <y < 1 

The graph of y = sin -1 (sin x) is periodic; the graph of y = sin(sin _1 x) 
-1 <v< 1. 


y 



61. (a) Domain: -co <x < oo; Range: 0<y<7r 



(b) Domain: -1 <x < 1; Range: - i ~y - 1 

The graph of y = cos -1 (cos x) is periodic; the graph of y = cos(cos _1 
-1 <v< 1. 



x for 


= v for 
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62. Since the domain of sec 1 x is 

(-oo, -1] u [1, oo), we have sec(sec _1 x) = x for |.r| > 1. The graph of y = sec(sec _1 x) is the lin ey = x with the 
open line segment from (-1, -1) to (1, 1) removed. 


y 



63. The graphs are identical for y = 2sin(2 tan 1 x) 

= 4[sin(tan~ x)][cos(tan -1 x)] 

= 4 



_ _^x_ f rom thg triangle 

x 2 +l & 



64. The graphs are identical for y = cos(2sec 1 x) 

= cos" (sec x)- sin" (sec v) 
■ 1 x 2 -l 

X 2 X 2 

?- 2 

= ^ from the triangle 
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65. The values of/increase over the interval [-1, 1] because /' > 0, and the graph of/ steepens as the values of 
/' increase towards the ends of the interval. The graph of/is concave down to the left of the origin where 
f" < 0, and concave up to the right of the origin where /" > 0. There is an inflection point at x = 0 where 
f" = 0 and /' has a local minimum value. 


y 



66. The values of/ increase throughout the interval (-oo, oo) because /' > 0, and they increase most rapidly near 
the origin where the values of /' are relatively large. The graph of/is concave up to the left of the origin 
where /" > 0, and concave down to the right of the origin where /" < 0. There is an inflection point at x = 0 
where /" = 0 and /' has a local maximum value. 



3.10 RELATED RATES 

1. A = nr 1 => -^ = 2nr^j- 

at at 

2. S = 47rr 2 ^^- = 87rr^- 

at at 

3. ,.5i,£.2=.$-5$=.$.5(2).10 

4. 2x + 3,=12,f = -2 = 2f + 3f = 0^2f + 3(-2) = 0^f = 3 
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5. y - * 2 , $ = 3 =• f - 2xf; when * —1 - 2<-l)(3) - -6 

6. *-y»-y.$-5=>$-3v 2 f --f; when, = 2 3 f = 3(2) 2 <5)-(5)-55 

7. -v 2 + y 2 =25. j; =-2_.2.v}-2vi = 0; when v = 3 and i = -3 _■ 2(3)(-2) +2(-4|± = 0 - f =-| 

8- X 2 y 3 = 3 * 2 y 2 =2 + 2x>.- 2 25 = 0; when * = 2 =• (2) 2 y 3 = -^ =■ y = ±. 

Th„s3(2) 2 (i) 2 (i) + 2(2)(i) 3 f = 03f = -f 


9. i = Vi 2 +/.f = -1. i=!af = 


dx ,,,dy 


dt ’ dt 
dL (5)(-l)+(12)(3) 3i 


dt 


( i \ % ux | -i ■ 

2x i j- + 2>’-jU = , rf ' ' rf ' ; when x = 5 and v 
dt d ‘> 


= 12 


dt 


V(5) 2 +(12) 2 


13 


10. r + s~ + v J = 12, 4 = 4, 4 = -3 => 4 + 2s4 + 3v z 4 = 0; when r = 3 and s = 1 => (3) + (1)“ + v J = 12 v = 2 

dt dt dt dt dt \ / \ / 

^4 + 2(l)(-3) + 3(2) 2 f = 0=>£ = 1 




Jr 


, Js 


.,2 J V 


dt 


dt 


11. (a) S = 6x z ,4 = -5-4-^>4 = 12*4; when x = 3 4 = 12(3)(-5) =-180-^ 

v 7 ’ dt mm dt dt dt v 7V 7 mm 

» 3 
min 


(b) F = x 3 ,4 = -5-4- ^> d f = 3x 2 4; when x = 3 ^ 4 = 3(3) 2 (-5) = -135-4- 

v 7 dt mm dt dt dt v 7 v 7 


12. S = 6x 2 ,4 = 72— : 

Jj sec 


JS 


■f = 3(3) 2 (2)=54 S i 


, = 12x4 => 72 = 12(3) 4^4 = 2—; V = x^^f = 3x 2 ^; when x = 3 
dt dt v ' dt dt sec dt dt 


13. (a) V = nrh : 


d]L = 7rr 1 dh 
dt dt 


(c) F = 7ZT 2 /? => 4K- nr 2 4h- + 2 nrh - 
dt dt dt 


(b) V = 7rr l h : 




14. (a) F = i^=>f = }- 2 f 


(b) F = i 7rr 2 /? => ^ 7rr/? 


dt 


15. (a) ^- = 1 volt/sec 


(b) ^ = —j amp/sec 


/ \ rfF _ n/jA, dR = UdV R dl\^dR = \tdV V dl\ 

K > dt \dt) \dt) dt I \ dt dt) dt I\dt I dt) 

(d) ^ = i^l-^-(-j-) = (d-j(3) = 4 ohms/sec, R is increasing 


16. (a) P = RI 2 =>-^ = / 2 4j- + 2RI 

v 7 dt dt dt 


0 = dL = l 2 dK + 2Rl^~ ^>-^- = -^4 = - 

dt dt dt dt 


(b) P = R1 
17. (a) s = y]x 2 +y 2 = (x 2 +>- 2 ) 1/2 =>^ = 


24 


i) dl 


P dt 


p dt 


2 P dl 
P dt 


dx 


(b) ^ N lx 2 +y 2 = (x 2 + y 2 ) 1/2 ^>4 = 


dt J x 2 +y 2 dt 


dt I 2 , 2 dt [ ~ . 

yjx +y yjx +y 


(e) =»2,f-2,f + 2rf 


dx ( y dy 
' .2 2 dt 

dy 
dt 
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18. (a) s = ^Jx 2 +y 2 +z 2 => s 2 = x 2 + y 2 + z 2 => 2s ^ = 2x -^ + 2j + 2z 

ds_ _ _ x dx |_ r ‘fo |_z_ dz_ 

dt Jx 2 +y 2 +z 2 dt Jx 2 +y 2 +z 2 dt Jx 2 +y 2 +z 2 dt 


(b) From part (a) with & = 0 => = - 


r dy z dz 

2 , 2 , 2 dt nr, 2 , 2 dt 


Jx +y +z 

(c) From part (a) with f = 0 ^ 0 = 2*§ + 2jf +2z§ => f + f f+ f f = 0 


X +V +3 


19. (a) ^4 =T sin# => ^ = cos ^~r 

v 7 2 dt 2 dt 


(c) A = ^absinO => 4A = ^ abcos 0 + \b sin 9^j- + ^a sin 9^- 


(b) A = \absind^> ^ = \ab cos 9^f- + \b sin#-^ 
v 7 2 dt 2 dt 2 dt 


20. Given A = nr 2 , = 0.01 cm/sec, and r = 50 cm. Since-^- = 2nr^, then^-| r=50 = 2^(50) = ;rcm 2 /min. 


21. Given ^- = -2 cm/sec, = 2 cm/sec, £ = 12 cm and w = 5 cm. 
dt dt 


(a) A = £w^>4A = => = 12(2) + 5(-2) = 14 cm 2 /sec, increasing 

(b) P = 2f + 2w=> ^ = 2^ + 2^ = 2(-2) + 2(2) =0 cm/sec, constant 

(c) D - A 2 +f 2 - <w 2 + C 2 ) 1 ' 2 f - i(» 2 + f 2 )~ m (2wf + 2(f) => ^ 
= -lj cm/sec, decreasing 


l(», 2 + f 2 r 1 ' 2 (2^ + 2<g) a.= (Mf < 12 H- 2 ' 

2 V ) \ dt dt] dt 2 , n2 V25+144 


22. (a) V =xyz^f = yzf + xzf + xyf^f\ (4 ' 3 ' 2) = (3)(2)(1) + (4)(2)(-2) + (4)(3)(1) = 2 m 3 /sec 


(b) 5 = 2xj + 2xz+2>’z=>^ = (2>’ + 2z)-^ + (2x + 2z)-^ + (2x: + 2>’)^ 


dt 1(4,3,2) 


= (10)(1) + (12)(-2) +(14)(1) = 0 m /sec 


(c) £ = Jx 2 + y 2 + z 2 = (x 2 + y 2 +z 2 ) 1/2 => 


<4- 3- 2 > = (A) ff) + (A) ( “ 2) + fe) (1) = ° ^ 


.V _ dx__ | _^_z_ <iz 

/ 2 . 2 . 2 dt I 2 , 2 , 2 dt I 2 , 2 . 2 dt 
jx +y +z yjx +y +z yjx +y +z 


23. Given: ^ = 5 ft/sec, the ladder is 13 ft long, and x = 12, j = 5 at the instant of time 

(a) Since x 2 +y 2 = 169 =>-=f = = -|yj(5) = -12 ft/sec, the ladder is sliding down the wall 

(b) The area of the triangle formed by the ladder and walls is A = -jxy => ^ = {\)i x ~^ + y^J- The area is 

changing at T[12(-12) + 5(5)] = = -59.5 ft 2 /sec. 

(0 cos».g=.- S in»f -X.faf — jj+yf—' (0(5)—Irad/sec 

24- * 2 -/« 2 =-2 s f.2,f + 2yf^f-i(,f + yf)=.f = 7 i.[5(-442) + 12(-481)].-614k„o. S 


25. Let 5 represent the distance between the girl and the kite and .r represents the horizontal distance between the 


girl and kite => s 2 = (300) 2 +x 2 


ds _ x dx _ 400(25) 
dt s dt 500 


= 20 ft/sec. 


26. When the diameter is 3.8 in., the radius is 1.9 in. and = xxxx in/min. Also V = 6nr 2 => = 12 7rr^f 

dt 3000 dt dt 

=>^- = 12tt( 1.9)(j = 0.0076^-. The volume is changing at about 0.0239 inVmin. 
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27. 


V = \7rr 2 h, h = |(2r) = ^=>r=-y-=>F =\ 7r (^f) h 


\6nh 


dV _ 16 jthr dh 


27 


dt 


dt 


(a) §\ 

dt |/,- 4 

(b) r = f : 


(10) = 


_ 90 


: 0.1119 m/sec =11.19 cm/sec 


16rf /' ' 256 tt 

4 1 = = tt - “ 0.1492 m/sec = 14.92 cm/sec 

dt 3 dt 3\256 n) 32 n 


28. (a) V = \nr 2 h and r = ly 1: 


r ~H L ff h ~ 


75/zW 


dV 

dt 


225g/r dh 
4 dt 


dh_ 

dt h=5 


4(—50) 


225^(5) 


= | ~ -0.0113 m/min = -1.13 cm/min 

225 n 

W ' -=■ f = T § =■ £ l« ‘ (f)(sfc) * TS “ -O' 0849 * " 8 - 49 cm,s « 


29. (a) F = f/(3«->-)=.^-f[2M3«-J') + 9 ' 2 (-l)]f , |£«>Sv-3.i 2 ]] 


=> at R = 13 and y ■ 


we have = 
dt 


t-J—(-6) =ttt- m/min 
144 a- v 9 24 a- 


(b) The hemisphere is one the circle r 2 + (13 —y) 2 = 169 => r = ■\jl6y - 

■f = I(26 y-/)- ,/2 

vscstat) ■» m/rain 


T 2 w 


(0 r^y-, 2 )” 2 =.f.i(26 7 -/r'' 2 (26-2rtf =>£ - 




13-8 


30. If F = 4 th' 3 , 5 = 4;rr 2 , and ^- = kS = \knr 2 , then = 4 ^- r 2 4&;rr 2 = 4;zt 2 4L=>dL = k,a constant. 

3 dt dt dt dtdt 

Therefore, the radius is increasing at a constant rate. 

31. If F = \ni 2 , r =5, and = 100;r ft 3 /min, then = 4;rr 2 =^> = 1 ft/min. Then 5 = 4?rr 2 

3 dt dt dt dt 

=> ^ = 8;rr = 8^r(5)(l) = 40 tt ft 2 /min, the rate at which the surface area is increasing. 


32. 


Let s represent the length of the rope and x the horizontal distance of the boat from the dock. 

(a) We have s 2 = x 2 +36 => = , s Therefore, the boat is approaching the dock at 

v ' dt x dt ££/_36 i-i-o 

M = 10 (-2) = -2.5 ft/sec. 

VkL-36 V 


(b) 


cos d = £ => -sin 9= -4# =5 = - 

dt 


,.2 dt 


M-. 

dt 


dr 


dd_ 

dt 


- sin 6* 


.Thus, r = 10, x = 8, and sin# 


1 q 2 (f) 


■(-2) =~ 2 Q rad/sec 


_ 8 _ 

10 


33. Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal 

7 7 7 

distance between the balloon and the bicycle. The relationship between the variables is s = h +x 

34. (a) Let h be the height of the coffee in the pot. Since the radius of the pot is 3, the volume of the coffee is 

V = 9xh => = 9^r 4r => the rate the coffee is rising is ^ = } a T = dL in/min. 

dt dt ° dt 9n dt 9n 

(b) Let h the height of the coffee in the pot. From the figure, the radius of the filter r = -| => V =^nr 2 h = 

the volume of the filter. The rate the coffee is falling is = 4 in/min. 

° dt n h 2 dt 25n 5 n 
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35. y = QD 1 =>^| - = D 1 ^--QD 2 ^EL. = 77 ( 0 ) -7773 (-2) = yy L/min => increasing about 0.2772 L/min 


-I rfg 
dt 


dt 


41 


(41) 


1681 


36. Let P(x, j/) represent a point on the curve y = x~ and 9 the angle of inclination of a line containing P and the 
origin. Consequently, tan 9 = — => tan 9 = y = x => sec 2 0-y = y => y. = cos 2 #y.Since y = 10 m/sec and 


cos 


9 ,= 

x=3 


2 2 


■ = we have ^ =1 rad/sec. 


I 2 2 " 

37. The distance from the origin is s = ^x + y and we wish to find 


* =l(x 2 +v 2 )- 112 

dt ( 5 , 12 ) 2 ^ X J 


( 2 *t +2 >’$) 


(5.12) 


(5)(—1)+(12)(—5) 
V25+144 


-5m/sec 


38. 


Let s = distance of the car from the foot of perpendicular in the textbook diagram => tan 9 = -iy 


^™d9f := ^£ 


M. 

dt 


132 dt 

traveled 132 ft right of the perpendicular 

(i) 


cosil*. djj_ _ _264 and 9 = 0 
dt 


=$- = — 2 rad/sec. A half second later the car has 
dt 


9 1 = -j, cos 2 9 = and £ = 264 (since s increases) 


d£ 
dt 


^(264) = 1 rad/sec. 


39. Let s = 16r represent the distance the ball has 
fallen, h the distance between the ball and the 
ground, and I the distance between the shadow and 
the point directly beneath the ball. Accordingly, 
s + h = 50 and since the triangle LOQ and triangle 


PRQ are similar we have / = 


30/i 


50 -h 


■h =50-16/- 


and / = 


30(50-16r) 


dl\ 

dt Li 
l ~2 


50—(50—16r~) 16/ 

= -1500 ft/sec. 


1500 _ 3 q - > M = _J500 


dt 


8r 



40. 


80 

x 


We are given that £■ = 0.27° = rad/ 

= ft/min -0.589 ft/min -7.1 in./min. 
16 



80 dx , dx 

dt 

x 2 dt dt 

\dx\ _ 

-x 2 sec 2 9 d9 

| dt \ 

80 dt 


80 


dt ' 


(f=2io andsec0 =f) 


41. The volume of the ice is V = 4/rr 3 - ^^- = \nr 2 ^ => -^ = -=— in./min when - = -10 in J /min, 

dt 127T M 


dt 


dt 


dV 

dt 


the thickness of the ice is decreasing at in/min. The surface area is S = 4nr 


i=^i 


48/r^yyj = —y in 1 /min, the outer surface area of the ice is decreasing at y in /min. 


ML 

dt r= 6 


42. Let s represent the horizontal distance between the car and plane while r is the line-of-sight distance between 

speed of plane + speed 


the car and plane => 9 + = r => -^ = —p - , _ 

dt yj _9 dt 

of car = 200 mph => the speed of the car is 80 mph. 


^l^ = * ( - 160) = - 200mph: 
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43. Let x represent distance of the player from second base and s the distance to third base. Then & = —16 ft/sec 


(a) s 2 = x 2 + 8100 => 2s ^- = 2* , 

v 7 at at 


dx _, ds 


= When the player is 30 ft from first base, x = 60 =^> s = 30VR3 


and = 

at 


60 


■-=,(-16) =^2 * -8.875 ft/sec 
30>/l3 V13 


- 90 a, _ _90 _ds_ _ -90— d§_ _ Therefore, x = 60 and s = 30^13 

s-k dt 


/u\ c i n n _ VU n u "i _ 90 ds ^ uu \ _ 

(b) sin t\ - — cos ~ ~jt - - 

dO\ _ 90 


S 1 dt <.2 (* dt 5 2 C os0, dt 


-IT-—, — =r-(—pS-) = rad/sec; cos & 2 = — => -sin & ^ — => = 2 , 

dt (30Vl3)(60) \s/l3 / 65 ^ z dt s 2 dt dt ^ 2 s inft dt 


2_ _ 90 & _ 

•s 2 sin & 2 


90 


Therefore, x = 60 and ^ = 30Vf3 =>-t^-= , . , = 

d1 dt (3oVb)( 60) Wl3 


j 65 


rad/sec. 


(O 5 = - 


90 


ds 


s 2 cos6 f 1 dt (■ s2 “) 


90 (x\ (dx\ = / jto'l/dx) : 

S 2 .A \s ) \dt ) ( s 2 )\dt ) 


90 


=> lira ^ 


x 2 +8100/ dt x _> 0 


dt 


= lim 

x-»0 


im (— 5 - 22 —)(-15) =\ rad/sec; ^p- = - 
_>o\ x 2 +8100/ 6 dt 


90 


ds 


90 (xl/dx) = /90'Wdr) 
s 2 .i II s /V dt / \ s 2 J\dt ) 


90 dx . 
x 1 +8100/ dt ' 


lim ^ 

x—>0 dt 


~ rad/sec 
6 


44. Let a represent the distance between point O and ship A, b the distance between point O and ship B, and D the 
distance between the ships. By the Law of Cosines, D 2 = a 2 + b 2 -2a/>cosl20° => ^ = -^\2a^ + 2b^ 

-^- F \2a^j- + 2b^j-+ a^j- + b^j-\ When a = 5, = 14, b = 3, and-^ =21, then ^ where D = 7. The 

2D L dt dt dt dt J dt dt dt 2D 

ships are moving ^ = 29.5 knots apart. 


45. The hour hand moves clockwise from 4 at 30°/hr = 0.5°/min. The minute hand, starting at 12, chases 

the hour hand at 360°/hr = 67min. Thus, the angle between them is decreasing and is changing at 0.5°/min — 
6 °/min = —5.5°/min. 


46. The volume of the slick in cubic feet is V = (j)^(f)(4), where a is the length of the major axis and b is the 
length of the minor axis. = fil'd) + ij*(i)) = if (t>w + />-§-). Convert all measurements to feet and 

substitute: ^ = ^f(2(5280)(10)+f (5280)(30)) =^f (224,400) = 132,183 ft 3 /hr 
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3.11 LINEARIZATION AND DIFFERENTIALS 

1 . f(x) = x 3 - 2x + 3 => f'(x) = 3x 2 -2 => Z,(x) = /'( 2){x - 2) + /(2) = 10(x - 2) + 7 => Z(x) = lOx -13 at x = 2 

2. f{x) = 4x^9 = (v 2 + 9 ) 1/2 => fix) = (±) (x 2 + 9 )“ 1/2 (2x) = => L(x) = /'M)(x + 4) + /M) 

\lx 2 +9 

= —j(x + 4) + 5 => L(x) = -jx + -| at x = -4 

3. fix) = x +1 =* /'(x) = 1 -x ~ 2 ^ Z(x) = /(l) + /'(l)(x - 1 ) = 2 + 0 (x - 1 ) = 2 

4. Rx) = x m fix) = =* Lix) = /'(- 8 )(x - (- 8 )) + /(- 8 ) = i (x + 8 ) - 2 ^ Z(x) = i x -1 

5. /(x) = tanx => fix) = sec 2 x => Lix) = f in) + f in\x - n) = 0 + l(x- 7 r) = x-n 

6 . (a) / (x) = sin x => fix) = cos x => L(x) = f (0) + /'(0)(x - 0) = x => Z(x) = x 

(b) fix) = cosx => fix) = -sinx => Z(x) = /(0) + /'(0)(x -0) = 1 => L{x) = 1 

(c) /(x) = tanx=> fix) = sec 2 x => Z(x) = /( 0 ) + /'( 0 )(x- 0 ) = x => Z(x) = x 

(d) / (x) = e x => fix) = e* => Z(x) = /( 0 ) + /'( 0 )(x - 0 ) = 1 + x => Z(x) = 1 + x 

(e) fix) = ln(l + x) => fix) L <*) = /(°) + /'(0)(x -0) = x L(x) = x 

7. fx) = x 2 + 2x => fix) = 2x + 2 => Lix) = /'(0)(x - 0) + /(0) = 2(x - 0) + 0 ^ Z(x) = 2x at x = 0 

8 . /(x) =x _1 => /'(x) = -x _ “ => L(x) = /'(l)(x-l) + /(1) = (—l)(x — 1) +1 => L(x) = -x + 2 at x =1 

9. fix) = 2x 2 +4x -3 => fix) = 4x+4 => Z(x) = /'(-l)(x + l) + /(-l) = 0(x + l) + (-5) => Z,(x) = -5 at x = -1 

10. fix) = 1 + x => fix) = 1 - L{x) = f\ 8 )(x - 8 ) + /( 8 ) = l(x - 8 ) + 9 Z(x) = x +1 at x = 8 

11 . fix) = a/x = x 1/3 => /'(x) = ^jx _2/3 => Z(x) = /'( 8 )(x- 8 ) + /( 8 ) = ]y(x- 8 ) + 2 => L(x) = -^-x + y at x = 8 

12. fix) fix) = (1)(A ( + v 1 + ) ^ 1)( - Y) = ^ Lix) = fi l)(x -1) + /(l) = i(x -1) + ± =* Lix) = }x + \ 

at x = 1 


13. 

14. 

15. 

16. 


f{x) = e 1 =>/'(x) = -e ' => L(x) =/( 0 )+/'( 0 )(x- 0 ) =-x +1 atx = 0 . 


/ (x) = sin 1 x fix) = 


•Jl-x 


■ L{x) = /(0) +/'(0)(x-0) = x atx = 0. 


/'(x) = ki\ + x) k 1 . We have / (0) = 1 and /'(0) = k. Z(x) = /(0) + /'(0)(x - 0) = 1 +k)x -0) = 1 + kx 


(a) fix) = (1 — x) 6 =[l + (—x)] ~ 1 +6(—x) = 1 — 6x 

(b) fix) = £ = 2 [1 + (-x)]- 1 « 2 [1 + (-lX-x)] = 2 + 2x 

(c) /(x) = (l+x)“ 1/2 «l + (-|) 


x = l-f 
1/2 


(d) fix) = 4 2^4 =V 2 (l + f) 472(1 + 14) =V 2 (l+f) 

(e) /(x)=(4 + 3x) 1 / 3 =4'/ 3 (l+4) 1/3 * 4 1 / 3 (l + if) = 4 1 / 3 (l + f) 


(f) fix) = 1 - 


2 + x 


2/3 


= 1 + 


/ \ 1 2/3 

(-*)] 


-1+4 - 


2 +; 


= 1 - 


2x 

6+3x 
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17. (a) (1.00 02) 50 = (1 + 0.0002) 50 « 1 + 50(0.0002) =1 + .01 =1.01 
(b) %/l.009 = (1 + 0.009) 1/3 « 1 + (i) (0.009) =1 + 0.003 =1.003 

18. f(x) = -Jx +1 + sinx = (x + l) 1/2 + sinx => f'(x) = ^)(x + l) _1/2 +cosx => Ly(x) = /'(0)(x -0) + /(0) 

= |-(x-0) + 1 => Ly(x) = +x + l, the linearization of /(x); g(x) = VxTT = (x + l) 1/2 => g'(x) = (y)(x + l) -1/2 
=> L g (x) = g'(0)(x-0) +g(0) = i(x-0) +1 => L g (x) =^x + l, the linearization of g(x); h(x) = sinx 
=> h'(x) = cosx => L h (x) = /?'(0)(x-0) +/?(0) = (l)(x — 0 ) +0 => L h (x) =x, the linearization of /?(x). 

Lj-(x) = L a {x) + Lj 1 (x) implies that the linearization of a sum is equal to the sum of the linearizations. 

19. y = x 3 -3 a/x = x 3 -3x 1/2 => dy = ^3x 2 -\x~ ll ~ jt/x => dy = ^3x 2 --^=j dx 

20. y = xVl -x 2 = x(l-x 2 ) 1/2 =>dy = ||(1)(1 -x 2 ) 1 ^ 2 +(x)^j(l-x 2 ) 1/2 (-2x)Jt/x 


21. ^ dy , ( gffliggaM U =Jdxt 


l+x~ 


(1+x 2 ) 2 


dx 


22 v = 2 = 2 - r ‘ /2 => dv = 

X i-\ 1 n\ ^ u y 


3(l+Vx) 3(l+x 1/2 ) 


x- 1/2 (3(l+.r 1/2 ))-2x 1/2 (fx- 1/2 ) 

9(l+x 1/2 ) 2 


dx = 


_ 3x~ 1/2 +3-3 


9(l+x 1/2 ) 2 dX ^ dy 3y[x(l+y[x) 2 


dx 


3/2 1/2 1/2 1—y 

23. 2j +xj-x = 0 => 3j "dy + y dx +x dy -dx =0 => (3y + x) dy = (1 - y)dx => dy =—p— dx 

3 sjy+x 

24. xy 2 - 4x 3/2 - y = 0 => y 2 dx + 2xy dy - 6 x 1/2 dx - dy = 0 => (2 xy - 1) dy = ( 6 -x 1 ^ - y~ )dx => dy = 3 dx 


25. y = sin(5-\/x) = sin(5x 1/2 ) => dy = (cos(5x 1/2 )) |-yx 1/2 j dx=>dy = -— ^ 

26. j = cos(x~) =>dy = [-sin(x~)](2x)<ix = -2xsin (x~)dx 


dx 




27. y = 4tan => = 4 sec 2 (x z )dx dy = 4x 2 sec 2 ^]dx 


28. 


y = sec|x 2 -lj => dy =[sec(x 2 -l)tan(x 2 -l)](2x)<7x = 2x[sec(x 2 -l)tan(x 2 -l)]t/x 


29. y = 3csc(l-2>/x) =3csc(l-2x 1/2 ) => dy =3(-csc(l-2x 1/2 ))cot(l-2x 1/2 ) (-x ~ ! 2 ) dx 
=> dy = -4=csc(l -2Vx)cot(l -2-Jx) dx 

yjx 

30. y - 2cot|-j=j =2cot|x 1/2 j => dy = —2esc 2 (x ^ 2 )^—)(x 3/2 ) t/x => Jg = -jyese 2 


2;\y-l 


t/x 


31. j => dg = ~ t— dx 

2 Vx 
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32. y = xe~ x => dy = (- xe~ x + e~ x )dx = (1 —x)e x dx 

33. y = ln(l + x 2 ) => dy = -^f-dx 

1+x 

34 ' 7 = ln (A) = Mx +l)-iln(x-l) ^ ^ = (-L-I.-L) * = ^^dx 

35. v = tan _1 (e A ) => dy =- - — T -e x ■ 2xdx = 2xe , dx 

\ . f .2f ,^2* 2 


36. j = cot 1 [-L +cos '(2x) Note: ^cot 1 <9 = -— r , so that -d- cot 1 [\ = 


\+9 


dx 


-M -f I -M 


1+-V 


__ 2x 

4*±i x 4 +l 
4 


Note: ^-cos 1 9 = -f=L=dd, so that -^(cos 1 (2x)) = , 12 = =-j=L=. Thus dy = 


xll-0 2 


dx 


f-4x 2 yj l-4x 2 


2x _2 

C+l Jl^4x 2 


dx 


37. _y = sec *(e x ) => dy 


l 

e- x yl(e -*) 2 -1 


•(-e x )Jx = 




Jx 


38. j = e 


tan 


Jx +\ 


■ dy = e 


tan 


Jx +1 


i + (V^T ) 2 2 


■i(x 2 +l)“ 1/2 -2xJx=^ 


(x 2 +2)Vx 2 +1 


dx 


39. f(x) = x~+ 2x, Xq = 1, dx = 0.1 => fix) -2x + 2 

(a) A f = ,f{x o + Jx) - fixf) = f(l.\)-f(l) = 3.41-3 = 0.41 

(b) df=f'(x 0 ) dx =[2(1) + 2](0.1) = 0.4 

(c) | A/" — t//" | = 10.41-0.41 = 0.01 

40. / (x) = 2x 2 + 4x - 3, x 0 = -1, dx = 0.1 => fix) = 4x + 4 

(a) A f = f (x 0 + dx) f (x 0 ) = /(—-9) -/(-l) = .02 

(b) df = f'ixf) dx = [4(-l) +4](.l) = 0 

(c) |A/-J/| = |.02-0| = .02 

41. fix) = x 3 -x, Xg = 1, dx = 0.1 => f\x) = 3x 2 -1 

(a) A f = fix 0 + dx) - /(x 0 ) = /( 1 . 1 ) - /( 1 ) =.231 

(b) df = f\xf)dx = [3(1 ) 2 —1](. 1) — .2 

(c) |A/-J/| = |.231-.2| = .031 

42. /(x) = x 4 , x 0 = 1, <ix = 0.1 => f\x) = 4x 3 

(a) A/' = /(x 0 + Jx) - /(x 0 ) = /(1.1) - /(l) =.4641 

(b) df = /'(x 0 )Jx = 4(1) 3 (. 1) = .4 

(c) |A/—J/| =|.4641-,4| =.0641 
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43. 


44. 


45. 

47. 

48. 


49. 

51. 


52. 


53. 


54. 


55 . 


f(x) = x 1 , xq = 0.5, dx = 0.1 => f'(x) = -x 2 

(a) A f = f(x 0 + dx) -f(x 0 ) = /(.6)-/(.5) = - j 

(b) df=f'(x 0 )dx = (- 4)(j^) = -f 

(c) |Af-df|=|4 + fl=i 

/(x) = x 3 - 2x + 3, Xq = 2, dx = 0.1 => /'(x) = 3x 2 - 2 

(a) Af = f (x 0 + dx)-f(x 0 ) =/(2.1)-/(2) =1.061 

(b) df=f'(x 0 )dx = (10X0.10) = 1 

(c) |A/-#|=|1.061-1|=.061 


F = d.^/- 3 => dV =4nr^dr 46. F=x 3 => dV = 3xg dx 


S = 6x 2 => rTS = 12xQfi?x 


r - +h~ 
V;- 2 +/r 

x{ 2r o+h 2 ) 

=> dS = i dr, h constant 


2 

F = nr /?, height constant dV = 2nr 0 h dr 50. 5 = 2;zt/? => r/5 = 27rr dh 


S = nr\]r 2 + h 2 = nr(r 2 + /? 2 ) 1/2 , h constant ^>^. = n(r 2 


-h 2 ) l/ ~ +nr-r{r 2 +h 2 ) 1/2 


dS = 
dr 




Given r = 2 m, dr = .02 m 

(a) A = nr" => dA = 2nr dr = 2zr(2)(.02) = .08;r m" 

(b) (^)(100%) = 2% 

i 7 • o 

C = 2tzt and dC = 2 in. => dC = 2n dr => dr = — => the diameter grew about —in.; A = nr 

71 71 

=> dA = 2nr dr = 2zr(5) (^r) =10 in. 2 

The volume of a cylinder is F = nr 2 h. When h is held fixed, we have yy- = 2 nrh, and so dV = 2nrh dr . 
For h = 30 in., r = 6 in., and dr = 0.5 in., the volume of the material in the shell is approximately 
dV = 2 nrh dr = 2tt( 6)(30)(0.5) = 180zr * 565.5 in 3 . 


7 

Let 8 = angle of elevation and h = height of building. Then h = 30 tan 8, so dh = 30 sec" 8 d8. We want 

\dh\< 0.04/?, which gives: |30sec 2 8d8\ < 0.04 130 tan 9\ => — x —\dd\ < ^\dd\ < 0.04sin#cos<9 

cos 2 6 cost/ 

=> \d8\ < 0.04sin 4 cos yy = 0.01 radian. The angle should be measured with an error of less than 
0.01 radian (or approximately 0.57 degrees), which is a percentage error of approximately 0.76%. 


The percentage error in the radius is x 100 < 2%. 


(a) Since C = 2nr : 


y=- = 2n^j. The percentage error in calculating the circle’s circumference is Lf|2-x 100 


dt ’ 


(f). 

c 



2 nr 


(dr) 

xlOO =-^2x100 <2%. 
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(b) 


IdA 

Since A = nr 2 => dd. = 2 nr^f. The percentage error in calculating the circle’s area is given by xlOO 

&1 dl At 

= - -42x100 = 2^x100 <2(2%) = 4%. 

nr L r 


/ dx \ 

56. The percentage error in the edge of the cube is 142 x 100 < 0.5%. 


(a) Since S = 6x 

,(t) 


dS_ 

dt 


(f) (l2xf) 

= I2x^-. The percentage error in the cube’s surface area is 442 x 100 = 4—44 
dt & 6x~ 


xlOO 


= 2-^4x100 < 2(0.5%) = 1% 

Since V 
(—) 

= 31*2x100 < 3(0.5%) =1.5% 


dV\ 
\ dt , 


(b) Since V = x =>^- = 3x The percentage error in the cube’s volume is 100 = 


( 3 * 2 t) 


xlOO 


57. V = nh 3 ^>dV = 3nh 2 dh ; recall that AV*dV. Then \AV\< ( 1 %)(P)= (1) ^ 3) |jp| 

■\3nh 2 dh\ < ^ =>\dh\ < 4^/? = (y%)/7. Therefore the greatest tolerated error in the measurement 


of/7 is i%. 


58. (a) Let D t represent the interior diameter. Then V = nr 2 h = 71 h = an d /? = 10 => V = 5?r f > ' 

^>dV = 5 nD t dDj. Recall that AV * dV. We want|AF| < (1 %)(V) dV |< 

=4> 5nD, dD, < ^L. ^£l < 200. The inside diameter must be measured to within 0.5%. 

1 1 40 D t 

(b) Let D e represent the exterior diameter, h the height and S the area of the painted surface. S = nD e h 

=> dS = nhdD e X> — = Thus for small changes in exterior diameter, the approximate percentage 

S L) e 

change in the exterior diameter is equal to the approximate percentage change in the area painted, and to 
estimate 

the amount of paint required to within 5%, the tank’s exterior diameter must be measured to within 5%. 

59. Given D = 100 cm, dD = 1 cm, V = |^(y) 3 = => dV = f D 2 dD = f-(100) 2 (1) = l^L. Then ^(100%) 

(l0 2 %) = 


10^ ;r 
2 

10 6 Tt 
6 


10 n 
2 

10 6 n 
6 


10 4 tz- 

% =3%^- 
10 % 


60. V =jnr 3 =fn(f) 

-.3 


7rD 


• dV = dD; recall that AV ~ dV. Then \AV\ < (3%)V = 


M) 

' n D 3 ' 

\iooy 

l 6 J 


TtP - 

200 


diameter is 1%. 


TtP - 

200 


\dD\ < -44- = (1 %)D => the allowable percentage error in measuring the 


61. W = a +— = a+bg~ l => dW = -bg~ 2 dg = ——^ => dWm 


bdg 

(5.2) 2 


g 


dW m 


bdg 

(32) 2 


: = 37.87, so a change of gravity 


on the moon has about 38 times the effect that a change of the same magnitude has on Earth. 
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62. C'(t) = J + ^ )2 + 0.06e~°° 6 ', where t is measured in hours. When the time changes from 20 min to 30 min, t in 
hours changes from j to so the differential estimate for the change in C is 
£'(})•(?-}) = Ml) = 0-584 mg/mL. 


63. The relative change in V is estimated by dvddr A r = ^j^-kr = If the radius increases by 10%, r changes to 

4(0 lr) 

l.lr and A r = 0.1 r. The approximate relative increase in V is thus — = 0.4 or 40%. 

1/2 

64. (a) T = 2n[^ => dT = 2;z■^/Z|-lg _3/2 je?g = -n4Lg~ 2l2 dg 

(b) Ifg increases, then dg > 0 => dT <0. The period T decreases and the clock ticks more frequently. Both the 
pendulum speed and clock speed increase. 

(c) 0.001 = -7 Ta/100(980 _3/2 ) dg =>dg « -0.977 cm/sec 2 =>the new g « 979 cm/sec 2 


65. 


(a) i. Q(a) = /(a) implies that b 0 = f (a). 

ii. Since Q\x) = b\ + 2b 2 (x-a), Q’(a) = f\a) implies that \ = f\a). 

iii. Since Q"(x) = 2b 2 , Q"(a ) = /"(a) implies that b 2 = — 

In summary, b 0 = f(a), b\ = f\a), and b 2 = f \ a \ 

(b) /(*)=( 1 -jc)- 1 ; f{x) = -l(l-x)~ 2 (-l) =(l-xy 2 ; f"(x) = - 2(l-x)~ 3 (-l) =2(l-x)~ 3 Since 

/(0) = 1, /'(0) = 1, and /"(0) = 2, the coefficients are b 0 = 1 ,b\ = 1, b 2 = = 1. The quadratic 

approximation is,Q(x) = \+x+x . 



As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 


(d) 


(e) 


g(x) = x l ;g’(x) = -lx 2 ;g"(x) = 2x 3 

Since g(l) = 1, g'(l) = ~L and g"(l) = 2, the coefficients are b 0 = 1, b\ = -1, b 2 = 1=1. The quadratic 


• • • 2 
approximation is Q(x) = 1 — (x — 1) +(x-l) . 
y 



As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 


[-1.35, 3.35] by [-1.25, 3.25] 


h(x) = (1 +x) V2 \ h\x) = |(1 + xT V1 \ h"(x) = -1(1 +xT 3 ' 2 

1 

Since h( 0) = 1, /?'(0) = 1, and /?"(0) = -1, the coefficients are b 0 = 1 ,b\ =\,b 2 =-£- = -1. The quadratic 

2 

approximation is Q(x) = l + y-y-. 

L o 
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As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 


y 



(f) The linearization of any differentiable function u(x) at x = a is L(x) = u(a) + u'(a)(x-a) = b 0 + b l (x-a), 
where b 0 and b\ are the coefficients of the constant and linear terms of the quadratic approximation. Thus, 
the linearization for f(x) at x = 0 is 1 + x; the linearization for g(x) at x = 1 is 1 - (x -1) or 2 - x; and the 
linearization for h(x) at x = 0 is 1 +j. 


66. E(x) = f(x)-g(x) =^> E(x) = f(x)-m(x-a) -c. Then E(a) = 0 => f(a)-m(a-a) -c = 0 => c = f(a). 


E(x) 

Next we calculate m : lim-- = 0 

x—a 


| im f(x)-m(x-a)-c _ q 


■ lim 

x—>a 


f(x)~f(a) 


= 0 (since c = f(a)) 


x—>a ~ “ x^>a 

=> f'(a) -m =0=> m = f\a). Therefore, g(v) = m(x - a) + c = f'(a)(x — a) + f (a) is the linear approximation, 
as claimed. 


67. (a) /(x) = 2 x ^/'(v)=2 A ln2;I(x)=(2 0 ln2)x + 2 u =Aln2 + l*0.69v + l 


,0 



69-74. Example CAS commands: 

Maple : 

with(plots): 

a := 1: f:=x -> x A 3 +x A 2 -2*x; 
plot(f(x), x=-l.,2); 
diff(f(x), x); 
fp:= unapply (",x); 

L:=x ->f(a) + fp(a)*(x -a); 
plot({f(x),L(x)}, x=-l.,2); 
err:= x ->abs(f(x) -L(x)); 
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plot(err(x), x=-1..2, title = #absolute error function#); 
err(-l); 

Mathematica : (function, xl, x2, and a may vary): 

Clearff, x] 

{xl, x2} = {—1, 2};a =1; 
f[x_]:=x 3 +x 2 -2x 
Plot [f[x], {x, xl, x2}] 
lin[x_]=f [a] + f'[a](x - a) 

Plot[{f[x], lin[x]},{x, xl, x2}] 
err[x_]=Abs [f[x] - lin[x]] 

Plot[err[x], {x, xl, x2}] 
err//N 

After reviewing the error function, plot the error function and epsilon for differing values of epsilon (eps) and 
delta (del) 

eps = 0.5; del = 0.4 

Plot[{err[x], eps}, {x, a -del, a + del}] 


CHAPTER 3 PRACTICE EXERCISES 


1. y = x 5 -0.125x 2 + 0.25x => ^ = 5x 4 -0.25x + 0.25 


2. y = 3 -0.7x 3 +0.3x 7 => -^ = -2.lx 2 +2.1x 6 


3. y = x 3 -3(x 2 + => ^ = 3x^ -3(2x + 0) = 3x 2 -6x = 3x(x -2) 


4. y = x 7 +V lx — L r ^>-^ = 7x 6 +V7 


7T +1 dx 

5. y = (x +1) 2 (x 2 + 2x) ^> -^ = (x +1) 2 (2x + 2) + (x 2 + 2x)(2(x +1)) = 2(x +1)[(x +1) 2 + x(x + 2)] 
= 2(x + l)(2x 2 + 4x +1) 


6. y = (2x-5)(4-x) _1 => ^ = (2x-5)(-l)(4-x)“ 2 (-1) + (4-x) _1 (2) = (4-x)“ 2 [(2x-5) +2(4-x)] = 3(4-x)~ 

7. y = (0 2 +sec6> + l) 3 =>-^ = 3(<9 2 + seci9 + l) 2 (2<9 + sec(9tan6') 

atf 

7 i 


9. s = 


10 . 5 = 


1+ ^ dt (l+7) 2 2-77(1+7) 2 27(1+7 ) 2 


1 . ds_ 

7-i dt 


-i 


(7-i)‘ 27(77)- 


? ? dv 1 7 

11. j = 2 tan" x -sec"x =>= (4tanx)(sec~ x)-(2secx)(secxtanx) = 2sec" xtanx 
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12. y = —h—-- t2 — = esc 2 x — 2 esc x => — (2cscx)(-cscxcotx) -2(-cscxcotx) = (2cscxcotx)(l-cscx) 

13. ^ = cos 4 (l-2t) => ^ = 4cos 3 (l -20(-sin(l-20)(-2) = 8cos 3 (l -20sin(l -20 

14. ,s- = cot 3 (2) => § = Scot 2 (f)(-esc 2 (}))(^) = ^-cot 2 (f )csc 2 (f) 

15. ^ = (sect + tan0 5 => ^ = 5(sect + tan t) 4 (sect tan f + sec 2 tj = 5(sect)(sect + tant) 5 

16. ^ = csc 5 (l-t + 3t 2 ) => = 5csc 4 (l-t + 3t 2 ) (-csc(l-t + 3t 2 )cot (1-t + 3t 2 )) (-1 + 60 

= -5(6 1 -1) esc 5 (1 -1 + 3t 2 ) cot (1 -1 + 3r) 

17. r = V20sin0 = (26»sin 9) V1 =^> = i(2i9sin 9)~ V 2 (2i9cos 9 + 2sin 9) = ^ c ° sg + sing 

do 1 -Jldsind 

18. r = 29yJcos9 = 29 (cos 9) 112 => ^ = 26>4)(cos 9)~ m (-sin 9) + 2(cos 9) V2 = + 2Vcos<9 = 2cosg-gsing 

do Vi/ yjcosd v cos# 

19. r = sin *J29 = sin(2 9) V2 cos(2 9) m (|(2 9)~ V1 (2)) = 

21. y = \x 2 esc- =$ = 2.x 2 (-csc2cot2i[^2.j + (csc2](i-2x) = csc^cot^ + xcsc^ 

A X ClX A \ X ^' \ X / ' X / V A / X X X 

22. y = 2-Jx sin Vx =>^ = 2-sfx (cos Vx j|^= j + (sin Vx j y^j= j = cos W + S11 ^* 

23. 3/ = x _1/2 sec(2x) 2 => ~^ = x ~ 112 sec(2x) 2 tan(2x) 2 (2(2x)-2) + sec(2x) 2 (-2-x _3/2 ) 

= 8x 1/2 sec(2x) 2 tan(2 x) 2 —jX 3/2 sec(2x)~ =y.r 1/2 sec(2x)" |V6tan(2x) 2 —x 

or - * 3/2 sec(2x) 2 (l6x 2 tan(2x) 2 -lj 


24. 


y = 4x csc(x +1) 3 = x 1/2 esc (x +1) 3 ^ = x 1/2 

= -3%/x(x+l) 2 esc (x +1) 3 cot (x +1) 3 + CSC(A + 1) ~ 

2 sjx 

or -^=csc (x +1) 3 (l - 6x(x +1) 2 cot (x +1) 3 j 


(-csc(x +1) 3 cot (x + 1) 3 ) (3(x + l) 2 ) + csc(x +1) 3 (2* 

• = \4x esc (x +1) 3 2 - 6(x +1) 2 cot (x +1) 3 J or ^^=csc (x +1) 3 


25. j/ = 5cotx 2 =^> ^ = 5(-csc 2 x 2 )(2x) = -10xcsc 2 (x 2 ) 

26. y = x 2 cot5x => ^ =x 2 (-csc 2 5x)(5) + (cot5x)(2x) = -5x 2 esc 2 5x + 2xcot5x 

27. y = x 2 sin~(2x 2 ) => ^ = x 2 (2sin (2x 2 ))(cos(2x“))(4x) +sin“(2x 2 )(2x) 

= 8x 3 sin(2x 2 ) cos(2x 2 ) + 2x sin 2 (2x 2 ) 
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28. y = x 2 sin 2 (x 3 ) => ^ = x 2 (2sin(x 3 )) (cos(x 3 ))(3x 2 ) + sin 2 (x 3 )(-2x ') = 6 sin (x 3 ) cos (x 3 )-2x 3 sin 2 (x 3 ) 


/ 4t \ 2 ^ ds 


" (/+l)(4)-(4/)(l) ^ 

\-_ 2 ( al \ 

r 3 4 - 

o+l) 

U+l/ dt 

Z \t+\) l 

, P+D 2 J 

1 2 l/tlJ 

p+i) 2 

8/ 3 


30. 


~r~T = - tV (! ■5^ -1)‘ 3 => § = - tV (-3X15t -1)- 4 (15) = 


15(15/—l) 3 15 v 7 dt is v v ~' (15/-1) 4 


31. j = 


IJL 


\x+\ 


32. y = (-2JL) 

\2yJX+l 


dy_ = 2 [^\ (A+1) ( 2 ^) ^ (1) = C+Q- 2 * = 

dx \x+'j ( X +l) 2 (x+1) 3 

^^ = 2 (i^r) 


1 —X 

(X+1) 3 


(2 % /x+I)(-t=)-(2^)(-J=)^ 4Vx(-{=) 

\V* J \ /\yjx J \yjx) 

( 2 VI+ 1) 2 ~~ ( 2 VI+ 1) 3 


(2V7+1) 3 



34. y = 4 xa/x + Vx = 4x(x + x 1/ “) 1/ “ =i> ^ = 4x^j(x + x 1/ ") 1/2 |l + ^-x 1/2 j + (x + x 1 / ^) 1 / "(4) 
= {x + \fx)~^ 2 2x|l + ^-j=j + 4(x +Vx) = (x + yfx)~y~ (2x + Vx + 4x + 4^) = 


X+yfx 


1 sin0 ) 


f sin 9 t 

(cos 0-l)(cos 0)-(sin 0)(-sin 9) 

= 2| 

f sin 9 \ 

( cos 2 9-cos9+sin 2 9 j 

\ cos 0-1 J 

l cos 0-1/ 

(cos <2-1 ) 2 

{cos 9-1) 

^ (cos <9-1 ) 2 J 


(2sin<9)(l-cos6>) _ -2 sin 


(cos0-lp (cos0-l) 2 


( sin 9+1) 

r^^= 2 i 

f sin 0+11 

(1 -cos0)(cos &) -(sin0+l)(sin0) 

\1-cos 9J 

U-COS0/ 

(1-cos 0) 2 


2(sin 6<+l)(cos 0-sin 9- 1) 


(1-cos 0) 3 


2(sin 9+1) ^ cos q _ cog 2 q _ s | n 2 g _ g j n ^ 
(1—cos (l) 3 


37. j = (2x +1)V2x +1 = (2x +1 ) 3/2 => = § (2x +1 ) 1/2 (2) = 3V2x +1 

38. y = 20(3x-4) 1 / 4 (3x-4 )“ 1/5 = 20(3x-4 ) 1/20 => f = 20(JL)(3x-4)-‘ 9 / 2 °(3) = (3v _ 3 )19/20 

39. y = 3(5x 2 +sin2x )“ 3/2 ^>^ = 3(-|)(5x 2 + sin2x)~ 5/2 [1 Ox + (cos2x)(2)] = ~ 9(5x + cos2x) 2 

^5x 2 + sin2xj 

40. y = (3 +cos 3 3x ) _1/3 =>-^- = -|(3 +cos 3 3x ) _4/3 (3cos 2 3x)(—sin3x)(3) = 3cos 3xsin3x 

dx i (3 + cos 3x) 

41. j = 10e “' r/5 = 5 >^ = (10)(-i)e _x/5 = -2e~ x ' 5 

42. 3 / = ^2e^ x =>% = (V2) (V2 y^ x = 2e^ x 
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43. y = jxe 4x ~j^e 4x => ^ = 4-[x(4e 4x ) + e 4x (l)]-^(4e 4x ) = xe 4x + ±e 4x -je 4x = xe 4x 

44 . y = x 2 e~ 2/x = x 2 e _2x =^>-^ = x 2 [(2x _2 )e~“ A ]+e~ 2x (2x) = (2 +2x)e~ 2x = 23 _ “ /x (l + x) 

45. y = ln(sin 2 0) => 4 = ^ = 2cot Q 

J dd sin 2 0 sin# 

46. j - ln(sec 2 g) => % = 2 ^X s ^ ta ^> = 2 tan 0 

sec 2 0 


(44 

ln (4") 


1 


_ 2 

In 2 " 

dx 

In 2 

iwJ 

(In2)x 


48. , = lo g 3 ^- 7 )=M^Zl^^ = ( 1 J_)(_i_)___i_ 

49. j = 8 -? =>$= 8 _, (ln 8 )(-l)=- 8 "'(ln 8 ) 50. y = 9 2 ' => J = 9 2 / (ln9)(2) = 9 2 f (21n9) 

51. _y = 5x 3 ' 6 => -4- = 5(3.6)x “' 6 = 18x 2 ' 6 

52. y = => f = (^)(-V^)x(-^ _1 ) = -2x(-^ _1 ) 

53. _y = (x + 2 ) x+2 => In 7 = ln(x + 2 ) x+2 = (x + 2)ln(x + 2) => ^ = (x + 2)^-^-| + (l)ln(x + 2) 

= (x + 2 ) x+ 2 [ln(x + 2 )+l] 


54. 


>> = 2(ln x) xl2 => In r = ln[2(lnx) x/2 ] = ln(2) + (f)ln(ln x) => ^ = 0 + (f) 
=> y ' = \_ + ( 2 ^) ln < In xr)]2( ln x)^ /2 = (In x) x/2 [ln(lnx)+j^] 



+ (ln(lnx))(|) 


55. j = sin 1 yfl-u 2 = sin 1 (1 — z/ 2 ) 1/2 
_ dy \{\-u-T m (-2u) 

du ^ ( i_„ 2 r i/ 2] 2 V^-aV) 



0 < u < 1 


56. j = sin ! (-)=) = sin 1 v 1/2 =>-^-= r ^—^ = = - *- =— —4— = ^— =— j= 

Uv) dv Jl-(v- y2 ) 2 2v yl ^v^ 2v 3/2 ^=> 2v 3/2 vWl 2 


57. j = ln(cos _1 x) => j/ = 


-1 


cos 'X Vl-x 2 cos -1 X 
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58. y = z cos 


dy -1 

=> -j- = cos z - 

az 


— =zcos *z-(l-z 2 ) 1/2 

-(!)<>- 2 > 


2 21 1/_ (-2z) = cos 1 z — 


h-z 1 


h-z 1 


= cos 1 z 


59. 


y -1 tan 


t 


= tan_1 



= tan 


t + “ 


l+c 


it 


60. 

61. 


y = (l + t 2 )cot 1 2t => = 2tcot *2t + (l + r)(—=0 

\ 1+4 1 / 

—1 /9 —1 7 \!7 

j = zsec z-yz -l=zsec z —(z“—1) 

f \ 



+ (sec“ 1 z)(l)-{(z 2 -l)“ 1/2 (2z) = 


\z\Jz 2 -l 


7 —1 1 —Z —1 1 

. + sec z = , + sec z, z > 1 


62. j = 2\/x4"sec 1 Vx = 2(x-1) 1/2 sec ! (x 1/2 ) 


=>£ = 2 
ax 






•Jx-jx —1 


= 2 


‘Vx , 1 


27 x ^1 x 2 


sec 1 yfx J_ 
-Jx-i* 


63. y = esc -1 (sec 0)=>^j-= =™pm£ = -^ = -1, O<0<f 

|sect?|M4M Ml 2 


/i /i , 2 \ tan 1 x tan 1 x , ,, , 2 ■% f e tan * 1 -> tan 1 x , tan 1 x 

64. y = (\+x )e =>j = 2xe + (l+x ) -—— | = 2xe +e 

l+x" 


65. xy + 2x + 3y = 1 :=> (xy' + y) + 2 +3y' = 0 => xy' + 3y' = -2 -y => j'(x +3) = -2 -y =>>>' = - 


v + 2 
x + 3 


66 . x 2 +xy + y^ —5x = 2 => 2x + |x-^- + }’j + 2> , '^ _ 5 = 0 => x^ + 2y^ = 5 -2x - v => -^(x + 2j) = 5 -2x - y 


dv _ 5-2 x-y 
dx x+2y 


67. x 3 + 4xy - 3 y 413 = 2x =i> 3x 2 + ^4x^ + 4y j - 4y 1/3 ^ = 2 => 4x^ - 4y 1/3 ^ = 2 -3x 2 - 4 y 

^ ( 4x-4v 1/3 )=2-3x 2 -4v^ = MMt 
rfx v y dx 4x-4y 1/3 

68 . 5x 4/5 + 10y 6/5 = 15 => 4x“ I/5 + 12y 1/5 f = 0 => 12y 1/5 f = -4x~ 1/5 => f = -\x~ Xli y~ m =-I 

^ y ax y ax ax 3 ^ 3(xy 

»■ W' 2 - 1 - i<*r“ (4^)=»- V' 2 f - --v 2 - s - - v =» f ■--f 

70. * 2 r - 1 =» 12 ( 2 xf)+J' 2 ( 2 *) = 0 =■ 2 * 2 4 - -W =■ f - - j 

71 y 2 _ x 2y rf> ' = C+OOKxKI) cjv _ i 

7 x+l ' dx (x+1) 2 dx 2y(x+l) 2 
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72 - 4 -te) 


1/2 


4 = !±i 4 v 3 = 0-- Y Hi)-(l+-^)(-l) 

1-* ' dx (1 —x)“ 


. l 
2>> 3 (1-x) 2 


73. 


0 Jc+2v _ 


= 1 : 


x+2v 


H£)=°^£=-i 


74. / = 2e 


-1/x 


=> 2y^~ = 2e 
J ax 


1 / ^(-x- 1 ) = 


2e~ 


dy 

dx 



75. 

76. 


In U = 1 => 4 - 4- - = 0 =2 

\y x/ydx\y 


v 2 dx x 


—1 2 
xsin j = 1 + x 

dy 


• j = sin(x 1 + x) 


-j^ = cos(x 1 +x)-^(x 1 +x) = ( 1 -x 2 )cos(> 1 +x) 



71 tan 'x ^ — tan 1 x dy 0 -tan *x d / * -1 \ ^ -tan 'x/ 1 

77. je = 2 => j = 2e =>^ = 2e ^(-tan x) =-2e ( 7 -^ 


dx' 


\ 1+x- 


2 e 


1 +x 


78. x- v = V2 ln(x- v ) = ln(2 1/2 ) => jinx = ^ ^ ^( v In x) = 0 =i> y (i) + In = 0 — ^ 


dx xlnx 


19. p 3 + Apq -3q 2 = 2 3p 2 ^ + 4(p + q ^j - 6q = 0 =} 3p 2 ^ + 4cj^ = 6q - 4p =i> ^(3p 2 + 4q) = 6q -4p 


dp _ 6q—4p 


dq 3p 2 +4</ 


80. 


q =(5 P 2 +2 p) 3/2 => 1 = -f (5 p 2 +2 p) 5/2 (lOp^ + 2 J) => -f (5p 2 + 2p) 5 ' 2 = ig(10p + 2 ) 


dp _ (5 p 2 + 2p) 

d<7 3(5p + 1) 

81. r cos 2 s + sin 2 s = n => /'(-sin 2 s)( 2 ) + (cos 2 s)^j + 2 sin s cos s = 0 => -^(cos 2s) = 2 r sin 2 s - 2 sin s cos s 
d r _ 2r sin 2s — sin2s _ (2r — l)(sin2s) 


ds 


cos 2 x 
2 


cos 2 s 


- = ( 2 r-l)(tan 2 s) 


2 ,v—1 


82. 2rs-r-s+s i = -3^>2(r+s^)--^-l + 2s = 0 ^(2s-1) = 1-2s-2r =>% = - 2s 2 '' 

83. (a) x 3 +j 3 =l=2 3.r 2 +3j 2 f = = -4^^f = - 


j2 „ y 2 (-2x)-(-x 2 ) (2 j4) 


d 2 y 

dC 


dx 

-2xy 2 «2 ^ 2 )(-4) -2x/-4 


y 2 dx 2 


-2xy 3 -2x 4 


v 








(b) y=i-^2yf x =^^i=^i= {yx -r^^=-^r 


d y 
dx 2 


—2 xy — x 


yx 


y ( 2x ) +x2 f 


2 1 


vV 


-2xv -1 

A 4 
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84. (a) x 2 -y 2 = 1 2x-2j^ = 0 =>-2g^ =-2x ^ ^ 


dx 

dy x d 2 y >’(!)- 

dx r & 2 / 


Hi) 


dx y 


y 2 -x 2 _i / . 2 2 

-— 5 — = —^ (since y -x = 


- 1 ) 


85. (a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 


86 . (a) 

(b) 

(c) 

(d) 

(e) 

(f) 


Let h(x) = 6 f(x)-g(x) => h'(x) = 6 f\x)-g\x) ^ h\\) = 6 /'(l) -g'(l) = 6^)-(-4) = 7 


Let h(x) = /(x)g 2 (x) - h\x) = /(x)(2g(x))g'(x) + g 2 (x)/'(x) => A'( 0) = 2/(0)g(0)g'(0) + g 2 (0)/'(0) 
= 2(1)(1) (y) + (l ) 2 (-3) = -2 


Let Mx). XXX => h'(x). < 8 Mwrw-/WM ^ = 

^ x ) + l (g(x)+l) 2 (g(l) +1) (5+1) 2 

Let h(x) = f(g(x)) => h'(x) = f'(g(x))g'(x) => h\ 0) = /'(g(0))g'(0) = = (1) (±) = } 


_5_ 

12 


Let h(x) = g(f(x )) - h\x) = g'(f(x))f'(x) =* h\ 0) = g'(/(0))/'(0) = g'(l)/'(0) = M)(-3) = 12 
Let h(x) = (x + /(x )) 3/2 => A'(*) = f (* + Ax)f 2 (1 + f\x)) ^ A'( 1) = § (1 + /(1 )) 1/2 (1 + /'(!)) 

= l(l + 3) 1/2 (l + i) = £ 

Let A(x) = /(x + g(x)) => A'(x) = f'(x + g(x))(l + g'(x)) - A'(0) = /'(g(0))(l + g'( 0 )) 


Let A(x) = Vx/(x) => A'(x) = >£/'(*) + /(*) ■ ^ A'(l) = VT/'O) + /(l) ■ ^ = | + (-3) (j) = - jf 

Let A(x) = (/(x)) 1/2 - A'(x) = \{f{x)Y m (f\x)) =* h'( 0) =I(/(0))- 1/2 /'(0) = l(9)“ 1/2 (-2) = -I 

Let A(x) = /(Vx) => A'(x) = /'(>/*) ‘ ^ => *'00 = /'H H = 5'2 = io 

Let h(x) = /(1-5 tanx) => /?'(x) = /'(l -5 tanx)(-5sec 2 x) => /?'(0) = /'(l -5 tan0)(-5sec 2 0) 

= /'(l)(-5)=i(-5)=-l 

Let Mx) = /(*) h ' (x) = (2+cos.v)/ l (.r)—/(.r)(—sin.r) ^ = (2+l)/'(0)-/(0)(0) = 3(-2) = _ 2 

^ ’ 2+cosx 1 J (2+cosx) 2 1 J (2+1) 2 9 3 

Let A(x) = 10sin(^)/ 2 (x) => A'(x) = 10sin(^)(2/(x)/'(x)) + / 2 (x)(l0cos(^))(f) 

=> A'(l) = lOsin (f)(2/(l)/'(l)) + / 2 (1) (lOcos(f))(f) = 20(-3)(I) + 0 = -12 


87. x = t 2 +n => ^ = 2t\ y = 3sin2x => ^ = 3(cos2x)(2) = 6cos2x = 6cos(2t 2 + 2n) = 6cos(2r); 


th ^f^-f = 6c os(2t 2 ).2t: 


<=0 


= 6 cos( 0)0 = 0 


88 . t = (u 
= 2(m 






2 + 2m) 1/3 => = y(w 2 + 2u) ^ /3 (2m +2) = -|(m 2 + 2m) “ /3 (m +1); 5 = t 2 +5t => ^ = 2t + 5 

2 + 2m) 1/3 + 5; thus f f = [2 (m 2 + 2m) 1/3 + 5] (|)(m 2 + 2u)~ m (u + 1) 

■| = [2(2 2 + 2(2 )) 1/3 + 5] (|) (2 2 + 2(2 ))“ 2/3 (2 +1) = 2(2 ■ 8 1/3 + 5)(8“ 2/3 ) = 2(2 • 2 + 5) (|) 


9 

2 


89. 


dw _ dw m dr_ 
ds dr ds 




3cos(,s+20 ; 


at x = 0 , r = 3sin-|- = 4 



4yfV2 





cos e 


Jm 
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eh + e -1 ^ (e 2 +,(ief )) + f - o =, f ( 2« + 1) - -e 2 =, f - , = (« 2 + 7) 1 ' 3 

=> ^ j(6> 2 + 7)“ 2/3 (26>) = 4 0(i9 2 + 7)“ 2/3 ; now t = 0 and 0 2 t + 9 = 1 => 9 = 1 so that / 

dU j j dt |/=o 1 l 


= ^ = -i 


and S 0=1 =f( 1+7) 


-2/3 _ 1 Jr I 


dt l*=o </*k=o <*0l*=o 


/)<-«=4 


91. y 3 +y = 2cosx^3y 2 ^ + ^- = -2sinx^>^:(3y 2 +1) = -2sinx=> : 

uX dX dX dX _|_j^ 


-2sin(0) 


rf 2 y _ (3 v 2 + l)(-2cosx)-(-2sin.v)(6yf) rf2> 


(3+l)(-2cos0)(-2sin0)(60) j 


(3.v 2 +l) 2 


92. x 1/3 + / 3 = 4 => £ = 0 => £ = =* 


1 —2/3 , 1 ,.-2/3 dy 




. 2/3 flic 


dy -,v 2/3 

, ’ * x 2/3 


A (, 2/3 )(-fy- 1/3 f)-(-,v 2/3 )(K 1/3 ) ^ 

rfx 2 ( x 2/3j 2 ^ dX 2 l (8 ’ 8) 


( 8 ^/ 3 )[-|. 8 - l / 3 .(_ 1) ] + ( 8 2 / 3 ^ 1 . 8 -./ 3 ) y + y 


+1 2 

+ 3 3 1 

2/3 4 6 


93 • /W = 2^1 and f(t + h)= W ^ 


l _l_ 

f(t+h)-f{t) _ 2(t+h)+i 2t+i _ 2t+l-(2t+2h+l) _ —2h 

h “ h " (2t+2h+\)(2l+l)h ~ (2/+2/i+l)(2f+l)/i 

At+h)-m _ ,• -2 _ -2 


- -=> fit) — lim - ; -— lim---= —-— 

(2t+2h+\)(2t+\) “"o h /*!/() (2/+2/i+1)(2/+1) {2 t+ 1) 2 


94. g(x) = 2x 2 +1 and g(x + h) = 2{x + h) 2 +1 = 2x 2 + 4xh + 2/? 2 +1 => g{x+h ] 8(x) = {2x ~ + 4xh + 2/i ~ + 1) C-C + l) 


4.r/i + 2/r 
h 


= 4x + 2 /j => g'(x) = lim 
A-> 0 


g(x+/p-g(x) 

h 


= lim(4x + 2/?) = 4x 
A-» 0 


95. (a) 



(b) lim /(x) = lim x 2 = 0 and lim /(x) = lim - x 2 = 0 => lim /(x) = 0. Since lim /(x) = 0 = /(0) it 

x-»0 _ x->0~ x->0 + x-»0 + x->0 x->0 

follows that/is continuous at x = 0. 

(c) lim f'(x) = lim (2x) = 0 and lim f'(x) = lim (-2x) = 0 => lim f'(x) = 0. Since this limit exists, it 

x-»0 _ x-»0 _ x-»0 + x->0 + x—>0 

follows that/is differentiable at x = 0. 


96. (a) 
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(b) lim f(x) = lim x = 0 and lim f(x) = lim tanx = 0=> lim /(x) = 0. Since lim /(x) = 0 = /(0), it 

x-»0” x-»(T x->0 + x->0 + x-»0‘ x-»0 

follows that/is continuous at x = 0 . 

2 

(c) lim f'(x) = lim 1 = 1 and lim fix') = lim sec” x = 1 => lim fix) = 1. Since this limit exists it follows 

x—>0” x-»0” x->0 + x—>0 + x—>0 

that/is differentiable at x = 0 . 

97. (a) 


(b) lim/(x) = limx = land lim/(x) = lim (2-x) = 1 => lim f(x) = 1. Since lim /(x) = 1 = /(l), it 

x->r x->r x—>t + x->i + x—>i x >i 

follows that/is continuous at x = 1 . 

(c) lim f'(x) = lim 1 = 1 and lim /'(x) = lim -1 = -1 => lim /'(x) * h m f(x), so lim f(x) does not 

X—>1 X —^1 X—^1 X—^1 X—>1 X—>1 X ^1 

exist => /is not differentiable at x = 1 . 

98. (a) lim /(x)= lim sin2x = 0and lim /(x)= lim mx = 0 => lim /(x) = 0, independent of m; since 

x-»0 _ x->0~ x->0 + x->0 + x-»0 

/( 0 ) = 0 = lim /(x) it follows that/is continuous at x = 0 for all values of m. 

x->0 

(b) lim f(x) - lim(sin 2 x)'= lim 2 cos 2 x = 2 and lim f(x) = lim(»!x)'= lim m = m => fis 
x->0” x-»0” x-»0” x-»0 + x->0 + x-»0 + 

differentiable at x = 0 provided that lim /'(x) = lim /'(x) => m = 2 . 

x-»0” x-»0 + 

99. j =f+ = + -4 ) _1 => ^ = ^--2(2x-4) -2 ; the slope of the tangent is —| =^> ~ = \-2(2x-4)~ 2 

^>-2 = -2(2x-4 )“ 2 => 1 =-=> (2x-4 ) 2 = 1 => 4x 2 -16x +16 = 1 => 4x 2 -16x + 15 = 0 

(2x-4) 2 

=> (2x-5)(2x -3) = 0 => x or x = and -2-j are points on the curve where the slope is — 



100. y = x-e x ; ^ = 1 +e x = 2 => e x = 1 => x = 0 => y = 0-e° = -1. Therefore, the curve has a tangent with a 
slope of 2 at the point ( 0 , - 1 ). 

101. y = 2x 3 -3x 2 -12x + 20 => ^ = 6 x 2 - 6 x -12; the tangent is parallel to the x-axis when ^ = 0 

=^> 6 x 2 -6x-12=0=>x 2 -x-2 = 0=> (x-2)(x +1) = 0 => x = 2 or x = -1 => (2, 0) and (-1, 27) are points 
on the curve where the tangent is parallel to the x-axis. 


102. j = x 3 => ^- = 3x 2 =>^ 


(- 2 ,- 8 ) 


= 12 ; an equation of the tangent line at (- 2 , - 8 ) is y + 8 = 12 (x + 2 ) 


• y = 12 x +16; x-intercept: 0 = 12 x + 16 =>x = —j => f-y, o); j-intercept: y = 12 ( 0 ) + 16 = 16 => (0,16) 


103. y = 2x 3 -3x 2 -12x + 20 => ^ = 6 x 2 -6x-12 

y ax 

(a) The tangent is perpendicular to the line y = 1 -when ~jy = ~ —ry 

V 1 124 

=>x 2 -x-2=4=>x 2 -x-6 = 0=> (x — 3)(x + 2) = 0=>x = -2orx = 3=> (-2,16) and (3,11) are points 
where the tangent is perpendicular to y = 1 ~~y^- 

(b) The tangent is parallel to the line y = 4 2 — 12x when ^ = -12 => 6 x 2 - 6 x -12 = -12 => x 2 — x = 0 

=> x(x-l) = 0^>x = 0orx = l=>(0, 20) and (1, 7) are points where the tangent is parallel to y = -J2 - 12x. 
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104 _ g sin -V dy_ x(xcosx) -(gsin.v)(l) = dy_ 

' x dx x 2 * dx 

the tangents intersect at right angles. 

105. y = tanx, -y <x <y => ^ = sec 2 x; now the slope 

of y = —y is-y => the normal line is parallel to 


= -Ar- - -1 and m 2 = -y - 
n 1 ~ ^ 


■ = 2 


y = -4 when y- = 2. Thus, sec 2 x = 2 \ 

ax COS X 

=> cos 2 x = ^ => cosx = => v = ~4 and x = 4 

2 V 2 4 4 

for -y < x <y => (-y, -lj and lj are points 
where the normal is parallel to y = -y. 


106. j = 1+ COSX : 


dy . dy 

-j- = -sin x =^> -j- 
dx dx 


(f’ 1 ) 


= -i 


=> the tangent at (y, lj is the line y — 1 = -|x-yj 
=> j = -x + y + 1 ; the normal at fy, lj is 

y-i=a)(x-f)=>3'=x-f+i 


x=-n n 


-y- =1. Since »?! = —C 




m 2 


107. j> = x 2 +C=>y = 2x and _y = x => y = 1; the parabola is tangent to y = x when 2x=l=>x = y=>j = y; thus, 


dy 


dx 


Hir+ c =- c -i 

108. J = x 3 => -^ = 3x 2 => 


dx 


= 3=> the tangent line at (a, a ) is j — a = 3a (x - a). The tangent line 


x—a 

T T T O ??? 9? 

intersectsy = x when x -a =3 a (x-a) => (x-a)(x +xa+a ) = 3a~(x-a) => (x -a){x" + xa-2a ) = 0 


(x - a ) 2 (x + 2 a) = 0=>x = aorx = -2a. Now ^ 


x=—2 a 


= 3(-2a ) 2 =12a 2 = 4(3a 2 ), so the slope at x = -2a 


is 4 times as large as the slope at (a, a i ) where x = a. 


3 -(- 2 ) 


109. The line through (0, 3) and (5, -2) has slope m = = -1 => the line through (0, 3) and (5, -2) i 

v = -x + 3; v = -Ar => y- = ~ c , so the curve is tangent to y = -x + 3 => y- = -1 = ~ c , 

4 ’S x+l dx y +1) 2 & x dx (j[+1)2 

=> (x +1) = c, x * -1. Moreover, y = yy intersects j = -x + 3 => yy = -x + 3, x ^ -1 

=> c = (x +1)(—x + 3), x ^ -1. Thus c = c => (x +1 ) 2 = (x + l)(-x + 3) => (x + l)[x +1 - (-x + 3)] = 0, 


is 


110. Let 


x ^ -1 => (x + l)(2x -2)=0=>x = l (since x * -1) => c = 4. 

(t,±,/Xv) 


2 2 Wii /m 

be a point on the circle x = a . Then x + y = a => 2x + 2j = 0 => -y = —— 


dy 

dx 




> normal line 


ine through j 'b, ± yja 2 - b 2 j 


has slope 


±^Ja 2 -b 


normal line is 


x=a +\la 2 -b‘ 

(_ L [~2 ±xla 2 -b 2 , U \^ - l~2 iJ ±yja 2 -b 2 _ /I jy ^4a 2 -b- 

y-\ ±V« —b = ^ - (x-b)^>y + xla -b = - x + \]a -b =>y = ±-^-y— 


■x which passes 


through the origin. 


111. x +2y = 9=>2x + 4jf- = 0=>^ = __2L => ^. 

^ ^ dx dx 2y dx 

and the normal line is y - 2 + 4(x -1) = 4x - 2. 


( 1 , 2 ) 


= -y the tangent line isj = 2 - y(x-l) = -yx + y 
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112 . e x +y 2 = 2: 


-{e x +y 2 )=±{2)^e x +2y% = 0. 


dx 


dx 


dy 

~dx 


e . 

'2y' 


dv 

‘'"tan = Tx 


( 0 , 1 ) 


_e _ 

’ 2 ( 1 ) 


J_. 

2 ’ 


m |_ = —— = 2; tangent line: _y-l = -y(x-0) => y = 1-4; normal line: j - 1 = 2(x - 0) =>j = 2x + 1 


113. xy + 2x — 5y =2 => x-+- 


(4+4 


+ 2 -5-^-= 0 => =4(x-5) = -y- 2 => — 

dx dx y - dx 


1 

<N 

1 

1 


x-5 

dx 


(3,2) 


= 2 => the tangent 


line is j = 2 + 2(x -3) = 2x-4 and the normal line isy’ = 2 + ^p(x-3) = -4x + 4. 


114. ( y-x ) 2 = 2x + 4=>2(>>-x)^|-l) = 2=>0;-x)^ = l + 0;-x)=>^ 

line is j = 2+-|(x-6) = and the normal line is y = 2--|(x-6) = —|x +10. 


dy 

1+y-x _ 


dx 

y—x 

dx 


( 6 , 2 ) 


= -j => the tangent 


115. x+ s [xy=6^>\ + ^={x^ + y^=Q^>x^ + y = -2^y-. 


dy _ -2y]xy-y dy 


is y = l-+-(x-4) = -j.r + 6 and the normal line is y = l + -|(x-4) = ^-x - 


11 


(4,1) 


^5 

4 


• the tangent line 


116. x 3/2 + 2y m = 17 |x 1/2 + 3 y V2 ' f = 0 => f = =^L ^ ± 

y 2 y dx dx 2y l 2 “X 


(1,4) 


= -4- => the tangent line is 


y = 4 —4-(x —1) = - jX + 44 and the normal line is y = 4 + 4(x-l) = 4x. 


117. x 3 y 2 + y 2 =x + y - 


3 (+ 2 f ) + >' 3 ^ )] + +4 = 1 + f =>V £ + 2 y £-f = 1 - 3, v 

is undefined. Therefore, the 


dy 3 2 . 0 i\ i o23 _ dy 1 3x jy 

+ 2y — l) = 1—3.v y 


(U) 


= but — 


dx 


(i,-i) 


curve has slope at (1,1) but the slope is undefined at (1, -1). 


118. y = sin(x-sinx): 


dy 

dx 


= [cos(x-sinx)](l-cosx); y =0 => sin(x-sinx) = 0 => x-sinx = kn, A: = —2, — 1, 0, 1,2 

dy 


(for our interval) => cos(x - sin x) = cos (kn) = ± 1. Therefore, = 0 and y = 0 when 1 - cos x = 0 and x = kn. 
For -2 n < x < 2n, these equations hold when k = -2, 0, and 2(since cos(-7r) = cos n = -1.) Thus the curve has 
horizontal tangents at the x-axis for the x-values -2 n, 0, and 2 n (which are even integer multiples of n ) => the 
curve has an infinite number of horizontal tangents. 


119. B = graph of /, A = graph of /'. Curve B cannot be the derivative of A because A has only negative slopes 
while some of,8’s values are positive. 


120. A = graph of /, B = graph of /'. Curve A cannot be the derivative of B because B has only negative slopes 
while A has positive values for x > 0. 



123. (a) 0, 0 


(b) largest 1700, smallest about 1400 
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124. rabbits/day and foxes/day 


125. lim 


= lim 


x-»0 2x -x x-»0 


“[(‘HishjHti)'- 1 


126. lim 

x—>0 


3x-tan 7x 
2 x 


x—>0' 






( 


■> 



/ 3x 

sin7x ) 

3 

- lim 

x->0 

1 

sin7x 

1 

-3_/ 

i-i.i) 

\2x 

2xcos7x/ 

2 

cos7x 

lx 

ffij 

2 ( 


127. lim 


r —>0 tan - r r —>0 




128. lim = lim = lim Let x = sin0. Then x -+0 as 9 ^0 

6>->0 0 6 >-> 0 \ sm9 " 9 ’ 9->0 sm9 

lim^ 9 l = lirn^ = l 
e^o sm9 x->o x 


129. 


jj m 4 tan 2 6>+tanff+l 
0^(f)~ tan 2 9+5 



(4+0+0) , 

0 + 0 ) 


130. lim -i= 2 coti£- 

0„>O + 5 cot* 9-1 cot 0-8 


lim 

0 ^>O + 



( 0 - 2 ) 

(5-0-0) 


131. lim 

x-»0 


xsinx 
2-2 cosx 


lim — xsmx — 
x-> 0 2(1 -cosx) 


li m _*sinx_ 

x-»0 2^2 sin 2 (f)) 


lim 

x—>0 


2 2 



sinx 

x 


lim 

x-»0 


(!) (!) 


a( f ) sin(f) 


sinx 

x 


(i)(i)(i) = i 


1 — cost? 2sin 2 (-f) 

132. lim c ° s = lim- = lim 


<?-» 0 9 


9->0 9- 


<?-> o 


a(f) sin(f) 


(!) (!) 




133. lim = lim i_L. smx\ = i ; let 0 = tanx => 0 —» 0 as x -> 0 => lim g(x) = lim 

x-»0 x x->0' cosx x ' x-»0 x-»0 

Therefore, to make g continuous at the origin, define g(0) = 1. 


tan(tan x) 
tanx 


lim S§£ = 1 . 

0 -»O 9 


134. lim f( x )=\un^4 

x-»0 x—>0 sm (smx) 

9 = sin x => 9 —> 0 as x - 
define /( 0 ) = 1 . 


= lim 

x->0 
>0 


tan(tanx) sinx 


tan x sin(sin x) 


1 

cosx 

e 


= 1 • lim 


x _sin(sinx) 


(using the result of # 103); let 


lim _sn 
x_>o sin ( sin - v ) e^ md 


= lim -y-r = 1. Therefore, to make/continuous at the origin. 


135. y 


2(x 2 +1) 
4 cos2x 


In y = In 


2(x 2 +l) ! 

■J cos2x J 


ln( 2 ) + ln(x 2 + 1 ) 


iln(cos 2 x) => J- = 0 + -§^-- 

2 y x~ +i 


/ l \ (-2sin2x) 
\2/ cos2x 


=> y = (~^~{ +tan2x )y 


2(x 2 +1) 
V cos2x 


(-?r^ + tan 2 x 
\x 2 +l 


136. y = 10j£±± => b y = In l= ±[l n (3x + 4) -ln(2x -4)] => £ 


■y =- 


J_/_3_L) v = toS±4/j_\/_3_1_) 

10 \ 3x+4 x-2) y V 2x-4 \ 10 / \ 3x+4 x-2) 


i(J_2-) 

10 \3x+4 2x-4/ 
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137. y = 


O+iXM) 

(/-2)(/+3) 


~|5 


In y = 5[ln(f +1) + ln(t -1) - ln(t - 2) - ln(t + 3)] 

5 


= + i + J_U=>£ = 5 

\y)\dt) \t+\ t-\ t-2 t+3) dt 


U+DU-D 

h-2)h+3) 


" (l+^_j_U 

V /+1 t-l t-2 t+3) 


138. y = -=U2= => In v = ln2 + ln«+Mln2 -\\n(u 2 +1) = J- + ln2 

■\Ju ^+1 ^ \y )\^ u J u ^\u+ 1 . 


dy _ 2u2 u ll , ln 2 _«_ 

Ii 2 +1 


du I 2 ,i \ M 


139. j = (sin 0)^ => In y = V# ln(sin 0)=>(±)(^) = (fff) + j9~ 1/2 ln(sin 9) 

dy fell— W C ;„ a\ \ 


>A=( S mO)^(V9co.« + ^) 




l-ln(ln.v) 

x(ln.t ) 2 


141. (a) S = 27zt 2 + 2nrh and h constant => = 4nr^ + 2nh^f- - (4nr + 2nh)^f 

dt at at dt 

(b) S = 2 nr 1 + 2/r/7? and r constant =>^$- =+2 nr^j- 

dt dt 

(c) S = 2 nr 1 + 2nrh =^> = 4nr^ + 2n{r^ + h,^^ = (4;rr + 2nh)^ + 2nr^- 

(d) 5 constant => = 0 => 0 = (4nr + 2 nh) ^ + 2nr^^(2r + h)^ = -r^^>^ = ^ f- 

dt dt dt dt dt dt 2 r+h dt 


142. S = nr 

(a) h constant 


V ,- 2 + h 2 => f = nr ■ + Wr 2 + h 2 f; 

dt jxy? d < 


dt 

§=°- 
dr 


(b) r constant =^> ^ = 0 => ^ = 


dS_ 

dt 

dS 


y2dli 

dt 


Jr +h 


Jr 2 +h 2d f = 

n\fi 

dt 



7crh dh 


dt 


yyx- dt 


(c) In general, ^ = 


dt 


njr 2 +h 2 + —== 


Jr z +h 2 


dr , 
dt 


nrh dh 


d ‘ 



dr_ 

dt 


143. A = nr 2 => - 2nr^-;so r = 10 and ^ 1 = --Jw/sec => ^ = (2/r)(10)(—= -40 m 2 /sec 

144. V = s 2 => ^j-=3s 2 — => so s =20 and -4- = 1200 cm 3 /min =>^- = —1—r- (1200) =1 cm/min 

dt dt dt 3 s 2 dt dt dt 30(20) 2 


145. 


dR\ . | i dR o 
— 7 T = -1 ohm/sec, — 77 - 
dt dt 


= 0.5 ohm/sec; and-^ = 4- + - 3 - 




-1 

ff 2 dt 


XL c 3l. 

r} dt 


q 2 dt 


•Also, R\ = 75 ohms 


and = 50 ohms 
-1 dR_ -1 _(_!)_ 


J_ _ J_ 

R 75 

1 


50 


■ R = 30 ohms. Therefore, from the derivative equation. 


(30) 


2 dt 


(75) 


(50)- 


(0 5) = (-A -Ll ^,dR= (_90Q) ( 5000 5625 ) 

V ’ 1,5625 5000/ dt y ^ 5625-50 00 j 


9(625 1 = _L-qq2 ohm/sec 
50(5625) 50 ,U onm / sec - 


146. ^r = 3 ohms/sec and ^j- = -2 ohms/sec; Z 
dt dt 


dX , 


-U 


r 2 +x 2 =>^- 


X = 20 ohms ^ = < 10 >L + (20)( 2 > = jA a _ 045 0 h m / sec . 


dt 


Vl 0 2 + 20 2 


J5‘ 


R^- + x ^ 

— f so that 7? = 10 ohms and 
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i Wit 0 0 0 

147. Given = 10 m/sec and -y = 5 m/sec, let D be the distance from the origin => D = x + y 
^2D<f = 2x^ + 2y^^Df=xf + y^. When (*, y) = (3, - 4), D = V 3 2 + (-4) 2 =5and 

5-^ = (3)(10) + (—4)(5) => ^ = -y = 2. Therefore, the particle is moving away from the origin at 2 m/sec 
(because the distance D is increasing). 

ii-> _ 111') HI 9 

148. Let D be the distance from the origin. We are given that = 11 units/sec. Then D =x +y = x + (x ) 

= x 2 +x 2 => 2D ^P~ = 2x ^ + 3x 2 ^ = x(2 + 3x) ^; x = 3 =^> D = V 3 2 + 3 3 = 6 and substitution in the derivative 

at at at at 

equation gives (2)(6)(11) = (3)(2 + 9)-y => -y = 4 units/sec. 


149. (a) From the diagram we have y = y => r = -=■ h. 


(b) 


V nr 2 




j. _ 47rh~ _ s av _ 

n ~ 75 ^ " ” 


_ 4;r/z 
dt 


dh 


25 dt 


so = -5 and h = 6 => #- = ft/min. 

144;r 


dh _ 


dt 


dt 


150. From the sketch in the text, s = = + Also r = 1.2 is constant =^> 4 1 = 0 =^> = r^j- = (1.2)^.. 

dt dt dt dt dt dt ' dt 

Therefore, ^f = 6 ft/sec and r = 1.2ft=>-^ = 5 rad/sec 

dt dt 


151. (a) 


(b) 


From the sketch in the text, = -0.6 rad/sec and x = tan 6. Also x = tan 9 =^> = sec 2 6^y-\ at point A, 

dt dtdt r 

x = O=>0 = O=>-y = (sec 2 0)(—0.6) = -0.6. Therefore the speed of the light is 0.6 = km/sec when it 


reaches points. 

(3/5) rad 1 rev 60 sec 
sec 2 n rad min 


= — revs/min 
n 


152. From the figure, - = => - = JL- 

r r 2 _ r . 

that r is constant. Differentiation gives, 


. We are given 


1 da 
r dt 



. Then, b = 2r and 


= -0.3r =>&■ = r 
dt dt 


yj(2rf-r 2 (-0.3r) - (2;-) 
( 2 r) 2 -r 2 


2r(-0.3r) [ 


y 



•Jff (—0.3;~)+ 4r2 il!2 r) 

_ _ V3 r 1 

3 r 

increasing when OB = 


= 1 3> X Q-3') + (4; )(0. 3O _ 03r - m/sec. Since is positive, the distance OA is 
3 ^ 3V3 1Ck/3 dt 

2r, and B is moving toward O at the rate of 0.3r m/sec. 


153. (a) If f(x) = tanx and* = -y, then f'(x) = sec 2 x, 

f = -1 and = 2. The linearization of 

f{x) is L{x) = 2 (x + + (-1) = 2x + 
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(b) if/ (x) = sec x and x = —j, then f'(x) = sec x tan x, 
/(-■|-) = V2 and f'[—= —J2. The linearization of 

/(x) is L(x) = -V2 (x + +V2 = -V2x + 4 



154. /(x) = 1+t ^- => f'(x) = ^ s ^ ec * 2 . The linearization at x = 0 is L(x) = /'(0)(x-0) + /(0) =l-x. 

155. /(x) = Vx + 1 + sin x-0.5 = (x + 1) 1/2 + sin x-0.5 => f'(x) = (^-)(x+ 1) _1/2 +cosx 

=> L(x) =/'(0)(x-0) + /(0) = 1.5(x-0) + 0.5 => L(x) = 1.5x + 0.5 , the linearization of /(x). 

156. /(x) = — + Vl+7-3 .1 = 2(1 -x ) _1 + (x + 1) 1/2 -3.1 => f’(x) = - 2(1 -x)~ 2 (- 1 ) + 4) (x + 1)“ 1/2 

1 —x 

= —— +— =>Z(x) = /'( 0 )(x- 0 ) + /( 0 ) = 2 .5x- 0 . 1 , the linearization of f(x). 

(1 — x ) 2 2 Vl + x 

157. S = n r\lr~ +h 2 , r constant => dS = nr-\(r~ + /z 2 ) —1/2 2 /? dh = . ^ dh. Height changes from 

2 /' 2 +/? 2 

/? 0 to /? 0 + dh dS = n rh » m 

V+rt 

158. (a) 5 = 6 r 2 => = 12r dr. We want |</5| < (2%) 5 => |12r e?r| < => |t/r| <^.The measurement of the 

edge r must have an error less than 1 %. 

(b) When V = r 3 , then dV =3r 2 dr. The accuracy of the volume is ) (100%) = | 3; ' f' j (100%) 

= (f)4r)(100%) = ( 7 ) (too) ( 10 °%) = 3% 

159. C = 2nr => r = S = 4 nr 2 = — and V = \ nr 3 = It also follows that dr = -2 - dC , dS = —dC and 

2 n n i fix 1 In n 

dV = -C— dC. Recall that C = 10 cm and dC = 0.4 cm. 

2 n~ 

(a) dr = M = ^cm => (-^) (100%) = (v)(fo ) (100%) = (,04)(100%) = 4% 

(b) dS = ^(0.4) = |cm => (^VlOO%) = (|-)( T ^)(100%) = 8 % 

(c) dV = ^4(0.4) = cm => (^)(100%) = (j)(^)(l°0%) = 12% 

160. Similar triangles yield ^ ^ => /* = 14 ft. The same triangles imply that 20 + a = -|■=>/* = 120a -1 + 6 

=s> dh = -ma~ 2 da = -4 fda = = f-{^)(±n) = ± J 5 « ± -0444 ft = ± 0.53 inches. 


Copyright © 2014 Pearson Education, Inc. 





214 Chapter 3 Derivatives 


CHAPTER 3 ADDITIONAL AND ADVANCED EXERCISES 

1 . (a) sin 26 = 2 sin 0 cos 6 => -J 7 r(sin 26 ') = - 777 ( 2 sin < 9 cos 0 ) => 2 cos 20 = 2 [(sin 0 )(-sin 6 ) + (cos 0 )(cos 0 )] 

d u du 

2 • 2 

=^>cos 20 = cos 6 -sm "6 

(b) cos 26 = cos 2 6 - sin 2 6 =>-§= (cos 28) = 4 e (cos 2 6 - sin 2 6 ) 

du du 

=^> -2 sin 2 6 = (2 cos 6 )(-sin 6 ) - (2 sin 0 )(cos 6 ) 

=> sin 20 = cos 0 sin 6 + sin 0 cos 6 => sin26* — 2 sin 0 cos 0 

2. The derivative of sin (x + a) = sin x cos a + cos x sin a with respect to x is cos(x-t-a) = cosx cos a -sinx sin a, 
which is also an identity. This principle does not apply to the equation x - 2x -8 = 0, since x -2x-8 = 0 is 
not an identity: it holds for 2 values ofx (-2 and 4), but not for all x. 

2 

3. (a) /(x) = cosx => / (x) = -sinx => / (x) = -cos x, and g(x) = a +bx +cx => g'(v) = & + 2cx => g"(x) = 2c; 

also, /( 0 ) = g( 0 ) => cos( 0 ) =a=>a= 1 ; /'( 0 ) = g'( 0 ) => -sin( 0 ) = b => b = 0 ; /"( 0 ) = g"( 0 ) 

1 1 o 

=> -cos(0) = 2 c ^ c = -T-. Therefore, g(x) = 1-jX . 

(b) /(x) = sin(x + a) => f(x) = cos(x + a), and g(x) = bsinx +c cosx => g'(x) =bcosx-c sinx; also 
/(0) = g(0) => sin(a) = Z>sin(0) +c cos(0) => c = sin a; /'(0) = g'(0) => cos(a) = 6cos(0) -csin(0) 

=> b = cos a. Therefore, g(x) = sin x cos a + cosx sin a. 

(c) When /(x) = cos x, f"\x) = sin x and f^\x) = cosx; when g(x) = 1-^-x 2 , g"’(x) = 0 and g^ 4 ) (x) = 0. 
Thus /"'(0) = 0 = g"'(0) so the third derivatives agree at x = 0 . However, the fourth derivatives do not 
agree since / 44 ) ( 0 ) = 1 but g (4) ( 0 ) = 0 . In case (b), when /(x) = sin(x + a) and 

g(x) = sin x cos a + cosx sin a , notice that /(x) = g(x) for all x, not just x = 0. Since this is an identity, we 
have /■”' ) (x) = g^ >!) (x) for any x and any positive integer n. 

4. (a) y = sinx => y’ =cosx => y" = - sinx => y" +y = -sinx +sinx = 0; y = cosx => y' = -sinx 

=> y” = -cosx => y" + y = -cosx + cosx = 0; y = acosx + Z>sinx => y' = -asinx + b cosx 
=> y” = -a cos x-6sinx => y” + y = (-a cosx —b sinx) + (acosx + hsinx) = 0 
(b) y = sin(2x) => y' = 2cos(2x) => y" = -4sin(2x) => y" + 4y = -4sin(2x) + 4sin(2x) = 0. Similarly, 
y = cos(2x) and y = a cos(2x) +b sin(2x) satisfy the differential equation y" + 4y = 0. In general, 
y = cos(»/x), y = sin(wx) and y = a cos ( mx) + b sin (mx) satisfy the differential equation y" + m y = 0 . 


5. If the circle (x-/?) + (y-k) = a" and y = x~ +1 are tangent at (1, 2), then the slope of this tangent is 
m = 2x| (| = 2 and the tangent line is y = 2x. The line containing ( h , k) and (1, 2) is perpendicular to 

y = 2x => = —i- => h = 5 -2k => the location of the center is (5-2k, k). Also, (x — h ) 2 + (y-k ) 2 = a 2 

=> x-h +(y-k)y' = 0 => l + (y ') 2 +(y-k)y” = 0 => y" = . At the point (1, 2) we know y' - 2 from the 

tangent line and that y" = 2 from the parabola. Since the second derivatives are equal at (1, 2) we obtain 
2 = -j~p~ => k =-|. Then h = 5 -2k = -4 => the circle is (x + 4) 2 + [y - - j =a~. Since (1,2) lies on the circle 
we have that a = 


6. The total revenue is the number of people times the price of the fare: r(x) = xp =x^3 , where 0 < x < 60. 

The marginal revenue is £ - ( 3 -=f * 2x ( 3 -=) (-JL) =, £ - (3 ] =- 3<3-*)(l -=). 

Then ^ = 0 x = 40 (since x = 120 does not belong to the domain). When 40 people are on the bus the 

marginal revenue is zero and the fare is p( 40) = ^3 — I = $4.00. 
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7. (a) y = iiv => -£ = ^ v + u^- = (0.04w)v + w(0.05v) = 0.09mv = 0.09 y => the rate of growth of the total 
production is 9% per year. 

(b) ^= -0.02 h and ^ 2 L = 0.03v, then = (-0.02ff)v + (0.03 v)u = 0.0 luv = 0.0 ly, increasing at 1% per year. 


8. When x 2 + y 2 = 225, then y' = The tangent line 

y 

to the balloon at (12,-9) is y +9 = j(jc -12) 

=> y =jx- 25. The top of the gondola is 

15 + 8 = 23 ft below the center of the balloon. The 
intersection of y = -23 and y = jX — 25 is at the far 
right edge of the gondola => -23 = -|x-25=>x = ^-. 
Thus the gondola is 2x = 3 ft wide. 


y 



x 2 + y 2 « 225 


15 ft 


(- 12 ,-' 


c ^ • ,-(«)x-2S 8 ft 

Suspension cables ——7_ 

Gondola H 


Width 


NOT TO SCALE 


X 


9. Answers will vary. Here is one possibility. 


f 

~0 - 



10. s(t) = 10cos(f +-|) => v(t) = & = -losing +f) => a(t) =& = &■ = -10cos(f + -|) 

(a) s(0) = 10cos(-|)=-±| 

(b) Left :-10, Right: 10 

(c) Solving lOcos^f + = -10 => cos^f +^\ = -1 => t = when the particle is farthest to the left. Solving 

[, but t > 0 


lOcos 


K) 


= 10 : 


* COS 


('A) 


= 1 => t = - 


the right. Thus, v(^\ = 0, \ =0 ,a = 10, and = -10. 

(d) Solving lOcos^f + jj = 0 => t - j => = -10, = 10 and = 0. 


t = 2 n + —p = 2^ when the particle is farthest to 


11. (a) s{t) = 64t-l6t 2 => v(f) = ^ = 64- 32t = 32(2 -t). The maximum height is reached when v(f) = 0 

=> t = 2 sec. The velocity when it leaves the hand is v(0) = 64 ft/sec. 

(b) s(t ) = 64f -2.6t 2 => v(f) =^r = 64-5.2 1. The maximum height is reached when v(f) = 0 => t « 12.31sec. 
The maximum height is about s(12.31) = 393.85 ft. 

12. = 3 t 2 -12 1 2 + 18f +5 and ,s' 2 = - f +91 2 -12 1 => vj = 9 1 2 -24 1 + 18 and v 2 = -3 1 2 + 18f -12; Vj = v 2 
=> 9 1 2 -24f +18 = -3 1 2 + 18f -12 => 2 1 2 - It +5 = 0 =^> (t -l)(2f -5) = 0 => t = 1 sec and t = 2.5 sec. 


13. m(v 2 -vl) = k[xl -x 2 )^ m( 2vf) = k[- 2xf) A> mf = => Then substituting 

= v => m^j- = -/oc, as claimed. 
at at 


14. (a) x = Hf 2 +5f + Con[f 1 ,f 2 ]^v=-^ = 2Hf + 5^v(^j = 2H(-^j + 5 = H(f 1 +f 2 ) + 5is 
the instantaneous velocity at the midpoint. The average velocity over the time interval is 


v = A* = 
v av At 


[ a <2 +Sf 2 +c) - +Sf[+cj (f 2 -f 1 )[+(f 2 +f 1 )+g] 


— H(f9 — /|) — B . 
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(b) On the graph of the parabola x = At~ + Bt + C, the slope of the curve at the midpoint of the interval [/, t 2 ] 
is the same as the average slope of the curve over the interval. 


15. (a) To be continuous at x = n requires that lim sinx = lim (mx + b) => 0 = mn + b => m = ——; 


(b) If/ = 


COSX, X < 7T 

i 

m,x>n 


is differentiable at x = n, then lim cosx = m => m = -1 and b = n. 


/•/ \ /'/a\ 1 COS X _Q 

16. f(x) is continuous at 0 because lim 1 ~ C0S ' Y = 0 = /(0). /'(0) = lim -—r— = lim — 1 - 

x->0 x x->0 x u x->0 x 

= lim / l-cos^ V 1+cosx 1 _ jj m / smxt /—I—1 _ 1 Therefore /'(0) exists with value /. 

x z /\ 1+cosx/ \ x / \ 1+cosx/ Z Z 

17. (a) For all a, b and for all x ^ 2,/is differentiable at x. Next,/differentiable at x = 2 => / continuous at 

x = 2 => lim fix) = /(2) => 2a = 4a-2b+3 => 2a -2b + 3 = 0. Also,/differentiable at x ^ 2 


•/'(*) = 


a, x <2 
2 ax-b, x >2 


In order that /'(2) exist we must have a = 2a(2)-b => a = 4a-b => 3a = b. 


Then 2a-2Z>+3 =0 and 3a =b => a =4 and b =4- 

4 4 

(b) For x < 2, the graph of/is a straight line having a slope of and passing through the origin; for x > 2, the 
graph of/is a parabola. At x = 2, the value of the j-coordinate on the parabola is 4 which matches the 
v-coordinate of the point on the straight line at x = 2. In addition, the slope of the parabola at the match up 
point is which is equal to the slope of the straight line. Therefore, since the graph is differentiable at the 
match up point, the graph is smooth there. 

18. (a) For any a, b and for any x ^ -1, g is differentiable at x. Next, g differentiable at x = -1 => g continuous 
at x = -1 => lim g(x) = g(—1) => -a - 1 + 2b = -a + b => b = 1. Also, g differentiable at x * -1 


■g'(x) = 


x —> - r 
a,x<-l 
3ax 2 + l, x >-l 


9 1 

. In order that g'(-l) exist we must have a = 3a(-l) _ + l=>a=3a+l=>a = 


(b) For x < -1, the graph ofg is a straight line having a slope of-/ and a y-intercept of 1. For x > -1, the 
graph of g is a cubic. At x = -1, the value of the v-coordinate on the cubic is ^ which matches the 
j’-coordinate of the point on the straight line at x = - 1 . In addition, the slope of the cubic at the match up 
point is —/ which is equal to the slope of the straight line. Therefore, since the graph is differentiable at 
the match up point, the graph is smooth there. 

19. /odd =* /(-x) = -f(x) ^ £(/(-*)) =£(-/(*)) /'(-*)(-!) = -fix) - f'i-x) = fix) ^ f is even. 

20. /even ^ /(-x) = fix) £(/(-*)) =±ifi+j) /'(-x)(-l) = fix) => f\-x) = -fix) f is odd. 


21. Let /?(x) = ( fg)(x) = /(x)g(x) => h\x) = lim«^= lim 


|j m /(x)g(x)-/(x)g(x 0 )+/(x)g(x 0 )-/(x 0 )g(x 0 ) J im 


= /(x 0 ) lim 
x->x n _ 


m 


g(x)-g(x 0 ) 


+ g(- x o)/'(4:o) = 0 - lim 


g(x)-g(x 0 ) 


g(x)-g(x 0 ) ~|l + Hm \ g(xo) \ f+)-f^ T 
x x o JJ X—>x Q L L x x 0 J_ 

+ g(x 0 )fix 0 )=gix 0 )fix 0 ), ifg is 


continuous at x 0 . Therefore (fg) (x) is differentiable at x 0 if /(x 0 ) = 0, and ifg)'ix 0 ) = gixQ) fix 0 ). 
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22. From Exercise 21 we have that fg is differentiable at 0 if/is differentiable at 0, /(0) = 0 and g is continuous at 0. 

(a) If f{x) = sinx and g(x) = \x\, then \x\ sin x is differentiable because /'(0) = cos(0) = 1, /(0) = sin (0) = 0 
and g(x) = \x\ is continuous at x = 0. 

(b) If/(x) = sinxand g(x) =x ,thenx sin x is differentiable because 
/'(0) = cos (0) = 1, /(0) = sin (0) = 0 and g(x) = x 2/3 is continuous at x = 0. 

(c) If /(x) = 1-cosx and g(x) = ^/x^ then Ifx (1-cosx) is differentiable because /'(0) = sin (0) = 0, 
f (0) = 1 - cos (0) = 0 and g(x) = x is continuous at x = 0. 

(d) If /(x) = x and g(x) = xsin^j, then x 2 sinis differentiable because /'(0) = 1, /(0) = 0 and 

lim x sin — = lim —y = lim = 0 (so g is continuous at x = 0 ). 

x->0 \ x ' x->0 7 x->oo 1 

23. If/(x) = x and g(x) = xsin^j, then x 2 sin^j is differentiable at x = 0 because /'(0) = 1, /(0) = 0 and 

/. ■, sinl—I 

lim xsinl— = lim —= lim ^23- = 0 (so g is continuous at x = 0 ). In fact, from Exercise 21, 

x-»0 x->0 7 /—>00 1 

/?'(0) = g(0)/'(0) = 0. However, for x ^ 0, h'(x) = x 2 cos(i)J|--p j + 2xsin^j. But 

lim h'(x) = lim -cosl —| + 2xsin 
x->0 x->oL W 

the derivative is not continuous at x = 0 because it has no limit there. 


does not exist because cos has no limit as x —> 0. Therefore, 


24. From the given conditions we have f(x + h)= f (x) f (/?), f (/?) -1 = hg(h) and lim g(/?) = 1. Therefore, 

//-> 0 

fix) = lim / ( * + *>-/W = lim /(H/W-/(-v) = Um f(x) [m ±1 = /(x) [ lim g( /J = /(*). 1 = /(x) 

h —>0 h //-> 0 /! /i->0 L /! J L/J^-O J 

=> f'(x) = /(x) and f’(x) exists at every value of x. 

25. Step 1: The formula holds for n = 2 (a single product) since y = u x u 2 => = ~77 u 2 + u \ ' 

Step 2: Assume the formula holds for n = k\ 

dy du i du -> du k 

y = «1«2 ■ " u k => =~dt u 2«3 ■ •• u k + W 1 '' ' lik + ••• + h 1 m 2 ' " M *-l 

If y = «1«2 ■' • u k u k+l = ( u l u 2'' ■ u k ) u k+ 1, then % = d{lhU j x ' l ‘ k) l*k + \ + u \ u 2 ''' u k 

( du\ du p du k \ du k , i 

-fa u 2 u 3 ■■■u k +U\-^UyU k +--- + u x u 2 ■ --U k _ x -£■ j w*. +1 + u x u 2 ■ ■ ■ u k -jf- 

du i du k du k+ \ 

— -fa u 2 u 2>' " u k+\ +u lfc u 3 ■■■Uk+l +--- + u \ u 2--- u k-\-^ u k+\ ~' rli \ u 2 ' " u k ~~dx~' 

Thus the original formula holds for n = (k + 1) whenever it holds for n = k. 


26. Recall 


Xall (") = l!(^)T- Then (l , ) = T!C 

m\(m+1 ) _ (m+1 )! _/ 

(/v+l)!(m-/v)! ~~ (A+1)!((///+1)-(A+1))! ~{ 


Url* 


■ = m and(T\ + ( m ml l m! _ m\(k+l)+m\(m-k) 

P ) \k+1) k\(m-k)\ (k+\)\(m-k-\)\ (k+\)\(m-k)\ 

Now, we prove Leibniz’s rule by mathematical induction. 


Step 1: If n = 1, then cl{ ‘!' 1 = u k x - + v^ L . Assume that the statement is true for n = k, that is: 

r dx dx dx 

d k (uv) _ d k u . u d k ~ x u dv , Ik \ d k ~ 2 u d 2 v , . / k \du d k ~ l v , .. d k v 

dx* - dx* V dx*- 1 J x+ \ 2 )dx*- 2 dx 2 + - + \^)dv dx ^ +u dxk - 


Step 2: If/? = k + 1, then -—= 4-\ d ~ k — 

F dx k+l dx[ dx k 


d u dv _|_ d u dv_^_j^d _ u_ d v 


l k \ d k l u d 2 v , l k\d k 2 u d 2 v , . / k \ d 2 u d k l v , I k \ du d k u 

\ 2 I dx*~ l dx 2 1 2 )dx*- 2 & 3 J LU- 1 / dx 2 dx*- 1 U-U dx dx k V J 

du d*v , ,.d* +l u 1 _ d k+l u i\ d*u dv , [I k\ , I k\~] d*^u d 2 v , 
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LI*- 1 / \ k l\dx dx k dx k+1 dk k+l dx k dx \ 2 J dx k x dx 2 

, I k+l\du d k v , d k+l v 

+ i* 

Therefore the formula (c) holds for n = {k + 1) whenever it holds for n = k. 


°7 (a) T 2 4;r2 * ^ L r2g =; L C 1 sec;2 )C32.2 ft/sec 2 ) 

^ } s An 2 \n 2 


■L *0.8156ft 


(b) T 2 = 4^LL^r =^JIidT =2£—L=dL=-Z=dL\dT = 

s Js^ Jr 2Jl JlJ 


,(0.01 ft) -0.00613 sec. 


y 1 -'/ X - - ' 1 - j - - I - I - VtJ-i - , - MU, Mr - I - liy ~ U.UOU1 JVV 

8 s/g s/g 2 v£ V£g 0.8156ft )(32.2ft/sec 2 ) 

(c) Since there are 86,400 sec in a day, we have we have (0.00613 sec)(86,400 sec/day) « 529.6 sec/day, or 
8.83 min/day; the clock will lose about 8.83 min/day. 


28. v = s 2 => = 3s 2 ^ = -k(6s 2 ) => ^ = -2k. Ifs 0 = the initial length of the cube’s side, then .?] = s 0 -2 k 

s s (v ) 1/3 

=>2k = s ( ■) -.y|. Let t = the time it will take the ice cube to melt. Now, t = — =--- 777 - 

2k ’ O ' 3 ' ( v 0 ) 1/3 - ( 4 v 0 ) 1/3 
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CHAPTER 4 APPLICATIONS OF DERIVATIVES 


4.1 EXTREME VALUES OF FUNCTIONS 

1. An absolute minimum at x = <y> , an absolute maximum at x =b. Theorem 1 guarantees the existence of such 
extreme values because h is continuous on [a, b\. 

2. An absolute minimum at x = b, an absolute maximum at x = c. Theorem 1 guarantees the existence of such 
extreme values because/is continuous on [a, b\. 

3. No absolute minimum. An absolute maximum at x = c. Since the function’s domain is an open interval, the 
function does not satisfy the hypotheses of Theorem 1 and need not have absolute extreme values. 

4. No absolute extrema. The function is neither continuous nor defined on a closed interval, so it need not fulfill 
the conclusions of Theorem 1. 

5. An absolute minimum at x = a and an absolute maximum at .r = c. Note that y = g(v) is not continuous but still 
has extrema. When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when the 
hypothesis is not satisfied, absolute extrema may or may not occur. 

6. Absolute minimum at x-c and an absolute maximum at x = a. Note that y = g(x) is not continuous but still has 
absolute extrema. When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when the 
hypothesis is not satisfied, absolute extrema may or may not occur. 

7. Local minimum at (-1, 0), local maximum at (1, 0). 

8. Minima at (-2, 0) and (2, 0), maximum at (0, 2). 

9. Maximum at (0, 5). Note that there is no minimum since the endpoint (2, 0) is excluded from the graph. 

10. Local maximum at (-3, 0), local minimum at (2, 0), maximum at (1, 2), minimum at (0, -1). 

11. Graph (c), since this is the only graph that has positive slope at c. 

12. Graph (b), since this is the only graph that represents a differentiable function at a and b and has negative 
slope at c. 

13. Graph (d), since this is the only graph representing a function that is differentiable at b but not at a. 

14. Graph (a), since this is the only graph that represents a function that is not differentiable at a or b. 

15. /has an absolute min at x = 0 but does not have 
an absolute max. Since the interval on which/is 
defined, -1 < x < 2, is an open interval, we do not 
meet the conditions of Theorem 1. 
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16. /has an absolute max at x = 0 but does not have an 
absolute min. Since the interval on which/is defined, 
-1 < x < 1, is an open interval, we do not meet the 
conditions of Theorem 1. 



17. /has an absolute max at x = 2 but does not have an 
absolute min. Since the function is not continuous at 
x = 1, we do not meet the conditions of Theorem 1. 



18. /has an absolute max at x = 4 but does not have an 
absolute min. Since the function is not continuous at 
x = 0, we do not meet the conditions of Theorem 1. 



19. /has an absolute max at x = y and an absolute min at 
x = Since the interval on which/is defined, 

0 < x < 2 tt, is an open interval we do not meet the 
conditions of Theorem 1. 



20. /has an absolute max at x = 0 and an absolute min 
at x = y and x = -1 but does not have an absolute 

maximum. Since/is defined on a union of half¬ 
open intervals, we do not meet the conditions of 
Theorem 1. 


21. f(x) = jX-5 => f'(x) =2 => no critical points; 

/(-2) = -22-, /(3) = -3 => the absolute maximum 
is -3 at x = 3 and the absolute minimum is —-2 
at x = —2 
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22. f(x) = -x-4 => f'(x) = -1 => no critical points; 
/(-4) = 0, /(1) = -5 => the absolute maximum is 0 
at x = -4 and the absolute minimum is -5 at x = 1 


23. f(x) =x 2 -1 => f’(x) = 2x => a critical point at 
x = 0; /(-1) = 0, /(0) = -1, /(2) = 3 => the absolute 
maximum is 3 at x = 2 and the absolute minimum is 
-1 at x = 0 



24. /(x) = 4 -x 3 => /'(x) - -3x 2 => a critical point at 

x = 0; /(-2) = 12, /(0) = 4, /(1) = 3 => the absolute 
maximum is 12 at x = -2 and the absolute 
minimum is 3 at x = 1 


25. F(x) = —\r = -x 2 => F'(x) = 2x 3 = - 4 -, however 

X X 

x = 0 is not a critical point since 0 is not in the domain; 
F(0.5) = —4, F( 2) = -0.25 => the absolute maximum 
is -0.25 at x = 2 and the absolute minimum is -4 at 
x = 0.5 



26. F(x) = = -x 1 F’(x) = x 2 = -y, however 

X X 

x = 0 is not a critical point since 0 is not in the 
domain; F(-2) = j, F(- 1) = 1 => the absolute 
maximum is 1 at x = -1 and the absolute minimum 
is 4. at x = -2 
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27. h(x) = 3fx - x 1/3 h'(x) - 4-x 2/3 => a critical point 

at x = 0; /?(-1) = -1, h( 0) = 0, *(8) = 2 ^ the 
absolute maximum is 2 at x = 8 and the absolute 
minimum is -1 at x = -1 

28. h(x) = -3x 2/3 => A'(x) = -2x _1/3 => a critical point at 
x = 0; h(-Y) - -3, /?(0) = 0, /z(l) = -3 => the absolute 
maximum is 0 at x = 0 and the absolute minimum is 
-3 at x = 1 and x = -1 




29. g(x) = V4 —x 2 = (4-x 2 ) 1/2 

=* g'W =|(4-x 2 )~ 1/2 (—2x) = => critical 

points at x = -2 and x = 0, but not at x = 2 because 2 
is not in the domain; 

g(-2) = 0, g(0) = 2, g(l) = V3 => the absolute 
maximum is 2 at x = 0 and the absolute minimum is 
0 at x = -2 


y 



30. g(x) = -V5-x 2 = -(5 - x 2 ) 1/2 

^ «'(x) = -(|)(5 -x 2 r 1/2 (-2x) = 

=> critical points at x = —V5 and x = 0, but not at 
x = x/5 because -Js is not in the domain; 

/(-V5) = 0,/(0) = -V5 

=0 the absolute maximum is 0 at x = -V5 and the 
absolute minimum is —s/ 5 " at x = 0 

31. f{6) = sin 6 => f\6) = cos 6 => 8 = y is a critical 

point, but 6* = ^ is not a critical point because is 
not interior to the domain; / = -1, /(y) = 1, 

/ = 4 => the absolute maximum is 1 at 0 = y 

and the absolute minimum is -1 at 6 = = ^- 



32. /(0) = tan 9 => /'(6 1 ) = sec 2 6 =>/ has no critical 
points in yj. The extreme values therefore 

occur at the endpoints: /= -V3 and / j = 1 

=> the absolute maximum i s 1 at 0 = 4 and 

4 

the absolute minimum is —JS at 6 = = ^~ 
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33. 


g(x) = cscx => g'(x) = -(cscx)(cotx) => a critical 
point at* = f ;g(f) = g(f) = 1, g(*f) = ^ 


the absolute maximum is -i= at x = -f- and x = ^-, 
^3 3 3 


and the absolute minimum is 1 at x = y 



34. g(x) = sec* => g'(x) = (secx)(tanx) => a critical 
point at x = 0;g(-f ) = 2, g(0) = 1, g(f) = => the 

absolute maximum is 2 at x = -y and the absolute 
minimum is 1 at x = 0 



35. /(0 = 2-|r| = 2-Vr" = 2-(r) 1/2 

=> /'(0 = -t(V)“ 1/2 (20 = —jT = -|| => a critical 

point at t = 0; /(-l) = 1, /(0) = 2, /(3) = -1 => the 
absolute maximum is 2 at t = 0 and the absolute 
minimum is -1 at t = 3 



36. /(0=|t-5|=V(t-5) 2 =((i-5) 2 ) 1/2 

=>/'(/) =|((t-5) 2 r 1/2 (2(t-S))=-i^= 

Vb-5) 

= 4f|j => a critical point at t - 5; /(4) = 1, /(5) = 0, 

/(7) = 2 => the absolute maximum is 2 at r = 7 and 
the absolute minimum is 0 at t = 5 



37. g(x)=xe A =>g'(x)=e x -xe x 

=> a critical point at x = 1; g(—1) = -e, and g(l) = i, 

=^> the absolute maximum is - at x = 1 and the 

e 

absolute minimum is -e at x = — 1 



38. The first derivative h'(x) = has no zeros, so we 

need only consider the endpoints, /?(0) = In 1; 
h( 3) = In 4 

Maximum value is In 4 at x = 3; 

Minimum value is In 1 at x = 0. 



Copyright © 2014 Pearson Education, Inc. 



224 


Chapter 4 Applications of Derivatives 


39. The first derivative f'(x) = —V + — has a zero at 

X x 

X= 1 . 

Critical point value: /fl) = 1 + In 1 = 1 
Endpoint values: /(0.5) = 2 + In 0.5 « 1.307; 

/(4)=i + 1n4*1.636; 

Absolute maximum value is 4 +In 4 atx = 4; 
Absolute Minimum value is 1 at x = 1 ; 

Local maximum at 2 — In 2 ^ 

_ 2 _ 2 

40. g(x) = e x => g'(x) = -2xe ' => a critical point at 
x = 0; g(-2)=e“ 4 , g(0) = l,and g(l)=e _1 

=> the absolute maximum is 1 at x = 0 and the 
absolute minimum is e 4 at x = —2 



1 2 3 4 5 


y 



41. f(x) = x 4/3 => f'(x) = |-x 1/3 => a critical point at x = 0; /(-1) = 1, /(0) = 0, /(8) = 16 => the absolute 
maximum is 16 at x = 8 and the absolute minimum is 0 at x = 0 

42. f(x) = x 5/3 => f'(x) = |x 2/3 => a critical point at x = 0; /(-l) = -1, /(0) = 0, /(8) = 32 => the absolute 
maximum is 32 at x = 8 and the absolute minimum is -1 at x = -1 

43. g(0) = 6> 3/5 :=> g'(0) = -|(9 _2/5 => a critical point at 0 = 0; g(—32) = -8, g(0) = 0, g(l) = 1 => the absolute 
maximum is 1 at 0 = 1 and the absolute minimum is -8 at 0 = -32 

44. h(0) = 30 2,2> => h'{9) = 20 ~ v3 => a critical point at 0 = 0; /?(-27) = 27, /?(0) = 0, /?(8) = 12 => the absolute 
maximum is 27 at 0 = -27 and the absolute minimum is 0 at 0 = 0 

2 

45. y = x -6x + l => y = 2x-6=>2x-6 = 0=>x = 3. The critical point is x = 3. 

46. f(x) = 6x 2 - x 3 => f'(x) = \2x-3x 2 => 12x-3x 2 = 0 3x(4 -x) = 0 => x = 0 or x = 4. The critical points are 

x = 0 and x = 4. 

47. /(x)=x(4-x) 3 => f'(x) = x[3(4-,r) 2 (-l)] + (4-x) 3 = (4-x) 2 [-3x+(4-x)] = (4-x) 2 (4-4x) 

9 9 

= 4(4-x)"(l-x) => 4(4-x)"(l-x) = 0 => x = 1 or x = 4. The critical points are x = 1 and x = 4. 

48. g(x) = (x-1) 2 (x-3) 2 => g'(x) = (x-1) 2 ■ 2(x-3)(1) + 2(x-1)(1) • (x-3) 2 = 2(x-3) (x—l)[(x—1) + (x -3)] 

= 4(x-3)(x-l) (x-2) => 4(x-3)(x-l)(x -2) = 0=>x = 3orx = lorx = 2. The critical points are x = 1, x = 2, 
and x = 3. 

49. j = x 2 + ^- => = 2x —=r = 2x i T 2 => 2x 2 ~ 2 = 0 => 2x 3 -2=0=>x=l; 2x ~ 2 = undefined => x 2 = 0 => x = 0. 

x X X X x■ 

The domain of the function is (— oo, 0) u(0, oo), thus x = 0 is not the domain, so the only critical point is x = 1. 
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50. 


/(*)=^ =>/'(*) 


(x-2)2x-x 2 (l) 
(x-2 f 


——^-=> — — H- = 0 => x 2 -4x = 0=>x = 0orx = 4; ——= undefined 

(x-2) 2 (x-2)- (x-2) 2 


7 

=> (x - 2) = 0 => x = 2. The domain of the function is (—oo, 2) u (2, oo), thus x = 2 is not the domain, so the only 
critical points are x = 0 and x = 4 


51. y = x~ -32Vx => y' = 2x --^4- = 2x r ] 

yJX y/x 


4x 


■ = 0 : 


•2x 3/2 -16=0: 


■x = 4;- 


• -Jx = 0 => x = 0. The critical points are x = 4 and x = 0. 


yfx 


■ undefined 


52. g(x) 


- ^2x -x~ 


■ g'(x) = 


\—x 


l-x 


^2x 


'Jl'x 


- = 0 =>l-x=0=>x=l; 


1—X 


yflx 


= undefined: 


■ V 2x - x~ = I 


2x -x = 0 => x = 0 or x = 2. The critical points are x = 0,x = l, and x = 2. 


53. Minimum value is 1 at x = 2. 


54. 


2 

To find the exact values, note that y = 3.r~ -2, 
which is zero when x = Local maximum at 


(-■\/f ’ 4 + ~ (-0.816, 5.089); local minimum 

at (# 4 -¥)“(°- 816 ’ 2 - 911 ) 


y 



[-2,6] by [-2,4] 


y 



55. To find the exact values, note that y' = 3x~ +2x -8 
= (3x-4)(x + 2), which is zero when x = -2 or x = j. 
Local maximum at (-2,17); local minimum at 



2 

56. Note that y = 5x (x -5)(x -3), which is zero at 
x = 0, v = 3, and x = 5. Local maximum at (3,108); 
local minimum at (5, 0); (0, 0) is neither a maximum 
nor a minimum. 


y 
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57. Minimum value is 0 when x = -1 or x = 1. 


58. Note that y' = ^- 2 , which is zero at x = 4 and is 

■Jx 

undefined when x = 0. Local maximum at (0, 0); 
absolute minimum at (4, -4) 


59. The actual graph of the function has asymptotes 
at x = ±1, so there are no extrema near these values. 
(This is an example of grapher failure.) There is 
a local minimum at (0,1). 


60. Maximum value is 2 at x = 1; 

minimum value is 0 at x = -1 and x = 3. 


61. Maximum value is 4 at x = 1; 
minimum value is -4 at x = -l. 


y 




y 



y 



y 
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62. Maximum value is j at x = 0; 
minimum value is -4- as x = -2. 



63. 


which is 0 at x = 0; an absolute minimum value is 2 at 
x = 0. 


y 




65. 


j = xlnx=> y' = x~ + (l) -lnx = 1 + lnx, which is 
zero at x = e -1 ; an absolute minimum value is at 



e 



2 2 1 

66 . >’ = xlnx=>_>’=x~ + 2x-lnx = x(l + 2 lnx), 
— 1/2 

which is zero at x = e 1 ; an absolute minimum 
value is -4- at x = -j= 

2e 


y 



Copyright © 2014 Pearson Education, Inc. 



228 


Chapter 4 Applications of Derivatives 


67. y = cos l (x 2 )=> y' = t ] = ■ (2x) = which 

V l-(x 2 ) 2 Vl-x 4 

is zero at x = 0; an absolute maximum value is y at 

x = 0; an absolute minimum value is 0 atx = 1 and 
x — —1. 

68. y = sin~ 1 (e A ) => y' = 1 -(e*) = , e " , which 

Vl-(e x ) vl-<? 2x 

is never zero; an absolute maximum value is y at 

x = 0. 


69. y = x 2/3 (l) + |x- 1/3 (x + 2)=^ 


crit.pt. 

derivative 

extremum 

value 

X X 

II II 

© 1 

cr.|4^ 

0 

undefined 

local max 

local min 

f|l0 1/3 =1.034 

0 


70. y' = x 2/3 (2x)+|x~ 1/3 (x 2 -4)=-^^ 


crit.pt. 

derivative 

extremum 

value 

X = -1 

0 

minimum 

-3 

x = 0 

undefined 

local max 

0 

X = 1 

0 

minimum 

3 


71. y' = x— , 1 (~2x) + (1 )a/ 4 — x 2 

2V4-x 2 


—x 2 +(4-.r 2 ) _ 4_2r 
^4-x 1 \l4-x 2 


crit.pt. 

derivative 

extremum 

value 

x = -2 

undefined 

local max 

0 

x = — V2 

0 

minimum 

-2 

X 

II 

fcl 

0 

maximum 

2 

x = 2 

undefined 

local min 

0 


y 

3 ■ • 


y=006-(x*) 



[-4,4] by [-3,3] 



H-4] by [-3,3] 


y 


3 y-xy[4- 



-3 

[-2.35,2.35] by [-3.5,3.5] 
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72. y' = x~ — 4 = (-1) + 2xyf3--x = x2+ ^^ x) 
2^/3-x 2\}3—x 

_ -5x 2 + 12x 

2/3-x 


crit.pt. 

derivative 

extremum 

value 

x = 0 

0 

minimum 

0 

x-I2 

X 5 

0 

local max 

Idil5 1/2 « 4.462 

x = 3 

undefined 

minimum 

0 


crit.pt. 

derivative 

extremum 

value 

X = 1 

undefined 

minimum 

2 


y 



y 



[-4.7,4.7] by [0,6.2] 


74 / = j 2 _ 

-1, x<0 

2x, x > 0 



crit.pt. 

derivative 

extremum 

value 

x = 0 

undefined 

local min 

3 

X = 1 

0 

local mix 

4 


y 



j-2x -2, x<l 
[-2x + 6, x>l 


crit.pt. 

derivative 

extremum 

value 

X = -1 

0 

maximum 

5 

X = 1 

undefined 

local min 

1 

x = 3 

0 

maximum 

5 



76. We begin by determining whether f'(x) is defined at x = 1, where /(x) = • 


-}x 2 -jx + f, X<1 


3 2 

x — 6x“ +8x, 


x > 1 


Clearly,/'(x) =-^-x-i if x < 1, and lim /'(1 + A) = -1. Also, f'(x) = 3x 2 -12x + 8 if x > 1, and 
- A->0“ 

lim /'(l + A) = -1. Since/is continuous at x = 1, we have that /'(1) = -1. 

/i->0 + 


Thus, f'{x ) = 2 2 

[3x 2 -12x + 8, 


x<l 

X > 1 
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Note that ~x—\ = 0 when x = -1, and 3x 2 -12* + 8 = 0 when x = 1 - + V 1 - 4 D)( 8 ) _ 12+V48 _ 2 ±2^L m 

Z Z ) O J 

But 2 ~^y~ ~ 0.845 <1, so the critical points occur at * = -1 and x = 2 + a 3.155. 


crit.pt. 

derivative 

extremum 

value 

x = -\ 

0 

local max 

4 

x « 3.155 

0 

local min 

« -3.079 


.v<] 
x > L 


[-4.6] by [-5,5] 



_____ . 9 _ 1 /n 

77. (a) No, since/'(x) =y(x-2) , which is undefined at x = 2. 

(b) The derivative is defined and nonzero for all x ^ 2. Also, /(2) = 0 and /(x) > 0 for all x * 2. 

(c) No, /(x) need not have a global maximum because its domain is all real numbers. Any restriction of/to a 

closed interval of the form [a, b\ would have both a maximum value and minimum value on the interval. 

(d) The answers are the same as (a) and (b) with 2 replaced by a. 


f -x 3 + 9x, x < -3 or 0 < x < 3 f -3x 3 +9, x < -3 or 0 < x < 3 

78. Note that / (x) = -j . Therefore, / (x) = < 

[ x 3 - 9x, -3 < x < 0 or x > 3 [ 3x 3 - 9, -3 < x < 0 or x > 3 

(a) No, since the left- and right-hand derivatives at x = 0, are -9 and 9, respectively. 

(b) No, since the left- and right-hand derivatives at x = 3, are -18 and 18, respectively. 

(c) No, since the left- and right-hand derivatives at x = -3, are 18 and -18, respectively. 

(d) The critical points occur when /'(*) = 0 (at x = ±^3) and when f'(x) is undefined (at x = 0 and x = ±3). 

The minimum value is 0 at x = -3, at x = 0, and at x = 3; local maxima occur at (-v/3, 6x/3) and (V3, 6v/3 j. 


79. Yes, since /(x)=|x|=Vx 2 = (x 2 ) 1/2 ^/'(x) =|(x 2 )“ 1/2 (2x) = 


= A? is not defined at x = 0. Thus it is 

(x 2 ) 1*1 


not required that /' be zero at a local extreme point since /' may be undefined there. 


80. If /(c) is a local maximum value of f then /(x) < /(c) for all x in some open interval (a, b) containing c. Since 
/is even, /(—x) = /(x) < /(c) = /(—c) for all -x in the open interval (- b , -a) containing -c. That is,/assumes 
a local maximum at the point -c. This is also clear from the graph of/because the graph of an even function is 
symmetric about the j-axis. 


81. If g(c ) is a local minimum value ofg, then g(x) > g(c) for all x in some open interval (a, b) containing c. 
Since g is odd, g(-x) = -g(x) < -g(c) = g(-c) for all -x in the open interval (-b, -a) containing -c. That is, 
g assumes a local maximum at the point -c. This is also clear from the graph ofg because the graph of an odd 
function is symmetric about the origin. 

82. If there are no boundary points or critical points the function will have no extreme values in its domain. Such 
functions do indeed exist, for example /(x) = x for -00 < x < 00. (Any other linear function / (x) = mx + b with 
m ^ 0 will do as well.) 
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83. (a) V(x) = 160x -52x 2 +4x 3 

V'(x) =160-104.y + 12x 2 = 4(.y- 2)(3x-20) 

The only critical point in the interval (0, 5) is at x = 2. The maximum value of V(x) is 144 at x = 2. 
(b) The largest possible volume of the box is 144 cubic units, and it occurs when x-2 units. 


84. (a) f\x) = 3 ax 1 +2bx + c is a quadratic, so it can have 0, 1, or 2 zeros, which would be the critical points of f. 

... . 

The function /(x) = x — 3x has two critical points at x = -1 and x = 1. The function f(x) = x -1 has one 
critical point at x = 0. The function f(x) = x +x has no critical points. 

y 





(b) The function can have either two local extreme values or no extreme values. (If there is only one critical 
point, the cubic function has no extreme values.) 


85. 


s = ~\gt 2 +v 0 t + s 0 =>^ = ~gt + VQ = 0 => t = ^-.Now s(t) = s 0 o?|-4 + v 0 j = 0 ot = 0or? =-y-. 
Thus + v o +V) =^r + sq > s 0 is the maximum height over the interval 0 < t < ^p-. 


86 . = -2 sin t + 2 cos t, solving ^ = 0 => tan t = \^> t =-^ + nn where n is a nonnegative integer (in this exercise 

t is never negative) => the peak current is 2\f2 amps. 


87. Maximum value is 11 at x = 5; minimum value is 5 
on the interval [-3, 2]; local maximum at (-5, 9) 


88 . Maximum value is 4 on the interval [5, 7]; 
minimum value is -4 on the interval [-2,1]. 


y 
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89. Maximum value is 5 on the interval [3, oo); 
minimum value is -5 on the interval (-*, -2]. 


90. Minimum value is 4 on the interval [-1, 3] 



y 



[-6,6] by [0,9] 


91-98. Example CAS commands: 

Maple : 

with( student): 

f := x -> x A 4 - 8*x A 2 + 4*x + 2; 
domain := x =-20/25..64/25; 

plot( f(x), domain, color=black, title="Section 4.1 #91 (a)"); 

Df := D(f); 

plot( Df(x), domain, color=black, title="Section 4.1 #91(b)") 

StatPt := fsolve( Df(x)=0, domain ) 

SingPt := NULL; 

EndPt := op(rhs(domain)); 

Pts := evalf( [EndPt, StatPt,SingPt]); 

Values := [seq( f(x), x=Pts)]; 

Maximum value is 2.7608 and occurs at x=2.56 (right endpoint). 

Minimum value is -6.2680 and occurs at x=l.86081 (singular point). 

Mathematica : (functions may vary) (see Section 2.5 re. RealsOnly ): 

«Miscellaneous 'RealOnly' 

Clear] f,x] 
a = -1; b = 10/3; 
f[x_] =2 + 2x -3 x 2/3 
fix] 

Plot[{f[x],f'[x]},{x, a, b}] 

NSolve[f'[x]==0,x] 

{f[a], f[0], f[x]/.%,f[b]}//N 

In more complicated expressions, NSolve may not yield results. In this case, an approximate solution 
(say 1.1 here) is observed from the graph and the following command is used: 

FindRoot[f'[x]==0, {x, 1.1}] 
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4.2 THE MEAN VALUE THEOREM 

1. When f(x) = x 2 +2x -1 for 0 < x < 1, then = /'(c) =>3=2c + 2=>c=^. 

2. When f(x) = x 2/3 for0 <x < 1, then /( 1 J~^ (Q) = /'(c) => 1 = (f )c “ 1/3 => c = -J^. 

3. When f(x) = x + 1 for 1 < x < 2, then f(2) ~ ff /2) = /'(c) =>0=l-4=>c = l. 

JC Z. 2 1/Z q 

4. When f(x) = for 1 < x < 3, then = /'( c ) => & = —J= => c = |. 

2 2vc-l - 

5. When /4x) = sin _ 1 (x) for -1 <x < 1, then f\c) = => -J= = => Vl -c 2 = ± =» 1 -c 2 = 4 

l-(-l) ^_ c 2 2 71 jP- 

=^>c 2 =1-A^>c = ± Jl-4r *±0.771 

6 . When /(x) = ln(x - 1) for 2 <x < 4, then /'(c) = /( 4 j~^ (2) => ^ c-1 = ^ c = 1 + ^=3 « 2.820 

7. When /(x) = x 3 -x 2 for -1 < x < 2, then ^ = /'(c) =>2 = 3c 2 -2c => c = l± ^ 2 ~ . 

-^yZ. a 1.22 and a -0.549 are both in the interval -1 < x < 2. 

8 . Wheng(x) = j ~~ , then = g'(c) =^> 3 = g'(c). If-2 < x < 0, then g'(x) = 3x 2 =^> 3 = g'(c) 

|x 2 0 <x <2 ~ j 

=> 3c 2 = 3 => c = ±1. Only c = -1 is in the interval. If 0 < x < 2, then g'(x) = 2x => 3 = g'(c) => 2c = 3 => c = 

9. Does not; /(x) is not differentiable at x = 0 in (-1, 8 ). 

10. Does; /(x) is continuous for every point of [0,1] and differentiable for every point in (0,1). 

11. Does; /(x) is continuous for every point of [0,1] and differentiable for every point in (0,1). 

12. Does not; /(x) is not continuous at x = 0 because lim /(x) = 1^0 = /(0). 

x->0“ 

13. Does not;/is not differentiable at x = -1 in (-2, 0). 

14. Does; /(x) is continuous for every point of [0, 3] and differentiable for every point in (0, 3). 

15. Since /(x) is not continuous on 0 < x < 1, Rolle’s Theorem does not apply: lim /(x) = lim x = 1 * 0 = /(1). 

.V > I V > I 

16. Since f (x) must be continuous at x = 0 and x = 1 we have lim f(x) = a = f(0) => a = 3 and 

x->0 + 

lim /(x) = lim f(x) => -1 + 3 + a = m + b => 5 = m + b. Since /(x) must also be differentiable at x = 1 

*->r x->i + 

we have lim /'(x) = lim /'(x) => -2x + 31 X=1 = m \ x=l => 1 = m. Therefore, a = 3, m = 1 and b- 4. 

X — X —>1 
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17. 


18. 


19. 


20 . 


21 . 


22 . 


23. 


24. 


25. 


26. 


(a) 


(b) Let i\ and r 2 be zeros of the polynomial P(x) = x n + a n _\x n 1 +... + a^x + a 0 , then P( r \) = P{r 2 ) = 0. 

Since polynomials are everywhere continuous and differentiable, by Rolle’s Theorem P'(r) = 0 for some r 
between i\ and r 2 , where P'(x) = nx n ~ l + (« -l)a n _jx ,,_2 +... + a\. 

With/both differentiable and continuous on [a, b ] and /(rj) = f(r 2 ) = /(r 3 ) = 0 where rj, r 2 and r 3 are in [a, b], 
then by Rolle’s Theorem there exists a q between /] and r 2 such that /'(q) = 0 and a q> between r 2 and r 3 such 
that f\c 2 ) = 0. Since /' is both differentiable and continuous on [a, b ~\, Rolle’s Theorem again applies and we 
have a c 3 between q and c 2 such that /"(c 3 ) = 0. To generalize, if/has n +1 zeros in [a, b] and /^"’ is continuous 
on [a, b], then f < ' n) has at least one zero between a and b. 

Since f" exists throughout [a, b\ the derivative function /' is continuous there. If /' has more than one zero 
in [a, b \, say f{i\) = f(r 2 ) = 0 for i\ ^ r 2 , then by Rolle’s Theorem there is a c between i\ and r 2 such that 
f"(c ) = 0, contrary to f" > 0 throughout [a, b\ Therefore /' has at most one zero in [a, b\ The same argument 
holds if /" < 0 throughout [a, b\ 

If f(x) is a cubic polynomial with four or more zeros, then by Rolle’s Theorem f'(x) has three or more zeros, 
fix) has 2 or more zeros and f m (x ) has at least one zero. This is a contradiction since f m (x) is a non-zero 
constant when f(x) is a cubic polynomial. 

With /(-2) = 11 > 0 and /(-1) = -1 < 0 we conclude from the Intermediate Value Theorem that 
/(x) = x 4 + 3x +1 has at least one zero between -2 and -1. Then -2 < x < -1 => -8 < x 3 < -1 => -32 < 4x 3 < -4 
=> -29 < 4x 3 +3 < -1 => f(x) < 0 for -2 < x < -1 => /(x) is decreasing on [-2, -1] => /(x) = 0 has exactly one 
solution in the interval (-2, -1). 

f(x) = x 3 +4 t + 7 => f(x) = 3x^ > 0 on (-oo, 0) f(x) is increasing on (-go, 0). Also, f(x) < 0 if x < -2 

X~ X* 

and /(x) > 0 if -2 < x < 0 => /(x) has exactly one zero in (-®, 0). 

1 

__ 2 yft 

g(15) = v/l5 > 0 => g(t) has exactly one zero in (0, go). 

g(t) = y^ + v/l +t -3.1 => g’(t) = —L-+ ^-4— > 0 => g(t) is increasing for t in (-1,1); g(-0.99) = -2.5 and 
g(0.99) = 98.3 g(t) has exactly one zero in (-1,1). 

r(9) = 9- 1 -sin 2 r’(9) = 1 + |sin|4j cos|yj = l + j-sin^j > 0 on (-go, go) => r(9) is increasing on 

(-oo, co); r(0) = -8 and r(8) = sin 2 > 0 r(9) has exactly one zero in (-go, go). 

r{9) = 26> -cos 2 9 + yl 2 ^ r\9) = 2 + 2 sin 9 cos 9 - 2 + sin 29 > 0 on (-go, oo) => r(9) is increasing on 

(—go, go); r(-2n) = -An -cos(- 2^) + v/2 = -4^-l + V2 <0 and r(2n) = 4n -1 + v/2 > 0 => r(9) has exactly one 

zero in (-go, go). 


2 Ji+i 


>0 => g(t) is increasing for t in (0, go); g(3) = v/3 - 2 < 0 and 


g(t) = v/t+v/7 TT-4 g\t) 


1 

-2 

0 

2 


ii 

-5 -4 -5 




iii 

-T 

0 

2 


iv 

0 4 

9 

18 

24 
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27. r(0) = sec 6 '--^- +5 => r\9 ) = (sec60(tan 6) + > 0 on (o, jj => r(0) is increasing on (o, r(0.1) a -994 

and r(1.57) a 1260.5 => r(9) has exactly one zero in ^0, -^j. 

28. r(9) = tan cot 6-9 => r'{0) = sec 2 9 + esc 2 0-1 = sec 2 # + cot 2 9 > 0 on (o, yj r( 6 >) is increasing on 

^0,-yj; = —j <0 and r(1.57) « 1254.2 => r(9) has exactly one zero in ^0, -^j. 

29. By Corollary 1, fix) = 0 for all x => /(x) = C, where C is a constant. Since /(-1) = 3 we have 
C = 3 => fix) = 3 for all x. 

30. g(x) = 2x +5 => g'(x) = 2 = fix) for allx. By Corollary 2, /(x) = g(x) + C for some constant C. Then 
/(0) = g(0) + C^5=5 + C^C = 0^> f{x) = g(x) = 2x + 5 for all x. 

31. g(x) = x 2 => g'(x) = 2x = f'(x) for all x. By Corollary 2, /(x) = g(x) + C. 

(a) /(0) = 0 => 0 = g(0) + C = 0 + C => C = 0 => /(x) = x 2 =>/(2) =4 

(b) /(l) = 0 => 0 = g(l) + C= l + C=>C = -l=>/(x)=x 2 -l=>/(2)=3 

(c) f (-2) = 3 => 3 = g(—2) + C=>3 = 4 + C=>C = -1=> /(x) = x 2 -1 ^ /(2) = 3 

32. g(x) = mx => g'(x) = w, a constant. If f'(x) = m, then by Corollary 2, fix) = g(x) +b = mx+b where b is a 
constant. Therefore all functions whose derivatives are constant can be graphed as straight lines y = mx + b. 


33. 

(a) 

y = 

f+c 

(b) 

y = 

^+c 

3 +L 




(c) 

y - 

= ^-L C 

4 +L 

34. 

(a) 

y = 

x 2 +C 

(b) 

y = 

2 

x“ - x + C 




(c) 

y = 

= x + x —x + C 

35. 

(a) 

y' = 

- —x 2 => y = — + C 

y X 

(b) 

y = 

x + — + C 

X 




(c) 

y - 

--5 x-i + C 

36. 

(a) 

y' = 

-- \x~ X/2 => y = x 1/2 + C => >> 

= Vx+C 


(b) 

y = 

-2 V^ + C 





(c) 

y = 

2x 2 - 2^/x + C 










37. 

(a) 

y = 

-\cos2t + C 




(b) 

y = 

: 2 sin 2. + C 





(c) 

y = 

-j cos2f + 2 sin^ + C 










38. 

(a) 

y = 

tan 6 + C 

(b) 

y' = 

Q \n _ 

■0 => y 

2 

3 

e m 

+ C 

(c) 

y- 

= |<9 3 / 2 -tan<9 + 


39. f{x) = x 2 -x + C;0 = /(0) =0 2 -0 + C^>C = 0^> fix) = x 2 -x 

40. g(x) = -i + x 2 + C; 1 = g(-l) = --L + (- 1) 2 + C =* C = -1 => g(x) = + x 2 -1 

41. /(x)=^ + C; /(0)=| => £ ¥ L + C = |=>C=1=>/(x)=1+4 L 

42. r(7) = sect-t + C; 0 = r(0) = sec(0) -0 + C =^> C = -1 => r(t) = sect — t -1 

43. v = = 9.8t + 5 => ^ = 4.9r +5t + C; at s = 10 and / = 0we have C = 10 => s = 4.9t 2 +5t + 10 
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44. v = 4s. = 32^-2 => ^ = 16t 2 -2/ + C; at s = 4 and t =2 we have C = 1 => s = 16? 2 -2t +1 

at 2 

45. v = ^ = sin( 7 rt) => ^ = —-^cos( 7 rt) + C; at .v = 0 and t = 0 we have C = => s = 1 

46. v = ^ = -|cos(-^-) => s = sin^yj + C; at s = 1 and t = n 1 we have C = 1 => s = sin^j + 1 

47. a = 4 1 =e‘ => v =e +C; at v = 20 and t = 0 we have C = 19 => v = e^+19 

dt ’ 

v = i 7 - = e ; +19=>s=e ( +19t + C; ats = 5 and t = 0 we have C = 4 => s = e ? +19f + 4 

at 

48. a =9.8 => v = 9.8t + Q; at v = -3 and t = 0 we have Q = -3 => v = 9.8t - 3 => s = 4.91 2 -3t + C 2 ; at s = 0 and 
t = 0 we have C 2 = 0 => s = 4.9 r -3 1 

49. a = -4sin( 2 t) => v = 2 cos( 2 f) + Q; at v = 2 and t = 0 we have Q = 0 => v = 2 cos( 2 t) => s = sin( 2 t) + C 2 ; at 
s = -3 and t = 0 we have C 2 = -3 => s = sin(2t) - 3 

50. a = -2-cos=> v =-^sin^j + C 1 ; at v = 0 and t = 0 we have Q = 0 => v = -^sin(y) => s = -cos(y) + C 2 ; at 
^ = -1 and t = 0 we have C 2 = 0 => s = -cos 

51. If T(t) is the temperature of the thermometer at time t, then T(0) = -19°C and T(14) = -100° C. From the Mean 

Value Theorem there exists a 0 < t 0 < 14 such that = 8.5° C/ sec = 7"(t 0 ), the rate at which the 

temperature was changing at t = t 0 as measured by the rising mercury on the thermometer. 

52. Because the trucker's average speed was 79.5 mph, by the Mean Value Theorem, the trucker must have been 
going that speed at least once during the trip. 

53. Because its average speed was approximately 7.667 knots, and by the Mean Value Theorem, it must have been 
going that speed at least once during the trip. 

54. The runner’s average speed for the marathon was approximately 11.909 mph. Therefore, by the Mean Value 
Theorem, the runner must have been going that speed at least once during the marathon. Since the initial speed 
and final speed are both 0 mph and the runner’s speed is continuous, by the Intermediate Value Theorem, the 
runner’s speed must have been 11 mph at least twice. 

55. Let d(t) represent the distance the automobile traveled in time t. The average speed over 0 < t < 2 is 

The Mean Value Theorem says that for some 0 < t 0 <2, ^ ^ . The value d'(t 0 ) is the speed of the 

automobile at time t 0 (which is read on the speedometer). 

56. a(t) = v'(t) = 1.6 => v(t) =1.6 t + C; at (0, 0) we have C = 0 => (t) =1.6 1 . When t = 30, then v(30) = 48 m/sec. 

57. The conclusion of the Mean Value Theorem yields = —V => c 2 \jjf) = a ~b => c = -Jab. 

58. The conclusion of the Mean Value Theorem yields ~ a = 2c =>c = g 4r~- 

J b-a 2 

59. f'(x) =[cosxsin(x + 2) + sinxcos(x + 2)] -2sin(x + l)cos(x + l) =sin(x + x + 2) -sin2(x + l) 

2 

= sin(2x + 2) - sin (2x + 2) = 0. Therefore, the function has the constant value /(0) = -sin" 1 ~ -0.7081 
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which explains why the graph is a horizontal line. 



5 3 

60. (a) /(x)=(x + 2)(x+l)x(x-l)(x-2) =x —5x + 4x is one possibility. 

(b) Graphing f(x) = x 5 -5x 3 +4x and f'(x) = 5x 4 -15x 2 +4 on [-3, 3] by [-7, 7] we see that each 
x-intercept of /'(x) lies between a pair of x-intercepts of /(x), as expected by Rolle’s Theorem. 

y 


I 

WM 

H 


M 

■ 

I 


(c) Yes, since sin is continuous and differentiable on (—oo, oo). 

61. /(x) must be zero at least once between a and b by the Intermediate Value Theorem. Now suppose that /(x) is 
zero twice between a and b. Then by the Mean Value Theorem, /'(x) would have to be zero at least once 
between the two zeros of /(x), but this can’t be true since we are given that /'(x) ^ 0 on this interval. 
Therefore, /(x) is zero once and only once between a and b. 

62. Consider the function k(x) = /(x) -g(x). k(x) is 
continuous and differentiable on [a, b], and since 
k(a) = f(a ) - g(a) and k(b) = f{b ) - g(b), by the 
Mean Value Theorem, there must be a point c in 
(a, b) where k'(c) = 0. But since k'(c) = f'(c)-g'(c), 
this means that /'(c) = g'(c), and c is a point where 
the graphs of/ and g have tangent lines with the 
same slope, so these lines are either parallel or are 
the same line. 

63. /'(x) < 1 for 1 < x < 4 => /(x) is differentiable on 1 < x < 4 => / is continuous on 1 < x < 4 => f satisfies the 

conditions of the Mean Value Theorem => = /'(c) for some c in 1 < x < 4 => /'(c) < 1 => < 1 

> 714. 7(1) ^ 3 

64. 0 < /'(x) < \ for all x /'(x) exists for all x, thus/is differentiable on (-1,1) => / is continuous on [-1,1] 

=> / satisfies the conditions of the Mean Value Theorem => — = /'(c) for some c in [-1,1] 

=> 0 < /(1> "/ ( " 1> < i ^ 0 < /(!)-/(-!) < 1. Since /(l) -/(-l) < 1 => .7(1) < 1 + /(-l) < 2 + /(-l), and 
since 0 < /(!)-/(-!) we have /(-!) < /(1). Together we have/(-!)< /(I) <2+ /(-!). 
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65. Let /( t ) = cos t and consider the interval [0, x] where x is a real number, /is continuous on [0, x] and/is 
differentiable on (0, x) since /'(?) = -sin? => / satisfies the conditions of the Mean Value Theorem 
=> = f'(c) for some c in [0, x] => cos ^~ 1 = -sine. Since -1 < sine < 1 => -1 < -sine < 1 

Ifx >()-!< COMA <i ^ _JC < C0 S JC-i < JC ^| CO S JC-i| < JC =|JC|. lf JC <0 ^ _1 < cos^d. < 1 

=> -v > cosx-1 > v => x < cosx-1 < -x -(-x) < cosx-1 < -v => |cos jc — 11 < -x =\x\ .Thus, in both cases, 
we have | cos jc — 11 < \x\ . If x = 0, then | cos 0 -1| = |1-1|=|0|<|0|, thus | cos jc — 11 < \x\ is true for all x. 


66 . Let /(x) = sin x for a <x <b. From the Mean Value Theorem there exists a c between a and b such that 


sin b — sin a 
b-a 


=COSC: 


j < sin b — sin a < ^ 
— b-a ~ 


sin & — sin a 
b 


<1 => | sin A — sin «| <\b — a\ 


67. Yes. By Corollary 2 we have /(x) = g(x) +c since /'(x) = g'(x). If the graphs start at the same point x = a, 
then f(a) = g(a) =>c = 0=> f(x) = g(x). 


68 . Assume/is differentiable and |/(w) — /(x)| <\w-x\ for all values of w and x. Since/is differentiable, 
f'(x) exists and f’(x) = lim using the alternative formula for the derivative. Let g(x) = IjcI , 


which is continuous for all x. By Theorem 10 from Chapter 2, \f'(x) \ = 


= lim 

W-»X 


i/w-zooi 


lim 




| w—»x 


= lim 

W—>X 


/(*)-/(*) 


. Since I f(w) - fix )| < \w - x\ for all w and x 

\w-X\ ' I I I |w-x| 

from Chapter 2, |/'(jc)| = lim — < lim 1 = 1 => |/'(x)| < 1 => -1 < /'(x) < 1. 

w—>x X \ w—>x 


< 1 as long as vv + x. By Theorem 5 


69. By the Mean Value Theorem we have = /'(c) for some point c between a and b. Since b-a > 0 and 

f(b) < /(«), we have f{b ) - f (a) < 0 => /'(c) < 0 . 


70. The condition is that /' should be continuous over [a, b\. The Mean Value Theorem then guarantees the 
existence of a point c in (a, b ) such that ^ = /'(c). If /' is continuous, then it has a minimum and 

maximum value on [a, b\. and min /' < /'(c) < max /', as required. 


71. /'(x) = (1 +x 4 cosx) 1 => f"(x) = -(1+x 4 cosx) 2 (4x 3 cosx-x 4 sinx) 

= -x (1+x cosx) “(4 cos x-x sin x) < 0 for 0 <x < 0.1 =>/'(x) is decreasing when 0 < x < 0.1 
=> min /' * 0.9999 and max /'=1. Now we have 0.9999 < /( ° Q 1 1 ) ~ 1 < 1 => 0.09999 < /(0.1) -1 < 0.1 
1.09999 </(0.1)< 1.1. 

72. /'(x) = (1-x 4 ) -1 =>/"(x) = -(l-x 4 ) _ 2 (-4x 3 ) = 4a 4 3 >0 for 0<x < 0.1 =>/'(x) is increasing when 

( 1 —X ) 

0 < x < 0.1 => min /' = 1 and max /' = 1.0001. Now we have 1 < —— < 1.0001 

=> 0.1 < /( 0 . 1 ) -2 < 0.10001 = 0 - 2.1 < /( 0 . 1 ) < 2 . 10001 . 

73. (a) Suppose x < 1, then by the Mean Value Theorem — ^ < 0 => /(x) > /(1). Suppose x > 1, then by the 

Mean Value Theorem > 0 /(x) > /(1). Therefore /(x) > 1 for all x since /(1) = 1. 

(b) Yes. From part (a), lim <0 and lim > 0. Since /'(1) exists, these two one-sided limits 

*->r x x->i + x 

are equal and have the value /'( 1 ) => /'( 1 ) < 0 and /'( 1 ) > 0 /'( 1 ) = 0 . 
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74. From the Mean Value Theorem we have ~~~ = f \ c ) where c is between a and fo. But f'(c) = 2pc + q = 0 
has only one solution c = _ t~- (Note: p ^ 0 since/is a quadratic function.) 

75. Proof that ln(—) = lnfo-lnx: Note that -|-ln(—) = vj-~ = — and -^(lnfo-lnx) = —; by Corollary 2 of the 
Mean Value Theorem there is a constant C so that ln|-^j = Info -lnx + C; ifx = fo, then 

In 1 = In fo - In fo + C => C = 0 => In j = In fo - In x. 


76. (a) -r-(tan 1 x + cot~" x) = —^ 4 -h- = 0 =^> by Corollary 2 of the Mean Value Theorem that 

dx l+x* 1+x 

tan -1 x + cot _1 x - C for some constant C; ifx = 1, then 
tan -1 1 + cot" 1 =-f+-f = y = C tan -1 x + cot “ ! x = y. 


(b) ^:(sec *x + csc ! x) 



= 0 => by Corollaiy 2 of the Mean Value Theorem that 


sec 1 x +csc 1 x = C for some constant C; if x = V2, then 
sec -1 v/2 +csc" ! V2=y + y = y = C => sec -1 x +esc -1 x = y. 


77. 


e e 


-X =e (x-x) =e 0 =1 . 


a -x - A 


= eXl f—) 

\C 2 


= — for all x; — = e I — 1 = e x 'e 


~ x i _ e x v 


78. y = (e X] ) Xl =^> In y = x 2 In e Xl = x 2 x\ = X|X 2 =>e^ ny = e* 1 * 2 =^> y = e x,Xl => (e x> ) Xl = e x,X2 . Likewise, 
( e x 2 y\ =e x 2 x l — e x i x 2' 


4.3 MONOTONIC FUNCTIONS AND THE FIRST DERIVATIVE TEST 

1 . (a) /'(x) = x(x-l) => critical points at 0 and 1 

(b) /' = + + +|- 1 + ++ => increasing on (- 00 , 0 ) and ( 1 , <x>), decreasing on ( 0 , 1 ) 

0 1 

(c) Local maximum at x = 0 and a local minimum at x = 1 

2 . (a) /'(x) = (x - l)(x + 2 ) => critical points at -2 and 1 

(b) /' = + + + |- 1 + + + increasing on (-co, - 2 ) and ( 1 , 00 ), decreasing on (- 2 , 1 ) 

-2 1 * 

(c) Local maximum at x = -2 and a local minimum at x = 1 

3. (a) /'(x) = (x -l ) 2 (x + 2) => critical points at -2 and 1 

(b) f' = -| + + +1 + + + ^> increasing on (- 2 , 1 ) and ( 1 , 00 ), decreasing on (-ao, - 2 ) 

-2 1 

(c) No local maximum and a local minimum at x = -2 

4. (a) /'(x) = (x -1 ) 2 (x + 2 ) 2 => critical points at -2 and 1 

(b) /' = + + + |+ + + |+ + +=> increasing on (-ao, - 2 ) u (- 2 , 1 ) u ( 1 , ao), never decreasing 

-2 1 

(c) No local extrema 
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5. (a) f'(x) = (x- \)e x => critical point at x = 1 

(b) f' = -1 + + + + => decreasing on (-oo, 1), increasing on (1, ao) 

1 

(c) Local (and absolute) minimum at x = 1 

6. (a) f’(x) = (x — 7)(x +1 )(x +5) =o> critical points at -5, -I and 7 

(b) /' =-| + + + |-| + + +=> increasing on (-5, -1) and (7, oo), decreasing on (-oo, -5) and (-1, 7) 

-5 -1 7 

(c) Local maximum at x = -1, local minima at x = -5 and x = 7 

7. (a) f'(x) = x (~ r => critical points at x = 0, x = 1 and x = -2 

yX+Z) 

(b) /' = + + + )(-|-1 + + + => increasing on (-oo, -2) and (1, oo), decreasing on (-2, 0) and (0,1) 

-2 0 1 

(c) Local minimum at x = 1 

8. (a) f'{x) = => critical points at x = 2, x = -4, x = -1, and x = 3 

(b) /' = + + + |-)(+ + +|-)(+ + +=> increasing on (-oo, -4), (-1, 2) and (3, oo), decreasing on 

-4-123 
(-4, -1) and (2, 3) 

(c) Local maximum at x = -4 and x = 2 

9. (a) f'(x) = 1 -Ar = x ~ 4 => critical points at x = -2,x = 2 and x = 0. 

or xr 

(b) /' = + + + |-)(-|+ + +^> increasing on (-oo,-2) and(2,oo), decreasing on (-2,0)and(0,2) 

-2 0 2 

(c) Local maximum at x = —2, local minimum at x = 2 

10. (a) f'{x) = 3 — j= critical points at x = 4 and x = 0 

yjX y/X 

(b) /' = (-|+ + +=> increasing on (4, oo), decreasing on (0, 4) 

0 4 

(c) Local minimum at x = 4 

_1/-5 

11. (a) / (x) = x (x + 2) => critical points at x = -2 and x = 0 

(b) /' = + + + |-)(+ + + => increasing on (-oo, -2) and (0, oo), decreasing on (-2, 0) 

-2 o 

(c) Local maximum at x = -2, local minimum at x = 0 

12. (a) f'(x) = x~^ 2 {x- 3) => critical points at x = 0 and x = 3 

(b) /' = (-| + + + => increasing on (3, oo), decreasing on (0, 3) 

o 3 

(c) No local maximum and a local minimum at x = 3 

13. (a) f'(x) = (sin.r-l)(2cosv + l), 0 <x < 2n => critical points at x = y, x = and x = 4^ 

(b) f = [-|-| + + + |-] => increasing on ^f\, decreasing on (0, ^), 

0 K 2jl Ijr \ 5 A J \ 2 / 

(c) Local maximum at x = 4^ and v = 0, local minimum at x = and x = 2n 
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14. (a) f'(x) = (sinx + cosx)(sinx-cosx), 0 < x < 2;r => critical points at x = x = x = and x = 

(b) f = [-I+ + + I-I + + + I-] => increasing on (-f, and decreasing on (o, -j), 

a i 3* 5* 7* 9 _ \4 4/\44/ ' 4 / 

^ 4 4 4 4 “ 

(x’¥) and (^’ 2;r ) 

(c) Local maximum at x = 0, x = and x = ^, local minimum at x = x = and x = 2 n 

15. (a) Increasing on (-2, 0) and (2, 4), decreasing on (-4, -2) and (0, 2) 

(b) Absolute maximum at (-4, 2), local maximum at (0,1) and (4, -1); Absolute minimum at (2, -3), local 
minimum at (- 2 , 0 ) 

16. (a) Increasing on (-4, -3.25), (-1.5,1), and (2, 4), decreasing on (-3.25, -1.5) and (1, 2) 

(b) Absolute maximum at (4, 2), local maximum at (-3.25,1) and (1,1); Absolute minimum at (-1.5, -1), local 
minimum at (-4, 0) and (2, 0) 

17. (a) Increasing on (-4, -1), (0.5, 2), and (2, 4), decreasing on (-1, 0.5) 

(b) Absolute maximum at (4, 3), local maximum at (-1, 2) and (2,1); No absolute minimum, local minimum 
at (-4, -1) and (0.5, -1) 


18. (a) 

(b) 

19. (a) 

(b) 

20 . (a) 

(b) 

21 . (a) 

(b) 

22 . (a) 

(b) 


Increasing on (-4, -2.5), (-1,1), and (3, 4), decreasing on (-2.5, -1) and (1, 3) 

No absolute maximum, local maximum at (-2.5, 1), (1, 2) and (4, 2); No absolute minimum, local 
minimum at (-1, 0) and (3,1) 


g(t) = - 1 2 -3/ + 3 => g'(t) = -2t -3 => a critical point at t = -4;g' = - 

(-oo, —4j, decreasing on (-4, ooj 
local maximum value of g = at t : 


, increasing on 


-3/2 


- 4 , absolute maximum is 41 at / = -4 


g(t) = -3 1 2 +9t +5 => g'(t ) = - 6 / +9 => a critical point at t = 4; g' = 
decreasing on (4, ooj 

local maximum value of g j4j = 41 a t f = absolute 


-, increasing on 


3/2 


• • 47 T 

maximum is at / = 4 


Hf)’ 


h(x) = -x 3 +2x 2 => h'(x) = -3x 2 +4x =x(4 -3x) =^> critical points at x = 0 , 4 =>/?' =-I + + + |-, 

0 4/3 


increasing on |o, 4j ; decreasing on (-oo, 0 ) and j4, coj 

local maximum value of h |4j = 4=- at x = 4; local minimum value of /i( 0 ) = 0 at x = 0 , no absolute 
extrema 


/?(x) = 2x 3 -18x => h’(x) = 6x 2 -18 = 6^x + V3 j(x - V3 j => critical points at x = ±V3 
=^>/?' = + + + |-| + + +, increasing on |-oo,-V3j and |%/3, ooj, decreasing on |-V3, V3j 

—y/3 y/3 

a local maximum is h j = 12^3 at x = -V3; local minimum is /?(V3) = -12V3 atx=V3, no absolute 
extrema 


23 . 


(a) f(6) = 3 6 2 - Ad 1, =i> f’(0) = 60-120 2 = 60(1-20) =i> critical points at 0 = 0 , \ 

=>/' =-I + + + I-- increasing on 10 , 4J, decreasing on (-00, 0 ) and (4, 00) 

0 1/2 v ' ' 2 

(b) a local maximum is / ^4j = 4 a t q = 1 ; a local minimum is /( 0 ) = 0 at 0 = 0 , no absolute extrema 
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24. (a) 

(b) 

25. (a) 
(b) 

26. (a) 

(b) 

27. (a) 

(b) 

28. (a) 

(b) 

29. (a) 

(b) 

30. (a) 

(b) 

31. (a) 

(b) 

32. (a) 

(b) 


f{6) = 60 - d 3 f\G) = 6 - 30 2 = 3 (72 - 6») (V2 + 6>) => critical points at 6 = ±Jl 

=>/' =-| + + + ^-’ * ncreas ' n § 011 V 2 ), decreasing on (-00, -V 2 ) and (V 2 , 00) 

a local maximum is / ^V2 j = 4^2 at 9 = y[2, a local minimum is /(-V 2 ) = - 4 V 2 at e = -V 2 , no 
absolute extrema 


/(r) = 3r 3 +16r => /'(r) = 9r 2 + 16 no critical points =>/' = + + + + +, increasing on (-00, 00), never 
decreasing 

no local extrema, no absolute extrema 

h(r) = (r + 7 ) 3 => h'(r) = 3(r + 7 ) 2 => a critical point at r = -7 =>/?' = + + + | + + +, increasing on 

-7 

(-go, -7) u(-7, go), never decreasing 
no local extrema, no absolute extrema 

/(x) = x 4 - 8 x 2 +16 => f\x) = 4x 3 -16x = 4x(x + 2)(x -2) => critical points at x = 0 and x = ±2 

=>/' = -j + + +|-| + ++, increasing on (- 2 , 0 ) and ( 2 , go), decreasing on (-00, - 2 ) and ( 0 , 2 ) 

-2 0 2 

a local maximum is /( 0 ) = 16 at x = 0 , local minima are /(± 2 ) = 0 at x = ± 2 , no absolute maximum; 
absolute minimum is 0 at x = ±2 

g(x) = x 4 -4x 3 + 4x 2 => g'(x) = 4x 3 - 12x 2 + 8 x = 4x(x - 2)(x -1) => critical points at x = 0,1, 2 

=> g' = - I + + + I - I + + +, increasing on ( 0 , 1 ) and( 2 , 00), decreasing on (-00, 0 ) and ( 1 , 2 ) 

0 12 

a local maximum is g(l) = 1 at x = 1 , local minima are g( 0 ) = 0 at x = 0 and g( 2 ) = 0 at x = 2 , no absolute 
maximum; absolute minimum is 0 at x = 0 , 2 

H(t) =^t 4 -t 6 => //'(f) = 6 f 3 - 6 f 5 = 6 f 3 (l + f)(l-f) critical points at t = 0, ±1 

=> //' = + + + |-| + + + |-, increasing on (- 00 , - 1 ) and ( 0 , 1 ), decreasing on (- 1 , 0 ) and ( 1 , go) 

-1 0 1 

the local maxima are H{— 1) = j at t = -1 and H( 1) = j at t = 1, the local minimum is H{ 0) = 0 at t = 0, 
absolute maximum is b at t = ± 1 ; no absolute minimum 

K{t) =15f 3 -t 5 => K'(t) = 45 1 2 -5 1 4 = 5f 2 (3 +f)(3 -t) => critical points at t = 0, ±3 

^ K' = -| + + +| + + +|-, increasing on (-3, 0) u (0, 3), decreasing on (-00, -3) and (3, 00) 

-3 0 3 

a local maximum is K( 3) = 162 at t = 3, a local minimum is K(— 3) = -162 at t = -3, no absolute extrema 
/(x) =x- 6 Vx-l /'(x) =l-- 7 == = ^EL - 3 critical points at x = 1 andx = 10 =>/' = (-| + + +, 

V-V—1 sx —1 I IQ 

increasing on ( 10 , go), decreasing on ( 1 , 10 ) 

a local minimum is /( 10 ) = - 8 , a local and absolute maximum is /( 1 ) = 1 , absolute minimum of -8 at x = 10 

g(x) = 4^/x -x 2 +3 => g'(x) =-j= — 2x = 2 ~ 2 d- — critical points at x = 1 and x = 0=>g' = (+ + + |-, 

Vx six 0 1 

increasing on ( 0 , 1 ), decreasing on ( 1 , 00) 

a local minimum is /(0) = 3, a local maximum is /(1) = 6 , absolute maximum of 6 at x = 1 
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33. (a) 


(b) 

34. (a) 

(b) 

35. (a) 

(b) 

36. (a) 

(b) 

37. (a) 

(b) 


g(x) = W 8 -x 2 = x( 8 -x 2 ) 1/2 => g'(x) ^( 8 -x 2 ) 1 ^ +x(-bj( 8 -x 2 ) 1 / 2 (- 2 x) =—? 

r 


2(2 -x)(2 + x) 


(2V2 -x)(2V2 + x) 

-) , increasing on (- 2 , 2 ), decreasing 

2^2 


critical points at x = ± 2 , ± 27 ? => g' = (-| + 

-2V2 -2 

on (- 272 ,- 2 ) and ( 2 , 2 V 2 ) 
local maxima are g(2) = 4 at x = 2 and g (-272) = 0 at x = -272, local minima are g(-2) = -4 at 
x = -2 and g (272) = 0 at x = 272, absolute maximum is 4 at x = 2; absolute minimum is —4 at x = -2 


g(x) = x 2 75 -x =x 2 (5-x) 1/2 =^>g'(x) =2x(5-x) 1, + x 2 (7)(5-x) 1/2 (-1) = 5 ^__ =^> critical points 

at x = 0 , 4 and 5=>g' =- I + + +I -), increasing on ( 0 , 4), decreasing on (- 00 , 0 ) and (4, 5) 

0 4 5 

a local maximum is g(4) = 16 at x = 4, a local minimum is 0 at x = 0 and x = 5, no absolute maximum; 
absolute minimum is 0 at x = 0, 5 


= =>/'(*) = 

=* /' = + + + !— X- 

1 2 


2x(x-2)-(x;-3,(l) = (x-SXx-l) ^ critical ints at , = u 
(x-2) 2 (x-2) 2 

— | + ++, increasing on (- 00 , 1 ) and (3, 00 ), decreasing on (1, 2) and (2, 3), 
3 


discontinuous at x = 2 

a local maximum is /(1) = 2 at x = 1, a local minimum is /(3) = 6 at x = 3, no absolute extrema 


/(*) = - 


■/'(*) = 


3x 2 (3x 2 + 1)-x 3 (6x) 
(3x 2 + 1) 2 


3x 2 (x 2 + 1) 
(3x 2 + 1) 2 


a critical point at x = 0 => /' = - 


■ + + I + ++5 
0 


increasing on (- 00 , 0 ) u ( 0 , 00 ), and never decreasing 
no local extrema, no absolute extrema 


f(x) = x 1/3 (x + 8) = x 4/3 + 8x 1/3 => /'(x) =-|x 1/3 +|x " /3 = => critical points at x = 0, -2 

=> /' =-| + + +)( + ++, increasing on (-2, 0) u (0, oo), decreasing on (- 00 , -2) 

-2 0 

no local maximum, a local minimum is /(-2) = -67? ~ -7.56 at x = -2, no absolute maximum; absolute 
minimum is -67? at x = -2 


38. (a) g(x) = x 2/3 (x + 5) = x 5 / 3 +5x 2/3 => g'(v) = |x 2/3 + 1/3 = => = ^ critical points at 

x = -2 and x = 0 =>g' = + + + |-)( + + +, increasing on (- 00 , - 2 ) and ( 0 , 00 ), decreasing on (- 2 , 0 ) 

-2 0 

(b) local maximum is g(-2) = 37? » 4.762 at x = -2, a local minimum is g(0) = 0 at x = 0, no absolute 
extrema 


39. (a) Zj(x)=x 1/3 (x 2 -4)=x 7/3 -4x 1/3 : 


_ 7 M/3 4 „-2/3 _ 


■h\x) = j .-fx 


3 fx 


critical points at 


x = 0 , => /?' = + + + | - )( - | + + +, increasing on | -oo, | and | -*j=, 

'‘ 1 -2/77 0 2/77 


l (- 00 , and j-Jp 00 j, decreasing 

(f-°) an<1 ( 0 7) 

(b) local maximum is h » 3.12 at x = -^=, the local minimum is h 


on 


! -3.12, no 


absolute extrema 
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40. (a) k(x) = x 2/3 (x 2 -4) = x 8/3 -4x 2/3 => k'(x) = fx 5/3 -fx 1/3 = 8(a+1 ^ b cr itical points at x = 0, ± 1 

i i 3vx 

=> k'= -| + + +)(-| + ++, increasing on (- 1 , 0 ) and ( 1 , oo), decreasing on (-oo, - 1 ) and ( 0 , 1 ) 

-10 1 

(b) local maximum is k( 0) = 0 at x = 0, local minima are k(± 1) = -3 at x = ± 1, no absolute maximum; 
absolute minimum is -3 at x = ± 1 

41. (a) /(x) = e 2x + e~ x => f\x) = 2e 2x - e~ x = 0 => e 3x = j => a critical point at * =^ln^j 

/'=-| + + + +, increasing on ooj, decreasing on |-oo, iln^jj 

3 ln (z) 

(b) a local minimum is at x = yln^j; no local maximum; an absolute minimum at x = yln^j; 
no absolute maximum 


42. (a) 


fx 

f(x) = e => f\x) - => no critical points / = | + + +, increasing on ( 0 , oo) 

2 yjx q 

A local minimum is 1 at x = 0, no local maximum; an absolute minimum is 1 at x = 0, no absolute 
maximum 


43. (a) f[x) = x In x => f'(x) = 1 + In x => a critical point at x = e 1 => /' = [- 


increasing on 


(e \ oo), decreasing on ( 0 , e *) 

A local minimum is -e _1 at x = e -1 , no local maximum, an absolute minimum is -e -1 at x = e -1 , no 


absolute maximum 


44. (a) 


^ _1 /n 

/ (x) = x” In x => fix) = x + 2x In x = x(l + 2 In x) => a critical point at x = e ~ =>/' = [-| + + +, 


— 1/2 — 1/2 
increasing on (e , oo), decreasing on ( 0 , e ) 

—l —1/2 • ... — l —1/2 

(b) A local minimum is —at x = e , no local maximum; an absolute minimum is —at x = e , 
no absolute maximum 

45. (a) /(x) = 2x-x 2 => /'(x) = 2-2x => a critical point at x = 1 =>/'= + + +1 -] and /(l) =1 and /(2) = 0 

1 2 

a local maximum is 1 at x = 1 , a local minimum is 0 at x = 2 . 

(b) There is an absolute maximum of 1 at x = 1; no absolute minimum. 



46. (a) /(x) = (x +1 ) 2 => /'(x) = 2(x + 1) => a critical point at x = -1 => /' =-| + + + ] and 

-1 0 

/(-l) = 0 ,/( 0 ) = 1 => a local maximum is 1 at x = 0 , a local minimum is 0 at x = -1 

(b) no absolute maximum; absolute minimum is 0 at x = -1 

(c) 
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/to 



47. 


9 

(a) g(x) = x — 4x + 4 => g'(x ) = 2x - 4 = 2(x -2) => a critical point at x = 2 =^> g' = [-I + + + and 

1 2 

g-(l) = 1, g{2) = 0 => a local maximum is 1 at x = 1, a local minimum is g{2) = 0 at x = 2 

(b) no absolute maximum; absolute minimum is 0 at x = 2 



48. (a) g(x) = -x"-6x-9 => g'(x) = -2x-6 = -2(x + 3) => a critical point at x = -3 => g' = [+ + + |-and 

-4 -3 

g(-4) = -1, g(— 3) = 0 => a local maximum is 0 at x = -3, a local minimum is -1 at x = -4 
(b) absolute maximum is 0 at x = -3; no absolute minimum 



49. 


(a) 

(b) 

(c) 


f(t) =12/ —/ 3 => f'(t) = 12-3= 3(2 + t)(2 — t) => critical points att = ±2=> /'= [-| + + +|- 

-3 -2 2 

and /(-3) = -9, /(-2) = -16, /(2) = 16 => local maxima are —9 at t = -3 and 16 at t = 2, a local minimum 
is -16 at t = -2 

absolute maximum is 16 at t = 2; no absolute minimum 
*(t> 
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54. (a) 


(b) 

(c) 


f(x) = a/x 2 -2x-3,3 <x < oo => f'{x) = . 2x 2 => only critical point in 3 < x < oo is at x = 3 

\lx 2 -2x-3 

=>/' = [+ ++,/(3) = 0 local minimum of 0 at x = 3, no local maximum 

3 

absolute minimum of 0 at x = 3, no absolute maximum 



55. 


(a) 


(b) 

(c) 


g(x) = 44,0 < x < 1 => g'(x) = 


-V-+4.Y-1 
- 2 -t , '' JJV ' i & (x 2 -l ) 2 


'=[— 1 +++ )> g( 2 -^)=Jih xl 

0 0.268 1 V 7 4 a/3-6 

at x = 2 - V3, no absolute maximum 


only critical point in 0 < x < 1 is x = 2-V3 ~0.268 

.866 => local minimum of 4 at x = 2 - a/ 3, local 


4a/3-6 ' 


maximum at x = 0. 
absolute minimum of 


4a/3-6 





56. (a) g(x) = -, -2 < x < 1 =i> g'(x) = —=> only critical point in -2 < x < 1 is x = 0 

4-xr (4-x ) 

=> g' = (-| + + +], g(0) = 0 local minimum of 0 at x = 0, local maximum of ^ at x = 1. 

-2 0 1 

(b) absolute minimum of 0 at x = 0, no absolute maximum 

(c) 

Six) 



57. 


(a) 


(b) 


/(x) = sin 2x, 0 < x < n => /'(x) = 2 cos 2x, /'(x) = 0 => cos 2x = 0 => critical points are x = -^ and x 

=> /' = [ + + + |-| + + + ] , /(0) = 0, f (-f) = 1, / (4) = “F fif) = 0 => local maxima are 1 at x 

0 k M * V4/ v 7 

and 0 at x = n, and local minima are -1 at x = 4 and 0 at x = 0. 

’ 4 


_ 3 n_ 


The graph of/ rises when /' > 0, falls when /' < 0, and has local 
extreme values where /' = 0. The function/has a local minimum 
value at x = 0 and x = where the values 
off change from negative to positive. The function / has a local 
maximum value at x = n and x = where the values of /' change 
from positive to negative. 


/ M 
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58. (a) 


(b) 


59. (a) 


(b) 


60. (a) 


(b) 


61. (a) 


Chapter 4 Applications of Derivatives 


tan x = -1 => critical points are x = 


f(x) = sin x-cos x, 0 <x < 2n => f'(x) =cos x + sin x,/'(x) = 0 
andx = -y-=>/' = [+ + + | — | + + + ] ,/(0) = -l,/(^) = V2,/(^) = -V2,/(2^) = -l=> local 


0 


2 n 


3 n In 

4 4 

maxima are v2 at x = 4/ and -1 at x = 2;r, and local minima are -v2 at x = 4/ and -1 at x = 0. 
4 4 

f(x) 


The graph of/ rises when /'> 0, falls when 

/' < 0, and has local extreme values where 

/' = 0. The function / has a local minimum 

value at x = 0 and x = where the values 
4 ’ 

of/' change from negative to positive. The 
function / has a local maximum value at x = 2 n 
and x = -A, where the values of /' change from 
positive to negative. 

/(x) = V3 cosx + sin x,0 < x <27 t => /'(x) = -v/3 sinx +cosx, /'(x) = 0 tanx = 



V3 


■ critical points 


■ are x = 4-andx = 

O O 


•/' = [-* 
o 


+ + + ] ,/(0) = V3,/(f)=2,/(^)=-2,/(2^)=V3 

23- 


local maxima are 2 atx = - 7 - and V3 at x = and local minima are -2 at x = ^4 and V3 at x = 0. 
The graph of/ rises when /' > 0, falls when 
/' < 0, and has local extreme values where 
/' = 0. The function / has a local minimum 
value at x = 0 and x = 4/ where the values 
of/' change from negative to positive. The 
function / has a local maximum value at 
x = 2 n and x = where the values of/' 

change from positive to negative. 



/(x) = -2x +tanx, < x < y => /'(x) = -2 +sec 7 x, /'(x) = 0 => sec 7 x = 2 => critical points are 


x = -4 and x = 4 

4 4 


=>/'= (+ + + I — |+ + +),/(-f)=f-l,/(f)=l-4: 


local maximum 


2 4 4 2 

1L of v- — 


is 4 -1 at x = -y, and local minimum is 1 -y at x = 

The graph of/ rises when /' > 0, falls when 
/' < 0, and has local extreme values where 
/' = 0. The function / has a local minimum 
value at x = 4 , where the values of/' change 
from negative to positive. The function / has a 
local maximum value at x = -4, where the 
values of/' change from positive to negative. 



f(x) = lan .t - It. 


/(x) = y-2sin(|-) => / V) = T _cos (f)’ f'( x ) = 0 => cos(y) = 4 => a critical point at x = -=y 

=>/' = [-| + + + ] and /(0) = 0, / (-y 1 ) = 4 —J3, f(2n) = n => local maxima are 

0 2tt/3 In V ' 

0 at x = 0 and n at x = 2?r, a local minimum is y - V3 at x = 4y 
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(b) The graph of/rises when /' > 0, falls when 
/' < 0, and has a local minimum value at the 
point where /' changes from negative to 
positive. 



62. (a) 


(b) 


2 

f(x) = -2 cos x-cos - x => / (x) = 2 sinx + 2 cos x sin x = 2(sinx)(l + cosx) => critical points at 

x = —it, 0, 7r => /' = [-I + + + ] and f{-n') = 1, /(0) = -3, /(7r) = 1 => a local maximum is 

—7i 0 n 


1 at x = ± 7t, a local minimum is -3 at x = 0 
The graph of/ rises when /' > 0, falls when 
/' < 0, and has local extreme values where 
/' = 0. The function/has a local minimum 
value at x = 0, where the values of/' change 
from negative to positive. 



63. 


(a) 

(b) 


2 2 2 
f(x) = esc x -2cotx => / (x) = 2(cscx)(-cscx)(cotx) - 2(-csc~ x) = -2(csc x) (cot x -1) => a critical 


point at x = f => /'= (-| + + +) and/(-|) = 

0 n/A n 

The graph of/rises when /' > 0, falls when 
/' < 0, and has a local minimum value at the 
point where /' = 0 and the values of /' change 
from negative to positive. The graph of/ 
steepens as /'(x) —> ±oo. 


=^> no local maximum, a local minimum is 0 at x = 4- 
’ 4 



64. 


(a) 

(b) 


9 9 9 

/(x) = sec x - 2 tan x /'(x) = 2(sec x)(sec x)(tan x) - 2 sec x = (2 sec" x) (tan x -1) a critical point 

at x = -j=>/'= (-| + + + ) and / I-j) = 0 no local maximum, a local minimum is 0 at x = ^ 

^ -it! 2 k 4 jr/2 V 7 


The graph of/rises when /' > 0, falls when 
/' < 0, and has a local minimum value where 
/' = 0 and the values of /' change from 
negative to positive. 
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65. h(9) = 3cos (-y) => h'(9) = —|sin(|-) => /?' = [-] , (0, 3) and (In, -3) => a local maximum is 3 at 9 = 0, 

V-/ - \ ) 0 

a local minimum is -3 at 9 = In 


2 n 


66 . 


67. 


68 . 


69. 


h(9) = 5sin^j => h'(9) = 4 cos(-f) => h' = [+ + + ], (0, 0) and (n, 5) => a local maximum is 5 at 9 = n, a local 

0 n 

minimum is 0 at 9 = 0 
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71. The function /(x) = xsin^yj has an infinite number of local maxima and minima on its domain, which is 
(-oo, 0) u(0, oo). The function sinx has the following properties: a) it is continuous on (-00,00); b) it is 
periodic; and c) its range is [-1,1], Also, for a > 0, the function 4 has a range of (-00, -a] u[a, 00) 
on |^-4-, o)l^O, Tj. In particular, if a = 1, then T <-l or T > 1 when x is in [-1, 0) u(0,1], This means sin^yj 
takes on the values of 1 and-1 infinitely many times on [—1,0) u(0,1], namely at T= ±y, + -y, ±-y,....=> 

x = ±T, ±2L, + 4L,_Thus sin|4j has infinitely many local maxima and minima in [-1,0) u(0,1]. On the 

interval (0,1], -1 < sin^yj < 1 and since x > 0 we have -x < xsin|yj < x . On the interval 

[-1, 0), -1 < sin (4 j < 1 and since x < 0 we have -x > x sin (4 j > x . Thus /(x) is bounded by the lines 

y = x and y = -x. Since sin (yj oscillates between 1 and -1 infinitely many times on [-1, 0) u(0,1] then/will 
oscillate between v = x and v = -x infinitely many times. Thus/has infinitely many local maxima and minima. 
We can see from the graph (and verify later in Chapter 7) that lim xsin|4j = 1 and lim xsin|4J = 1. The 

graph of/does not have any absolute maxima, but it does have two absolute minima. 


72. 


/(x) = ax 1 +bx + c =a(x 2 + yxj + c = a |x 2 + yx + y^-j —|y+ c = a {* + ~ h 4 ^ ac , a parabola whose 
vertex is at x = —4-.Thus when a > 0,/is increasing on |-=y,ooj and decreasing on (-00, -=yj; when a < 0,/is 
increasing on ^-<x>, and decreasing on 00 j. Also note that /'(x) = 2ax + b = 2a(x + 4-j =^> for 

a>0,/'=-| + + + ; for a < 0,f = + + + |-. 

-b!2a —b!2a 


73. f(x) = ax 2 +bx => f\x) - 2ax + b, /(1) = 2 => a +b = 2,/'(l) = 0^>2a + b = 0^> a = —2,b = 4 
=> /(x) = -2x^ + 4x 


74. /(x) = ax +bx +cx + d => f(x) = 3ax~ +2bx + c, f(0) = 0=>d = 0, /(l) = -1 => a +b +c +d = -1, 
/'(0) = 0 => c = 0, /'(1) = 0=>3a+2Z> + c= 0=>a=2, b = -3, c =0,d = 0 => /(x) = 2x 3 -3x 2 


75. (a) fix) = ln(cosx) => f\x) = —yyy = -tanx = 0 =>x = 0; /'(x) > 0 for -y<x<0 and /'(x) <0 for 

0 < x < y => there is a relative maximum at x = 0 with /(0) = ln(cos 0) = In 1 = 0; 

/(-y) = ln( c °s(-y)) = ln(-^) =-4ln2 and = ln|cos(y)j = ln4 = -ln2. Therefore, the 
absolute minimum occurs at x = y with / ^yj = - In 2 and the absolute maximum occurs at x = 0 with 

,m=o. 

(b) fix) = cos(ln x) => f\x) = sm | ln A1 =0 => x = 1; f’(x) >0 for 4 < x < 1 and /'(x) <0 for 1 < x < 2 
=> there is a relative maximum at x = 1 with /(l) = cos(ln 1) = cos 0=1; 

/(4j = cos|ln^4jj = cos(-ln2) = cos(ln2) and fi2) = cos(ln 2). Therefore, the absolute minimum occurs 
at x = 4 andx = 2 with /|4j = /(2) =cos(ln2), and the absolute maximum occurs at x = 1 with/(l)= 1. 

76. (a) /(x)=x-lnx=> /'(x) = l-4; ifx> 1, then /'(x) > 0 which means that fix) is increasing 
(b) _/(!)=! -In 1 = 1 =>/(x) =x - lnx > 0, ifx > 1 by part (a) => x > lnx ifx > 1 
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77. /(x) = e x -2x => f'(x) = e x -2; f'(x) = 0=>e x = 2 => x = In 2; /(0) = 1, the absolute maximum; 

/(In 2) = 2 - 2 In 2 « 0.613706, the absolute minimum; /(l) = e - 2 « 0.71828, a relative or local maximum 
since/is increasing on the interval (In 2 , 1 ). 

78. The function fix) = 2 e s ' n(x/2 l has a maximum whenever sin / = 1 and a minimum whenever sin / = - 1 . 
Therefore the maximums occur atx = n+ 2k(27r) and the minimums occur atx = 3 n+ 2k(2ii), where k is any 
integer. The maximum is 2e » 5.43656 and the minimum is / « 0.73576. 


79. f(x) = x" In/ => /'(x) = 2xln/ + x 2 j -j- j(— x 2 ) = 2xln/-x = -x(2 \nx + 1); /'(x) = 0 =^>x = 0 

\ X J 


or 


In x = Since x = 0 is not in the domain of f x = e 1 =A=. Also, f\x) >0 for 0 < x < -4= and 


Te' 


fe 


f'(x)< 0 for x>A=. Therefore, f -4=) = -In -Je = -ln <? 1/2 =/-ln<? = /- is the absolute maximum value off 

yje \yje I e e ^ e ^ e 


assumed at x = -4=. 

ve 


80. (a) Let /(x) = e x -x-l => f'(x) =e x -1 => a critical point at x = 0 => /' =-1 + + +, so/is increasing 

0 

on ( 0 , oo); since /( 0 ) = 0 it follows that /(x) = e x -x -1 > 0 for x > 0 => e x >x +1 for x > 0 . 

(b) Let / (x) = e x -/x 2 -x-l=> /'(x) = e x —x -1 > 0 for x > 0 by part (a), so/is increasing on (0, oo); since 
/( 0 ) = 0 it follows that /(x) = e x -/x 2 - x-l > 0 for x > 0 => e x > jx 2 + x + l forx > 0 . 


81. Let xj X 2 be two numbers in the domain of an increasing function/ Then, either xj < X 2 or xj > x~> which 
implies /(x[)< /(x 2 ) or /(xj)>/(x 2 ), since/(x) is increasing. In either case, /(X|) ^ / (x 2 ) and/is one- 
to-one. Similar arguments hold if/’is decreasing. 


82. fix) is increasing since x 2 > x, => /x 2 +{ >\x x +|; | => = ^ 7 J = 3 


83. /(x) is increasing since X 2 > X\ => 27x| > 27x 3 ; y = 27x 3 => x = /y ^ 3 => / 1 (x) = /x 1/3 ; 


f = 81x 2 ^ 

ax 


1 


dx 8 lx 2 


1 1 -2/3 

= -kx 


i//3 9 x 2/3 9 

3 X 


84. /(x) is decreasing since x 2 > X\ 

-jf - = —24x 2 =^> ~r~ = —^r 

dx dx -24x 2 i(l-x) 1 ' 


• 1 - 8 xo < 1 - 8 xj 3 ; y = l- 8 x 3 =>x = j(l-y) 


1/3 


■.r 1 W=l(l-x) 1/3 ; 


6 ( 1 —JC)- 


- = -!(!-*) 


-2/3 


85. fix) is decreasing since x 2 > X] 

1 


f = -3d-x) 2 ^^ = - 


-3(1 -XY 


(1 -x 2 ) 3 <(i — Xi) 3 ; y = (l-x ) 3 
_ -1 


>x = l -/ /3 =>/ 1 (x)=l-x 




ll-x 1 ' 


3x 


_ _1 r - 2/3 

.2/3 3 A 


Copyright © 2014 Pearson Education, Inc. 



Section 4.4 Concavity and Curve Sketching 


253 


C/-5 C/O C/O 

86 . f[x) is increasing since x 2 > x l => x 2 >Xj ; y = x =>x 


= y vs =>/ _1 (X>=x 3/5 ; 


i = i r 2/ 3 4r‘ 

it 3 tfe 5 x 2/3 


1 


5x' 


3_ = 3 - 2/ 5 

.2/5 5 A 


4.4 CONCAVITY AND CURVE SKETCHING 

1. .y = y-4)--2x + T=>/ = x 2 -x-2 = (x-2)(x + l) => /' = 2x-l = 2^x-Tj. The graph is rising on 
(—co, -1) and (2, co), falling on (-1, 2), concave up on (i’ 00 ) and concave down on ^-co, ^.Consequently, 
a local maximum is j at x = -1, a local minimum is -3 at x = 2, and (T. _2j ; s a point of inflection. 

2. y = y-2x +4 => y' = x 3 - Ax = x(x 2 -4) = x(x + 2)(x-2) => y" = 3x 2 -4 = (%/3x + 2)|V3x - 2j. The graph 
is rising on (-2, 0) and (2, co), falling on (-oo, -2) and (0, 2), concave up on |-oo, and °°j and 
concave down on (--jL, Consequently, a local maximum is 4 at .r = 0, local minima are 0 at x = ±2, and 


y j and yj are points of inflection. 

y = f (* 2 -1) 2/3 => / = (f)(f)(* 2 -i)“ 1/3 (2x) = x(x 2 -1)- 1/3 , / = —) (+ + + |—)(+ + + 


the 


-1 0 l 

3 


graph is rising on (-1, 0) and (1, oo), falling on (-oo, -1) and (0,1) => a local maximum is ^ at x = 0, local 
minima are 0 at x = ±1; 


y = (x 2 -i)- 1/3 +(x) (4)(* 2 -i) 4/3 (2x) = -^== 4 


y" = + + + |-) (-)(-| + ++ => the graph is concave up on (-oo, -y3 ) and (V3, co I, 

S -1 1 V3 \ \ ) 


concave 


down on (-V3, V3 j => points of inflection at ^±V3, y^j 


4. y = £x 1/3 (x 2 -7)^>/ = ^x“ 2 /3 (x 2 -7) + £x 1/3 (2x) = f x“ 2/3 (x 2 -1),/ = + + + | —)( — | + + + => the 


graph is rising on (-co,-1) and (l,oo), falling on (-1,1) => a local maximum is y at x = -1, a local minimum is 

—y- at x = 1 ;y" = -x _5/3 (x 2 -1) + 3x 1/3 = 2x 1/3 +x _5/3 = x _5/3 (2x 2 +1), y" =-)(+ + + ^> the graph is 

0 

concave up on (0, oo), concave down on (-co, 0 ) => a point of inflection at (0, 0). 

5. y =x + sin2x => y' = l + 2cos2x, y' = [-| + + + |-] => the graph is rising on y,yj, 


+ + + |-j : 

-2tt/3 -nt 3 nt 3 2^/3 

2 .l _i_ ^3 , 


falling on j-y ,- yj and => local maxima are — y + y at x = -y and y +y at x = y, local minima 

2j V3 , _ _ 

3 


are -y-y at x = —^ and y-y at x = y;j/' = -4sin2x, y” = [ 


-2/T/3 


-W2 0 


- I + + + ] : 

W2 2tt/3 


the graph is concave up on y ,oj and (y,yj, concave down on (-y, -yj and (o, yj => points of inflection 

at (-f,-f),(°, 0 ), and (y, yj 
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6. y = tanx-4x => y' = sec 2 x-4, y' = ( + + + | - | + + + ) => the graph is rising on I-y, —yj and 

-7r/2 —7r/3 7r/3 7 tI2 

(y, y), falling on ^-y, yj => a local maximum is -VJ + at x = -- y, a local minimum is V3 -4y- at x = y; 

j" = 2(sec x)(sec x)(tan x ) = 2(sec 2 x)(tan x), y" = (-I + + + ) => the graph is concave up on (0, y), 

-nil 0 nil K 

concave down on [—j, 0 j => a point of inflection at (0, 0) 

7. If x > 0, sin |x| = sinx and if x < 0, sin |x| = sin(-x) 

= - sin x. From the sketch the graph is rising on 
(-4f, —y), (O, yj and 2 ;rj, falling on 

j, (-y, oj and (y, j; local minima 
are —1 at x = ±4y and 0 at x = 0; local maxima are 
1 at x = ±y and 0 at x = ±2;r; concave up on 
(-2ft, -ft) and (ft, 2ft), and concave down on 
(-ft, 0) and (0, ft) => points of inflection are 
(-ft, 0) and (ft, 0) 

8 . y = 2 cos x-v/lx => y' = -2 sin x—^2, y' = [-| + + + |-| + + + ] => rising on 

—n -3;r/4 -/r/4 5;r/4 3n!2 

(-yp —yj and (yp y^j, falling on j-/r, -yyj and y, yyj => local maxima are -2 + ft^2 at x = -tt, 

•Jl + pp-at x = -y and - 37r ^ 2 at x = yp and local minima are —v/2 + 3;r ^ 2 at x = -yp and -^f2 - 5,r ^ 
at x = -p; /' = -2cosx, j" = [ + + + |-| + + + ] => concave up on [-ft, -yj and l-|, J, 

concave down on j-y, yj ^ points of inflection at (-■y, and |y, 



9. When y = x 2 - 4x + 3, then v' = 2x - 4 = 2(x - 2) 
and y" = 2. The curve rises on (2, co) and falls on 
(—co, 2). At x = 2 there is a minimum. Since y*> o, 
the curve is concave up for all x. 



10. When y = 6-2x-x 2 , then y' = -2-2x = -2(1+ x) 
and y" = -2. The curve rises on (-co, -1) and falls on 
(-1, oo). At x = -1 there is a maximum. Since y" < 0, 
the curve is concave down for all x. 
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11. When y = x 3 -3x + 3, then y' = 3x 2 -3 

= 3(x -l)(x + 1) and y" = 6x. The curve rises on 
(-ao, -1) u (1, oo) and falls on (-1,1). At x = -1 there is 
a local maximum and at x = 1 a local minimum. The 
curve is concave down on (-co, 0 ) and concave up on 
(0, oo). There is a point on inflection at x = 0. 


12. When y = x(6-2x) 2 , then 

y' = -4x(6 — 2x) + (6 -2x) 2 = 12(3-x)(l-x) and 
y" = -12(3 —x) -12(1 -x) = 24(x-2). The curve 
rises on (-oo, 1) u (3, oo) and falls on (1, 3). The curve 
is concave down on (-oo, 2 ) and concave up on 
(2, oo). At x = 2 there is a point of inflection. 



13. When y = -2x 3 + 6x 2 -3, then y' = -6x 2 +12x 
= -6x(x -2) and y" = -12x + 12 = -12(x -1). The 
curve rises on (0, 2) and falls on (-oo, 0 ) and (2, oo). 
At x = 0 there is a local minimum and at x = 2 a local 
maximum. The curve is concave up on (-oo, 1) and 
concave down on (1, oo). At x = 1 there is a point of 
inflection. 


14. When y = l-9x - 6x 2 -x 3 , then y' = -9 -12x-3x 2 
= -3(x + 3)(x +1) and y" = -12 -6x = -6(x + 2). The 
curve rises on (-3, -1) and falls on (-oo, -3) and 
(-1, oo). At x = -1 there is a local maximum and at 
x = -3 a local minimum. The curve is concave up on 
(-oo, -2) and concave down on (-2, oo). At x = -2 
there is a point of inflection. 


y 




15. When y = (x-2) 3 +1, then y' = 3(x -2) 2 and 

y" = 6(x -2). The curve never falls and there are no 
local extrema. The curve is concave down on (-oo, 2) 
and concave up on (2, oo). At x = 2 there is a point of 
inflection. 


y 
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16. When y = 1 -(x + 1) 3 , then y' = -3(x + l) 2 and 

y" = —6(x +1). The curve never rises and there are no 
local extrema. The curve is concave up on (-00, -1) 
and concave down on (-1, co). At x = -1 there is a 
point of inflection. 


17. When y = x 4 -2x, then y' = 4x 3 -4x 
= 4x(x + l)(x -1) and y" = 12x 2 - 4 
= 12(x + -p(x--i=. The curve rises on (-1, 0) 


S)\ V3 

and (1, oo) and falls on (— oo, -1) and (0,1). At x = ±1 
there are local minima and at x = 0 a local maximum. 

The curve is concave up on |-oo, —4= j and 00 j 

■ down on I —\=, -Cl. At x = 4= there are 

l S S) V3 


and concave ■ 


points of inflection. 


18. When y = -x 4 +6x" -4, then y' = -4x 3 +12x 
= -4x(x + VJ j (x —yfi j and y" = -12x 2 +12 
= -12(x + l)(x -1). The curve rises on (-oo, —y/3 j 
and (o, >/3 j, and falls on(-V3,o) and (V3,ooj. At 

x = ±V3 there are local maxima and at x = 0 a local 
minimum. The curve is concave up on (—1,1) and 
concave down on (-oo, -1) and (1, oo). At x = ±1 there 
are points of inflection. 




19. When y = 4x 3 -x 4 , then 

y' = 12x 2 -4x 3 = 4x 2 (3 -x) and y" = 24x -12x 2 
= 12x(2 -x). The curve rises on (-oo, 3) and falls on 
(3, oo). At x = 3 there is a local maximum, but there is 
no local minimum. The graph is concave up on (0, 2) 
and concave down on (-oo, 0) and (2, oo). There are 
inflection points at x = 0 and x = 2. 


y 



20. When y = x 4 + 2x 3 , then y' = 4x 3 + 6x 2 = 2x 2 (2x + 3) 
2 

and y" = 12x + 12x = 12x(x +1). The curve rises on 
oo j and falls on (-co, ~j. There is a local 
minimum at x = — -y, but no local maximum. The 
curve is concave up on (-oo,-l) and (0,co), and 
concave down on (-1, 0). At x = -1 and x = 0 there 
are points of inflection. 
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21. When y = x 5 -5x 4 , then 

y' = 5x 4 - 20.r 3 = 5x 3 (x - 4) and y" = 20x 3 - 60x 2 

= 20x (x -3). The curve rises on (-oo, 0) and (4, oo), 
and falls on (0, 4). There is a local maximum at x = 0, 
and a local minimum at .r = 4. The curve is concave 
down on (-oo, 3) and concave up on (3, oo). At x = 3 
there is a point of inflection. 



22 . 


When y =x(-y-5j .then 
/ = (f-5) 4 +x(4)( 


t - 5 


HiHt - 5 


a" d ,- = 3 (f-5) 2 (i)(f-5) + ( 


f " 5 


)( 

)’(!) 


5x _ c 


)■ 


= 5^-5j (x-4). The curve is rising on (-oo, 2) and 
(10, oo), and falling on (2, 10). There is a local 
maximum at x = 2 and a local minimum at x = 10. 
The curve is concave down on (-oo, 4) and concave 
up on (4, oo). At x = 4 there is a point of inflection. 



23. When y =x + sinx, then y' = 1 + cosx and y" = -sinx. 
The curve rises on (0, In'). At x = 0 there is a local 
and absolute minimum and at x = In there is a local 
and absolute maximum. The curve is concave down 
on (0, n) and concave up on (n, 2n). At x = n there is 
a point of inflection. 


y 



24. When y = x-sinx, then y 1 = 1 -cosx and y" = sinx. 
The curve rises on (0, In'). At x = 0 there is a local 
and absolute minimum and at x = 2 n there is a local 
and absolute maximum. The curve is concave up on 
(0, n) and concave down on (n, 2n). At x = n there is 
a point of inflection. 



25. Wheny = V3x-2 cosx, then y' = 4 3 +2 sinx and 
y" = 2 cosx. The curve is increasing on (o, 4^j and 

(■y 1 , 2n), and decreasing on At x = 0 there 

is a local and absolute minimum, at x = 4^ there is a 
local maximum, at x = 4^ there is a local minimum, 
and at x = 2 n there is a local and absolute maximum. 
The curve is concave up on ^0, -jj and 2? r j, and 

is concave down on (y , At x = y and x = -y- 

there are points of inflection. 
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26. When y = -|x-tanx, then y' = 2.-sec 2 x and 
y" = -2 sec 2 xtanx. The curve is increasing on 

4 ), and decreasing on —|) and 4 )- 

At x = -A there is a local minimum, at x = A there is 
6 6 

a local maximum, there are no absolute maxima or 
absolute minima. The curve is concave up on 
(-■j , o), and is concave down on (o, yj. At x = 0 
there is a point of inflection. 

2 2 

27. When j = sinxcosx, then y = -sin" x + cos x 

= cos 2x and y" = -2 sin 2x. The curve is increasing 
on (o, -jj and tt j, and decreasing on (^, At 

x = 0 there is a local minimum, at x = 4 there is 
a local and absolute maximum, at x = ^4 there is a 
local and absolute minimum, and at x = n there is 
a local maximum. The curve is concave down on 
(o, 4 ), and is concave up on ( 4 , ;r). At x = 4 there is 
a point of inflection. 

28. When y - cosx + v/3 sinx, then y'= -sinx + v/3 cosx 
and y" = - cos x - -%/3 sin x. The curve is increasing on 
( 0 , y) and ( 44 , 27t), and decreasing on “f 1 )- At 
x = 0 there is a local minimum, at x = y there is 

a local and absolute maximum, at x = 44 there is a 
local and absolute minimum, and at x = 2 tt there is 
a local maximum. The curve is concave down on 
( 0 , pp) and ^4, 27T j, and is concave up on 

(44 44 j. At x = pp and x = ^ there are points 
of inflection. 

29. When j =x 1/5 , then y' = -f x _4/5 and y" = -^x _9/5 . 
The curve rises on (-<x>, 00 ) and there are no extrema. 
The curve is concave up on (— 00 , 0) and concave 
down on (0, 00 ). At x = 0 there is a point of inflection. 


30. When y =x 2/5 , then y' = -|x 3/5 and y" = -^x 8/5 . 
The curve is rising on (0, 00 ) and falling on 0). 
At x = 0 there is a local and absolute minimum. 
There is no local or absolute maximum. The curve is 
concave down on (- 00 , 0) and (0, 00 ). There are no 
points of inflection, but a cusp exists at x = 0. 
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31. When y = *— , then y' = 


(x 2 +l) 3/2 


and 


y = 


ylx 2 +1 

——. The curve is increasing on (-oo, oo). 


(x 2 +l) 5/2 


There are no local or absolute extrema. The curve is 
concave up on (-oo, 0 ) and concave down on (0, oo). 
At x = 0 there is a point of inflection. 


32. When y then y' =- + ^— and 

/x+1 ' (2 x+1) 2 V1-x 2 

y" = ~ 4 - v ~ 12 - v +J yjjg Cllrve ; s decreasing on 
(2x+1) 3 (1-x 2 ) 3/2 

(-1, -yj and (--i-, lj. There are no absolute extrema, 

there is a local maximum at x = -1 and a local 
minimum at x = 1. The curve is concave up on 
(-1, -0.92) and (-2-, 0.69j, and concave down on 

(-0.92, -|) and (0.69,1). Atx~ -0.92 and jc * 0.69 
there are points of inflection. 

33. When y = 2x - 3x 2/3 , then y' = 2 -2x _1/3 and 

y" = -|x _4/3 . The curve is rising on (-oo, 0) and (1, oo), 
and falling on (0,1). There is a local maximum at 
x = 0 and a local minimum at x = 1. The curve is 
concave up on (-oo, 0) and (0, oo). There are no points 
of inflection, but a cusp exists at x = 0. 


34. When y = 5x 2/5 -2x, then y' = 2x 3/5 -2 

= 2(x _ 3/5 -lj and y" = —|x _8/5 . The curve is rising 

on (0,1) and falling on (-oo, 0) and (1, oo). There is 
a local minimum at x = 0 and a local maximum at 
x = 1. The curve is concave down on (-oo, 0) and 
(0, oo). There are no points of inflection, but a cusp 
exists at x = 0. 

35. When y = x 2/3 (-|-jcj = -|-r 2/3 -x 5/3 , then 
y' = ■ |x _1/3 --|x 2/3 =-|x _1/3 (l-x) and 

y" = -I* -473 -y-r“ 1/3 = -|x _4/3 (1 + 2x). The curve 
is rising on (0,1) and falling on (-oo, 0) and (1, oo). 
There is a local minimum at x = 0 and a local 
maximum at x = 1. The curve is concave up on 
(-oo, -4j and concave down on (-2-, oj and (0, oo). 

There is a point of inflection at x = -j and a cusp 
atx = 0. 




y 



Copyright © 2014 Pearson Education, Inc. 




260 


Chapter 4 Applications of Derivatives 


36. Whenj = x 2/3 (x-5) = x 5/3 -5x 2/3 , then 
y'= |x 2/3 -yx _1/3 = y 1/3 (jt — 2 ) and 
y" = Y x ~ h + y x _4/3 = hCr -473 (* + !)• The curve 
is rising on (-oo, 0) and (2, oo), and falling on (0, 2). 
There is a local minimum at x = 2 and a local 
maximum at x = 0. The curve is concave up on 
(-1, 0) and (0, oo), and concave down on (-oo, -1). 
There is a point of inflection at x = -1 and a cusp 
at x = 0. 


37. When y =xxl&-x 2 = x(8-x 2 ) 1/2 , then 
y'= (8 -x 2 ) 1/2 + (x)(Tj(8 -.r 2 )“ 1/2 (-2x) 

= (8 -x 2 )“ 1/2 (8 -2x 2 ) = 2(2—.VX2+-V) and 

(2VH 

y" = (-T) (8 - x 2 )“ 2 (-2x)(8 - 2x 2 )+ (8 - x 2 )'= (-4x) 
= 2 -4- r ~ 12 \ The curve is rising on (-2, 2), and falling 

V ( 8-* 2 ) 3 

on (-2^2, -2j and ^2, 2 V 2 j. There are local minima 
x = -2 and x = 2>/2, and local maxima at x = -2^2 
and x = 2. The curve is concave up on (-2^2, 0 j and 

concave down on ( 0 , 2^2^. There is 
a point of inflection at x = 0. 



38. 


When v = (2 -x 2 ) 3/2 , then / = (|)(2 -x 2 ) 1/2 (-2x) 
= -3xV2 - x 2 = -3x^V 2 - xj (yf2 + xj and 
y" = (-3X2 -x 2 ) 1/2 + (-3x)(T)(2 -x 2 ) _1/2 (-2x) 


—6(1—JC)(l-hJC) 


, . The curve is rising on (-v/2, 0) and 

J(*j2-x)*j2+x) [ ’ 

falling on |o, V 2 j. There is a local maximum at x = 0, 
and local minima at x = ±v/2. The curve is concave 
down on (-1,1) and concave up on (-v/2, -1 j and 

^1, v/2 j. There are points of inflection at x = ±1. 


39. 


When v 


Vl6 


It 


y 


-16 

(16-.v 2 ) 3/2 ' 


- x 2 , then V = 1 = and 
The curve is rising on (-4, 0) and 


falling on (0, 4). There is a local and absolute 
maximum at x = 0 and local and absolute minima at 
x = -4 and x = 4. The curve is concave down on 
(-4, 4). There are no points of inflection. 


y 
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40. When y = x 2 + -, then y' = 2x — \ = 2x \ 2 and 

x X X 

y" = 2 +Ar = 2x + 4 . The curve is falling on (-oo, 0) and 

x i x 3 

(0,1), and rising on (1, oo). There is a local minimum at 
x = 1. There are no absolute maxima or absolute minima. 
The curve is concave up on (-oo, -1/2 j and (0, oo), and 

concave down on f—1/2, 0 j. There is a point of inflection 
at x = -1/2. 


41. 


When v = then v' = 2x(x 2) (x ~ 3)U) = 

*-2 ' ( x - 2) 2 

and » = (2v-4)(.v-2) 2 -(x 2 -4.v+3)2(.r-2) = 


(-Y-3 )(A—1) 
(x-2) 2 

j. The curve 


is rising on (-oo, 1) and (3, oo), and falling on (1, 2) and 
(2, 3). There is a local maximum at x = 1 and a local 
minimum at x = 3. The curve is concave down on 
(-oo, 2) and concave up on (2, oo). There are no points 
of inflection because x = 2 is not in the domain. 


42. When y = v/x 3 +1, then y' = — Y and v" = —. 

(x 3 +l) 2/3 ' (x 3 +l) 5/3 

The curve is rising on (-oo, -1), (-1, 0), and (0, oo). There 
are no local or absolute extrema. The curve is concave up 
on (-oo, -1) and (0, oo), and concave down on (-1, 0). 
There are points of inflection at x = -1 and x = 0. 




43. 


When y = -f 2 —, then y' - 


-8(x 2 


+4 


(x 2 +4) 


f) and y" = }W£ 


- 12 ) 


(x 2 +4) 3 


The curve is falling on (-oo, -2) and (2, oo), and is rising 
on (-2, 2). There is a local and absolute minimum at 
x = -2, and a local and absolute maximum at x = 2. The 
curve is concave down on ^-oo, —2->/3 j and ^0, 2>/3 j, and 


concave up on 


(-2^/T oj and ooj. There 


are points 


of inflection at x = -2^3, x = 0, and x = 2-J3. y = 0 is a 
horizontal asymptote. 



44. When y = then y' = 20x , and y" = 100:1 } x 3) . 

' x 4 +5 ' (x 4 +5) 2 ' (x 4 +5) 3 

The curve is rising on (-oo, 0), and is falling on (0, oo). 

There is a local and absolute maximum at x = 0 , and there 

is no local or absolute minimum. The curve is concave up 

on | -oo, -3/Jj and (y/3, ooj, and concave down on (-1/3, oj 

and (0, yjs j. There are points of inflection at x = -1/3 and 
x = 1/3. There is a horizontal asymptote of y = 0. 
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45. 


When v = | x 2 


\x 2 -1, |x|>l ,_f 2x,\x\>\ 

{l-x 2 ,|x|<l’ 6nJ |-2x, |x| < 1 


f 2,|x|>1 

and v" = < . The curve rises on (-1, 0) and (1, co) 

[-2, | -v | < 1 

and falls on (-co, -1) and (0,1). There is a local maximum 
at x = 0 and local minima at x = ±1. The curve is concave 
up on (-oo, -1) and (1, oo), and concave down on (-1,1). 
There are no points of inflection because y is not 
differentiable at x = ±1 (so there is no tangent line at 
those points). 


y 



46. When y = | 


-2x I = < 


x — 2x, x < 0 
2 x-x 2 , 0 <x <2, 


x" - 2x, x > 2 


then y' = 


2 , x < 0 
-2, 0 < x < 2 . 
2 , x > 2 


2 x -2, x < 0 

2 -2x, 0 < x < 2, and y" = ■ 

2 x-2,x >2 

The curve is rising on (0,1) and (2, co), and falling on 
(-oo, 0) and (1, 2). There is a local maximum at x = 1 and 
local minima at x = 0 and x = 2. The curve is concave up 
on (-oo, 0) and (2, oo), and concave down on (0, 2). There 
are no points of inflection because y is not differentiable 
at x = 0 and x = 2 (so there is no tangent at those points). 



47. 


When v = = 


f v/x, x > 0 


-x, x < 0 


, then y' = 


—j=, x > 0 
2y/x 


-1 


2 -J—x 


, x < 0 


and y" = 


-3/2 

-^7-, X >0 


-(-*r 


-, x < 0 


Since lim v' = - oo and lim y' = oo there is a cusp at 

x->o - x-»o + 

x = 0. There is a local minimum at x = 0, but no local 
maximum. The curve is concave down on (-oo, 0) and 
(0, oo). There are no points of inflection. 


y 



48. 


When y = yj\x-4\ 


v/x-4, x > 4 
_ , then 

V4 —X, x <4 



Since 


1 

2Vx-4’ 
-1 

lim y' 


x > 4 

and y 

x <4 
= -oo and 




—(4--v)- 


, x > 4 


, x < 4 


lim y' = oo there is a cusp at 


x->4 x->4 

x = 4. There is a local minimum at x = 4, but no local 
maximum. The curve is concave down on (-oo, 4) and 
(4, co). There are no points of inflection. 
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49. When y = xe llx , then y' = 


+ e ' =e 


H) 




The curve is rising on (1, oo) and (-oo, 0) and falling on 
(0, 1). The curve is concave down on (-oo, 0) and 
concave up on (0, oo). There is a local minimum of e at 
x = 1, but there are no inflection points. 

cn e x i xe x —e x (x-l)e* 

50 . y = s -=>y =22L_t_ = - 2— 

x XX 

=> y' = -|-| + + + => the graph is rising on 

0 1 


(1, oo), falling on (-oo, 0) and (0, 1); a local minimum is e 

. _ , „ x 2 (xe x +e x -e x )-(xe x -e x )(2x) (x 2 -2x+2)e x 

at x - i; y - - 7 - - --- 


=> y" = -I + + + => the graph is concave up on 

0 

(0, oo), concave down on (-oo, 0 ), but has no inflection 
points. 

51. y = \n(3-x 2 )^y' =^r = ^~ 

3-x 2 x 2 -3 

=> y' = (+ + +|-) =>the graph is rising on 

-V3 0 41 

^—s/3, oj, falling on ^0, a/ 3 j; a local minimum is In 3 at 

n . (.r 2 -3)(2)-(2.v)(2x) -2(x 2 +3) 

’ 7 ” (x 2 -3) 2 ' (x 2 -3) 2 

=>y" = (-) =^> the graph is concave down on 

-a/3 ,/3 

(-V3, VJ). 

52. y = x(lnx) 2 

=> y' = x -21nx + (1) -(hix) 2 =lnx(2 + lnx) 


/ = (+ + + 

o 


| + + + => the graph is rising on 


—? _o 

(0, e ) and (1, oo), falling on (e , 1); a local 
maximum is 4e “ at x = e and a local minimum is 0 


at x = 1; j/ = lnx-(JL) + (-L)(2 + lnx): 


2(l+ln.v) 


y" = (-| + + + =^> the graph is concave up on 


(e 1 , oo), concave down on (0, e 1 ) point of 
inflection at (e~\ e~ 1 ). 
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53. y = e x — 2e x — 3x 

, x rj —x o (e x f-3e x +2 (e x -2)(e x -l) 

=> y =e +2e -3=-— -= -- 

e x e x 

=> = + + + |-| + + +=> the graph is increasing 

0 In 2 

on (-ao, 0) and (In 2, oo), decreasing on (0, In 2); a local 
maximum is -1 at x = 0 and a local minimum is 

1 - 3 In 2 at x = In 2; y" = e x - 2e~' = —— 

e x 

=> y" = -| + + + => the graph is concave up on 

f ln2 

(4In 2, ooj, concave down on (-oo, 4ln2) point of 
inflection at (4 In 2, — ^-ln 2^. 

54. y = xe~ x => y’ = e~ x -xe~ x = (1 —x)e~ x 

=> y' = + + +1-=^> the graph is increasing on (-oo, 1) 

1 

and decreasing on (1, oo); a local maximum is e -1 at 

x = 1; y" = (x — l)e~ x +(-l)e~ x = (x - 2)e~ x 

=> y" = -I + + + => the graph is concave up on 

2 

(2, oo), concave down on (-oo, 2) => point of inflection at 

(2, 2e -2 ). 



55. v = ln(cosx) => y'= —^^ =-tanx 

y v 7 y cosx 

=>y' =.... ) none ( + + + j-) none ( + + + |-) none ( + 

In 5 n —2n 3?r _n Q n_ 3 n_ 

=> the graph is increasing on ..., -2;r), (-■y, oj, 

(^, 2nJ ,..., decreasing on (-2 n, -^), (o, f), {in, 


local maxima are 0 atx = 0, ±2 n, ±\n, ...; y” = -sec" x 

the graph is concave down on 

( __?r (3y 5/T ) 

2’ 2/’\ 2 ’ 2 


,2 „ -1 


, %/x(-l-lnx—C 

c/: ln.x' ,.i V*/ _ 2 Vr 2-ln.v 

y ~4~x^ y ~ ir\ 2 ~ 2x 3/2 


•/ = (+ + +! — 


? • 7 

> the graph is increasing on (0, e ), decreasing on (e , oo); 


local maximum is — at x = e 2 ; 

e 

2x 3/2 (-l)-(2-lnx)-2.|x 1/2 3]njf _ 8 

7 (2x 3/2 ) 2 4x 5/2 


O/T 

=> y" = (-| + + + ^> the graph is concave up on (e , oo), 

0 e m 

8/3 / 8/3 8 \ 

concave down on (0, e ) => point of inflection is I e , ^ °, 3 I. 


- |-) none ( ... 

2 K JjL 

2 2 


Local Local / Local Local 
maximum maximum * [ /maximum maximum 
(-41.0) (-2w.O) (4ir,0) 

-Air -2 ir r 'ifarr - Air 

tatwwtr 


: (*'■!) (■"Al 

if Loc Max Inflection 


4 8 12 16 20 
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57. 


_ 1 _ e* > _ (e?+l)e x -e x -e* _ e x 

^ l+e~ x e*+l > (e x +l f (e x +l f 

=> y' = + + + the graph is increasing on (-oo, oo); 

v „ (e x + l) 2 -e x -e x -2(e x +l)e x e x (l-e x ) 

^ (e x +l) 4 (e x +1) 3 

=> y" = + + + |-=^> the graph is concave up on 

0 

(-oo, 0), concave down on (0, oo) => point of inflection is (o, 4j. 


58. 


e x _ , (e x +l)e x -e x e x e * 

V = ——=> y =- -=- - -= —£—— 

7 l+e x * (\+e x f (l+e 1 ) 2 

=> y' = + + + => the graph is increasing on (-oo, oo); 

„ (e x +l) z -e x -e x -2(e x +l)e x 
y (l+e J ) 4 (1+e 1 ) 3 

y" = + + + |-^>the graph is concave up on 

0 

(-oo, 0 ), concave down on (0, oo) => point of inflection is ^0, d-j. 


59. y’ = 2 +x -x 2 = (1 +x)(2-x), y' = - | + + +|- 

-1 2 

rising on ( -1,2), falling on ( - oo, -1) and (2, oo) 

=> there is a local maximum at x = 2 and a local 

minimum at x = —1; y" = 1 — 2x, y" = + + + j - 

1/2 

=> concave up on (-oo, 4), concave down on (4 ; coj 
a point of inflection at x = 4 

60. y'= x 2 -x-6 =(x-3)(x + 2), y'= + + + j -I + + + 

-2 3 

=> rising on (-oo, -2) and (3, oo), falling on (-2, 3) 

=> there is a local maximum at x = -2 and a local minimum at 
x = 3; y" = 2x-1, y" = -| + + + 

1/2 

=> concave up on (4 ; coj , concave down on (-oo, 4j 
a point of inflection at x = 4 

61. y' = x(x-3) 2 ,y' = -1 + + + | + + + => rising on (0, oo), falling 

0 3 

on (-oo, 0) => no local maximum, but there is a local minimum at 
x = 0 ;y" = (x -3) 2 + x(2) (x - 3) = 3(x -3)(x — 1), y" = 

+ + + |-| + ++:z> concave up on (-oo, 1) and (3, oo), concave 

1 3 

down on (1, 3) => points of inflection at x = 1 and x = 3 


62. y' = x~(2-x),y' = + + + | + + + |-=> rising on (-oo, 2), falling 

0 2 

on (2, oo) => there is a local maximum at x = 2, but no local 

minimum; y" = 2x(2 -x) +x (-1) = x(4 -3x), y"= - 

| + + + |-concave up on (0, 4|, concave down on (-oo, 0) 

and (4, oo j => points of inflection at x = 0 and x = j 




Loc max 



x = -l 





Copyright © 2014 Pearson Education, Inc. 



266 


Chapter 4 Applications of Derivatives 


63. y' = x(x 2 -12) = x ^x -2yj3 j^x + 2^3 j, 

y'= -| + + +|-| + + + => rising on (-2V3, Oj and 

-2-S 0 2^3 

( 2 J 3 , 00 j, falling on (- 00 , -2V3 j and (o, 2^3 j => a local 
maximum at x = 0, local minima at 
v = ±2V3; y" = 1 (x 2 -12) + x(2x) = 3(x -2)(x + 2), 

y" = + + + |-| + + + => concave up on (- 00 , -2) and (2, 00 ), 

-2 2 

concave down on (-2, 2) => points of inflection 
at x = ± 2 

64. y' = (x- 1) (2x +3), y' = -| + + + | + + + => rising on 

-3/2 1 

coj, falling on |-oo, no local maximum, 

a local minimum at x = 

y"=2(x- l)(2x + 3 ) + (x - 1) 2 (2) = 2(x - l)(3x + 2), 

y" = + + + |-1+ + + => concave up on I — 00 , -2) and (1, 00 ), 

-2/3 1 V 

concave down on 1, lj =^> points of inflection at .r = —| and 

x = l 


Loc max 



jr = -2V5 x = 2 y /3 



65. 


y' = (8x -5x 2 )(4 -x) 2 = x(8 -5x)(4 -x) 2 , 

y' =-I + + + I-I-=> rising on 10, -| I, falling on 

(—co, 0 ) and (j, ooj a local maximum at .r = 

a local minimum at x = 0; 

y"= (8 -10x)(4 -x) 2 + (8x -5x 2 )(2)(4 -x)(-1) 

= 4(4-jc)(5jc 2 -16.r + 8), y" = + + + | -| + + +| - 

8 - 2>/6 8 + 2^6 4 

5 5 


concave 

up on ^- 00 , 8 ~ 2 ^ j and |ii±A 2 l, 4 j ; concave down on 
^ 8 - 2-76 , %+2%[b j an( j ^ ^ p 0 j nts 0 p i n p ec tion at x = 8±2 ^ and 
x = 4 


Loc max 
x = 8/5 



66 . y' = (x 2 -2x)(x-5 ) 2 = x(x-2)(x-5) 2 , 

y' = + + + |-| + + +| + + +^> rising on (-oo, 0 ) and ( 2 , oo), 

0 2 5 

falling on ( 0 , 2 ) => a local maximum at x = 0 , 
a local minimum at x = 2 ; 

y" = (2x - 2)(x - 5 ) 2 + 2(x 2 - 2x)(x - 5) 

= 2(x-5)(2x 2 - 8 x + 5), y" =-| + + + |-| + + +^ 

4-^6 4+^6 5 

2 2 

concave up on | 4 ~^ , 4+ ^ j and (5, co), concave down on 
|_oo, 4-^ ) and | 4+ ^ , 5 j =^> points of inflection at x = 4 ± 2^ and 
x = 5 
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67. y' = sec 2 x,y' = ( + + + ) => rising on (—j, y), never falling 
-n/2 n! 2 \ / 

=^> no local extrema; 

y" = 2 (sec x)(sec x)(tan x) = 2 (sec x) (tan x), 

y"= (- I + + + ) => concave up on 1 0, yj, concave down 

— 7t/2 0 7ul 2 

on 0),0 is a point of inflection. 



68 . y' = tan x,y' = (-I + + + ) => rising on 10 , y), falling on 

— 7t/2 0 7rH 

(— y ,o) => no local maximum, a local minimum at 

x = 0 ; y" = sec - x,y” = ( + + + ) 

-n/2 nil 

=> concave up on (—y, y) => no points of inflection 



69. y' = coty,j/ = (+ + + |-) => rising on (0, n), falling on 

0 n 2n 

(n, 2n) => a local maximum at 9 = n, no 

local minimum; y" = -^csc 2 y,j>" = (-) => never concave 

0 2 n 

up, concave down on ( 0 , In') => no points of inflection 

70. y = esc” y ,y’ = (+ + + ) => rising on (0, 2 n ), never falling => 

' 0 In 

no local extrema; 

y 1 " = 2 (esc (-—esc (cot 
= -(csc 2 |Vcot|),y" = (-|+ + + ) 

0 n 2 n 

=^> concave up on (n, 2n), concave down on ( 0 , n) 

=^> a point of inflection at 9 = n 


0 — IT 




71. y’ = tan” (9-1 = (tan 6 * - l)(tan +1), 

y’= ( + + + |-|+ + +) => rising on (-y, -y) and 

— 7rl2 —7 tIA 7tlA 7rl2 

(y, yj, falling on (-y, y) => a local maximum at 9 = -y, a 

local minimum at 9 = y; y" = 2 tan 9 sec" 9, 

y" = (- I + + + ) => concave up on 10, y I, concave down 

on |—y, oj => a point of inflection at 9 = 0 
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72. y' = 1-cot 2 0 = (l-cot^Xl + cott?), 

y' = ( -I + + + I-) => rising on (y, yri, falling on 

0 n/A 'in! A n ' ' 

(o, y) and (y, tt) => a local maximum 

at 9 = a local minimum at 0 = 4s 

y" = -2(cotd)(-csc 2 0),y" = (+ + + |-) 

0 n/ 2 n 

=^> concave up on ^ 0 , y), concave down on ^y, 7 r) 

=^> a point of infection at 9 = y 


73. = cos t, >>' = [++ + |-| + + + ] =^> rising on 10, yj and 

(y 1 , 2 tt), falling on |y, -yj => local maxima at t = y and t = 2n, 

local minima at t = 0 and t = ; y" = -sin t, y" = [-I + + + ] 

0 ;r 2;r 

=> concave up on ( n , 2 ;r), concave down on ( 0 , ;r) => a point of 
inflection at ? = n 



Loc max 
t = 2 it 



74. y' = smt,y' = [ + + +\ -] => rising on (0, n), falling on 

0 n 2n 

(n, 2 n) => a local maximum at t = n, 
local minima at t = 0 and t = 2 n\ y" = cos t, 

/' = [+ + + |-| + + + ] => concave up on 10 , y I and 

0 nl 2 3n/2 2 n X 

(yC 2 ;r), concave down on (y, -yj 

=^> points of inflection at t = y and t = y- 


/ = 7T 



75. j/ = (x + l) 2/3 , = + + + )(+ + +^> rising on (-oo, oo), never 

-1 

falling => no local extrema; = —|(jc + 1 ) _5/3 , j" = + + + )(- 

-1 

=^> concave up on (-co, -1), concave down on (-1, co) => a point of 
inflection and vertical tangent at x = -1 



76. y' = (x- 2) _1/ ,y' = -)(+ + + => rising on (2, oo), falling on 

2 

(-oo, 2 ) => no local maximum, but a local minimum at 

v = 2 ; y" = -Jr(.r- 2 ) -4/3 , y" =-)(-=> concave down on 

2 

(—oo, 2 ) and ( 2 , oo) => no points of inflection, but there is a cusp at 
x - 2 
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77. y' = x~~ 3 (x-l),y' = -)(-| + + + => rising on (1, co), 

0 1 

falling on (-co, 1 ) => no local maximum, but 
a local minimum at x = 1 ; y" = \x~ 213 +-|.r -5/3 

= ^x (x + 2 ), y" = + + + |-)(+ + + => concave up on 

-2 0 

(-ao, - 2 ) and ( 0 , co), concave down on (- 2 , 0 ) => points of 
inflection at .r = -2 and x = 0 , and a vertical tangent at .r = 0 



78. 


t —4/5 / . i\ t 

y =x (x + 1 ), y = 


rising on (- 1 , 0 ) and 


- | + + + )(+ + + 

-1 0 

( 0 , oo), falling on (-oo,-l) => no 
local maximum, but a local minimum at x = - 1 ; 

v-K 4 ' 5 -!* . 

0 4 

concave up on (-co, 0) and (4, oo), concave down on (0, 4) => 
points of inflection at x = 0 and x = 4, and a vertical tangent 
at x = 0 


- 9/5 = I X~ 9/5 (X-4), y" = + + + )(— | + + + : 



79. y' = 


-2x, x < 0 


2x, x>0 
local extrema; y" = 


,y =■ 


0 


rising on (-co, co) => no 
concave up 


-2, x < 0 

1 ,/' = - )(+ + + 

2,x>0 0 

on ( 0 , oo), concave down on (-oo, 0 ) => a point of inflection at 

x = 0 



80. y' = 


-x L ,x < 0 

o >y =- 

x~, x >0 


■ rising on ( 0 , co), falling on 


(-oo, 0 ) => no local maximum, 
but a local minimum at x = 0 ; y" = 


-2x, x < 0 
2x, x>0 

y" = + + + | + ++ => concave up on (-oo, oo) 


no point of inflection 



,v = 0 


81. The graph of y = f"(x) the graph of y = f(x) is concave up on 
( 0 , oo), concave down on (-co, 0 ) => a point of inflection at x = 0 ; 

the graph of y = f'(x) =>y' = + + + |-| + + + ^>the graph 

y = /(jc) has both a local maximum and a local minimum 
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82. The graph of y = f"(x) => y" = + + + |-=> the graph of 

y = /(x) has a point of inflection, the graph of 

y = f'(x) => p' =-I+ + + I-=> the graph of y = f (x) has 

both a local maximum and a local minimum 


83. The graph of y = /'(x) => /' =-1 + + + |- 

=^> the graph of y = f (x) has two points of inflection, the graph of 

y = f'(x) => y' =-1+ + +=> the graph of v = / (x) has a local 

minimum 

84. The graph of y = f"(x ) => = + + + |-=> the graph of 

y = / (x) has a point of inflection; the graph of 

y = f'(x) =>_)/ = -I + + +I -=>the graph of v = /(x) has 

both a local maximum and a local minimum 


85. 


y = 


lx 1 +.Y-1 
* 2 -l 


Since -1 and 1 are roots of the denominator, the domain is 
(-co, -l)u(-l,l)u(l, oo). 


y = — 


(x-1 Y 


2 


(x * -1) 


There are no critical points. The function is decreasing on its 
domain. There are no inflection points. The function is concave 
down on (-oo, -1) u(-l, 1) and concave up on (1, co). The 
numerator and denominator share a factor of x +1. Dividing out 
this common factor gives y = (x 1), which shows that 
x = 1 is a vertical asymptote. Now dividing numerator and 
denominator by x gives y = , which shows that y = 2 is a 

horizontal asymptote. The graph will have a hole at x = -1, 
y = = 4- The x-intercept is T. 
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86 . 


y = ^r— 

x 2 +5x-14 


Since -7 and 2 are roots of the denominator, the domain is 
(-«>,. -7)u(-7,2)u(2, oo). 

5 „ -10 


y = — 


t =- 


(x*-7) 


87. 


(jc — 2) (x-l) J 

There are no critical points. The function is increasing on its 
domain. There are no inflection points. The function is concave 
up on (-oo, -7) u(-7, 2) and concave down on (2, oo). The 
numerator and denominator share a factor of x + 7. Dividing out 
this common factor gives y = -^=y (x -7), which shows that 
x = 1 is a vertical asymptote. Now dividing numerator and 
denominator by x gives y = , which shows that y = 1 is a 

horizontal asymptote. The graph will have a hole at x = -7, 
y = \-i )-2 = The x-intercept is y. 

X 

Since 0 is a root of the denominator, the domain is 
(-oo, 0) u(0, oo). 

4 


2x 


/=2 + 4 


y =■ 

x" X ' 

There are critical points at x = ±1. The function is increasing on 
(-1,0)u(l, oo ) and decreasing on (-oo, -1) u(0,1). There are no 
inflection points. The function is concave up on its domain. The 
y-axis is a vertical asymptote. Dividing numerator and 

denominator by x 2 gives y = x + 1 1/A , which shows that there 
are no horizontal asymptotes. For large Ixl, the graph is close to 


the graph of y = x~. 




88 . 

Since 0 is a root of the denominator, the domain is 
(-cc, 0) u(0, oo). 


There are no critical points at x = ±2. The function is increasing 
on (-oo, -2)u(2, oo ) and decreasing on (-2, 0)u(0, 2). There 



are no inflection points. The function is concave down on (-co, 0) 
and concave up on (0, oo). The i -axis is a vertical asymptote. 


Dividing numerator and denominator by x gives y = x+ ^ /x , which 


shows that the line y = j is an asymptote. 


Copyright © 2014 Pearson Education, Inc. 








272 


Chapter 4 Applications of Derivatives 


89 - " = * 


Since 1 and -1 are roots of the denominator, the domain is 
(—oo, -l)u(-l,l)u(l, oo). 


2x . " 6x +2 

.2 i\2 J y / 2 i\3 


There is a critical point at x = 0, where the function has a local 
maximum. The function is increasing on (-oo, -1) u(-l, 0) and 
decreasing on (0,1) u(l, oo). The function is concave up on 
(-oo,-l)u(l, oo) and concave down on (-1,1). The lines x = l 
and x = -1 are vertical asymptotes. The x-axis is a horizontal 
asymptote. 

90. y=^~ 

x 2 -l 

Since 1 and -1 are roots of the denominator, the domain is 
(—oo, -l)u(—1, l)u(l, oo). 


There is a critical point at x = 0, where the function has a local 
maximum. The function is increasing on (-oo, -1) u(-l, 0) and 
decreasing on (0, 1) u(l, oo). There are no inflection points. The 
function is concave up on (-oo, -1) u(l, oo) and concave down on 
(-1,1). The lines x=\ and x = —l are vertical asymptotes. 

Dividing numerator and denominator by x gives y = — — r- 

l-(l/x 2 ) 

which shows that the line y = 1 is a horizontal asymptote. The x- 
intercept is 0 and the y-intercept is 0. 

91. y = -4=2 

x 2 -l 

Since 1 and -1 are roots of the denominator, the domain is 
(-oo, -l)u(-l,l)u(l, oo). 

_ 2x " _ 6x 2 +2 

y . 2 ,,2’ y / 2 ,,3 


There is a critical point at x = 0, where the function has a local 
maximum. The function is increasing on (-oo, -1) u(-l, 0) and 
decreasing on (0,1) u(l, oo). There are no inflection points. The 
function is concave up on (-oo, -1) u (1, oo) and concave down on 
(-1,1). The lines x = \ and x = -1 are vertical asymptotes. 

Dividing numerator and denominator by x 2 gives y = — * 

which shows that the line y = -1 is a horizontal asymptote. The 
x-intercepts are ±v/2 and the y -intercept is -2 . 
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92. 


y = 


x 2 -4 

x 2 -2 


Since and —yjl are roots of the denominator, the domain is 

(-», ->/2)u (-V2, V2) u(V2, oo). 

_ 4x « 4(3x~+2) 

7 (x 2 -2) 2 ’ 7 (x 2 -2) 3 

There is a critical point at x = 0, where the function has a local 
minimum. The function is increasing on |(), V2 ju (J2 , ooj and 

decreasing on ^-oo, - v/2 ju^-v/2, oj. There are no inflection 
points. The function is concave up on ^—s/2, yfl j and concave 

down on ^-oo,->/2 ju(>/2, ooj. The lines x = y/2 and x = -Jl 

are vertical asymptotes. Dividing numerator and denominator by 

x 2 gives v = - 1 (4/a * which shows that the line y = 1 is a 
l-(2/x 2 ) 

horizontal asymptote. The x-intercepts are +-J2 and the y- 
intercept is 2 . 


93. 


y = 


X+l 


Since -1 is a root of the denominator, the domain is 
(-co, -l)u(-l, oo). 

_ x 2 +2x . _ 2 

y (x+l ) 2 ’ y (x+l ) 3 

There is a critical point at x = 0, where the function has a local 
minimum, and a critical point at x = 2 where the functions has a 
local maximum. The function is increasing on (-oo, -2) u(0, oo) 
and decreasing on (-2, -1) u(-l, 0). There are no inflection 
points. The function is concave up on (-1, oo) and concave down 
on (-oo, -1). The line x = —1 is a vertical asymptote. Dividing 
numerator by denominator gives y = x — 1 + —k-, which shows 
that the line y = x—1 is an oblique asymptote. (See Section 2.6.) 
The x-intercept is 0 and they-intercept is 0. 


94. 


y = - 


x—1 


Since -1 is a root of the denominator, the domain is 
(-oo, -l)u(—1, oo). 

' x~+2x+4 . » 6 

J (x+l) 2 ' J (x+l) 3 

There are no critical points. The function is decreasing on its 
domain. There are no inflection points. The function is concave up 
on (-1, oo) and concave down on (-oo, -1) . The line x = -1 is a 
vertical asymptote. Dividing numerator by denominator gives 
y = 1 - x +^3_, which shows that the line y = 1 - x is an oblique 

asymptote. (See Section 2.6.) The x-intercepts are ±2 and the y- 
intercept is 4. 


x = y jr = V7 




* = -l y 
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95. 


y = 


x 2 —x+l 

x-1 


Since 1 is a root of the denominator, the domain is 
(-oo, l)u(l, oo). 

y=^ 2 - 


(x-t) 


v " = 
2 > y 


(*-if 


There is a critical point at x = 0, where the function has a local 
maximum, and a critical point at „r = 2 where the function has a 
local minimum. The function is increasing on (-oo, 0)u(2, oo) 
and decreasing on (0,1) u (1, 2). There are no inflection points. 
The function is concave up on (1, oo) and concave down on 
(-oo,l). The line x = l is a vertical asymptote. Dividing 

numerator by denominator gives y = v + —C which shows that 
the line y = x is an oblique asymptote. (See Section 2.6.) They- 
intercept is -1. 



96. y = 


_ X —X+l 


x-1 


Since 1 is a root of the denominator, the domain is 
(-oo, l)u(l, oo). 

y'=r^2’ y"= 1 


(x-l)- 


(x-l)- 5 


There is a critical point at x = 0, where the function has a local 
minimum, and a critical point at x = 2 where the function has a 
local maximum. The function is increasing on (0, l)u(l, 2) and 
decreasing on (-oo, 0) u(2, oo). There are no inflection points. 
The function is concave up on (-oo, 1) and concave down on 
(1, oo). The line x = 1 is a vertical asymptote. Dividing numerator 
by denominator gives y = —x --A- which shows that the line 
y = -x is an oblique asymptote. (See Section 2.6.) They- 
intercept is 1. 



07 ,, x 3 -3x 2 +3x-1 (x-1 ) 3 

7 x 2 +x-2 (x-l)(x+2) 


Since 1 and -2 are roots of the denominator, the domain is 
(-*>, -2)u(-2,l)u(l, oo). 




(x+2) 


(x+2 f 


Since 1 is not in the domain, the only critical point is at jc = -5, 
where the function has a local maximum. The function is 
increasing on (-oo, -5)u(l, oo) and decreasing on 
(-5, — 2) u(—2,1). There are no inflection points. The function is 
concave up on (-2,1) u (1, oo) and concave down on (-co, -2). 
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The line x = -2 is a vertical asymptote. Dividing numerator by 
the denominator gives y = x -4 + -2_ which shows that the line 
y=x— 4 is an oblique asymptote. (See Section 2.6.) The y- 
intercept is j. The graph has a hole at the point (1, 0). 


no ,. x 3 +x-2 (x-1)(.t~+.y+2) 

7 x-x 2 (x-l)(-x) 

Since 1 and 0 are roots of the denominator, the domain is 

(-co, 0)u(0, l)u(l,«). 

y' = -^T,x* 1; y" = -\,x* 1 


There is a critical point at x = —s/2 where the function has a local 
minimum, and a critical point at x = v/2 where the function has a 
local maximum. The function is increasing on (-V2, oju (o, yjl) 


and decreasing on 


(-oo, -V2)u(V2, ooj. 


There are no inflection 


points. The function is concave up on (— oo, 0) and concave down 
on (0,1) u(l, oo). The y-axis is a vertical asymptote. Dividing 


numerator by denominator gives y = —x — 1 — which shows that 
the line y - -x -1 is an oblique asymptote. (See Section 2.6.) 
The graph has a hole at the point (1, -4). 



99. y = -f- 

x 2 -l 

Since 1 and -1 are roots of the denominator, the domain is 
(-cc, -l)u(-l,l)u(l, oo). 

_ x 2 +l . _ 2 x 3 +6x 

7 (x 2 -!) 2 ’ 7 (x 2 -!) 3 


There are no critical points. The function is decreasing on its 
domain. There is an inflection point at x = 0. The function is 
concave up on (-1, 0) u(l, oo) and concave down on 
(-oo, -1) u (0,1). The lines x = 1 and x = -l are vertical 

asymptotes. Dividing numerator and denominator by x~ gives 

v = — —, which show that the x-axis is a horizontal asymptote. 

l-(l/x 2 ) 

The x-intercept is 0 and the ^’-intercept is 0. 


Since 0 and 2 are roots of the denominator, the domain is 
(-«, 0)u(0,2)u(2, oo). 

2x 2 +5x+4 . it _ 6x 3 -24x~+40x—24 
7 x 3 (x-2) 2 ’ 7 x 4 (x-2) 3 


There are no critical points. The function is increasing on ( GO, 0) 
and decreasing on (0, 2)u(2, oo). There is an inflection point at 




Copyright © 2014 Pearson Education, Inc. 






276 


Chapter 4 Applications of Derivatives 


approximately x = 1.223. The function is concave lip on 
(-oo, 0)u(0,1.223) u (2, oo) and concave down on (1.223,2). 


The lines x = 0 (the v-axis) and x = 2 are vertical asymptotes. 
Dividing numerator and denominator by x gives 


(l/x 2 )-(l/x 3 ) 
y 1 - (2/x) 


which shows that the x-axis is a horizontal 


asymptote. The x-intercept is 1. 


101. y = 


8 

x 2 +4 


The domain is (-oo, oo). 

_ 16-v " _ 16(3x~-4) 

7 (x 2 +4) 2 ’ 3 (x 2 +4) 3 


There is a critical point at x = 0, where the function has a local 
maximum. The function is increasing on (-oo, 0) and decreasing 

on (0, oo). There are inflection points at x = -2/^3 and at 

x = 2 / x/3. The function is concave up on 

(- 00 , -2/V3) u ( 2 /V 3 , 00 j and concave down on 

(-2/V3,2/V3). Dividing numerator and denominator by x 2 

gives v = — 8!x n which shows that the x-axis is a horizontal 
& ' l+(4/x 2 ) 

asymptote. They-intercept is 2. 


102. y = 


4x 

x 2 +4 


The domain is (- 00 , 00 ). 

_ 4(^-4). „ 8 .r(x 2 —12) 

7 (x 2 +4) 2 ’ 7 (x 2 +4) 3 


There is a critical point at x = -2, where the function has a local 
minimum, and at x = 2, where the function has a local maximum. 
The function is increasing on (-2, 2) and decreasing on 
(- 00 , -2) u (2, 00 ). There are inflection points at 
x = -2 V3, x = 0, and x = 2~j3. The function is concave up on 
(-2^3, 0) u ( 2 -J 3 , 00 j and concave down on 

(-oo, -2 V3) u ( 0 , 2 V 3 j. Dividing numerator and denominator by 

x 2 gives v = — —, which shows that the x-axis is a horizontal 
l+(4/x 2 ) 

asymptote. The x-intercept is 0 and the ^’-intercept is 0. 
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107. Graphs printed in color can shift during a press run, so your values may differ somewhat from those given here. 

(a) The body is moving away from the origin when |displacement| is increasing as t increases, 0 < t < 2 and 

6 < t < 9.5; the body is moving toward the origin when |displacement| is decreasing as t increases, 2 < t < 6 
and 9.5 < r <15. 

(b) The velocity will be zero when the slope of the tangent line for y = s(t) is horizontal. The velocity is zero 
when t is approximately 2, 6, or 9.5 sec. 

(c) The acceleration will be zero at those values of t where the curve y = s(t) has points of inflection. The 
acceleration is zero when t is approximately 4, 7.5, or 12.5 sec. 

(d) The acceleration is positive when the concavity is up, 4 < t < 7.5 and 12.5 < t < 15; the acceleration is 
negative when the concavity is down, 0 < t < 4 and 7.5 < t < 12.5. 


108. (a) The body is moving away from the origin when |displacement| is increasing as t increases, 1.5 < t < 4, 

10 < t < 12 and 13.5 < t < 16; the body is moving toward the origin when |displacement| is decreasing as 
t increases, 0<t<1.5,4<f<10 and 12 < t < 13.5. 

(b) The velocity will be zero when the slope of the tangent line for y = s(t) is horizontal. The velocity is zero 
when t is approximately 0, 4, 12 or 16 sec. 

(c) The acceleration will be zero at those values of t where the curve y = s(t) has points of inflection. The 
acceleration is zero when t is approximately 1.5, 6, 8, 10.5, or 13.5 sec. 

(d) The acceleration is positive when the concavity is up, 0 < t < 1.5, 6 < t < 8 and 10 < t < 13.5, the 
acceleration is negative when the concavity is down, 1.5 < t < 6, 8 < t < 10 and 13.5 < t < 16. 

109. The marginal cost is which changes from decreasing to increasing when its derivative is zero. This is a 

dx~ 

point of inflection of the cost curve and occurs when the production level x is approximately 60 thousand units. 


110. The marginal revenue is and it is increasing when its derivative is positive => the curve is concave up 

“- r dx~ 


• 0 < t < 2 and 5 < t < 9; marginal revenue is decreasing when —f < 0 => the curve is concave down 

dx~ 

• 2 < t < 5 and 9 < t < 12. 


111. When y' = (x-l) 2 (x -2), then y" = 2(x -l)(x -2) + (x -l) 2 . The curve falls on (-co, 2) and rises on (2, oo). 
At .r = 2 there is a local minimum. There is no local maximum. The curve is concave upward on (-oo, 1) and 
(J-, °o j, and concave downward on |l, J-j. At x = 1 or x = | there are inflection points. 
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112. When y' = (x-l) 2 (x -2)(x -4), then y" = 2(x - l)(x -2)(x - 4) + (x -l) 2 (x-4) +(x-l) 2 (x-2) 

= (x-l)[2(x 2 -6x +8) + (x 2 -5x +4) + (x 2 -3x + 2)] = 2(x-l)(2x 2 -10x + l 1). The curve rises on (-oo, 2) and 
(4, co) and falls on (2, 4). At x = 2 there is a local maximum and at x = 4 a local minimum. The curve is concave 
downward on (-oo, 1) and , 5+ ^ j and concave upward on ^1, 5 ~^ j and | 5+ , ooj. At x = 1, and 

AAi there are inflection points. 

113. The graph must be concave down for x > 0 because 

,nx)=- J r<o. 

X 


114. The second derivative, being continuous and never zero, cannot change sign. Therefore the graph will always 
be concave up or concave down so it will have no inflection points and no cusps or corners. 

o 9 

115. The curve will have a point of inflection at x = 1 if 1 is a solution of y" = 0; y = x +bx +cx + d 

y' = 3x^ + 2 bx + c => y" = 6x + 2 b and 6(1) + 2b = 0=>b = —3. 

116. (a) /(x) = ax 2 +bx + c = a(x 2 +^-xj + c = a[x 2 +^-x + -^yj--|^- + c = a(x + y-)~ - b ~^ ac a parabola whose 

vertex is at x = => the coordinates of the vertex are 

2 a 

(b) The second derivative, f"(x) = 2a, describes concavity => when a > 0 the parabola is concave up and 
when a < 0 the parabola is concave down. 

2 

117. A quadratic curve never has an inflection point. If y = ax +bx + c where a 0, then y = lax + b and y = 2a. 
Since 2 a is a constant, it is not possible for y" to change signs. 

T 9 

118. A cubic curve always has exactly one inflection point. If y = ax +bx~ +cx + d where a 0, then 

2 h 

y’ = 3 ax +2 bx+c and y" = 6ax + 2b. Since y- is a solution of y" = 0, we have that y" changes its sign at 
x = -y and y' exists everywhere (so there is a tangent at x = -y ). Thus the curve has an inflection point at 
x = —y • There are no other inflection points because y" changes sign only at this zero. 


b b 2 - 4ac 'l 

2 a’ 4 a J 



119. y" = (x + l)(x-2), when y" = 0 x = -1 or x = 2; y" 
and x = 2 


+ + + |-| + + +=> points of inflection at x = -1 

-1 2 


120. y" = x 2 (x-2) 3 (x + 3), when y" = 0 =i> x = -3, x = 0 orx = 2; y" 
inflection at x = -3 and x = 2 


+ + + |-|-| + + +^> points of 

-3 0 2 
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121. y = ax 3 +bx 2 + cx y' = 3ax 2 + 2Z>x + c and y" = 6 ax + 2b\ local maximum at x = 3 

=> 3a(3) 2 + 26(3) + c = 0 => 27a +66 +c = 0; local minimum at x = -1 => 3a(-l) 2 + 26(-l) +c = 0 
=> 3a - 2b + c = 0; point of inflection at (1,11) a(l) 3 + b( l) 2 + c(l) = ll=>a+6 + c = ll and 

6a(l) +2b = 0 => 6a +2b = 0. Solving 27a+6b+c =0, 3a -2b+c = 0, a + b+c =11, and 6a + 26 = 0 
=> a = -1, 6 = 3, and c = 9 => y = -x 3 + 3x 2 + 9x 


122. v = f +a => y' = +2cx ; local maximum at x = 3 => + 2c ^ ab = 0 => 9b + 6c - ab = 0; local 

fo+c (far+c) 2 (£>(3)+c) 2 

minimum at (-1, -2) => ^ 9 +2c( 1) ab -q— > £_ 2 c _ a £ = o and , +t ' = -2 => —a + 2b-2c = 1. 
v ' (6(-l)+c) 2 *(-!)+c 

Solving 9b + 6c-ab = 0, b-2c-ab = 0, and -a +2b-2c =1 => a = 3, b = 1, and c = -1 => y = 


123. Ify =x 5 -5x 4 -240, theny' = 5x 3 (x-4) and 
y" = 20x 2 (x -3). The zeros ofy'are extrema, and 
there is a point of inflection at x = 3. 


124. If y = x 3 -12x 2 theny' = 3x(x-8) and y"= 6(x-4). 
The zeros of y' and y" are extrema, and points of 
inflection, respectively. 


y 



125. If y = -|x 5 +16x 2 -25, then y' = 4x(x 3 +8) and 

-5 

y = 16(x + 2). The zeros of y and y are extrema, 
and points of inflection, respectively. 



126. Ify = ^--^--4x 2 +12x + 20, then 

y' = x 3 -x 2 — 8x +12 = (x + 3)(x — 2) 2 . So y has a 
local minimum at x = -3 as its only extreme value. 
Also y" = 3x 2 - 2x - 8 = (3x + 4)(x - 2) and there 
are inflection points at both zeros, ~ and 2, of y". 
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127. The graph of/falls where /'< 0, rises where /' > 0, 
and has horizontal tangents where /' = 0. It has 
local minima at points where /' changes from 
negative to positive and local maxima where /' 
changes from positive to negative. The graph of/is 
concave down where /"< 0 and concave up where 
f" > 0. It has an inflection point each time /" 
changes sign, provided a tangent line exists there. 


y 



128. The graph/is concave down where /" < 0, and 
concave up where f” > 0. It has an inflection point 
each time /" changes sign, provided a tangent line 
exists there. 



4.5 INDETERMINATE FORMS AND L’HOPITAL’S RULE 


1. l'Hopital: lim x 2 

x->2 x 2 -4 


2 x 


x=2 



lim 

*—>2* -4 


lim 

x -»2 


x-2 


( x - 2 )( x + 2 ) 


= lim 

x ->2 


x+2 


2 . 


l'Hopital: 


sin 5 x _ 5 cos 5x 
x ->0 x 1 


= 5 or lim 

x ->0 x 


= 5 


lim ^ 

_ 5 x —>0 5x 


= 5-1 = 5 


3. l'Hopital: lim ^l=3x = lim ±^=2 

x —>co 7 X -+1 x->00 14x 


2 5 —— 

lim = 4 or lim — ,~ 3 * = lim —f- 

X —>oo 4 ' X—><X) lx +1 X—>00 2 

x 


5_ 

7 


3 I t 2 o 3 i 

4. l'Hopital: lim —= lim —^— = 4 or lim x 

x->l 4x 3 -x-3 x—>112x 2 -1 11 x'—^1 4x 3 -x-3 


X ->1 ( x —1 


X + X +1 ) 


4 x 2 + 4 x +3 


lim x2+x+1 

x —>1 4 x 1 4 x-i 3 


3_ 

li 


5. l'Hopital: lim 1 c ° sx = lim = lim \ or lim 1 c ° sx 

x ->0 X 2 x ->0 lx x -»0 2 1 x ->0 X 2 


= lim 9 sin2 * = lim 
x -»0 x 2 ( l + cosx ) x^oLl x )\ x Al + cosx/J 


1 

2 


lim 

x—>0 


(1 cosX ) / l+cosx \ 
X 2 V l + cosx / 


6 . l'Hopital: lim 2 :f +3x = lim = lim ± = 0 or lim = lim * * 2 . 

x— >00 X + X +1 X—>CC 3 x +1 X —>00 X —>00 x + X +1 x — >00 ^ T 

JC Z x J 



7. 


lim ^=2- 
x ->2 x --4 


= lim X- = 


x -+2 


2 x 


1 

4 


9 . lim AJk±Il = li m it—1 
t->-3 r-t-n ?->-3 


3 (- 3) 2 -4 
2 (— 3)—1 


23 

7 


8 . 

10 . 


lim -—§2. = p m 2* = _io 

x —>—5 x+5 x ->-5 1 


lim 3 ? +3 = lim —24— = 
f->-l4r-M-3 *-»-i 12r-l 


9 . 

11 


Copyright © 2014 Pearson Education, Inc. 



Section 4.5 Indeterminate Forms and L’Hopital’s Rule 


281 


11 . lim lim = lim 44= lim 4f = T 

*->00 7x 3 +3 *->00 2 lx 2 x=>oo 42 * .v—>oo 42 7 


12. lira - Y ~ 8jr = lira = lira 4f = -| 

*->ool2x 2 +5x *->oo 24x + 5 x^oo 24 3 


13. 


. t. (cosFi(2p 

limsmr = l im l-J— = Q 

/-> 0 r f->0 1 


14. lim ~ dm 5cc f 5/ 

/->0 2t /->0 2 


15. lim = lim -i^L_ = H m 16 


x—> 0 cosx—1 *—>0 sm ^ *—>0" 


li 

cosx -1 


= 4 = -16 


16. lim = lim ^4 = H m =aa* = H m =^E. = _i 

x->0 x 2 *->0 3x *_>o bx x->0 6 6 


17 lim ————— = lim- — -= ——— 

0 _>k cos(2;r-<9) e > » sin(2;r-fl) s i n (M| 


= -2 


18. lim 3 f +;r , - lim —^—7 = 3 

0 >• - T sin^+yj £_>-* cos(#+|J 


19 lim 1-5111 = lim -cosg = lim sing =- 1 -= 1 

g )g l+cos26> 0 “ i-2sin20 g ^ -4cos2g (-4)(-l) 4 


20 lim--= lim-!-= _L_ 

X_>1 lnx-sml^x) x _ >1 i-^cos(^x) 1+tf 


21. lim 


= lim 7 2x ' = lim -P- = lim —4- = 4 = 2 


11111 . , . - 11111 / \ - 11111 - 11111 r, - > 

x->0 ln(sec x) x-> 0 x->0 tan * x^0sec 2 x l 2 


( cscxcotx\ 

cscxj = lim -coll = lim 
x- 4 (x-(f)) / ^f 2 Hf)) ^f2(x-(f)) x^f 


2 2 


23 lim 1(1-cosf) = lim O-cosQ+dsinf) _ jj m sin?+(sinf+/cos/) y m cosf+cosf+cosl-isin? 


t—>0 


t— sin t 


t^> 0 


1 -cos t 


t—>0 


sin( 


t->0 


cost 


24 lim ^ Slnl = lim sln w cos? — ij m cos?+(cos?-?sin?) _ t+( 1—0) _ 2 

^01 -cos f r _> 0 sin t f ^ 0 cos t 1 



/ \ 

(x-f) 

25. lim 

[x-^r secx= lim 

-—— = lim 


V 2 / , 

COSX . v. 

x->(f) 

x-Kf) 

x-Kf) 


(—?—)= J 7 = - 1 
\-sinx/ -1 


Kf)' 


26. lim |^-.x)tanx = lim 


(H 

cotx 


= lim 


/ \- / x - 

(f) *-Kf) 


-3—1= lim sin 2 x=l 


Kf)~ 
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27. 


lim 

0 


3 sing -l 

9 


lim 3 Smg ( |n3 K cos ^) 
9-* 0 1 


(3° )(ln 3)(1) 

I 


= In 3 


28. 


lim 

9 -> 0 



9 


lim 



= In ^4 j = In 1 - In 2 = - In 2 


29. 


„ m ^L.l.n, *'»( i ') +( T' ) ( 2 ') 

x->0 2 1 -1 x-»0 (In 2) y2 x J 


1 - 2°+0 
(ln2)-2° 


1 

In 2 


30. lim^f = lira 2lln3 = 3!in3 = Jnl 
x—>0 2*—1 x-»0 2 X In 2 2° In 2 ^2 


31. lim^^= limMi^l 



35. lim 5 . lim 

v->o y y -> o y 


lim 

v->0 


(l)(5v+25r 1/2 (5) 

1 


lim — , 5 
v—>0 2^/5 v+25 


1 

2 


36. lim^^ 

y->0 - v 


lim 

y-> 0 


(nv+a 2 ) 

1/2 

1 -« ,.l 

— lim _ 

(*) 

{av+a 2 ) 

-1/2 

1 (a) 

y 

>>->o 

1 



lim —>0 

y-»0 2 y/ay+a 2 


37. lim rin2x-ln(x+l)l = lim In= Inf lim ^=4-1 = Inf lim -fl 

x-*oo L J x-*°o V*+D 


4 =ln2 


38. lim (In x-In sin x) = lim ln(-A—\ = ln lim -A— ] = In lim —— ] = In 1 = 0 

x ^ 0 + x—>0+ '■ smx ' „ vn +smxJ „ vn +cosxJ 


Vx-»0 


x->0 


39. lim , ( ' nx)2 , 

= lim 

2(lnx)(l) 

lim 2<lnx ) (sinx ) 

= lim 

2(lnx) s inx 

x->0 + ln(slnx) 

x-»0 + 

cos* 

sin* 

n + xcosx 
x->0 

x->0 + 

cos a: x 


= -oo-l = —oo 
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40 lim ( 3x+1 _ L\= li m / (3x+l)(sinx)-x \ Jj m 3sinx+(3x+l)(cosx)-l ^ / 3cosx+3cosx+(3x+l)(-sinx) 

1 x sinx/ Y ^o + ' xsinx J r ^Q+ sinx+xcosx \—>0 + ' cosx+cosx-xsinx 

3+3+(l)(0) 6 

1 + 1-0 2 


41. 



= lim 

xh>1 + 


( -l 

\ (lnx+l)+l 


-1 

(0+l)+l 


1 

2 


( 1 
lim -i- —r 

X—>1 + (l n x)+(x 1)(“) 


lim 

X->1 + 


1— X \ 

(xlnx)+x-l ) 


42. lim (esc*-cotx + cosx) = lim (— 

x—»0 + x—>0 + ' sm 


sm x sin x 


= lim 

x->0 + 


0+1-0 _ i 

1 


- + cosx I = 


) = lim ( 

' x->0 + \ 


(1-cos x)+(sin x)(cos x) \ 
sinx / 


43. lim-^=U lim^f^= lim^f^ = -l 

0->Qe a -9-l 6>->0 e -1 0->O e 


44. 

lim ^ 

■= lim 41 

= lim 4 

_1 


A-> 0 h 

/*->'0 2h 

/j=>0 - 

2 

45. 

lim e 'f = 

lim e>+2t = 

lim 4+2 

= lim 4 = 1 


t — >00 £ “I 

t — >00 e 

t — >00 e 

t — >00 e 

46. 

i* 2 —x 

lim x e 

= lim 3U- = 

lim — = 

0 

11 

H’ 

a 


x—>00 

x —>00 e 

x->qo e x 

x —>00 e 


47. lim v , M:| v = lim = lim--— = ^ = 0 

x tan x x _^o x sec 2 x+tan x x^O 2x sec 2 x tan x+2 sec 2 x ^ 


48. 


lim 

x-+0 



xsinx x ^o xcosx+sinx 


lim 

x-+0 


2e 2j -2e' r 
xcosx+sinx 


lim ——— -= = 1 

_ xsm x+2 cosx 2 


49. lim e ~f n % c ° sd - lim 1+sin29 = lim = lim 2cos 2 0=2 

9->0 tant/ -9 d ^ 0 sec-0-1 0->o tan - 9 9^0 


j sin3x-3x+x - _ jj 3cos3x-3+2x = lim 3cos3x-3+2x _ |j _ -9sin3x+2 _ 

v—> 0 sinxsin2x x—>0 2sinxcos2x+cosxsin2x sinxcos2x+sin3x v _ > q- 2sinxsin2x+cosxcos2x+3cos3x 

= 2 = 1 

4 2 


51. The limit leads to the indeterminate form l 00 . Let /(x)=x 1/(1 '* => ln/(x) = ln ^x 1 ^ 1 ^ j = -j^+ Now 
lim In f(x)= lim Fur = u m iil = -l. Therefore lim +41-*) _ ]j m f(x) = lim g 111 -^*) =e _1 = 4 

X->1 + ‘ X—>1 + l ~ x X —>1 + _1 X—+1 + X->1 + ‘ x-»l + e 
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52. The limit leads to the indeterminate form l 00 . Let /(x) = x' /(x 11 => In/(x) = In fx 1 ^ 11 j = Now 

lim In f(x)= lim ^4= lim ^p = l. Therefore lim x 1 ^ -1 * = lim /(x)= lim = e' n C(*) = e 1 = e 

x->l + x->l + x x->l + X->1 + x->l + x->l + 

53. The limit leads to the indeterminate form oo°. Let /(x) = (lnx) 1/x => ln/(x) = ln(lnx) 1/x = Ml£2l Now 

lim ln/(x)= lim MlAtl = ij m ( 'in*) _ q xherefore lim (In x) l/x = lim /(x)= lim e ln C( x ) = e ° =1 

x— >00 x— >00 X X— >00 1 X— >00 x—>00 x—>00 

54. The limit leads to the indeterminate form l 00 . Let /(x) = (In x) l/(x-e * => In /(x) = ln ^ ln g X 1 = lim In /(v) 

x e x->e + 

= lim lim Therefore (lnx) 1/(x_e) = lim f(x) = lim e ln/(x) =e 1/e 

+ x—6 + i e + J + 

x—x-»e x—x-»e 

55. The limit leads to the indeterminate form 0°. Let /(x) = x -1/lnx =0 In/(x) = -jjp = -1. Therefore 

lim x~ inx = lim /(x)= lim e ln 4( x ) =e ~ 1 = 1 

x->0 + x->0 + x->0 + e 

56. The limit leads to the indeterminate form qo°. Let /(x) = x 1/lnx => In /(x) = = 1. Therefore 

lim x l/lnx = lim /(x)= lim e ln -^ xl = e = e 

X —>00 X—^00 X—^00 


57. The limit leads to the indeterminate form oo°. Let /(x) = (1 +2x) 1/ ^ lnx * =^> In/(x) = * 

=> lim In f (x) = lim ln ( 1+2 - Y) = ]j m = lim \ = \- Therefore lim (1+ 2x) 1/|21nx) = lim /(x) 

X—>0O X —>0O 21nx X->00 I + “ X x->00 2 1 X —>00 X->oo 


= lim e to /W = e 1/2 

X—>00 


58. 


00 / d/x lr 4 e r +x) 

The limit leads to the indeterminate form 1 . Let /(x) = I e +x I =v In f(x) = —-——- 


lnle' +x 

=0 lim ln/(x) = lim ——— ; 

x ->0 x ->0 x 


lim e +l = 2. Therefore lim (e x +x 

x ->0 e r +x x—> 0 ' 


lim /(x)= lim <? ln ^ x * =e 2 

x -^0 x —>0 


59. The limit leads to the indeterminate form 0°. Let /(x) = x x => In/(x) = x In x In /(x) = 

V*/ 


= lim ln/(x)= lim 774 = lim f \ = lim (-x) = 0. Therefore lim x x = lim /(x)= lim 
x-> 0 + x-> 0 + ( 7 ) x-> 0 + 1 —LI x-> 0 + x-> 0 + x-> 0 + x-> 0 + 


= e 


0 


= 1 


60. The limit leads to the indeterminate form oo°. Let /(x) = (l+4) => ln /(x) 



lim In /'(x) 

x-> 0 + 


= lim 1+Jr )' = lim —— r = lim ^- = 0. Therefore lim (l + -) = lim f(x) = lim e ln 4( x ) =e ° = i 

x-> 0 + - x x-> 0 + l + x_1 x-> 0 + x+ x-> 0 + ' xl x-> 0 + x-> 0 + 
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61. The limit leads to the indeterminate form l 00 . Let /(x) = => In /(x) = In (^1 j =x i n |^±2j 


= lim ( 

X—><»\ 


3x 2 


(x+2)(x-l) 


'(5t) 

= lim 

X->°0 

/ 6x I 

1 = lim ( 

X—>00 ' 

12x+l J 


1 


ln(x+2)—ln(x—1) 

x->ool 


1 






f -3 \ 

lim 

x+2 x —1 

l 

- 

= lim 

(*+2)(*-l) 

l 

X->00 

2 

y 

X—>00 

2 


\ x 


\ x J 


= lim (M+l) = 1™ (§) = 3- Therefore, lim = lim f(x) = lim e 1 "= e 3 


62. The limit leads to the indeterminate form oo°. Let / (jc) = => ln/(x) = ln|^-Tf j = M n ("vM) 


\l/x 


■ lim In 

x-»® 




ln(x 2 +lV 
- lim v ' 

l '•+2 ) 

X->00 x 

X->0O X 


2x+4 


■ = lim 


= lim x '+ 4x ~ l = lim 

x^oo x 3 +2x 2 +x+2 x->oo 3x 2 +4x+1 x -> oo 6x + 4 

= e° =1 


2x _1_ 

: lim j2+1 ' T+2 

X->°o 1 

\l/x 


x ~4x 1- 


: lim 

x—»°o (x z +l)(x+2) 


= 0. Therefore 


, lim (Sdj = lim f(x) = lim e ln/(x) 

X—>00 \ x z / x — >00 X—>00 


63. lim x z \nx = lim 

x->0 + x->0 4 


f \ 

lnx 


= lim 

x-»0 + 


V ^ J 


= lim i-4-)= lim Mf) = 0 

x-»0 + \ 2x > x—>0 + \ 2 / 


x->0 


64. lim x(lnx) 2 = lim illlli- 1= H m 

x->0 + x-»0 + 1 x J x->0 4 


^ 2(lnx)— ^ 


\ x y 


lim 

x-»0 + 


A 

2 In 

x J 


lim 

x-»0 + 


= lim =3L_ = lim (2x1 = 0 

x->0 + \ x / x->0 +V 


65. 


x->0 + 



f \ 


( \ 

(f-x)= lim 

V 2 ' x^0 + 

X 

= lim 

x-»0 + 

1 

o 

o 

1 

l csc2 (f- x ). 


= 1 = 1 


66. lim sinx-lnx= lim (Tli| = H m 

x->0 + x->0 + ' csc x ' 


I 5 


X— »0 + V - CSC X COt X y 


Hm ( _ sin x tan x \ = Um / 
x->0 + ' x ’ x-»0 + V 


sin x sec x+cos x tan x | _ () _ q 


67. lim^pi= / lim S±I = / lim J = S = 3 

x->oo VX+1 Vx->® X+ ^ VX— 



70. 


lim .£2 Ll = Jim 

x->0 + cscx x->0 + 



lim cosx = 1 

x-»0 + 


71. lim 22^31 _ Um il)—1 = o 

x->°o 3' +4 r x->co 
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72. 


lim 2f±4l = lim 

cX / r \X 

X —>—CO J —l X->-00 /Aj _1 


lim J±^- 

—oo (If-* 


_ 1+0 _ i 
0-1 


73. 

x— >oo xe a—> oo 


= lim 


x<*-D = j im e xix ~ l) (2x-l) __ 




r • J/* . ^ 

74. lim — 7 -— = lim ^-r— = lim 

, —\x , 1 ! 

x—>0 + « x—^0 + 7 x-M) + ““ 


: lim e 1/v = oo 
x-»0 + 


75. Part (b) is correct because part (a) is neither in the nor ^ form and so l'Hopital’s mle may not be used. 


2x-2 


76. Part (b) is correct; the step lim , - . „ . 

^0 2x -° OSJC ,v^0 2+smx 


= lim 


in part (a) is false because lim 


x-»0 


2x-2 
2x-cos x 


is not an 


indeterminate quotient form. 

77. Part (d) is correct, the other parts are indeterminate forms and cannot be calculated by the incorrect arithmetic 

78. (a) We seek c in (-2,0) so that 2iil = = (fA = -j. Since f'(c) = 1 and g'(c) = 2c we have that 


-L = -I =>c = -1 

2c 2^ L 


(b) We seek c in (a, b) so that -fM = ^ f a 7 = -f—. Since f\c) = 1 and g'(c) = 2c we have that 


g'(c) g(b)-g(a) b 2 _ a 2 b+a' 


1 - 1 — r - b+a 

2c b+a 2 ' 


(c) We seek c in (0,3) so that * = -f. Since f'(c) = c 2 - 4 and g'(c) = 2c we have 

g (c) g(j)~g(0) 9-0 3 • ° v ' 


that -eT-A = -i => c = 
2c 3 


-1±V37 _ _ -1+V37 


79 . If / (x) is to be continuous at x = 0 , then lim / (x) = /( 0 ) => c = /( 0 ) = lim 9x 3sl ” 3v = lim 9 9cos3.y 

x-»0 x->0 5x~ x—>0 15x 


= lim 


27sin3x 


= lim 


81cos3x _ 2J_ 


x -+o 30 * xTo 30 10 ' 


80. lim 

x—>0 


im (ianlx + ^ + sin&x) = lim ( 
-> 0 \ x 3 x 2 x I x ^ () \ 


tan 2 x+ax+x 2 sin bx 1 _ / 2 sec 2 2x+a+bx 2 cosfct+2.xsin&x: 


\ 


3x 


j wi 


will be in 77 form if 


0 


lim (2 sec 2 2x + a + bx 2 cos bx + 2x sin bx) = a +2 = 0 => a = -2; lim ( 2sec 2x -+bx cosfer+2xsmfa | 


x—>0 


x->0\ 


3x 


= lim ( 

x —>0 \ 


6x 


8sec 2 2xtan2x-b 2 x 2 smbx+Abxcosbx+lsmbx \ _ 32sec z 2xtan z 2x+16sec 4 r lx—b 5 x A cosbx—bb 2 'xsmbx+6bcosbx I 


x —>0 \ 


i 6±66 = 0 => 16 + 6b = 0 => b = —4 

o 3 


81. 


(a) 



Copyright © 2014 Pearson Education, Inc. 



Section 4.5 Indeterminate Forms and L’Hopital’s Rule 


287 


(b) The limit leads to the indeterminate form oo - oo: 



82. lim 

x->co V 




x j 


lim x 

X —>00 




lim x 

X —»00 



= oo 


83. The graph indicates a limit near -1. The limit leads 

O.i- 2x 2 -(3x+l)Vx+2 


to the indeterminate form ^: lim 

X —>1 


0 


x-1 


= lim - 
x— >1 

4-9-1 

_ 2 2 


X —1 


4x _9^1/2_I -1/2 

■ = lim ' 2 - r - 

X->1 1 


. 4-5 


= -l 


y 



84. (a) The limit leads to the indeterminate form 1“. Let /(x) = h 


Inf 1+—1 ln(l+x 

= lim -4 tK = ii m 


(K _ K) 


ft) 


= lim 

X —^00 — x 


= lim —t~y 

x->co!+(-) 


= T+o =1: 


■ In f(x) = xln(l + —) => lim In f(x) 

V X ' X->oo 

l im ( 1 + x) = lim /(*) 


= lim = e 1 = e 


X—»0O 

X 

Kb 

10 

2.5937424601 

100 

2.70481382942 

1000 

2.71692393224 

10,000 

2.71814592683 

100,000 

2.71826823717 


Both functions have limits as* approaches 
infinity. The function / has a maximum but no 
minimum while g has no extrema. The limit of 

/’( x) leads to the indeterminate form l 00 . 




(c) Let /(x) = |l + -yj => ln/(x) = xln^l + x 2 j 


• lim In /(x) = lim 

X“>00 x-»co 


ln(l+x“ 2 ) 


-1 


= lim 

x->co 


= lim 


2x 


= lim 


4x 


x—>oo x +x x —>00 3x +1 


= lim = 0. 

X^oo 6x 


Therefore lim (l + -yj = lim f(x) = lim e n ^ x - =e° =1 

X-»°0\ X / X-»°0 X-»cO 
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/ \ k Wl+rA-- 1 ) Wl+rt” 1 ) , 

85. Let /( k) = (l + f) => In f(k) = 1 , ’ => lim V , ’ = lim = |j m 


= lira -A- 


k 1 k —>oo k 1 k —>oo —A' “ k —>oo 1+rZ: 1 A'—>oo 

= lim Y = r. Therefore lim (l + -f) = hm f(k)= lim =e '. 

-knn 1 on\ k) I, 


A-->oo 1 


£-»o< 


A-»a 


86. (a) _y = x 1/jc => In y = — x ^ 


■y = ^4-=>y = -y^ x 1 ^)’ The sign pattern is j/ = | + + + 


+ +|- 

e 


which indicates a maximum value of y = e 1/e when x = e 


(b) y = x 1/x =>lny=^^f = 

y' - | + + + |-which indicates a maximum of y = e 1 '*- 26 * when x = %/e 

0 \fe 

, s 1/x" _ , In v (i)(^)- ( ' nx) K" 1 

(C) J = X =>lnj; = ^ =- ^ 2 „ - 




■2xlnx 


2 3 n ~ Y j|x 1/A j. The sign pattern is 


, x" ‘(l-^lnx) 1 /x 

- y= — 7 ' 


T 


0 


x 1/A . The sign pattern is 
-which indicates a maximum of j = e 1 T" <? ) when x = %/e 


(d) lim x Vx = lim (e lnA ] = lim e (lnx)v = eX p/ p m i3_4 = expf lim [—L-|l = e ° = 1 

x —>00 x-»oo' ' x-»oo Vx->°o x" J V,x->oo \nx" 1J 


v = xtan(Ti lim (xtan(Tl)= li m — LI = li m 

x-+oo\ x—^00 T x->00 

V * / 




sec 2 

a- 

■ 7 ) 

( 

' 0 

V X 2 J 



2 / 1 > 

= lim sec” I — 

X-»oo 


= lim 

X—>—CO 




Hill 




1 


j 


= lim 

X—>—00 


sec 2 

(A 

•?) 

( 

' 0 
V X 2 J 



2 

= lim sec” 

X —>-00 


CH 


the horizontal asymptote is y = 1 as 


\ \ / / 

id as x —» - 00 . 

l im (3£tsjL)= li m (2±2Cl) = |j m f^)= lim 44=0; lim (^±4)= lim 

x—>oo \2 x+e x ) x— >oo\2+3e / x— »oo\9e / x— »°o\9e / x— >—00 1 2x+e J / x—»— °o l 2+3“ / 

; horizontal asymptotes are y = 0 as x —> 00 and y = as x —> - 00 . 


: —» 00 and as x-> - 00 , 

;= 3x±efl jj 
2x+e 3 * 

= => the 


/'(O) = lim /(Q+/2> /(0> = lim 


-l/* z n -l//i z I t ^ 

e -0 _ i:_ e _ 1 ;™ * 


/!->0 


= lim 4e' 1//j2 1 = 0 

/i+>0\ 2 


/!-> 0 


= lim — = lim , , 

A-> 0 h h^o{ e l /k j 


= lim 




v l * 3 vy 


im f—4"1 


= lim 

A —>0 
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89. 


(a) We should assign the value 1 to 

/(x) = (sin x) A to make it continuous at x = 0. i 

0.8 
0.6 
0.4 
0.2 

(b) In /(x) - xln(sinx) - ln( ^ A> => lim ln/(x)= lim ln( , s ‘ nA) = lim ( s y) (c ° s ~ r) .. lim 

(l) x->0 + x->0 + (i) x->0 + -Lj x-^0 tanx 

= lim ~ 2x = 0 => lim f(x) = e° =1 
x-»0 sec x x->0‘ 



(c) 

(d) 


The maximum value of /(x) is close to 1 near the point x « 1.55 (see the graph in part (a)). 


The root in question is near 1.57. 



90. (a) When sin x < 0 there are gaps in the sketch. 
The width of each gap is n. 



(b) Let /(x) = (sinx) tanx 

=?> In /(x) = (tan x) ln(sin x) 


= lim 


Hf)" 


ln(sin x) 
cotx 


lim In f{x) 

\-r— l(cos x) 

= lim - 

-CSCTX 

x-(i) 


= lim 


COSX _ Q . 

(-cscx) 


lim f(x) = e° =1. 

Kf)" v " —(f) - 

Similarly, lim f(x) = e° = 1. Therefore, 

x -(f) + 



lim /(x) = 1. 

X— 

(c) From the graph in part (b) we have a minimum of about 0.665 at x ~ 0.47 and the maximum is about 
1.491 at x « 2.66. 


Copyright © 2014 Pearson Education, Inc. 



290 Chapter 4 Applications of Derivatives 

4.6 APPLIED OPTIMIZATION 

2 

1. Let l and w represent the length and width of the rectangle, respectively. With an area of 16 in.', we have that 

(£)(w) = 16 => w = 16 C X => the perimeter is P = 2H. + 2w = 2( + 32£~ l and P'(£) = 2 -y- = 2( - e ~ 16 ^ . Solving 
P'{£) = 0 => "- 0 + 4)0 -4 ) _ q ^ _ _4 4 gj nce £ > o f or t jj e length 0 f a rectangle, £ must be 4 and w = 4 => the 
perimeter is 16 in., a minimum since P"(£) = > 0. 

2. Let x represent the length of the rectangle in meters (0 < x < 4). Then the width is 4 —x and the area is 

A(x) = x(4 -x) = 4x-x 2 . Since A'(x ) = 4 -2x, the critical point occurs at x = 2. Since, A'(x) > 0 for 0 < x < 2 
and A'(x) < 0 for 2 < x < 4, this critical point corresponds to the maximum area. The rectangle with the largest 
area measures 2 m by 4 - 2 = 2 m, so it is a square. 

Graphical Support: 


A(x) 



3. (a) The line containing point P also contains the points (0,1) and (1, 0) => the line containing P is y = 1 -x => 
a general point on that line is (x, 1 -x). 

(b) The area A(x) = 2x(l - x), where 0 < x < 1. 

(c) When A(x) = 2x -2x 2 , then A'(x) = 0=>2-4x=0=>x=^-. Since 4(0) = 0 and 4(1) = 0, we conclude 
that A = T sq units is the largest area. The dimensions are 1 unit by f unit. 


4. The area of the rectangle is 4 = 2 xy = 2x(12 -x ), 
where 0 < x < Vl2. Solving 4'(x) = 0 => 24-6x 2 = 0 
=> x = -2 or 2. Now -2 is not in the domain, and 
since 4(0) = 0 and a(^!\2 ) = 0, we conclude that 
4(2) = 32 square units is the maximum area. The 
dimensions are 4 units by 8 units. 



5. The volume of the box is V(x) = x(15 -2x)(8 -2x) 
= 120x-46x 2 +4x 3 , where 0 < x < 4. Solving 
V’(x) = 0 => 120 -92x + 12x 2 = 4(6 -x)(5 -3x) = 0 
=> x = or 6 , but 6 is not in the domain. Since 
V(0) = V(4) = 0, = ^50 w 91 in 3 must be the 

maximum volume of the box with dimensions 
3 x 3 x f inches. 


15-2X 
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6 . The area of the triangle is A- \ba = * \400 - b 2 , 
where 0 < b < 20. Then # = 1^400 -b 2 - 


= 200 b = 0 => the interior critical point is b = I0V2. 
^400 -b 2 

When b = 0 or 20, the area is zero =^> A ( 10 V 2 j is the 

maximum area. When a 2 +b 2 = 400 and b = I 0 V 2 , 
the value of a is also I 0 V 2 => the maximum area 
occurs when a = b. 



7. The area is A(x) = x(800 - 2x), where 0 < x < 400. 

Solving A'(x) = 800-4x = 0 => x = 200. With 
4(0) = 4(400) = 0, the maximum area is 

4(200) = 80,000 m 2 . The dimensions are 200 mby 
400 m. 

8 . The area is 2 xy = 216 => y = The amount of 

fence needed is P = Ax + 3y = 4x + 324x _1 , where 
0 <x; = 4 -^A- - 0 => x 2 -81 = 0 => the critical 

points are 0 and ± 9, but 0 and -9 are not in the 
domain. Then P"(9) > 0 at x = 9 there is a 
minimum => the dimensions of the outer rectangle are 
18mbyl2m^>72 meters of fence will be needed. 

9. (a) We minimize the weight = tS where S is the surface area, and t is the thickness of the steel walls of the 

tank. The surface area is S = x~ + 4 xy where .r is the length of a side of the square base of the tank, and y 
is its depth. The volume of the tank must be 500 ft 3 => y = Therefore, the weight of the tank is 

w(x) = t^x 2 + 2(l ^° j. Treating the thickness as a constant gives w\x) = t [lx — 2(>( , l(l j. The critical value is 

at x = 10. Since w"( 10 ) = t (2 + > 0, there is a minimum at x = 10. Therefore, the optimum dimensions 

of the tank are 10 ft on the base edges and 5 ft deep. 

(b) Minimizing the surface area of the tank minimizes its weight for a given wall thickness. The thickness of 
the steel walls would likely be determined by other considerations such as structural requirements. 

10. (a) The volume of the tank being 1125 ft 3 , we have that yx 2 = 1125 => y = The cost of building the 

tank is c(x) = 5x 2 +30x|ii2ij, where 0 < x. Then c’(x) = 1 Ox - 33250 = 0 the critical points are 0 and 15, 

but 0 is not in the domain. Thus, c"(15) > 0 => at x = 15 we have a minimum. The values of x = 15 ft and 
y = 5 ft will minimize the cost. 

(b) The cost function c = 5(x + 4xy) + 10xy, can be separated into two items: (1) the cost of the materials and 
labor to fabricate the tank, and (2) the cost for the excavation. Since the area of the sides and bottom of 
the tanks is (x + 4 xy), it can be deduced that the unit cost to fabricate the tanks is $5/ft“. Normally, 
excavation costs are per unit volume of excavated material. Consequently, the total excavation cost can be 

taken as lOxy = (■y-|(x 2 >’). This suggests that the unit cost of excavation is s 1 ^ where x is the length of 
a side of the square base of the tank in feet. For the least expensive tank, the unit cost for the excavation is 
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s ! = -S2AZ. = Hi The total cost of the least expensive tank is $3375, which is the sum of $2625 for 

15 ft ft 3 yd 3 

fabrication and $750 for the excavation. 


11 . 


The area of the printing is (y - 4)(.r - 8 ) = 50. 
Consequently, y = + 4. The area of the paper is 

A(x) = x^^ + 4j, where 8 < x. Then 

4 'm-(A +4 H 


50 


(*-8 Y 


4(x-8) -400 
(x-8) 2 


= 0 


=> the critical points are -2 and 18, but -2 is not in the 
domain. Thus 4 "(18) > 0 => at x = 18 we have a 
minimum. Therefore the dimensions 18 by 9 inches 
minimize the amount of paper. 



y 


1 2 / 2 

12. The volume of the cone is V = j nr h , where r = x = -\j9-y and h = y + 3 (from the figure in the text). Thus, 
V(y) = y(9->’ 2 )(>’+3) =y(27 + 9y-32y 2 -y 3 ) => V'(y) = f (9 -6y-3y 2 ) = x(l -y)(3 +y). The critical 
points are -3 and 1, but -3 is not in the domain. Thus V"(Y) = y(-6 — 6(1)) < 0 => at y = 1 we have a maximum 
volume of K(l) = y(8)(4) = ^f~ cubic units. 


13. The area of the triangle is A(0 ) = ab s 2 m — , where 

0 < 0 < n. Solving A'(6) = 0 => abc ™° =O^>0 = f. 
Since A"(6) = -UlLELi. => A’ij'j < 0, there is a 
maximum at 9 = y. 

14. A volume V = nr 2 h = 100 => h = The amount 

nr" 

of material is the surface area given by the sides and 
bottom of the can => S = 2nrh + nr 2 = + nr 2 5 

0 < r. Then ^ = -^0 + 2nr = 0 => ^rLAOOO = q. 

dr r 2 r 2 

The critical points are 0 and 4C, but 0 is not in the 

2 V* 

domain. Since + 2n > 0, we have a 

dr 2 r 3 

minimum surface area when r = cm and 

yn 

h = = 4^cm. Comparing this result to the result 

nr v n 

found in Example 2, if we include both ends of the 
can, then we have a minimum surface area when 
the can is shorter—specifically, when the height of 
the can is the same as its diameter. 




h 


15. With a volume of 1000 cm 3 and V = nr 2 h , then h = The amount of aluminum used per can is 

nr 

A = 8 r 2 +2 nrh = 8 r 2 +20M Then A'{r) = 16r -2<M = o => 8r -10°° = o => the critical points are 0 and 5, but 

r 

r = 0 results in no can. Since A"(r) = 16 +IM1 > 0 we have a minimum at r = 5 => /i = — and h:r = 8 :;r. 

y 5 n 
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16. (a) The base measures 10-2* in. by 15 in., so the volume formula is V(x) = A(1 ° 2x ^ 15 lx 2 
= 2x 3 - 25x 2 +75x. 

(b) We require x > 0, 2x < 10, and 2x < 15. Combining these requirements, the domain is the interval (0, 5). 


v 



3 

(c) The maximum volume is approximately 66.02 in.~ when x »1.96 in. 

(d) F'(x) = 6 x 2 -50x + 75. The critical point occurs when F'(x) = 0, at x = 50 W( 5( ^~ 4(6)(75) = 50 ± ^ () Q . 

= 25± ^ , that is, x « 1.96 or x » 6.37. We discard the larger value because it is not in the domain. Since 
F"(x) = 12x-50, which is negative when x ~ 1.96, the critical point corresponds to the maximum volume. 

yc _^ fn 

The maximum volume occurs when x = — ^ » 1.96, which confirms the result in (c). 

17. (a) The “sides” of the suitcase will measure 24 — 2x in. by 18 -2x in. and will be 2x in. apart, so the volume 
formula is V(x) = 2x(24 — 2x)(18 — 2x) = 8 x 3 -168x 2 +862x. 

(b) We require x > 0, 2x < 18, and 2x < 12. Combining these requirements, the domain is the interval (0, 9). 



3 

(c) The maximum volume is approximately 1309.95 in. when x « 3.39 in. 

(d) V'(x) = 24x 2 -336x + 864 = 24(x 2 -14x + 36). The critical point is at x = 14± ^~^^~ 4(1) ^- = 

= 7± a/i~ 3, that is, x « 3.39 or x «10.61. We discard the larger value because it is not in the domain. Since 
F"(x) = 24(2x —14) which is negative when x « 3.39, the critical point corresponds to the maximum 
volume. The maximum value occurs at x = 7 - ~Jl3 ~ 3.39, which confirms the results in (c). 

(e) 8 x 3 -168x 2 + 862x = 1120^>8(x 3 -21x 2 +108x-140) = 0 =>8(x-2)(x-5)(x-14) = 0. Since 14 is not in 
the domain, the possible values of x are x = 2 in. or x = 5 in. 

(f) The dimensions of the resulting box are 2x in., (24 — 2x) in., and (18 -2x). Each of these measurements 
must be positive, so that gives the domain of (0, 9). 

18. If the upper right vertex of the rectangle is located at (x, 4 cos 0.5 x) for 0 < x < n, then the rectangle has width 
2x and height 4 cos 0.5x, so the area is A(x) = 8 x cos0.5x.. Solving A'(x) = 0 graphically for 0 < x < n, we find 
that x ~ 2.214. Evaluating 2x and 4 cos 0.5x for x » 2.214, the dimensions of the rectangle are approximately 
4.43 (width) by 1.79 (height), and the maximum area is approximately 7.923. 


19. Let the radius of the cylinder be r cm, 0 < r < 10. Then the height is 2^100 -r 2 and the volume is 


V(r) = 2n r 




■ r 2 cm 3 . Then, V\r) = 2 nr 2 


2^1 


oo-i- 


(—2 r) + 2 n 


rVlOW 


(2 r) = 


-2xr 3 +4xr(U)Q-r 2 ) 


Vl00-r 
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-jzv uoo 3 f__)^ cr j t j ca | p 0 i n t for 0 < r < 10 occurs at r 

Vioo-;- 2 



Since V'(r) > 0 for 0 < r < lO^” 


and V'(r) <0 for 10 Vt <r< 10, the critical point corresponds to the maximum volume. The dimensions are 

r = 10.a 8.16 cm and h = 42, «11.55 cm, and the volume is 400 ^P « 2418.40 cm 3 . 

V 3 V3 3>/3 


20. (a) From the diagram we have 4x + i = 108 and 
V = r t. The volume of the box is 
V(x) = x 2 (108 - 4x), where 0 < x < 27. Then 
V'(x) = 216x -12x 2 = 12x(18-x) =0 => the 
critical points are 0 and 18, but x = 0 results in 
no box. Since V"(x) = 216 — 24x <0 at x = 18 
we have a maximum. The dimensions of the 
box are 18 x 18 x 36 in. 

(b) In terms of length, V(i) = x 2 l = TThe 

graph indicates that the maximum volume 
occurs near t = 36, which is consistent with the 
result of part (a). 


21. (a) From the diagram we have 3 h + 2w = 108 and 
V = h 2 w => V(h) = h 2 (54 = 54/r 2 h 3 . 

Then V\h) = IO 8/7 -|/? 2 = |/j(24 -h) = 0 
=> h = 0 or h = 24, but h = 0 results in no box. 
Since V"(h) = 108 -9h < 0 at h = 24, we 
have a maximum volume at h = 24 and 
w = 54-1/7=18. 

(b) 

v ( 24 . 10368 ) 



x 



V 




22 . 


From the diagram the perimeter is P = 2r + 2h + nr, 
where r is the radius of the semicircle and h is the 
height of the rectangle. The amount of light 

1 2 

transmitted proportional to A = 2/7? +-^nr 


= r(P — 2r — nr) + j nr 2 = rP - 2— 4 nr 2 . Then 


M = p-4r-l 7rr = 0^>r = 


2 P 


dr 


2 h=P- 


2 ' 
4 p 


2 nP 


8+3# 
(4 +tt)P 


Therefore, 


4^ = gives the proportions that admit the most 
light since 4-4 = -4 -\jt < 0. 

dr~ - 
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23. The fixed volume is V = . 


2 h+w) 


■ h = where h is the height of the cylinder and r is the radius 


of the hemisphere. To minimize the cost we must minimize surface area of the cylinder added to twice the 
surface area of the hemisphere. Thus, we minimize C = Inrh+Anr 2 = 2^r|-^j-^ L j + 4^r 2 = ^- + § nr ~ ■ 

If) 1 ' 


Then 

dr 

4V m 

1/3 , 2/3 
n o 

the cost. 


2V , 16 n ■ 
—— + — 7T1 = U - 

r 4 


• V =^7tr => r = | 


\l/3 


From the volume equation, h = - 


Zl 

3 


3-2-7T' 


3-2-tz- 1 ' 


'(f) 


1/3 jV 

Since AC 
dr 


2 = A- + -y^->0, these dimensions do minimize 


24. The volume of the trough is maximized when the area of the cross section is maximized. From the diagram 
the area of the cross section is A(9) = cos 9 + sin 9 cos 9, 0 < 9 < y. Then A'(9) = -sin# +cos“ #-sin" 6 
= -(2 sin 2 # + sin#-l) = -(2sin#-l)(sin# + l) so A'{9) = 0 => sin 0 = j or sin 0 = -1 => 6 = -| because 
sin 9^-1 when 0 < 0 < -j. Also, A'(0) > 0 for 0 < 0 < ^ and A'(9 ) <0 for ^ < 0 < y. Therefore, at 9 < there 
is a maximum. 


25. (a) From the diagram we have: AP = x,RA= 'Jl-x 2 , PB = 8.5 -x, 
CH=DR=n-RA = U-ylL-x 2 ,QB = ^x 2 -(8.5-x) 2 , 


HQ = U-CH-QB = U- 


11 — yjL-x" +\jx 2 -(8.5 — x) 2 


- 2 - 2 - 2 

RQ =RH +HQ 


= \Il~x 2 -\jx 2 -(8.5 -x ) 2 , 

= (8.5) 2 +(Jl-x 2 -yjx 2 -(8.5 -x 2 ) j .It follows 


that RP 2 =PQ 2 +RQ 2 


=> I? = x 2 +^Vt 2 -x 2 — y]x 2 -(.r-8.5) 2 j + (8.5)“ 

=^> L 2 =x 2 +L 2 -x 2 -2 Vt 2 -x 2 -^/l7x-(8.5) 2 + 17x-(8.5) 2 +(8.5) 2 
=> 17 2 x 2 = 4(Z 2 -x 2 )(17x-(8.5) 2 )^>Z 2 = x 2 +-iZV 


4[17x-(8.5)-] 


17.v 


17xi 


4.v 


2.C 


17x-(8.5f ,7x-(f) 


2 4x-l7 2x-8.5 ’ 


(b) If f (x) = 4 * is minimized, then Zr is minimized. Now fix) = - 

4x-l 7 7 (4x-17) 2 

f'(x) > 0 when x > Thus L 2 is minimized when x = A 


4x-(8x-51) 


(c) When x > A, then L «11.0 in. 


L 

35 

30 

25 

20 

15 



■ /'(x) < 0 when x < and 



s i i y-? ~ T o x 


26. (a) From the figure in the text we have P = 2x + 2y => y = y-x. If P = 36, then y = 18 -x. When the 
cylinder is formed, x = 2nr => r = and h = y => h = 18 -x. The volume of the cylinder is 
V = nr 2 h => V(x) = 18 * ~- Y • Solving V'(x) = 3 ' r ^ A) = 0 => x = 0 or 12; but when x = 0 there is no 
cylinder. Then V"(x) = -^3-y) => V'(12) < 0 => there is a maximum at x = 12. The values ofx = 12 cm 
and v = 6 cm give the largest volume. 
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(b) In this case V(x) = nx l (\ 8 -x). Solving V'(x) = 3kx(12 -x) = 0 => x = 0 or 12; but x = 0 would result in 
no cylinder. Then V"(x ) = 6^(6 -x) => F"(12) < 0 => there is a maximum at x = 12. The values of 
x = 12 cm and y — 6 cm give the largest volume. 


27. Note that h 2 + r 2 =3 and so r - \[$- 


■h 2 . Then the volume is given by V = y r 2 h = y (3 -h 2 )h = 7th -y/? 3 for 


0 < h < VJ, and so = n-nr 2 = 7r(l -r 2 ). The critical point (for/? > 0 ) occurs at h = 1. Since ^ > 0 for 


dh 


0 < h < 1, and < 0 for 1 < h < V3, the critical point corresponds to the maximum volume. The cone of 


greatest volume has radius v/2 m, height 1 m, and volume 44- 


m 


28. Let d = 


d = yj(x-O) 2 +(y- 0) 2 = y/x 2 +y 2 and — + j = 1 => y = x +b. We can minimize d by minimizing 


D = 


^•>/x“ +y 2 1 = x 2 +^-yX+Z)j~ => = 2x + 2^-yX + ^)( _ f') = 2x + -^-x - 


^-x-^-.D' = 0 


=>2 x + *=-x-£- =0=>x = , , 

a 2 a I a 2 +b 2 


ab 2 


is the critical point =^> y = -■ 


\a 2 +b 


>( ab 2 
1 1 a 2 +b 2 


b=- 


cr+b 1 


-.=>£>' = 2+^K- 


, , , = 2 + A- > 0 the critical point is a local minimum: 

2 +b 2 ' ~ 2 


A , , —I is the point on the line 

a 2 +t> 2 a 2 +b 2 1 


— + y = 1 that is closest to the origin. 


29. Let S(x) = x +—, x > 0 => S'(x) = 1-A- = *S"(x) = 0 => 22_i = 0 => x 2 -1 = 0 => x = ±1. Since x > 0, we 


x ' x 2 x 2 x~ 

only consider x = 1. S"(x) = A => S"(l) = -jy > 0 local minimum when x = 1 


30. Let S(x) = 1 + 4x 2 , x > 0 S'(x) = -A + 8x = S'(x) = 0 => ^1=1 = 0 => 8x 3 -1 = 0 => x = 


S*(x) = ^- + 8=>S'(±) = 


(1/2) J 


xL 

X” x 2 

- + 8 > 0 => local minimum when x = 4-. 


31. The length of the wire b = perimeter of the triangle + circumference of the circle. Let x = length of a side of the 
equilateral triangle => P = 3x, and let r = radius of the circle => C = 2nr. Thus b = 3x + 2 nr => r = 

The area of the circle is nr 2 and the area of an equilateral triangle whose sides are x is -AxM^x) = A-x 2 . 


= 4 X 


4 n 


Thus, the total area is given by A = ^-x 2 +7ir 2 = yA 2 ~ — v2 -j-AJAL 

^/=|x-f(|,- 3x)=^x-^ + ^-x . A' = 0^^x-^ + ^-x=0^x = -^— 

2 2n 7 2 2n 2n 2 2n 2n y/3n+9 


A" = A + 2L > o => local minimum at the critical point. P = 31 ^ j = 

triangular segment and C = 2/r^^^-J = b -3x = b — J? b ^ m > s the length of the circular segment. 


- —J &— m is the length of the 


32. The length of the wire b = perimeter of the triangle + circumference of the circle. Let x = length of a side of the 

b- 4x 
2n 

circle is n r A and the area of a square whose sides are x is x z . Thus, the total area is given by A = x z + n r L 


square => P = 4x , and let r = radius of the circle =^> C = 2^r. Thus Z? = 4x + 2^r=>r = £> 2 ^ x . The area of the 


-.2 x ^J^4xj 2 _ v 2 x (* = 4^) 


= X + ^ 


= x^ +^——— =A> A( r = 2x -^-{b -4x) = 2x-—+ —x, A f = 0 =A> 2x - —x = 0 

4^ 2 n n n n n 


• x = A—- 4" = 2 + — > 0 => local minimum at the critical point. P = 4(—I = -A- m is the length of the 

4+7T It ^ V4+7T/ 4+7T & 


square 


segment and C = 2n = b - 4x = b - 


4b _ bn 
4+n 4+n 


m is the length of the circular segment. 
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33. Let ( x, y ) = (x, |-xjbe the coordinates of the comer that intersects the line. Then base = 3 -x and height 
= y = jX, thus the area of the rectangle is given by A = (3 -x)(-|xj = 4x --|x 2 , 0 < x < 3. A' = 4 --|x, A' = 0 
=^> x = 4- A" = —j => 4"^4j < 0 local maximum at the critical point. The base = 3 --2 = 4 and the height 

A( 1 H- 


34. Let 


( x , y) = \x, y/9-x 2 jbe i 


the coordinates of the corner that intersects the semicircle. Then base = 2x and 

height = y = a/ 9-x 2 , thus the area of the inscribed rectangle is given by A = (2jc)a/9 — jc 2 ,0 < x < 3. Then 
A' 


' = 2^9-x 2 


(2x) 


2(9-x 2 )-2x 2 


^9—jc 


9-x 


18-4.C 


,A'= 0: 


18 -4x 2 = 0 => x = ±4^4, only x = 4^4 lies in 


2 , -■■■j 2 

0 < x < 3. A is continuous on the closed interval 0 < x < 3 => A has an absolute maxima and absolute minima 
A( 0) = 0, 4(3) = 0, and A |4^4j = ^3 V2 j |4^4 j = 9 => absolute maxima. Base of rectangle is 3 V2 and height 
3V2 


is 


35. (a) /(x) = x 2 + j => f'(x) = x 2 (2x 3 -a), so that f\x) = 0 when x = 2 implies a = 16 

(b) /(x) = x 2 + 4 /"(x) = 2x -3 (x 3 + a), so that f"(x) = 0 when x = 1 implies a = -1 

36. If /(x) = x 3 +ax~ +bx, then f'(x) = 3x 2 + 2 ax + b and /"(x) = 6x + 2a. 

(a) A local maximum at x = -1 and local minimum at x = 3 => _/*'(—1) = 0 and /'(3) = 0=>3-2a+6=0 and 
27 + 6a + b = 0 => a = -3 and b = — 9. 

(b) A local minimum at x = 4 and a point inflection at x = 1 => /'(4) = 0 and /"(1) = 0=>48 + 8a+Z>=0 and 
6 + 2a=0=>a=-3 and b = -24. 


37. (a) s{t) = -16 1 2 +96t +112 v{t) = s\t) = -32t +96. At t =0, the velocity is v(0) = 96 ft/sec. 

(b) The maximum height occurs when v(t) = 0, when / = 3. The maximum height is ,v(3) = 256 ft and it occurs 
at t = 3 sec. 

(c) Note that s(t ) = -16t 2 + 96? + 112 = -16(1 + 1)(1 -7), so s = 0 at t = -1 or t = 7. Choosing the positive value 
of 1, the velocity when s = 0 is v(7) = -128 ft/sec. 


38. 


- 6 mi - 


T 


■ 6-jr- 


2 mi 

J- *7 

Janc^ 



1 Village 


4 + x 2 miles 


Let x be the distance fro m the p oint on the shoreline nearest Jane’s boat to the point where she lands her boat. 
Then she needs to row V 4 + x 2 mi at 2 mph and walk 6 - x mi at 5 mph. The total amount of time to reach 

_ V 4 + 


the village is / (x) = v +A 
/'(x) = 0. we have: 


2 + 4^ hours (0 < x < 6). Then /'(x) = j 


2^4+ 


■ = 4 => 5x 


= 2^4 


■ 25x =4 4 


2^4+x' 
2 


r (2x) - 


2 V 4 + 


Solving 


( 4 + .V 2 ) 


=> 21x“ = 16 x = ± 


V2l 


We discard 


the negative value of x because it is not in the domain. Checking the endpoints and critical point, we have 
/(0) = 2.2, ss 2.12, and /(6) a 3.16. Jane should land her boat -4L » 0.87 miles down the shoreline 

from the point nearest her boat. 
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39. $- = -^^>h=8 + ^andL(x)=Jh 2 +(x + 27) 2 

X .Xi 2* / _X_ 

|8 + 2i6j +(x + 27) 2 when x > 0. Note that L(x) 

is minimized when f(x) = (8 + ^j" + (x + 2l) 2 is 
minimized. If f'(x) = 0, then 

2 ( 8 + ^)(-^) + 2 (v + 27 )=° 

=> (x + 27)|l-fy^j =0 => x = -21 (not acceptable 

since distance is never negative) or x = 12 . Then 
7(12) = V2197 « 46.87 ft. 




40. (a) sj = s 2 => sin t = sin 


=> t = f or 4^ 


m(t + f) : 


• sinf = sin t cos 4-+ sin 4-cost => sint = 4-sint + 


-4yCOS t => tant = V3 


(b) The distance between the particles is s(t) = |,Sj -s 2 | = 


sin t - sin^t +yj 


= 4 sin t 


-S 


cos t\ 


Isint-Ji cosnlcosf+^sin?) , 

■ s'(t) = -—y=-j-- since J-1 x\ = fy => critical times and endpoints are 


2|sin r—s/3 costl 


1*1 


0, f , Ss., 2n\ then AO) = 4’ *(f) = °» s (¥) = ’’ 5 (x) = °> 5 (^) =’• 5 ( 2 « = # => th e 




greatest distance between the particles is 1. 


(c) Since s'(t) = 


(sin /-•v/3 cos ?)(cos t+4 3 sin t j 


we can conclude that at t = y and 4^, s’(t) has cusps and the 


2|sin/—s/3 cos t| 

distance between the particles is changing the fastest near these points. 


41. 1 = A-, let x = distance the point is from the stronger light source => 6 —x = distance the point is from the other 
light source. The intensity of illumination at the point from the stronger light is 7j = and intensity of 


illumination at the point from the weaker light is 7 2 = —^-y. Since the intensity of the first light is eight times 

(6-x) 


8/fc, 


the intensity of the second light => k x = 84 2 . => I\ = —y. The total intensity is given by / = A +/ 2 = —A + 


=>/' = ■ 


167, 


- + - 


2k , 


(6-x) 3 

487, 


x 4 (6-x) 4 

stronger light source. 


-16(6-x) 3 7,+2x 3 7, 
x 3 (6-x) 3 


and V = 0 : 


6k-, 


• 7"(4) = —j=- , 

4 4 (6—4) 4 


-16(6-x) 3 7,+2x 3 7, 

x 3 (6-x) 3 


(6-xf 


= 0 : 


-16(6 -x) 3 4 2 + 2. x 3 4 2 = 0 


> 0 => local minimum. The point should be 4 m from the 


42. R = — sin2cr =>= ^-cos2a and = q => —cos2ar = 0 => a = 4- - 


da 2 


da 

2 


da 


da 1 


4v 0 • ~ 

=--sin za 


= -^y-sin2^j = < 0 => local maximum. Thus, the firing angle of a =-j = 45° 


will maximize the range R. 


2 2 2 *2 2 2 
43. (a) From the diagram we have d = 4 r -w .The strength of the beam is S = kw’d~ = kw(4r -w ). 

When r = 6, then S = 144 kw-kw 2 . Also, S'(w) = 144k-3kw 2 = 34(48 -w 2 ) so S'(w) = 0 => w = ±4^; 

S"^4yf3 j < 0 and -4^/3 is not acceptable. Therefore S (4%/3 j is the maximum strength. The dimensions of 

the strongest beam are 4^/3 by 4^6 inches. 
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(b) (c) 


600 \ 


600 



s' \ 

500 X \ 


5CC 


> 

f \ 

400 / \ 


400 


/ 

\ 

300 / ... a \ 


300 


/ 


/ $-144w-w # \ 






200 / 

\ 

200 

/ 

s - tf 

Vi44-d 2 j 

100 X 

\ 

100 



1 

5 J l 1 I5~ 

12 


2 4 


8 10 12 


Both graphs indicate the same maximum value and are consistent with each other. Changing k does not 
change the dimensions that give the strongest beam (i.e., do not change the values of w and d that produce 
the strongest beam). 

99. -i -5 9 i/9 

44. (a) From the situation we have w = 144 — d . The stiffness of the beam is S = kwd = kd (144 — a) , 

where 0 < d < 12. Also, S\d) = (108 C L A critical points at 0, 12, and 6V3. Both d = 0 and d = 12 

V144-rf 2 

cause 5 = 0. The maximum occurs at d = 6V3. The dimensions are 6 by 6V3 inches. 

(b) (c) 


6000 

6000 X \ 

50 UC / \ 

5000 X \ 

4000 X \ 

4000 X \ 

3000 X \ 

3000 / \ 

2000 / 8-w{l44-w a ) 3/2 \ 

2000 / - - 1 

1000 / \ 

1000 S' *■ <J 3 Vl44 -d 2 1 

5 5 2 3 T5 i2 w 

4 r \ 6 5 15 1? 


Both graphs indicate the same maximum value and are consistent with each other. The changing of k has 
no effect. 

45. (a) ^ = 10cos(/zt) => v = -10/rsin(;zt) => speed = 11 Ozrsin(zrr)| = 1 Ozr |sin (nt) | => the maximum speed is 

10;r a 31.42 cm/sec since the maximum value of | sin (zrt) | is 1; the cart is moving the fastest at t = 0.5 sec, 
1.5 sec, 2.5 sec and 3.5 sec when | sin (nt)\ is 1. At these times the distance is s = 10cos = 0 cm and 

a = -10/r 2 cos (nt) =>\a \ = IOtt 2 |cos (?zt) | => |a| =0 cm/sec 2 

(b) |a| = 10;r |cos(7zt)| is greatest at t = 0.0 sec, 1.0 sec, 2.0 sec, 3.0 sec, and 4.0 sec, and at these times the 
magnitude of the cart’s position is |s| = 10 cm from the rest position and the speed is 0 cm/sec. 


46. (a) 2 sin t = sin 2t => 2 sin t - 2 sin t cos t = 0 => (2 sin f)(l - cos t) = 0 => t = kn where k is a positive integer 

/ 9 \1' 2 91/9 

(b) The vertical distance between the masses is s{t) = [jj -s 2 | = l(si -$ 2 ) I = ((sin 2f - 2 sin f) ) ~ 

=> s\t) = (|)((sin 21 -2sin t) 2 ) _1/2 (2)(sin 2t-2 sin t)(2 cos 2t -2 cos t) = 2(cos2f -^^0< s ^- 2sin/> 

= 4 ( ~ cos t+l)(cos t-l)(sin / )(cos f-1) critical ^ t Q 2^ 4* 2 then , (Q) = Q, 

|sin2f-2sinf| 3 3 v 7 ’ 

s( 2 f)= sin(x)“ 2 sin(^) =*§-, s(tr) = 0,s(^) = sin(^)-2sin(4f)| = s(2n) = 0 


■ the greatest distance is 4^4. at t =^y and 4^- 


47. (a) s = V(12-12t) 2 +(8f) 2 = ((12-12t) 2 +64t 2 ) 1/2 

(b) ^ = |((12-12t) 2 + 64t 2 )“ 1/2 [2(12-12t)(-12) + 1281] = - 

4f\ =8 knots 

dt \t= 1 


/(12-12r )+64f 2 


■ =-12 knots and 

dt t= o 
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(c) The graph indicates that the ships did not see 
each other because s(t) > 5 for all values of t. 


(d) The graph supports the conclusions in parts (b) 
and (c). 


(e) 



root of the sums of the squares of the individual speeds. 


48. The distance OT + TB is minimized when OB is a 
straight line. Hence Za = Z/? =6 , 2 . 



49. 


If v = kax - he 2 , then v' = ka - 2 kx and v" = -2k, sov' = 0=>x=-|-.Atx = -y there is a maximum since 
v " ("2 ) = < The maximum value of v is y-. 


50. (a) 

(b) 

(c) 


According to the graph, y'( 0) = 0. 

According to the graph, y\-L) = 0. 

2 3 2 

j(0) = 0, so d = 0. Now y'(x) = 3 cix~ +2bx + c, so j'IO) = 0 implies that c = 0. Therefore, y (x) = ax +bx 

and y (x) = 3 ax~ + 2bx. then y(-L) = -aL +bL = H and y (-L) =3 aL + 2bL = 0, so we have two linear 

equations in two unknowns a and b. The second equation gives b = Substituting into the first 

equation, we have - aL 2 +^~ = H, or = H, so a = 2-^-. Therefore, b = and the equation for y is 


y(x) = 2fx 3 



2 


X , 


or y(x) = H 



51. The profit is p = nx-nc = n(x -c) =[a(v-c) -1 +6(100 -x)](v-c) = a +6(100 -x)(x-c) 

= a +(bc +1006).r-1006c-6.r 2 . Then p'(x) =6c + 1006-26.r and p"(x) = -26. Solving 
p\x) = 0^>x=^ + 50. Atx = ^- + 50 there is a maximum profit since p"(x) = -26 < 0 for all x. 


52. Let x represent the number of people over 50. The profit is p(x) = (50 + x)(200 —2x) -32(50 +x) -6000 
= -2x 2 +68x + 2400. Then p'(x) = -4x + 68 and p" = -4. Solving p’(x) = 0 => x = 17. At x = 17 there is a 
maximum since p"( 17) < 0. It would take 67 people to maximize the profit. 
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53. (a) A(q) = kmq 1 + cm +4g, where q > 0 => A'(q) = -kmq + 4 = ——and A"(q) = 2hnq 3 . The critical 

L - 2 q~ 

points are 0, and but only is in the domain. Then j > 0 => at q = ^^jp- there 

is a minimum average weekly cost. 

(b) A(q) = {k+b j' )m +cm+ kq = kmq ~ 1 +bm +cm+jq, where q > 0 => A’(q ) = 0 at q = as in (a). Also 

A\q) = 2 kmq~ 2 > 0 so the most economical quantity to order is still q = yj^jp- which minimizes the 
average weekly cost. 

c(x') 

54. We start with c(x) = the cost of producing x items, x > 0, and — p- = the average cost of producing x items, 
assumed to be differentiable. If the average cost can be minimized, it will be at a production level at which 
dx{~x^) = ® ^ AC<A V (A) = 0 (by the quotient rule) => xc'(x) -c(x) = 0 (multiply both sides by x 2 ) 

=> c'(x) = where c'(x) is the marginal cost. This concludes the proof. (Note: The theorem does not assure a 
production level that will give a minimum cost, but rather, it indicates where to look to see if there is one. Find 
the production levels where the average cost equals the marginal cost, then check to see if any of them give a 
minimum.) 

55. The profit p(x) = r(x) -c(x) = 6x-(x 3 -6x 2 +1 5x) = -x 3 + 6x 2 -9x, where x > 0. Then p'(x) = -3x 2 + 12x-9 
= -3(x-3)(x -1) and p"{x) = -6x + 12. The critical points are 1 and 3. Thus p"{ 1) = 6>0=>atx = l there is a 
local minimum, and p"{ 3) = -6<0=>atx = 3 there is a local maximum. But p(3) = 0 => the best you can do is 
break even. 

56. The average cost of producing x items is c(x) = = x2 -20x + 20,000 => cT(x) = 2x-20 = 0 => x = 10, the 

only critical value. The average cost is c(10) = $19,900 per item is a minimum cost because c*'(10) = 2 > 0. 

57. Let x = the length of a side of the square base of the box and h = the height of the box. V = x 2 h = 48 => h = 

xr 

The total cost is given by C = 6 -x 2 +4(4 -xh) = 6x 2 +16x|^|j = 6x +^-, x > 0 =>C' = 12x = 12* -768 

C' = 0 => 12x3 ~ 768 = o ^ 12x 3 -768 = 0 => x = 4; C" = 12 + ^ => C"(4) = 12+ ^3i > 0 local minimum. 

x 2 x 2 4 2 

x = 4=>/?=-^| = 3 and C(4) = 6(4) 2 + = 288 the box is 4 ft x 4 ft x 3 ft, with a minimum cost of $288. 

58. Let x = the number of $10 increases in the charge per room, then price per room = 50 + 10x, and the number of 
rooms filled each night = 800-40x => the total revenue is R(x) = (50 + 10x)(800-40x) 

= -400x 2 + 6000x + 40000, 0 < x < 20 => R'(x) = -800x + 6000; R'(x) = 0 => -800x + 6000 = 0 

=> x = y; R\x) = -800 => = -800 < 0 => local maximum. The price per room is 50 + 10(y) = $125. 

59. We have 4tt = CM -M 2 . Solving = q -2 M = 0 => 47 =£-. Also. = -2 < 0 at M = A there is a 

dM & dM 2 2 dM i 2 

maximum. 
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60. (a) If v = cr 0 r 2 -cr 3 , then v' = 2cr 0 r -3cr 2 = cr(2r 0 -3r) and v" = 2cr 0 - 6 cr = 2c(r 0 -3r). The solution of 

2 ^* 2/* 2a* 2r 

v' = 0 is r = 0 or J y-, but 0 is not in the domain. Also, v' > 0 for r < -y- and v' < 0 for r > -y- => at r = 

there is a maximum. 

(b) The graph confirms the findings in (a). 


0.0175 

0.01S 

0.0125 

0.01 

0.0075 

0.005 

0.0025 


V = (0.5 - r)r 


■ ■ ■ • « 11 ^ u i \ i P 

0.1 0.2 0 T 3 o!l 0: S 


2 2 2 -I 

61. If x > 0, then (x -l) - > 0 => x~ +1 > 2x => > 2. In particular if a, b, c and d are positive integers, 


62. (a) fix) = 


( a 2 +x 2 V 2 -x 2 ( a 2 +x 2 ) _1 2 2 2 2 2 

• fix) = - , 2 --— = , fl +A , 3 /2 = 7 —> 0 ^ / (*) 1S an increasing 


(a 2 + x 2 ) 


(a 2 + x 2 f (a 2 + x 2 f 


function of x 


(b) g(x) = - 


■ g'(x) = 


~{b 2 +(d—x)~ j +(d—x)~(b 2 +(d—xy j -|& 2 +((J-x) 2 j+(rf— at)~ 


6 2 +(d-x) 


{b 2 +(d-xy j 


=---^ < 0 => g(x) is a decreasing function ofx 

(& 2 +(rf-x) 2 ) 

(c) Since q, C 2 > 0, the derivative -y- is an increasing function ofx (from part (a)) minus a decreasing function 
ofx (from part (b)): 4 = 7 -/ (x) -- L g(x) 4 r = tr/'W “g'(x) > 0 sin ce /'(x) > 0 and 


"X q q> q 

g'(x) < 0 => -y is an increasing function ofx. 


63. At x = c, the tangents to the curves are parallel. Justification: The vertical distance between the curves is 

D(x) = /(x)-g(x), so Z)'(x) = /'(x)-g'(x). The maximum value of D will occur at a point c where D' = 0. At 
such a point, /'(c) -g'(c) = 0 , or /'(c) = g'(c). 


64. (a) /(x) = 3 + 4 cosx + cos 2x is a periodic function with period In 

2 2 2 

(b) No,/(x) =3 + 4cosx + cos2x =3+4cosx+(2cos x-1) = 2(l + 2cosx + cos x) =2(l + cosx) >0 
=> /(x) is never negative. 
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65. (a) If v = cotx-v/2 cscx where 0 < x < n, then y' = (cscx)(v/2 cotx -cscx). Solving y' = 0=> cosx = -y 

=> x = y. For 0 < 1 < -| we have y' > 0 and y' < 0 when y < x < n. Therefore, at x = y there is a maximum 
value of y = -1. 



The graph confirms the findings in (a). 

66. (a) If y = tanx+ 3 cot x where 0 < x <j, then y' = sec 2 x-3csc 2 x. Solving y' = 0 tanx = ±V3 => x = ±y, 

2 2 

but -4 is not in the domain. Also, y = 2sec - x tanx + 6esc xcot x >0 for all 0 < x < 4. Therefore at 
3 2 

x = y there is a minimum value of y = 2^3. 

(b) 



The graph confirms the findings in (a). 


67. 


(a) The square of the distance is D(x) = (x--|) + (v/x +oj~ =x 2 -2x + -|, so D\x ) = 2x-2 and the critical 
point occurs at x = 1. Since D'(x) < 0 for x < 1 and D\x) > 0 for x > 1 , the critical point corresponds to the 
minimum distance. The minimum distance is ^D(l) = 



The minimum distance is from the point |y, oj to the point (1,1) on the graph of y = tJx~ and this occurs at 
the value x = 1 where D(x ), the distance squared, has its minimum value. 
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68. (a) Calculus Method: 

The square of the distance from the point (l, V3 j to |V, Vi 6 -x 2 j is given by 

D(x) = (x-1) 2 +(Vl6-x 2 -V3j = x 2 -2x+l+16-x 2 -2yJ^-3x 2 + 3 = -2x+ 20-2V48-3x 2 . 

Then£>'(x) = -2-4.— 2 (~6x) = -2 4— . . Solving Z)'(x) = 0 we have: 

- V48-3* 2 V48-3x 2 

6x = 2V48-3x 2 => 36x 2 = 4(48-3x 2 ) => 9x 2 =48-3x 2 =^12x 2 =48^>x = ±2 We discardx =-2 as 
an extraneous solution, leaving x = 2. Since D'(x) < 0 for —4 < x < 2 and D'(x) > 0 for 2 < x < 4, the critical 
point corresponds to the minimum distance. The minimum distance is ^D( 2) = 2. 

Geometry Method: 

The semicircle is centered at the origin and has radius 4. The distance from the origin to ^1, V3 J is 

=2. The shortest distance from the point to the semicircle is the distance along the radius 
containing the point ^1, V3 j. That distance is 4 - 2 = 2. 




The minimum distance is from the point ^1, V3) to the point ^2,2^/3 j on the graph of y = Vl6-x 2 , and 
this occurs at the value x = 2 where D(x), the distance squared, has its minimum value. 


4.7 NEWTON’S METHOD 


x„ +x„ -1 


1. y = x“+x-l=>> , ' = 2x + l => x ;!+ j = x n A—; xq = 1 => X] = 1 - 


1+1-1 _ 2 


2+1 3 


= f =^*2 = f- 


2 9_3 


3 1+1 


^ _ 2 4+6-9 _ 2 1 _ 13 

2 3 12+9 3 21 21 


= f-TT = 3T*- 61905 ; ^0=-l^A=-l- i w=f = -2 =>X2 =-2-^ =»-1.66667 


2. y = x 3 +3x +1 => y' = 3x 2 +3 
= -4 + -L = -22 « _o 32222 

3 + 90 90 U ' J 


X n 4-1 X„ 


x 0 = 0^>x t =0-4 = -4^>x 2 =-4 — 


-+ 7- 1+1 

i +3 


3. y=x 4 +x-3=>/ = 4x 3 +l =>x„ +1 = x n - A ”j 3 ; x 0 =1 =>xj =l-i±4A=| 

_ 6 1296+750-1875 _ 6 171 _ 5763 ~ i i v _ i v _ i 1-1-3 _ 2 


1296 , 6 T 
6 ~62+ + 5~ 3 

' - 5 864 , 

125 


4320+625 


= T-^ = 7^7*416542; x 0 = -1 => x, = -1 —= -2 =^>x 2 =-2-^ 
5 4945 4945 ’ u ] -4+1 2 


= - 2 + 31=-fl“- L64516 
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4. y = 2x-x 2 +1 =>/ = 2 - 2x => x„ +1 = x n - 2x %J " +1 ; x 0 = 0 => Xj = 0 -^±1 = -j => x 2 = 


_ 1 , 1 _ D A I ++-7. v _ T — .. ... O 4-4+1 _ 5 _ r _ 3 - 4 ' ‘ _ 3 ZU-/3+4 _ 3 I 

-“2+T2 -“12 ~“' 41667 ’ *0 -*=>*! - 2 ~^ZT -2^ X 2 ~2~^5~~2 ^12— “ T “ 12 

= ||« 2.41667 


5 20-25+4 _ 5 1 


5. y = x -2 => y’ = 4x => x n+l = x„ x 0 = 1 => x t = 1 - 1 / = j => x 2 = j - 


5 256 - = 5 6 2 5 -5 1 2 

4 125 4 2000 

16 


5 113 _ 2500-113 _ 2387 .. i igi>c 

4 2000 2000 2000 


6. From Exercise 5, x„ +1 = x n - — 3 ; x 0 = -1 => xj = -1 = -1 - j = —| => x 2 =--|- 


4 125 

16 


5 625-512 _ 5 . 113 .. i iqtc 
4 -2000 4 2000 ~ 


/(*„) 


7. /(x 0 ) = 0 and /'(x 0 ) ^ 0 => x„ + j = x n - , ” gives X| = x 0 => x 2 = x 0 => x n = x 0 for all n > 0. That is all, of 

J \*n) 

the approximations in Newton’s method will be the root of /(x) = 0. 


It does matter. If you start too far away from x = y, hie calculated values may approach some other root. 
Starting with x 0 = -0.5, for instance, leads to x = —f as the root, not x = y. 


9. 


If .v„ = * > 0 ^ x t = .v 0 = *-2121 

- k -rty h -(' rh 

\2 Jh, 


ifx 0 


= -h < 0 => jcj = x 0 


/(*o) /(-/») 

/'(*„) f(-h) 



= h. 



10. /(x)=x 1/3 =>/'(x)=(|)x- 2/3 

x 1/3 

x n +1 — -hi /1 \ -2/4 — — ’ *0 — ^ 

IIP" 

=> Xj = -2, x 2 =4, x 3 = -8, and x 4 = 16 and so 
forth. Since \x n | = 2 |x„_ 1 1 we may conclude that 
n —> co => |x„ | —» oo. 

11. i) is equivalent to solving x -3x-l = 0. 

ii) is equivalent to solving x -3x-l=0. 

-} 

iii) is equivalent to solving x -3x-l=0. 

iv) is equivalent to solving x -3x -1 = 0. 

All four equations are equivalent. 

12. /(x) = x-1-0.5sinx => /'(x) = 1-0.5cosx => x n+l = x n - sfosx *" ; if x 0 =1.5, then x 1 = 1.49870 
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13. f(x) = tanx-2x => f'(x) = sec 2 x-2=> x„ +1 = x n - tdn ^ A ^ ~ x " ; x 0 = 1 => = 1.2920445 

sec-(x„) 

=^x 2 =1.155327774 => x 16 = x 17 =1.165561185 


14. f(x) = x 4 -2x 3 -x 2 - 2x + 2 => f'(x) = 4x 3 -6x 2 -2x-2 => x„ + j = x n 
x 4 =0.630115396; ifx 0 =2.5, then.r 4 =2.57327196 


x n 2x n x~ 2x n - 2 
4xl-6x;-2x n -2 


; if x 0 = 0.5, then 


15. (a) The graph of f(x) = sin 3x — 0.99 +x 2 in the 
window -2 < x < 2, -2 < y < 3 suggests three 
roots. However, when you zoom in on the 
x-axis near x = 1.2, you can see that the graph 
lies above the axis there. There are only two 
roots, one near x = -1, the other near x = 0.4. 
(b) f(x) = sin 3x -0.99 + x 2 
=>/'(x) = 3 cos 3x + 2x 

sin(3x )-0.99+x 2 
n+l n 3 cos(3x„ )+2x„ 
and the solutions are approximately 
0.35003501505249 and -1.0261731615301 



16. (a) Yes, three times as indicted by the graphs 
(b) /(x) = cos3x-x => f'(x) = -3sin3x-l 

=> x n +1 = x„ - ^ 3 ^( 3 ^! ; at approximately 

-0.979367, -0.887726, and 0.39004 we have 
cos 3x = x 



A A 3 ? V 4 — 4 V 2 4- 1 

17. /(x) = 2x 4 -4x 2 + 1 => / (x) = 8x 3 -8x => x„ +1 = x„ - " 3 " ; ifx 0 = -2, then x 6 = -1.30656296; if 

8x h — 8x n 

x 0 = -0.5, then x 3 = -0.5411961; the roots are approximately ±0.5411961 and ±1.30656296 because /(x) is an 
even function. 


18. 


t 2 

/(x) = tan x => / (x) = sec - x => x„ + j = x n 
approximate tt to be 3.14159. 


ten (xj , 
sec 2 (x„) ’ 


Xq = 3 =2 Xj 


= 3.13971 => x 2 = 3.14159 and we 


19. 


From the graph we let x 0 = 

v _ r cos(x„)-2x„ 
«+1 n -sin(x„)-2 


0.5 and /(x) = cosx-2x 
=> X] = .45063 


=> x 2 = .45018 => at x » 0.45 we have cosx = 2x. 
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20. From the graph we let x 0 = -0.7 and 

s x„+cos(x„) 

/(*) = cos x + x x „ +1 = x„ - ;'_ sin( Yn " 

=> Xj = -.73944 => x 2 = -.73908 => at x » -0.74 
we have cosx = -x. 



? 1 o I 

21. The x-coordinate of the point of intersection of j = x (x+ 1) and j =—is the solution of x (x + l)= — 


2 1 3 2 1 2 1 

-x -— = 0 => The x-coordinate is the root of /(x) =x +x" -— => f\x) = 3x + 2x + -y. Let x 0 = 1 


' -*7i+l ~ x n 


3 +2x„ + -L 


•X! =0.83333 ^>x 2 = 0.81924 ^>x 3 =0.81917 =^>x 7 = 0.81917 =^> r ~ 0.8192 


22 . The x-coordinate of the point of intersection of y = Vx and y = 3 - 


■x 2 is the solution ofVx = 3 -x 2 


• Vx - 3 + x 2 = 0 => The x-coordinate is the root of f (x) = Vx - 3 + x 2 => f\x) = -K= + 2x. Let x 0 = 1 

2-Jx 

nr~ 3 + t 2 

•x„+i = x n -^-J-— =>XJ =1.4=>x 2 = 1.35556 =>x 3 =1.35498 ^x 7 = 1.35498 => r «1.3550 

^ +2x " 


23. Graphing e ' and x -x +1 shows that there are two places where the curves intersect, one at x = 0 and the 

- 2 9 

other between x = 0.5 andx = 0.6. Let /(x) = e x -x +x-l, x 0 = 0.5, and 

fix') £ +X —1 

X; 2 +i = x n ~ 777 ” = x n - — — 2 -^-. Performing iterations on a calculator, spreadsheet, or CAS gives 

" l-2x„ -2x„e _x ° 

Xj= 0.536981, x 2 = 0.534856, x 3 = 0.53485, x 4 = 0.53485. (You may get different results depending upon 
what you select for f[x) and x 0 , and what calculator or computer you may use.) Therefore, the two curves 
intersect at x = 0 and x = 0.53485. 


24. Graphing ln(l 


- x 2 ) 


and x - 1 shows that there are two places where the curves intersect, one between x = -1 


and x = -0.9, and the other between x = 0.5 and x = 0.6. Let /(x) = ln(l -x 2 ) -x +1, and 

x n+ 1 = x n - = X n _ ln(l _V' > X " +l ■ Performing iterations on a calculator, spreadsheet, or CAS with 

J \ x n) ———1 


x 0 =0.5 gives X] =0.590992, x 2 =0.583658, x 3 =0.583597, x 4 =0.583597 and with x 0 =-0.9 gives 
x l = -0.928237, x 2 =-0.924247, x 3 =-0.924119, x 4 = -0.924119. (You may get different results 
depending upon what you select for f[x) and x 0 , and what calculator or computer you may use.) Therefore, the 
two curves intersect atx = -0.924119 andx = 0.583597. 


3 

25. If /(x) = x + 2x - 4, then f(l) = -1 < 0 and /(2) = 8>0=>by the Intermediate V alue Theorem the equation 

3 9 x 2 +2 x — 4 

x +2x-4 = 0 has a solution between 1 and 2. Consequently, /'(x) = 3x +2 and x„ +1 = x n - '" ” —. Then 

3x„ +2 

x 0 = 1 => Xj = 1.2 => x 2 = 1.17975 x 3 =1.179509 =^> x 4 = 1.1795090 => the root is approximately 1.17951. 
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26. 


We wish to solve 8x 4 
/'(*) = 32x 3 -42x 2 - 


-14x 3 -9x 2 +1 Ijc — 1 = 0. Let /(x) = 8x 4 -14x 3 -9x 2 +1 lx-1, then 


18x + ll 


x n +1 — x n 


Sx* -14xJ-9x^ +1 lx„ -1 
32 x ^-42 x ,2-18 x „+11 


x 0 

approximation of corresponding root 

-1.0 

-0.976823589 

0.1 

0.100363332 

0.6 

0.642746671 

2.0 

1.983713587 


AO 2 f jf, _ j£. 

27. f(x) =4x -4x => f'{x) =16x -8x =^> x ;+1 - x,- - y = x,- - 2 ' A Iterations are performed using the 

procedure in problem 13 in this section. 

(a) For x 0 = -2 or x 0 = -0.8, x ( - —» -1 as i gets large. 

(b) For x 0 = -0.5 or x 0 = 0.25, x ; - —> 0 as / gets large. 

(c) For Xq = 0.8 or x 0 = 2, x ; - —> 1 as / gets large. 

(d) (If your calculator has a CAS, put it in exact mode, otherwise approximate the radicals with a decimal 

value.) For x 0 = orx 0 = , Newton’s method does not converge. The values of x ; - alternate 

between x 0 = orx 0 = - 2 y^- as i increases. 

28. (a) The distance can be represented by 

D(x) = ^J(x- 2) 2 + ^x 2 + -fj , where x > 0. The distance 
D{x) is minimized when /(x) = (x -2) 2 + |x 2 + is 

minimized. If /(x) = (x - 2) 2 + |x 2 + ^ j , then 

f'(x) = 4(x 3 +x-l)and /"(x) = 4(3x 2 +1) > 0. Now 
f'(x) = 0 => x 3 +x-l = 0 => x(x 2 +1) =1 =4> x = -4—. 

x +1 

(b) Letg(x) = ^-x = (x 2 +l) 1 -x => g'(x) =-(x 2 +1) -2 

x +1 

Xq = 1 => x 4 = 0.68233 to five decimal places. 

29. /(x) = (x-l) 40 => f'(x) = 40(x-1) 39 - x n+] =x„ = Withx 0 = 2,our computer gave 

X S 7 ~ *88 = *89 = * * * = *200 = 1-11051, coming within 0.11051 of the root x = 1. 



30. Since s = r0=>3 = r0=>0 = j. Bisect the angle 6 to obtain a right triangle with hypotenuse r and opposite side 

of length 1. Then sin = - => sin^- = - => sin(^-| = - =^> sin^r--- = 0. Thus the solution r is a root of 

° 2 r 2 r \2 r) r 2 r r 


/(/■) = sin (^)- i=>/V) =-^T C0S (i:) + 7; r 0 = l ^ r n+l = r n 


sin| 

li 

h 

[_ 

n 

—E-cos(- 

2 4 \ 

2r„) 

,+ 7 

r n 


■r, =1.00280 


• r 2 =1.00282 => r 3 = 1.00282 => r « 1.0028 ^>9 = 


1.00282 


< 2.9916 
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ANTIDERIVATIVES 






1. 

(a) 

x 2 

(b) 

X 3 

3 


(c) 

— x 2 +x 

2. 

(a) 

3x 2 

(b) 

x 8 

8 


(c) 

^--3x 2 +8x 

3. 

(a) 

x- 3 

(b) 

x- 3 

3 


(c) 

-"y- + X 2 +3X 

4. 

(a) 

-2 

-x 

(b) 

-2 3 

X , X 

4 3 


(c) 

-2 2 

2 + 2 X 

5. 

(a) 

-1 

X 

(b) 

^5 

X 


(c) 

2x + — 

X 

6. 

(a) 

1 

X 2 

(b) 

-1 

4x 2 


(c) 

+ J- 

4 2x 2 

7. 

(a) 

V7 

(b) 

Vx 


(c) 

j Vx 3 " + 2 Vx 

8. 

(a) 

x 4/3 

(b) 

1 2/3 

2 X 


(c) 

3 t 4/3 , 3 2/3 

4 X + 2 X 

9. 

(a) 

x 2/3 

(b) 

x 1/3 


(c) 

X“ 1/3 

10. 

(a) 

1/2 

X 

(b) 

-1/2 

X 


(c) 

x- 3/2 

11. 

(a) 

In x 

(b) 

7 In x 


(c) 

x - 5 In x 

12. 

(a) 

i ln H 

(b) 

f ln W 


(c) 

x + |ln|x 

13. 

(a) 

C0S(7TX) 

(b) 

-3cosx 


(c) 

-° os(7rx) +cos(3x) 

14. 

(a) 

sin ( 7i x) 

(b) 

sin|^j 


(c) 

(-^jsin|^j + ^sinx 

15. 

(a) 

tanx 

(b) 

2,a„(f) 


(c) 

-Mt) 

16. 

(a) 

-cot X 

(b) 

cot (4*) 


(c) 

x + 4cot(2x) 

17. 

(a) 

-cscx 

(b) 

-bcsc(5x) 


(c) 

2csc(^) 

18. 

(a) 

secx 

(b) 

|sec(3x) 


(c) 

Jsec(f) 

19. 

(a) 

1J X 

(b) 

—X 

-e 


(c) 

le x!2 

20. 

(a) 

1 —2x 

2 e 

(b) 

3 4x/5 

4 e 


(c) 

-5e~ x ' 5 
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2L (a) ^-3* 


22. (a) -+-x^ +1 


( b ) iiir 2_x 


V3+1' 


23. (a) 2 sin 1 x 


24 - <» i- 3 -sfer(if 

25. J(x + l)<ix =^- + x + C 


Cb) drr 


1_ v ^+l 

7T+1 


^ ln(5/3)'(3 > 

(c) 




(b) \ tan 1 x 


(b) ^+^.2- 


(c) 35-tan *(2; 




27. 


J(3 1 2 +-^jdt =t 3 +!j + C 


26. |(5 -6x)dx = 5x-3x 2 + C 

28 - J(4 +4 ' 3 )'* = 4 -k4+c 

30. U\-x 2 -2,x 5 )dx =x-\x i -^x 6 +C 


29. | ( 2x 3 —5x + l)dx =i.r 4 -|x 2 + lx + C 

3L f(?"~- y 2 4)* = I( x ~ 2 ~- y 2 -I)* = 4-4-3 x+c= 4-4-f +C 

32. + 2.rja , x = j|y-2x 3 +2x^dx = -fx-| 4 =A_j + 3 =|- + C = y + -y + x 2 +C 

33. \x~ m dx = ^i+C=|x 2/3 +C 34. JV 5/ Vx = ^ + C = -=i + C 

J _ 4 dx 

35. J(77 + tS)* - J(.v 1/2 +, 1 ' 3 )* = 4i + 4i + C = fv 3 ' 2 +|» 4 ' 3 +C 

. j(4 + ^.)*.f(l»>' 3 + 2,->' 3 )*.l(4il + 2(4i) + C 


36 


37 


• = I x 3/2 +4x 1/2 +c 


= \[%y-2y- VA )dy = ^l-2^j + C =4j 2 -f y VA +C 


39. 


40 


^2x[\-x 3 j <ir = j(lx — 2x ~jdx =^£—2|^-j-'l+ C =.r“ + — + C 


+ C = —+ 4 +C 

7 j, 1/4 


= - i —L + c 

* 2x 2 


. j"x ^{x + \)dx = j"|x 2 +x 3 j dx = j + C = 

4i. * = /(«£ + f)^ = j(r 1/2 + r 3/2 )^=^ + [^] + c = 2V7-J + c 
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63. j2x^dx = 3x ^ ] +C 64. jx^ ^dx=^- + C 

65. |(1 + tan 2 6) dd = Jsec 2 Odd = tan# + C 

66. J(2 + tan" 9) d8 = ^( 1 + 1 + tan" 9) d6 = J(1 + sec 2 9) dO = 8 + tan 9 + C 

67. Jcot 2 x dx = |(esc" x-1 ) dx = -cot x — x + C 

68. J (1-cot 2 x) dx = J(l-(csc 2 x-1)) dx = | (2 - esc 2 x) dx =2x + cot x + C 

69. |cos6 , (tan6 ) + sec6>) d9 = J(sin 9 + 1) d9 = -cos 9 + 9 + C 
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70. f ™ cd o d0 = f( c a scg d0 = f — x —d0=[—^~d0 = fsec 2 #t/# = tan# + C 

J csc<9-sin# J\csc<9-sin#/Vsin#/ J 1-sin 2 6 J C os 2 0 J 




72 _ A_ £i±2l + C | = . 


(3x+5)~~(3) 


= (3x + 5)~ 


73. J^ytan(5x-l) + c) = ^-(sec 2 (5x-l))(5) = sec 2 (5x-l) 

74. ^(-3cot(4tL) + c) =-3 (-esc 2 (4=1)) (1) - esc 2 


75 - f(A +c )=<-«-i)(^i) 

77. idnl^ll+C)--^ 

79. -jf (—tan -1 (—) + c) = —- 1 

dx\a \a! ) a 


-2 _ 1 


(x+i Y 


76. -ff^r + cV 

ax \ x+1 ) 


(x+l)(l)-x(l) ! 


(*+i r 


(*+i r 


78. ~~fo( xeX _e ' +C) = x-e x +(l)-e A —e x = xe x 


2 dx \i 


80 - s( si ”‘' (f) +c )' 


Hf) 


2 cs^xr \ ^ 


81. If y = ]nx-Mn(l + x 2 )-^^ + C, then 


dy = 


1 


l+X 


X l+X 1 X 1 

which verifies the formula 


1 

a 

+ 

j a 2 +x 2 

i 

1 

4-(«f 

/ 2 2 
y]a —x 

then 


J_ X _ 

1 | tan -1 x 


* l+x 2 x(l+x 2 ) 


dx = 


x(l+x 2 )-x 3 -x+(tan 1 x)(l+x 2 ) ^ _ tan -1 : 


x 2 (l+x 2 ) 


82. lfj = x(sin 1 x) 2 -2x + 2v/l-x z sin l x + C, then 


2v/l-~ 


.2 ■ -1 


dy = 


(sin" 1 v) 2 + 2x( ^l x) -2 + -^Uin" 1 x + 2^7{ 

Vl-x 2 Vl-x 2 Vvl-x 2 y 


—1 2 

dx = (sin x) dx, which verifies the 


formula 
83. (a) Wrong 


: i(i sinx+ c) 


= sinx + 4^cosx = xsinx + 4^cosx ^ xsinx 


(b) Wrong: ^(-xcosx + C) = -cosx + xsin x * xsinx 

(c) Right: -j -(-Xcosx + sinx + C) = -cosx+xsinx +cosx = xsinx 


84. (a) Wrong: 


. d / sec 2 9 


de\ 3 


+ C = 


3sec 9 (sec 0 tan 0) = sec 3 0 tan 0 * tan 0 sec 2 0 


(b) Right: J^^tan 2 0 + cj = j (2 tan 0) sec 2 0 = tan#sec 2 0 

(c) Right: sec 2 0 + C^ = j (2sec 0) sec 0 tan# = tan#sec 2 0 
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85. (a) Wrong: +cj = 3(2x+ 3 ir(2> =2(2x + l ) 2 ^(2x+l ) 2 

(b) Wrong: ^((2x + l ) 3 +C) = 3(2jc + 1) 2 (2) = 6(2x + l ) 2 *3(2x + l ) 2 

(c) Right: ^ ((2x +1 ) 3 + C) = 6(2x +1 ) 2 


86 . (a) Wrong: j^(x 2 +x + CY=\(x 1 + x + C)“ 1 / 2 (2x+1) = 


2x+l 


-yf- 


x +x+C 


: yjlx + l 


(b) Wrong: 4~i(x 2 + x) 1/2 +cj = i(x 2 + x) 1/2 (2x + l) = 2 3-±l^ =+V2x+ 1 

' ' 2 Vx 2 +x 

(c) Right: ^|^I(V^TT ) 3 + Cj = j- x [\(2x + \) V1 + C) = §(2x + l) 1 / 2 (2) = V^+I 


87. Right: ±((gif + C) = 3^ 


(x-2) 2 (x-2) 2 


-15(-v+3)~ 
(a—2) 4 


Wrong: 


. j_f sin(x 2 ) 
dx \ x 


+c = 


x-cos(x 2 )(2x)-sin(x 2 )l 


2x 2 cos(x 2 )-sin(x 2 ) 


xcos(x 2 )-sin(x 2 ) 


89. Graph (b), because ^ = 2x => y = x 2 + C. Then j(l) = 4 =^> C = 3. 

90. Graph (b), because ^ = -x => y = ~jx 2 + C. Then v(-l) = 1 => C = 

91. ^ = 2x-7 => y = x 2 - lx + C; at x = 2 and v = 0 we have 0 = 2 2 -7(2) + C=>C = 10^>> , = x 2 -7x + 10 

92. ^7 = 10 -x => j = 10x-4p + C; at x = 0 and y = —l we have -1 = 10(0) -^- + C => C = -1 => y = lOx1 

93. ^ = -j + x = x -2 +x=> y = -x _1 + ^- + C; at x = 2 and y = 1 we have 1 = -2 _: +-y + C=>C = --^ 

-1 v 2 1 I x 2 1 

= +^2-jory = -± + ±--j 

94. ^ = 9x 2 - 4x + 5 => y = 3x 3 - 2x 2 + 5x + C; at x = -1 and y = 0 we have 0 = 3(-l ) 3 - 2(-l ) 2 +5(-l) + C 
=> C = 10 => y =3x 3 -2x 2 +5x + 10 

95. ^ = 3x _2/3 => j = ^4“ + C = 9 => j = 9x 1/3 + C; at x = -1 and y = -5 we have -5 = 9(-l ) 1/3 +C => C = 4 

3 

=^> y = 9x 1/3 + 4 

96. ^7 = 7 ^= = i x -1/2 => y = x 1/2 + C; at x = 4 and _v=Owe have 0 = 4 1/2 + C => C = -2 => j = x 1/2 - 2 

97. 4 s - = 1 + cost => ^ = t + sint + C; at t = 0 and s = 4we have 4 = 0 + sin0 + C=>C = 4=>s=t+sint + 4 

dt 

98. 4§- = cost + sin t => s = sin t -cost + C; at t = n and s=lwe have 1 = sin 7 r-cos;r + C => C = 0 
at 

=> s = sinf -cost 

99. = -nsvnnO => r = cos^#) + C; at r = 0 and 6 > = 0 we have 0 = cos(^0) + C => C = -1 => r = cos (nd) -1 
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100. = cos nd => r = ^sin (jtG) + C; at r = 1 and 9 = 0 we have 1 = ^sin(;rO) + C => C = 1 => r = isin( 7 r 0 ) + 1 

101. ^ = 4-secttan t => v = ^-sect + C; at v = 1 and t = 0 we have 1 = ^sec(O) + C => C = \ => v = ^-sect + ^ 

102. ^ = 8 t +csc 2 t => v = 4r -cott + C; at v = -7 and f=|we have -7 = 4(y) -cotfy) + C => C = -7 -tt 2 
=> v = 4t 2 - cot t—1 - 7 T 2 

103. 4 = j— , t > 1 => v = 3sec _ 1 t+ C; at t = 2 and v = 0 we have 0 = 3sec _1 2 + C => C= -n 
at Wr-l 

=> v = 3 sec -1 t- 7 r 

104. y- = -pr + sec 2 t => v = 8 tan -1 1 + tan? + C; at t = 0 and v = 1 we have 1 = 8tan _ 1 (0) + tan(0) + C => C= 1 
=> v = 8 tan -1 1 + tan t +1 

105. — 7 - = 2 - 6 x => = 2x - 3x 2 + Q; at ^ = 4 and x = 0 we have 4 = 2(0)-3(0 ) 2 +Q =>Q =4 

dx^ wX uX 

=^> -y: = 2x - 3x 2 + 4 => y = x 2 -x 3 +4x + C 2 ; at y = 1 and i = 0we have 1 = 0 2 - 0 3 + 4(0) + C 2 => C 2 = 1 
=> _y = x^ - x 3 + 4x +1 

106. -j- = 0 => = Q; at ^ = 2 and x = 0 we have Q = 2=>y : = 2=>>’=2x + C 2 ;at>’ = 0 and x = 0 we have 

0 = 2(0) +C 2 => C 2 = 0 => y = 2x 

107. = 4 = 2t ' 3 => 4 = ~t~ 2 +Cu at 4 = 1 and t = 1 we have 1 = -(1 )“ 2 + C,^C,=2^>4 = ~t~ 2 + 2 

dt 2 r dt 1 dt 1 1 a? 

=> r = t _1 +2t + C 2 ; at r = 1 and t = 1 we have 1 = l -1 +2(1) + C 2 => C 2 = -2 => r = t _1 + 2t -2 or r = y + 2t -2 

108. 4r = 4=> i +- = i4 + Ci; at 4 = 3 and t = 4 we have 3 = ^- + C. =>C. = 0=>4 = t4= > ' s= tz + ( =->; at 

dt 2 8 dt 16 1 dt 16 1 1 ® 16 16 z 

s = 4 and t = 4 we have 4 =y- + C 7 =^> C 7 = 0 => 5 = 7 - 

16 z z 16 


109. ^L = 6=>^l = 6x + C 1 ; at ^4 =-8 and x = 0 we have -8 = 6(0) + C, => C, =-8 -^4 = 6x-8 

dx 3 dx 2 1 dx 2 1 1 dx 2 

=>^ = 3x 2 -8x + C 2 ; at ^ = 0 and x = 0 we have 0 = 3(0) 2 -8(0) + C 2 => C 2 = 0 => ^ = 3x 2 -8x 
=> = x 3 -4x 2 + C 3 ; at j = 5 and x = 0 we have 5 = 0 3 -4(0) 2 + C 3 => C 3 = 5 => y = x 3 -4x 2 +5 

110. = 0 => ^4- = C,; at = -2 and t = 0 we have = -2 => ^ = -2t + C 2 ; at ^ = -i and t = 0 we have 

dt 3 dt 2 1 dt 2 dt 2 dt - dt 2 

-j = -2(0) + C 2 => C 2 = -4 => djL = _ 2 t —4 => <9 = -f 2 -i# + c 3 ; at 0 = V 2 and t = 0 we have 
V2 =-0 2 -|(0) +C 3 => C 3 = V 2 => 6> = -t 2 ~\t + yfl 

111. j 1 - 4 ' = -sint + cost = cost + sin t + Q; at y" = 7 and t = 0 we have 7 = cos(0) + sin(0) + Q => Cj = 6 
=> y'" = cost + sint + 6 y" = sint -cost +6t + C 2 ; at y" = -1 and t = 0 we have 

-1 = sin(0) -cos(0) + 6(0) + C 2 => C 2 = 0 y" = sint-cost +6t => y' = -cost-sint +3t 2 +C 3 ; at 
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y' - -1 and ? = 0 we have -1 = -cos(O) -sin(O) +3(0) 2 + C 3 => C 3 = 0 => y' = -cos? - sin t + 3? 2 
=> y = -sin? + cos? +? 3 +C 4 ; at y = 0 and ? = 0 we have 0 = -sin(O) + cos(0) + 0 3 +C 4 
=> C 4 = -1 => y = -sin? + cos? + ? 3 -1 

112. y = -cosx + 8sin(2x) => y'" = -sin x -4cos(2x) + Q; at y'" = 0 and i = 0we have 

0 = -sin(O) -4cos(2(0)) + C| => Q = 4 => y"' = -sinx - 4cos(2x) + 4 => y" = cosx-2sin(2x) + 4x + C 2 ; at 
y" = 1 and x = 0 we have 1 = cos(0) — 2sin(2(0)) + 4(0) + C 2 => C 2 = 0 => y" = cosx - 2sin(2x) + 4x 

=> y' = sin x + cos(2x) + 2x 2 + C 3 ; at y' = 1 and x = 0 we have 1 = sin(0) + cos(2(0)) + 2(0) 2 + C 3 => C 3 =0 

2 1 1 3 

=> y = sinx + cos(2x) + 2x => y = -cosx + /sin(2x) + jX +C 4 ; at v = 3 and x = 0 we have 
3 = -cos(0) +^-sin(2(0)) +-|(0) 3 +C 4 =^> C 4 = 4 => y = -cosx+ -|sin(2x) + -|x 3 +4 

113. m = y’ = 3^ = 3x 1/2 y = 2x 312 + C; at (9, 4) we have 4 = 2(9) 3/2 + C^>C = -50^>y = 2x 3/2 - 50 

114. (a) ^- = 6x=>^L = 3x 2 +Q; at y' = 0 andx = 0wehave 0 = 3(0) 2 + Q =>Q =0 => ^ = 3x 2 

dx z “ x a* 

=> y = x + C 2 ; at y = 1 and x = 0 we have C 2 = 1 y = x +1 

(b) One, because any other possible function would differ from x +1 by a constant that must be zero because 
of the initial conditions 

115. ^ = l--|x 1/3 => y = J^l--|x 1/3 jt/x = x-x 4/3 +C; at (1, 0.5) on the curve we have 
0.5 = 1 -1 4/3 + C => C = 0.5 => x -x 4/3 +| 

116. ^ = x-l => y = j*(x-l)t?x =^--x + C; at (-1, 1) on the curve we have 

l=if-(-l)+C=>C = -i=>y=4-x4 

117. ^ = sinx-cosx => y = J (sinx-cos x)dlr = -cosx -sinx + C; at (-7T, -1) on the curve we have 
-1 = —cos(— tt) - sin(-;z) + C=>C=-2=>y = -cos x - sin x - 2 

118. ^ = ~^j= + 7rsin;rx = ^x _1/2 + n sin nx => y = J|3-x _1/2 + sin;rxjc/x =x 1/2 -cos;rx + C; at (1, 2) on the curve 
we have 2=1 -cos^(l) + C => C =0 => y - V*-cos^x 

119. (a) ^|-= 9.8?-3 =>s = 4.9? 2 -3? + C; (i) at s = 5 and ? = 0 we have C= 5 => s = 4.9? 2 -3? +5; 

displacement = s(3) - j(l) = ((4.9)(9) - 9 + 5) - (4.9 - 3 + 5) = 33.2 units; (ii) at s = -2 and ? = 0 we have 
C = -2 =s> s = 4.9? 2 -3? -2; displacement = A3) -s( 1) = ((4.9)(9) - 9 - 2) - (4.9 - 3 - 2) = 33.2 units; 
(iii) at s = s 0 and ? = 0 we have C = s 0 => s = 4.9?" -3? +s 0 ; 
displacement = s(3 )-j( 1) = ((4.9)(9)-9 +5 0 )-(4.9-3+s 0 ) = 33.2 units 

(b) True. Given an antiderivative fit) of the velocity function, we know that the body’s position function is 
s = fit) + C for some constant C. Therefore, the displacement from ? = a to ? = b is 
(fib) + C)~ (/(a) + C) =fib) -fia). Thus we can find the displacement from any antiderivative/as the 
numerical difference fib) - fia) without knowing the exact values of C and .v. 
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120. a(t) = v\t) = 20 => v(t) = 20 1 + C; at (0, 0) we have C=0 => v(t) = 20 1. When t = 60, then 
v(60) = 20(60) = 1200 m/sec. 


121. Step 1: = -k => = -kt + Ci; at ^ = 88 and t = 0 we have 

r dt 2 dt dt 


C| = 88 => ^ = -kt + 88 => ^ =-k + 88t + C 2 ; at 5 = 0 and t = 0 we have C 2 = 0 => s = --^- + 88 1 


Step 2: ^- = 0^>0 = -kt+l 


t — °° 

k 


Step 3: 242= Vf ; +88(^) => 242 = - 


( 88) 2 ( 88) 2 
2k k 


•242 = 


( 88 )‘ 


2k 


• k =16 


122. = -k => + = \-kdt =-kt + C; at + = 44 when f = 0 we have 

dt 1 at J dt 


44 = -k(0) + C=> C = 44 => = -kt + 44 => s = + 44 1 + Q; at 5 = 0 when t = 0 we have 


/v7 


dt 


0 = -^L + 44(0) + C 1 =>Cj =0 => 5 = -^l + 44t. Then § = 0 => -kt + 44 = 0 => t = ^ alK } 


kt 


ds 


44 


(44 j = _^IL + 44 ( 44 ) = 45 ^ _ 968 + 1936 = 


\ k 




k + k 


dt 


= 45 =>Jfc=2&» 21.5-3=-. 

45 sec 2 


123. (a) v = J a dt = J(1 5t 1/2 - 3C 1/2 = 10t 3/2 - 6t 1/2 + C; 

^(1) = 4 => 4 = 10(1) 3/2 - 6(1) 1/2 + C^>C = 0^v = 10t 3/2 - 6t 1/2 


(b) s = J vdt = | ( 10+ 2 - 6 t 1/2 )dt = 4 1 5 ' 2 - 4 1 3/2 + C; 

^( 1 ) = 0 0 = 4(1 ) 5/2 -4(1 ) 3/2 +C^>C = 0=>5= 4 + 2 -4t 3/2 

124. ^f =-5.2 ^ + = -5.2 t + Cu at + = 0 and t = Owe have C, = 0 => + = -5.2/ => 5 = -2.6t 2 + C 2 ; at 5 = 4 

dt 1 dt 1 dt 1 dt z 

and t = 0 we have C 2 = 4 => 5 = -2.61 2 +4. Then 5 = 0 => 0 = -2.61 2 +4 => t = «1.24 sec, since t > 0 

125. = a => ^ = JaJt = at + C; ^ = v 0 when t = 0 => C = v 0 => = at +v 0 => 5 = 4^- + v 0 t + Q; 5 = s 0 

when t = 0 => Sq = +Vq( 0) + Cj => Q = 5 0 => 5 = 4f- +VQt +5 q 

126. The appropriate initial value problem is: Differential Equation: = ~S with Initial Conditions: ^ = vq an d 

5 = 5 0 when t = 0. Thus ^ = j-gdt = -gt + Q; ^-(0) = v 0 => v 0 = (-g)(0) + Q => Q = v 0 ^ =-gt+v 0 . 

Thus 5 = |(-gt + v 0 )4t = -|g? 2 +v 0 t + C 2 ; s(0) = s 0 = -y(g)(0) 2 + v 0 (0) + C 2 => C 2 =5 0 
1 2 

ThllS5=-ygt +V 0 t+5 0 . 

127 (a) jf(x)dx = \-yfx+Ci =-yfx+C (b) ^g(x)dx =x + 2+C\=x + C 

(c) j-f(x)dx = -(l-y[x\ + C l =Jx+C (d) J-g(x)4x = -(x + 2) + C! =-x + C 

( e ) J If ( x ) + g(v)]t/x = (l _ Jx ) + (x + 2) + Cj = x - Vx + C 

(f) J[/(x) - g(x)]dx = (l - Vx j - (x + 2) + Ci = -x - Vx + C 
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128. Yes. If F(x) and G(v) both solve the initial value problem on an interval 1 then they both have the same 
first derivative. Therefore, by Corollary 2 of the Mean Value Theorem there is a constant C such that 
F(x) = G(.r) + C for all x. In particular, F(x q) = G(vq) + C, so C = F(x 0 ) -G(xq) = 0. Hence F(x) = G(.r) 
for all x. 

129-132. Example CAS commands: 

Maple : 

with( student): 
f := x -> cos(x) A 2 + sin(x); 
ic := [x=Pi,y=l]; 

F := unapply(int( f(x), x) + C, x ); 
eq := eval( y=F(x), ic ); 
solnC := solve( eq, {C}); 

Y := unapply( eval( F(x), solnC), x ); 

DEplot( diff(y(x),x) = f(x),y(x),x=0..2*Pi, [[y(Pi)=l]], 

color=black, linecolor=black, stepsize=0.05, title ="Section 4.8 #129"); 

Mathematica : (functions and values may vary) 

The following commands use the definite integral and the Fundamental Theorem of calculus to construct the 
solution of the initial value problems for Exercises 129-132. 

Clear [x, y, yprime] 

. 9 

ypnme[x_] = Cos[x] + Sin[x]; 
initxvalue = 7i; inityvalue = 1; 

y[x_] = lntegrate[yprime[t], {t, initxvalue, x}] + inityvalue 

If the solution satisfies the differential equation and initial condition, the following yield True 
yprime[x]==D[y[x], x]//Simplify 
y[initxvalue]==inityvalue 

Since exercise 132 is a second order differential equation, two integrations will be required. 

Clear[x, y, yprime] 

y2prime[x_] = 3 Exp[x/2] +1; 

initxval = 0; inityval = 4; inityprimeval = -1; 

yprime[x_] = lntegrate[y2prime[t],{t, initxval, x}] + inityprimeval 

y[x_] = lntegrate[yprime[t], {t, initxval, x}] + inityval 

Verify that y[x] solves the differential equation and initial condition and plot the solution (red) and its derivative 
(blue). 

y2prime[x]==D[y[x], {x, 2}]//Simplify 

y[initxval]==inityval 

yprime[initxval]==inityprimeval 

Plot[{y[x], yprime[x]}, {x, initxval-3, initxval+ 3}, PlotStyle —>■ {RGBColor[ 1,0,0], RGBColor[0,0,l]}] 
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CHAPTER 4 PRACTICE EXERCISES 


1 . 

2 . 


3. 


4. 


5. 


6 . 


7. 


9. 


10 . 


11 . 


-5 9 9 • 

No, since /(x) = x + 2x + tan x => /'(x) = 3x + 2 + sec' x > 0 => fix) is always increasing on its domain 


No, since g(x) = cscx + 2cotx => g'(x) = -cscxcotx-2csc 2 x = — : \ = - \ (cosx + 2) < 0 
=> g(x) is always decreasing on its domain 


No absolute minimum because lim (7 + x)(ll-3x) 1/3 =-oo. Next /'(x) = (11-3x) 1/3 -(7+x)(l 1-3x) 2/3 


_ (ll-3x)-(7+x) _ 4(l-x) 

(11-3x) 2/3 _ (1 1-3x) 2/ 

ifx > 1, /(l) = 16 is the absolute maximum. 


■ x = 1 and x = y are critical points. Since /' > 0 if x < 1 and /' < 0 


a(x- l) 2 x(c,x+b) = (ax 2 +2bx+ a ) , = Q __L( 9fl + 6b + a ) = 0 => 5a + 3b = 0. We 

A-l " v ' (x 2 -l) 2 (x 2 -l) 2 j 64 

require also that /(3) = 1. Thus 1 = 


/(x)= ^ =>/'(*) = 


• 3a +b = 8. Solving both equations yields a = 6 and b = -10. Now, 


/'(x) = * * —- so that f -|-|+ + + |+ + + |-. Thus /' changes sign at x = 3 from 

'h ‘ -| 1/3 i 3 

positive to negative so there is a local maximum at x = 3 which has a value /(3) = 1. 


g(x) = e x -x => g'(x) =e x -1 => g' =- I + + + => the graph is decreasing on (-co, 0), increasing on (0, co); 

0 

an absolute minimum value is 1 at x = 0; x = 0 is the only critical point ofg; there is no absolute maximum 
value 


/(x)=t s t=>/'W = 

l+x 


(l+x 2 )-2e J -2e J -2x 2e r (l-x) 2 


(l+x 2 ) 2 


(l+x 2 ) 2 


./' = + + + ! + + + the graph is increasing on (-oo, oo); 
1 


1 is the only critical point of f, there are no absolute maximum values or absolute minimum values. 


fix) = x- 2 1nxonl<x<3^> f '(x) = 1- — => f'{x) = |- I + + +I => the graph is decreasing on (1, 2), 

x ' 1 2 3 

increasing on (2, 3); an absolute minimum value is 2 - 2 In 2 at x = 2; an absolute maximum value is 1 at x = 1. 


fix) =- + lnx 2 on 1 <x < 4 => f\x) = —\ + — = => /' = |-I + + + I => the graph is decreasing on 

x X * x 1 2 4 

(1, 2), increasing on (2, 4); an absolute minimum value is 2 + In 4 atx = 2; an absolute maximum value is 4 at 

x = 1. 


Yes, because at each point of [0,1) except x = 0, the function’s value is a local minimum value as well as a 
local maximum value. At x = 0 the function’s value, 0, is not a local minimum value because each open 
interval around x = 0 on the x-axis contains points to the left of 0 where/equals -1. 

3 

(a) The first derivative of the function /(x) = x is zero at x = 0 even though / has no local extreme value at 
x = 0. 

(b) Theorem 2 says only that if/’is differentiable and / has a local extreme at x = c then /'(c) = 0. It does not 
assert the (false) reverse implication /'(c) = 0 => / has a local extreme at x = c. 

No, because the interval 0 < x < 1 fails to be closed. The Extreme Value Theorem says that if the function is 
continuous throughout a finite closed interval a <x <b then the existence of absolute extrema is guaranteed on 
that interval. 
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12. The absolute maximum is |-1| =1 and the absolute minimum is 101 = 0. This is not inconsistent with the 

Extreme Value Theorem for continuous functions, which says a continuous function on a closed interval attains 
its extreme values on that interval. The theorem says nothing about the behavior of a continuous function on an 
interval which is half open and half closed, such as [-1,1), so there is nothing to contradict. 


13. (a) 


(b) 

(c) 


There appear to be local minima at x = -1.75 
and 1.8. Points of inflection are indicated at 
approximately x = 0 and x = ±l. 


y 



f'(x) =x 1 -3x 5 -5x 4 +15x 2 = x 2 (x 2 -3)(x 3 -5). The pattern y' =-| + 

s 

indicates a local maximum at x = v/5 and local minima at x = ±J3. 


1 + 
o 



i + + + 





1.72 1.74 1.76 1.78 

14. (a) The graph does not indicate any local 

extremum. Points of inflection are indicated 
at approximately x = and x = 1. 



(b) f'(x) = x -2x 4 -5 +4y = x -2)(x -5). The pattern/' =-)(+ + + |-I + + + indicates a 

0 IJs Z/2 


local maximum at x = %/5 and a local minimum at x =m. 


(c) 
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2 

15. (a) g(7) = sin" t-3t => g'(0 = 2sintcost-3 = sin(2t)-3 => g < 0 => g(t) is always falling and hence must 

decrease on every interval in its domain. 

2 2 2 

(b) One, since sin - t —3t — 5 = 0 and sin - t—3t = 5 have the same solutions: f (t) = sin - t-3t-5 has the same 

derivative as g(t) in part (a) and is always decreasing with /(—3) > 0 and /(0) < 0. The Intermediate Value 

Theorem guarantees the continuous function / has a root in [-3, 0], 

16. (a) y = tan 9 => = sec^ 9 > 0 => y = tan 9 is always rising on its domain => y = tan 9 increases on every 

Cl u 

interval in its domain 

(b) The interval jjj, is not in the tangent’s domain because tan 9 is undefined at 9 = y. Thus the tangent 
need not increase on this interval. 

17. (a) f(x) = x 4 +2x 2 -2 => f'(x) = 4x 3 +4x. Since /(0) = -2 < 0,/(l) = 1 > 0 and f'(x) > 0 for 0 < x < 1, we 

may conclude from the Intermediate Value Theorem that /(x) has exactly one solution when 0 < x < 1. 

(b) x 2 = ~ 2± f^ > 0 => x 2 =V3-1 and x > 0 => x « V- 7320508076 * .8555996772 

18. (a) v = => v' = —1—_ > o, for all x in the domain of=> v = is increasing in every interval in its 

-K-f-1 (X+1)^ -X+1 -X+1 

domain. 

3 2 3 

(b) = x + 2x => )/ = 3x + 2 > 0 for all x => the graph of y = x +2x is always increasing and can never 

have a local maximum or minimum 


19. Let V ( t ) represent the volume of the water in the reservoir at time t, in minutes, let V (0) = a 0 be the initial amount 
and F(1440) = a 0 +(1400)(43,560)(7.58) gallons be the amount of water contained in the reservoir after the rain, 
where 24 hr = 1440 min. Assume that V(t) is continuous on [0,1440] and differentiable on (0,1440). The Mean 

Value Theorem says that for some t 0 in (0,1440) we have V'(t 0 ) = F(1 ^ ( j_| ) <0) = a o + < 1440) < 4 T560)(7.48) a n 

= « gal =316,778 gal/min. Therefore at t 0 the reservoir’s volume was increasing at a rate in excess of 
225,000 gal/min. 


20. Yes, all differentiable functions g(x) having 3 as a derivative differ by only a constant. Consequently, the 
difference 3x -g(x) is a constant K because g'(x) = 3 = J^(3x). Thus g(x) = 3 x + K, the same form as F(x). 


21 . 


No ’HTT 


= 1 +—T 

X+l 


- differs from —V by the constant 1. Both functions have the same derivative 

x+1 x+1 J 


( X ) 

1 _ (x+l)-x(l) 1 d | 

{- 1 \ 

U+lJ 

' (x+1) 2 (x+1) 2 4x 

U+i; 


22 . f\x) - g'(x) - -=7 =» /(x)-g(x) - C fo, some cons.am C = .he graphs differ by a verrieal shift. 

23. The global minimum value of j occurs at x = 2. 


24. (a) The function is increasing on the intervals [-3,-2] and [1, 2]. 

(b) The function is decreasing on the intervals [-2, 0) and (0,1]. 

(c) The local maximum values occur only at x = -2, and at x = 2; local minimum values occur at x = -3 and 
at x = 1 provided/is continuous at x = 0. 


25. 

(a) 

t = 0, 6,12 

II 

^o 

(c) 

6<t <12 

(d) 

0 < t < 6,12 < t < 14 

26. 

(a) 

t = 4 

(b) at no time 

(c) 

0 < t < 4 

(d) 

4<t <8 
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43. (a) y' = 16-x => y'= -|+ + +|-=> the curve is rising on (-4, 4), falling on (-oo,-4) and (4, oo) 

-4 4 

=> a local maximum at x = 4 and a local minimum at x = -4; y" = -2x => y" = + + + |-=> the curve is 

0 

concave up on (-oo, 0), concave down on (0, oo) => a point of inflection at x = 0 

(b) 

.t = 4 



x = -4 


2 

44. (a) y - x~ —x — 6 = (x—3)(x + 2) =>j/ = + + + |-| + + + =^> the curve is rising on (-oo,-2) and (3, oo), 

-2 3 

falling on (-2,3) => local maximum at x = —2 and a local minimum at x= 3; y"=2x -1 =>>>" =- j + + + 

1/2 

=> concave up on ^,ooj, concave down on (- 00 , 4j => a point of inflection at x = \ 
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•5 0 

45. (a) y- 6x(x + l)(x-2) = 6x -6x~-12x => =-I+ + +I-|+ ++=> the graph is rising on (-1, 0) 

-10 2 

and (2, oo), falling on (-oo, -1) and (0, 2) => a local maximum at x = 0, local minima at x = -1 and 

= + + + I — I + + + 

3 3 


x = 2; y" =l8x — 12x —12 = 6(3x“ — 2x — 2) = 61 x 


the curve is concave up on |-oo , 1 ^ j and | 1+ ^ ,ooj, 


(b) 


inflection at x 

Loc max 


_ i ±77 

3 



concave down on | 1 y - , 1+ ^ ) : 


points of 


> the curve is rising on (-oo, falling on 


46. (a) y' = x z (6 -4x) = 6x z -4x i => y' = + + + | + + + | — 

0 3/2 

(4, oo j => a local maximum at x = 4; j" =12x-12x 2 = 12x(l-x) => y" =-| + + + |-=> concave 

V ' 0 1 
up on (0,1), concave down on (-oo, 0) and (1, oo) => points of inflection at x = 0 and x = 1 


(b) 


.1 = 3/2 


47. (a) y' = x 4 -2x 2 = x 2 (x 2 -2) => y' = + + + |-|-| + + +=> the curve is rising on (— oo, —v/2 ) and 

-V2 0 V2 v ; 

| \[2, ooj, falling on (-x/2, y[2 j a local maximum at x = -y[2 and a local minimum at x = V2; 


y" ~ 4x J - 4x = 4x(x - l)(x +1) => y" = -| + + +|-1+ + +=> concave up on (-1, 0) and (1, oo), 

-1 0 1 

concave down on (-oo, -1) and (0,1) => points of inflection at x = 0 and x = ±1 


(b) 



48. (a) y' = 4x 2 -x 4 = x 2 (4-x 2 ) => y' =-|+ + +|+ + + |-=> the curve is rising on (-2, 0) and (0, 2), 

-2 0 2 

5 

falling on (-oo, -2) and (2, oo) => a local maximum at x = 2, a local minimum at x = -2; y" = 8x -4x 
= 4x (2 -x 2 ) => y" = + + + |-|+ + +|-=> concave up on ( -oo, —s/2 ) and (0, V2 ), concave 

-V2 0 72 \ ) \ ) 

down on (—y[2, oj and {^J2 , oo j => points of inflection at x = 0 and x = ±V2 
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(b) 


jr = 2 



49. The values of the first derivative indicate that the curve is rising on (0, co) and falling on (— oo, 0). The slope of 
the curve approaches -oo as x —> 0 _ , and approaches oo as x —> 0 + and x —> 1. The curve should therefore have a 
cusp and local minimum at x = 0, and a vertical tangent at x = 1. 



50. The values of the first derivative indicate that the curve is rising on ^0. 4-j and (1, oo), and falling on (-oo, 0) and 

lj. The derivative changes from positive to negative at x - 4, indicating a local maximum there. The slope 

of the curve approaches -oo as x — > 0 _ and x —> 1 _ , and approaches oo as x —> 0 + and as x — > 1 + , indicating 
cusps and local minima at both x = 0 and x = 1. 


y 



y' 



X 


51 . The values of the first derivative indicate that the curve is always rising. The slope of the curve approaches co 
as x —» 0 and as x —> 1, indicating vertical tangents at both x = 0 and x = 1. 
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52. The graph of the first derivative indicates that the curve is rising on ^0, 17 | ^ 77 j and | 174 ^/^ , ooj, falling on 

(-oo, 0) and 1 17 C: , | =^> a local maximum at x = 17 , a local minimum at x = . The derivative 

\ 16 16 / 16 16 

approaches -oo as x — » 0 _ and x —> 1, and approaches oo as x —> 0 + , indicating a cusp and local minimum at 
x = 0 and a vertical tangent at x = 1. 




53. y=x±L = l + ^- 
y x —3 x —3 



55. y = ^±L = x + 1 

X X 




54. y = 


2x _ 2 _10_ 

x+5 x+5 



56. y = 2C^X±l = x _l + l 

X X 



58. y=^l = x 2 
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63. lim tan* = (J 

* X 


64. lim -tei. = lim Jeci*. = JL = i 
x ^ 0 * +sinx x^ 0 ^ +cosx 2 


65. pm sin 2 x = lim 2sin.v c osx = iim sin <2x) = lim - 2cos(2x) - = 2 =\ 

x -^0 tan(x 2 ) 2xsec 2 (x 2 ) x->0 2xsec 2 (x 2 ) *->.0 2x(2sec 2 (x 2 )tan(x 2 )-2x)+2sec 2 (x 2 ) 0+21 


sin(mx) mcos(mx) 

lim —-—- = lim-)—- 

x->0 sin (nx) x _> 0 ncos(nx) 


m 

n 


67 lim secf7x')cosGx') = lim cos ( 3x ) = \[ m 3sm(3x) 3 . 

( 3 ( } x -> k /2~ cos ( 2x ) x _Sr- 7 -(7*) 7 


68 . lim -Jx secx = lim H = -7 = 0 

x—»0 + x-»0 + cosx 1 


69. lim (esc x - cot x) = lim 1 cosx = lim -^L = -7 = 0 

x->0 x->0 smjc x->0 cosx 1 


sinx _ 0 


70 . lim (-j—V) = lim(^-f-)= lim(l-x 2 )~= lim(l-x 2 )= lim-j 

x— >0 \ x x I x—>0 \ x ) x—>0 x x— >0 x— >0 x 


= 1 • oo = 00 


71. lim ( \Jx~ + x + l —Vx“ — x 1 = lim fv/x 2 + x +1 — Vx 2 — xl- 

x—> 00 V J x->°oV ) Vx 2 +x+l+Vx 2 -x 


= lim 


2x+l 


x->oo xjx 2 +x+l +\lx 2 -x 


Notice that x = xjx for x > 0 so this is equivalent to 

2x+\ 2+1 


= lim 


■ = lim 


X— »co l x 2 —A'— I , lx 2 -x X— >0O ll+— H—Ir+./l—— VT++ 

v 1 x 2 v x 


=1 


72. lim I -lim 


x 3 (x 2 +l)-x 3 (x 2 -l) 


= lim = lim -Ur = lim -Ur = lim Af- = lim + = 0 


* -1 x +1 / x— >00 (x — l)(x +1) x— >00 x —1 x— >00 4x x— >00 12x x—>oo x—>oo •“ 


73. The limit leads to the indeterminate form 7 ^: lim ——1- = lim (lnl( ^ 1Q = In 10 

0 x ^ 0 x x-»0 1 
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74. The limit leads to the indeterminate form 4; lim 4_i = Hm 


(ln3)3 g 


0 <9+0 9 <9+0 1 


= In 3 


75. The limit leads to the indeterminate form p m 2 -L = |j m -- (ln2)( cos a) = ^ 2 

u x+0 e x -l x+0 e* 


76. The limit leads to the indeterminate form 4; lim 2-—1 = lim -- (ln2)( cos a) _ _j n 2 

u x+0 e x -l x+0 e x 

77. The limit leads to the indeterminate form 4; lim 5 ~ 5cos y = lim 5sm v = lim 5cosx = 5 

u x+0 e x -x-i x+0 e x -\ x+o 


78. The limit leads to the indeterminate form 77 : lim 4 4g = lim 


-4e x 

~ . 11111 -— mu - 

u x ^0 xe x x ^>oe x +xe x 


= -4 


79. The limit leads to the indeterminate form 4 : lim - ln ^ +2f> = |j m ^ 


t+0 + 


t 


t->0 + 


2 1 


80. The limit leads to the indeterminate form jj-: 

lim s ' r ' 2 ^ ;r '9 _ jj m 2^(sin^x)(cos^x) _ jj ;rsin(2;rx) _ ^ 2k 1 cos(2?rx) _ o^.2 

x—>4 e +3-x x^-4 e -1 x->4 e -1 x->4 e 


81. The limit leads to the indeterminate form jj-: 


: lim (---)= lim 
t+ 0 +W ') ,_> 0 + \ ‘ ' 


= lim 4- = 1 


<+o + 


82. 


The limit leads to the indeterminate form —: 

00 


lim e 1/; In v 
y+ 0 + 


lim = p m — 1 —— = _ p m - 2 _ = 0 

y+ 0 + e y y+0 + —e y ^ > y+ 0 + e y 


83. 


lim (l + f)^ = lim ( 




x/b 


-\bk 


bk 


84. 


lim (l + - + 4 ) 

x+oo\ * x 2 ) 


= 1 + 0 + 0 =1 


85. (a) Maximize f(x) = ~Jx - ~j36-x = x l/ -(36-x) 1/2 where 0<x<36 

=> f'(x) = 4 x ~ y - -4(36-x)~ 1/- (-l) = V36-x+Vx derivative fails to exist at 0 and 36; /( 0 ) =- 6 , and 

1 1 2yJXy/36-X 

f (36) = 6 => the numbers are 0 and 36 

(b) Maximize g(x) = ~Jx +>/36-x = x 1/2 +(36-x) 1/2 where 0 <x <36 => g'(x) = 4-x _1/2 + 4(36-x) _1/2 (-l) 

_ %/36-.'--V4 . critical points at 0, 18 and 36; g(0) = 6 , g(18) = 2Vl8 = 6y/2 and g(36) = 6 => the numbers 
2vxv36-x 
are 18 and 18 


86 . (a) Maximize f(x) = x[x(20-x) = 20x 1/2 -x 3/2 where 0 <x < 20 =>/'(*) = lOx 1/2 = 20 M- = 0 

2 2 Vx 

=> x = 0 and x = y are critical points; f(0)=f(20)=0 and /(-p) =^/^-( 20 => the numbers 


are y and y. 
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(b) Maximize g(x) = x+^20-x = x + (20-x ) 1/2 where 0 < x < 20 => g'(x) = = 0 


2^20-x 


=> V 20 -x = 4 


• x = 2p The critical points are x = 22 and x = 20. Since g(22j = and g(20) = 20, the numbers must be 


22 and 4 - 


87. 4(x) = ±(2x)(27 -x 2 ) for 0 < x < V27 

=> 4'(x) = 3(3 +x)(3 -x) and A"(x) = - 6 x. The 
critical points are -3 and 3, but -3 is not in the 
domain. Since A"( 3) = -18 < 0 and a(J27 j = 0, the 

maximum occurs at x = 3 => the largest area 
is 4(3) = 54 sq units. 



88 . 


The volume is V = x 2 h = 32 => h = 2=-. The surface 
area is S(x) =x 2 +4x^j =x 2 + ^, where x > 0 
=>5'(x) = " (> 4 ^ x + 4x+l6 ^ the critical points are 0 

X 

and 4, but 0 is not in the domain. Now 
S "(4) = 2+ 222 > 0 => at x = 4 there is a minimum. 

The dimensions 4 ft by 4 ft by 2 ft minimize the 
surface area. 

From the diagram we have j + r 2 = (v/3 j 
=> r 2 = 12 ~^ . The volume of the cylinder is 
V = nr 2 h = tt| 12 ~ /; j h = -|-(12 h-h 2 ), where 

0 </? < 2>/3. Then V\h) =^f(2 + h)(2-h ) => the 
critical points are -2 and 2 , but -2 is not in the 
domain. At h = 2 there is a maximum since 
V"(2) = -3n < 0. The dimensions of the largest 
cylinder are radius = x /2 and height = 2 . 



90. From the diagram we have x = radius and y = height 
=12-2x and V(x)=^7rx 2 (\2 -2x), where 0 <x < 6 
=> V'(x) = 2;rx(4 -x) and V"(4)=-Sn. The critical 
points are 0 and 4; F(0) = V(6) = 0 => x = 4 gives the 
maximum. Thus the values of r = 4 and h = 4 yield 
the largest volume for the smaller cone. 

91. The profit P = 2px + py = 2 px + /> ( 4 ^~^ Qx ), where p is the profit on grade B tires and 0 < x < 4. Thus 
P'(x) = ^ P y -10x + 20) => the critical points are ^5 — yj5 j, 5, and ^5 + V?j, but only ^5 — yj5 j is in the 

domain. Now P'(x) > 0 for 0 < x < ^5 - V? j and P'(x) < 0 for (5 - V? j <x<4=>atx = ^5 - V5 j there is a local 
maximum. Also P(0) = 8p,P^5-y[5 j = 4p^5 - V? j « lip, and P( 4) = 8p => at x = ^5 — y/s j there is an 
absolute maximum. The maximum occurs when x = [S—yfs'j and y = 2^5 — V? j, the units are hundreds of tires, 
i.e., x « 276 tires and y « 553 tires. 
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92. (a) The distance between the particles is |/(7) | where f(t) = -cost + cosft + -|J. Then, 

f'(t) = sint -sin^t +-^j. Solving /'(f) = 0 graphically, we obtain 1 » 1.178, t » 4.320, and so on. 




-sin [ (t+4\ + ^ 

L\ 8) 8 _ 

|_V 8 / 8 _ 


sin(t+-|)cos-|-cos(t+-|)sin-| - sin (t + -|)cos-| + cos(f + -|)sin-|- = -2sin-|cos(f + y) so 


the 


critical points occur when cos^f + J 1 ) = 0, or t = ^- + kn. At each of these values, f(t) = ±cos^ = ±0.765 
units, so the maximum distance between the particles is 0.765 units. 

(b) Solving cost = cos(f +-|) graphically, we obtain t ~ 2.749 ,t ~ 5.890, and so on. 



Alternatively, this problem can be solved analytically as follows. 



cos [( t+ f)-f] = cos [( t+ f) + f] 

cos|t + |-jcos-|- + sin|t +yj sin-| = cos^f +|-) cos|--sin(f+ |-jsin| 1 
2sin(t + |)sin| = 0 

sin^f+ -|-) = 0; t=^- + kn 

The particles collide when t = ® 2.749. (Plus multiples of n if they keep going.) 

O 


93. The dimensions will bex in. by 10-2x in. by 16-2.x in., so V(x) = x(10 -2x)(16 -2x) = 4x 3 -52x 2 +160.r for 
0 < x < 5. Then F'(x) = 12x~ -104x +160 = 4(x -2)(3x -20), so the critical point in the correct domain is x = 2. 
This critical point corresponds to the maximum possible volume because F'(x) > 0 for 0 < x < 2 and F'(x) < 0 
for 2 < x < 5. The box of largest volume has a height of 2 in. and a base measuring 6 in. by 12 in., and its 
volume is 144 in. 3 

Graphical support: 
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94. The length of the ladder is d\ + d 2 = 8 sec 9 + 6 esc 9. 
We wish to maximize I(0)=8sec9 + 6csc0 
=>/'($) =8sec0tan0-6csc6 , cot£7 Then/'( 6 ) ) = 0 

=> 8 sin 3 6 - 6 cos 3 9 = 0 => tan => 9 = 

=> d { = 4^4+1/36 and d 2 = 2/36^4 +1/36 => the 
length of the ladder is about ^4 + 1/36^4 + 1/36 

= (4 + lj36 ) J V2 ® 19.7 ft. 



95. g(x) = 3x-x 3 + 4 => g( 2) = 2 > 0 and g(3) = -14 <0 => g(x) = 0 in the interval [2, 3] by the Intermediate 

Value Theorem. Theng'(x) = 3 -3x 2 => v„ +1 = x n - 3x " x ” +4 ; x 0 = 2 => x t = 2.22 => x 2 = 2.196215, and so 

3-3x„ 

forth to x 5 =2.195823345. 

96. g(x) = x 4 -x 3 -75 => g(3) = -21 < 0 and g(4) = 117 > 0 => g(x) 

Value Theorem. Then g'(x) = 4x 3 -3x 2 => x n+i = x n - X " /" ^ 

4jc n -3x n 

and so forth to x 5 = 3.22857729. 

97. j(x 3 +5x-7)dx=^- + ^-7x + C 

98. \{%t 3 -// + t^dt =^-~^ + ^ + C =2t 4 -£ + // + C 

99. J^3 y/t +± ) jdt = j (3t 1/2 + 4A 2 ) dt = + C = 21 312 -j- + C 

10 °- 


= 0 in the interval [3, 4] by the Intermediate 
xq = 3 => xj = 3.259259 => x 2 = 3.229050, 


101. Our trial solution based on the chain rule is 


(r+5) 


+ C. Differentiate the solution to check: 


C+5) 


c 


J (r+5) 


Thus f 

kSI 2 J 


dr 


(r+ 


0+5) 


+c. 


102. Our trial solution based on the chain rule is — 


M) 


H) 


+c 


6 dr 


—-—Thus f 

(r-Jlf J (r-fif (r-V2) Z 


- C. Differentiate the solution to check: 


- + C. 


2 3/2 

103. Our trial solution based on the chain rule is (<9“ +1) + C. Differentiate the solution to check: 


d 

dd 


(0 2 + 1 ) 3/2 + c] = 39\l 6> 2 +1. Thus \30-/9 2 +\d9 = {9 2 +\) 3/2 +C. 
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104. Our trial solution based on the chain rule is 'll + 6 2 + C. Differentiate the solution to check: 


d 

dO 


Ti 


+ 6~ +C 


= 9 

4i+e 2 


Thus J 




:dd 


=V7 


+ e- +c. 


105. Our trial solution based on the chain rule is i(1 + x 4 ) 3/4 + C. Differentiate the solution to check: 


d_ 

dx 


i(l + x 4 ) 3/4 +C = x 3 (l + x 4 )“ 1/4 . Thus Jx 3 (l + x 4 )~ 1/4 dx = |(1 + .r 4 ) 3/4 + C. 


c 8/5 

106. Our trial solution based on the chain rule is -f (2 —x) + C. Differentiate the solution to check: 

o 


-f(2-x) 8 / 5 +C~| = (2-x) 3/5 . Thus f(2-x) 3/5 dx = -f(2-x ) 8/5 +C. 


107. Our trial solution based on the chain rule is lOtan-j^- 4 - C. Differentiate the solution to check: 
Jr^lOtan^ + cj = sec 2 Thus Jsec 2 j-ds = 10 tan^ + C. 


108. Our trial solution based on the chain rule is —-cot ns + C. Differentiate the solution to check: 

n 

4 ~\—-cot ns +cl = esc 2 ns. Thus [esc 2 ns ds = —-cot7r.y + C. 
ds \_ n J J n 

109. Our trial solution based on the chain rule is —j^ese 'flO + C. Differentiate the solution to check: 

=-CSC 

V 2 

110. Our trial solution based on the chain rule is 3sec-j + C. Differentiate the solution to check: 
^^3sec-j + cJ = secjtanj. Thus Jsecytan-ycotV2#c/# = 3secy + C. 



d 

dO 


'4i 


CSC ’ 


V 2 e+c = CSC V26? cot V26 1 . Thus J CSC 'Jld cot 4l0d 6 


111. Our trial solution based on the chain rule is y - sin y + C. Differentiate the solution to check: 
-J^f-sin^ + cJ = 4-icos-| = sin 2 ^. Thus Jsin 2 yf7x = y-siny + C. 

112. Our trial solution based on the chain rule is y + y sin x + C. Differentiate the solution to check: 
y^y+ ysinx + cj = 4 + /-cosx = cos 2 y. Thus Jcos 2 y£?x = y + ysinx + C. 

113. J(y-x)fi?x = 31n|x|-y- + C 

114. + -)fi£c = J^5x —2 + -y—j dx = -5x _1 +2tan _1 x + C 

115. f(je‘ -e~ t )dt=je t -^- + C = je t +e~ t +C 

116. J(5 i +5 5 )&=^ +^ + C 117. j(0 1 ~ 7r )d0 = ^ + C 
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118. f(2 7r+r )dr =^- + C 119. f- l=dx = \ f dx = hec~ l x + C 

J ln2 } 2x471 2S x471 2 


120 . J 


Vl6 -6 


r de 

J 

\ 


K) 


^. = sm-*(f ) + C 


121. y = J 2 —±1 dx = j( \+x 2 ) dx =x-x 1 + C = x -y + C; y = -1 when x = l=>l-y + C = -l=>C = -l 
=^> y = x -~-1 

^ .X 

122. y = J|x + dx = |(x 2 + 2 + -j) dx = J(x" +2 + x _2 )<ix = ^- + 2x -x _1 + C = 4y + 2x--y + C; 

j = 1 when x = l=^>Y + 2-T+C = l=^>C = -i^>>’ = Ar- + 2x-—-\ 

3 1 3 3x3 

1 23. ^ = J f 1 5 Jt + -j) dt = J(1 5t 1/2 + 3f 1/2 ) dt = 1 Ot 3/2 + 6t in + C; ^ = 8 when t = 1 =i> 10(1) 3/2 + 6(1) 1/2 + C = 8 

=} C = -8. Thus ^| = 10t 3/2 + 6t 1/2 - 8 r = J (10t 3/2 + 6t 1/2 -8) dt = 4t m + 4t 3/2 - 8t + C; r = 0 when t = 1 
=> 4(1) 5/2 + 4(1) 3/2 -8(1) + q = 0 => Q = 0. Therefore, r = 4 1 5/2 + 4 t 3/2 -8t 

124. = I-cost dt = -sint + C; r" = 0 when t = 0=>-sin0 + C = 0=>C = O.Thus, = - sin t 






= J—sin r dt = cost + C l ; r' = 0 when t = 0 => 1 + Q = 0 => Cj = -l.Then 


4j- = cost-1 =^> r = {(cost — 1) dt = sinf - t + C 2 ; r = -1 when t = 0^>0-0 + C 2 = -1 => C 2 = -1. Therefore, 


dt 

r = sint — t -1 


125. Yes, sin ! x and -cos 1 x differ by the constant y 


126. Yes, the derivatives of y = -cos 1 x + C and j = cos 1 (-x) + C are both A— 

Vl-x 2 


127. A = xy=xe x =>-^- = e x +(x)(-2x)e A = e A (l-2x 2 ). Solving ^ = 0 => 1 -2x 2 = 0 => x = yf- < 


for x > -4= and > 0 for 0 < x < -4= => absolute maximum of -4=e = -4= at x = -4= units long by 

v2 “X V2 v2 V2e V2 


— 1/2 1 

y = e = -W units high. 

V<? 


128. 4 = xy = x|-yfj = = -T-^r ~ 1 Solving = 0 => 1 -lnx = 0 => x = e; ^-<0 forx>eand 

for x < e => absolute maximum of — = — at x = <? units long and y = -V units high. 

dX @ @ p 
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129 . y = x In 2x -x 

=> y' = x [^j + ln(2x) -1 = In 2x; solving 

j/ = 0=>x=4; y’>0 for x>^ and y' < 0 for 

x < ^- => relative minimum of -4 at 

x= 2 ; = and f (f) = 0 => absolute 

minimum is -4 at x = 4 and the absolute 

maximum is 0 at x = -| 



130. j = 10x(2 - lnx) => / = 10(2 - In x) -10x(^) 

= 20 - lOlnx -10 
= 10(1-In x); 

solving y' = 0 => x = e; < 0 for x > e and v' > 0 
for x < e relative maximum at x = e of lOe; j > 0 
on (0, e 1 ] and y(e 2 ) = 10e 2 (2-21n3) = 0 => 

2 

absolute minimum is 0 at x = e and the absolute 
maximum is lOe at x = e 



131. f(x) = e x/ ^ x +1 for all x in (-oo, oo); 


/'(*) = 


|V* 4 +1 

H 

' 2.r> 1 

( 3 

/x 4 +l 

\2 


3 4 -C g x/ylx 4 +l _ 1-v 4 g x/Vx 4 +l _ (l-x 2 )(l+x 2 ) g x/Vx 4 +l _Q \_ x 2 -Q ^ y = + ^ 

(,/777i 3 (* 4 +P 3/2 


|Vx 4 +1 
\ ; 


are critical points. Consider the behavior of/’as x — » ±°o; lim e x/ ^ x +1 = lim e x/ ^ x +1 = 1 as suggested by 


the following table (14 digit precision, 12 digits displayed): 
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100 

0.0099 9999 9950 00 

1.0100 5016 703 

1000 

0.0010 0000 0000 00 

1.0010 0050 017 

10000 

0.0001 0000 0000 000 

1.0001 0000 500 

100000 

0.0000 10000 0000 00000 

1.0000 1000 005 




OO 

0 

1 


Therefore, y = 1 is a horizontal asymptote in both directions. Check the critical points for absolute extreme 
values: /(—1) = e~^ /2 « 0.4931, /(l) = e'^ 2 « 2.0281 => the absolute minimum value of the function is 
g —v/2/2 at x _ alK j absolute maximum value is e^ /2 at x = 1. 


I 37 ^ 2 2 

132. f{x)=e* i ~ x ~ x ; the domain of g is all x such that 3-2x-x >0. The parabola y = 3-2x-x is concave 

down with.r-intercepts at x = -3 and x = 1, therefore 3-2x-x >0 if-3 <x < 1, and this interval is the 

I 2 * 

domain ofg; g'(x) = — , l+x 3-2 y-.y _ q = ^>i+; C = o^>x = -lisa critical point; 

V3-2x-x 2 

g(-3) = g(l) = e = 1 , g(l) = e ~ 7.3891 => the absolute minimum value of the function is 1 at x = -3 and x = 
1 , and the absolute maximum value is e~ at x = - 1 . 


133. (a) y = 

V* Xy/X 


lnx 

2x 3/2 


2-lnx 

2xy[x 


=> y 


n 


= --|x 5/ ^(2-lnx)-4-x 5/2 
= x~ S ' 2 (|lnx-2); 


2 

solving y = 0 => In x = 2 => x = e~\ y <0 

2 2 
for x > e and > 0 for x < e~ 

=> a maximum of —; v" = 0 => 

In x = | => x = e 8/3 ; the curve is concave down 

O/O 0/0 

on ( 0 , e ) and concave up on (e , oo); so 
there is an inflection point at fe 8/3 , — 475 -). 



(b) y=e x =>/ = -2xe v 

=> y" = -2e A +4x 2 e x =(4x 2 -2)e x ; 
solving y' = 0 => x = 0; < 0 for x > 0 and 

y' > 0 for x < 0 => a maximum at x = 0 or 


e u = 1; there are points of inflection at 
x = ±— 7 =; the curve is concave down for 

V 2 


1 


< x < and concave up otherwise. 
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(c) y = ( \+x)e x 

=> y' = e~ x -(1 + x)e~ x = -xe~ x 

=^> y" = -e~ x + e~ x = (x-l)e~ x ; solving 

y' = 0 => -xe~ x =0 =^> x = 0; y' < 0 for 
x > 0 and y' > 0 for x < 0 => a maximum at x = 

0 of (1 + 0)e° = 1; there is a point of inflection 
at a' = 1 and the curve is concave up for x > 1 
and concave down for x < 1. 



134. y =x lnx => y' = lnx + x(^) = lnx + 1; solving 

y' = 0 => lnx + 1 = 0 => lnx =?#1 => x = e 1 ; 
y' > 0 for x > e _1 and y' < 0 for x < e~ X 

■=$ a minimum of e -1 lne -1 = —- at x = e _1 . This 

e 

minimum is an absolute minimum since v" = — is 

x 

positive for all x > 0. 



135. In the interval n<x < 2;rthe function 

sin x < 0 => (sin x) sm * is not defined for all values 
in that interval or its translation by 2 n. 



136. v = x 2 In^j =x 2 (lnl-lnx) =-x 2 lnx => ^ =-2xlnx-x 2 =-x(21nx + l); solving 

i 7 : = 0=>21nx + l = 0=>lnx = -J r =>x = e -1/2 ; ^-< 0 for x > e -1/2 and ^ > 0 for x <e -1/2 => a relative 
ax 2 ax ax 

—1/9 1/9 /— 

maximum at x = e ; j- - x and r = 1 => h = e “ = ye «1.65 cm 
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CHAPTER 4 ADDITIONAL AND ADVANCED EXERCISES 


1. If M and m are the maximum and minimum values, respectively, then m < f (x) < M for all ie/, If m = M 
then/is constant on I. 

2. No, the function f(x) = | + 2 “ x < 0 has an absolute minimum value of 0 at x = -2 and an absolute 

' v |9 -x 2 ,0<x<2 

maximum value of 9 at x = 0, but it is discontinuous at x = 0. 


3. On an open interval the extreme values of a continuous function (if any) must occur at an interior critical point. 
On a half-open interval the extreme values of a continuous function may be at a critical point or at the closed 
endpoint. Extreme values occur only where f = 0, f does not exist, or at the endpoints of the interval. Thus 
the extreme points will not be at the ends of an open interval. 


4. The pattern f 
at x = 3. 


|-|-I + + + +I + + + indicates a local maximum at x = 1 and a local minimum 

12 3 4 


5. (a) If y' = 6(x + l)(x -2) , then y'<0 for x<-l and y'>0 for x > -1. The sign pattern is 

f = -| + + + | + + + =>/has a local minimum at x = -1. Also y" = 6(x-2) + 12(x+l)(x-2) 

-1 2 

= 6(x - 2)(3x) => y" > 0 for x < 0 or x > 2, while y" < 0 for 0 < x < 2. Therefore / has points of inflection at 
x = 0 and x = 2. There is no local maximum. 

(b) If y' = 6x(x + l)(x-2), then y’ < 0 for x < -1 and 0 < x < 2; y' > 0 for -1 < x < 0 and x > 2. The sign pattern 

is y' =-| + + +|-| + + + . Therefore/has a local maximum at x = 0 and local minima at x = -1 and 

-10 2 

1+/7 

3 

has points of inflection at x = . 


j , so y" < 0 for < x < and y" > 0 for all other x => / 


x = 2.Also, y" = 18 


x - 


i-/7 

3 


6. The Mean Value Theorem indicates that = f\c) < 2 for some c in (0, 6). Then /(6)-/(0) < 12 

indicates the most that/can increase is 12. 


7. If/is continuous on [a, c) and /'(x) <0 on [a, c), then by the Mean Value Theorem for all x e [a, c) we have 
< 0 => /(c) - / (x) < 0 => / (x) > / (c). Also if/is continuous on (c, b ] and /'(x) > 0 on (c, 6], then 

for all x e (c, b\ we have ^ ~~~ > 0 => /(x) - /(c) > 0 /(x) > /(c). Therefore /(x) > /(c) for all 

x e [a, b\ 


8. (a) For all x, -(x +1) 2 < 0 < (x -l) 2 => -(1 + x 2 ) < 2x < (1 +x 2 ) - j < 


(b) There exists c e ( a , b ) such that —^^- = - 

l+c 

^\m-m\<t\b-a\. 



f(b)-f(a ) 


c 

b—a 

b-a 


1 +c 2 


2 - 1+x 2 “ 2 • 

<7-, from part (a) 


9. No. Corollary 1 requires that /'(x) = 0 for all x in some interval /, not /'(x) = 0 at a single point in I. 


10. (a) h(x) = f (x)g(x) h\x) = /'(x)g(x) + /(x)g'(x) which changes signs at x = a since /'(x), g'(x) > 0 

when x < a, f'(x), g'(x) < 0 when x> a and / (x), g(x) > 0 for all x. Therefore h(x) does have a local 
maximum at x = a. 

3 6 

(b) No, let /(x) = g(x) = x which have points of inflection at x = 0, but h(x) = x has no point of inflection 

(it has a local minimum at x = 0). 
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11. From (ii), /(-l) = jrz^y = 0 => a =1; from (iii), either 1 = lim f(x) or 1 = lim /(x). In either case, 

b c+2 x-»°o x->-<x 

, 1+i 1+1 

lim /(x) = lim —— = lim -A 7 = 1 => b = 0 and c- 1. For if b = 1, then lim - = 0 and if 

x —>+00 x —>+00 bx +cx +2 x->±oo bx+c+^ x — »+ooX+c+— 

1+1 1+1 

c = 0, then lim —= lim = ±00. Thus a = 1, b = 0, and c = 1. 

x —>±00 bx+— x— >±a> v 

12. = 3x 2 + 2Ax + 3 = 0 => x = ~ 2 / 'Wl ^ 2 ~ 36 => x h as on iy one value when 4k 2 -36 = 0 => k 2 = 9 or k = ±3. 

ax 6 J 

13. The area of the AABC is A(x) = — 

= (1 -x 2 ) 1/2 , where 0 < x < 1. Thus A'(x) = :L_ 

V 1-x 2 

=^> 0 and ±1 are critical points. Also A (±1) = 0 so 
4(0) = 1 is the maximum. When x = 0 the A ABC is 
isosceles since AC = BC = v/2. 



14. 


lim — {c+h ] 1 (<l) = /"(c) => for £=\\ /"(c) |> 0 there exists a 8 > 0 such that 0 <| h |< 8 
h-+ 0 " 2 

\ f,(c+h) - f,(c) - f\c) | < 11 /"(c) I • Then /'(C) = 0 => -11 /"(c) | < - /"(c) < i | /"(c) | 

=> /"(c) -i | /"(c) |< < /"(c)+T | /"(c) |. If/"(c) < 0, then | /"(c) |= -/"(c) 

=> I/"(c) < f (< ^ h) < t/"(c) < 0; likewise if/"(c) > 0, then 0 < |/"(c) < f (c + h) < |/"(c). 

(a) If/"(c) < 0, then < h < 0 => f\c + h)> 0 and 0 </*<£=> f\c + /z) < 0. Therefore, / (c) is a local 
maximum. 

(b) If/"(c) < 0, then -S < h <0 => f\c + h) < 0 and 0 </*<£=> f\c + /z) < 0. Therefore, / (c) is a local 
minimum. 


15. The time it would take the water to hit the ground from height y is ^J~~y where g is the acceleration of gravity. 
The product of time and exit velocity (rate) yields the distance the water travels: 

D(y) = /f V 64 ( /? “ y) = 8 /( /! l“T 2 ) 1 ' 2 , 0<y<h=>D'(y) = -4^(hy-y 2 )~ 1/2 (h-2y)^0, \ and/? 

/ 2 4/2 

are critical points. Now £>(0) = 0, D ^-y) = 8 A\h - (4) = 4/? and D(h) = 0 => the best place to 

drill the hole is at y = 


16. From the figure in the text, tan(/ + 6) = tan(/ + 9) = g ; and tan <9 = These equations give 

= h tan P +a Solving for tan / gives tan / = , — -or (/? 2 -a(/> + a))tan / =bh. 

h 1-ftan/? h-atanp 6 ^ 6 ^ /? 2 +«(*+a) ' 

Differentiating both sides with respect to /? gives 2/? tan / + (/?" + a(Z> + a)) sec^ / - b. Then 

4£ = 0^>2/?tan/?=Z,^2/?| 7 -I = b=> 2bh 2 = bh 2 +ab{b+a) => h 2 = a{b+a ) => h = Ja(a+b). 

dn \h +a(b+a) J 
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17. The surface area of the cylinder is S = 2nr + 2nrh. 
From the diagram we have A = 44=4t ==> h = ^~' H 

andS(r) = 2 nr{r + h) = 2nr(r + H -r^j 

= 2n{\-^^r 2 +2 nHr, where 0 < r <R. 



Case 1: H < 7? => S(r) is a quadratic equation containing the origin and concave upward => S(r) is maximum 
at r = R. 

Case 2: H = 7? => S(r) is a linear equation containing the origin with a positive slope => S(r) is maximum 
at r = R. 

Case 3 : // > 7? => S(r) is a quadratic equation containing the origin and concave downward. 


Then 4jL = 4 ^ 1 -40 r +2nH and ^ = 0 => A7i(\-^r 

weletr *=2 WlTy 


+2 nH = 0 => r = 


RH 


2 (H-R) 


For simplification 


(a) If 7? < H < 2 7?, then 0 > H -2R => H > 2(H -7?) => r* = j(h^r) > Therefore, the maximum occurs at 
the right endpoint R of the interval 0 < r < R because S(r) is an increasing function of r. 

(b) If H = 27?, then r* = = R => S(r) is maximum at r = R. 

(c) IfH > 27?, then 2R + H < 2H => H < 2(7/ -R) =} < 1; 


a maximum at r = r* = ——— 


2 (H-R) 


RH 

2 (H-R) 


< R => r* < R. Therefore, S{r) is 


2(H-R) ’ 

Conclusion : If H e (0, 27?], then the maximum surface area is at r = R. If H e (27?, oo), then the maximum is 
at r = r* = ——— 


2 (H-R)' 


18. f(x) = mx-\+—=> f'(x) = m --L- and f"(x) = > 0 when x > 0. Then f'(x) = 0 =^> x = -4= yields a minimum. 

x x~ x ‘ 

If f I -1= > 0, then \fm - 1 + -\ [m = 2 \jm -1 > 0 => m > T . Thus the smallest acceptable value for m is T . 

\yjm ) 4 4 


19. (a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 

(h) 


1 . m 2sjn(5 £ ) =1 . m 2sm(5 £ ) 
x->0 3x x->0 f(5w) 


Jim 10 sin(5x) _ 10 i _ 10 
x—>0 3 (5*) 3 3 


lim sin(5x)cot(3x) = lim 

x—>0 x—>0 


sin(5x)cos(3x) 

sin(3x) 


lim 

x—>0 


-3sin(5x)sin(3x)+5cos(5x)cos(3x) 

3cos(3x) 


5 

3 


lim xcsc 2 Vlx = lim — x — = lim J- — = = lim — Z 2 ')—, = lim — , - 

x-+0 x->0sin~V2x x->0 2sln 0il os ^ 2j: x _q) sin(2V2xj x->0 cos(2V2x0|=- 

lim (sec x - tan x) = lim 1 ~ slnx = lim ~ cosx = 0 
x-W2 x->W2 oosx x-+n!2~ smx 


lim — 

x-+0 cos' 



■2 


lim = lim i=co|x. = lim 1-cosx = lim cosid = Hm -sinx = lim = H m oos_jc_ = _i 

x->0 x tanx x->0l-sec x x->0 -5 tan - x x->-0 tair x x->0 2tanxsec x x ->0 x->0 1 


li m sin ( x2 ) _ u m 2xcos(x 2 ) _ jj m ~(2x 2 )sin(x 2 )+2cos(x 2 ) _ g _ j 
x _>0 xsmx x _^q xcosx+sinx T _»o -xsinx+2cosx 2 


Ijjjl sec - v ~l = sec x tan x _ sec 3 x+tan 2 xsecx _ 1+0 
x—>0 x 2 x—>0 2x x—>0 


1 

2 


lim 

x->2 x 2 -4 


lim 

x—>2 


(x-2)(x 2 +2x+4) 
(x-2)(x+2) 


lim x 2 +2x+4 
x->2 x+2 


4+4+4 _ t 
4 


1 

2 
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i — -F+s F jT 

20. (a) lim = lim lim ^-f = { = l 

x—»oovx+5 x->oo x-j.oo l+-?= 1 

2x 

(b) lim —= lim = lim —?-= = A = 2 

_r-»co x+l4x x^ao^S. x^oo 1+7 JT 1+0 

x V x 


21. (a) The profit function is P(x) = (c-ex)x - ( a+bx ) = -ear + (c -Z?)x -a. P'(x) = -lex+c-b = 0 

=> x = P"(x) = —2e < 0 if e > 0 so that the profit function is maximized at x = 

(b) The price therefore that corresponds to a production level yielding a maximum profit is 

^|^ =C ' e (^) = ^ d0llarS ' 

(c) The weekly profit at this production level is P(x) = + i c = — a - 

J 

(d) The tax increases cost to the new profit function is F(x) = (c - ex)x - (a + bx + tx) = -ex +(c —b -t)x -a. 

Now F'(x) = -2 ex + c-b-t = 0 when x = t+b ^ c = c ~^~‘ ■ Since F"(x) = -2e <0 if e > 0, Cis maximized 
when x = units per week. Thus the price per unit is p = c - e ^ ) = c+ ^ +l dollars. Thus, such a tax 

increases the cost per unit by £±h±L-£±k = L dollars if units are priced to maximize profit. 

22. (a) 


2 - 

\ 

-4 

-2 

-2 

\ 2 4 


" V 4 

f(*) = i-3 

X 


- 8 ‘ 



The x-intercept occurs when -^-3 = 0=>-^ = 3=>x = -j. 

(b) By Newton’s method, x n+x = x„ Here f'(x n ) = -x~ 2 = ^j.Sox„ +1 = x„ -^=x n + (-^-3)j 

K, 

— x n + x n — 3 x n — 2x n — 3 x n — x fj (2 — 3x n ). 


-v, .. /Co) .. A~ a q x o~ x o +a _*o(? -1 ) +a 

ZJ. Xj-Xq f'( x \ ~ X 0 a- 1 _ < 7-1 “ < 7-1 _ - Y 0 

J t-*ot qx [j qx^ qx^ 

and —with weights m 0 = — and ni\ = —. 


{~~j + so that xj is a weighted average of x 0 


In the case where xn = - S T we have xi = a and x. = —^-rf—) + - g -r\ — = -^-r (—+ -) = -^-r. 

° x?- 1 0 1 4 -^ 9 ) 4~\q) 4- i \l l) X*- 1 

24. We have that (x-/?) 2 + {y -h) 2 = r 2 and so 2(x-h) + 2(y-h)^f = 0 and 2 + 2-^ + 2 (y-h) = 0 hold. Thus 

ctx ctx dx^ 

■ dy 

dy dy . . x+ y~P 

2x + 2 y-jr~ 2 h + 2h-jr, by the former. Solving for h, we obtain h = —-^ L . Substituting this into the second 

1+ & 

2 ( -L. 2 ( . dy ^ 

equation yields 2 + 2^h + 2v^-f-2 —^ = 0. Dividing by 2 results in 1 +^f + y^-A- — ^r~ =0. 

M 3 <lx ■ dx 2 i4 dx dx 2 f 

\ dx J \ dx J 
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25. ^ = ks=>^ = kdt^>\ns=kt+C=>s= s 0 e kt 

=> the 14th century model of free fall was 
exponential; note that the motion starts too slowly at 
first and then becomes too fast after about 7 seconds. 



26. 


Two views of the graph of y = 1000 1 — (.99) x +- 


are shown below. 



At about x = 11 there is a minimum. There is no maximum; however, the curve is asymptotic to y = 1000. The 
curve is near 1000 when* > 643. 


27. (a) a(t) = s"(t) = -k (k > 0) => s'(t) = -kt + Q, where ^'(0) = 88 => Q = 88 => s'(t) = -kt + 88. So 

s(t) = ^- + 88 t + C 2 where s(0) = 0 => C 2 = 0 so s (t) = =^~ + 8 St. Now s(t) = 100 when =*f- + 88t = 100. 

^Oij + 88=0or 

58.72 ft/sec 2 . 

(b) The initial condition that ,v'(0) = 44 ft/sec implies that s'(t) = -kt + 44 and s(t) = —+ 44t where k is as 
above. The car is stopped at a time t such that s'(t) = -kt + 44 = 0 => t = 44. At this time the car has 

traveled a distance s (41) = f4(AL) +44(^) = 4^j - = = 968^-jplj = 25 feet. Thus halving the initial 

velocity quarters stopping distance. 

28. h(x) = f 2 (x) + g 2 (x) => h\x) = 2/ (x)f’(x) + 2 g(x)g'(x) = 2 [f (x)f'(x) + g(x)g'(x) ] 

= 2[/(x)g(x) + g(x)(-/(x))] =2-0 = 0. Thus h(x)=c, a constant. Since h( 0) = 5, h(x) = 5 for allx in the 
domain of h. Thus /i(10) =5. 


Solving for t we obtain t = 88 W88 2 -200A- At such t we want s > {f) = 0> thus ^ SgWgS 2 

-k \ 88 ~^ 88 ~~ 200 ^ 1 + 88 = 0. In either case we obtain 88 2 -200 k = 0 so that k = ~ 2 

k 200 


29. Yes. The curve y = x satisfies all three conditions since -f- = 1 everywhere, when x = 0, y = 0, and = 0 

ax jx 1 

everywhere. 


30. y' = 3x^ + 2 for all x => y = x 3 +2x + C where -1 = l 3 +2 -1 +C => C = -4 => y = x 3 + 2x -4. 
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31. s"(t) = a = -r 


■ v = s'(t) = -y- + C. We seek v 0 = s'(0) = C. We know that s(t*) = b for some t* and s is at a 


maximum for this t*. Since s(t) = + Ct + k and s(0) = 0 we have that s(t) = + Ct and also 5 (7*) = 0 so 


12 


that t* = (3C) 1/3 . So [ (3 g ] + C(3C) 1/3 = b => (3C) I/3 (C -2£) = b => (3C) 1/3 (^) = b => 3 1/3 C 


1/3 y—>4/3 _ 4* 
3 


=> C = 


(46) J 


. Thus v 0 = s'(0) = 


(4bf 


_ 2V2 ,3/4 
3 ' 


32. (a) s"(t) = t 1 ’ 2 -r 1/2 => v(t) = s'(t ) = |t 3/2 -2t 1/2 +/t where v(0) = k = |: 


.v(t)=}t 3/2 -2t 1/2 +|. 


(b) .S'(f) = -y t 5/ ' -|r V2 + yt+ & 2 where s(0) = k 2 = -y. Thus s(t ) = yt 5/2 -4t 3/2 + 4 1 - A- 


15' 


33. The graph of/(x) = ax 1 +bx + c with a > 0 is a parabola opening upwards. Thus f(x) > 0 for all x if f(x) = 0 

. Thus 


for at most one real value of x. The solutions to /(x) = 0 are, by the quadratic equation — 1 ^^ 


? 7 

we require (2b)~ -4ac <0 => b -ac< 0. 


34. (a) Clearly f (x) = {a^x + b\) + ... + (a n x +b n ) > 0 for all x. Expanding we see 
/(x) = |a 2 x 2 + 2ajZ)jx + b 2 j +... +[a 2 x 2 + 2 a n b n x + b~ j 

— + ... + ci n j x + 2 + G^b >2 +... + o n b n )x + ^Z>i + Z> 2 +... + b^ j ^ 0. Thus 

+ a 2 6 2 +... + a n b n ) 2 -[a 2 +a 2 + ... + a 2 ^(t\ +b 2 +... + b 2 j<0 by Exercise 29. Thus 
( a \b\ +a 2^2 + ■■■ + a n b n ) < (al +a\ + ... + a 2 ^Z>f +Z> 2 + ...+b 2 j. 

2 

(b) Referring to Exercise 33: It is clear that f(x) = 0 for some real x o b -4ac = 0, by quadratic formula. 

7 7 

Now notice that this implies that f(x) = (a\X + by ) +... + (a n x + b n ) 

— ^Cl\ + ^2 + • • • ^n j ^ ^(^1^1 ^2^2 • “l" a yfin )-^ ^2 b n j — 0 

o +^ 2^2 + ... + a^) -laj + 02 +... + a w +&2 + ) = 0 

+ ^7^Z> 2 +... + a n b n ) = + r/ 2 +... + u j+ Z> 2 +... + b n j But now f (x) = 0 <^> q^x + Z> ? - =0 

for all / = 1, 2, ...,«<» a,x = -bj = 0 for all / = 1, 2,..., n. 


35. (a) L = k 


i-b cot 9 , & CSC6> 
i? 4 4 

« r j 


, dL. = lri 

dO 


6esc 2 g b esc#cot 6 1. 


; solving 


^ = 0 => r 4 b esc 2 0-bR 4 esc 6 1 cot 0 = 0 (Z>csc6')(r 4 csc0-R 4 cot 0) = 0; but be sc ^ 0 since 

do 


8 ^ r 4 csc^-R 4 cot 6> = 0 => cosfi 1 = X T 0 = cos 
2 S' 4 


-UA\ 

U 4 r 


the critical value of 6 


(b) 6 = cos -1 (|) 4 * cos -1 (0.48225) * 61° 
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CHAPTERS INTEGRATION 


5.1 AREA AND ESTIMATING WITH FINITE SUMS 


1 . 


fix) = x 2 

y 



(b) Ac = pp = -i- and r ( - = iAx = j => a lower sum is 


Since/is increasing on [0,1], we use left endpoints to 
obtain lower sums and right endpoints to obtain upper 
sums. 



(c) Ar 

(d) Ar 


^ and Xj = iAx = f ==> an upper sum is 
- l -j^ = d- and x t = iAx = j =^> an upper sum is 




2 . 


fix) = x 3 



(b) 


Ar = ~ t~ = d- and r,- 
4 4 ' 


: i Ar = i; 


a lower sum is 


Since/is increasing on [0,1], we use left endpoints to 
obtain lower sums and right endpoints to obtain upper 
sums. 



_9_ 

64 


(c) 

(d) 


Ar = i and .r,■ = iAx = f => an upper sum is 

Ar = = d- and x t = iAx = 4- => an upper sum is 



100 25 

256 64 
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3. /(*) = ! 

y 
i 


Since/is decreasing on [1, 5], we use left endpoints to 
obtain upper sums and right endpoints to obtain lower 
sums. 


-1-1-1-1-1—► X 

1 2 3 4 5 

2 

(a) At = +4. = 2 and x i = 1 + /Ax = 1+2/ => a lower sum is ^-4-2 = 2f j+j) = 

i= 1 X ‘ 

4 

(b) Ac = ^ =1 andx ; - = 1 + /Ac =1 + / => a lower sum is ^-^--1 = 1 (4+ 4 + 1+1 j = 

i =1 X ‘ | 

(c) Ax = -y- = 2 and x, -1 + /Ac = 1 + 2/ => an upper sum is ^ 2 = 2 |l + 4j = -| 

i =0 X ‘ 

( 3 

(d) Ac = - =1 andx ; - = 1 + /Ac =1 + / => an upper sum is^4.i = i|i + l + I + ij = 2|. 

(=0 x ‘ 



4. 


f(x) = 4-x 2 

y 


(a) Ac = [ — = 2 and x ; - = —2 + iAx = -2 +2/ => a lower sum is 2 ■ (4 — (—2)“) + 2 - (4 - 2 2 ) = 0 

1 4 

(b) Ac = ^ 2> = 1 and x ; - = -2+iAx = -2+i =>a lower sum is ^(4 - (x,) 2 ) ■ 1 + ^(4 -(x,) 2 ) -1 

i =0 J=3 

= 1((4 - (-2) 2 ) + (4 — (—l) 2 ) + (4 -l 2 ) + (4 -2 2 )) = 6 

(c) Ax = \ — = 2 and x i = -2 + /Ax = -2 + 2/ => an upper sum is 2 ■ (4 - (0) 2 ) + 2(4—0 2 ) =16 

2 3 

(d) Ax = - = 1 and x ; - = —2+iAx = —2 + i => an upper sum is ^ (4 — (x,) 2 ) • 1 + ^ (4 — (x, : ) 2 ) -1 

i =1 i=2 

= 1((4 -(-l) 2 ) + (4 -0 2 ) + (4 -0 2 ) + (4 -l 2 )) = 14 



Since/is increasing on [-2, 0] and decreasing on 
[0, 2], we use left endpoints on [-2, 0] and right 
endpoints on [0, 2] to obtain lower sums and use right 
endpoints on [-2, 0] and left endpoints on [0, 2] to 
obtain upper sums. 
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6. f(x) = x i 

y 



Using 2 rectangles => Ax = = j 

=i((4) 3 + (t) 3 ) = yf ?=£ 

Using 4 rectangles => Ax = ^ 

^|(/(|)+/(|)+/(!)+/(l)) 

_ 1 / 1 3 +3 3 +5 3 +7 3 ) _ 496 _ 124 _ 31 
4 l 8 3 I 4-8 3 8 3 128 


7- /w4 


Using 2 rectangles => Ax = = 2 => 2(/(2) + /(4)) 


y 



y 




Using 4 rectangles => Ax = 4U = l 

1488 496 496 

3-5-7-9 5-7-9 315 


Using 2 rectangles => Ax = ? ~ = 2 

=>2(/(-l)+ /(!)) =2(3+3) =12 


2 - 1 - 2 ) 

Using 4 rectangles => Ax = —-— = 1 

^ 1 ( / H) +/ H)+/(l)+r(f)) 


= 16-(f2 + i-2)=16-f = 11 


9. (a) D « (0)(1) + (12)0) + (22)(1) + (10)(1) + (5)(1) + (13)(1) + (11)(1) + (6)(1) + (2)(1) + (6)(1) = 87 inches 
(b) D « (12)(1) + (22)(1) + (10)(1) + (5)(1) + (13)(1) + (11)(1) + (6)(1) + (2)(1) + (6)(1) + (0)(1) = 87 inches 


10. (a) D * (1)(300) + (1.2)(300) + (1,7)(300) + (2.0)(300) + (1,8)(300) + (1,6)(300) + (1,4)(300) + (1,2)(300) 

+ (1.0)(300) + (1.8)(300) +(1.5)(300)+ (1.2)(300) =5220 meters (NOTE: 5 minutes = 300 seconds) 
(b) D ~ (1,2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1,6)(300) + (1,4)(300) + (1,2)(300) + (1.0)(300) 
+ (1.8)(300) + (1.5)(300) + (1,2)(300) + (0)(300) = 4920 meters (NOTE: 5 minutes = 300 seconds) 


11. (a) D ~ (0)(10) + (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) 

+ (35)(10) + (44)(10) + (30)(10) = 3490 feet ~ 0.66 miles 
(b) D ~ (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) + (35)(10) 

+ (44)(10) + (30)(10) + (35)(10) = 3840 feet * 0.73 miles 

12. (a) The distance traveled will be the area under the curve. We will use the approximate velocities at the 

midpoints of each time interval to approximate this area using rectangles. Thus, 

D w (20)(0.001) + (50)(0.001) + (72)(0.001) + (90)(0.001) + (102)(0.001) + (112)(0.001) + (120)(0.001) 
+ (128)(0.001) + (134)(0.001) +(139)(0.001) ~ 0.967 miles 
(b) Roughly, after 0.0063 hours, the car would have gone 0.484 miles, where 0.0060 hours = 22.7 sec. 
At 22.7 sec, the velocity was approximately 120 mi/hr. 
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13. (a) Because the acceleration is decreasing, an upper estimate is obtained using left endpoints in summing 
acceleration -At. Thus, At = 1 and speed * [32.00+19.41 + 11.77 + 7.14 + 4.33](1) = 74.65 ft/sec 

(b) Using right endpoints we obtain a lower estimate: speed ~ [19.41 +11.77 +7.14 + 4.33 + 2.63](1) 

= 45.28 ft/sec 

(c) Upper estimates for the speed at each second are: 


t 0 

1 

2 

3 

4 

5 

v 0 

32.00 

51.41 

63.18 

70.32 

74.65 


Thus, the distance fallen when t = 3 seconds is s « [32.00 + 51.41 + 63.18](1) = 146.59 ft. 

14. (a) The speed is a decreasing function of time => right endpoints give a lower estimate for the height 
(distance) attained. Also 


t 0 

1 

2 

3 

4 

5 

v 400 

368 

336 

304 

272 

240 


gives the time-velocity table by subtracting the constant g = 32 from the speed at each time increment 
At = lsec. Thus, the speed « 240 ft/sec after 5 seconds. 

(b) A lower estimate for height attained is h ~ [368 + 336 + 304 + 272 + 240](1) = 1520 ft. 


15. Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5, 2]. The midpoints of these 
subintervals are rn.\ = 0.25, m 2 = 6.75, w 3 =1.25, and m 4 =1.75. The heights of the four approximating 
rectangles are f(m x ) = (0.25) 3 = -4-, f (m 2 ) = (0.75) 3 = 41 /(m 3 ) = (1.25) 3 = and /(m 4 ) = (1.75) 3 = 441 


Notice that the average value is approximated by 4^4j (?') + ( 4 ') (t‘) + (' 4 ) (t') + ( 4 ) (o') 
[approximate area under) 


length of [0,2] 


curve/ (x) = x 3 


We use this observation in solving the next several exercises. 


16. Partition [1,9] into the four subintervals [1, 3], [3, 5], [5, 7], and [7, 9]. The midpoints of these subintervals are 
ni\ = 2, m 2 = 4, m 3 = 6, and m 4 = 8. The heights of the four approximating rectangles are / (mj) = 4, 

f ( m 2 ) = 4, /(m 3 ) = 4, and /(m 4 ) = 4. The width of each rectangle is Ax = 2. Thus, 

Area « 2 (4) + 2 (4) + 2 (i) + 2 (i) = ^ average vahle „ ^ = f. 


17. Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5, 2]. The midpoints of the 
subintervals are ni\ = 0.25, m 2 = 0.75, m 3 =1.25, and m 4 =1.75. The heights of the four approximating 

rectangles are / (m l ) = 4 + sin 2 -| = 4 + i = l,/i (m 2 ) = 4 + sin 2 ^ = 4 + 1 = 1, /(w 3 ) = 4 + sin 2 

= 4+|--4,j =4+1 = ^ an d /(m 4 )=4 + sin 2 ^ = 4 + |--j=j = 1. The width of each rectangle is Ax = 4. 
Thus, Area * (1 +1 +1 +1)(4) = 2 => average value « lengt ^f [Qi2 ] = f = 1 • 


= 1 = 1 . 


18. Partition [0, 4] into the four subintervals [0, 1], [1, 2], [2, 3], and [3, 4]. The midpoints of the subintervals 
are m { = 4, m 2 = 4, = 4, and m 4 = 4. The heights of the four approximating rectangles are 

f M+nY / / \\ 4 f rwinV 

f(m 1 ) = l- cos —4=^ = i_/ cos ^jj =0.27145 (to 5 decimal places), f(m 2 ) = 1- cos — 

V V JJ V V Jy 

4 ( 4 

= l-(cos(^)j =0.97855, /(m 3 )=l- cos = l-(cos(^)j =0.97855, and 

v V JJ 
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( 




=0.27145. The width of each rectangle is Ax = 1. Thus, 


/(w 4 ) = 1 — j^cosj^ ^-4JJ = 1 - 
Area * (0.27145)(1) + (0.97855)(1) + (0.97855)(1) + (0.27145)(1) = 2.5 =i> average value ; 


area 2.5 5_ 

length of [0,4] 4 8 


19. Since the leakage is increasing, an upper estimate uses right endpoints and a lower estimate uses left endpoints: 

(a) upper estimate = (70)(1) + (97)(1) + (136)(1) + (190)(1) + (265)(1) = 758 gal, 
lower estimate = (50)(1) + (70)(1) + (97)(1) + (136)(1) + (190)(1) = 543 gal. 

(b) upper estimate = (70 + 97 +136 + 190 + 265+369 + 516 + 720) = 2363 gal, 
lower estimate = (50 + 70 +97 +136+190+265 + 369 + 516) = 1693 gal. 

(c) worst case: 2363 + 720t = 25,000 =>t « 31.4 hrs; 
best case: 1693 + 720 1 =25,000 => t « 32.4 hrs 


20. Since the pollutant release increases over time, an upper estimate uses right endpoints and a lower estimate 
uses left endpoints; 

(a) upper estimate = (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) + (0.52)(30) = 60.9 tons 
lower estimate = (0.05)(30) + (0.2)(30) +(0.25)(30) + (0.27)(30)+(0.34)(30) + (0.45)(30) = 46.8 tons 

(b) Using the lower (best case) estimate: 46.8 + (0.52)(30) + (0.63)(30) + (0.70)(30) + (0.81)(30) = 126.6 tons, 
so near the end of September 125 tons of pollutants will have been released. 


21 . 


(a) The diagonal of the square has length 2, so the side length is V2. Area = (^2 ] = 2 

(b) Think of the octagon as a collection of 16 right triangles with a hypotenuse of length 1 and an acute angle 
measuring 

10 O 

Area = 16(4)(sin|-)(cos|-) = 4 sin = 2s[2 ~ 2.828 

(c) Think of the 16-gon as a collection of 32 right triangles with a hypotenuse of length 1 and an acute angle 
measuring 

Area = 32(4)(siny|)[cosy|) = 8 sin^ = 2^2 ~ 3.061 

(d) Each area is less than the area of the circle, n. As n increase, the area approaches n. 


22. (a) Each of the isosceles triangles is made up of two right triangles having hypotenuse 1 and an acute angle 
measuring ^ The area of each isosceles triangle is A T = 2^4.j| s i n ^-j^cos-^j =^-sin^. 

(b) The area of the polygon is A P =nA T =-^sin—, so lim -ysin — 

n 72 — >00 1 n 

2 

(c) Multiply each area by r . 

A t = 4-r 2 sin — 

1 2 n 

A P = %r 2 sin^- 

r 2 n 

2 

lim A P = 7tr 
n —>oo 


• ?7T 

sin — 

= lim n ■ ——y = n 

n —>oo 1=^1 


23-26. Example CAS commands: 

Maple : 

with( StudentfCalculus 1]); 
f := x -> sin(x); 
a := 0; 
b := Pi; 

Plot( f(x), x=a..b, title="#23(a) (Section 5.1)"); 

N:=[ 100, 200,1000]; # (b) 
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for n in N do 

Xlist := [ a+l.*(b-a)/n*i $ i=0..n ]; 

Ylist := map( f, Xlist); 
end do: 

for n in N do # (c) 

Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 
end do; 

avg := FunctionAverage( f(x), x=a..b, output =value); 
evalf( avg); 

FunctionAverage(f(x),x=a..b, output =plot); # (d) 

fsolve( f(x)=avg, x=0.5); 

fsolve( f(x)=avg, x=2.5); 

fsolve( f(x)=Avg[1000], x=0.5); 

fsolve( f(x)=Avg[1000], x=2.5); 

Mathematica : (assigned function and values for a and b may vary): 

Symbols for n, — > , powers, roots, fractions, etc. are available in Palettes. 

Never insert a space between the name of a function and its argument. 

Clear[x] 

f[x_] :=x Sin[l/x] 

{a, b}={ tt/ 4,7i} 

Plot[f[x],{x, a, b}] 

The following code computes the value of the function for each interval midpoint and then finds the 
average. Each sequence of commands for a different value of n (number of subdivisions) should be 
placed in a separate cell, 
n =100; dx = (b -a)/n; 
values =Table[N[f[x]],{x, a +dx/2, b, dx}] 
average=Sum[values[[i]],{i, 1, Length}values]}]/ n 
n =200; dx = (b - a) /n; 
values =Table[N[f[x]],{x, a +dx/2, b, dx}] 
average=Sum[values[[i]],{i, 1, Length}values]}]/ n 
n =1000; dx = (b - a) /n; 
values=Table[N[f[x]],{x, a +dx/2, b, dx}] 
average=Sum[values[[i]],{i, 1, Length}values]}]/ n 
FindRoot[f[x] == average,{x, a}] 

5.2 SIGMA NOTATION AND LIMITS OF FINITE SUMS 


1 y 6A~ _ 6(1) 6(2) 6 . 12 _ n 

, . k +1 “ 1+1 2+1 ~ 2 3 

k =1 


2 . 



1-1 2-1 3-1 . j 2 

— + — + —= 0 + i + f = 


7 

6 


4 

3. X cos kjt =cos(l^r) +cos(2y) +cos(3y) +cos(4y) = —1 + 1 —1 + 1 = 0 

k =1 
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5 

4. X sin kn = sin(l;r) +sin(2^) + sin(37r) + sin(4;r) + sin(5;r) = 0 + 0 + 0+ 0 + 0 = 0 

k=l 


2 

5. X (-1)* +1 sin f = (-1) 1+1 sin f + (-1) 2+1 sin f + (-1) 3+1 sin f = 0 -1 + & = 


6. X (-1)* cos kn = (-1) 1 cos(l;r) + (-l) 2 cos(2;r) + (-1) 3 cos(3;r) + (-l) 4 cos(4;r) = -(-1) + !-(-!) +1 = 4 


7. (a) X 2 k ~ l =2 1_1 + 2 2-1 + 2 3-1 + 2 4-1 + 2 5-1 +2 6-1 =1 + 2+4+8+16 + 32 
k =1 

(b) X 2* = 2° + 2 1 + 2 2 + 2 3 + 2 4 + 2 5 = 1 + 2 + 4 + 8 +16 + 32 

k=0 

(c) X 2 k+l = 2“ 1+1 + 2 0+1 + 2 1+1 + 2 2+l + 2 3+1 + 2 4+1 =1 + 2 + 4 + 8 + 16 + 32 

k=\ 

All of them represent 1 +2 + 4+ 8 +16 + 32 


8. (a) 

(b) 

(c) 

9. (a) 

(b) 

(c) 


X (-2)* -1 = (-2) 1-1 +(-2) 2-1 + (-2) 3-1 +(-2) 4-1 +(-2) 5-1 + (-2) 6-1 =1-2 + 4-8+16-32 
k=l 

X (-1)*2* = (-1)°2° + (-l)^ 1 + (-1) 2 2 2 + (-1) 3 2 3 +(-l) 4 2 4 + (—l) 5 2 5 =1-2 + 4-8 + 16-32 
k =0 

X (-1)* +1 2* +2 = (-1)“ 2+1 2“ 2+2 + (-1)“ 1+1 2“ 1+2 + (-1) 0+1 2 0+2 + (-1) 1+1 2 1+2 + (-1) 2+1 2 2+2 + (-1) 3+1 2 3+2 

k=- 2 

= -1 + 2-4 + 8-16 + 32; 

(a) and (b) represent 1-2 + 4- 8 + 16-32; (c) is not equivalent to the other two 

4 (-!)*-! (-1)^ (-t)3-» (-t) 41 . 1 l 

k- 1 2-1 3-14-1 2 3 

k-2 

2 (-1/ (-D° (-D 1 (-D 2 . i i 
to k+1 0+1 1+12+1 23 

y (-1)* (-1)' 1 | (-9° . (~1)‘ i,l 1 

, , k+ 2 -1+2 0+2 1+2 2 3 

k =-1 

(a) and (c) are equivalent; (b) is not equivalent to the other two. 


4 

10. (a) X (k-l) 2 = (1— l) 2 + (2 — l) 2 + (3 — l) 2 + (4 — l) 2 = 0+ l + 4 + 9 
k =1 

3 

(b) X (£ + 1) 2 = (-1+1) 2 + (0 +1) 2 + (1 +1) 2 + (2 +1) 2 + (3 +1) 2 = 0 + 1 + 4+9+16 
k =-1 

(c) X k 2 = (-3) 2 + (-2) 2 + (—l) 2 = 9 + 4 +1 
k =-3 

(a) and (c) are equivalent to each other; (b) is not equivalent to the other two. 


11 . 



12. X k 

k =1 


13. 



14. 


5 

X 2 k 


k =1 


15. 


i(-i) 


k=\ 


A+l J_ 

k 


i6. xh)H 

k =1 
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17. (a) I 3a k =3 I a* =3(-5) =-15 
k=1 k=1 

(b) I^- = iX4 = |(6)=l 

A=l 0 0 *=l b 

n n n 

(c) Z ( a k + b k ) = Ia t + Z b k = -5 + 6 = 1 

A=1 k =1 A=1 

(d) Z(a*-^) = Z a*- Z 6* =-5-6 = -11 

A=1 A=1 A=1 

(e) Z (b k -2a k ) = I b k -2 Z a* = 6-2(-5) =16 

A=1 A=1 A=1 


18 . (a) z 8a A . =8 Z a* = 8 ( 0 ) = 0 

A=1 A=1 

n n n 

(c) Z (a k +1) = Z a k + Z 1 = 0 + n = n 

k= 1 A=l A=l 


(b) Z 250 b k = 250 Z b k = 250(1) = 250 
k =1 k=\ 

(d) Z ( b k -1) = Z b k - Z 1 = 1 -n 

k= l A=i A=l 


19. (a) Z/t = ^ = 55 

A=1 2 

( C ) Zit 3 = [M1 2 = 
a=i L - J 


= 55 =3025 


(b) l k 2 = 10(10+1X2(10)+!) =3g5 


20. (a) EJfc = l^M = 91 

A=1 

(c) Z A: 3 = [ 13(13+1) ] 2 =91 2 =8281 
A=l L - J 

21. i-2k = -2 Z k = -2( 1 -^] = -56 

A=1 A=1 \ 2 ' 


23. Z (3 -£ 2 ) = Z 3 - Z £ 2 = 3(6) - 6(6+1)(2(6)+1) 

A=1 A=1 A=1 


24. Z (k 2 _5)= Z A: 2 - Z 5 = 6 1 6+1) C( 6 ) +1) -5(6) =61 

A=1 A=1 A=1 


- ^2 = 13(13+1)(2(13)+1) =gl9 
A=1 6 


n viA_ivi_)r / 5(5+1)) 

Aw 


5 5 5 5 / 

25. Z k(3k + 5) = Z(3/fc"+5/fc) = 3 Z £" + 5 Z £ = 3 

A=1 A=1 A=1 A=1 V 


5(5+l)(2(5)+l) 

6 


) + 5 (2M) 


I 7(7+l)(2(7)+l)) , 7(7+1) 



A=1 

k=] 


5 ,3 

f 5 f 

27. 

z — + 

^ 22S 
A=1 ZZ3 1 

Z k 
U=i ) 


r i 5^ 

1 ,3 

28. 

Z k 



l A=1 ) 

A=1 4 


:^Z* 3 + 2 

2/3 A=1 l A=1 


(££ = (^ 2 f-i( 2 Mf = 5 88 


= 3376 


Copyright © 2014 Pearson Education, Inc. 



Section 5.2 Sigma Notation and Limits of Finite Sums 


351 


29. (a) 

(c) 


7 


I 3 =3(7) =21 
k =l 


(b) 


500 


1 7 = 7(500) = 3500 

k=\ 


264 


Let j = & -2=> k = y + 2; if £ = 3 => 7=1 and if k = 264 => j = 262 => £ 10 = 

A=3 


262 

Z 10 = 10(262) = 2620 

7=1 


36 28 28 28 

30. (a) Let j = k - 8 => k = 7 + 8 ; if £ = 9 => 7 = 1 and if k = 36 => 7 = 28 => Z k = Z (7 + 8 ) = Z 7 + Z 8 

k=9 7=1 7=1 7=1 

= 28(28+1) + 8(28 ) = 630 

17 _ 15 ~ 

(b) Let 7 = £- 2=>£ = 7' + 2; if £ = 3 => 7=1 and if k = 17 => 7 = 15 => Z k = Z (7 + 2) 2 

A-=3 7=1 

= Z(7 2 +4/+4) = Z/+ Z 47+ Z 4 = 15 ( 15 + 1 X 2 ( 15 )+ 1 ) + 4. 15(15+1) + 4(15) = 124Q + 48Q + 60 = !78Q 

7=1 7=1 7=1 7=1 

71 

(c) Let 7 = k -17 => k = 7 + 17; if£ = 18 => 7 = 1 and if k = 71 => j = 54 => Z k(k -1) 

k =3 

54 54 54 54 54 

= Z (7 +17)((7 +17) — 1) = z (7 2 +337+272)= Z 7' 2 + I 337 + Z 272 

7=1 7=1 7=1 7=1 7=1 

= 54 ( 54 +!X 2 ( 54 > +1 > + 33. 54154+1 > + 272(54) = 53955 + 49005 +14688 = 117648 


n n 


31. 

(a) 

II 


(b) 

Z c=c« 



A =1 



A =1 


(c) 

S(Jt-l) = 

n n / i\ o 

■ Z k z 1 - ,!( ” + n - " ~ n 





k= 1 

k= 1 A =1 2 





n / , X 

) = ^ + 2 /?jn = l + 2 n"" 


n 

32. 

(a) 


(b) 

z -=-■«=c 

*=i" " 


(c) 

— | "L 
ii 

= W Jjl 

«(«+!) n+1 

2 2n 



33. 

(a) 


(b) 


(c) 
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34. (a) (b) (c) 






36. (a) (b) 




(c) 



37. [jq — jc 0 |=|1.2-0|= 1.2, \x 2 -x { |=| 1.5-1.21 =0.3, \x 3 -x 2 | = |2.3-1.5| = 0.8, |x 4 -x 3 \ = | 2.6-2.3| = 0.3, 
and |x 5 — jc 4 | = 13 — 2.6| = 0.4; the largest is || P||= 1.2. 


38. Ijcj-jc„| =| — 1.6 —(-2)| =0.4,| x 2 -x l |=|-0.5 -(-1.6) |= 1.1, | jc 3 -x 2 |=|0-(-0.5) [=0.5, 
\x 4 -x 3 | =|0.8 -0| = 0.8, and |x 5 —x 4 \ = |1 -0.8| = 0.2; the largest is || P || =1.1. 



Copyright © 2014 Pearson Education, Inc. 


























































Section 5.2 Sigma Notation and Limits of Finite Sums 


353 


40. f(x) = 2x 

y 



41. /(x) = x~ +1 


y 



42. /(x) = 3x 2 

y 



y 



44. /(x) = 3x + 2x 2 


y 



Let Ax = ^ = — and c,- = iAx = —. The right-hand sum 

n n 1 n 0 

is Z 2c f 4) = 2 = 4 I / = = ^L±2». 

Thus, lim Z^ = lim 2tL±2» = i im ( 9 + i) =9 . 

II—>001=1 w 72 72—>00 72“ 72—>00 ' n ' 


LetAx = ^ = A and q = /Ax = —. The right-hand sum is 

= 27 £i 2 + 3. _ 27 / »(»+l)(2«+l) \ | 3 _ 9(2» 3 +3» 2 +») | ^ 


i=l 

18+21+4 
n ,.2 


+ 3. Thus. 


= lim 

72—>00 


is+n+4 


- + 3 


, lim Z ( c 2 +l]- 

77—>0O /—l 1 7 ' 


= 9 + 3=12. 


Let Ax: = 2 = — and c,- = iAx = —. The right-hand sum is 


72 72 

72 / . s 2 


Z 3c 2 (i) = z 3(±X (1) = 41 i 2 - 3 I”( n+ ^ 2n+l A 
7=1 i=1 v»7 Vi«7 « 3 m 

3 2 2+—H—T 72 - \ 

- 2w +3w +w - ” -s-. Thus, lim I 3c? I 1 ) 


2;; J 


f 2+1+^-3 


= lim 

72—>00 


= H‘ 


Let Ax = 2 = L anc [ c = /Ax = 2. 7J le right-hand sum is 

vti 7 < 11 



2 ti 2 


6n J 


, lim L(q+cfU 

72—>00 j=l ' l n 


= lim 

77—>00 


1+i 


1 \ 


2 +-+- 


l \ 


1 + 2 = l 

2 6 6 ' 


Let Ax = 2-2 = i and c,- = iAx = —. The right-hand sum is 

11 M I 17 *—' 




-+2(i) M-=4s/+4ii 


.2 


7=1 


_ 3 / 77(77+1) 1 2 / 'l(»+l)(277+l) \ = 3» 2 +3« . 271 2 +371+1 


77“ \ 

3+- 


= lim 

72—>00 


2 / 7? 3 \ 

2+ 3 +4 

n 2 




277- 


371 - 


3+13 


. Thus. 


, lim Z(3c,- +2cf U 

77—>CO /'—l ' > n 


2+1+43 

/i 2 


= 1 +1 _ 13 
2 3 6 ' 
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46. /(x) = x~ -x 3 



Let Ax = -——— = 4 and c ; = -1 + /Ax = —! + —. 


n ( 2 3 \ r 

The right-hand sum is X I q -q I- 


2-^ + 4C_i_|_L 


sf 1 -4+ i r- i T = x 1 -4x/+4x/ -4-X; 

J=l\" n « » / j=l” n i=l « i=l n ;=1 

2 (n \ _5 ( »(»+!) ') 4 / n(»+l)(2«+l) \ i / »(«+!) I 2 

n 2 \ 2 ) n 3 \ 6 n *\ 2 


_ 2 5«+5 | 4»~+6»+2 h 2 +2h+1 _ 2 . 


= lim 

n —>°o 


2 h 

2 - 


3;ri 


5+2 


4« 

4+2+4 1+2+-L' 

n 1 n 2 


5+ S 4+2+4 1+2+-L 

+ -4^. Thus 


, lim x(q-q 3 U 


= 2-1 + 1-! = _Z_ 

2 3 4 12' 


5.3 THE DEFINITE INTEGRAL 



r u 

7. J ^(secx) ax 


f 0 "5 

2. J 7.x 2 dx 

5. f —1— dx 
J 2 1—x 

f */4, 

8. (tan x) ox 


3. | ? (x 2 — 3x) dx 
6. 1^3/4 -x 2 dx 


9- (a) J 2 2 g(x) c/x = 0 (b) gO) dx = -g(x) dx = -8 

(c) J 2 3 f{x) dx = 3J“/(x )dx = 3(-4) = -12 

(d) J 2 fix) dx = j^ 5 / (x) dx -J “ / (x) dx = 6 - (-4) = 10 

(e) Jj 5 Uix) - g(x)] dx = Jj 5 f{x) dx - g(x) dx = 6 - 8 = -2 

(f) Jj'[4/(x)-g(x)] dx =4j 1 5 /(x) A-j^W dx = 4(6) — 8 = 16 
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10. (a) f -2/(x) dx = -2 f /(x) dx = —2(—1) = 2 

J 1 J 1 

(b) J 7 [/(x) + h(x)] dx = /(x) dx + J /?(x) dx =5 + 4=9 

(c) f [2/(x) — 3/?(x)] dx = 2 f /(x) dx- 3f /?(x) dx = 2(5) -3(4) = -2 

J 7 J 7 J 7 

( d ) J 9 ‘/W dx = -J 9 /(x) £?X = -(-l)=l 

(e) j’ f{x) dx = J 9 / (x) dx - J 9 /(x) £?x = -1 - 5 = -6 

(f) jJ [h (x) -/(x)] dx = J 9 [/(x) - h (x)] dx = J 9 /(x) dx -j\(x)dx= 5-4=1 

11. (a) /(m) dz/= /(x) fix = 5 (b) j"~V3 /(z) d!z = VJ f(z)dz = 5\f?> 

(c) /(0 dt = -j^ 2 /(0 dt = -5 (d) J“ [-/(x)] dx = - J“ /(x) dx = -5 

12 . Jo 3 dt = “J- 3 g( ^ dt = ( b ) j -. 3 g( “) du = J ^ 3 dt = 'fe 

(c) J ° 3 t-gW] dx = - J ° 3 g(x) dx = -V2 (d) J ^ ^ dr = ~^ J_° 3 g(0 dt = j (V2) = 1 

13. (a) J 4 /(z) dz = j^f(z) dz-j^ f(z) dz = 1 —3 =4 
(b) j*f(t)dt = -j 3 4 f(t)dt = -4 


3 3 1 

14. (a) \ h(r) dr =\ h(r) dr -J ^h(r) dr =6-0 = 6 
(b) -J^ h{u) du = -f-j^ ^( M ) du\ = h(u) du = 6 

15. The area of the trapezoid is A = ^(B +b)h 

= d-(5 + 2)(6) = 21 => J" ^- + 3j dx = 21 square units 


16. The area of the trapezoid is A = ^(B +b)h 

= d-(3 +1)(1) = 2 => | (-2x + 4) fix = 2 square units 
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17. The area of the semicircle is A = j nr 2 = \n(3) 2 
= j n => J ^9 -x 2 1 dx=%n square units 


i 2 i 2 

18. The graph of the quarter circle is A = ± nr = ^n( 4) 
= An => J ^16-x 2 dx = An square units 


19. The area of the triangle on the left is A = \bh 

= -i- (2)(2) = 2. The area of the triangle on the right is 
A = -i -bh = -i- (1)(1) = C. Then, the total area is 2.5 
f 1 

=> |x| dx = 2.5 square units 

J —2 


20. The area of the triangle is A = bh = ^(2)(1) = 1 
=> J (1 —|x|) dx = 1 square unit 



21. The area of the triangular peak is A = ^ bh = |-(2)(1) = 1. 
The area of the rectangular base is S = Iw = (2)(1) = 2. 
Then the total area is 3 => J | (2 -|x|) dx =3 square 
units 
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22 . y = 1 + y/l-x 2 =>y-\ = jl-x 2 ^>(>>-l) 2 = l-x 2 
2 2 

=> x~ + (y -1) = 1, a circle with center (0,1) and radius 

of 1 => y = 1 + Vl -x 2 is the upper semicircle. The area 
1 2 1 2 

of this semicircle is A = \nr~ = 2-7 t( 1) =^.The area 
of the rectangular base is A = tw = (2)(1) = 2. Then the 

total area is 2 + y => J ^1 + Vl-x 2 j dx = 2 +y 

square units 


23. 




24. 




25. f 2s ds =\b(2b)-\a(2a) = b 2 -a 2 
J a ~ 2 



26. f dt = ±b(3b)-\a(3a)=hb 2 -ci 2 ) 

J a 2 2 2 


y 



a b 


27. (a) J ^ -v/4—x“ dx = T[;r(2) 2 ] = 2n 


(b) 


J" ~ ^4 -x 2 dx = i[^(2) 2 ] = 7T 


28. (a) J ^3x + -\/l -x 2 j dx = J ^xdx + J ^1-x 2 dx = -^[(1)(3)] + Jj-[;r(l) 2 ] 
(b) | ^3x + Vl-x 2 J dx = | ^3x + 


_7T 3_ 

4 2 


x 2 dx = -1[(1)(3)] + j[(l)(3)] + 4[^r(l) 2 ] = f 


29. J i ^x<& = t3—^ 


31. ^ 2 Jede = ^—^-=^- 


30 - 1 


Z5 A 

x ax- . 

0.5 2 


(2.5) 2 (0.5) 2 


= 3 


r 5V2 (5V2) 2 (V2) 2 

31 172 r ‘ ,r 'V-V -= 24 
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33. x 2 dx = 

Jo 




P 0-3 9 
34. f s~ ds = 

Jo 


__ 7 

3 3 


(0.3) J 


= 0.009 


C1/2 2 4) , 

35 f r dt = x ' = — 
Jo 3 24 


36. 


r 2 a 

37. X dx = 

J a 


(2fl ) 2 a 2 3a 2 

2 2 2 


r a/3« 

38. f „r oh : 

J a 


(V3«) 2 


, Ifb 2 (V*) 

39. f x 2 dx = X-L 

Jo 


__ _b 
3 3 


40. f 3 V tic =^ = 9b 
Jo 3 


41. J^7 dx = 7(1-3) = -14 


2 2 
f 5x dx = 5 1 „r dx = 5 

2i_0^ 

Jo Jo 

2 2 


= 10 


1 2 

f 2 dt - 2 

2i_0^ 

O 

—» 

—» 

2 2 


-3(2-0) = 4-6 =-2 


44 Sf(t-J2)dt = lf td t-jfj2df. 




2V2-0 =1 — 2 = —1 


45 - IsO + f) dz = \l l dz + \ l 2 2 dz= \\ X dz -\\l z dz = ![! — 2 1 — 2 

r0 rO r 0 p 3 r 0 

46. f (2z - 3) fife = [ 2z dz - f 3 <fe = -2 [ z rfz - [ 3 dz = -2 

J 3 J 3 J 3 J 0 J 3 


2 2 


:_1_I(3U_7. 
2\2) 4 


31_0l 
2 2 


— 3[0 — 3] = —9 + 9 = 0 


= 3 


47. f 3 u 2 du = 2\ a 2 du =3 f u du — \ u~ da 

Jl Ji [Jo Jo 

48. f 24 u" du = 2^\ u 2 du = 24 f u “ du- f u 2 du 

J1/2 J1/2 Jo Jo 


2 3 0 3 


o| 

1 

"~l 

= 3 

~ 2 3 l 3 " 

= 3 (li 

3 3 


[3 3 


3 3 

\ 3/ 


= 24 


4 (£ 

3 3 


= 24 


= 7 


f„ 2 < 


ft 


2 2 
x dx — 5 dx =3 

2 3 0 3 

+ 

'h 

1 

'l°- 

Jo Jo 

3 3 


L 2 2 J 


- 5[2 - 0] = (8 + 2) -10 = 0 


r 0 2 pi 2 p1 2 pi pi 

50. (3x +x-5)<i.r = - (3x +x-5)dx = - 3 x"dx+\ xdx-\ 5 dx 

H1- 5 H 


314-4)44-^1-5(1-0) 
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51. Let Ay = ^ and let y 0 = 0, Yj = Ay, y 2 = 2Ay, 

x n _i = (« -1)Ay, x n = n Ay = b. Let the c/s be the right 
endpoints of the subintervals => q = x 1; c 2 = y 2 , and so on. 
The rectangles defined have areas: 

/ (q )Ay = / (Ay) Ay = 3( Ay) 2 Ay = 3( Ay) 3 
f(c 2 ) Ax = /(2 Ay) Ay = 3(2 Ay) 2 Ay = 3(2) 2 (Ay) 3 
f (c 3 )Ay = /( 3Ay)Ay = 3(3 Ay) 2 Ay = 3(3) 2 (Ay) 3 

f{c n ) Ay = /(«Ay)Ay = 3(« Ay) 2 Ay = 3(/?) 2 (Ay) 3 

Then S n = Z f(c k )Ax = Z 3£ 2 (Ay) 3 
ifc=l *=1 

= 3(Ay) 3 i t 2 =3(g-)( " ( ” +1) 6 (2 ” +1) ) 

= ■^-(2 + T + J-] => f ^ 3x 2 dx = lim ^-(2 + T + -1-j = ft 3 . 

2 l " n 2 l Jo „^oo 2 l » n 2 ! 

52. Let Ay = ^ and let y 0 = 0, Yj = Ay, y 2 =2Ay, ..., 

x n _i = (;? -1)Ay, x n =77 Ay =b. Let the c/s be the right 
endpoints of the subintervals => q = y 1; c 2 = y 2 , and so on. 
The rectangles defined have areas: 

f(c\ ) Ay = /(Ay) Ay = 7t(Ay) 2 Ay = ;t(Ay) 3 
/(c 2 ) Ay =/( 2 Ay) Ay = tt(2 Ay) 2 Ay = ;t(2) 2 (Ay) 3 
/(c 3 ) Ay = /(3Ay) Ay = ^(3Ay) 2 Ay = ;t(3) 2 (Ay) 3 


/ (c„) Ay = / (« Ay) Ay = ^(77 Ay)" Ay = ;r(77) 2 (Ay) 3 


Then 5,, = Z f(c k )Ax= Z nk z (kx ) 3 = 7t(Ay) 3 Z k~ 
k=\ k =1 7t=l 


t »(»+l)(2»+l) 
1 6 




=> f 7rx^dx = lim ^|-(2 + - + -f =-^|- 
Jo »->oo 6 « n 2 l 3 


53. Let Ay = = ^ and let y 0 = 0^ =Ac, y 2 = 2Ay,..., 

y , j _| = (77 -1)Ay, x n = 7? Ay = b. Let the c/s be the right 
endpoints of the subintervals => q = y 1 ; c 2 = y 2 , and so on. 
The rectangles defined have areas: 

/ (C|) Ay = f (Ay) Ay = 2(Ay)(Ay) = 2( Ay) 2 
f (c 2 )Ay = /(2 Ay) Ay = 2(2Ax)(Ax) = 2(2)(Ax) 2 
f (c 3 )Ay = /( 3Ay)Ay = 2(3Ay)(Ay) = 2(3)(Ay) 2 


/ (c„) Ay = / (77 Ay) Ay = 2(t? Ay)( Ay) = 2(??)( Ay)" 
ThenS„ = Z f(c k )Ax = Z 2k(Ax) 2 

k=i k =1 


= 2(Ay)" Z k = 2 
k=\ 





lim b 2 (l + J-)=b 2 . 

n-»oo ' "' 
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59. 


»'(/) '(jtoJfoO-l) 2 * =jJo' 2 *-fJ 0 3 ' *+jJ 0 3 l ■* 

“ j(t) - 1(t-t) + 3 (3_0) " l 


60. av(/) = ) j^ 2 (t 2 ~t}dt = \\ X _ 2 t 2 dt -\^_ 2 tdt 

=ilo^-il 0 2 ' 2 

= 3(V)“3( L 3 L ) + 2 = 2- 

61. (a) av(g) = | TZ i_jj^ i (|.r|-lKr 

= yj (—jc — 1) <i.r + ^| o (x-l) dx 
= “J xdx-^j 1 dx + TJ xdx-\j \ dx 

_ _i 
2 ' 

(b) av(g) = (J 3 (\x\ -1) dx = ij 3 (x- 1) dx 

= dx-\\\dx = ±[£-ty\Q-\) = 1 . 


(c) av(g) = (3Z1P)) j ^ (l- T l -1) dx 

= 4 J^d*! _1) dx + \\l^ x \ _1 ) dx 
= i(-l + 2) = T (see parts (a) and (b) above). 
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the right endpoint of each subinterval. So the partition is P = la, a +^f~, a + a +~~j and 


n n n 

c k = a + • We get the Riemann sum ^/(cj)Ar = X C 'AT" = =c(b-a). 

4=1 4=1 " 4=1 

.... r 6 
As n —> =c and P —> 0 this expression remains c(b-a). Thus, c dx = c(b - a) . 


64. Consider the partition P that subdivides the interval [0, 2] into n subintervals of width Ax = -=J! = 2 and let c k 
be the right endpoint of each subinterval. So the partition is P = jo, 2 ,.., n ~ = 2| and c k = k~ = 

We get the Riemann sum 

im)A»=iWf)u]i=tz(1f+i)=7i‘ + ffi 1 =7 £ ¥ 1+ i'»= 1! ir 1+ 2.As„^» a „d 


4=1 


4=1 


||P|| —> 0 the expression 


4(«+l) 


4=1 


+ 2 has the 


4=1 


4=1 


r 2 

value 4 + 2 = 6. Thus, (2x +1) dx = 6. 

J 0 
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65. Consider the partition P that subdivides the interval [a, 6] into n subintervals of width Ax = and let c k be 
the right endpoint of each subinterval. So the partition is P = [a, a +^-, a + 2(b ,..., a + " {h — | and 


Ck = a + Aliiil. We get the Riemann sum £ / (c k ) Ax =Z c\ (^) (a +^ fl ) 


^ff a 2 + 2ok^ + lP(b-ar\ = b = a[ y fl 2 + 2a(b-a)_ j, + (b-af_ f ^2 
n ^ l n n 2 ) n n ^ n 2 ^ 


k=\ ^ 
na 2 + : 


b- a 2 2 a(b-a) 2 n(n+l) (b-a) 3 7i(7i+l)(2n+l) 


„ 2 2 


= {b-a)a +a(b- a) ■ + 


2 71+1 , (l>-«) 3 («+l)(2»+l) 


2 , „\2 1+ i , < b ~«) 3 2+ '- + „ 2 


= ( b-a)a~ +a(b-a ) •—p- + - 


■j— 2— As « —» co and |P| —» 0 this expression has value 


( b — a)a 2 +a(b-a ) 2 T + -2 = 6rC -a 3 + a£“ -2 cPb + c? + ^-(6 3 -3 b^a +3 ba 1 -a 3 ) = y-y. Thus, 

f X 2 fi?X = y-y. 

J a i 5 

66. Consider the partition P that subdivides the interval [-1, 0] into « subintervals of width Ax = - - — = T and 
let c^. be the right endpoint of each subinterval. So the partition is P = j—1, —1+ y —1 + 2 -1 + n y = o| 

;i 7i / 2 V 

and c k = -\+k y = -1 + y We get the Riemann sum ^ f(c k )Ax = ^ (-1 + -|)-(-1 +-|) y 

= i y f - 1 + i - 1 + ^ i Y 2 1 =- 1 y i + 4 y k - \ v * 2 = - 1 • „+ 4 • ^ 4 

« ■^—'1 « n \n) I « < w 2 ' w 3 ' n n 2 2 w 3 6 


£=l v ' £=1 &=1 £=1 

= -2 + yy - (,,+1 ^2'7+D As n —>cc and || P|| —> 0 this expression has value -2 + T-I = -1. 

Thus, J ^(x-x 2 ) dx = —|. 

67. Consider the partition P that subdivides the interval [-1, 2] into n subintervals of width Ax = 2 - 11 = j- and 
let c k be the right endpoint of each subinterval. So the partition is P = {—1, —1 + y —1 + 2 y,..., —1 + n y = 2j 

and c k = -1 +k y = -1 + y. We get the Riemann sum ^ f(c k )Ax = ^ 3^-1 + yj -2^-1 + yj + l y 
= 1 y f 3 - IS* + mi + 2 _ 6* + !) = 18 y 1 _ 71 y k + 8iy A- 2 = M. „ _ 11. M + 81. K£±IW27i+l) 

” “ \ ” 71 2 « ! n ,, 7r “ 77 3 “J « « 2 2 „3 6 


= ly 3_IM + 27|i + 2 _6i + iU 18y 1 _7|y yt+ 4y yt 2 = 18. K _7|.lM + 8i.lWLtIA 

« ^ \ n n 2 n I n ^ n 2 ^ n n 2 2 „ 3 6 

ifc=l x ’ k =1 it=l 

-lg_ 36( ' ,+1) + -?(»+D(-»+l As « —> oo and || P ||—> 0 this expression has value 18-36 + 27 = 9 


Thus, J ~ (3x 2 - 2x + 1)<A = 9. 


68. Consider the partition P that subdivides the interval [-1,1] into n subintervals of width Ax = 1 * ^ = T and let 
c k be the right endpoint of each subinterval. So the partition is P = j-1, -1 + y -l + 2y,..., -\ + n — = l} and 

c* = - 1 + ^ • f = - 1 + v- We § et the Riemann sum Z /( C A )■^ = Z C A 3 (f) = f Z (- 1 + v) 3 


= 2 y/_ 1+ 6 i_ 12 |i + 8 ^ = 2 _y 1 + 6 y /t _iiy /t 2 + yy /t - 

« ' \ n n 2 rr ’ n ^ n ^ * 2 ^ ^ 


= _2 ,11 »(»+!) 24 7i(7i+lX2?i+l) 16 

71 2 „3 6 „4 


7t=l 7fc=l 7c=l 

l\ . ^ / ..7.. , \2 


= -2 + 6 ■ 2t±l - 4 ■ 6 ;+1 )(2>7+!) + 4 . (»+l)l = _2 + 6 . lliL 

» 7i 2 n 2 1 
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1+ 1 2 +-+^- 1+ n + ^ 

= -2 + 6 ■— f- - 4-j— 1 — + 4-r- 2 —. As n —> oo and || P ||—> 0 this expression has value -2+ 6 - 8 + 4 = 0. 


Thus, J x 3 £fcc = 0 . 


69. Consider the partition P that subdivides the interval [a, b\ into n subintervals of width Ax = and let c^ be 

the right endpoint of each subinterval. So the partition is P = ja, a+^~, a + 2 ^ a + — = fe| and 


q = a + Q—l' We 


get the Riemann sum £ /(q )Ax = £ cf (^) = ^ Z (a + 

*=1 *=1 / fc = l ' 

\ / w t 77 


A-(Z)-a) 


y T 3 | 3a 2 k(b-a ) | 3ak 2 (b-a) 2 | k 3 (b-a) 3 \_b = a 
n 

k =1 


Z 0- ' + 

U=i 


3 3 g-(b-a) , 3 ,2 , (fe-a) J v 7.3 


'.Yk+^^-^k 2 


k =1 


‘Z* 3 

*=i ; 


_ 3 3a 2 (fe-a) 2 »(»+!) 3 a(b-af »(«+l)(2a+l) (fe-a) 4 / »(»+!) \ 


72 


72 


/r 


72 


2 I 


(b 3 I 3g2 ( & - a ) 2 »+l ! a ( & - a ) 3 ("+1X2H+1) , (6-a) 4 . («+l) 2 

' ' 2 n 2 


2 4 „2 
3 + .1. j + 2 + J_ 

+ -V 2 ”' 77 “ 5 *■ 00 an h II C ||—> 0 this expression has 

.-//'i 4 t. 4 „4_ r b 

a 


={b - a)a > + i 

value (7>-a)a 3 + 3 ° — + a(b-aY + -4-p- = Thus, J x 3 dx = 


70. Consider the partition P that subdivides the interval [0,1] into n subintervals of width Ax = kJL = j- and let q be 
the right endpoint of each subinterval. So the partition is P = jo, 0 + 4, 0 + 2 ■ i,_,0 + n ~ = lj and 

c k = 0 + k ^ = n- We get the Riemann sum £ /(q )Ax = £ (3q - c \) (±) = ^ £ f 3 • J ■- (|) 


k =1 


k =1 


A-=l 


!Z*-4Z* 3 


v *=i 


*=i ; 


_ 3 "(»+0 1 / »(»+!) \ 2 _ 3 n+1 1 (» +1 ) 2 _ 3 1+ ,! 1 1+,,+ n 2 


2 2 n 4 


2 14 1 


. As n —> oo and 


||P||—> 0 this expression has value 4“ 4 : = f- Thus, j" o (3x-x 3 )fi?x = 


2 2 2 

71. To find where x—x > 0, let x -x = 0 => x(l -x) = 0 => x = 0 or x = 1. If 0 < x < 1, then 0<x-x~=>a = 0 and 

b = 1 maximize the integral. 

72. To find where x 4 - 2x 2 < 0, let x 4 - 2x 2 = 0 => x 2 (x 2 -2)=0=>x=0orx = ±V2. By the sign graph, 

++++++ 0 —0— 0 +++++++, we can see that x 4 -2x 2 < 0 on \ —A, V 2 I => a = —s/2" and b = -jl 

-V 2 0 V 2 L J 

minimize the integral. 

73. f(x) = —is decreasing on [0,1] =i> maximum value of f occurs at 0 => max f = /"(0) = 1; minimum value of 

l • .v 

/occurs at 1 => min / = /(1)=—L = T. Therefore, (1-0) min / < J ( | -p-y dx < (1 - 0) max / 

=> 4 < f —k—dx < 1. That is, an upper bound = 1 and a lower bound = 

2 J0l+x 2 2 
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74. See Exercise 73 above. On [0, 0.5], max f = — L- = 1, min f = —-— T = 0.8. Therefore 

l+O 2 l+(0.5) 2 

(0.5 - 0) min / < J o °' 5 f (x) dx < (0.5 - 0) max / => | < J 0 ° dx ^ y- 0n t 0 - 5 ’ max / = 1+(( | 2 = 0 

and min f= —y- = 0.5. Therefore (1-0.5) min f < f —fy- dx < (1 -0.5) max f => \ < f -^rdx<- 1. 

l+i ‘ J 0.51 + x ' 4 J 0.5 i+.v- 5 

Then j+ ■=■<[ —y- dx + j" —h- dx < y + -| => 41- < [ — ^ dx <jr. 

4 5 Jo 1 +* 2 J0.5 1+X 2 2 5 20 Joi+x 2 10 


75. -1< 


sin|x 2 j <1 for all x =7 (1 — 0)(—1) < J o sin|x 2 j dx < (1 -0)(1) or j^sin x 2 dx < 1 => si 
12 . 


2 

sinx dx cannot 


equal 2. 

76. /(x) = Vx+~8 is increasing on [0,1] =7 max / = /(1) = Vl + 8 = 3 and min / = /(0) = Vo +8 = 2 Vt Therefore, 
(1 -0) min / < J o Vx+~8 Jx < (1-0) max / =7 2^2 < J Jx + 8 dx < 3. 

77. If /(x) > 0 on [a, b], then min f > 0 and max / > 0 on [ a , Z?]. Now, ( b-a ) min /* < f(x)dx<(b-a) max /’. 

J a 

Then Z?>a=>Z?-a>0=>(Z?-a) min / > 0 => f f(x)dx> 0. 

r Z> 

78. If /(x) < 0 on [ a , Z?], then min /* < 0 and max f < 0. Now, (Z? - a) min f < f(x)dx<(b-a) max f. Then 

J a 

rb 

b > a => b - a >0 => (b - a) max / < 0 I f(x)dx< 0. 

Ja 

pi pi pi 

79. sin x < x for x > 0 =7 sin x -x < 0 for x > 0 => J Q (sin x -x) dx < 0 (see Exercise 78) =7 sinx dx - J q x dx < 0 

=> J o sin x dx < x dx => sin x dx < - y- j => J Q sin x dx < y. Thus an upper bound is y. 

80. sec x > 1 + y- on (~f, y) => secx-|l + y-j ^ 0 on f, y) =7 secx-|l + y-j dx>0 (see Exercise 77) 
since [0, 1] is contained in y) => J 0 secx dx ~\J\y + y-j dx - 0 => fsecx dx - J Q (l + d ' x 

=> j^sec xdx > J Q 1 dx + ^j^x 2 dx =>J o secx dx > (1-0) +y|yj => fsecx dx>^. Thus a lower bound is 


I rb 

81. Yes, for the following reasons: av( f) = y 2 — f(x)dx is a constant K. Thus 

b—a j a 

f av( /') dx = f K dx = K(b-a) => f av(/) dx - (b - a)K = (b - a) • -y— f f(x) dx = I* /(x) dx. 

J a J a J a b>~ a J a J a 

82. All three rules hold. The reasons: On any interval [a, b\ on which / and g are integrable, we have: 

(a) a v(f + g) = -^\\f(x) + g(x)]dx = -^ J * /(x) dx + J * g(x) dx = ^ jV(x) dx +-^ J*g(x) dx 
= av(/)+av(g) 

(b) 'dv(kf) = Jy jT/'(x) dx = -Jy kj b a f(x)dx =k yy J*/(x) dx = k av(f) 
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(c) av(/) dx =-^.\ b a g( x ) dx since f(x) < g(x) on [a, b], and ^J*g(x) dx = av(g). 

Therefore, av(/) < av(g). 

83. (a) U = max] Ax + max 2 Ax + ... + max„ Ax where max] = f(x j), max 2 = /(x 2 )max,, = f(x„) since/is 

increasing on [a, b]; L = min] Ax + min 2 Ax + ... + min„ Ar where min| = /(x 0 ), min 2 = f(x l 
min,, = f{x n _i) since/is increasing on [a, b]. Therefore 
U-L = (maxj -minj) Ax + (max 7 - min 2 )Ax +... + (max,, - min,,) Ax 
= {fix i) - /(x 0 )) Ax + (/(x 2 ) - /(xj)) Ax +... + (/(x„) - /(x„_j)) Ax = (/(x„) - /(x 0 )) Ax 
= (f(b)~f(a )) Ax. 

(b) U = maxj Axj + max 2 Ax 2 +... + max,, Ax„ where maxj = /(x]), max 2 = /(x 2 ),..., max,, = /(x„) since/ 
is increasing on [a, b]; L = min! Ax] +min 2 Ax 2 + ... + min„ Ax„ where min] = /(x 0 ), min 2 = /(xj 
min,, = /(x,,_]) since/is increasing on [a, b~\. Therefore 
U-L = (maxj-min]) Axj +(max 2 -min 2 )Ax 2 +... + (max„-min„) Ax„ 

= {fix i) - f{x 0 )) Axj + (/(x 2 ) - /(X|))Ax 2 +... + (/(x„) - /(x„_!)) Ax„ 

^ {fix i) - / (x 0 )) Ax max + (/(x 2 ) - /(xj)) Ax max +... + (/(x„) - / (x„_!)) Ax max . Then 
U-L< (/(x„)-/(x 0 )) Ax max ={f{b)-f{a)) Ax max = |/(b)-/(a)| Ax max since/(b) >/(a). Thus 

lim ( U-L)= lim (/(b) - /(a)) Ax max = 0, since Ax max = ||p||. 

Who 

84. (a) (7 = max] Ax + max ? Ax + ... + max„ Ax where 

max] =/(x 0 ), max 2 = /(xj),...,max„ =f(x n _ l ) 
since/is decreasing on [a, b]; 

L = minj Ax + min 2 Ax +... + min,, Ax where 
min, — f{x\), min 2 =/(x 2 ),...,min,, =/(x„) 
since/is decreasing on [a, b]. Therefore 
U —L = (max 1 -min 1 )Ax + (max 7 -min 2 ) Ax 
+ ... + (max„-min„) Ax 
= {fix o) - fix i)) Ax + (f(x \) — /(x 2 )) Ax 
+ ... + (/(x„_ l )-/(x„ )) Ax 
= (/(x 0 ) /(x„)) Ax = (/(a) -/(b)) Ax. 

(b) U = max 1 Ax i +max 2 Ax^ +... + max,, Ax,, where maX[ =/(x 0 ),max 2 =/(x 1 ),..., max,, =f{x n _ l ) 
since/is decreasing on [a, b]; L = min] Ax, + min 2 Ax 2 +... + min,, Ax„ where 
min, = /(X]), min 2 =/(x 2 ),..., min,, = f(x n ) since/is decreasing on [a, b]. Therefore 
U-L = (max 1 -min 1 )Ax 1 +(max 2 -min 2 )Ax 2 +... +(max„-min„)Ax„ 

= (/(Ar)-/hx,))Ax] +(/(X])-/(x 2 ))Ax 2 + ... + (/(x„_])-/(x„))Ax„ <(/(x 0 )-/(x„))Ax max 
= if {a) ~f{b) Ax max = |/(b)-/(a)| Ax max since /(b) < /(a). Thus 
lim (U —L)= lim |/(b)-/(a)|Ax max = 0, since Ax max = ||P||. 

|p|h° wih° 

85. (a) Partition |^0, yj into n subintervals, each of length Ax = -Z- with points x 0 = 0, X] = Ax, 

x 2 = 2Ax,... ,x„ = «Ax = y. Since sin x is increasing on [^0, yj, the upper sum C7 is the sum of the areas 
of the circumscribed rectangles of areas /(xj)Ax = (sin Ax) Ax,/(x 2 ) Ax = (sin 2 Ax) Ax,..., 

/ (x„)Ax = (sin ;;Ax)Ax. 


y 
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Then U = (sin Ax + sin2Ax + ... + sin/;Ax)Ax = 

_ ^( cos t- cos (f+t)) _ cos ^- cos (f+^) 


cos^- - cosh 


2sin4r 


4nsiriv- 

A n 


\ An J 


c nil cosf^-cosif i-f 1 ') 1-cos-f 

(b) The area is f sin x dx = lim--V—— = — r -^- = 1. 

W JO ( sin-^3 l 


V 4„ ; 


Ax = 


cos^-cos((«+i)^) 


2sin-f- 

An 


(*) 


n 

86. (a) The area of the shaded region is ^ Ax, ■ m i which is equal to L. 

i =1 
n 

(b) The area of the shaded region is ^ Ax,- -M,- which is equal to U. 

i =1 

(c) The area of the shaded region is the difference in the areas of the shaded regions shown in the second part 
of the figure and the first part of the figure. Thus this area is U -L. 


n n 

87. By Exercise 86, U-L = ^ Ax,- -M,- —^ Ax,- where M i = max {/(x) on the /th subinterval} and 

(=1 i =1 

n n 

nij = min {/(x) on /th subinterval }. Thus U - L = 'Y (M,- -)Ax,- < ^ e ■ Ax, provided Ax,- < 5 for each 

1=1 i= 1 

i = \,...,n. Sincere -Ax,- = Ax,- = e(Z> - a) the result, U -L <e(b-a) follows. 
i= 1 i=l 


88. The car drove the first 150 miles in 5 hours and the second 
150 miles in 3 hours, which means it drove 300 miles in 
8 hours, for an average value of mi/hr = 37.5 mi/hr. In 

O 

terms of average value of functions, the function whose 
average value we seek is v(t) = ( 50 ’ 5 < J < 8 ’ anc * *he 


, • (30)(5)+(50)(3) , 

average value is--= 37.5. 

o 


Velocity 

mllhr 

v 

501 


average 

value 


- 37.5 mi/hr 


30i 


5 8 


Time 

hr 


89-94. Example CAS commands: 

Maple : 

with( plots); 

with( Student[Calculusl]); 
f := x -> 1-x; 
a := 0; 

b := 1; 

N :=[4,10, 20, 50]; 

P :=[seq( RiemannSum( f(x), x=a..b, partition=n, method =random, output =plot), n=N )]: 
display] P, insequence=true); 


Copyright © 2014 Pearson Education, Inc. 




368 Chapter 5 Integration 


95-102. Example CAS commands: 

Maple : 

with( Student[Calculusl]); 
f := x -> sin(x); 
a := 0; 
b := Pi; 

plot( f(x), x=a..b, title="#95(a)(Section 5.3)"); 

N :=[ 100, 200,1000]; 
for n in N do 

Xlist :=[ a+l.*(b-a)/n*i $ i=0..n ]; 

Ylist := map( f, Xlist); 

end do: 
for n in N do 

Avg[ n | := evalf(add(y,y=Ylist)/nops(Ylist)); 
end do; 

avg := FunctionAverage( f(x), x=a..b, output =value); 
evalf( avg); 

FunctionAverage(f(x),x=a..b, output =plot); 
fsolve( f(x)=avg, x=0.5); 
fsolve( f(x)=avg, x=2.5); 
fsolve( f(x)=Avg[1000], x=0.5); 
fsolve( f(x)=Avg[1000], x=2.5); 

89-102. Example CAS commands: 

Mathematica : (assigned function and values for a, b, and n may vary) 

Sums of rectangles evaluated at left-hand endpoints can be represented and evaluated by this set of commands 
Clearfx, f, a, b, n] 

{a, b}={0, n }; n =10; dx = (b -a)/n; 
f =Sin[x] 2 ; 

xvals=Table[N[x],{x, a, b-dx, dx}]; 
yvals =f/.x —> xvals; 

boxes = MapThread[Line[{{#l, 0},{#1, #3}, {#2, #3}, {#2, 0}]&,{xvals, xvals + dx, yvals}]; 

Plotff, {x, a, b}, Epilog —> boxes]; 

Sum[yvals[[i]] dx, {i, 1, Length [yvals] }]//N 

Sums of rectangles evaluated at right-hand endpoints can be represented and evaluated by this set of 
commands. 

Clearfx, f, a, b, n] 

{a, b}={0, jt}; n =10; dx = (b -a)/n; 
f =Sin[x] 2 ; 

xvals =Table[N[x], {x, a +dx, b, dx}]; 
yvals = f/.x —>■ xvals; 

boxes = MapThread[Line[{{#l, 0},{#1, #3}, {#2, #3}, {#2, 0}]&,{xvals, -dx,xvals, yvals}]; 

Plotff, {x, a, b}, Epilog —»boxes]; 

Sumfyvalsffi]] dx, {i, 1, Length [yvals] }]//N 


#(b) 


#(c) 


#(d) 
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Sums of rectangles evaluated at midpoints can be represented and evaluated by this set of commands. 
Clear[x, f, a, b, n] 

{a, b}={0,7i}; n =10; dx = (b -a)/n; 
f =Sin[x] 2 ; 

xvals =Table[N[x], {x, a +dx/2, b -dx/2, dx}]; 
yvals =f/.x —> xvals; 

boxes = MapThread[Line[{{#l, 0},{#1, #3},{#2, #3},{#2, 0}]&,{xvals, -dx/2, xvals +dx/2, yvals}]; 
Plot[f, {x, a, b},Epilog —» boxes]; 

Sum[yvals[[i]] dx, {i, 1, Length [yvals] }]//N 

5.4 THE FUNDAMENTAL THEOREM OF CALCULUS 


1. | x(x - 3) dx = | (x 2 - 3x) dx = 

* a 


V 

3x 2 " 

2 f (2) 3 

3(2) 2 " 

\ f (0)3 

3(0) 2 3 10 

3 

2 

0 l 3 

2 

j 

n~ 

2 J 3 


lx -2x + 3 \ dx = 


Y~x 2 + 3x 




f 2 3 

1 

2 


r 1 j 

)=1--L 

125 

/ 

124 

< wA — 

J-2 (x + 3) 4 

(x + 3) 3 _ 

-2 

, (5) 3 

v (l) 3 ,. 

” 125 


4 & 


.299 


..300 


~\ 1 


dx = ■ 


300 


1 

300 


((1)300 _ ( _ 1) 300) = _l_( 1 _ 1 ) =o 


5. 


3x- 


dx = 


x 2 -*- 

16 


“i 4 


Jl 


^ 3 ^ 

4- 

W 16 y 


^3 ^ 

v 16 yy 


1] 753 
= 64 —16 — 1H-=- 

16 J 16 


f (x 3 -2x + 3Wx = 

X 4 2 . 

-x +3x 

J -2 V ) 

4 


1 4 


^3 4 2 

~ 3 2 +3(3) 


3 ( (_2) 4 2 ^ 

—^-(-2) 2 +3(-2) 


81 | 105 

~ 4 4 




dx = 


xi + 2x 3/ 2 
3 + 3* 


-|1 


Jo 


■(W) 


-n+4 -o-i 




-6/5 , 
x dx = 


—5x 


-1/5 




2 x dx = [2 tan x]q /3 = (2 tan (y j j - (2 tan 0) = 2^3 - 


-0=2^3 


Copyright © 2014 Pearson Education, Inc. 



370 Chapter 5 Integration 

10. (1 + cos x) dx = [x + sin x]q = (n +sin n) -(0 + sin0) = n 


11. J esc# cot# 7# = [-csc#] 3 ^ 4 = |-csc( 

*/3 a 1*73 / ^ 


-CSC (j j j = -yjl - (-V2 j = 0 


12 . 


. sin u , 4 

4 r — du = 


0 cos u 


cost/ 


= 4 


13 ' I 


0 l+cos2/ dt 


r/2 2 


0 Ul/2) 1 j 

C 2 (l + i cos2? )^ = [^ + i sin2? l/2 = (i (°) + i sin 2(0)) - (i (f )+i sin 2 (^ 


r 7T13 .2 • 2 • • • • 2 

14. sin ~tdt Use the double angle formula cos2t = 1 -2sin” t which implies that sin“ t = 

J -7/73 


■ 2 l-cos(2/) 


r/r/3 .2 , f 

sin tdt = 

J -n !3 J 


^ /3 l-cos2t 
-t/73 2 


dt = 


t sin2t 


“I 7113 


2 4 


-n!3 


' n 1 


\ 

n 1 

r vsY 

6 4 

V 

l 2 J 

J 

6 4 

7 

l“ 2 JJ 


71 VI 

y t 


15 


. tan 2 x dx = JJ (sec 2 x-1) dx = [tanx -x]q /4 = |tan|-|-)-yj -(tan(0)-0) = 1 - 


r^/6 2 r 7Z"/(3 2 2 fTT/O 2 

16. (secx + tanx) «*-J Q (sec x + 2secx tanx + tan x) ax = J Q (2sec x + 2secx tanx-1) dx 

= [2 tan x + 2 sec x - x]q / 6 ^2 tan j + 2 sec ^ j - (y) j - (2 tan 0 + 2 sec 0 - 0) = 2 V3 - - 2 


* n /6 


r7ll6 


17. | o sin2x7x = -2-cos2x = |-yCOS 2 ^-cos 2(0)^ 


18. 


J ^ |4sec 2 t+-yjc// = J ^ (4sec 2 t + ;zr 2 ) dt = 4tanf-y 


-7r/4 


.2-77 


tt/4 


tt/3 




(-1)- 




4 tan (-41- 


H) 


-I 4tan(4 - 


= (4(-l) + 4) - (4 (-V3 ) + 3) = 4^3 


-3 


19. J (r+ l)“7r = (r 2 + 2r + 1) dr ■■ 


C + r 2 + r 


n-l 


Jl 


73 73 

20. J ^(r + l)(r +4)7/ = J ^(t 3 +t 2 +4t+4)fi?t: 


^y + (-l) 2 +(-l))-(4+l 2 +l| = - 


iTs 


4 + 3 +2? +4? j_ V 3 


+ 2(V3) 2 + 4V3 ] - t^- + l-^L + 2(-^) 2 +4(-V3) 

1 


= 10^3 
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2L taf 2 u 5 ) du ~\j 2(2 u 5 ) du 


«1 + 1 


-a 


16 4idJV2 


= I h + - 1 


4(D" 


W + 1 




22 - 


23. \f£±fi-ds=\f(X + s-*l 2 )ds = 

J 1 s J 1 


- 1 V 2 ( 


s - 


V?. 


Jl f 


VvT J V vr 


= V2—ji= -(1-^1= V2 - 2 3/4 +1 = V2 - ^ +1 


r8 (F 3 + l)(2-F«) .8, 

24. f 2 -ZL-Z dx = f • 

J1 x m Jl 


■ dx = (2 -x 2/3 +2x 1/3 -x^ 3 ) < 7 x = 


= ( 2 ( 8 )-|( 8) 5/3 + 3 ( 8) 2/3 -|( 8 ) 4 / 3 j-( 2 (l)-|(l ) 5/3 + 3 ( 1) 2/3 -|( 1 ) 4/3 ) =- 

25 . \ n 3ln2 ' Y dx = ( n 2sln * cos * d _ f K cosx dx = [sinjcl^/z = (sin(^))-(si 

J all 2sin* J nil 2sinx J W2 L 1 V 


2.V 3 .V 3 3 • 3.V 2 3 §x 4/3 f 

5 4 J! 

137 

20 


sin|f)| = -l 


26 . (cosx + secx ) 2 dx =J q (cos 2 x + 2 + sec 2 x) dx = | cos 2a +1 + 2 + sec 2 x j dx 

p 7ll2> / 1 C 2 \ r 1 5 ~\n/3 

= j 0 ^cos2jc+-j + sec xj dx = |jjsin2jc + *jjc + tanjcJ 

= (±sin 2 (f) + f (f) + tan (f)) - (±sin 2 ( 0 ) + f ( 0 ) + tan( 0 )) = f + ^# 


p 4 p 0 p 4 p 0 p 4 

27 . J |x|<£c = J |x|<j£c + J |x|dtc = -J ^xdx+J xdx = 


X 

2 


0 

-4 


-|4 


J() 


.oi + M)l| + (ii-Oi| = i6 
2 2 2 2 1 


P 71 i / I i\ P 771 2 1 p ^ i p 711L , —. 

28 . -ylcosx + cos* ) dx = ^-(cosx + cosx) dx + -^-(cos x - cos x) dx = cos x dx = [sin x]q 

J 0 ' *' JO ^ J 7i 12 JO 


nil 


-i7r! 2 


= sin-y - sin 0 = 1 


». J 


ln2 3.V r 1 3x 
e dx=±e 
0 3 


ln2 = I 31n2 _J_ 0 = J_ In8 _J_ = 8_J_ = 7 
0 3 e 3 e 3 e 3 3 3 3 


30 


. Jj [\~ e A joh = (lnx + e x ) 


= (ln2+e 2 )-(lnl+e 1 ) = ln2+4 r -J- 

1 e e 


fl/2 

31 . f -r 
J 0 II 


J=dx = 4 sin 1 x\ 

2 


I 1/2 U 1 \ 

= 4sl ” (i)- 


1 (i)- 4 sin“ I 0=4 




32 - J, 


l/^ 


4r 




0 l+4x 2 JO 1+2 V 2 


= itan '( 4 =)- 4 tan ! ( 0 )= 4 tan ’(-?=) 

0 2 W3 / 2 2 \V3/ 


33 . J x 71 1 oh ■ 


= — (4^ — 2*) 

71 v 7 
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34 - f-i 


n x ^dx = Y~-n x 1 

In n 


1 / -1 -2s 

= -. - (7T -71 ) 

_j ln7T v 7 


35. j" xe x dx = ^e x 


= W~±e° =±(e-l) 


36. |[ —jrdx = -b(lnx ) 2 =4(ln2 ) 2 -^-(lnl ) 2 = ^(ln2 ) 2 


37. —jJ==dx = x(l + x 2 ) l/ ^dx = VT-kC 


= V26-^ 


38. sin 2 xcosxdx = JJ (sinx ) 2 cosxdx = |-(sinx ) 3 = ysin 3 (yj-bsin 3 (0) = ^ 

39. (a) cos t dt = [sin r]^ = sinVx-sinO = sin\/x => (j^cos t dt 
: (sin^) = cosV^(^- 1/2 j - cos ^* 


d 

dx ' 


2 yfx 


( b ) i Ufcos t dt) = (cos V?>(^)) = (cos 1/2 j 


1_ v -l/2 ^ _ coss/x 
2 ~Jx 


40. (a) 3t 2 dt = [t 3 ]j ln ' r = sin 3 x-1 => ^(j^ 3t 2 dt j = y;(sin 3 x-1) = 3sin 2 x cosx 

(b) 2t 2 dtj = (3 s in 2 x)^(sinx)j = 3 sin 2 xcosx 


4« 3/2 

- 3 JO 


41. (a) J Vm du = | i / 1/2 du = 

( b ) i[io V^d M j = V^(|r(t 4 ))=r(4r 3 ) = 4t 


= f(t 4 ) 3/2 -0=ft 6 ^ 


(fo ^ du )=*(¥)= At * 


42. (a) ^sec 2 y dy = [tan >’]o an 0 = tan (tan#)-0 = tan (tan#) => ^(| Q sec 2 y dy 
= -jzr (tan(tan 0)) = (sec 2 (tan 0)) sec 2 0 

G.U 

(b) ^fj Q tan 0 sec 2 y dy] = (sec 2 (tan<9))(^(tan<9)) = (sec 2 (tan 0)) sec 2 0 


43. (a) J e 'dt = —e f 

(b) i(lo e ~‘dt] = e- xi -f(x 3 )=3x 2 e 


= -e ' +l=>-j-f f* e 1 dt \ = -4-[-e x +l] = 3x 2 e v 
o * Jo I dx 1 
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44. (a) f^fx 4 + — Ifih =^- + 3sin l x = 4/ 5/2 +3sin 1 4~t 

J0 ^ V l-x 2 ) 0 3 


iC'[ x> + jr?)* = * h' 5 ' 2 +3sm_1 = 1 


i 5,3/2 _!_ _ 1,3/2 

“5'2 r + % /n'2^“ 2 


(b) dt \o ( x4 + ^) & -( r+ vfc)-rf/(^)-( r2+ vfc)'2V7“2 r 


3/2 , 3 


45. j = \ll + t~dt =>-^ = -Jl+x 2 46. T = | 1 |<f/^>-^: = ^:,x>0 

47. y = J^-sin/ 2 ,* = -J^sin/ 2 dt =>^ = -|sin(>/x) 2 j = -(sinx) |^-x 


—1/2 \ _ sin x 
2 yfx 


48. y = x \ 2 I J 2 sin£ 3 cfr j + l*J 2 sin^ 3 ^ = x-sin (x 2 ) 3 -^(x 2 ) + sin Pdt 

X 2 

= 2x 2 sin x 6 + sin / 3 <i/ 


fj ,2 . f X 

49. j = f -T — dt - f -4 — dt 
- J -1,2+4 J 3 ,2+4 


X X 


•1 1 2 +4 J 3 ? 2 +4 ^ x 2 +4 x 2 +4 


= o 


50 . >•=(j;o 3 -d 10 ^) 3 =■ ^=3(; 0 '(5 3 + o ,o <,r) 2 + d 10 ^)-3 ( ^ ++ d‘°^) 2 


51. 


dt \ r \ <£-=$!&- = _1_C4_fo; 

0 11 2 ^ dx 


, 1 (-j-(sinx)) = 7 1 (cosx) = = COSX _1 s j nce IJ < IL 

^^x^ dx > 4^Tx l c H cos * 1 1 2 


51 ■>’ • C t? =*• t = (rfe)(i <tanJ:) ) 'tklK - v ) 


= 1 


53. j = f -C dt => -y- = J— • -j-ie x ) = —j ^Y'2xe x =2xe 2 * 
" JO Jr dx rJ dx\ i. r 2 


54. y = ^ y/tdt =-J 2 t m dt^>^ = -{ 2 x ) m ~(2 X ) = -2 x/3 -2 X In 2 = -2 4x/3 In 2 


55. J = J 0 cos t dt => = cos(sin 1 x) ~(sin 1 x) = yjl-x 2 ■ J— - =1 


4/^- 

r a • — i 

56. J = J j sm tdt=> 


dy . -1 1 rf 1 . -i f -L 3 ! 4_1 

-j- = sin X 71 •-=- x K =sm \ x n • — x K 
dx dx 
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57. -x 2 -2x = 0 => —x(x + 2) = 0 => x = 0 or x = —2; 

f — ^ 2 p 0 2 

Area=-J ^ (-x - 2x)c?x + J ? (—.x -2x)dx 
-J ~ (-x 2 - 2x)dx 



58. 3x"-3 = 0 =>x 2 = 1 => x = ±1; 

because of symmetry about the y-axis. 

Area =2 ^-J q (3x 2 -3 )dx + ^ (3x 2 - 3)dxj 
2^-[x 3 - 3 x]q +[x 3 -3x] 2 j 

= 2[-((l 3 - 3(1)) - (0 3 - 3(0))) + ((2 3 - 3(2)) - (l 3 - 3(1))] 
= 2(6) =12 




59. 


x 3 - 3x 2 + 2x = 0 => x(x 2 - 3x + 2) = 0 
=> x(x-2)(x-l) = 0 => x = 0,1, or 2; 

Area = (x 3 - 3x 2 + 2 x)dx -1 (x 3 - 3x 2 + 2 x)dx 


V 4 3 7 

* T~X + X~ 

1 

4 

0 


(t - 23+2 



y-i 3 + i 


1 

2 



60. 


x 1/3 -x = 0 =* x 1/3 (l -x 2/3 ) = 0 x 1/3 = 0 or 1 -x 2/3 = 0 x = 0 

2/S 2 

orl=x~ =>x=0orl = x =>x = 0orx = ±l; 
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61. The area of the rectangle bounded by the lines y = 2, y = 0, x = n, and x = 0 is 2 n. The area under the curve 

y = 1 + cosx on [0, n\ is f (1 + cosx) dx = [x + sinx]g =(^ + sin^)-(0 + sin0) = n. Therefore the area of the 
J 0 

shaded region is 2 n-n = n. 


62. The area of the rectangle bounded by the lines by the lines x = -|-,x = y L ,y = sin ^ = -t- = sin -y, and y = 0 is 
iff — f) = f. The area under the curve y = sinx °n[f, f ] is J sinxt/x = [-cosx]^/g 6 
= cos-y-j — cos-^-j = = V3. Therefore the area of the shaded region is y/3 —j. 


63. On [—j, 0 J : The area of the rectangle bounded by the lines y = \fl, y = 0, 9 = 0, and 6 = -is -Jl (j) 

= -yp. The area between the curve y = sec 6 > tan# and y = 0 is - J ^sec^tan 6 dO =[-sec#C /4 
= (-secO)-^-sec^—|-jj = -Jl -1. Therefore the area of the shaded region on is p/l+ (^2 -1). 

On [o, : The area of the rectangle bounded by 6 = ^, 6 = 0, y = -Jl, and y = 0 is yjl [-jj = pp. The area 

under the curve y = sec 6 tan 6 is sec 6 tan del0 = [sec #]*'= sec - j - sec 0 = ~J2 - 1. Therefore the area of 

the shaded region on j^O, y J is pp - (\fl -1). Thus, the area of the total shaded region is 

(^ + V2-lW^_V2+l)=^. 


64. The area of the rectangle bounded by the lines y = 2, y = 0, t = —and t = 1 is 2^1 jjj = 2 +y. The area 
under the curve y = sec 2 t on |p- j, oj is J ^sec 2 1 dt = [tan = tan 0 -tan|—= 1. The area under the 

curve y = l-t 2 on [0, 1] is j o (l-t 2 ) dt = t-y = |l-yj-(o-yj =j. Thus, the total area under the curves 
on \~f, l]isl+| = |. Therefore the area of the shaded region is ^2 + p) —| = 4 + -|-. 


| = f. Thus, the total area under the curves 


65. y= f 7 dt-3 => -j- = — and y(n) = f -dt -3 = 0-3 = -3 => (d) is a solution to this problem. 

J n t ax x J 7i t 

66 . y = J ^ sec t dt + 4 => y = sec x and y(-l) = J ^ sec t dt + 4 = 0 + 4 = 4 => (c) is a solution to this problem. 

67. y = sec t dt +4 => p = secx and y(0) = J C sec t dt + 4 = 0 + 4 = 4 => (b) is a solution to this problem. 

68 . y = | j dt - 3 => p = ^ and y(l) = | -J- dt - 3 = 0 - 3 = -3 => (a) is a solution to this problem. 


69. y = sec t dt +3 


> y-S! 


-\~t dt — 2 
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72. k > 0 => one arch of y = sin kx will occur over the interval j^O, yj => the area = ' sin kxdx = ^--i-cosfccj 


-\n!k 


“COS 
k 


(*(*))"("* 008 (0) ) 


73 . % = = =* c = \l\r V2 dt = [t ll2 ] x 0 = c( 100 )-c( 1 )=VT 00 -VT = $ 9.00 


74 ,= 02 - 


U+b‘ 


dx = 2 1 - 


(x+iy 


dx = 2 


(*+ l ).0 2 _( 3 + ( 3 + 1 )) ( 0 + ( 0 + d ) 


= 2[3^-l] = 2(2= 4.5 or $4500 


75. (a) t = 0=>r = 85-3^25-0 = 70°F; t =16 =>T =85-3^25-16 = 76°F; 
t = 25^T =85-3^25-25 = 85°F 

(b) average temperature = 7 ^ 3 ^J Q ^85 —3^/25 —r 85f+2(25-f) 


■3/2 


l 25 

-0 


= ^ (85(25) + 2(25 - 25) 3/2 ) - ± (85(0) + 2(25 - 0 ) 3/2 


= 75°F 


76. (a) t = 0 =>//=V 0 +I + 5(0 ) 1/3 = 1 ft; / = 4 7/= V4+I + 5(4 ) 1/3 = V? + 5^4 * 10.17 ft; 

t = 8 ^>//=V 8 +I + 5(8 ) 1/3 =13 ft 

(b) average height = ^ J^TT+T + 5t 1/3 j dt =| |(t +1 ) 3/2 + ^/ 4/3 


JO 

^ * 9.67 ft 


= 1(2(8+l) 3/2 +M (8) 4/3 j_ljl (0+1) 3/2 +11(0)4/3 j 
77- J* fif) dt = x 2 - 2x + 1 => fix) = f{t ) dt = ^(x 2 - 2x + 1 ) = 2x - 2 


p X j p X 

78. /(/) dt = XCOS 7 TX => /(x) =)& J 0 /(0 ^ =cos nx-nx sin 7 rx => /(4) = cos tt(4) -;t( 4) sin 7 t( 4 ) = 1 

79. /« = 2-ff 3 l‘*^/'W = - S (llT = ^ = /'(l)=-3;/(l) = 2-004, = 2-0 = 2; 

Lix) = -3(x -1) + /(l) = -3(x -1) + 2 = -3x + 5 
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80. g(x) = 3 +1 sec(i -1 ) dt => g'(x) = (sec(x 2 -l))(2x) = 2x sec(x 2 -1) => g'(-l) = 2(-l) sec ((—l) 2 -1) = -2; 

/_j\2 j 

g(-l) = 3 + J sec(t -1) dt = 3 +1 sec(i -1) dt = 3 + 0 = 3; 

L(x) = -2(x-(-l)) + g(-l) = —2(x + 1) + 3 = -2x + l 


81. (a) True: since/is continuous, g is differentiable by Part 1 of the Fundamental Theorem of Calculus. 

(b) True: g is continuous because it is differentiable. 

(c) True: since g'(l) = /(1) = 0. 

(d) False, since g"(l) = /'(1) > 0. 

(e) True, since g'(l) = 0 and g"(l) = /'(1) > 0. 

(f) False: g"(x) = f'(x) > 0, so g" never changes sign. 

(g) True, since g'(l) = /(1) = 0 and g'(x) = f (x) is an increasing function ofx (because f'(x) > 0). 


82. 


Let a = Xq < X| < x 2 ■ • • < x„ = b be any partition of [a, h\ and left F be any antiderivative off 

n 


(a) I[T(x,)-C(x m )] 

= [F(xj) — F(x 0 )] + \F(x 2 ) - F(xj)] + [F(x 3 ) - F(x 2 )] + • • • + [ J P(x„_ 1 ) - F(x n _ 2 )] + [F(x n )-F(x n _ l )\ 
= -T(x 0 ) + F ( X] ) - F( X] ) + F(x 2 )-F(x 2 )+---+ F(x n _ x )-F(x n _ l )+ F(x n ) 


(b) 


(c) 


= F(x n )-F(x 0 )=F(b)-F(a) 

Since F is any antiderivative off on [a, ft] => F is differentiable of [a, Z>] F is continuous on [a, b]. 
Consider any subinterval [x ( _|, x ; ] in [a, b\, then by the Mean Value Theorem there is at least one 
number c j in (x M , x,-) such that [C(x ( ) - F(x M )] = F\c { )(x i - x ( _,) = f(c i )(x, - x ( -_|) = f(c t ) Ax,-. 


Thus F(b) - F(a) = 'L[F(x i )-F(x i _i)]= I f(c i )Ax l 


i=\ 


Taking the limit of F(b)-F(a ) = Z /(c,)Ax,- we obtain lim (F(b)-F(a)) 

'=! 

F(b)-F(a) = f f(x)dx 
■la 


lim 

ll p lh° 


f« 

I.f(c i )Ax i 
i =l 


83. (a) v = f = ^j'/(x)<fc = /(0=>v(5) = /(5)=2m/se C 

(b) a * s negative since the slope of the tangent line at t = 5 is negative 

(c) 5 = | 0 f(x)dx = 4(3)(3) =4 m since the integral is the area of the triangle formed by y=fix). the x-axis 
and x = 3 

(d) t = 6 since from t = 6 to t = 9, the region lies below the x-axis 

(e) At t = 4 and t=l, since there are horizontal tangents there 

(f) Toward the origin between / = 6 and / = 9 since the velocity is negative on this interval. Away from the 
origin between t = 0 and / = 6 since the velocity is positive there. 

(g) Right or positive side, because the integral off from 0 to 9 is positive, there being more area above the 
x-axis than below it. 


84. lim-^f V -^= lim2 \[t 

x —/ x —»oovxL Jl 


lim -j=(2y[x -2) = lim ( 2 --==) =2-0 = 2 

x—»oo yjx\ f x—>oo \ y/x ) 
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85-88. Example CAS commands: 

Maple : 

with( plots); 
f := x -> x A 3-4*x A 2+3*x; 
a := 0; 
b := 4; 

F := unapply( int(f(t),t=a..x), x ); # (a) 

pi := plot( [f(x),F(x)], x=a..b, legend=["y = f(x)","y = F(x)"], title="#85(a) (Section 5.4)"): 
pi; 

dF := D(F); # (b) 

ql := solve( dF(x)=0, x ); 

ptsl :=[ seq( [x,f(x)], x=remove(has,evalf([ql]),I)) ]; 

p2 := plot( ptsl, style=point, color=blue, symbolsize=18, symbol=diamond, legend ="(x,f(x)) 
where F'(x)=0"): 

display( [pi, p2], title="85(b) (Section 5.4)"); 
incr := solve( dF(x)>0, x ); # (c) 

deer := solve( dF(x)<0, x ); 
df := D(f); # (d) 

p3 := plot( [df(x),F(x)], x=a..b, legend=["y = f'(x)","y = F(x)"], title="#85(d) (Section 5.4)"): 
p3; 

q2 := solve( df(x)=0, x ); 

pts2 := [ seq( [x,F(x)J, x=remove(has,evalf([q2]),I)) ]; 

p4 := plot( pts2, style=point, color=blue, symbolsize=18, symbol=diamond, legend ="(x,f(x)) 
where f'(x)=0"): 

display! [p3,p4], title="85(d) (Section 5.4)"); 

89-92. Example CAS commands: 

Maple : 

a := 1; 

u := x -> x A 2; 
f :=x -> sqrt(l-x A 2); 

F := unapply( int( f(t),t=a..u(x)), x ); 

dF := D(F); # (b) 

cp := solve( dF(x)=0, x ); 

solve( dF(x)>0, x); 

solve( dF(x)<0, x); 

d2F := D(dF); # (c) 

solve( d2F(x)=0, x ); 

plot( F(x), x=-l..l, title ="#89(d) (Section 5.4)"); 
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93. Example CAS commands: 

Maple : 

f := f; 

ql := Diff( Int( f(t), t=a..u(x)), x ); 
dl := value( ql); 

94. Example CAS commands: 

Maple : 

f := f; 

q2 := Diff( Int( f(t), t=a..u(x)), x,x ); 
value( q2 ); 

85-94. Example CAS commands: 

Mathematica : (assigned function and values for a, and b may vary) 

For transcendental functions the FindRoot is needed instead of the Solve command. 

The Map command executes FindRoot over a set of initial guesses 
Initial guesses will vary as the functions vary. 

Clear[x, f, F] 

{a, b}={0, 2 tt}; f[x_] = Sin[2x] Cos[x/3] 

F[x_] = Integrate!f[t],{t, a, x}] 

Pl°t[ (f[x], F[x]},{x, a, b}] 
x/.Map[FindRoot[F'[x]==0, {x, #}] &, {2, 3, 5, 6}] 
x/.Map[FindRoot[f'[x]==0, {x, #}] &, {1, 2, 4, 5, 6}] 

Slightly alter above commands for 89 - 94. 

Clear[ x, f, F, u] 

a=0; f[x_] = x 2 -2x -3 

u[x_]=l-x 2 

F[x_] = Integrate[f[t], {t, a, u(x)}] 
x/.Map[FindRoot[F'[x]==0, {x, #}] &, {1, 2, 3, 4}] 
x/.Map[FindRoot[F"[x]==0, {x, #}] &, {1, 2, 3, 4}] 

After determining an appropriate value for b, the following can be entered 
b = 4; 

Plot[{F[x],{x, a, b}] 

5.5 INDEFINITE INTEGRALS AND THE SUBSTITUTION METHOD 

1. Let u = 2x + 4 => du = 2 dx =>\du = dx 

J2(2jc + 4 fdx = J2 u 5 jdu = J u 5 du = \u 6 + C = \(2x +4) 6 + C 

2. Let u = lx -1 => du =7 dx=> j du = dx 

J7V7x-l dx = J7(7x -1) 1/2 dx = J7« 1/2 j du = | u V1 du = Jh 3/2 + C = |(7x -1) 3/2 + C 
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3. Let u = x + 5 => du = 2x dx => ±du = x dx 

j"2x(x 2 +5) dx = j*2 u~ 4 jdu = J u~ 4 du = -yz/ -3 +C = -=^(x 2 + 5) -3 +C 

4. Let u = x 4 +1 => du = 4x 3 dx =^> ^du = x 3 dx 

J 4 - v dx = J4x 3 (x 4 +1 )~ 2 dx = J4 u~ 2 i du = J u~ 2 du = -z/ _1 +C = -y- + C 

5. Let u = 3x 2 + 4x => du = (6x + 4 )dx = 2(3x + 2)dx => \du = (3x + 2 )dx 

J(3x + 2)(3x 2 +4 x) 4 dx = Jz/ 4 \du =\ ju 4 du = j^u 5 +C = -jh(3x 2 +4x) 5 +C 

6. Let u = 1 + Vx => du = —K= dx=> 2 du =A=dx 

2 yjx VX 

J — dx = |(1 + Vx) 1/3 -j= dx = Jz/ 1/3 2 du = 2 ju l/2 du = 2 --|z/ 4/3 + C = y(l + Vx) 4/3 +C 

7. Let u = 3x =?■ du = 3 dx => j du = dx 

Jsin3x dx =J|-sinz/ du = - j cos u +C = -y cos 3x + C 

8. Let u = 2x => du = 4x dx => j^du = x dx 

J x sin (2x 2 ) dx = Jy sin u du = -y cos u+C = ~ cos 2x 2 + C 

9. Let u = 2t => du =2 dt => ^du = dt 

|sec 2 1 tan 2 1 dt = sec u tan u du = y sec u + C = y sec 2t + C 

10. Let u = 1 — cosy => du = ysin 4-dt => 2 du = sin 2-dt 

j*^1 — cosyj (sin-y) dt = ^2u 2 du = -|w 3 +C = -|(l-cosy) +C 

11. Let u = 1 - r 3 => du = -3 r 2 dr => -3Vzz = 9r 2 dr 

(2pL= [-3u~ V2 du = -3(2 )m 1/2 + C = -6(1 — r 3 ) 1/2 +C 
J VI-/- 3 J 

12. Let u = y 4 +4y 2 + 1 => Vzz = (4y 3 + 8y) dy =^> 3 du =12 ( y 3 + 2y) dy Jl2(y 4 + 4v 2 + l) 2 (y 3 + 2y) Vy 
= 13z t 2 du =u 2 +C = (y 4 + 4y 2 +1) 3 + C 

13. Let it = x 3/ " -1 => du = ^x l/2 dx => jdu = \[x dx 

JVxsin 2 (x 3 / 2 -1) dx = J J- sin - u du = |Yy-ysin2wj + C = y (x 3/2 -l)-y sin (2x 3/2 -2) + C 

14. Let it = —- => du = -X-dx 

X x 1 

j-ycos 2 (y)Vx = Jcos 2 (-zz) du = j"cos 2 (zz) du =|y + y sin 2u j + C = -yy + ysin^-y} + C = -yy-ysin|^-) + C 

15. (a) Let u = cot26 ) => du = -2csc 2 28 dd => -y du =csc 2 26 dd 

J esc 2 26 cot 26 d9 = -J| u du = ~t(4) + C = “4 + c = -i cot2 20 + c 
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16. 


17. 


18. 


19. 


20 . 


21 . 


22 . 


23. 


24. 


25. 


26. 


(b) Let u = esc 29 => du = -2csc20 cot 29 dd => -\du = esc 26 cot 29 d9 
Jcsc 2 2 9 cot2 9d9 = ^-^udu=-^ f^-j + C = + C = -d-ese 2 2 9 + C 


(a) Let u = 5x + 8 => du = 5 dx => \ du = dx 


\^= = \\[j;) du = \\ u ~ yidu = \^ yi ) +c = ^ V2+c = \^+^ +c 


•J 5 x +8 
^et u = - 

= I5 du = f M+C = fV5x + 8 +C 


(b) Let u = a/5x + 8 => c/w = ^-(5x + 8) i/2 (5) dx ^>jrdu =-j== 


Let u = 3 -2s => du = —2ds=> -d- du = & 


J y[3-2s ds = jyfu ^-\du^ = -d- Jz/= ^-d-j|-|zr 3/2 j + C = -d(3-2s) 3/ ” + C 


Let u = 5s + 4 => du = 5 ds => j du = ds 


J" dS ~ I h ( 5 du ) ~ 5 J “ V ~ du ~ ( 5 ) (2 " 1/2 ) + C “ 5 ^ 


= 4V5s+4+C 


du = -29 d9 => -d-c/w =9 d9 


Let u =1—0' 

J 6sjl-0 2 d0 = J#7 = -dj 


. 1 / 4 , 


= -x I m- du = (-d)(| H 5/4 ) + C = -f (1 -6> 2 ) 5/4 + C 

2 1 
^ du = -6 y dy => - j du = 3 y dy 


Let u = 7 - 3j 

J3JA/7-3J 2 dy = jsfu d du} = ~^ju l/2 du =( _ t ')('3 


Let u = 1 + Vx => du = —d= dx => 2 du = -4= Jx 
2v.v Vx 

* 2 du 


3/2 


+ C = -d(7-3>> 2 ) 3/2 +C 


l 


V*(l+^)‘ 


_2 + C = 

J M 


1+Vx 


+ c 


Let u = sinx => du = cosx dx 

jVsinx^l - sin 2 xjcosx dx = J|z / 1/2 -z -/ 5/2 j 


du = -|z.z 3/2 -yw 7/2 +C = -|sin 3/2 x--ysin 7/2 x + C 


Let u = 3x + 2 => du = 3dx =>^du = dx 

j"sec 2 (3x + 2) dx = |(sec 2 u)^duj = d Jsec 2 zz du = d-tan u +C = dtan(3x + 2) +C 
2 

Let u = tan x => du = sec” x dx 
Jtan 2 xsec 2 x dx = ju 2 du = d-z/ 3 +C = d-tan 3 x + C 

Let u = sin(yj => du = d-cos^jfix =>3 du = cos(-|j dx 
Jsin 5 (|-)cos jyjzix = Jm 5 (3 du) = 3^-d-M 6 j + C =d-sin 6 (y) + C 

Let u = tan => du = d-sec 2 [^)dx => 2 du = sec 2 (y )dx 
|tan 7 (-|)sec 2 {fydx = ju 7 (2 du) = 2^m 8 ) + C = d tan 8 ^j + C 
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3 2 2 

27. Let u = 75 - -1 => du = Kdr => 6 du = r~dr 

lo O 

Jr 2 (jg-lj dr = Jm 5 (6 £?w) = 6jzz 5 zfez = 6^-^- j + C = |jg-l) +C 

28. Let u = 7 --jq- => du = - j r 4 dr => -2 du = r 4 dr 

Jr 4 (7 -f^J 3 dr = jV(-2 z/zz) = -2j 1 ?du = -2 (*£) + C = -\{l + C 

29. Let u = x 372 +1 => du = \x l/2 dx => -| du = x^ 2 dx 

Jx 172 sin(x 372 +1) dx = J(sinzz)(-|fi?zz j = -| Jsinzz du = -|(-cos u) + C = --|cos(x 3/i +1) +C 


30. Let u = esc => du = -^csc^-^j cot^-^jafe => -2du = esc cotf-ty^efe 


| esc cot (~ 2 ^) dv = | -2du = -2u + C = -2 esc 

;t ZZ = CO! 

\^^L dt =\_\M = J_ + c = 

J cos~(2z+l) J 2 2 » 


(?) 


+ c 


31. Let u = cos(2f +1) => du = -2sin(2t +1) dt =^> --A -du = sin(2t + 1) dt 


2cos(2/+l) 


1 

2 

+c 


32. Let u = sec z => du = sec z tan z fife 
j" sec z tan z 
J -J secz 


fife = j"-j= Jt/ = | u 112 du = 2 zz 172 + C = 2^/sec z + C 


33. Let zz = t -1 = t 1 -1 => du = —t 2 dt => -du =\ dt 


J -j-cos^j-ljfi?t = J (cos u)(-du) = -Jcoszz du = - sin u+C = -sinQ--lj + C 


34. Let u = 4t +3 = t 172 +3 => du = ]/2 dt => 2du = A=dt 

2 dt 


J cos(V7 + 3) dt = | (cos zz)(2 du) = 2 |cos zz du = 2 sin zz + C = 2 sin(V7 + 3) + C 


35. Let zz = sin-A => du = (cos 2 :II —=> = _L_ C0S ±£/$ 




: ( C0S i)B 


1 


1 


9 1 —O' 


f-Vsin^cosTrfi)^ = f—zz du = -4-zz 2 +C = -A-sin 2 4 + C 

j Q l 0 0 j 1 10 

36. Let zz = esc V# => du = (-esc Vi? cot Id )(-^=) dd =^> -2du = cot Vi? esc Vi? dd 

r ws'Jd jq _ f-Lcot sfd esc ~f0 dd = f-2 du = —2zz + C = -2 esc Id +C = - K= + C 

1 sin 2 J JO J sin \l9 


37. Let zz = l+x=>x=zz-l=>fife=zfe< 

, , 1/2 - 1/2 
= zz - z z 


|-y== fife = du = |(zz 172 - zz 1/2 j du = -|zz 3/2 -2zz 1/2 + C = -|(1 + x) 37 " -2(1 + x) 1/_ + C 


38. Letzz=l—J- => t/zz = 4r dx 


jKr- dx = j d* = | -r^l — fife = | Vzz" du = J zz 1/ “z/zz = zz 372 + C = - -h j + C 


39. Let zz = 2 => du = Ardx 

_X 2 

J \^2 - i cfe = | Vz7 du = |zz 172 fi?zz 


-i“ 3 ' 2+c -!( 2 4) 3 ' 2+c 
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40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


Let u = 1 — => du = \dx => f du = -L dx 

x 3 1 r 3 


f = f 2 dU = 2 W 2du = 3 ?+C = 3( 1 -^) +C 


Let u = 1 —\ =^> du = -^-dx => ^du =\dx 

X _£ ^ X 

l^jr dx = i j*2p^ dx = \^^~^ dx = \^¥ u = iJ uV2du 


= ± u 3/2 +C =2 


27 


27 


/ \3/2 

B) 


+ c 


3 2 1 2 

Let u = x -1 => du = 3x dx => ^ du = x~dx 

f-J—}— “ d x = J — dx = =f Jm _ 1 / 2 Jm =|-m 1/2 +C = -=-(* 3 -l ) 3 " +C 


Let m = x -1. Then du = dx and x = u +1. Thus Jx(x -l) 10 </x = J (u + \)u W du = |(t / 11 + m 1 f) )du 


= iV » 12 +tr« n +c=£(x-i ) 12 +rr ^- 1 ) 11 + c 


Let w = 4 - x. Then du = -1 dx and (-1 )du = dx and x = 4 - u. Thus JxV4-xc?x = J(4 — u)yfu(—\) du 
= |(4-w)(-w 172 )c?w = J(m 3/ “ -4 u i/2 )du = -f z/ 5/2 --|z/ 3/2 +C = j(4 -x) 5/2 -|(4 -x) 3/2 + C 

Let h = 1-x. Then du = -1 dx and (-1 )du = dx and x = 1 —u. Thus J(x +1) 2 (1 -x ) 5 dx 
= |(2 —u) 2 u 5 (—l)du = J(— u 2 +4z / 6 -4u 5 )du = -i-w 8 + ytt 7 -yw 6 + C = -i(l -x ) 8 + y(l-x ) 7 -y(l -x) f 

Let u=x- 5. Then du = dx and x = m + 5. Thus J(x + 5)(x-5) 1 / 3 z7x = j(w + 10 )w 1 / 3 e?w = J(w 4/3 + 10 w 1 / 3 )t?w 
= |w 7/3 + ^w 4/3 + C = |(x - 5 ) 7/3 + ^ (x - 5 ) 4/3 + C 

Let u = x 2 +1. Then du = 2xdx and fz/z/ = xdx and x 2 = « — 1. Thus Jx 3 V-r 2 +1 dx = J(w -1 )\yfu du 

1 f, 3/2 1/2 w 1 [2 5/2 2 3/21 , n 15/2 1 3/2 , ~ 1/ 2 , n 5/2 1/ 2 , n 3/2 , n 

= 4f\(u — u )du=4f\ju -j« +C = yzz -jM + C=y(x +1) -y(x +1) + C 


Let u = 


x 3 +1 => du = 3x~dx and x 3 = u -1. So J3x 5 V * 3 +1 dx = J (u - \)\fu du = J(m 3/ “ —u^~)du 


=4« 3/z -4 +c=4 (x J +rB -fix-' +i y u +c 


Let u = x 2 — 4 => du = 2 x dx and j du=x dx. Thus J ^ x ^ 3 dx = J (x 2 - 4) 3 xc?x = Jm 3 f-z/z/= f- j"z/ 3 (/m 

= -i-zr 2 + c = -^(x 2 - 4) -2 + c 


Let u = 2x -1 => x = i-(w +1) => dx = ft/w. Thus 


J isip=J <i "Kl (“‘ ,3 * 


= 4 (|« 4/3 + 3m 1/3 ) + C = j|(2x -1 ) 4/3 +|(2x -1 ) 1/3 + C 


Let u = sin x => du = cos x dx 
J (cos x)e sin X dx = je u du =e u +C = e sinx +C 


Let u = sin 0 du =2sin&cos6d0 = sin2dd0 
f(sin20)e sin29 d0 = je u du =e u + C=e sin ^+C 


+ C 
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53. Let u = e ^ +1 du = —K=e^dx => 2 du = A=e^*dx = 1 r dx 

2 V x -Jx sjxe~^ x 

_j~ sec 2 +lj<i.r = 2jsec 2 udu = 2tan u +C = 2tan je^ +lj +C 

i i 1 , 

54. Let u =l+e x => du =e x ~dx^>-du = e x -Xrdx 

x z x z 

j-^e* secj\ + e* jtan^l +e x j dx = - jsecwtanw du = -secw +C = -secj^l +e* j + C 


55. Let u = In x => du = — dx 

X 


\—^—dx = I -du = In u + C = Inline + C 
J xlnx J u 1 


56. Let w = In t => du = 


JlL^^ = |ln^i^ = l|M^ = i| Ht / M= i.iC + C = i(l nr) 2 +C 


57. Let u = e +1 => du = —e ~dz => -du =e dz 


= J e z = -j-^du = -ln|z/| + C = -ln(e z +1) + C = —In^ + C 
= -(ln(l+e z )-lne z ) + C = z-ln(l+e z ) + C 


2 I 

58. Let u = x du = 2xdx =>-^du =xdx 


f dx _ I 

f xdx \ | 

r du 

x%/x 4 -l 

X 2 yj 

f (x 2 ) 2 -l 2 J 

uylu 2 —\ 


59. Let u = ■=■/- => du = 4dr => \du = dr 


f—cfr* = o' f—-— jdr =f f—= -ftan 1 !/+C=-|tan '(f-rWc 
J 9+4r 2 9 J 1+ (| r t 2 9Jl+H 2 6 6 \ 3 / 

60. Let w = e® => du = e®d6 

\- r J=d8= f—= f—^ = sec~ 1 M + C = sec~ 1 (e g ) + C 

J 4^z { J J uju^i 

r sin - L r . _i 

61. I ,- dx = e du , where !^=sin 

J Vl-x 2 J 


x and du = S— = e“ + C = e sln A + C 


62. f e . - Jx = - f e u du, where u = cos 1 x and du = = -e u + C = -e cos x +C 

S SS 2 J 4SS 


63. f (sm —— 1 dx = \u 2 du, where u = sin l x and du = —4 

J SSd J S 


= -fi= = 4- + C = (sin ~ x) + c 

-x 2 3 3 
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64. f ^ tan - dx = f u i/2 du, where u = tan 1 x and du = -^y- = |-w 3/2 +C = |-(tan l x) 3/2 +C=^J( tan 1 x ) 3 +C 

J 1 + r“ J 1 + r z ^ ^ 


65. f-= f d y = f -du, where u = tan 1 y and du = —= In \u\ + C = In tan 1 y + C 

J (tan y)(l+y ) •’ tan 1 v J w 1 + v z 


i r 2 I 

66 . I- 1 ,- dy = f— zr^~d)’ = \—du, where u = sin _ y and du = —^ 

J (sin- 1 y )yjl-y 2 J sin v ' ^1 


= In m + C = In sin 1 v + C 

i ..2 ^ 


2 3 2 2 

67. (a) Let w = tanx => du = sec x v = w = >dv=3u du^>6dv = \8u du; w = 2 + v^>dw = dv 


(2+tan 3 x ) 2 


dx = f 18m 3 2 du = j* ———— 7 - = I *—y = 6 j* w 2 dw = —6w 1 + C = + C 

J (2 +u 3 t 2 J (2+v) 2 J w 2 J 2 +v 


2+w 3 2+tan 3 x 

3 2 2 2 2 

(b) Let u = tan x => du = 3 tan" xsec" x dx => 6 du =18 tan" x sec" xdx; v = 2 + u => dv = du 


(2+tan 3 x) 2 


dx = [——— = f—=- = ——+ C = —y^—i-C = — 
J n+uY J v- v 2+w 


2+tan 3 x 


t 2 2 2 2 

(c) Let u — 2 + tan x => du = 3 tan x sec" xdx=> 6 du = 18 tan" xsec" x dx 


(2+tan 3 x) 2 


'-dx = = —— + C = — 

J u 2 « ; 


2 1 

68 . (a) Let u = x -1 => du = dx\ v = sin zt => dv = cost/ dir, w = l + v~ => dw = 2v dv =>-^dw = v dv 
f Jl + sin 2 (x-l) sintx - 1 ) costx - 1 )dx = f Jl + sin 2 u sin u cos u du = 1 vyll + v 2 dv 


jyj l + sin 2 (x-l) sin(x - 1 ) cos(x - 1 ) dx - J-y/l + sin 2 u sin u cos u du - \ v\l +v 2 dv 
= J dw = ± w 3/2 + C = j(1 + v 2 ) 3/2 + C = |(1 + sin 2 m ) 3/2 + C = ±(1 + sin 2 (x -1 )) 3/2 + C 

2 1 

(b) Let u = sin(x -1) => du = cos(x -1) dx; v = 1 + u => dv = 2u du => y t/v = w du 

J+ sin 2 (x — 1 ) sin(x - 1 )cos(x - 1 ) dx = J uyjl+u 2 du = Jy Vv dv = Jy v l!2 dv 

= (|(|) v 3/2 ) + C = } v 3/2 + C = i (i + m 2 ) 3/2 + C = j (1 + sin 2 (x -1 )) 3/2 + C 

2 1 

(c) Let u = 1 + sin (x-1) => du = 2sin(x-l)cos(x-l)<ix => y du =sin(x-l)cos(x-l)t/x 

Jy/l + sin 2 (x -1) sin(x -1) cos(x -1) dx = |yVw du = Jy u ] 2 du = y^-=-t/ 3/ " j + C = y(l + sin"(x -1)) 3/ " + C 


69. Let u = 3(2r -l ) 2 +6=> du = 6(2r -1)(2) dr => yyt/w = (2r -1 )c/r; v = Vm =^> dv = —K=du => Jreiv = —y=t/t/ 


r (2r-l)cos-^3(2r-l)~+6 _ 

3 ^3 (2r-l) 2 +6 

= isin^3(2r-l ) 2 + 6 + C 


dr = )(_L fi ( w ) - |(cosv)^y£/vj = -i-sinv + C =ysin Vm +C 


70. Let u = cos yfd => du = (-sin\/(? -2du = si d9 


,do=s 


0 cos 3 49 ^ 4&4™s 3 4o 


d6= \=^- = -2\u~ m du =-2(-2u“ 1/2 ) + C=^ + C=- 

j U j \U 


71. Let m = sin x => t/tt = cosx t/x. 


f cot x = f dx = f — = In u + C = In sin x + C 
J J sinx J « 
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72. J CSC xdx = j CSC x(l) dx = J CSC X ^scr + cot v ) ^ x - Let 11 = CSC X + cot X => du = -(esc 2 X + CSC x cot x) dx. 
Jesex dx = = -ln|w| + C = -lnjcscx +cotx| + C 


73. Let u = 3 t 1 -1 => du =6 tdt=> 2du = 12 tdt 

s = Jl2t(3t 2 -1 fdt = JV (2 du) = 2 [±u A ) + C = \u 4 + C =\{2>t 2 -1) 4 + C; 

5=3 whenf = l=>3=L(3-l) 4 +C=>3=8 + C=>C = -5=>5=L(3/ 2 -l) 4 -5 

74. Let u = x 2 + 8 => du = 2x dx => 2 du = 4x dx 

y = \ 4 x(x 2 + 8)~ 1/3 dx = | w _1/3 (2 du) = 2 (|m 2/3 ) + C = 3m 2/3 + C = 3(x 2 + 8) 2/3 + C; 
y = 0 when x = 0 0 = 3(8) 2/3 + C^C = -12^>j = 3(x 2 + 8) 2/3 -12 

75. Let u =t+-^=>du =dt 

s = J8sin 2 (t + p-) dt = J8sin 2 udu =8^-y-^sin2z< j + C = 4^t + -^-j-2sin^2t + -|-j + C; 
5=8 when/ 1 = 0^8 = 4^)-2sin(-|) + C C = 8-|+ 1 = 9 —| 

5 = 4^t +-^-j-2sin|2t +-|j + 9-y = 4? - 2sin(2t + -|j + 9 


76. Let u = y — 9 => -du = d8 


j3cos 2 (^-6^d6 = -|3cos 2 // du = -3^ + isin2//j + C = ~4| 

!f-«) 

1 — 4 sin | 

+ -2«) 

f when^ = 0^>f = -^-4sinf + C^C=f + 4=^r = -4| 

o o o 4 Z L 4 2' 

!f-«) 

|-|sin| 

(f-20) 


=>r = 2 0 -4 Sin (f-2 0 ) + f + 4=> r =f 0 -4COs20 + f+ | 

77. Let u = 21 -y =^> t/w = 2 dt => -2 du = -4 dt 

^ = J-4sin|2t - dt = j'(sinw)(-2<7w) = 2cosz/ + Q = 2cos^2t - y j + C|; 

at t = 0 and ^ = 100 we have 100 = 2cos(-f) + Q => Q = 100 => ^ = 2cos(2t -f) + 100 

=^> 5 = J|2cos^2t-yj + 100jjt = j"(cos// + 50 )du = sin*/ +50// +C 2 = sin^2t -y) + 50|2t - ^-j + C 2 ; 

at t = 0 and 5 = 0 we have 0 = sin^-^j + 50^-^j + C 2 => C 2 = 1 + 257T 

=^> 5 = sin^2t -yj +100? -25;r + (l + 25;r) =^> 5 = sin^2f -yj + 100t +1 

78. Let u = tan 2x => du = 2 sec 2 2x dx => 2 du = 4 sec 2 2x dx; v - 2x => dv = 2dx =>\dv = dx 
y: = J4sec 2 2x tan2x dx = Jz/(2 du) = z/ 2 +Q = tan 2 2x + Q; 

at x = 0 and = 4 we have 4 = 0 +Cj =>Q = 4 => = tan 2 2x + 4 = (sec 2 2x -1) + 4 = sec 2 2x + 3 

=> y = J(sec 2 2x + 3 )dx = J(sec 2 v + 3)(Lj v ) =ytanv + -| v + C 2 = Ltan2x + 3x + C 2 ; 
at x = 0 and y --1 we have -1 = L(0) + 0 + C 2 => C 2 = -1 => y =^-tan2x + 3x-l 

79. Let u = 2t du = 2 dt => 3 du = 6*7t 

5 = J*6 sin 2t dt — ^ (sin z/)(3 du) = -3 cos // + C = -3 cos 2t + C; 

at t = 0 and 5 = 0 we have 0 = -3cos0 + C => C = 3 => 5 = 3 - 3cos2t => 5^yj = 3 -3cos(;r) = 6 m 
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80. Let u = nt => du = ndt => ndu= n~dt 

v = jV 2 cos ntdt = j(cosu)(ndu) = 7rsinu + Cj = nsmint) + C|; 

at t = 0 and v = 8 we have 8 = ^(0) + Cj => Q =8 => v = ^ = ;rsin(;rt) +8 => s = |(^sin(^) +8)dt 
= jsinudu +8t +C 2 = -cos(nt) + 8/ + C 2 ; at t = 0 and s = 0we have 0 = -1 + C 2 => C 2 =1 
=> ^ = 8/ - cos (nt) + l => s(l) = 8-cos7T + l = 10 m 


81. All three integrations are correct. In each case, the derivative of the function on the right is the integrand on the 
left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover, 
sin 2 x + Ci =l-cos 2 v + C. => C 2 = 1 + C,;also -cos 2 x + C, = -C°i2*_i + c , =>c, =C,-i = C, +|. 


, r 1/60 
82. (a) -d— f V, 

A-o Jo 1 


sin 120;z7 dt = 60 


/ , \ -|l/60 

- F max(T2^)cos(120^)J 0 


F max 
2n 


[cos27T-cos0] 


= -^[1-1] =0 


(b) F max = V2F rms = V2(240) * 339 volts 


max 

■1/60 


(c) J Q (^max ) 2 sin 2 120ntdt = (F max ) 2 J Q cos240 ^ ) dt = J Q (1 -cos 2A07it)dt 

- (24^) s in ( 4 ^)) - (° - (24^) s in (°>) 


K 


t r \ - 1 I/ 6 O (y 

bib) 8 "’ 240 ” 1 


(bnax) 

120 


5.6 SUBSTITUTION AND AREA BETWEEN CURVES 


1. (a) Let u = y +1 => du = dy; y = 0 => u = 1, y - 3 => u = 4 


j 0 \[y +1 dy = J 1 u l/2 du 
Use the same substitutioi 

J 0 | Vl + 1 dy = J 0 *' 1/2 = 


, 2 3/2 

= | 3« 


2 3/2 "I 1 
=rll 

3 Jo 


]* =(f)< 4 ) 3 ' 2 -(f)(1) 3 ' 2 =(f)(8)-(f)(l) 

(a); L = 

(f)(D 3 


M 

3 


(b) Use the same substitution for it as in part (a); y = -1 => u = 0, y = 0 => u = 1 

•0 ,-- . ft 


\3/2 n = 2 
3 


2. (a) Let u = 1 —r => du = —2r dr =^> -\du = r dr; r = 0 => u = 1, r -1 => u = 0 


\3/2 _ i 
3 


\\^r 2 dr = \l~^du =[4« 3/2 ]° =0-(4)(l) 3 

(b) Use the same substitution for u as in part (a); r = -1 => u = 0, r = 1 => u = 0 
| j rv/l -r“ dr = J —j>Ju du = 0 


3. (a) Let u = tan x => du = sec' x dx; x = 0 => u = 0, x = -j => u = 1 


■ n! 4 


f u du = 

V" 

Jo 

2 


-|1 


= t--0 = L 


J 0 


(b) Use the same substitution as in part (a); x = —j => u = -1, x = 0 => u = 0 


f 0 2 r 0 

,. tan xsec x dx = \ u du = 
J —n! 4 J —1 


r 2 "i 0 
L 2 J -1 


= 0 - 


4. (a) Let = cosx => du = -sinx dx => —du = sinx c?x;x = 0 => u = 1, x = n => w = -1 
J o 3cos 2 xsinx dx = J -3u 2 du = [-M 3 ] j" 1 = —(—l) 3 — (—(l) 3 ) = 2 
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(b) Use the same substitution as in part (a); x=2n^>u=\, x=3/r=>w = -1 

f ^ 2 • C — 1 2 / 

3cos xsinxax= -3 u an =2 
J2 n Jl 


5. (a) u = \+t 

• 1 


■ du = 4t 2 dt => Jj -du = t'dt\t = 0=>m=1,/=1=>m=2 




= | -L u du = 


Jl 


21_J1 
16 16 


II 

16 


(b) Use the same substitution as in part (a); t = -1 => u = 2, t = 1 => u = 2 

J t 3 (l +t 4 ) 3 dt = j i? du = 0 


6. (a) Let u = t 2 +1 => du = 2t dt => -i du = t dt, t = 0 => u =1, t = V7: 


(b) Use the same substitution as in part (a); t = -\[l => w = 8, / = 0 => w = 1 
0 

-V7 


,1/3 


du =| (iV4V ,4/3 


, -(l)w 4,3 -(l)w 


4/3 _ 45 


LV' 2 +1)1/3 ^ = Is 2 “ 1/3 du = “ft “ 1/3 du = “I 


2 1 

7. (a) Let w = 4 + r => du = 2 r dr ^>-^du = rdr; r = -1 => m = 5, r = 1 => w = 5 


f —= 5 f A 
J -1 (4+r 2 1“ J 5 2 


u “ du =0 


-1 (4+r 2 ) 2 

(b) Use the same substitution as in part (a); r = 0 => m = 4, r=l=>i^=5 


8. (a) Let« = l + v 3/2 => c/w =-|v 1/2 e?v =>-y-c?w = 10Vv c?v; v = 0 


=> U = 1, V = 1 => M = 


Use the same substitution as in part (a); v = 1 => w = 2, v = 4=>w=l + 

*=I’i(? *)=-f [I] ’ = -f (H) - -f H) 


10 

3 


3/2 


70 

27 


9. (a) Let « = x 2 +1 => du = 2x dx => 2 du = 4x ah; x = 0 => u - \,x = %/3 =>u = 4 


r 

Jo 




4x 


dx 


= f ~j=du = f '2iT 1,z du = [4h 1,z ]7 =4(4) 1,z -4(l) 1,z =4 
\lx 2 +1 J1 vu 

(b) Use the same substitution as in part (a); x = -^3 => u = 4,x = V3 => u = 4 

^2L= dx=\ -j= du = 0 
J-V3 J yfu 


- 1/2 


1/2 n 4 


1/2 


\l/2 


10. (a) Let u = x 4 + 9 => du = 4x 3 dx => ^du = x 2 dx; x = 0 => u = 9, x = 1 => u = 10 


f ■ l -jL- * = f :,0 i ,r'' 2 * - ri(2>, 1 ' 2 1 = i(io) 1 ' 2 

J 9 4 L4 V J9 2 


x +9 


(b) Use the same substitution as in part (a); x = -1 => u = 10, x = 0 => u = 9 
\°-^dx= C 9 I M - 1/2 du=-\™\u- m du = i# 

J - 1 V7+9 Jl ° 4 J9 4 2 
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11. (a) Let u = 4 +5t => t -4), dt = ^du; t =0 => u = 4, t = 1 => u = 9. 
j^t^/4 + 5t dt = “ j" 4 (w — 4 )*Ju du = ~| 4 {u 212 -4 u l/2 ^jdu 


25 


25 

'V 2 -V 2 

5 3 


*]4((! <243, -5 (27) )-(f (32, -t (8)) ))^ 


(b) Use the same substitution as in (a); t = 1 => u = 9, t = 9 => u = 49. 

-.49 


f 9 t74+57fi?t = — f 49 (t/ 3/2 -4u l/2 )du= — 
Jl 25 j9 V / 25 


2 5/2 8 3/2 


Ejjl <16 , 8 „ 7) _| ( 343>)-g(243>-f(27)) 


86,744 

375 


12. (a) Let u = l-cos3t => du = 3sin3/ dt => j du = sin3/ df, t = 0 => u = 0, t = => u - 1 - cosy = 1 


J o (1 -cos3/)sin3/ dt = u du = \{^rj 


=kv 2 -Uo) 2 =i 


J o 

(b) Use the same substitution as in part (a); f = -|- => h = 1, t = y => w = 1 -costt = 2 

\~i 2 

1 zo\2 1 /i\2 _ 1 


J ^(l-cos3t)sin3t dt - y« du = y|tr_j 


= i(2) -id) =i 


13. (a) Let u = 4+ 3 sin z => du = 3cosz dz => ydzz = cosz dz; z = 0 => u = 4, z = 2;r => u = 4 
• 2n 


r* - 7 m^dz=r -l (!,*,) = 0 

JO >/4+3sinz J4>/i#V3 / 

(b) Use the same substitution as in part (a); z = —n =^> w = 4 + 3 sin(-;r) = 4, z = 7r ^>u = 4 

r , cos -; &=f 4 -L4rf«) = o 

J-^V4+3sinz J4 v» '3 / 

14. (a) Let u = 2 + tan2- => du = 2-sec 2 jdt => 2 du = sec 2 y dt; t = yy => « = 2 + tan= 1, t = 0 => u = 2 


J ^2 + tan y) sec 2 y dt = u(2 du) = [w 2 ] 2 =2 2 -! 2 


= 3 


(b) Use the same substitution as in part (a); t = -y => w = 1, t = y => w = 3 
f (2 + tan-A sec 2 4 dt = 2f w dw = [m 2 ] ? = 3 2 -l 2 = 8 

11 J) 1 


15. Let u = t 5 +2/ => du = (5t 4 +2) dt', t = 0 => zz = 0, t = 1 => u - 3 

f 1 Vt 5 +2t(5t 4 +2)dt= fV /2 du=\hi V2 Y =4(3) 3/2 -4(0) 3/2 =2^3 

JO JO L- 3 Jo 


16. Let u = 1 + -Jy => dzz = yy=; j = 1 => u = 2, y = 4 => u = 3 


2 Jy 

= = i 2 3 H " 2 du = [ - M " 1] 2 = (-i)-(-i)=i 


389 
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17. Let u = cos2 9 => du = -2sin20 dd => -j du = s'm29 d9; 9 = 0 => u =1, 9 = ^ => w = cos2^-|j = i 


• n! 6 


Jl ~ M 3 = ~2 Ji 11 3 du = 


1/2 

1 

21-2/ 



L V / J 

1 4 (i) 


^ 4 


18. Let w = tan j =^> du - ^j-sec 2 dd ^>6du - sec 2 d0\0 = n =^> m = tan^j = -j^,0 = 2 y 1 =>w=tan-|- = l 


r- 5 (i) sec2 (i) d ° =j,/V 3 m " 5(6 ^ = 6 ( 



i 

_3_ 

1 

3 

3 

n- 4 JJ 

1/V3 

2 id _ 

1/V3 2(1 ) 4 

v 2 (i) , 


= 12 


19. Let u = 5 -4cost => du = 4 sin/ dt => ^du = sin/ dt; t = 0 => a = 5 -4cos0 =1, / = n => u = 5 - 4costt = 9 


f 9 5m 1/4 (li M )=|f 9 M 1/4 c/m = 

It(4w 5/4 )1 

J1 \4 ) 4 J1 

L 4 V 5 J] 


n 9 


= 9 5/4 -l=3 5/2 -l 


20. Let u = l-sin2/ => du = -2cos2 1 dt => -\du = cos2 1 dt; t = 0 => u = 1, t = => u = 0 


f^ 4 ., ■ -><\3/2 r,. ,. r° 1 3/2 , 

J o (1 — sin 2/) cos2tat = J j -L u du = 


It 2 


Hf“ 5,2 )],=(4«» 5 ' 2 )-Hm i ' 2 )=i 


21. Let u = 4y -y 2 + 4y 3 +1 => du = (4 -2y +12y 2 ) c/y; y = 0 => u = 1, y = 1 =^> u = 4(1) — (1)“ + 4(1) 3 +1=8 

+4y 3 +1) —2/3 (12y 2 -2y + 4) dy = J^w -273 du = [3m 1/3 ] \ = 3(8) 1/3 -3(1) 1/3 =3 

22. Let u = y 3 +6y 2 -12y +9 => du = (3y 2 +12y -12) dy => -^c/m = (y 2 +4y-4) c/y; y = 0=>M=9, y = l=>M=4 
Jo(L 3 + 6y 2 - 12y + 9)- 1/2 (y 2 + 4y -4) dy = J^tT 172 du = [l(2 m 1/2 )] * = f (4) 1/2 -f(9) 1/2 = |(2 -3) = -f 


23. Let u = 9 2,12 => 


du = ^9 i,2 d9 => = du = d9; 9 = 0 => u = 0, 9 = ifa 2 =^> m = 7r 

jj J9cos 2 (9 V2 ) d9 = J^ cos 2 m|-| c/wJ = Jf ('f + jsin2wj = -| (y + ^sin2^J-j(0) =y 


24. Let u = l+-=> du = —t 2 dt ; t = -1 => m = 0, t = —^ => m = -1 


J t t "sin |l + yjjt = J o -sin 2 u du = -(^-^'m2 m| =- (-■“ jsin(-2))-(-| - jsinO) 


= 2'-4 sin 2 


25. Let u = tand => du =sqc 0 dfy 0 = 0 => u =0, 0 = 7r/4 =>u =\‘, 
•n!4< tan^\ 9 ~ - r^/4 9 ~ ~ rW4 


J o |l + e tan6> jsec 2 0 d0 = sec 2 ^J^+| o du = [tan#] ^ /4 +[e w ]^= [tan(^/4)-tan(0)] + (e 1 -e°) = 
(l-0) + (e-l)=e 


26. Let u = cot 0 => du = -esc 0 d0; 0 = tt/ 4 ^>u =1, 0 = 7r/2 ^>u =0; 

• ^r/2 r . nt /3\ 9 ~ ^ r^/2 9 _ r0 


J /4 |l + e C0t ^ jcsc 2 0d0 = | /4 esc 2 0 d0 -J^ du = [-cot^] ^ 2 [-cot(;r/2) + cot(;r/4)]-(e 0 -e 1 
(l-O)-(l-e) =e 
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27. dt = In |2 - cos til „ = ln3-lnl = In 3; or let u =2 - cos t => du = sin t dt with t = 0 => u = 1 and 

Jo 2-cos t Li U# 

t = n => u = 3 => smf dt = f —du = flnli/Hf = ln3 -lnl = ln3 
Jo 2-cos I Jl u L I IJi 

28. ^4 ^q d9 = [in|l-4cost?)] q / 3 = lnl - In3 = - In3 = ln^; or let u -1 -4cos6* => du = 4sin 9 d8 with 

9 = 0 =>u = -3 and 9 = J k=>u = -1 => . 4 . sing „ d9 = f — du = fin| m|1 \ = -ln3 = ln^ 

3 Jo l-4cos<9 J _3 u L I IJ—3 3 

29. Let u = \nx => du = — dx~, x = 1 => u = 0 andx = 2 => u = ln2; f ^ 2L dx= f 2udu = \u~~\ =(ln2)^ 

30. Let u = lnx => du = — dx: x =2 => u = In2 andx =4 => u = ln4; f -f^-= f - du = [lnwl! 11 ^ = 

x 9 J2 *lnx Jln2 u L J ln2 

ln(ln 4) - ln(ln 2) = In (jnl) = In (^) = In (M) = l n 2 

1 p4 i pin4 r i -iln4 

31. Let u = lnx =>du = — dx\ x = 2 =>w = ln2 andx = 4 => u = ln4; —= u ~ du = -— = 

X ’ J 2 .r(ln.r) 2 Jln2 L »Jln2 

_]_ , _1__l_ , _J_ = _1 ■ l _ l _ l 

In 4 ln2 ln2 2 \ n 2 21n2 ln2 21n2 ln4 

32. Let u = lnx => du = — dx; x = 2 => « = ln2 andx = 16 => u - lnl6; f —^== = 44 m 1/2 du = [m 1/2_ | = 

X ’ J2 2 J ln2 L Ji n2 

Vlnl6 - Vln2 = >/41n2 -Vln2 = 2>/ln2 -Vln2 = Vln2 

33. Let u = cos^- => du = —bsin4 dx => -2 du = sin 4-dx\ x = 0 => u = 1 and x = # => u = -4=; 

2 2 2 2 2 ^2 

f W2 tanf = f & = _ 2 f 1/2/2 ife. = r_ 2 ln Ul 1 ^ = _ 2 in 1 = 2 In Jl = ln 2 

Jo 2 Jo cos( it IT) Jl u L 1 1 Jl V2 

34. Let u = sin t =>cost dt; t =^-=>u =A= and t = -f- =>w = 1; f cot/<i/ = f r — = 

4 ^2 2 J ?r/4 J^/4 sin/ J1/V2 « 

[ ln H]U =_ln i =ln ^ 

99 r 7713 9 r 7 r /3 r 71 /3 

35. tan“ 9cos9 = (sec“ ^-llcos^ = sec^-cos^ => tan"0cos0a , 6 , = J o sec^J^-J^ cos 9d6 
The second integral is [—sin 6*] [[ 3 = —Rewrite the first integral as 

f sec6 , ( sec ^ +lan ^ )//g = f sec e + sec 0 tan 9 jq. Let u = se c9 + tan 9 => du = (sec6 1 tan(9 + sec 2 6 1 ) dO = 

JO Vsec<9+tan0/ JO sec^+tanfi 1 v ’ 

(sec 2 9 + sec 9 tan 9) d9; # = 0=>w = l+0=l; 9 = nll 2 + V3; 

J o SgC S ecg ^tan^~ = du = In[|i/|][ + ^ = In (2 + V3); thus the original definite integral is equal to 

-^ + ln(2+V3). 
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36. Let u = cos3x => du = -3sin3x dx; -2 du = 6sin3x dx; x =0 =>u =1, x = n! 12 => u = 1/-V2; 


rnlYl r 

J 6 tan 3x dx = J ^ 


tt/12 


6sin3x 


•1/V2 


dx = -2^ 4m. - -2pn|z/|]j = -21n-J^-lnl = 21n V 2 = ln2 


0 cos3x 


37. f -cos Odd _ 2 f —, where u = sin 6 :=> du = cos Odd; d = --f- =>zz = -1, 0 => u =1, 

J-W2 l + (sin6») 2 J -1 1 + m 2 ’2 2 

= |^2 tan -1 mJ ^ =2|tan _1 1 -tan _1 (-l)j =2^-^—= ;r 


38. J 


zr/4 esc 2 x dx 
n/6 l + (cotx) 2 


-c 


r du ^ , where zz = cot x => du = -esc 2 x t/x; x = -f- => zz = ~J3, x = -j => zz = 1, 
V3 1+M 0 4 


= -tan 


*zz] = -tan h + tan 1 V3 = --f + f- = -pr 
JV3 4 3 12 


39. f e ^ = f where u = e x and du = e x dx; x = 0 => u = 1, x = In V3 => u = V3, 

JO 1 + e 2 * Jl 1 + u 2 


|^tan *zzj = tan 1 V3-tan = 


40. f 4< *— = 4 f — 4m— where u = lnt and du = \dt; t =1 =>u =0, t =e 7rl4 =>z/ =x/4, 

Jl z(l + ln 2 z) Jo l + u 2 ’ t 

= |^4tan _1 zzJ =4^tan _1 -|--tan _1 oj = 4tan _1 -j 


41. 

| ^ 
II 

"iT = 

= 4 (sin 


A-s 2 L 

2 Jo 

V 

42. 

j-3%/2/4 & j 

j-3%/2/4 

du 

Jo / 9 _ 5 2 2 

Jo 

\l 9 -u 2 


• 2 jl 
3 


where u = 2s and du =2 ds; s = 0 => u = 0, s = => u = ^ L , 


= ^Isin" 1 - l/oir.- 1 A _ clr,- 1 o'! - 1 


3Jc 


=fl sm 


^2 sec (sec xj r/r/3 2 —1 / i — 

43. r- - ; ’ dx = sec u du, where u = sec x and du =— , ; x = v2 => a =-f-, x =2 => 

J V2 xJTA in/4 2 x f—[’ 4’ 

= [ tan »]^/4 =tanf-tan-| = V3-1 


.2 cosisec 'x) r ^/3 

44. n — \ z/x = coszz du. where 

J 2V3 xJJIi in/6 


-1 


zz = sec 


x and du = —p£=; x =-?==> zz = 4, x = 2 => zz 


A 


r • 1^/3 • # • ^ VJ-i 

= [sinzz] — sniy— sm^ = ^ 
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45. H* 72 * 

J -' 


, where u = 2y and du = 2 dy; y = -1 => u = -2, y = => u = -^/2, 


T -1| IT^ 2 
= ysQC \u\j ^ = sec 




46. ^ l} ^ = -A 3i__L where u = 5y +1 and du = 5 dy; y = 0 => u = 1, y = 3 => u = 16, 


47. Let u = 4- x 2 => du = -2x dx => -jdu = x x = -2 => w = 0, x = 0 => w = 4, x = 2 => « = 0 


/) = -| ^ xV4 -x 2 e?x + xV4 - x 2 dx = — J Q -2- w 1,2 du +1 4 w 12 du = 2J q 2 w 122 du = | 

= [t“ 3 ' 2 ] Cf(4) M -f(0)“=f 


- [ V ' 2 du 

Jo 


A/2 16 

; 3 


48. Let u = 1 -cosx => du = sinx c?x; x = 0 => w = 0, x = /r => w = 2 

f ^(l-cosx) sinx dx = f u du = -V =4--4- = 2 
Jo Jo L 2 J 0 2 2 


49. Let m = 1 + cosx => du = -sinx dx => -du = sinx dx;x = —it =>m = 1 + cos (-7t) = 0,x = 0 => m = 1 + cosO = 2 

Z = -f° 3(sinx)Vl + cosx dx = -f 2 3u ll2 (-du) = 3 f V /2 £/«=["2m 3/2 ”| 2 =2(2) 3/2 -2(0) 3/2 =2 5/2 
J -7r JO JO L Jo 

50. Let u = 7i + 7i sinx => du = 7rcosx t/x => 2 du = cosx e?x;x = -y => « = /r + ^sin|-^j = 0, x = 0 => u =n 

Because of symmetry about x = “,^4 = 2f ^(cosx)(sin(7r + ;rsinx))t/x = 21" (sinw)(—Jr/) 

z J—7il2^ JO ^ V/ 

= f sinw du =[-cosh]q =(-cos^)-(-cosO) = 2 

J 0 

51. For the sketch given, a = 0, b = n\ f(x) -g(x) = 1-cos 2 x = sin 2 x = 1 c ° s2 * ; 

A = j; 2>> dx = 2 Jo^C 1 ~ cos 2x ) dx = \ X—^ ^ =^[(jf-0)-(0-0)] =y 


52. For the sketch given, a = — f, b = -fs f{t)-g{t) = 2 sec 2 /-(-4 sin 2 t ) = 2sec 2 t +4sin 2 /; 


A=\ n (2-sec 2 / + 4sin t\dt=^ f sec 2 tdt + 4\ s'm~t dt =\\ sec 2 /<i/+4f (1 c °' 

J —?r/3 \ 2 J 2J-JT/3 J —jr/3 2j_^/3 J-W3 2 

= 2-f ;r sec 2 / dt + 2 f * (1-cos 2t) dt = 4[tan /]^ 3 3 +2 / - sm = V3 +4 ~ — yf3 = 

- J —71 13 J — u!3 - [_ 2 o 3 3 


j i j & w 2 

i rtf/3 2 , . r*73 

2- sec / d/ + 4 s 

2 i-n 3 i-nn 


ft !3 (1-cos 2?) 


53. For the sketch given, a = -2, b = 2; f(x)-g(x) =2x 2 -(x 4 -2x 2 ) = 4x 2 -x 4 ; 


320-192 128 

15 15 
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54. For the sketch given, c = 0, d =!;/(>>) -g(y) = y -y ; 


A = j' 0 (y 2 -y 3 )dy = j l o y 2 dy-\y dy 


y_ 

3 4 

- Jo L Jo 


(1-0) (1-0) i i i 

3 4 3 4 12 


55. For the sketch given, c = 0,d=l;f (y)-g(y) = (12 y 2 -I2y 3 )-(2y 2 -2y) = 10 y 2 -12 y 3 +2y; 

A = lo (10 >’ 2 ~ 12 y 3 +2 4) 4y = lo l °y 2 d y~\l n y 3 d y +\ x 2yd y =[f/] 0 -[f 4 4 ] 0 +[f4 2 ] 0 
= (f "0)"(3-0) + (l-0) = 3 

56. For the sketch given, a = -1, b = 1; /(x) -g(x) = x 2 -(-2x 4 ) = x 2 + 2x 4 ; 


^h | ,- + 2.4)*=[4 + ^]' | =(i + |)-[-i + (-|)]: 


2,4 _ 10+12 _ 22 
35 15 15 


57. We want the area between the line y = 1, 0 < x < 2, and the curve y = minus the area of a triangle 

2 / 2 \ r 3 “i 2 

(formed by y = x and y = 1) with base 1 and height 1. Thus, A = |l —^-j dtc-4-(l)(l) = x-yy -4 


= ( 2 — i-Ui = 2-4_i=5 
\ 12/ 2 3 2 6 


58. We want the area between the x-axis and the curve y =x~, 0 < x < 1 plus the area of a triangle (formed by 

i r 3 1 1 

x = 1, x + y = 2, and the x-axis) with base 1 and height 1. Thus, 4 = J x 2 dx + 4 (1)(1) = ^ +4 = 4 + 4 = . 


59. AREA = 41+ 42 

Al: For the sketch given, a = -3 and we find b by solving the equations y = x -4 and v = -x -2x 

9 9 9 

simultaneously for x: x - 4 = -x - 2x => 2x~ + 2x-4=0=> 2(x + 2)(x -1) x = -2 or x = 1 so 

b =-2: f(x) — g(x) = (x 2 -4) -(-x 2 -2x) = 2x 2 + 2x-4 => Al = f (2x" +2x -4) dx 

J —3 

3 2 ~|-2 , . 

= 4|_+2|1_ 4y =|_M + 4 +8 j_(_i 8+9+ i2)=9-M = J4 ; 

A2: For the sketch given, a = -2 and /? = 1: /(x) -g(x) = (-x 2 -2x) -(x 2 -4) = -2x 2 -2x + 4 
=> A2 = —(2x 2 +2x-4) dx =— 4E- + x 2 -4x ' = -(| + l-4) + (-^ + 4 + 8) 

= -4-1 + 4-44 + 4+8 =9; 

Therefore, AREA = Al + A2=-y + 9= 4y 

60. AREA = Al + A2 

Al: For the sketch given, a =-2 and b = 0: /(x)-g(x) = (2x 3 -x 2 -5x) - (-x 2 +3x) =2x 3 -8x 

=> Al = (2x 3 -8x) dx = = 0 -(8 -16) = 8; 

A2: For the sketch given, a = 0 and b =2: f(x)-g(x) = (-x 2 +3x) -(2x 3 -x 2 -5x) =8x-2x 3 

=> A2 = f 2 (8x-2x 3 ) dx = =(16-8) =8; 

JO L 2 4 Jo 

Therefore, AREA = 41 + 42 = 16 
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61. AREA = A1 + A2 + A3 

Al: For the sketch given, a = -2 and 6 = -1: f(x)-g(x) = (-x + 2)-(4-x ) =x -x—2 

A2: For the sketch given, a = -1 and 6 = 2: f(x)-g(x) = (4 -x 2 )-(-x + 2) = -(x 2 -x-2) 

^A2 = -jjx 2 -X-2)dx = -[ 4-T- 2 *]^ =-(f-2- 4 ) + (“3 “2 +2 ) = - 3 + 8 “2 =t ; 

A3: For the sketch given, a = 2 and 6 = 3: f(x) -g(x) = (—x + 2) -(4 -x 2 ) = x 2 -x-2 
=’A3=/ 2 V-x-2)*=[^-4-2,|=(f-f-6)-(f-f-4)=9-f-f; 

Therefore, AREA = A\ + A2+A3 = CL+ | + (9-|-|) = 9^ 

62. AREA = Al + A2 + A3 

Al: For the sketch given, a = -2 and b = 0: f(x)-g(x ) = -xj - j = -jX = |-(x 3 -4x) 

=> Al = } J_° 2 (x 3 - 4x) dx = \ ■- 2x 2 ]° = 0 - i (4 - 8) = J; 

3 

A2: For the sketch given, a = 0 and we find b by solving the equations y = ^--x and y = j simultaneously 
forx:-j--x=y=>^---|x = 0=> j(x-2)(x + 2) = 0 => x = -2, x = 0, or x = 2 so b = 2: /(x) -g(x) 

2 

=!-(t-*) = 4( x3 ~ 4x ) => A2 = -ij 0 2(x3 ~ 4x) =iJo (4x_x3)= i[ 2x2 -4] 0 =|( 8 - 4 ) = 

A3: For the sketch given, a = 2 and 6 = 3: /(x) - g(x) = |^--xj —j = y(x 3 -4x) 

= A3 = lf 2 3 <x’-44)*=l[4-2^| =1 [(“-29)-(M- 8 )] = l(M-14) = f; 

Therefore, AREA = Al + A2 + A3 = | 1 +|| = 

63. a = -2,6=2; 

/(*) - g(A) = 2 - (x 2 - 2) = 4 - x 2 

c 2 2 r 3 1 2 

=>^4 = J 2 (4-x 2 )c?x= 4x-4y = 

=Af-i)=¥ 

64. a = -1,6 = 3; 

/(x)-g(x) = (2x -x 2 ) -(-3) = 2x — x“ +3 
=^>^4 = j" (2x-x 2 +3)dx = x"-^- + 3x 
= (9-f + 9)-(l + i-3)-ll-I = f 
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65. a = 0,6 =2; 


f(x) — g(x) = 8x-x 4 A = f (8x - x 4 )dx 

J u 

r 9 s -i2 

8xl_xl - i <: 32 80-32 48 
2 5 L 5 5 5 


2 2 

66. Limits of integration: x~-2x = x => x -3x=0 
=> x(x - 3) = 0 => a =0 and 6=3; 

/(x) - g(x) = x - (x 2 - 2x) =3x-x 2 


■A = J (3x- x 2 )dx = 


xi _ 27 q _ 27-18 _ 9 

3 Jo 2 2 2 


2 2 2 

67. Limits of integration: x = -x + 4x => 2x - 4x = 0 
=> 2x(x -2)=0=>a=0 and 6=2; 

/ (x) - g(x) = (-x 2 + 4x) - x 2 = -2x 2 + 4x 
=> A = f l (-2x 2 + 4x)<fe = 1"^ + ifi] 

JO ^ o 

16 . 16 _ - 32+48 _ 8 
3 2 6 3 


68. Limits of integration: 7 -2x 2 = x 2 +4 => 3x" - 3 = 0 
=> 3(x-l)(x +1) = 0 => a = -1 and 6=1; 

/'(*) - g{x) = (7 - 2x 2 ) -(x 2 + 4) = 3 -3x 2 

=3[(l-i)-(-l + i)] 

- 6 ( f )- 4 



69. 


Limits of integration: x 4 - 4x 2 + 4 = x 2 => x 4 - 5x^ +4 = 0 
=> (x 2 -4)(x 2 -1) = 0 => (x + 2)(x — 2)(x + l)(x — 1) = 0 
=> x = -2, -1,1, 2; /(x) -g(x) = (x 4 -4x 2 +4) -x 2 
= x 4 - 5x 2 + 4 and 

g(x) - /(x) = x 2 - (x 4 - 4x 2 + 4) = -x 4 + 5x 2 - 4 
=> A = | ^|—x 4 + 5x 2 — 4j dx + j" j(x 4 -5x 2 +4 )dx 

+ J (-x 4 + 5x^ - 4) dx 




60 ,60 
5 3 


300-180 _ 
15 


Copyright © 2014 Pearson Education, Inc. 



Section 5.6 Substitution and Area Between Curves 


397 



/j—r U/-X, X S U 

71. Limits of integration: y = J\x\= < and 

[4x,x>0 

5y = x + 6 or y = y+ -|; for x < 0;4~x =f+ f 
=^> 5y[-x = x + 6 => 25(-x) = x 2 + 12x + 36 
=> x 2 + 37x + 36 = 0 => (x + l)(x + 36) = 0 
=^> x = -1, -36 (but x = -36 is not a solution); 

for x > 0 :5Vx = x + 6 => 25x = x 2 + 12x + 36 

=^> x 2 -13x + 36 = 0 => (x -4)(x -9) = 0 

=^> x = 4,9; there are three intersection points and 



L(¥- 


xj<ix+ J + j (4x-^j^dx 




__2 3/2 
3* 


2_ 3/2 (-v+6)- 

3 ' 10 


_ | jd _ Z3. _ +) _|_ | z 43/2 36 | q 


(2.93/2 225 2 43/2 


50,20 _5 
10 3 3 


2 x — +, x + -z or x + z 

72. Limits of integration: y = \x -4| = < 

[4 -x 2 , -2 < x < 2 

for x < -2 and x>2:x 2 -4=4 r + 4 

=^> 2x 2 -8 = x 2 +8 => x 2 = 16 => x ±4; for - 2 < x < 2: 

4-x 2 = 2^ + 4=>8 - 2x 2 = x 2 + 8 => x 2 = 0 => x = 0; by 
symmetry of the graph, 

A = 2|^- + 4j-(4 + x 2 ) dx 

+2 J 2 4 [(T +4 )-b 2 - 4 )]*= 2 [T]/ 2 [ 8 '-Tt 

= 2 (f-o) + 2(32-f-16 + |)=40-f = f 



Copyright © 2014 Pearson Education, Inc. 



398 Chapter 5 Integration 


73. Limits of integration: c = 0 and d = 3; 

f (y)—g(y) - - o =2 >> 2 

3 r? 3i 3 

^A = j o 2y 2 dy= =2-9=18 


1 

74. Limits of integration: j; = j + 2 => (y + 1)(>> - 2) = 0 
=> c = -1 and d = 2; f(y) - g(y) =(y + 2)-y 2 

2 2 3 “ 2 

3^-L 1 (7 + 2-/)a',.-. = + 2^-^ 

-(I + 4-f)-(l- 2 + l)-6-i-l + 2-l = f 

2 

75. Limits of integration: 4x = y -4 and 

4x = 16 + >> => y 2 - 4=16 +j=>j.’ 2 —y — 20 = 0 
=>(> , -5)(j + 4)=0=>c = -4 and d = 5; 

/w - s w =( t 2 ) - ( 4 1 )= 

=.^.||_ 5 4 (-v 2 + v + 20)^ =1 -L + L + 20J 

= i(-T + f + 100 )4(f + T- 80 ) 

-|(-® + | + 180).^ 

2 2 

76. Limits of integration: x = y and x = 3-2 y~ 

=> }’ 2 =3-2J 2 => 3j 2 - 3 = 0 => 3(j -1)(>’ +1) = 0 
c = -1 and d = 1; f(y) - g(y) = (3 - 2y 2 ) - j 2 

= 3-3j 2 =3(l-j 2 )=>^ = 3j_| i (l->’ 2 )dj 

= 3 [j’-4]‘,= 3 H)- 3 (- i+ 5)= 3 - 2 ( i -i)= 4 

77. Limits of integration: jc =-j; and ,r = 2-3j 

=> -j 2 = 2 — 3_y 2 => 2j 2 - 2 = 0 

=> 2(y -l)(y +1) = 0 => c = -1 and d = 1; 

f(y)-g(y) = (2 - 3 r) -(V) = 2 -2/ = 2(1 - y 2 ) 

1 r n 1 

= - 4 - 2 L,* 1 -2 > y-\ 

= 2 M)- 2 (- 1+ tH(tH 
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0 1'X 

78. Limits of integration: x = y and 

x = 2- y 4 => y 213 = 2—y 4 => c = -1 and <7=1; 

f(y)-g(y) = (2-y 4 )-y 213 ^ A =j 1 _ l ( 2 ~y 4 -y 113 ) d y 


2 v < ir 3 


b 




-|1 

--1 


b 


. 12 - 1 - 1 ) 4 - 2+1 + 1 


) 



5 5 ) 


79. Limits of integration: x = y 2 -1 and x =| y \ —y 2 
=* y 2 -1 =\y\ ^y 4 -2y 2 +l = y 2 (l-y 2 ) 


• y 4 —2y 2 +1 = y 2 -y 4 


• 2y 4 -3y 2 +1=0 


(2j 2 -l)(j 2 -1) = 0 => 2y 2 -1 = 0 or y 2 -1 = 0 : 


2 

A = 


or j 2 = 1 => y = or j = ±1. 

+ /2 

Substitution shows that =^— are not solutions ; 

for -l<y< 0, f(x) -g(x) = -yjl - y 2 - (y 2 -1) 

2 2 1/2 

= 1 —y -y(1-y ) , and by symmetry of the graph, 


■ y = ±i; 





dy = 2 (1 - y 1 ) dy - 2 J^ y( 1 - y 2 ) 1/2 dy 


= 2 


-|0 


J-l 


+2 (i) 


2 d-r ) 3/2 


= 2 


,0-0)-(-l + |)] + (| -o) = 2 


80. AREA = A1 +A2 

Limits of integration: x = 2y and 

3 2 . 3 2 r, n 

X = y -y =>y -y -2y=0 

=J> y(y 2 -y-2)=y(y + l)(y-2)=0=>y = -1,0,2: 


for -1 < < 0,f(y)-g(y) = y i -y 2 -2y 


F A1 = J_i(L 3 ~}' 2 ~2y) dy- 

=0 -(l + i-lUA. 

U 3 ) 12’ 


v 4 r 3 2 


-.0 


J-l 


for 0<y<2,f(y)-g(y)=2y-y 3 +y 2 


2 v 4 v 3 

y -7T+-F 


=> A2 = Jo (2y-y 3 +y 2 )dy 
= ( 4 -^ + |)-0=|; Therefore, A1 + A2 


-i2 


JO 

_ _5_, 8 _ 37 
12 3 12 



=| y | VI - y 2 
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81. Limits of integration: y = -4x 2 + 4 and y = x 4 -1 
=4> x 4 -1 = -Ax 1 + 4 => x 4 + 4x~ -5 = 0 
=> (x 2 + 5)(x - l)(x +1) = 0 => a = -1 and b = 1; 

/(x) - g(x) = -4x 2 + 4 - x 4 + 1 = -4x 2 - x 4 + 5 

=>^4=j" lx 2 -x 4 +5)dx = j^-^ 3 —-y + 5x 

= H _i + 5 )-(i + i-5) = 2(-|-i + 5 ) = iM" 1 


82. 


3 2 

Limits of integration: y = x and v = 3x - 4 
=4 x 3 - 3x 2 + 4 = 0 => (x 2 - x - 2)(x - 2) = 0 
=4> (x + l)(x-2) 2 = 0 => a = -1 and b = 2; 
f(x) - g(x) =x 3 -(3x 2 -4) = x 3 -3x 2 +4 


=> A = j ( (x 3 -3x 2 + 4)dx 


4-4 + 4 ,■ 


2 

-1 


83. 


Limits of integration: x = 4 - 4 v 2 and x = 1 - y 4 
=4> 4 - 4y 2 = l-y 4 => y 4 —4y 2 +3 = 0 
=4 (y-Js}[y + y/3)(y-l)(y + 1 ) = 0 =4> c = -1 and d 
since x > 0; / (y) - g(y) = (4 - 4y 2 ) - (1 - y 4 ) 

= 3 -4g 2 + / => A = J ^(3 -4 v 2 + y 4 ) dy 




1) 


56 

15 


1 


84. 


Limits of integration: x = 3 — y~ and x = 


^ 3 - y z =-4 


3.v- 


-3 = 0 => x(y-2)(y + 2) = 0 


■ c = -2 and d = 2; f(y)-g(y) = (3-j z )-| -j- 


= 3 !-T =>z4= C 2 '-tK = 3 


^“12 


4 

-i2 

--2 


= 3 [( 2 -n)-(- 2 + n)] = 3 ( 4 -® = 12 - 4 = 8 


85. a = 0,b = n\ f(x) -g(x) = 2sinx-sin2x 

=4> A = J Q (2 sin x - sin 2x)c?x = ^-2 cos x + co !, 2 ' r J 



y 
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86 . a = -y, b = y; /(x) -g(x) = 8cosx -sec 2 x 

- ^-/3 2 

=^> 4 = (8 cos x - sec” x)dx = [8 sin x - tan xj^y 

J —>77 3 

= ( 8 4_^)_(_84 + V 3 ) = 6 V 3 


87. a = -1, b =1; /(x) -g(x) = (1 -x 2 ) -cos(yp) 
=>4 = J ^1-x 2 -cos(4y)J dx 

= ?/2_2.'i=i_A 

\3 a-/ 3 n 



88 . 4 = 41 + 42 

aj = - 1 , \ = 0 and a 2 = 0-62 = b 

,/i M - g\ (x) = x - sin ) and f 2 (x) - g 2 (x) 

= sin | 4 yj - x by symmetry about the origin, 

4i+4 2 =24j => 4 = 2j o |^sin(y I j-xj(ix 

- 2 [-i“ s (“)-f]‘- 2 [(-+°4)-(-i‘- 0 1 

89. a = -y, b = y; /(x) -g(x) = sec 2 x-tan 2 x 

p 7t 14 2 2 

=> 4 = (sec”x-tan” x) dx 

J —57-/4 

= J / 4 fsec 2 x-(sec 2 x — 1 )] dx 

= C 1 '*= Wf "4=f-H) = f 



90. c = -^,d =f;f(y)-g(y) 

= tan 2 y - (-tan 2 y) = 2 tan” y = 2(sec 2 y— 1) 

=> 7 = J^ 4 2 (sec 2 y -1) dy = 2[(tan v - p)]^ 4 / 4 

= 2 [(i-f)-(-'+f)]= 4 0-f)= 4 — 
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91. 


c = 0, d =f',f(y) -g(y) 

= 3 sin y^jcosy - 0 = 3 sin y^Jcosy 


A-3j 


nil 


sin y-^j cos y dy = -3 ^(cosy) 3/2 


itt/2 


JO 


= - 2 ( 0 - 1 ) = 2 




93. A = A X +A 2 

3 3 

Limits of integration: x = y and x = y => y = y 

=> y 3 -y = o => y(y -i)(p+1) = o => q = -l, d x = o 
and c 2 = 0 ,d 2 = 1; j\ (y) - g x (y) = y 3 -y and 

h (y)-g 2 (y)=y~ L 3 => by symmetry 
about the origin, A x + A 2 = 2A 2 => A = 

n A ~|1 


2 j 1 Q (y~y i )dy 


= 2 


y_ 

4 


Jo 




y 



94. A = A X +A 2 

3 5 3 5 

Limits of integration: y = x and y = x => x = x 

=> x 5 - x 3 = 0 => x 3 (x - l)(x +1) = 0 => a x =-\,b x = 0 

and a 2 = 0, b 2 =1; f x {x) -gj(x) = x -x and 
5 3 

f 2 (x) - g 2 (x) = x -x => by symmetry about the 
origin, A x +A 2 = 2A 2 => A = 2j o (x 3 -x 5 ) dx 




95.A -A x +A 2 

Limits of integration: y = x and y = A r =>x = A r ,xl=0 

x x z 

=> x 3 = 1 => x = 1, /j (x) - g] (x) = x - 0 = x 


4 = = = ^;/2(*)-g2(*)=^--o 


.-2 


•^ 2 = { i 2 X- 2 ^= [^J=-I + 1=I; 


A-A x +A 2 -j + j-1 


y 



x 
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96. Limits of integration: sin x = cosx => x = => a = 0 and 


b = ; /(x) - g(x) = cos x - sin x 


A = \ (cosx - sin x) dx = [sin x + cosx]q 

j 0 


^74 


“ (-y- + -y-1 - (0 + i) = V2 -1 



97. j" (ln 2 x -lnx) dx = J (-lnx + ln 2 + lnx) dx = (ln 2 )J~ dx = (ln2)(5-l) 


= ln 2 =ln !6 


r 0 r Ti 

98. -tanxax + 

J —;?r/4 JO 


tan x <ix = f Sln v dx - f 
J -*74 cosx Ji 


Slnv dx =[ln|cosx|]|| -[ln|cosx |]^ /3 : 


0 cosx 


|lnl -ln-Jjj -(ln-L-lnl j = In V 2 + In 2 = 4ln2 


99. 


f ln3 (e 2x -e x )dx = 

e x ' 

Jo \ ) 

2 


-1 ln3 


JO 




- 2=2 


100 


r 2ml / x/2 -x/2 \ . f 

•Jo l e _e J* = L 


dx = | 2e x/2 + 2e _x/2 J= ^2e ln2 + 2e“ ln2 ) - (2e° + 2e° j = (4 +1) - (2 + 2) = 5 - 4 = 1 


101. f 2 A dx = 2 f dx: \u = 1 + x 2 =>(7m =2x tit; x = 0 =>m = 1, x = 2 => u = 51 
J-2 1+x 2 JO 1+x 2 

■5 


2fi i7 d u = 2[ln | H |] 1 =2(ln5 —lnl) =21n5 


102. J I i 2 (I_x) <A=2j 1 i (4.) X dx = 2 


n l 


ln (i) 


2 

In 2 


(HM-AIB)' 


3 

In 2 


J-l 


103. (a) The coordinates of the points of intersection of the 
line and parabola are c = x~ => x = ±Vc and y = c 

(b) f(y)-g(y)=4y-(~4y) = 2 4y => the areaof 

the lower section is, A L = JJ [/ (y)-g(y)] dy 


= 2 \l4}’dy = 2 




= |c 3/2 . The area of 
0 3 



the entire shaded region can be found by setting c = 4 : A = ^j4 l/2 = 4y = "y- Since we want c to divide 
the region into subsections of equal area we have A = 2 A L => y- = 2(|-c 3/2 j => c = 4 2/3 
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r 31 

4~c 

cx-\\ 

= 2 

3 J 

-4~c 


(c) f(x)-g(x) = c-x 2 ^A l = j^-[f(x)-g(x)]dx = j^j-(c-x 2 )d.x 

= |-c 3/2 . Again, the area of the whole shaded region can be found by setting c = 4 => A = -y-, 
condition A = 2 A L , we get ^-c 3/2 = y => c = 4 2/3 as in part (b). 


104. (a) Limits of integration: y = 3 —x~ and y = -1 
=> 3 - x 2 = -1 => x 2 = 4 => a = -2 and b = 2; 
/(x) - g(x) = (3 - x 2 ) - (-1) = 4 - x 2 


=^> ^4 = j" ^(4 -x 2 )dx = 

1 1 

1 

K 

| ^ ( 

.( 8 _|)_(_ 8 + |).16- 

16 32 

3 3 


2 

(b) Limits of integration: let x = 0 in y = 3 - x 
^ L = 3; f(y)-g(y) = ^-y — (—V 3 - J ; ) 


j, = -l 



= 2(3-j) 1/2 ^A=2[_ x O-y) m dy = -2 {^(3-y) 1/2 (-l) = (-2)^M- 

= (-f)[0-(3 + l) 3 ' 2 ]=(f)(8)=f 


l 3 

--1 


105. Limits of integration: j = 1 + Vx and y = -!=■ 

_ _ -Jx 

=^> 1 + Vx = -1=, x ^ 0 => Vx + x = 2 => x = (2 -x) 2 
V* 

=^> x = 4 - 4x + x 2 => x~ - 5x + 4 = 0 


y = 1 + v/5 


(x-4)(x-l) = 0 => x = 1, 4 (but x = 4 does not 


satisfy the equation); y = -j= and y - f => -2= = j 


= xVx => 64 = x J => x = 4. Therefore, 


AREA = 


A + A 2 '■ /i(x)-gi(x) =(l+x 1/2 ) ■ 


=> A\ = 1 + x 




1/2 


O' 


-f I dx = 


.- 1/2 


I dx = 


=> A 2 = J. ( 2x 

H +a 2 - 24 ' 8 


n4 


_x 

'4 

,nl 



4x 1/2 -4 


( 1+ 3 _ 8) _0 = 24 ; ^2W _ ^2W=2x 

| =(4-2-^)-(4-±) = 4-y = y; Therefore, 


AREA = 4, + ^=|l + iI = ^i = f = ^ 


x = (y - l) 2 


106. Limits of integration: (y — l) 2 = 3-j 

^ > T 2 -2>’+ 1 =3->’=>>’ 2 -L-2=0 
=> (_y- 2)(y +l) = 0=>y = 2 since y > 0; also, 

2 Vt = 3 - y => 4j = 9 - 6y + ^ 2 => y 2 -10,y + 9 = 0 
=> (y —9)(y -1) = 0 => j = 1 since y — 9 does not satisfy 
the equation; 

AREA = A 1 + A 2 

f\(y) ~ g\ (y) = 2Vt - 0 = 2y 1/2 => 4 = 2. J * g 1/2 dy = 2 
fi O’) - &2 00 = (3 - t) - (y - 1 ) 2 => A = j” [3 - y - (y - 1) 2 ] dy = \?>y - \y 2 - j (y - 1) 3 ] ( 

= ( 6 _ 2 _i)_( 3 _l + 0 ) = i_i + i = l. Therefore, 4 +^ 2 = |+ | = f = f 
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107. Area between parabola and y = a 2 : A = 2 jj (a 2 -x 2 ) dx = 2|/x--i-x 3 = 2|a 3 -/-0 


4cr 


Area of triangle AOC: j(2 a)(a 2 ) = a 3 ; limit of ratio = lim , a . = -j which is independent of a. 


a—>0 + I 


108. A=[ 2f(x)dx- f f(x)dx = 2 f f(x)dx- f f(x)dx= I" f(x)dx = 4 

J a J a J a J a J a 

109. Neither one; they are both zero. Neither integral takes into account the changes in the formulas for the region’s 
upper and lower bounding curves at x = 0. The area of the shaded region is actually 

A = J ^\—x — (x)] dx + j" ( Jx -(-x)] dx = | ^ -2x dx + J 2x dx = 2. 


110. It is sometimes true. It is true if f (x) > g(x) for all x between a and b. Otherwise it is false. If the graph of / lies 
below the graph of g for a portion of the interval of integration, the integral over that portion will be negative 
and the integral over [a, 6] will be less than the area between the curves (see Exercise 71). 

111. Let u = 2x => du = 2 dx => j du = dx; x = 1 => u = 2, x = 3 => u =6 

J 3 lM *dx= "^du =[F(u)] 6 2 = F(6)-F(2) 

112. Let u = 1 -x => du = -dx => —du = dx; x = 0 => u = 1, x = 1 => u =0 

j‘/(!-*) dx = ^f(u)(-du) = -|,°/(m) du = \l y f(u) du = j/(x) dx 

113. (a) Let u = -x => du = —dx; x = -1 =i> u = 1, x = 0 => u = 0 

/odd => /(-x) = -/(x).Then / (x)dx = j” f(-u)(-du) = -f (u) (-du) = j°f(u)du 

= -Jq/(«) du = -3 

(b) Let u = -x => du = -dx; x = -1 =i> u = 1, x = 0 => u = 0 

/even => f(-x) =/(x). Then ^f(x)dx = ^f(-u)(-du) = ~^f(u)du = \' {y f(u) du =3 


114. (a) Consider /(x) dx when/is odd. Let u = -x => du = -dx => -du - dx and x = -a => u = a and 

J -a 

p 0 r 0 p 0 p a r Q. 

x = 0 => u = 0. Thus f(x)dx= -f(-u)du = f(u)du= - f(u)du= - f(x) dx. Thus 
J -a' J a J a J 0 ‘ JO ‘ 

j“ a f(x)dx= |V/'(x) dx+ {q /(x) dx = -|J./'(x) dx = j”/(x)4x = 0. 

(b) J ^sin x dx =[-cosx]^ 2 2 = -cos(y) + cos(-y) =0 +0 = 0. 


115. Let u = a—x => du = -dx; x = 0 =^> u = a, x = a => u = 0 


r a f(x) dx 
Jo f(x)+f(a-x) 


•° f(a-u) 

a f(a-u)+f(u) 


(-du) 


j j _ r a f (a) dx r a f {a—x) dx 

+ Jo f(x)+f(a-x) + Jo f(x)+f(a-x) 


_ f a fi a ~ u ) du _ 
Jo f(u)+f(a-u) 

f° /(.v)+/(a-.v) , 
Jo f(x)+f(a-x) UX 


C a f(a-x)dx 
Jo f(x)+f(a-x) 

p a a 

dx = [x]q = a -0 = a. 

•* 0 


Therefore, 21 = a => / = y. 
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116. Let m = — => t/w = \dt => — — du =\dt => —-<fw = —t/r; t = x u = y,t = xy => u = 1. Therefore, 

< xy t ut sis 

f - dt = \ —- du = — f — du = f' — du = f y - dt 
JX t J y u J v m Jl» Ji< 


117. Let u = x + c => du = dx\ x = a-c=>u=a,x = b-c^>u=b 

rb—c rb rb 

j f{x + c)dx=\ f(u)du=\ f{x)dx 
Ja—c J a Ja 



119-122. Example CAS commands: 

Maple : 

f := x -> x A 3/3-x A 2/2-2 *x +1/3; 
g := x -> x-1; 

plot( [f(x),g(x)j, x=-5..5, legend=["y =f(x)","y =g(x)"], title ="#119(a) (Section 5.6)"); 
ql:=[ -5, -2,1, 4 ]; # (b) 

q2 := [seq( fsolve( f(x)=g(x), x=ql[i]..ql[i+l]), i=l..nops(ql)-l)]; 
for i from 1 to nops(q2)-l do # (c) 

areafi] := int( abs(f(x)-g(x)),x=q2[i]..q2[i+l]); 
end do; 

add( areafi], i=l ,.nops(q2)-l); # (d) 

Mathematica : (assigned functions may vary) 

Clearfx, f, g] 
f[x_] = x 2 Cos[x] 
g[x_] = x 3 -X 

Plot[{f[x],g[x]}, {x, -2,2}] 

After examining the plots, the initial guesses for FindRoot can be determined, 
pts = x/.Map[FindRoot[f[x]==g[x],{x, #}]&, {-1, 0,1}] 
il=Nlntegrate[f[x] -g[x], {x, pts[[l]], pts[[2]]}] 
i2=NIntegrate [f[x]-g[x], {x,pts[[2]], pts[[3]]}] 

il + i2 
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CHAPTER 5 PRACTICE EXERCISES 

1. (a) Each time subinterval is of length At = 0.4 sec. The distance traveled over each subinterval, using the 
midpoint rule, is Ah = + v /+1 )At, where v ( - is the velocity at the left endpoint and v i+l the velocity at 

the right endpoint of the subinterval. We then add Ah to the height attained so far at the left endpoint v,- to 
arrive at the height associated with velocity v ;+1 at the right endpoint. Using this methodology we build the 
following table based on the figure in the text: 


t (sec) 

0 

0.4 

0.8 

1.2 

1.6 

2.0 

2.4 

2.8 

3.2 

3.6 

4.0 

4.4 

4.8 

5.2 

5.6 

6.0 

v (fps) 

0 

10 

25 

55 

100 

190 

180 

165 

150 

140 

130 

115 

105 

90 

76 

65 

h (ft) 

0 

2 

9 

25 

56 

114 

188 

257 

320 

378 

432 

481 

525 

564 

592 

620.2 


t (sec) 

6.4 

6.8 

7.2 

7.6 

8.0 

v (fps) 

50 

37 

25 

12 

0 

h (ft) 

643.2 

660.6 

672 

679.4 

681.8 


NOTE: Your table values may vary slightly from ours depending on the v-values you read from the graph. 
Remember that some shifting of the graph occurs in the printing process. 

The total height attained is about 680 ft. 

(b) The graph is based on the table in part (a). 


2. (a) Each time subinterval is of length At = 1 sec. The distance traveled over each subinterval, using the 

midpoint rule, is As = + v i+ {) At, where v i is the velocity at the left, and v i+l the velocity at the right, 

endpoint of the subinterval. We then add As to the distance attained so far at the left endpoint v ; - to arrive at 
the distance associated with velocity v i+ \ at the right endpoint. Using this methodology we build the table 
given below based on the figure in the text, obtaining approximately 26 m for the total distance traveled: 
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10 10 

3 - ( a ) Zf=iI>*=i(- 2 ) = 4 

k =1 A=1 

10 10 10 

(b) -3a*) = $>*-3 =25-3(-2) =31 

A=1 A=1 A=1 

10 10 10 10 

(c) X (a* + b k -1) = £ . a k + E h ~ 1 1 = -2 + 25 - (1)(10) = 13 

k =1 k =1 A=l A=1 

10 10 10 

(d) Z(f-^) = If-Z^=f( 1 0)-25=0 

A=1 k 4 A=1 


20 20 

4. (a) $>*=3 2>*=3(0) = 0 

k =1 A=1 

20 20 20 

0 3 ) X( a A + h) = Tj a k + Tjh =0 + 7 =7 
A=1 A=I A=1 

20 , , 20 20 

w Z = EHZ»,=i(2«)-i(7)=i 

A=1' ' A=1 A=1 

20 20 20 

(d) X(«A-2) = X«A-Z 2 = 0-2(20) = ^0 

A=l A=1 A=1 


5. Let u = 2x -1 => dn = 2 dx => 2- du = dx; x = 1 => u = 1, x - 5 => « = 9 
jj 5 (2x -1) -1/2 dx = J i 9 m“ 1/2 (^h) = [h 1/2 J =3-1=2 


2 1 

6. Let u — x — 1 => du = 2x dx => -j^du = x dx; x = l=>u = 0, x = 3 => u 

> r _ . — n8 

= f (16-0) = 6 


L x(x 2 -\) m dx= | 0 « 1/3 (^m) = [|m 4/3 ] 0 


7. Let m = y => 2 du = dx; x = -n => u = -y, x = 0 => w = 0 

J cos(y)(/x = J ^(cosm)(2 Jt/) =[ 2 sinz /]° 7r /2 = 2 sin0-2sin(-y): 


8. Let zz = sinx => du = cosx dx; x = 0 => u = 0, x = y => u = 1 

eltH . r l 

J o (sin x)(cos x) z/x = J o z/ t/z/ = 

9 - (a) J“ 2 /(x)z/x = }r 2 3/(x)z/x=|(12) = 4 

(b) J 2 fix) dx = j^ 2 fix) dx - j~ 2 fix) dx = 6-4 = 2 

f _ ^ f ^ 

(c) J 5 g(x) dx = -J 2 g(x) dx = -2 

r 5 r 5 

(d) J _ 2 i~n g(x)) dx = -7Z-J g(x) dx = -nil) = -In 

(e) £( /W ; g(x) ) dx = 11_ 5 2 /(x) 4x + i|_ 5 2 g(x) &=I(6)+i(2)=| 
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10 - Jo 2 sW dx = 7 j 0 ~ 7 dx = 7 (7) = 1 

2 2 1 

(b) j~ g(x) dx =J" g(x) dx - j o g(x) dx = 1 - 2 = -1 

f 0 r 2 

(c) J 2 f(x) dx = -J o /(x) dx = -n 


2 2 

(d) J o -s/2 /(x) dx = 72 /(x) dx = s/2(tt) = tts/2 

(e) J~[g(*)- 3 /(x)] dx = g(x) dx-3j“/(x) dx 


11 . 


x 2 — 4x +3 = 0 => (x-3)(x -1) = 0 => x = 3 orx = 1; 

r 1 9 r 3 9 

Area = J (x - 4x + 3) dr - J ^ (x“ - 4x + 3) dx 


—2x 2 +3x 

1 

V 

3 

0 

3 

(£_2(1) 2 +3 (1))- 

-0 


- |y-2(3 2 ) + 3(3)J—|y-2(l) 2 +3(1)J 

= (i + 1 )_[0_(i + 1 )] = f 


12. 1-^- = 0=>4-x 2 -0=>x = ±2; 

Area =£K)*-f 2 3 K)* 


-,2 

r 31 

__ 

X — — 

--2 

12 


[K)- 


- 

'HhMi 

1 

1 

(3 4) 13 

\4 3/ 4 



13. 5-5x = 0 => 1-x /J = 0 => x = ±1; 

Area = J (5 -5x 2/3 ) dx — J (5-5x^ /3 )dr 

= 5x-3x 5/3 | ^-^5x-3x 5/3 * 

= (5(1)-3(1) 5/3 ) - (5(-l)-3(-l) 5/3 ) 

- (5(8)-3(8) 5/3 ) - (5(1) - 3(1) 5/3 ) 

= [2 - (-2)]-[(40 - 96) - 2] = 62 


1-3tt 



14. 1-s/x = 0 => x = 1; 

Area = J (1 — ■Jx)dx — j (l-Vx)dx 

2 „3/2 I 4 


X-JX 


jx 3/2 ]q -[x-fx- J 1 
(l-f (l) 3/2 )-o]-[(4-f (4) 3/2 )-(l-f (1) 

HMK 
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15. 


fix) = x, g(x) =\, a =\,b = 2 

X 

=> A =\ b [f(x)~g(x)\dx 

J a 



■(! 


16. 


i r h 

f(x) = x, g(x) =-j=,a=l,b=2 = [f (x)-g(i)] dx 

y/X J a 





7-4V2 

2 



1 z 


y 



17. /" (jc) = (1 - Vx) 2 , g(x) = 0, a = 0, b = 1 => A = f [/’(x)-g(x)] dx = f (1 — fx) 2 dx =f (1-2 fx+x)dx 

J a JO JO 


J (1 - 2x 1/2 + x) dx ■ 


4 3/2 
x — ^ X 


. -ll 


Jo 


=1 -M4( 6 - 8+ 3)4 


18. f(x) = (l-x 3 ) 2 , g(x) = 0, a =0, b =1 =^> A = f [/Xx)-g(x)] dx = f (1 -x i ) 2 dx = f (1 -2x 3 + x 6 ) dx 

J a JO JO 


x 2 + 7 


Jo 


= l_i+I = A 
2 7 14 


19. f(y) = 2y 2 ,g(y)=0, c=0, d =3 

=> A = Uiy) ~ g()’)] dy = J Q 3 (2y 2 - 0 ) dy 

= 2 lo y2 ^ = f [>’ 3 ]0 = 18 


20. fiy) = 4 - j 2 , g(y) = 0, c = —2, d = 2 

=> A = Uiy) - giy)] dy = J “ 2 (4 - j 2 ) dy 



y 



21. Let 11 s find the intersection points: = dddf 

^ y 2 ~y ~2 =0 => iy-2)(y+l) = 0 => y = -1 or 


y = 2 => c = -1, d = 2; f{y) = g(y) = 


A = j d c lfiy)-giy)]dy = \ 2 [ 


2 (y+2 / 

4 4 


dy 


y 
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jJi (y + 2-y 2 )dy = \ 


2 3 


J-l 


= 4- 4 + 4-# - #- 2 +# 




_ 9 


22. Let us find the intersection points: 


. /-4 


y+16 


■y -y -20 = 0 (y-5)(y + 4) = 0 => y = -4or 


y = 5 => c = -4, d = 5; ./'(>>) = 2^, g(j) = 


>+-4 


5 f j;+16 


2 3 

^ + 20 >;- 4 - 


r 2 -4 

4 

-|5 


^A = \ c iny)-g(y)\dy = \J [ ^ 

= if^(L + 2 °-/)^=i 

= i[( f+ 100 _m)-(tt_;° + M)] 

= l(| + 180 - 63) = i(f+ 117).1(9 + 234) = 


dy 


243 


23. /(x) = x, g(x) = sinx, a = 0, b =-j 

w/4, 


fD rnm 

4 = J [/(x) -g(x)] dx = J (x-sinx)dx 


-|7t/4 


+^- + cosx 


Jo 


= (# + #)-! 


24. /(x) = 1, g(x) = |sin x | ,a=-f,b=f 

rb rnl2 

=> A = J a [f{x) - g(x)] dx + J (1 -1 sin x I) dx 

r 0 . r 7r/ 2 

= J (1 + sin x) dx + J (1 - sin x) dx 

c tt/2 . -f 2 

= 2J o (1 -sin*) dx = 2[x + cosx]o 
-2(|-l).*-2 

25. a = 0, b = n, f(x)-g(x) = 2sinx-sin2x 

=> A = (2 sin x - sin 2x) dx = |^-2cosx + co ^ 2 * J 

.[-2.(-l) + l]-(-21+l) = 4 




26. a = —j, b =y, f{x)-g(x) = 8 cosx-sec 2 x 

f */3 2 • »/3 

=^> y4 = J ^( 8 cosx-sec x) dx = [8 sin x - tan xL ^/3 


8 4_Vj)_(_ 8 .f + V3) = 6V3 


y = 8cos x 



(sec x) 2 
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27 - f(y) = Jy,g(y) = 2 ~y,c = i,d=2 

=> A = [/(y)- g(y)] dy = j~\Jy-(2-y)] dy 



28. f(y) = 6—y, g(y) =y 2 , c = l,d = 2 

=> ^ = [/O') - g(y)] dy = {’(6 -y-y 2 ) dy 

- =( i2 - 2 -f)-( 6 -H) 

_ 4 7 . 1 _ 24-14+3 _ 13 

3 2 6 6 



29. f (x) = x 3 - 3x 2 = x 2 (x - 3) => /'(x) = 3x 2 - 6.r = 3x(x -2)=>/' = ■ 


’ /(0) = 0 is a 


0 2 
, n3 


maximum and y (2) = —4 is a minimum. 4 = -J q (x 3 - 3x 2 ) dx = - - x 3 = - (^- - 27 j = 


30. 


A= f (a [/ “ -x 1/2 ) 2 dx = I* (a -2\[ax in +x) dx = ax ~4V«x 3/2 + 4p = a 2 -\\[a ■ as[a +\- 
JO JO 27 Z 

= « 2 (l-!4)=f(6-8 + 3).f 


f 1 2/3 

31. The area above the x-axis is A\ = J (j> - j) dy 

= ; the area below the x-axis is 

A 1 =1 “ <P' 3 - rt = [y - 4] 0 , = u => >h« 

total area is 4| + 4 2 = -| 




f 7114 r 57T/4 

32. A= \ 0 (cosx-sinx) t/x+J (sinx-cosx) dx 

+ f (cosx-sinx) <ix 


= [sinx + cosx]o /4 +[-cosx-sinx] 3 ; /4 4 


+ [sin x + cosx] 3 J /4 


JU 


= ? + ? - ( 0 + i) + rf + 7 r i _ i 


V 7 V2) / V2 V2 


- (-l + 0)-(-f-f) =^-2=472-2 
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33. A = J £ 21 ” * dx = J 1 2u du = [i/ 2 ] q = 1, where u = lnx and du = ydx; x = 1 =^>w = 0,x = e=>w= 3 l 

34. (a) A 1 = J j^dx = [in= In20-lnl0 = ln-yj- = ln2, and A 2 = ^dx = [ln|x|]~ = ln2-lnl = ln2 

(b) A\ = J ydx = [ln|x|]** = \nkb-\nka = ln|^- = lny = In/;-lna, and A 2 = J yzix = [ln|x|]* = \nb -lna 

35. P = x 2 ^>f = 2x+i ^^T = 2-^;j(l)=l + J 1 1 7 = l and/(l) = 2 + 1 = 3 

36. j = (1 +2Vsect) dt =>^ = 1 + 2%/secx => = 2(y)(secx) _1/2 (secx tanx) = Vsecx(tanx); 

x = 0=>j = J o (l + 2 Vsec7) dt = 0 and x = 0=>^ = l + 2VsecO = 3 


37. j = r^I^t-3 ^^ = sinx 5 f 5 si^^_ 3= _3 

J 5 / rfx x J 5 f 


38. y = J V 2 - sin 2 t dt +2 so that ^ = ^2-sin x; x = -1 => j = J ^ V2 -sin t dt + 2=2 


39. 1 : 

dx Vt^7 


■ afy = =>j = sin 1 x + C; x = 0 and j = 0 => 0 = sin 1 0 + C =^> C = 0 => j = sin 1 x 


40 • =(-j^j-i)<&=>p=tan 'W“ i+C ; 

x = 0 and j=l^> 1 = tan -1 0 - 0 + C =^> C = 1 =^> y = tan -1 (x) - x +1 


41. £ = -^=><fy=- 


dx 


y = sec 1 x + C; 


x = 2 and v = tt=> 7r = sec '2 + C=>C = 7r-sec 1 2 = 7r-y=y ?L =>y = sec 1 (x) + ^ 1 , x> 1 


42. y~ = — [ ~r — — => -1 ~t— h/.v -> i- lan *x-2sin *x + C; 

^ i+x 2 ^ ' (l+x 2 

x = 0and>’ = 2=> 2 = tan' 1 0-2 sin' 1 0 + C =>C = 2 => _y = tan -1 x-2sin _1 x+ 2 


43. Let w = cos x => du = - sin x dx => —du = sin x dx 

J2(cos x) _1/ - sin x dx =J2 u~ ll ~(-du) = -2 Jz/' 1/2 du = -21 y— j + C = -4zz 1/2 +C = -4(cos x) 1 ^ + C 


44. Let u = tan x => du = sec" x dx 
| (tanx) 


- 3/2 sec 2 x 


dx = 1 11 3/ “t/zz = “ t . + C = -2 u 1/2 + C = 
V 2 ) 


-2 


(tan x ) 17 


■+c 
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45. Let u = 26 +1 => du = 2 dO => ^du = d0 


j"[2z9 + l + 2cos (20 + 1)] dO = j"(zz +2 coszz)(J- z/zz j = ^- + sinzz +Cj = ( "^ l! - + sin (20 + 1) + Cj 

7 . i 

= 6~ + 6 + sin (26 +1) + C, where C = Q + L is still an arbitrary constant 


46. Let u = 20-7T=> du =2 dO du =d6 


^ + 2sec 


'(2#-7r)j dO = j|-j= + 2sec 2 z/j^z/zz) = 4|(m 1/7 +2 sec 2 u)du=\ 2 L_ +-y(2tanz/)+ C 


= zz 1/2 + tan u + C = (20 - tt ) 1/2 + tan (20 - jt) + C 


47 - JH)(' + 7)‘" = i(' 2 -7-)‘" = K- 4r2 >‘"=T- 4 ( £ i) +c = y + 7 +c 

48. }Mylrfr-|iit2i*.}( ; V + 7-)rfi = |(r 2 + 2r 3 )<(r.y| y +2(ii) + c.-i-4 r +c 

49. Let 11 = 2 f 3/2 => du = 3a/7 dt => jt/iz = V7 dt 

JV? sin ^2t 3/2 jz/t = J-Jsinzz z/zz = --i-coszz + C = -J-cos (2t 3/2 ) + C 

50. Let zz = 1 + sec 0 => du = sec 0 tan 0 d6 => Jsec 0 tan 6h/l + sec 8 dO = ju l,2 du = -=-zz 3/2 +C =-|(l +sec6 | ) 3/2 +C 

51. J e x sec 2 (e x - 7)dx = J sec 2 u du , where u = e x - 7 and du = e A dx 
= tan zz + C = tan(e A - 7) + C 

52. jV v cscle-^ +l)cot(e v +l)dy = Jcsczz cot zz z/zz, where u=e y +\ and du=e y dy 
= -csczz + C = -csc(e- v +1) + C 

53. J (sec 2 x)e tanA z/x = J e u du, where u = tan x and du = sec 2 xdx 
= e u +C = e tanx +C 

54. J(csc 2 x)e cotx dx = -je u du, where u = cot x and du = -esc 2 xdx 
= -e u + C = -e cot A + C 

55. | ^ 3 ^_ 4 dx = -jJ |-z/zz, where zz = 3x - 4, du = 3 dx; x = -1 => zz = -7, x = 1 => zz = -1 

=i[ ln H]:}=i[ ln l- 1 l- ln l- 7 l]=i[ 0 - ln7 ] = -¥ 

56. f dx = f zz 1/2 z/zz, where zz = In x, du = —dx; x = 1 => izS 2 0, x = e => 1 

Jl x Jo x 

_ri 1 3/2_2 n 3/2l_2 
“L3 H Jo “ L3 1 3 u J-3 
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57. f 4 2t dt = f — du, where u = t 2 - 25, du = 2t dt; t = 0 => u = -25, t = 4 => u = -9 
Jo r-25 J —25 u 

= [ln|«|] 9 = In |—9| — In |—25| = In9 - In 25 = ln=f 
58 f tan(lnv) _ r lanuc j u _ f sMULrf u w here u = In v and du = -dv 

J V J J COS U V 

= -ln|cosw|+C = -ln|cos(ln v)|+C 

59. J <ln ^ = 1 1 i~ 2 du, where u = In x and du =^dx 
= -^ + C = -}(lnx)“ 2 +C 

60. J-^csc 2 (1 + \nr)dr = Jcsc 2 u du, where u = 1 + In r and du = ^ dr 
= -cotz/ +C = -cot(l + lnr) + C 

61. Jx3' r dx = \^2 U du, where u = x 2 anddu = 2xdx 

= 2ib< 3 "> +c =iE( 3 ' 3 ) +c 


62. 


63. 


64. 


65. 


j2 tanA sec 2 xdx = j2 u du, where u = tan x and du=sec 2 xdx 

i ,. tan x 

= I^( 2 ') + C = ^ + C 


f . ' = 4 f —— , where u = 2(r - 1) and du = 2 dr 

J yt-4(r-l) 2 2 J Vl-U 2 

= 4sin _1 u +C =4sin _1 2(r-l)+C 


f ,’ f ' = 6 f , where u = r + 1 and du = dr 

J V4-(,-+D 2 J Vw 
= 6sin -1 f + C = 6 sin -1 + C 

f ———r- = f , where u=x- 1 and du = dx 
j 2+(x-l) 2 J 2+ir 


= -j=tan 

■Jl 


-1 


V2 


+ C = 


d~2 


tan 



+ C 


66. f-——= = 4fwhere u = 3x + 1 and du = 3 dx 

J l+(3x+l) 2 3 3 1+u 2 

= j tan -1 u +C =4tan _1 (3x + l) +C 

67. f- , dx = 4 (" — — , where m = 2x - 1 and du = 2 dx 

J (2x-1)4(2x-1) 2 -4 - J udu 2 -A 

= 4 -4 sec -1 If I + C = 4 sec -1 1^-1 + C 
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68. f - , dx = [ — , du , where u = x + 3 and du = dx 

J (x+3)V(*+3) 2 -25 j udu 2 - 25 

= isec -1 |j| + C =jsec _1 py^j + C 

r sin ^ yfx C u —1 /— j.. 

69. ,-- dx = \e du, where u - sin dx and du =— 

^ 2 dx-x 2 ^ 2 Vx-x 2 

= e“ + C = e sin * ? + C 

70. f dx = fw 1/2 </«, where M=sin _1 x and du 

J Vl 1 ? J 

= -| m 3/2 +C =-|(sin _1 x) 3/2 +C 


71. f 7 1 - dy = f , 1+7 ' dy = \u il2 du, where m = tan 1 y and du=—^r 

J Vtan-'Kl+r 2 ) J V??7 J 1+ ? 

= 2w 1/2 + C = 2^/tan -1 y + C 


72. f ^ tan f ^ dx = [u 2 du, where m = tan 1 jc and du = -^V 

J l+x 2 J l+x 2 

= |m 3 + C = |(tan _1 ;c) 3 + C 


73. J^(3x 2 “ 4x + 7 ) dx = [x 3 -2x 2 + 7x]l_i =[1 3 — 2(1) 2 +7(l)]-[(-l) 3 -2(-l) 2 +7(-l)] =6-(-10) =16 



74. J ( |(8.y 3 -12s 2 +5) ds =[2s 4 -4 s 3 +5sf 0 =[2(1) 4 -4(1) 3 +5(1)]-0=3 

75 - 0<Hi 24v_2 dv=[-4v^ =(i)-(fj = 2 

76. J 27 ^ /3 dx = [- 3.r~ 1/3 ] 27 = -3(27) _1/3 -(-3(1)~ 1/3 ) = -3(|) + 3(1) = 2 

77. f 4 -^ = f 4 -^= fV 3/2 dt =[- 2 r 1/2 ] 4 =^--^ = 1 

Jl tji / 3/2 1 ^4 Vi 


78. Letx = l + Vw 

■ du = jV x 1/2 (2 dx) = 


dx = -?/ du => 2 dx = i^=l=>x = 2, z^=4^>x = 3 


Vii ’ 


(•4 (1 + W) 1/ 2 

yfu 


Jl 


2 (l) X 


3/2 


~|3 


J2 


= 1 (3 3/2 ) _ 1 (2 3/2 ) = 4V3 -1V2 = |(3V3 - 2V2) 


79. Let = 2x +1 => du = 2 dx => 18 du => 36 dx\ x = 0 => u = 1, x = 1 => u = 3 


f‘ 36 d \ = f 3 18ir 3 du = 

1 

fN 

1 . 
s 
00 

1_ 

3 


i 

ii 

m 

J0(2x+1) 3 Jl 

L - 2 J 

1 

_u 2 _ 

ll V 3“ / \1 2 / 
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80. Let u = 1 — 5r => du = -5 dr => —4 du = dr; r = 0 => u = 7, r =1 => u = 2 

ioj=?=^ 7 - 5 ^ 2 ' 3rf " =I, V2,3 (-H =4P“ I,3 ]H(^ 


81. Let m = 1 -x 2/3 => du = —yjc 1/3 dx => -^du = x 1/3 dx; x = y=>M = = y,x=l ^>u = 


C<- ,, 3 (>-< 2 ' 3 > 3 ' 2 MV ' 2 b*)-[( 


-|0 

■IH 

2 ^ J3/4 





4« 5/2 l° 

5 J3/4 


( O ) 5 ' 2 -(- 


f) 4 


5/2 


27^3 

160 


82. Let u = l + 9x 4 => du = 36x 3 dx =^>-^-du = x 3 dx, x = 0 => u = 1, x = \ => =1 + 9^4) 


25 

16 


\"\\l + 9X A )- V2 dX = J 1 25/16 «- 3/2 (i <*,) = 

= __L(25\- 1/2 _/_n a) -l/2 _J_ 

18 V 16/ \ 18 ) y ) 90 


1 u 


361 4 ,j, 


-.25/16 


.r_j_„- i/2 l 

L 18 


,25/16 

1 


83. Let u = 5 r => du = 5 dr => yc/zz = dr; r = 0 =^> u = 0, r = n => u = 5n 
\\m'-5rdr. ^'(sin 2 »)(!*) = i[f= (f = f 

84. Let u = At -4 => du =4 dt => -Ww =dt;t = 0 => w = -4. t = 4 => m = 

4 4 ’ 4 ’ 4 4 


jfcos 2 (4, -*)* . C>s 2 .)(!*). i[f 


zr/4 ^ 


1 

|3, + sin (¥)l 

1 

r sin( 

n , V 

4 

I s 4 J 

4 

V 


_7r_L _i__L = k . 

8 16 16 8 


85. sec 2 9 dO = [tan0]g /3 = tan-y-tanO = V3 


86. J esc 2 x dx = [-cot.r]^ 4 = (-cot^y)-(-coty) = 2 


87. Let u = 4 => du =^dx 6 du = dx: x = n => u =4, x = 2>7T => « = 4 

DO O Z 

f cot 2 jrdx= f 6 cot 2 u du = 6 f (esc 2 m - 1) 6/m = [6(-cotw-w)]4? = 

J ;r ° * 7t! 6 J /r/6 

6^— cot-y —-yj — 6^—cot-|- —-yj = 6V3 - 2n 


L Let «=y=>t/«=yc/#=> 3du = d 6\ 6 = 0 => u = 0, 6 = n => u = y 


J o tan 2 -| dd= J^sec 2 y-lj dd = 3(sec 2 u -1) du = [3tan u -3h]q 
= 3>/3 -n 


7 r /3 


3 tan f- 3 (f) 


89. J ^secxtanx dx =[secx]^/ 3 = secO-sec^-y) = 1-2 = -1 


1 - 1 2/3 =0 


(3 tan 0-0) 
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. J /4 csczcotz dz = [-cscz] 3 /^ 4 = |-csc^p) -(-csc-^j = —sf2 + -J2 = 0 


91. Let u = sin x => du = cos x dx; x = 0 => zz = 0, x = y => zz = 1 


|J r/2 5(sinx) 3/2 cosx dx = j^5 u V2 du= 5(f)zz 5/2 ' = [2zz 5/2 ]J, = 2(1) 5/2 -2(0) 5/2 = 2 


-.1 

-0 


92. Let zz = sin3x => du =3 cos 3x dx => jdu = cos3x dx; x = -y => u = sin |-yj = 1, x = y => u = sin 


J 15 sin 4 3x cos 3x dx = 15zz 4 (yc/zz j = J | 5u 4 du = [zz 5 ][ 1 = (—l) 5 -(1) 


= -2 


■ 2 


2 1 

93. Let r/ = 1+3 sin x => du = 6sinxcosx dx => 4-z/zz = 3 sin x cosx c?x; x = 0 => zz = 1, x = y => u = 1 + 3 sin 

\~|4 


\ n>1 3 sin x cosx dx = P -L (Irfz,)= [ 4 i-zz“ 1/2 du = 

J 0 %/l+3 sin 2 x J 1 ^V2 1 Jl 2 

9 1 9 

94. Let zz =1 + 7 tanx => du = 7sec" x dx => Lc/zz = sec" x z7x; x = 0 => u = 1 + 7tanO = 1, x = => u = 1 + 7tan 

f / — sec * ?/3 dx = [ -y-P-z/zz) = f ju~ 2l3 du 
JO (1+7tanx) 2/3 Jl» 2/3 W / Jl 7 



J_ zz 
2 i 

2 2J! 


= [zz 1/2 ] 4 =4 1/2 -l 1/2 =l 


1 zz 1 ' 


7 i 


3 'Jl 


- r 3 „ 17 3 T _3zo4/3 3 +1+1/3 _ 3 

~li u Jj -? (8) — y 1 -y 


95. 


J, 4 (f+D* - ifh'+l)*" 1[L 2+in Wt 


, 4[( J C 1 ” 4 Ht + '" l )] = {! + T 1 ” 4 


= || + lnV4=|| + ln2 

lo lo 


96. 


i [h- v < dx = f r (t- ux ~ 2 ]dx= i 


ln|x| + 12x -1 ] = |[(ln8 + ^)-(1nl+12) =|(ln8 + J-12) 
■|(ln8 --yj = -|(ln8) -7 = ln(8 2/3 ) - 7 = In 4 - 7 


97. J e (X+I) dx = -J* e“du, where zz = -(x +1), du = -dx; x = -2 => u = 1, x = -1 => zz = 0 


= ~l e “ ]? =-(e°-e 1 ) =e-l 


r 0 2w 1 f° u 1 

98. e dw = 4 e du, where zz = 2w, du = 2 z/w; w = -In 2 => zz = In -j, w = 0 => zz = 0 

J-ln2 2 Jln(l/4) 4 

= l[e“lto(l/4) = j[e° -^ <1 ' 4> 1 = j(l -i) = | 


99. | e (3e > +1) 3/ " dr = yJ zz 21 ‘'du, where zz = 3e f + \, du =3e r dr; r = 0 => zz = 4, r = In 5 => zz = 16 

- -i - 4 -“, ■-BMW) - B)H) -1 

100. J 9 e S (e d -l) 1,2 dO = J u l/2 du, where zz = e® - 1, du=e 9 dd; 9= 0 zz = 0, 0= In 9 => zz = 8 
= | [ «3/2 ] §=l (8 3/2 - 0 3/2 )= 2 (2 9/2 _ 0) = 2!^ = 32^ 
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101. f -(l + 71nx) 1/3 dx = 1, f 8 u ll ^du, where u — 1 + 7 lnx, du =— dx, x= 1 =^> u = \,x = e ■ 

J1 X / J1 X 


= ir[w 2/3 ]f=^(8 2/3 -l 2/3 ) = (^)(4-D=^ 


102. J dv = | [ln(v + 1)] 2 dv — J iCdu , where u = ln(v + l), du =-^dv\ v= 1 =^> u = In 2, v = 3 

=> zr = In 4; 

= |[» 3 ]ta2 = }[(ln 4) 3 - (In 2) 3 ] = I[(2 ln2) 3 - (In 2) 3 ] = ^(8 -1) = f (In 2) 3 

103. lo ^ 4 ° dG = i^- J a (In 9)[j^dd = J udu, where u = In 9, du = ^dd, 9= 1 => u = 0, 9= 8 => u = In 8 

— 1 1 IY1n 0^1 — _ 91n2 

"2M4^ Jo -El6L(ln8) -0 4^2“- — 


104. J | 8(ln 3)0og 3 g) jg _ 8(1 ^ 3 ^ (1 ”^ d6 = 8^ (\nO){^dO = %^udu, where u = In 0, du = ^d0\ 9=1 


•u = 0, # = e => zz = 1 


= 4[i/ 2 ]o = 4(1 2 — 0 2 ) = 4 


f 3/4 r 3/4 9 r 3/2 , 

105. , dx = 31 , z/x = 3 , t/zz, where u = lx, du = 2 dx: x = 

J-3/4^7 J -3/4J 3 2 -(2.v) 2 J -3/2V3W 


“f =>« 


3 3 

: -T’ x = T 


=> u = j 


>K‘ (f)C, = ■ 3 [ si ”‘' OH” -1 (4)]= 3 [f ■-(-f)] = 3 (f) = * 


106. f 1/5 - 6 <fr = | 




dx = 4 f , 1 du, where m = 5x, du = 5 dx\ 
5 J-l JZ2~2 


X = - J =>w=-l, X = -h => ZZ = 1 


([*•’ (t)]‘, =(t) H)] - l[r-(-!)]=I (y) 


r 2 

107. J 


•- 1 - 
■2 4+3r 


1 = VJ| ^ ^ dt = V3 J ~^^ 2 2 1 2 <^ m , where zz = V3t, du = a/ 3 eft; 


' —2 => zz = —2V3, t — 2 => zz = 2 V 3 


^ (t)E7 - #K‘ (-6)] - #[f- B)] 


108 - 


V- \—dt = -j=tan *(- 7 =) = -j=(tan 1 73-tan 1 1 ) = -)=(■?■—f) = 

V3 W3a/I \ / V3 V 3 4 / 36 


109. f r-— 7 fty = f - 1 2 — - dy[ r — jL=du, where u = 2v and du = 2 dy 

J W3 yju^l ■ J 1 /V 3 (2v)Vc 277 Z 1 ' Jl/ ^ uju^l 

= [ S6C_1 l M 01/V3 = [ SeC_1 l 2j l] !/VI = SeC_1 2 ' SeC_1 21 ^ = f ~ 6 = 6 
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113. (a) av(/)= I= i iy J* i (wx+ 6 )«fa=i[^ + fa] I i =i [^ + b{\) j+&(-l)j =\(2b)=b 

(b) av(/)=^ J^(«« + 6) < fa=i[^ + fa]^=i[(^ + ^)]-(^ + ^)] 

= &<#*) = b 

114. (a) , av =^ J 0 3 ^* = l = #[f- 3/2 J = #[f(3^- f ( 0 ) 3/2 ] = #(2VJ) =2 

(b) jav= ^ j 0 °>/«^=7 i;v^x i/2 ^=#[f* 3/2 ]“ - #(f(«) 3/2 -|(o) 3/2 )=#(f«^)- 

115. fay =b^j b a f'( x ) dx = b^;{f( x )ti = b^; \f(t>)-f(a)\ = f{b h~J a ia) so the average value of/' over [a, b ] is 

the slope of the secant line j oining the points (a, /(a)) and (Z>, /(Z>)), which is the average rate of change 
of/over [a, /?]. 

116. Yes, because the average value of fon [a, b\ is -r-1— f f(x)dx. If the length of the interval is 2, then b-a = 2 

b—a j a 

I r b 

and the average value of the function is ^ f (x) dx. 

117. (a) ^(xlnx-x + C) =x~ + lnx-l+0 = lnx 

(b) average value = ^C-J \nxdx = -^-j-[xlnx-x]f =-^-j[(elne-e)-(llnl-l)] = -^(e-e + \) =-^j 

2 2 

118. average value = 75 ^j j^dx = [ln|x|]“ =ln 2 -lnl = ln 2 
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119. We want to evaluate 
•365 

365-4 


Lj o 5 / (x)^ = 3 i J J o 65 (37sin[^(.r-101)] + 25)&=^ J 0 ^sin-101)] dx + j^ j^dx 

Notice that the period of y = sin ij^(x -101) j is = 365 and that we are integrating this function i 


i over an 


interval of length 365. Thus the value of f sin \^z~(x -101)1 dx f dx is 4 t-0 + +^--365 = 25. 
° 365 Jo L365 v J 365 Jo 365 365 


120. J 675 (8.27 +10“ 5 (26T -1.87E 2 )) dT 


l 

655 


;,27 T + ^ 


= JJ 

655 I 


8.27(675) + 


26(675) 2 1.87(675) 3 


210 


310 


8.27(20) + 


210 3-10 3 

26(20) 2 1.87(20) 3 

2 10 s 


675 

bo 


310 5 


^(3724.44-165.40) = 5.43 = the average value of C v on [20, 675]. To find the temperature T at 


which C v =5.43, solve5.43 = 8.27+10~ 3 (26r~1.87r z ) for T. We obtain 1.87T Z -264-284000 = 0 


26+V(26) 2 -4(1.87)(-284000) 26±V2124996 


^ T 2(1.87) 

interval [20, 675], so T = 396.72°C. 


3.74 


.So T = -382.82 or T = 396.72. Only T = 396.72 lies in the 


121. -f- = V2 + cos 3 x 

dx 


122. ^ = ^2 +cos 3 (7.r 2 ).-^(7.r 2 ) = 14x^2 + cos 3 (7x 2 ) 


123 . f = ff-[ X ^jdt) = - 

dx dx l Jl 3 +f 4 I 


3+x 4 


124. = -^—dA = —fj-(\ SeCX ^—dA = - j —-^-(secx): 

dx dxy Jsecxr+l J dx \ J2 4+1 J sec 2 x+l dx 


sec x tan x 
1+sec 2 * 


125. y= f U 2 e cost dt = -f' nX =-e cos(lnx2) (In v 2 ) = - V os(lnx2) 

Jinx JO dx dx K ' x 


126. v = [‘ ln(r+l)rfl=. + .|n(+' / '+l)4[e' /: ').l|.!n(+' / '+l) 


127.^1 


dt _4r 


0 ^4 * I y 1 _ 2(s in- 1 x) 2 rfx 

_r /4 ^,-_r tan ~ lx 


4 (sin '+) = 


^l-2(sin 1 x) 2 Vl—x 2 


128. _y = [^ j dt = - f 
Jtan J; 


e y ~ dt -j- = -e 
7T/4 dx 




129. Yes. The function /[ being differentiable on [a, 6], is then continuous on [a, 6]. The Fundamental Theorem of 
Calculus says that every continuous function on [a, b] is the derivative of a function on [a, b]. 
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130. The second part of the Fundamental Theorem of Calculus states that if F(x) is an antiderivative of /(x) 

on [a, b], then f f(x) dx = F(b)-F(a). In particular, if F(x) is an antiderivative of yfl + x 4 on[0,l],then 

J a 


j^l + x 4 dx=F(l)-F(0). 


131. y = J v/l +t~dt = - J 1 v/l+7 


2 dt=> ± = J_ 

dx dx 


-i;4 


+ t 2 dt 


j;vr 


+ r dt 




+ X 


f° - L T dt = - 

r osx ^ dt ^± 

= d_ 

r COS X . 

— —hr dt 

— d 

r COS X . 

—+r dt 

Jcosxl-l 2 

) 0 1 -t 2 dx 

dx 

L Jo 

dx 

L J o i ~t 2 J 


= - -(-t-(cosx) ) = - —L— (-sinx) = -4— = cscx 

W-cos 2 xF dx / \sin 2 xJ sln * 


133. We estimate the area A using midpoints of the vertical intervals, and we will estimate the width of 
the parking lot on each interval by averaging the widths at top and bottom. This gives the estimate 

A * 15-(0^6 + 36±54 + 54±5I + 51^5 + 4Mt54 + 54^44 + 644±6M + 67^42) w5961ft 2 The cost is 

Area -($2.10/ft 2 ) * (5961 ft 2 )($2.10/ft 2 ) = $12,518.10 => the job cannot be done for $11,000. 

134. (a) Before the chute opens for A, a = -32 ft/sec . Since the helicopter is hovering v 0 = 0 ft/sec 

=> v = J— 32 dt = -32 1 +v 0 = -32 1. Then s 0 = 6400 ft => s = j-32t dt = -16 1 2 + s 0 = -16? 2 +6400. 

At t = 4sec, ^ = —16(4) 2 +6400 = 6144 ft when A’s chute opens; 

(b) Fori?, s 0 = 7000 ft, v 0 = 0, a = -32 fi/sec 2 => v = J —32 dt = -32t +v 0 = -32 1 => s = 

|-32 1 dt = -16t 2 + s 0 = -16t 2 +7000. At t = 13 sec, s = —16(13) 2 +7000 = 4296 ft wheni?’s chute opens; 

(c) After the chutes open, v = -16 ft/sec => ^ = J— 16 dt = -\6t + ^ 0 . For A, s 0 = 6144 fi and fori?, ,s 0 = 4296 ft. 

Therefore, for A, s = —16i + 6144 and fori?, s = -16t + 4296. When they hit the ground, s = 0 => for 4, 

0 = —16i + 6144 => t =QP- = 384 seconds, and fori?, 0 = -16t + 4296 => t = ^rr~ =268.5 seconds to hit the 
10 10 

ground after the chutes open, Since B 's chutes opens 58 seconds afier4’s opens => B hits the ground first. 
CHAPTER 5 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) Yes, because J /(x) dx =yj 7/(x) dx = y(7) =1 

= 4^J 1 3/2_ 0 3/2j = 4^2^^ 

2. (a) True: J /(x) dx = -j" ~ f (x) dx = -3 

r 5 r 5 r 5 r 2 r 5 r 5 

(b) True: J [/(x) + g(x)] dx = J _ 2 /(*) dx +J ? g(x) dx = J_ 2 /(x) dx + ^f (x) dx +Jg(x) dx 

= 4 + 3 +2 = 9 

(c) False: ^f(x)dx = 4 + 3= 7>2 = |^g(x) dx =>J^ [/(*) - g(x)] dx > 0 ^[_ 2 \g(x)-f(x)\ dx < 0. On 

r 5 

the other hand, /(x) < g(x) => [g(x) - /(x)] > 0 => [g(x) - /(x)] dx > 0 which is a contradiction. 

J —2 


(b) No. For example, J 8x dx = [4x 2 ]q = 4, but J Q V8x dx = 


Kf 
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3. y = TJ /(/ sin a(x-t) dt = T J /(f) sin ax cos at dt -Tj /(f) cos ax sin at dt 

sin ax f x coiaxcx . dv 

= —-—/(f) cos at dt --—/(f) sin at dt =>-^ 


= cos ax /(f) cos at fi(fj + sm ^' A /(f) cos at dt J + sin axj^ /(f) sin at dt - C0 ^ aA (/(f) sin at dt 

= cos ax /(f) cos at dt + sl ” ax (/(x) cos ax) + sin ax/(f) sin at dt - C0S J lx (/(x) sin ax) 

=> ^7 = cos ax /(f) cos at dt + sin ax| Q f (t) sin at dt. Next, —= 

-a sin ax J o /(f) cos at dt + (cos ax)^-^-JJ /(f) cos at Jfj + a cos ax| Q /(f) sin at dt + (sin ax) j^j " 0 /(/sin at dt 
= -a sin ax/(f) cos at dt + (cos ax) f (x) cos ax + a cos axj f (t) sin at dt + (sin ax) f (x) sin ax 
= -a sin ax/(f) cos at dt + a cos ax/(f) sin at dt + f (x). Therefore, y" + a 2 y 

= a cos axj^ /(f) sin at dt - a sin axJ Q /(f) cos at dt + /(x) + a 2 f sl " 1 — /(f) cos at dt - C0 ^ aA /(f) sin at dt 


= /(x). Note also that /(0) = j(0) = 0. 


4. x = f 1 -J= dt => 4-{x) =-j- f 3 -j=J= dt = -j- f ‘ pi- dt 
dx dxlo^d dy^Jo 


’ 2 - d 


dx 


V 1+4 t 


2"l = x_ 

dv 


^l = ^^(fW^ = Jl + 4r 2 .Then 

yj\+4y 2 \dx J dx ' dx 2 MA V ' J uy K' J 

1/ 2 \ -1/2 /dv\ 4v ’(f) 4 - v (V 1 + 4 -.v 2 ) d 2 v 

= i(i + 4 v 2 ) ( 8 ^)®=^ = -)^ = ^ Thus ^ = 4^, and the 

is 4. 


from the chain rule 

constant of proportionality 


/• x f p x . 2 

5. (a) /(f) dt = x cos 7 rx => /(f) dt = cos nx - nx sin nx => /(x )(2x) = cos ;rx - ;rx sin nx 

^.f(x 2 )=- 


(bi ( 


/(-'•) .2 


rdf = 


2x 

|/(x) 


• ~ r, a. cos 'Iti—Iti sin 2tt 1 

L - Thus, x = 2 => /(4) =-^-= T 


L 3 JO 


= T(/(x )) 3 =>T(/(x )) 3 = xcos;rx=>(/(x )) 3 = 3x cos nx => / (x) = %]3x cos n x 


=> / (4) = ^/3(4)cos4;r = ^2 

6. J C /(x) dx = y- + y sin a +^cosa. Let -F(a) = /(f) dt => /(a) = E/a)- Now F(a) = + / sin a + ^ cos 

(n\ 

=^> /(a) = -F'(a) = a + T sina + -f cos a -ysin a => /(t) =-f- + T s * n y+ y-^cos 


him 2^. _| 1 ___1_ 

2 2 2 2^2 9 2 


7. J*/(x) - V2 => /(&) = ^/(x) dx = 1 (E 2 +l)- 1/2 (2fe) = -^= => /(x) = 
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The derivative of the left side of the equation is: -jr 


right side of the equation is: 


Jo*/(“)(*- 


i dll 


lo lo f ^ ^ d u = lo f ^ derivative °f t ^ le 


xj*f(u)du —^f*u f(u)du = j*f(u)du+x j^j*f(u)du -xf(x)=j*f(u)du+xf(x)-xf(x) 

rX 

= J 0 /(m) du. Since each side has the same derivative, they differ by a constant, and since both sides equal 0 

f X rll rX 

when x = 0, the constant must be 0. Therefore, J Q J /(f) dt du = / (u)(x -u) du. 

9. ^ = 3x 2 + 2 => y = |(3x 2 + 2) dx = x 3 + 2 x + C. Then (1, -1) lies on the curve => l 3 + 2(1) + C = -1 
=>C = —4 => j = x 3 +2x-4 


10 . The acceleration due to gravity downward is -32 ft/sec 2 => v = J —32 dt = -32f + v 0 , where v 0 is the initial 
velocity => v = -32f + 32 => s = J(-32f +32) dt = -16f 2 + 32f + C. If the release point, at t = 0, is s = 0, then 

C = 0 => ^ = — 1 6? 2 + 32f. Then s = 17 => 17 = -16f 2 + 32f => 16f 2 -32/ + 17 = 0. The discriminant of this 
quadratic equation is -64 which says there is no real time when s = 17 ft. You had better duck. 


11 . | ^/(x)fi?x = J ^x 2 / 3 fi?x + J -4 dx 
= (0-|(-8) 5/3 j + (-4(3)-0) = -^-12 


36 

5 


r 3 r 0 I - r 3 2 

12 . J ^f(x)dx = J ^—xdx + J Q (x -4 ) dx 

-i3 




t- 4 * 


Jo 


0 - 


ff(4) 3 ' 2 


-4(3) -0 


_ 16 _ 7 

3 3 


2 12 
13. | g(t) dt = J t dt + 1 sin Tit dt 

=[t]‘ + [-I C0S "]? 

= ^ _ o) + [ _ ^: cos ^cos^j 


: 1 _ 2 
2 n 


14. | ” h(z) dz = j^-v/l — z dz + J (7z — 6) 1/3 dz 


-fd-z) 


3/21 

Jo 


^(7^-6) 


2/3 


-|2 


Jl 


f(l-l) 3/2 -(-f(l-0) 3/2 ) 

+ [ 1 |(7(2)-6) 2/3 - 1 |(7(l)-6) 2/3 ] 

2,(6 _3) _ 55 

3 \7 14/ 42 


y 



X 




w 
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15 


p 2 p —1 pi 2 p 2 

. J /(x) dx = J ^dx + J (1 — jc ) h- J 2 etc 


— M -2 + 


= (-l-(-2)) + 


,nl 


J-l 


+ [2x]f 




(-D" 


= l + f-(-f) + 4 - 2 =f 


+ [ 2 ( 2 ) - 2 ( 1 )] 


16. |” h(r) dr = J ^rdr + | (1 -r 2 ) dr 

r 3 "|i 9 

+ +Mi 




_l) = _I + 2 + l = 7 
; 2 3 6 



17. Ave. value = J * f (x) dx=^- J 2 f(x) dx =j J *x dx + J “ (x - 1) dx 
'(■ 


4 


jc— v 
2 * 


Jl 


A-o 


4r-2 - A-l 


18. 


1 f ^ 

Ave. value = t- 5 — f (x) dx 

b—a j a 


3Zo| 0 3 /Wdx 


I 

3 


1 2 3 

dx + f 0 dx + f dx 

0 Jl J 2 


= j[l -0 +0 +3-2] 


2 

3 


19. lim f . 1 dx = lim [sin 1 x]q = lim (sin ^-sin 1 0) = lim (sin *6-0)= lim sin 1 7>=y 

*->r J0 Vi-x 2 t>->r 6->r *->r &->r 2 


r x -1 , .• In tan 1tdt 

tan tdt = lim —- 

form) 

J 0 x->oo x 

\00 J 


-- lim tan x 7T_ 
1 2 

x-»°o 



(, . 

~ 


■ 


14 

I 1 1 1 1 ... 1 1 ^— lim 

1) 

1 

+ (») 

i 

-41) 

i 

L+l n +2 2nj 

1 \n) 

L i+ a) 1 

_Mi)l 

Mill) 


which can be interpreted as a 


Riemann 


sum with partitioning Ax = -^-=> lim + = j^j^dx = [ln(l + x)]q =ln 2 


22 . lim J-[e 1/n + e lhl + ■ • • + e] = lim 


H - 1 -which can be interpreted as a 


Riemann 


sum with partitioning Ax = — => lim -[e 1/>1 + e 2/ " H-he] = [ e x dx = [e*]o = e -1 

n n 


23. Let /(x) = x 5 on [0,1], Partition [0,1] into n subintervals with Ax = —- = —. Then are the right-hand 


n n 
5 


endpoints of the subintervals. Since/is increasing on [0,1], U = ^ I 2 -) is the upper sum for / (x) = x 5 on 

7=1 W 


io.'i= js.z a (ii-toi(i) .a + ... + (i) 


7=1 


= lim 

n— »ool_ 


= f x 5 dx = 

Jo 


L 6 JO 
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24. Let f(x) = x J on [0,11. Partition [0,11 into n subintervals with Ax = —- = —. Then — are the right-hand 

L J l j j n n n n n ° 

00 / . \3 

endpoints of the subintervals. Since/is increasing on [0,1], U - ^ vL J is the upper sum for /(x) = x 3 on 

7=1 W 


7=1 


(4)= Hm 1 

fe) 3+ (f) 3+ - + fc) 3 | 

= lim 

ri3 +2 3 + ... + „3] 

4 

pi 3 

= X dx = 

V" 

A 

' ” ' H-»0O 


72—>00 

72 4 J 

J 0 



25. Let v = f (x) on[0,11. Partition [0,11 into n subintervals with Ax = J—^ = 1. Then are the right-hand 

J n n n n n = 

OO / • \ 

endpoints of the subintervals. Since/is continuous on [0,1], y' / l^-J is a Riemann sum of y = f (x) on 

7=1 

00 / \ r -i 1 

[oa]^jtaZ/(i)(t)-itoi[/(i) + /(f) + ... + /(f)]-f 0 /w* 


7=1 


26. (a) lim -C[2 + 4 + 6 + ...+ 2/?] = lim -r^- + —+ — + ... + —]= f 2x dx = [x 2 ]n = 1, where /(x) = 2x on [0,1] 
(see Exercise 21) 


(b) lira J-[l 15 +2 15 + ... + /7 15 ] = lim J- 


n —>oo n 


1 

"(q ls +t 

f + ... + (3 

\15 1 

“I 

= f x 15 dx = 


72 

\ 72 / \J 

*2 / \i 

•!/ 

Jo 

16 


= T 7 , where 

lo 


/(x) = x on [0,1] (see Exercise 21) 

(c) lim — [sin —+ sin —+ ... + sin—] = f sin nn dx = \ —i- CO s7rx] =—-cos7r-(—-cos0l=—, where 

,,->00 n L n n nj JO L J Jo 71 V x ) n 

f (x) = sin nx on [0,1] (see Exercise 21) 

(d) lim -h-Pl 15 +2 15 +... + 77 15 ] = f lim —1 f lim -jr[l 15 + 2 15 +... + /7 15 ]! = f lim —1 f x 15 <ix = o(yh) = 0 
(see part (b) above) 

(e) lim -h-(~l 15 +2 15 +... + 77 15 ! = lim -^-[l 15 +2 15 +... + 77 15 ] 

n—>oo n L J >oo n 

r [l 15 +2 15 +... + 77 15 ] ] = f lim n j f x i5 dx = oo (seepart (b) above) 

J \n—>co J J 0 


= 1 lim /7 II lim 


n —>oo n 


27. (a) Let the polygon be inscribed in a circle of radius r. If we draw a radius from the center of the circle (and 
the polygon) to each vertex of the polygon, we have n isosceles triangles formed (the equal sides are equal 
to r, the radius of the circle) and a vertex angle of 9 n where 9 n = —. The area of each triangle is 


A n =\r 2 sin 9 n 


(b) lim A - lim 


2 2 . j 

* the area of the polygon is A = nA n = sin 6 n = sin —. 


• sin 


2 n 


= lim 4^sin — 

., 2 n n 


= lim 

>00 




Af) 

2 W»—>oo (f) 


lim 


= 7T7' 


28. Partition [0,1] into n subintervals, each of length Ax = 4- with the points x 0 = 0, x l =jj,x 2 =y,...,x n = —= 1. 
The inscribed rectangles so determined have areas / (xq) Ax = (0) 2 Ax, /(xj)Ax = Ax, 

/(X 2 ) Ax = (“)" Ax,...,/(x„_i) = [~~) Ax. The sum of these areas is 
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29. (a) g<X) = \\f{t)dt=0 

(b) g(3) = J i 3 /(0^=4(2)(l) = -l 

(c) g(-l) = 1 f(t) dt = dt = -}(x2 2 ) = -n 

(d) g'(x) = fix) =0 => x = -3,1, 3 and the sign chart for g'(jc) = fix) is | + + + |-| + + + . So g has a 

-3 1 3 

relative maximum at x = 1 . 

(e) g'(-l) =/(-l) = 2 is the slope and g(-l) = J f(t)dt = -rc, by (c). Thus the equation is y + n = 2(x + 1) 
=> y = 2x + 2 - n. 

(f) g"(x) = f\x) = 0 at x = -1 and g"(x) = fix) is negative on (-3, -1) and positive on (-1,1) so there is an 

inflection point for g at x = -1. We notice that g"(x) = fix) < 0 for x on (-1, 2) and g"(x) = f'(x) > 0 for x 

on (2, 4), even though g"( 2) does not exist, g has a tangent line at x = 2, so there is an inflection point at 

x = 2 . 

(g) g is continuous on [-3, 4] and so it attains its absolute maximum and minimum values on this interval. We 

saw in (d) that g'(x) = 0 => x = -3,1, 3. We have that g(—3) = J /(f) dt = /(/) dt = = -2n 

g0) = J, fit) clt =0 

g( 3 ) = j| 3 /(f) 4f =-! 

g(4) = J 1 4 /(f)df = -l+i-M = -I 

Thus, the absolute minimum is —2n and the absolute maximum is 0. Thus, the range is [-2 n, 0], 


30. 


r 71 r X 

y = sinx+ cos 2f dt +1 = sinx- cos 2t dt + 1 => y' = cos x-cos(2x); when x = n we have 

J x in 

y' = cos7r-cos(27r) = -1-1 = -2. And y" = -sinx + 2sin(2x); when x = n, y = sin n + 


cos 2 f<if + l = 0 + 0 + l= l. 

X 


3i. /W .j i ;i rf ^/-<x,.i(t)-(i)(i(i)) 

V x J ' ' 


2 

x x 


32. 


/(x)= f sinx _L_ dt => ff) — f—L_ )(-d- (sinx))-(—^)(-y-(cosx)) = - £ 2 4A + - 5 ! s/- 
Jcosxl— 1 ~ \ 1—sin - x /1 d x ' \ I—cos 2 x J 1 dx 1 cos“x sin“x 


sin x _ 1 | 1 

sin 2 x cos x sin x 


33. g(y)-\ 2 J>'sm, 2 dt =, s \y) -j)m (2^f ^( 2 ^)) -(sin (f )(i(f) 


34. 


f 1 _ _ 4e y2 -e^ 


3S. y = JJ /2 ln itdt =>£ = (ln^)'f(x 2 )-[ In ^ = 


| = 2 xln|x|-xln-j= 
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r^fx 

36. y = ^ Intdt 


dy 

dx 


■ = ( ln ^*)(K 2/3 ) ■-( ln ^)(K 1/2 ) 


P ^-1/2 i _ ln ifx ln yfx 3, 

33/7 2\fx 


37. J^sWtf => / = (sine lnx ) -^(ln x) = sa* 


38. 

= 4xe 2x -4^e 4 ^ f-2-) = 4xe 2x -8e 4 ^ 

\yJX ) 

fix) = \ X ^t(5-t)dt => /'(x) = (x + 3)(5 - (x + 3)) (j^(x + 3)) - x(5- x) (j) = (x + 3)(2 - x) - x(5 - x) 
= 6-x-x -5x + x =6-6x. Thus f'(x) = 0=>6-6x = 0=>x = l. Also, f"(x) = -6<0=>x=l gives 


39. 


a maximum. 


40. In x' X * = x x In x and ln(x x ) x = x In x x = x“lnx; then x A lnx = x 2 lnx => (x x -x 2 )lnx = 0 => x x =x 2 or 
lnx = 0. lnx^O =>x = 1; x x =x 2 => xlnx = 21nx => x = 2. Therefore, x^ x ^ = (x A ) A whenx = 2 or x = 1. 




(lnx) 

ln 2 


J1 


1 . 

In 2 ’ 


(lnx) 2 

21 n 2 


-U 


21n2 


• Ai : A 2 = 2:1 


42. (a) ^- = +^-e=2x 

v ’ dx e * 

(b) /(0) = j i l 2hil ( /t=0 

(c) ^ = 2x => /(x) = x 2 + C; /(0) = 0 => C = 0 => /(x) = x 2 => the graph of/fx) is a parabola. 

43. /(x) = e g(x) => f'(x) = e g(x) g'(x), where g'(x) = => /'(2) = e° = fj 


1 +x* 


pi . _1 pi . _1 

44. The area of the blue shaded region is sin xdx = j sin ydy, which is the same as the area of the region to 
the left of the curve y = sinx (and part of the rectangle formed by the coordinate axes and dashed lines y = 1, 
x = yj. The area of the rectangle is y = J sin -1 ydy + ^ sinx dx, so we have 

pi . _i rnl2 . pzr/2 . pi . _i 

4p= sin xdx+\ sinxax=> sin xdx=Xr-\ sin x dx. 

2 Jo Jo Jo 2 Jo 


45. (a) slope of Z 3 < slope of C 2 < slope of T] =>-b < < 1 

(b) area of small (shaded) rectangle < area under curve < area of large rectangle 

=> Ub-a)< f / ’bp/ x <±(ft_ a )^i<Mdnn <1 

b x Ja x a b b-a a 
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46. (a) If/is continuously differentiable on \a, b\, then so is the function g(x) = (x-c)f(x). So the two 

integrals on the right side exist and 

f (x —c) f(x)dx + f (x-c) f(x)dx = f ( x-c)f(x)dx 

Ja Jc Ja 

rb , rb rb rb 

= xf{x)dx-\ cf(x)dx=\ xf(x)dx-c(0 ) = xf{x)dx 

J a ' J a ' Ja J a ' 

t e c e 

(b) Split the right side in part (a) into two integrals and write it as -J tf(c-t)dt + ] t f (c + t) dt. For the 

first integral above, use the substitution t = c-x, >x=c-t, dt = -dx ; when i = 0, x-c and when 
t = t = (b —a)/2, x = (a +b)/2 — (b-a)/2 =a. (Note that whenx is in [a, c], c-x is positive and thus 

r £ j* 0 r C r C 

c-x agrees in sign with t.) - tf(c-t)dt=\ tf(c-t)dt=\ -(x-c)f(x)(-dx)=\ ( x-c)f(x)dx. 

JO J £ J a J a 

rC 

Thus the first integral above is equal to (x-c)f(x)dx. For the second integral above, use the 

J a 

substitution t = x-c, =>c + t = x and dt = dx\ when t = 0,x=c and when t -£ = (b-a)/2, 

rb 

x = (b - a) / 2 + (a + b) / 2 = b. Thus the second integral above is equal to ( x-c)f (*) dx and 

J c 

r b rC rb r £ r £ 

xf(x)dx= \ {x-c)f{x)dx+\ {x-c)f{x)dx = tf(c+t)dt-\ tf(c — t)dt 

J a J a ‘ J c ‘ J0‘ JO 

= J ( /(/(c + 0-/(c-f))4t. 

(c) According to the mean value theorem of Section 4.2, for every t in (0, l ), there is a point in q in 

(c-t,c+t) at which ^ ———— = +t ^ ———— = f\q). Since for all these q belonging to 

V ; (c + t)-(c-t) 21 

each t, we have f(q)<M, f(c + t)-f(c-t)<2tM for all t in (0, f). Thus 
\ a xf(x)dx = { t(f(c+t)-f(c-t))dt < f (t){2tM) = —M t 3 = L -rf LM - 
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CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS 


6.1 VOLUMES USING CROSS-SECTIONS 


1. A(x) = 


(diagonal) 2 _ (^-(-^)) 2 


rb r4 

■ 2x; a = 0, b = 4; V = A(x) dx = 2x dx = x 

J a JO 


2. A(x) = 7r(dia ^ eter) ~ = 'A A ] = ff [ 2 ^ 4 A A = 7 r(l-2x 2 + x 4 ); a = -l,b = 1; 
K = | A(x) dx =| ^7i(\-lx 2 + x 4 jdx = n x-~x 2 = 2;r ^1 —-| + jj 


3. A(x) = (edge) 2 = y\-x 2 J = ^2yll-x 2 J = 4|l-x 2 j; a = -1,6 = 1; 

F = J \ b a A(x) dx = j%(l-x 2 j dx = 4 [x--4]_ x = 8 f 1 -}) = f 


(diagonal)^ 


Vl-x 2 -|-Vl-x 2 j jlx/l-x 2 j 


4 ^4 (x) _ (diagonal)- _ L ^ = 2 2 ^ = 2 (l -x 2 ); a = -l, 6 =l; 

F = \ b a A(x) dx = 2j^(l -x 2 )dx= 2 [x -4]_ t = 4 (! -i) = f 


5. (a) STEP 1) ^4(x) = ^(side) - (side) -(siny) = i-|2Vsinx j-^Vsin.r j^sinyj = V3 sinx 
STEP 2) a = 0,b = ft 

STEP 3) F = J A(x) dx = V3j%in x dx = —s/3 cos xj^ = VJ(1 +1) = 2 V 3 

(b) STEP 1) A(x) = (side) 2 = ( 2^sin x j ^2^/sin x) = 4 sin x 
STEP 2) a = 0, b = ft 

STEP 3) V = j A(x ) dx = j* 4 sin x dx = [-4 cos x]q = 8 


6 . (a) STEP 1) A(x) = - T(41la '™ tcr) = ^( S ecx - tan x) 2 = y|sec 2 x + tan 2 x - 2sec x tan xj 

= -f- sec 2 x + (sec 2 x-l|-2 smx 
4 L V / cos* x. 

STEP2) a = -f,b=f 

STEP 3) F = f^(x)£?x = r 3 f(2sec 2 x-l-^^Wx=fr2tanx-x + 2(—M] W3 
Ja w J-*73 4\ cos 2 x/ 4 L V cosxlj.^ 
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(b) STEP 1) A(x) = ( edge) 2 = (sec x - tan x) 2 = (2 sec 2 x -1 - 2 
STEP 2) a = -y, b = -j 

STEP 3) V = ^A(x) dx = (2 sec 2 x -1 - dx = 2 ( 2 ^3 - f) = 4x/3 -^ 

7. (a) STEP 1) A(x) = (length)• (height) = (6 -3x)• (10) = 60-30x 
STEP 2) a = 0,6 = 2 

STEP 3) V= \ h A(x)dx= f 2 (60-30x)dx = |~60x-15x 2 T = (120-60)-0 = 60 
Ja JO L JO 

(b) STEP 1) A(x) = (length) ■ (height) = (6 - 3x) • j = (6 -3x)(4 + 3x) =24 + 6x - 9x 2 

STEP 2) a =0,6 = 2 

STEP 3) V = jA(x)dx = f ( ^24 + 6x + 9x 2 )dx = 24x + 3x 2 -3x 3 ]^ = (48+12-24)-0 = 36 


8. (a) STEP 1) A(x) = sy(base)-(height) = (6) = 6*Jx-3x 

STEP 2) a = 0,6 =4 

STEP 3) V = \ b a A(x)dx = ^[6x V2 -3x}dx= 4x 3/2 -|x 2 * = (32-24)-0 = 8 


(b) STEP 1) A(x) = \-n 


( diameter 
( 2 


=r a 


x-x 3/2 +y 


= f,r X-X 


STEP 2) a = 0,6 = 4 


STEP 3) F.|V)*.f0,-+' 2 + ix 2 )*.[ix 2 -|x M +i Lx 3 ]Af(8-f + f)-f(O).i 


2 

9. A(y) = ^(diameter) 2 = f(Sy 2 -oj =^fy A \ 
c = 0,d=2-V =\ d A(y)dy 

Jc 




10 . 


^W-idegXlegJ.irVCp-f-ViA 2 ) -2(l-y 2 )-, c-UJ-U 

V - £ A GO dy - £, 2(l -p 2 )dy - 2 [y -£]‘ _ - 4 (l -() - f 
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11. The slices perpendicular to the edge labeled 5 are triangles, and by similar triangles we have j = j => h = 

The equation of the line through (5,0) and (0,4) is y=-jX+ 4, thus the length of the base =—|x + 4 and 
the height = + 4j = —|x +3. Thus A(x) = y(base)-(height) =4|-i.x + 4j-|—|.r+ 3j 

= -^x 2 -^-x + 6 and V = J A(x) dx = |-|rx 2 -^x + 6^ dx= ^=x 3 ~jx 2 + 6xJ = (10-30+30)-0 = 10 

12. The slices parallel to the base are squares. The cross section of the pyramid is a triangle, and by similar 
triangles we have | = | => b = jh. Thus A(y) = (base) 2 = (|yj = ^y 2 => V = | A(y) dy = J Q ^y 2 dy 

= 4t 3 T =15-0=15 

L 25 Jo 

13. (a) It follows from Cavalieri’s Principle that the volume of a column is the same as the volume of a right 

prism with a square base of side length .v and altitude h. Thus, 

STEP 1) A(x) = (sidelength) 2 = s 2 ; 

STEP 2) a=Q,b=h\ 

STEP 3) V= f h A(x) dx = f V dx = s 2 h 

J a JO 

(b) From Cavalieri’s Principle we conclude that the volume of the column is the same as the volume of the 

2 

prism described above, regardless of the number of turns => V = s h 

14. 1) The solid and the cone have the same altitude 

of 12. 

2) The cross sections of the solid are disks of 
diameter x _ (f) = f • If we place the vertex of 

the cone at the origin of the coordinate system 
and make its axis or symmetry coincide with 
the x-axis then the cone’s cross sections will 

be circular disks of diameter =j 

(see accompanying figure). 

3) The solid and the cone have equal altitudes and 
identical parallel cross sections. From 
Cavalier’s Principle we conclude that the solid 
and the cone have the same volume. 

15. R(x) =y = l—j=>V = J~7r[7?(x)] 2 fi?x = 7r (l - -|)~ dx = 7rJ~ |l -x +^-j dx = n x-^- + y^- 

=4 2 -UiD=¥ 

16. ^(j) = v = =r => V = ^ ) n[R(y)fdy = dy = n^\y 2 dy = x[ly 2 ] q = n - |-8 = 6tt 

17. R(y) = tan ^y j; u = ^y=> du =^dy 4 du = ndy, y = 0 => u = 0, y =1 => u = -j; 

1 j 2 /4 j ^ 

V = ^n\R(yjfdy = ^■| o [ t an(-|- dy = 4| q tan 2 u du = 4 |-l + sec 2 t/j du = 4[-w + tan m]q 4 

= 4 (--j + ! - °) = 4-n 


y 



NOT TO SCALE 
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18. R(x) = sinxcosx; R(x) = 0 => a = 0 andZ?=y are the limits of integration; 


= 2x =^> du = 2 dx => 


V = | n{R(x)Ydx = 7rj^ (sinxcosx) 2 t/x = ?rj * sin ~'^ dx\ ^u = 2x 

x = 0 => u =0, x = y => u = ;rj —> V = jrJ^I-sin 2 u du =y^-^-sin2Mj = f"[(" 2 _ ®)~^ 


_ n_ 
16 



20 . 


R(x) = x 3 => V = | 7r[i?(x)] - c/x 

f 2 / 3 j »2 ^ 

= 7r Jo\X j ^ x ~ 71 Jo x ^ x ~ n 


21 . 


R(x ) = a/o -x 2 => F = | 7r[i?(x)] dx 

= 7T j ^9-X 2 j(fx = 7T 

= 2tt[9(3)=2-ji-18 =36jt 



22 . 


R{x) = x—x^ => V = ^n\R{x)Ydx 
= ;t Iq - x“ j c/x = tt J Q |x 2 - 2x 3 + x 4 j <fx 


= n 


Jo 




= *(l°- 15 + 6) = * 


y 





23. 


R(x ) = Vcosx => F = J ^[i?(x)]" dx 
= ;r | ~ cos x dx = n [sin x 1/2 = tt(1 — 0) = 
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24. 


<• ^/4 _2 

R(x) = secx => V = n\R{x)Xdx 
J—jt/4 l j 

= n \ /4 sec 2 x dx = 7t [tanx]^ 4 = ^r[l —(—1)] = 2;r 


25. 


R(x) = e x => V = ^n\R(xy\~dx = 7t^(e X ydx 





26. 


7tl'l 7t /'2 2 ^/2 ^z"/2 

7?(x) = Vcotx => F = ;r[7?(x)] 2 cfe = ;rf (Vcotx) dx = n\ n cotx dx = 7i\ ^^dx = 7t[ ln(sinx)U/g 

J7rl6 j7t!6 \ / J^r/6 J;r/6 sin a: 

= ;r(lnl - Ini) = ;rln 2 


27. 




K = £ 4 *[*(*)] 2 <fe = ^C(i) = 4 = 4 t lnx ^/4 (in 4-Ini) = fin 4 


28. 

29. 


7?(x) -e x 1 => F = J ;t[.K(x)] 2 g(x = 7rj) (e' r 'l^x = 7rJ e 2 ' 2 dx = f [e 2v 2 ] 3 = f (e 4 -1) » 84.19 


/— c 7T1 4 2 

.ft(x) = V2 -secxtanx => F = [7 ?(x)]“ dx 

= n J" (V2 -secxtan .dx 

= ;rj" o (2 - 2 V 2 secx tanx + sec" xtan 2 x) dx 

( r 7 ^ 4 ~ , 1 

= ^J o 2dx — 2V2J o secxtanx dx 

+ J (tan x) 2 sec 2 x dx J 



= n 

= tt 

= n 


^[2x]f 4 - 2 V 2 [secx]^ /4 + — 

[(f-0)-2V2(V2-l) + i(l 3 -0) 
(f +2 ^-y) 
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r n/2 -,'1 

30. R(x) = 2-2sinx =2(l-sin;c) =>F= j 7i\R(xj\ dx 
= 4(\-&\nx) 2 dx =4 ~|l + sin 2 x -2sinxjc6: 

= 4 7i^ j^l + 4-(l-cos2.r)-2sinxJfi?x 

= M 0 W2 ( f-^-2sinx) 

= 4 n j^-| x - sin 4 2x + 2 cos x J 


~\7t II 


= 4tt 


[(M - 0 + o)-(0-0 + 2) 


= ^■(3^-8) 


31- R(y) = Sy 2 => F = c/j J^5j 4 dy 


= ;t 


. -|1 


J-l 


= 41 - (-1)]=2tt 


32. R(y)=y 3/2 => F = Jo^OO] 2 ^ = n?y z dy 


n 2 


= 4;r 


Jo 


33. R(y) = ^2sm2y => V = j* ~n[R{y)\ dy 
= 7T^ ”2sin2j dy = ;r[-cos2j]p 


i;r /2 

Jo 


= 7T[1 -(-!)]= 2n 


34. R(y) = Jcos 


Jcos^f=>V = j\[R(y)fdy 


= nj\os[^dy=A\^,m- 


-.0 


= 4[0-(-!)] = 4 


35. R(y) = 


= 4 n 


y +1 

_± 

v+l 


v = \ln[R(y)fdy = 4 7 :\l^- I d y 


n 3 


Jo 


= 4 tt[— i — (-i)] =3 tt 


y 
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36 ' R (y) = ^^V=\\[R(y)\ 2 dy 

= *]>(/ +1 ) dy; [u = y 2 +1 => du = 2y dy; 
y = 0 => u = 1, y = 1 => u = 2 ] 

^V = n\'\~ 2 du =^[-T"(-l)]=f 



37. For the sketch given, a = —f-, b =y; 7?(x) =1, r(x) = ^ cosx; F = J -[r(x)] 2 j dx 

= ~ o tt(1-cosx) dx = 2^| 0 (1-cosx) dx = 2tt[x -sinx]^ 2 = 2?r(-|--l) = tC -2tt 


38. For the sketch given, c = 0, d = ; R(y) = 1, r(y) = tan F = J^|[i?(j)] 2 -[r(j)f j dy 

= ^(l-tan 2 p) = < /4 ( 2 -sec 2 p) dy = 42 y-t a ny]f =n[^-\} = ^-n 


39. 


r(x) = x and 7?(x) = 1 => F = J o 7r|[T?(x)]“ -[r(x)] 2 j dx 

= jV( 1 -x 2 )* = ^[x-4] o =^[( 1 -l)-°] = f 



40. r(x) = 2^x and 7?(x) = 2 => F = J o ;r|[i?(x)] 2 -[r(x)] 2 j dx 
= ^| 0 (4-4x) dx = \n x-^-j = 4 tt(i -2-j = 2n 

41. r(x) = x 2 +1 and R(x) =x + 3 

=> V = j_" | 7r([^(r)] 2 ~[r(xjf j dx 

= 7rJ i (x+3) 2 -|x 2 H-lj dx 

= ttJ ^(x 2 +6x+9j-^x 4 +2x 2 -i-lj t/x 

= ;rj" ^-x 4 -x 2 + 6x + 8j dx = n -^--^- + -^- + 8x 

.,[(- f _l +f+16 )_(i + i +f _ 8 )] 

= ;r(-^-3 + 28-3+8) = ;r( 530 ~ 33 )=^ 
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42. r(x) = 2 — x and R(x) = 4 -x~ 

=> v = J~i ^ - [ r (-r)] 2 j dx 

= n \ 2 _ x ( 4_x2 ) _ ( 2_x ) 2 


dx 


= n^ T(l6-8x 2 + x 4 )-(4-4x+x 2 


dx 


1 2x + 2x 2 -3x 3 +4=- 


->2 

--1 
10M 


= tt| fl2 + 4x-9x 2 +x 4 | dx = tt 
= ^-^24+8-24+^-)-(-12+ 2+3= /r(l5+-^) 

43. r(x) = secx a nd = V2 

=> v = -N] 2 ) 

= 7i^ /4 (2-sec 2 xj dx = 7t [2x - tan x]^ 4 

= ;r [(f +1 ) =^“2) 

44. i?(x) = secx and r(x) = tanx => V = | o ^([i?(x)]“ -[r(x)]“ j dx 
= 7rj" o (sec 2 x - tan 2 xj dx = Trj^l dx = [x]q = n 


45. 


- 7T \l{ 2 y + y 2 ) d y = 7r 


2,1 


. "|1 


y + 


= ?T 


J() 


Kf 


. 4n 
3 


. i?(j) = 1 and r(y) =l-y =>V = \' { x[[R(y)f ~[Hy)f j dy 

\l[\-{\-y?y y =n\^-(\-2y+y 2 )\ 


= 7T\ 


T \l{ 2 y~ y2 )dy =7r 


2 y 

y -T 


.-a 


JO 


dy 

=*H)=¥ 





= 1 +y => V = 7r([/?(y)f - [r{y)f j dy 

(i.i) 

1' 

^ = ^Jq( 1 + 2 p+p 2 -1 )dy 




(1.0) 
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47. 


R{y) = 2 and r(y) = Jy =>V = -[r(y)] 2 j dy 

r 4 r y 2 1 4 

= n\ (4-y)dy = n 4y-4- = tt(16-8) = 8tt 

JU L - Jo 



48. R(y) = V3 andr(y) =^3-y 2 

= if " 71 {[R(y)f -[r(y)f^dy 

= ^[3-( 3 -/) dy = y 1 dy = 7T ^ = nji 



49. R(y) = 2 and r (y) =1 + Jy ^>V = j\([R(y)l ~[r{y)f^dy 

1 2 i 

= 7r Io 4 ~( l+ Jy) dy = xj o (4-l- 2 ^-y)dy 

= x\ 1 o (l- 2 Jy-y)dy=x 3 

=4-i4)=-m=¥ 

50. 7?(y) = 2-/ /3 and r(>>) = 1 => U = -[Kylfjtfy 

= ^[(2-/ 3 ) 2 -i]4K = -Jo(4- 4 y /3 +y 2/3 -1 )dy 

= ^Joi 3- 4-U 13 +y 2l3 )dy = x 3y-3y 4/3 +^_ ^ 

=4-3 + !)=¥ 



51. (a) r(x) = Vx and 7?(x) = 2 

= 4([/?(x)] 2 - [r(x)f j dx 

r 4 T v 2 1 4 

= 7T (4-x)i7x = ;r 4x-4p = yr(16 — 8) = 8 tt 

jo L 1 Jo 

(b) r(y) = 0andi?(j;)=j; 2 =>V = J'^([i?(j;)] 2 ~[r(yjf }<fy = n^y A dy = n ^ 

(c) r(x) = 0 and R(x) = 2-\[x => C = ;r|[i?(x)] 2 -[r(x)] 2 j dx = n J Q (2-\[x^ dx 

= ^ J 4 ^4 - 4^x +x^dx = 7T Ax - + -y- 4 =>r(l6-^+^)=^ 
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(d) r(y)=4-y 1 wb&R(y)=4^>V =\-x[^R(yjf -[r(y)f^dy = n^ 16-^4-y j 


dy 


= ;r Io~( 16_16+8y2 ~y 4 ) d y =7i \l{^y 2 -y 4 )dy=n 

52. (a) r(y) = 0aaAR(y)=\-^ 

^> v = \l 7r [[ R (y)f -[><y)] 2] Jdy 

=*( 2 -M)= 


3 / 


~\- 


;y - 


Jo 


_ _/64 32 \ 

l 3 5 ) 


224a- 

15 


2 3 

V-2C + 2C 

y 2 12 


-i2 

-0 


2a 

3 



(b) r(y) = 1 and R(y) = 2-^ 

^V = ^7r{[R(y)f -\r(y)f ) dy = nf {) (2-f) -1 


4f = ^I 0 4 -2y +^--1 \ dy 


= 7r !o[ 3 ~ 2 y +2 T \dy = n 


ly-y 1 ^ 


-a 


Jo 


= ^( 6 -4+^)=^(2+|): 


8a- 

3 


53. (a) r(x) = 0 and R(x) = 1-x 2 => V = J ^([/?(*)]"-[r(x)]“ j dx 
= ;rj" ^1-x 2 ) dx =7ij ^l-2x 2 +x 4 j dx 


2 X 5 A 


: ~|1 


= 2 n 


J-l 




_ 16a- 
15 



y=x 2 


(b) r(x) =1 and R(x) = 2-x 2 =>C = J | n ^[.R(x)]“ -[r(x)] 2 j dx = 7rj | ^2-x 2 -1 


dx 


■ n j" ^4-4x 2 +x 4 -\\dx = 7r\ . (3-4x 2 +x 4 | ah = n 




’)■ 


i it 


3x-f^ + f 


= 2 n 


J-l 


b-M) 


: ||( 45 - 20 + 3 )=^ 


(c) r(x) = 1 +x 2 and R(x) = 2 => V = J |[i?(x)] 2 -[r(x)] 2 j dx = 7rj ^ 4-^1 + x 2 j 


dx 


= ;rj ^4-1 -2x 2 -x 4 j dx = ttJ" ^3 -2x 2 -x 4 j dx = 7t 


3x-f* 3 -4 




= ^(45-10-3)=-^ 


. _ 64 n 


54. (a) r(x) = 0 and R(x ) = ~x+h 


> V = J 0 ^([*M] 2 ~[r{x)f j dx 
n Jo |x + /?)~ dx = [jx* 1 ~^j-x + h 2 ^jdx 

xh 2 (^-b+b^ - 


nh 2 -At— yy +x 
L3 b 1 b 


7th b 
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(b) r(y) = 0 and R(y)=b[\ V = x ([R(y)f -[r(y)f^dy = nb 1 J*(l-^) dy 


1 ch( 2v v 2 i 

= nb 2 f 1 —tr-t-^T dy=7tb 
JO h u 2 


v 2 / 

* 3ft 2 


i/i 


JO 


: ^ 2 (/,-/, + f)=4^ 


55. R(y) = b+^Ja 2 -y 2 and r(y) =b-^a 2 -y 2 
^>V = J“ a 7r([/?(y)] 2 -[r(y)f j dy 

= n \- a [ b + 'l al -4 2 j 

= ;r f 4 bJa 2 -y 2 dy = 4bn f Ja 2 -y 2 dy 
J-a J-a 

2 2 2 

= 4bn ■ area of semicircle of radius a = 4bn = 2a~bn~ 


dy 



56. (a) A cross section has radius r = ,j2y and area 7 zr 2 = 2 Try. The volume is J 2nydy = n 

(b) Therefore f = f'f = .» f . 

For h = 4, the area is 2^(4) = 8 ;r, so ^ = J_. 3 units = 4L . units _ 
v 7 dt sec 8 n sec 


“|5 


J() 


= 25 n. 


57 


• (a) R(y) = \[a 2 -y 2 =>V = {a 2 -y 2 j dy 

H 


2 r 


-\h—a 


a"h -3h 2 a +3 ha 2 - a 2 j --y- 


J-a 

'- 3 ,. 2 , 


2, 3 (h-a\ 

a h-a -t=- 


-p-4) 


I 2, V ,2 , 2\ 7rh~(3a-h) 

= 7t I a h—^Y + h a- ha = -^- - 


(b) Given dL. = 0.2 m 3 /sec and a = 5 m, find ■ From part (a), V(h) = — /;) = 5 nh 2 ~ I yy 

=^^ = 10 nh-nh 2 ^df = iE_.d! L = 7rh ( l0 _ h) d! L ^ > dl L \ ==—i—=- 1 -m/sec. 
dh dt dh dt v 7 dt dt 1^=4 4^(10—4) (20;r)(6) 120;r 


58. Suppose the solid is produced by revolving 
y = 2 - x about the y-axis. Cast a shadow of 
the solid on a plane parallel to the xy-plane. 

Use an approximation such as the Trapezoid Rule, 

rb r n 2 ^ f d A 2 

to estimate I nyR(y) J dy « ^ 71 i Af- 

“ yfc=l v 7 



59. The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a 

2 2 2 2 

disk of radius h has been removed. Thus its area is A 1 = nR -7rh~ - n(R~ -h ). The cross section of the 

hemisphere is a disk of radius ^ R 2 —h 2 . Therefore its area is = n ^\lR 2 —h“ 

We can see that A\ = A 2 . The altitudes of both solids are R. Applying Cavalieri’s Principle we find 
Volume of Hemisphere = (Volume of Cylinder) - (Volume of Cone) = [nR 2 j R~^n[R 2 j R = yTri? 3 . 
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60. R(x) = -fe^l6-x 2 = j 2 ff[R(x)Y dx = 7!^-fa(l6-x 2 'jdx = -^^{36x 2 -x^dx 

=m [ 12 * 3 = ife ( 12 -f ) =w ( 12 "f ) =(^) (A 24 ) =3 ? cmJ - 

The plumb bob will weigh about W = (8.5) «192 gm, to the nearest gram. 


61. R(y) = ^256-y 2 => V = \J^n[R(yjf dy = ^{^(256 -y 1 j dy = n 256j 

L J— 16 

= n (256)(-7)+^--|(256)(-16)+i|ij = tt^- +256(16-7)-±f-j = 1053;r cm 3 *3308 cm 3 


62. (a) R(x) =|c —sin jc|, so F = 7 rj o \R{x)^ dx = nj^ (c-sinx ) 2 dx = nj* |c 2 -2csinx + sin 2 xj dx 

= nj^^c 2 -2c sinx + 1 ~ c » s2v j dx = n^ |c 2 +\~2 c sin x - c0 9 2 * j dx = n |c 2 + j j x + 2c cos x - sin 4 2x 
= ^^c 2 ^+-y-2c-oj-(0+2c—0)J = n[c 2 n + ^-Ac^. Let V(c) = n[c 2 n +-^-4cj. We find the 
extreme values of F(c): = n(2cn-A) = 0 => c =-^ is a critical point, and = 7T {^ + ’ 2 ~~) 

= = ^“-4; Evaluate Fat the endpoints: F(0) = -^- and F(1) = n(^n -4j = -(4 -n)n. 

2 9 

Now we see that the function’s absolute minimum value is ^—4, taken on at the critical point c = —. 
(See also the accompanying graph.) 

2 

(b) From the discussion in part (a) we conclude that the function’s absolute maximum value is 4^-, taken on 
at the endpoint c = 0 . 

(c) The graph of the solid’s volume as a function 
of c for 0 < c < 1 is given at the right. As c 

7T~ 

moves away from [ 0 , 1 ] the volume of the solid 2 
increases without bound. If we approximate the 
solid as a set of solid disks, we can see that the 
radius of a typical disk increases without 
bounds as c moves away from [ 0 , 1 ]. 



63. Volume of the solid generated by rotating the region bounded by the x-axis and y = f (x) from x = a to 

rb 9 

x = b about the x-axis is F = n[f (x)]“t/x = An, and the volume of the solid generated by rotating the same 

J a 

region about the line y = -1 is F = J ;t[/(x)+1] 2 <7x =8tz\ Thus | 7r[/(x) + l]“<7x-| n[f(xjf dx =%n-An 

=> n J |[/(x)] 2 +2/(x) +1 -[/(x)]“ j dx = An => | (2/(x) +1) dx = A => 2j" f(x) dx + j dx = A 

=0 f f(x) dx +\(b -a) = 2 => f f(x) dx = 4 ~^ +a 
Ja ^ Ja ^ 


64. Volume of the solid generated by rotating the region bounded by the x-axis and y = f (x) from x = a to x = b 
about the x-axis is F = J 7 r[/(x)]“(fx = 6 n, and the volume of the solid generated by rotating the same 

region about the line y = -2 is F = J n\f(x) + 2^ dx = 10;r. Thus 
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J n\f{x) + lf dx -J n\f(x)f dx = 1 Ott — 6 tt => J |[/(x )] 2 +4/(x)+4 -[/(x )] 2 j dx = 4 n 

=> f (4 f(x) +4) dx = 4 => 4 f /’(x)fih + 4f <ix = 4=>f /’(i)t/i + (fe-o) = l=> f /(x) dx = 1 -b +c 

Ja J a Ja Ja Ja 


6.2 VOLUMES USING CYLINDRICAL SHELLS 


1. For the sketch given, a = 0, b = 2; 


F = C 2n (radius ) (height ) dx = Jo 2 * x f 1 +4) dx = 277 £ ( X + 4) dx = 2n [f + = 2 " (2 ' + if) 


■ 2tt ■ 3 — 6 tt 


2. For the sketch given, a = 0, b = 2; 


F = IN (radius )(height ) dx = | 0 ‘ 2 ^ T ( 2 ~t) dX = Mo ( 2x M) * = 27r [* 2 "if ]„ = 2?r ( 4 “0 = 6;r 
3. For the sketch given, c = 0,d = ~J2; 

v = f 277 ( radius)(hdght ) d >’ = if 2n y\y 2 ) d y = 277 jf y^y = 277 x 2 = 277 


4. For the sketch given, c = 0,d = V3; 


F = J* 2;r (radius ) ( hdght ) d y = Jo 3 l7t y { 3 - (3 -y 2 )]dy = 2xj o 3 y 3 dy = 2n 


_9n 


5. For the sketch given, a =0,b = V3; 

t . r b ~ / shell W shell \ , 


V = t 271 ( radius ) ( hdght ) d X = J Q 3 27TX • J dx\ 

11 = x 2 +1 => t/w = 2x dx\ x = 0=>u = 1, x = %/3 => u = 4J 

-* r = -[f - f (4“ - 1 ) - (f) 0-.) - * 


6 . For the sketch given, a = 0, b = 3; 

F = if 77 ( radius ) ( height ) dx = 

[u = x 3 + 9 => <izt = 3x“ dx => 3 du = 9x 2 t/x; x = 0 => m = 9, x = 3 => u = 36] 
—>V=2ftjy 3u~ l/2 du=67r 2u l/ ~ ^ = 12;r(\/36 —y/9^ =36n 
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8. a = 0, 6=1; 



9. a = 0,6=1; 


'lo( 


! j dx = 2 n j^.i 


(2 - x) - x l 


dx 


2 x - x —x I dx = 2n \ x — -y- — y- 


= 2n 

= 2,(,-i-i) = 2,(B=tl) 


JO 


-4-3 l _ IQg _ 57r 
12 6 


y 




10. a=0, 6=1; 

r b 


= 2)tJ o x ^2-2x 2 j dx = 4;rj" o |x -x 3 j dx 


|2-x 2 )-x 2 


dx 


■ An 


2 4 


-it 

-0 


11. a =0,6=1; 

F = l! 27r (radms ) (height )<& = Jq 2 ^ [V* "(2x-1 )] dx 

= Mo( / L 3 

= 2,(|-| + l)=2,(-| ± ii)=l f 


-4-x +4x 


-|1 


Jo 


12. a = 1, b = 4; 

F = 1 ^(radius ) (height ) dx = \\ 2nx (f ^ 


4 1/2 7 7 

x ax-5n 


=H 

= 2tt(8-1) = 14tt 


2 3/2 

3 X 


r-r-i 


y=2-x 2 




13. (a) x/(x) = - 


0 <x<;r fsinx, 0<x<;r 

x =>x/Yx)=i ; since sin0 = 0 we have 

x = 0 ' 1 0, * = « 


fsinx, 0 <x</r 

x/(x) = \ => x/(x) = sin x, 0 < x < n 

I sin x, x = 0 
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(b) 


V = fa 2n (radius)(height ) dx = 2nx '/(*) dx and x '/0) = sinx, 0 <x<n by part (a) 

=> F = 2;rj'%inx <ix = 2;t[-cosx]q = 2;r(-cos 7r+cos 0) = An 


14. (a) xg(x) 


xg(x) = ■ 


Y .tenix ) 0<X< 


x ■ 0, x = 0 
tan 2 x, 0<x<?r/4 
tan 2 x, x = 0 


■ xg(x): 


tan“x, 0<x<;r/4 . . _ „ . 

' ; since tan 0 = 0 we have 


0, 


x = 0 


■ xg-(x) = tan“ x, 0 < x < n/A 


(b) V = j'2^( r s a h d t) (St )^x = \l‘ A 2nx-g(x) dx and x-g(x) = tan 2 x, 0 < x < n!A bypart(a) 


V = 2tt| 0 tan 2 x dx = 2tt| sec 2 x —1 j dx = 2^-[tan x -x]^ /4 = 2n (l 


: 2 ^(l- 41 =toL 


15. c = 0,d = 2; 

p d 


V = \ c 2n [ radius ) ( height ) d >’ = J 0 2; U [fi ~ HO]# 
= ^\l(y 3 ' 2 +y 2 )dy=2n q 

f(^) 5+ 4]= 2,r (¥ + t)= 16jr (# + i) 

(3V2 +5) 


= 27T 

_ 16g 

15 


16. c = 0, d = 2; 


F = L 2;r ( radius )(he h ight)^ = J 0 ^ "HO]^ 


■ 2n\ o [y i + y 2 )dy=2n 


/ + z 

4 3 


n 2 


JO 




17. c = 0, d = 2; 


F = J c 2;r (radius) (htight) dy = J Q 2;ry (ly -y :2 ) dy 


:2n \t\{ 2 y 2 ~y i ) d y = 27t 

- 32n (-—bl = 22k = %il 
4) 12 3 


2y i v 4 

3 4 


n 2 


JO 


HUf) 
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19. c = 0, d =1; y 



21. c = 0, d = 2; 

F t 2n ( radius ) ( height ) & = \] 2 ^ [( 2 + ff 2 ] ^ 

r ~\2 

= 2n\l[ 2 y + y 1 -/)dy= 2 n y 2 +\~ 1 £ 

= 2^(4 +f-^) =|(48+32-48)=^ 



x 



23 - (a) V = Jq 2 radius )(height = Jq 2 ^ X @ x )dx = 6ttJ 2 X^dx = 2^|^X 3 = 16*r 

(h) F = C 2n (radius) (height) dx = J 0 “ 2n (4 -*) ^ dx = 671 \] ( 4x - * 2 ) dx = 6n [2x 2 - 1x 3 ] q 
= 6^(8-|) = 32^ 
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(e) V = j*2^( r f d ^ 1 s )( h s e h i e g “ t )j.r = J o 2 2^U+1)(3x)& = 6^|“(x 2 +xjdx= 6n\\x Z +^x 2 ] q 
= 6;r(-| + 2) = 287T 

(d) V = )dy = \\n y{l-\y)dy = 2xj^2y -jy 2 ) dy = 2^[y 2 -^y 3 | 

= 2;r(36-24) =24 tt 

(e) V = \ d c 2n[ ^^ (7 - y) (2 -ly )dy = In (l4 - f y + jy 2 ) dy 

= 2n\l4y -fy 2 +\y i ^ = 2^(84-78+24) = 60tt 


(f) V = s )(h^gh t )dy = |q 2tt (y+2) (2 = 2^(4 +±y-\y 2 ) dy 


= 2 71 4 y + jy 2 --^y 3 = 2 tt (24 + 24 - 24 ) = 48 ;r 


24. (a) F = j*2^( r f d -J| s )( h s e h 1 e g 1 h t )^ = J 0 2 2^x(8-x 3 )& = 2^J“(8x-x 4 )j.r = 2^[4x 2 -^x 5 ^ 

= 27r ( 16 -f)=^ 

(b) C = {*2^( r s a h d f s )( h s e ^ t )rfx = J Q 2 2n (3 - x) {s - x 3 ) dx = 2*J"(24 -8.r -3x 3 + x 4 )dx 
= 2n\24x-4x 2 -jx 4 + |x 5 ]j) =2^(48-16-12+^-)=^ 

(e) V = \ h a 2n ( r f d f s ) (he,gh t ) dx = | o 2 2n (x + 2) (s -x 3 )dx = 2;rJ" (l6 +8x- 2x 3 - x 4 ) dx 
= 27r^l6x +4x 2 -J^x 4 -)rx 5 J~ = 2;r(32 + 16 —8 —-y) = 33 ^ 

(d) V = = \l**y-y m dy = 2x\ly m dy=^[y m ^ (128) =^ 

(e) V = 2n ( r s a ^“ s ) () dy = J 8 2tt (8 - y ) y m dy = 2;r J 8 (8y 1/3 - y m ) dy = 2^[6y 4/3 -1y 7/3 ] q 
= 2^(96 -3M) = 57^r 

(f) V = \*2 ?r ()( h s e h ; e g “ t )dy = J 8 2n (y +1) y m dx = 2 ^ J®(/ /3 + / 3 )dy = 2;r[|y 7/3 +f y 4B ] q 

= 27r( 3 M+12)=^l 


25 ' (a) V = \ h a 2n { radius ) ( height ) dx = 2n (2 - x) (x + 2 -X 2 ) dx = 2n\l x (4 -3x 2 + x 3 ) dx 

= 2;r|^4x-x 3 + yx 4 = 2 tt( 8-8 + 4)-27r(-4 +1 +-|) = =2 zl 
( b) V = J* 2 n ( r f d f s ) ( height ) dx = £ 2n (x +1) (x + 2 - x 2 ) dx = 2/rj^2+ 3x - x 3 ) dx 
= 27t|^2x + -|x 2 _ 4 ^x 4 ” = 2n (4 +6-4)-2;r(-2 + ^- — y) = -^y 1 
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(C) V = £ 2 n[^ r adtu S ) ( height = \\ 2n 4 (Vi 3 ~ (~^)\& + Jj 2 ” "O'" 2 )) d V 

= ^\y 2 dy + 2n\ A i {y y2 -y 2 +2yjdy = ?f[y 5/2 q +2^^|>- 5/2 -|>> 3 + >’ 2 ] i 

= ¥(l) +2 -(f-f + 16)-2^(f4 + l) = ^ 

(d) v = \ d c 2 n ( r s a ^ s )( h s e h ight \ d y = Jo 2;r ( 4 - y)(Jy-(-Jy)) d y+\l 2 * ( 4 -p) (>[y-(y- 2 )) d y 

= 47r \ 1 0 ( 4 Jy ~y 3 , 2 ) d y +2n: ji (y 2 _ p 3/2 _6 > ,+4 Vj+ 8 )^ ; 

^ Ht-|4 5/2 ]‘ + 2,[I, 3 -f/ /2 -3/ + f / /2 Wf 

=^(f-|) + ^(f-f- 48+ f +32 )-^(H- 3+ f +8 ) =1 ^- 

5. (a) F = J"^2^z-^radiu S )(h5gh t )^ = (1-x) ^4-3x 2 -x 4 ^dx = 2n^_jx 5 -x 4 + 3„r 3 -3x 2 -4x+4jdx 

= 2^|^-f.r 6 -2-x 5 + ~ x3 _2x " + 4x = 2 ^r(-^- —5 _ * _ 4' — 1 — 2 + 4) — 2 tt^ + 2 + 2 +1 — 2 — 4) = 

/■W\ t/ f/ shell 1/ shell \ > fl 0 /4/ / 4/ \\ j /4-_y f /4-y ^ , 

(h) F = j c 24 radms J( height Jtfy = j 0 2;r+(</y -(-*}y ))dy +1 2 xy |^— -^JJ dy 

= 4/T i ( ' ) y 5l4 dy + % j, 4 y-J 4 ~y d y [u=4-y^>y = 4-u^>du = -dir, y = 1 => u = 3, y = 4 => u = 0] 

= W"l= l -^(i)+^\l(4^-u V2 )du = 1 4 + ^|[| m 3/2 -|m 5/2 | 


16 ;r I An 

9 + ^3 


(8V3-fV3) : 


16 ;r | 88 ;r _ % 12 n 
9 5 45 


1. (a) r = ^2x^" t ^‘™l')d, = $' 0 2*yu(y 2 -y 3 ')dy=24xf‘ 0 (y 3 -y t ')dy=24x 

= 24 4 H) = T = f 

(b) F = £ 2 * (*,'«) ((rfy = 2*(1 - j.) 12 (4 - 4)] dy = 24*^ (1 - y) ( y 2 - 4) dy 

= 24 4^ 2 - A + /) 4-= 2fe[4 - ^ + £]‘ = 24^(1 - i + i) = 24. (i) = ^ 

(c) v =£' 2 ^( r ‘“ )( h “, )<*■=£2*(f- y) [1 2 (4 -4 )] + = 24 4‘(f-4 (4 -4) * 
= 24 -/o(f^ 2 -t4 *y')“y- 2i * [&4 -V 4]‘ = 24 *(ii-iH) 


: ^(32-39+12) = 24 = 2 ^ 


(d) K»J 4 2^(;, h a '; s )( h ";)*=^2a-(j- + |)[l2(v 2 -4)]* = 24iJ | J(v+|)(4-4)* 

= H(y 3 -y 4 +14 -14)+= 2 Mo(!4 + f4 -4)+=^ [ x 4 +^4 4]‘ 

= 24 -(fi + ^4) = ^f( 8+9 - 12 ) = Tf = 2 - 
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(a) i / = £ , 2^(*i)(" t )*. = } 0 2 2^ ‘‘y = f^y[y 2 -r) d y =2,, £{y 3 - 

-I)=MUiHMMHMs)= 


= 2n 


y__y_ 

4 24 


= 27T 


872 

3 


(b) V = j d c 2^( r f^(^iy y =j^(2-y) tfy = j 0 2 2^(2-y)^ 2 -^tfy 

_32 _16 .Ml _ 
l 3 10 4 24/ 5 

^ = lo 2 ^ 5 - y ^ [y 2 ~ v ) dy 
> 

^ _/40 160 16, 64\ Q/rr 

= 2;r lT-^-T + 24j = 87r 


:2n \~S 2yl ~^- y3 +z a \ d y =2n 


(c) F = {?2*( ** )( “,)«■ = f 0 2 2^(5-v) 


V 5 

y 4 + 

/] 

2 

10 

4 + 

24 

0 

IV 

// 

V 

11 

2 

l 4 

2 

J 


= 2 ^Jo^ 5 > ;2 -|>’ 4 -J 3 +xJ‘^ = 27r 
id) )4.=} o 2 2»-(,+f) v-(t-t) <i'=J 0 2 2*b+f)[>' 2 -7-)‘4’ 

= 2 - W-Sf-H-llg)= 4 - 


V _5/_/, / 

3 20 4 24 


^lof^-T + f^ 2 -^ 4 I dy = 271 


/ V_V 

4 24 24 160 


(a) About x-axis: F = 

= ll 2 *y{Jy ~y ] dy=2n \\[ yV1 ~y 2 ) d y 

-Mi y5,2 -^1=HH)=1J 

About y-axis: F = J* 2n (^ s )( height)^ 
= j^27rx(x -x 2 \dx = 2^| o |x 2 -x 3 job: 



= 2n 


xi_U 

3 4 


-|1 


Jo 


= 2 *(HM 


(b) About x-axis: R(x) = x and r(x)=x 2 => F = J n |[/?(x)]“-[/'(x)]^ j <2x = J^^^x 2 -x 4 j<ix 

’T = 41-11 = 2 £ 

_ 0 V3 5j 15 

y-axis: R(y) = Jy and r(y) = y => F = |^([/?(y)f -[r(y)f j <iy = j\ (y-y 2 ) dy 


About 


= ;r 


2_ 

3 


=?r (H)=- 

(a) F = J*tt ([*(x)f -[r(x)f j dx = ^ (f + 2 ) 


— x 


t/x 


= ;rj" 0 ^-^-x 2 +2x +4j(ix = ;r 
= ^-(-16 + 16 + 16) = 167T 


-±r+x- +4x 
4 


r 
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(h) V = \ b a 2n ( r f d f s )(height) dx = j Q 4 2nx (f + 2 -x) dx = 2 nx (2 - f )dx = 2nfJ\2x ~^)dx 


= 2n 


X 2_xi 
* 6 


= 2;r 16- 


Jo 


Kfl 


32 n 
3 


( C ) V = J* 2n ()(height) dx = j Q 4 2^(4 -x)(f+2 -x) dx = J*2r(4-*) (2 -f) dx =2n\^- Ax 
r -|4 

= 2n 8x-2x 2 +^- =2^(32-32+^)=-^ 

(d) F = i« ;r ([ i? ^] 2 ~V( x> >f) dx = n \l (8-x) 2 “(6-f) 

4 r 3 -|4 

^j o (fx 2 -lOx +28) dx = n ^-5x 2 +28x = n\ 16 -(5)(16) + (7)(16)] = tt(3)(16) = 48tt 


dx = ^64 — 16x+x ")-(36 — 6x + — 


= 2 n 


= 2 n 


{’(j 2 ~yjdy=2n 

[(HHW)] 


)dy = C2xy(y - 1 ) dy 

i 

3 2 " 

y y 

2 

K 

3 2 

1 i- 



x 2 -4 


= 2 ,(i_ 2 + i) =f( i4 _ i2 +3 ) = ^ 

(b) F = l ! 171 ( radius ) ( height ) dx = £ 2nx ( 2 “ *) dx = 2 * ( 2 X " X 2 ) dx = 2n 

= 2 -[( 4 -I)-f 1 4)]=-(¥)]= 2 -(H) 

( C ) V = J*2^ ( ,¥us ) ( height ) dx = {f (f ~ X ) (2 ~ x) dx = 2n f\ (f X ) dx 


Jl 


= 2tt|” 


fx-fx 2 + Ix 3 


n2 


=4(?-f + !Hf-H)]= 2 4i) 


4 =2;r 


(d) V = \ d c 2n{ ,¥1)(htight) dy = \l 2n ^y - 'Xf -1 )dy = 2n[ x {y-Vf 

32. (a) V = j c rf 2^(^“ )(^ t )dy = J 0 2 2^(r-0)^ 

= 2n^y i dy = 2 n 


■■ 2 n 


(v-l) j 


-a 




2 n 
3 


= 2^(4- = 8;r 


W >'=JX£.)(S.)* 

= | o 2nx{2.~4x^dx = 2^J o ^2x -x 3/2 j dx 



= 2^-j^x 2 - 


2 5/2 
5 X 


l 4 

-0 


= 2 n[\6-W- 


= 2;r(l6--^) =?f (80-64) = ^f- 

( C ) F = J* 2 n (^) (^ht) dx = J 4 2^(4 - x) (2 - V^) * = 2n J 4 (s 

= 2;r^8x-1x 3/2 -x 2 +1x 5/2 ]¥2^(32-f-16+f) = ff(240-320+192)=ff(112) = 


! - 4x I/2 - 2x + x 3/2 j dx 


224a- 

15 
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33. 


(d) V = £In (^)( h s eigh t ) dy = Jq 2tt( 2 -y) (y 2 ) r/y = 2nffey 2 -y 3 )dy 
= 2,(M-M) = 3^ (4 _3)=^ 

(a) V = \ d c 2niy r s a “ )(ht.ghi) dy = 2 Tty[y-y 3 )dy 


34. 


= 2n 


2 3 _U 

3 y 4 


i2 


JO 


ll 2 *[y 2 -y 4 )dy 


= 2 n 


ml 


Z__21 

3 5 


Jo 


=2 4i4)= 


An 

15 


(b) V = J* 2 n ( r £ s ) (htght) dy = f 0 2^(1 - y) (y - y 3 ) dy 
= Mo (y-y 2 -y 3 +y 4 )dy = 2n 

= 2 444i4)=f( 30 - 2 °- 15+12 >=4 



= 2 n 


j (l (y-y 2 +y A )dy = 2* 

:2 4H+;)=lf( 15 - 10+6 > 



(b) Use the washer method: 

V = {4([ft<>)] 2 ~[r(y)] 2 ] jdy = J V l 2 -(y-y 3 ) dy = ^(l-y 2 -y 6 +2y 4 ) dy 


y Z_£.V' 

3 7 5 


JO 


= *H-y + f)=i§( 105 - 35 - 15+42 )=w 

(c) Use the washer method: 

F = |4(l4y)] 2 “[Kylf) = Jq ^ l-(y-y 3 ) -0 dy=n^ l-2^y-y 3 ) + (y-y 3 j 

ml 


dy 


= 4 0 (l + y 2 + - > ’ 6 _2 >’ +2 >’ 3 _2 >’ 4 )^ ; = n 
= ^-(l+i+i-l+l-|) = 2fo(70+30+105-2-42) 


V 3 V 7 2 v 4 2y 5 
y +r+ ^-y +V-^ 


121^r 

210 


dy=2n\l(\-y) (l-y+y 3 ) dy 


(d) V = j c rf 2 n (^ )dy = Jq 2^(1 -y) [l -(y -y 3 ) 

= 2 ^(t-y+y 3 -y + y 2 -y 4 j dy = 2n^(\-2y +y 2 +y 3 -y 4 )dy =27 t 

= 2 ^( 1 - 1 444)=f ( 20+1 5- 12 )=^ 


2 v v v 

+T + --- 


JO 
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37. (a) F = | ;r/[i?(x)] 2 -[r(x)] 2 j dx = 7rj^^x 1/2 -1 jdtc 

=^ [ 2 . i/2 - . j ; /i6 =^ [ (2 _ d _ ( 2 . i _ ^)] 

= ;r ( 1 -l^) = Tf 

(b) V = \ d c 2 k [ ) (hjh ,)dy = j‘ 2ny ^ -£j dy 

~jy~ 2 _ 32 1 

= 2 ^[H-i)-H-3k)]= 2 ^(i + ^) 

=f( 8+1 )=Tf 
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m v = )(b?i)* = C 2 *^- 1 )* = 2 4K ~ x ) * = 
= 2 <r [(f-iHtUs)]- <r (t- 1 -Uili)=t( 416 - 48 - 8+3 >- J f 



39. (a) Efefc F = K| - F 2 

V\ = [ 1 ^[7?j(x)] and V 2 = [ 2 n\R 2 (x)fdx with R\(x) = and R 2 (x) = sfx, 

aj = -2, = 1; a 2 = 0 ,b 2 = 1 => two integrals are required 

(b) Washer: V = V l +V 2 

F| = | ' ^■|[i? 1 (x)] 2 -[q(x)] 2 jcfe with R x (x) = ^^- and rj(jc)=0;ai =-2 and b x =0; 

F 2 = J* 2 7T^[/? 2 (• xr )] _ ~[ r 2 U)] 2 w hh R 2 (x) = and r 2 (x) = 4x’,a 2 =0 and b 2 = 1 

=5 two integrals are required 

(c) Shell: V = In (^^ t ) dy = ^2ny (^) dy where shell height = y 2 -( 3 /- 2 ) = 2-2y 2 ; 

c = 0 and d = 1. Only one integral is required. It is, therefore preferable to use the shell method. 
However, whichever method you use, you will get V = n. 

40. (a) Disk: V = V l -V 2 -V 3 

Vj = J ' Tr^Rtiy)^dy, i = 1, 2, 3 with /ij (y) = 1 and q = -1, d\ = 1; R 2 ( y) = Jy and c 2 = 0 and d 2 = 1; 

R 3 (y) = (-y)^ 4 and c 3 = -1 ,d 3 = 0 => three integrals are required 

(b) Washer: V = V l +V 2 

v i = ~[n(y)f ) d y> 1 = h 2 with *lOO = h hOO = yjy, q = 0 and d x = l; 

R 2 (y) = 1, r 2 (y) = (~y) 1/4 , c 2 = -1 and d 2 = 0 => two integrals are required 

(c) Shell: V = f a 271 (radms)(hc.ght ) dx = f a 2nx (he.ght ) dx ’ where shel 1 hei 8 ht = x 2 -(-x 4 ) = x 2 + x 4 , a = 0 
and b = 1 => only one integral is required. It is, therefore preferable to use the shell method. 

However, whichever method you use, you will get V =^~. 

41. (a) F = J 7r|[-K(x)]"-[r(x)] 2 jt/x = ^25 -x 2 j — (3) 2 dx = 7rJ^25-x 2 -9^ dx = 7tJ^16 -x 2 jdx 

^[l6*-i J : 3 ]V^(64-f)-^(-64 + f) = Sfe 
(b) Volume of sphere = |-7r(5) 3 = ^ 2 L= > Volume of portion removed = = 24M. 

42. F = J 2^7"^ radius)(height :) dx = j’f 2n x sin |x 2 -1 j dx; [u = x 2 -1 => du = 2x dx; 
x = 1 => u = 0,x = ~Jl + 7r => u = n\ —> sin u du = -7r[cosz/]y = —7r(—1 — 1) = 2 n 
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43 ‘ V ’ IN .SSi )( height )* = f 2 ’ *("7' + *)* = Mg (“M +»*)*' 2<t 


h -.3 . h JX 


3 r 


x +4x 


Jo 


• V = C 2n (radius)(height) ‘^ = £ ln 4 ] dy = 4xj' yjr 2 -y 2 dy 

[u = r 2 -j 2 => du = -2 y dy; y = 0 =>m = r 2 , jt = r =>m = 0] —:» -2;rj" 2 >/m du = 2 ;rj u l/2 du = 


« 3 / 2 7 

Jo 


_ 4tt „3 
3 


45. fF(a) = ff. (a) 4(/ ^J 2 )) 2 -a 2 ]tfy = 0 = J a 2^x[/(a)-/(x)]cA = 5'(fl); 

J/(«) Jo 

lT(t) = M/ _1 (/(0)) 2 -« 2 ]/’(0 = Jr(t 2 -a 2 )f'(t); also 

5(f) = 2tt y (r) f xdx-27r\ xf(x) dx = \nf(t)t 2 - nf{t)a 2 ] - In f xf{x)dx 

da da 

=> 5'(f) = nt 2 f'(t) + 2ntf(t)-na 2 f'(t)-2ntf(t) = n(t 2 -a 2 )f'(t) => W'(t) = S'(t). Therefore, W(t) = S(t) 
for all f e [a, &]. 

46. V = nj^[2 2 - (sec y) 2 ]dy = ri[4y - tan y]Q 12 = n(^--Ji} 


47. 


f f) ( shell 

V ‘\M 


a yradius height J 


shell (■ I 

dx = J^2^xe 


dx = —?re 


= -^(e 1 -e°) = n(l — 


48. 


Use washer cross sections. A washer has inner radius 
r = 1, outer radius R = e A/2 , and area 
7r(R 2 -r 2 ) = n(e x - 1). The volume is 


V = J 7i(e x -1 )dx = n\e x -x] 


In 3 
0 


= 7t(3 - ln 3 -1) = n{2 - ln 3) 
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? A = 1 

dx 2 


yfx => L = J ^1 + x dx; 


U = 1 : 


■ du =jdx=> ^du = dx; 


x = 0 => u =1; x = 4 : 

rio 


-m =10] 


j, 1,1/2 (? d «) ; 


2 3/2 


iio 


Jl 


27 


(toVTo-i) 


3 <* = y 2 - = y 4 -l + -J_ 

A 7 4 y 1 \dyj y 2 + 16v 4 


3 L = n i+> ’ 4 - f A +1+^ ^ 


-f 


3 » 2 l 

L + ? 

V 




n3 


2 _Z_ 

3 4 


Jl 


: (?-s)-(H)= 9 - 


12 3 4 


_ (-1-4+3) _ (-2) _ 53 

y 12 ^12 6 


y 



y 
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14. ^ = ^3x 4 = 3x 4 -1 

ax \ ax J 

=> L = J ^ Jl + ^3x 4 — lj dx = | ^ VJ x 2 Jx 
= V3 ^ ^ =^[-l-(-2) 3 ]=^(-l + 8)=^ 


x 



(c) L * 2.06 
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2 

23. (a) corresponds to A here, so take ^ as ~j=- Then y = 4x+C and since (1,1) lies on the curve, 

C = 0. So y = ~Jx from (1,1) to (4, 2). 

(b) Only one. We know the derivative of the function and the value of the function at one value of x. 


24. 


(a) corresponds to A here, so take ^ as A Then x = -T + C and, since (0,1) lies on the curve, 
C = 1. Soy = ^~. 

(b) Only one. We know the derivative of the function and the value of the function at one value ofx. 
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. y = Vcos2t dt =>^- = \/cos2x => L = j" Q ^l + |^Vcos2x dx = J Q VlTcosZx dx = JJ 3/2 cos 2 x dx 

= V2 cos x dx = V2 [sin x][[ /4 = V2 sin - V2 sin(0) = 1 


26. 


(, 2/3 \ 3/2 V2 . _tfv 3/1 2/3 ) 1/2 / 2 -1/3 \ 

-H 1 -* ) ’ 4 ) ("T* ) 


(l-x 2/3 )‘' 


■L=\ 

J *) 





r 1 


/, 2/3 C 2 

ll + 

(t-x ) 

Jyf 2 / 4 \ 

x 1/3 



L J 


dx 


- X 72/4 J 1 + 1 X 2 ' 3 ^ “ /-J 2/4 J 1 + X 2/3 1 dx - 1 / 2/4 J J' 3 dX - 1 / 2/4 J' 3 * ~ 1 / 2/4 * 1/3& “ 2 


f 1 

JV2/4 


1 

V2/4 


r 1 . 

JV2/4 ; 


r 1 

JV 2/4 


2/3 


-|l 


JV2/4 


2/3 

= f (1) 2/3 -f (#) =f-f(i)=i=> total length =8(|) = 6 

27. y = 3 -2x,0 <x<2=>^ = -2 ^L= J 2 Jl + f-rfdx = J 2 ^5 dx = [V? x] 2 = 2^5. 
d=yl( 2-0) 2 +(3-(-l)) 2 =2^5 


n2 


2 2 2 

28. Consider the circle x + y = r , we will find the length of the portion in the first quadrant, and multiply our 
result by 4. 

y = y]r 2 - x 2 ,0 <x <r =>y^- = , ~ x =>C=4f 

dx Jr 2 -- 2 JO 

pr rr 

= 4\ , '' dx = 4r\ 

Jo 2 2 Jo 


,1 + I ^ M dx = 4j o Jl + ~r~r dx - 4|q J~ 2~2 


dx 


J ° Jr^x 2 




29. 9x 2 =y(y-3) 2 =3i[ 9 x 2 ] = ±[y(y -3) 2 ] =3 18x-g = 2y(y-3) + (y-3) 2 = 3(y-3)(y-l) 


J = (y-^Ky- 1 ) dx = ( .v-3j0'- 1) dy . d 2 = & 2 + dy 2 = 


(v-3)(v-l) 

6* 


dy 


i2 


+ dy = 


2 _ (v-3) 2 (.v-ir ,2 


36x 


dy +dy 


_ (.r-3)~(.v-l)~ d y 2 + d y 2 = 
4.v(r-3) 2 ' 


(v-l)~ 

4v 


+ 1 


dy 2 = yl ~X l+Ay dy 2 =^dy 2 


30. 4x 2 -y 2 = 64 => -y-(~4x 2 -y 2 ] = -f[64l => 8x-2y^ = 0 => ^ => dy = ^dx\ 

y dx |_ J dx*- J ax dx y y 


2 2 2 2 
c/ls — dx + dy — dx + 


4i^x 

V 


-|2 


= dx 2 +^dx 2 ={\+^y\dx 2 = y2+ \ 6x2 dx 2 = ^ 2 - 64 + 16 x 2 dx 2 


2 + 16 x 2 

2 -| * 1 2 - 2 u -' v “ 2 
r V r y v r 


20 ' y , 64 dx 2 = -^-(5x 2 -16) dx" 


31. 


V2x = 



dt,x> 0 =5- V 2 


number. 



rfv 

dx 


+1 => y = /(x) = ±x + C where C is any real 
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32. 


(a) 


(b) 


From the accompanying figure and definition of the 
differential (change along the tangent line) we see 
that dy = f'(x k _i )A x k => length of k\h tangent fin is 

■\j{Ax k f +(dy) 2 =y[( Ax k f + [f\x k _ x )Ax k f. 


Length of curve 


n 


= lim ^ (length of Ath tangent fin) = lim 

n—n—>co 



k= 1 


= lim X a/ 1 + \f'(x k -\ )f A x k = J*v/l +\f'(x)fdx 

«-><», i Ja 


33. 



*1.55225 


34. Let (jcj, y\) and (x 2 , y 2 ), with x 2 > , lie on y = mx+b, where m = ^ 3l , then yf- = 

X2 uX 


t/v 


=> L = 


J 2 Vl + »L dx = Vl + !«’ [x]* 2 = v/l + (x 2 —JCj ) = ^1 (x 2 _x l) 

A(-v2-.v, fw 


35. y = 2x 2 ' 2 ^Q = 3x v2 ; L(x) = A1 +(?/' -))// = j)+l + ++; 

[m = 1 + 9/ => du = 9dt\ t = 0 => « =l,t = x => w =1 + 9x] —> -b J Vi7 du = 

L(l)=^(10) 3 / 2 -^ = 2(1Q ^- 1) 


3/2' 


-]l+9.v 

-1 


27 


27 


= ^(l + 9x) 3/2 -^; 


3 ^ 

36. y = 4—+ x~ + x + 


4x+4 dfr 


— = x 2 + 2 x + l- 


- 7 = (x + l)- 7 ; 

4(x+l) 2 4(x+l) 2 


L ^ = lo\l 1 + 

-I, 


(t+1) 2 -L 

4(1+1)- 


-|2 


x / 16 ( 1+1 ) 4 + 16 ( 1 + 1) 8 - 8 ( 1 + 1) 4 +1 


= r 

Jo 


(t+1) 


16(1+1) 
2 , 1 _ 


dt = 


r~ 


2 

\ i+i 

4(1+1 ) 4 -l 


°v 

4(1+1) 2 


/16(i+l) 8 +8(1+1) 4 +1 


dt = [\\ 1+ m^L dt 


16(1+1) 


dt = 


x l[4(l+l) 4 +l] 2 


* = /( 


x 4(l+l) 4 +l 


,13 1-1 

=l 3« “4 M ^ 


4(1+1 > 2 

l-V+l 


16(1+1)’ JO ^ 16(1+1) 4 JO 4(1+1) 

rx +1 r 


dt 


2 , 1-2 
4 M 


dt; [u =t + l ^ du =dt;t =0 => w = 1 , £ => u = x+l] —» | u 2 + 

+»=!-Lik=i 


du 
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37-42. Example CAS commands: 

Maple : 

with( plots); 

with( StudentfCalculusl]); 
with( student); 

{ := x-> sqrt(l-x A 2 );a := - 1 ; 

b := 1 ; 

N := [ 2 , 4, 8 ]; 
for n in N do 

xx := [seq( a+i*(b-a)/n, i= 0 ..n )]; 
pts := [seq([x,f(x)], x=xx)]; 

L := simplify(add( distance(pts[i+l],pts[i]), i=l..n )); # (b) 

T := sprintf("#37(a) (Section 6.3)\nn=%3d L=%8.5f\n", n, L); 

P[n] := plot( [f(x),pts], x=a..b, title=T ): # (a) 

end do: 

display( [seq(P[n],n=N)j, insequence =true, scaling =constrained ); 

L := ArcLength( f(x), x=a..b, output =integral): 

L = evalf(L); # (c) 


Mathematica : (assigned function and values for a, b, and n may vary) 

Clearfx, f] 

{a, b} = {-1,1}; f[x—] = Sqrt[l — x 2 ] 
pi = Plot[f[x], {x, a, b}] 
n =8; 

pts = Table[{xn, f[xn]}, {xn, a, b, (b — a)/nj]//N 
Showfp 1 .Graphics! {Line[pts]} ]} ] 

Sum[ Sqrtf (pts[[i+l, 1]] -pts[[i, l]]) 2 + (pts[[i + 1,2]] -pts[[i, 2]]) 2 ], {i, 1, n}] 
NIntegrate[Sqrt[ l + f'[x] 2 ], {x, a, b}] 


6.4 AREAS OF SURFACES OF REVOLUTION 
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9 - y == s =\>yh(t) dx ^ s = C 2 n ^)^ dx= ^t xdx= ^W\ 0 =A7T ^' 

Geometry formula: base circumference = 2n(2), slant height = V4 2 +2 2 = 2 V 5 
=> Lateral surface area = -f(4;r)^2V5j = 4;rV? in agreement with the integral value 


10. y=±^>x = 2y=>jt = 2\ S = 2xx dy = 2n ■ 2 yyl 1 + 2 2 dy= 4^75 j^y dy = 2nS y 1 q 

= 2ny[5 -4 = 8;rV5; Geometry formula: base circumference =2^(4), slant height =\l 4 2 +2 2 =2^5 
=> Lateral surface area = ^-(8^)^2V5 j = 8 ttV 5 in agreement with the integral value 


1L t=l ; H! 2 *yfW‘ *=*=¥[t + *1 

=^2^[(^ + 3) _ (2 + l) = ^y^(4 +2) = 37 tV 5; Geometry formula: ^ =4 + 4 = 1, r 2 = 4+4 = 2, slant height 


= -y/(2-l) 2 +(3-l) 2 = V5 => Frustum surface area = ;r(r 1 +r 2 )x slant height = 7r(l+ 2)^5 = 37 tV 5 in 
agreement with the integral value 


12. j=| + y^>x = 2>’-lx>^ = 2; S = j^2xxJl+^'l dy = \^2n (2 y -V)-J] +4 dy = 2 tt4s (2 y - 1) dy 
r “|2 

= 2ny[5 y 2 -y ^ =2n^> [(4-2)-(1 -1)] = 4^V / 5; Geometry formula: rj=l,r 2 =3, 

slant height = ^/(2 — l) 2 +(3 -l) 2 = ^5 => Frustum surface area = 7r(l +3)^5 = 4;rV5 in agreement with 
the integral value 
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23. 


I 2 2 

ds = \j dx + dy 




1 

2 




dy 





^2nyds =2nj*y(y 3 




= 2 n 


■\y~ x 


i2 


= 2 n 


Jl 


(¥-iHH)] = 2 4f + i)=f< 8 ' 31+5 > 


253g 

20 


24. y = cosx => ^ = -sinx => = sin x => S = 2 ttJ"^ ~ o (cosx) Vl + sin x 


dx 


25. 


y = V a 2 -x 2 =>-j- = y(a 2 -x 2 ) (-2x)=— f x =>(4-| = ,* 

dx 2\ I 4a 2 -x 2 \ dx > a -X 

=> S = 2k f xla^ —x 2 J 1 + —^—^ dx = 2 tt J J( c/2 ~ x ~ ) + x^ dx = 2 k j a dx = 2 k a [x]^ 


= 2na[a -(-a)] = ( 2 ^a)( 2 a) = 4 na 



21. The area of the surface of one work is S = J 2kx^J1 + ^^J dy. Now, x 2 +y 2 = 16 2 => x = \j\6 2 -y 2 

s -S>h 2 -y 2 dy 


16 2 -r' 


dy J 16 2_ v 2 \dy J 

f—7 2 

= 2 n\ 16 dy = 32tt-9 = 288tt » 904.78 cm . The enamel needed to cover one surface of one wok is 
J—16 

V = S -0.5 mm = S -0.05 cm = (904.78)(0.05) cm 3 = 45.24 cm 3 . For 5000 woks, we need 
5000 -V = 5000-45.24 cm 3 = (5)(45.24) L = 226.2Z => 226.2 liters of each color are needed. 


28. y 


r 2 2 _dy I 

= Vr -x ^± = -y 


_2x 


2 r~2 2 r~2 2 

Vr -X yjr -x 
ra+h 


; S = 2n\ a+h 'jr 2 -x 2 „/l+ dx 

J a 


ra+h I / 9 2\ 2 ra+h 

2n J Jlr -x J + x ax-2nr J ax-2nrh , which is independent of a. 


29. j- 




_2x 


2 4r 2 -x 2 


4+ 


(dA 2 x 2 


S = 2k = 


V 


Jx 


ra+h fi 7 T r«+/! 

2 ;rJ Jl? -x J+x dx = 2k R J dx = 2k Rh 


Copyright © 2014 Pearson Education, Inc. 




468 


Chapter 6 Applications of Definite Integrals 


30. (a) x 2 +y 2 =45 2 =>x =J45 2 —y 1 = ~ y 

V 4v \ d y) 45 2 -/ 

5 = Cl 2 5 2^45 2 -y 2 ^1 + ^T dy = 2^ sy j(45 2 -y 2 )+y 2 dy = 2^-45^^^ 

= (2tt)( 45)(67.5) = 60757T square feet 
(b) 19,085 square feet 


31. (a) An equation of the tangent line segment is 

(see figure) y = f(m k ) + f'(m k )(x-m k ). When 

x = jc£_i we have 
0 = f(m k )+f'(m k )(x k _! -m A .) 

= f(m k ) + f'(m k ) j = f(m k ) - f\m k ) 4^; 

when v = x A we have 

r 2 = f( m k ) + f'( m k ) (*A - m k ) 

A -y" 

= /K)+/'K)^; 



r n2 

(b) 4 = (Ax a ) 2 +(r 2 -r,) 2 = (Ax a ) 2 + /'(w A )^ L -|-/'(w A )^-j =(Ax a ) 2 + [f'(m k )Ax k f 

=4> 4 = y(Ar A ) + [/'(w a )Ax a ] , as claimed 

(c) From geometry it is a fact that the lateral surface area of the frustum obtained by revolving the tangent line 
segment about the x-axis is given by A S k = 7r(r l +r 2 )L k = 7 r[ 2 /(m A )]y(Ax A ) +[f\m k ) Ax k ] using 

parts (a) and (b) above. Thus, A S k = 2nf (m k )yj 1 + [ f'(m k )] 2 Ax a . 


S= lim j^AS* = lim Z 2 ;r /( W A)V 1 + [/'(w A )f Ax a =| 6 2^/(x)^/l + [/'(x )] 2 <A 



6.5 WORK AND FLUID FORCES 

1. The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F (.r) = kx. 

3 3 i— — 

The work done by A is W = F(x) dx = k x dx = x 2 = This work is equal to 1800 J 
=4 >\k =1800 ^>k = 400 N/m 
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2. (a) We find the force constant from Hooke’s Law: F=kx=>k=-^-^>k = = 200 lb/in. 

r 2 r 2 

(b) The work done to stretch the spring 2 inches beyond its natural length is W = kx dx = 200 x dx 


= 200 


' 2 1 2 

4= =200(2-0) = 400 in-lb = 33.3 ft-lb 

Z r\ 


(c) We substitute F =1600 into the equation F = 200.r to find 1600 = 200x => x = 8 in. 


3. We find the force constant from Hooke’s law: F = kx. A force of 2 N stretches the spring to 0.02 m 

=> 2 = k ■( 0.02) => k = 100-p. The force of 4 N will stretch the rubber bandy m, where F = ky=> y =j- 


■y = 


4 N 


r 0.04 

• y = 0.04 m = 4 cm. The work done to stretch the rubber band 0.04 m is W = kx dx 


100 — 

m 

0.04 


= 100 f x dx =100 

Jo 


|0 04 _ (100)(0.04) 2 


= 0.08 J 


Jo 


4. We find the force constant from Hooke’s law: F = kx => k = — => k = -^ => £ = 90—. The work done to 

x 1 m 


f 5 r 5 

stretch the spring 5 m beyond its natural length is W = J Q kx dx = 90J q x dx 


= 90 


Jo 


= (90)(f) 


= 1125 J 


5. (a) We find the spring’s constant from Hooke’s law: F=kx^>k= — = 21,714 = 21,714 => k = 7238 — 
r ° x 8-5 3 in 


/•0.5 fU.3 

(b) The work done to compress the assembly the first half inch is W = kx dx = 7238J q x dx 

i |0.5 in c \2 


rO.5 


= 7238 


Jo 


= (7238) ( °f 1 = 6 7 - 38 y°- 5) ~ 905 in-lb. The work done to compress the assembly the 


second half inch is: 

f i.o f i.o 

W= kxd .r = 7238 f jc dx =7238 

J 0.5 Jo. 5 


9 — 11.0 r 

- 2 1 = 7238 f 1 


JO. 5 


2 L 


(0.5) 2 


(7238)(0.75) 


1 2714 in-lb 


6 . First, we find the force constant from Hooke’s law: F = kx => k = — = 4^- = 16-150 = 2,400 J^-. If someone 

x (_ L) in 

V16 / 


compresses 


the scale x = ^ in, he/she must weigh F = kx = 2,400|ij = 300 lb. The work done to compress the 


i-l/8 

scale this far is W = kx dx = 2400 

Jo 


r 2 

x 

L 2 J0 


= M£ = 18.75 lb -in. =4#ft-lb 

zo4 lo 


7. The force required to haul up the rope is equal to the rope’s weight, which varies steadily and is proportional 
v, the length of the rope still hanging: F(x) = 0.624x. The work done is: W = j^ 0 ./ 7 )*) dx =J 5 °0.624x dx 


to A', 


= 0.624 


r 2 i50 

■V~ 

L 2 JO 


= 780 J 


5. The weight of sand decreases steadily by 72 lb over the 18 ft, at 4 lb/ft. So the weight of sand when the 

rb 18 

bag is x ft off the ground is F(x) = 144-4x. The work done is: W = [ F(x)dx= f (144-4 x) dx 

J a JO 


0 -,18 

= | 144x -2x 2 =1944 ft-lb 

Jo 
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9. The force required to lift the cable is equal to the weight of the cable paid out: F(x) = (4.5)(180 -x) 

180 180 

where x is the position of the car off the first floor. The work done is: W = J F(x) dx = 4.5 J (180 -x) dx 

4.5-180 2 


= 4.5 


-.180 


180.r 


Jo 


= 4.5|180 2 -±f^ = = 72,900 ft-lb 


10. Since the force is acting toward the origin, it acts opposite to the positive x-direction. Thus F(x) = —4_. 

x z 


The work done is W = f — ^rdx = k\ — \-dx=k\—~\ =k (\-~—) 
'a k 2 J a x 2 LxJ a \b a) 


k(a-b) 

ab 


11. Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a 
constant rate, the amount of water in the bucket is proportional to (20 -x), the distance the bucket is being 
raised. The leakage rate of the water is 0.8 lb/ft raised and the weight of the water in the bucket is 


F = 0.8(20 -x). So: W = J 2 °0.8 (20 -x)dx = 0.8 


-,20 


20x-*- 


= 160 ft-lb. 


Jo 


12. Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a 
constant rate, the amount of water in the bucket is proportional to (20 -x), the distance the bucket is being 
raised. The leakage rate of the water is 2 lb/ft raised and the weight of the water in the bucket is F = 2(20 - x). 


So: W = j 2 °2(20 -x) dx =2 


-,20 


20x-*= 


= 400 ft-lb. 


Jo 


Note that since the force in Exercise 12 is 2.5 times the force in Exercise 11 at each elevation, the total work is 
also 2.5 times as great. 


13. We will use the coordinate system given. 

(a) The typical slab between the planes at y and y + Ay 

has a volume of AV = (10)(12)Ay =120Ay ft 3 . The 
force F required to lift the slab is equal to its weight: 

F = 62.4 AV = 62.4 •120A}’ lb. The distance through 
which F must act is about y ft, so the work done 
lifting the slab is about A W = force x distance 
= 62.4 • 120 • y ■ Ay ft-lb The work it takes to lift all 

the water is approximately 
20 20 

W * Yu AW = ^62.4 -I20y ■ Ay ft-lb. 

o o 

This is a Riemann sum for the function 62.4 ■ 120 y over the interval 0 < y < 20. The work of pumping the 
tank empty is the limit of these sums: 

,-,20 



W = j 20 62.4 -120y dy = (62.4)(120) A- = (62.4)(120)(^) = (62.4)(120)(200) = 1,497,600 ft-lb 
jo L Jo v 2 


(b) The time t it takes to empty the full tank with |-4-j - hp 


- hp motor is t = 


w 


1,497,600 ft-lb 


250 ** 

sec 


250** 

see sec 

= 1.664 hr => t ~ 1 hr and 40 min 

(c) Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is 

_ _1 C\ 

rlO 


= 5990.4 sec 


W = j Q 62.4-120}’ dy = (62.4)(120) y- = (62.4)(120)(^) = 374,400 ft-lb and the time is 


t = 


w 


250** 

sec 


= 1497.6 sec = 0.416 hr ~ 25 min 
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(d) In a location where water weighs 62.26 -p-: 

a) W = (62.26)(24,000) = 1,494,240 ft-lb . 

b) t = 1 ’ 4 ^’~ 4Q = 5976.96 sec ~ 1.660 hr => t « 1 hr and 40 min 

In a location where water weighs 62.59 -% 

ft 3 

a) W = (62.59)(24,000) = 1,502,160 • ft-lb 

b) t = 1,5 ^ 5 q 60 = 60 0 8.64 sec ® 1.669 hr => t ® 1 hr and 40.1 min 

14. We will use the coordinate system given. 

(a) The typical slab between the planes at y and y + Ay has 

a volume of AV = (20)(12) Ay = 240Ay ft 3 . The force F 
required to lift the slab is equal to its weight: 

F = 62.4AF = 62.4 -240Ay lb. The distance through 
which F must act is about y ft, so the work done lifting 
the slab is about AW = force x distance 

20 

= 62.4 ■ 240 y ■ Ay ft-lb. The work it takes to lift all the water is approximately W « ^ AW 

10 

20 

= y 62.4• 240y • Ay ft-lb. This is a Riemann sum for the function 62.4-240y over the interval 
10 

10 < y < 20. The work it takes to empty the cistern is the limit of these sums: 
f 20 f y 2 “I 20 

W=[ 62.4-240ydy=(62.4)(240) \ = (62.4)(240)(200-50) = (62.4)(240)(150) = 2,246,400 ft-lb 

J1 ° L Jio 

(b) t = = "’ 246 275 ° ft lb -8168.73 sec « 2.27 hours ® 2 hr and 16.1 min 

sec 

(c) Following all the steps of part (a), we find that the work it takes to empty the tank halfway is 

is r 2 1 15 

W = j w 62.4-240y dy = (62.4)(240) ^ = (62.4)(240)(^-^) = (62.4)(240)^) = 936,000 ft. 

Then the time is t = —= 9 ^’ 000 « 3403.64 sec ~ 56.7 min 

275itib 275 

sec 

(d) In a location where water weighs 62.26 -|y: 

a) W = (62.26)( 240)(150) = 2,241,360 ft-lb. 

b) t = 2 ’ 24 ^’ g 360 = 8150.40 sec = 2.264 hours « 2 hr and 15.8 min 

c) W = (62.26)(240) = 933,900 ft-lb; t = = 3396 sec « 0.94 hours * 56.6 min 

In a location where water weighs 62.59 

ft 3 

a) W = (62.59)(240)(150) =2,253,240 ft-lb. 

b) t = 2 ’ 2 ^’ s " 40 = 8193.60 sec = 2.276 hours * 2 hr and 16.56 min 

c) W = (62.59)(240)(i|4) = 938,850 ft-lb; t = ® 3414 sec ® 0.95 hours ® 56.9 min 
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15. The slab is a disk of area nx 1 , thickness Ay, and height below the top of the tank (10 -y). So the 

work to pump the oil in this slab, AW, is 57 (10-j)7t^yj . The work to pump all the oil to top of the tank is 
W = ^^(\Qy 2 - y ^dy=^- = 11,875* ft-lb «37,306 ft-lb 


16. Each slab of oil is to be pumped to a height of 14 ft. So the work to pump a slab is (14 -_y)(*)fyj and since 

the tank is half full and the volume of the original cone is V = j(10) = 25 ® 7r ft 3 , half the 

2 

volume = ft 3 , and with half the volume the cone is filled to a height y, 25 ® 7r = j7r^-y => y = x/500 ft. 


So w =\f™^ L { u y 1 -y i ) d y=^- ^-4 


~ 3 4 

= ^r ~^r~\ ® 60,042 ft-lb. 


7 

17. The typical slab between the planes at y and y + Ay has a volume of AV = ^-(radius)”(thickness) 

= 7i Ay =n TOO Ay ft 3 . The force F required to lift the slab is equal to its weight: 

F = 51.2AF =51.2 -100;r Ay lb => F = 5120 n Ay lb The distance through which F must act is about 

30 30 

(30-y) ft. The work it takes to lift all the kerosene is approximately W « W = ^5120*(30-}’)Aj’ ft-lb 

0 0 

which is a Riemann sum. The work to pump the tank dry is the limit of these sums: 

30 ~~ 2 30 

W = j Q 51207r(30-y)dy=51207T 30 y-y- = 5120* (^0) = (5120)(450tt) * 7,238,229.48 ft-lb 


18. (a) Follow all the steps of Example 5 but make the substitution of 64.5 for 57 Then, 

w = C M f !L ( lo -y^ 2 # = ^[¥- 4 ]* =& T I ( ! T“- i 4 : ) = pT I )( 83 )(T- 2 ) 


64.5g-8 

3 


= 21.5tt- 8 3 ® 34,582.65 ft-lb 

(b) Exactly as done in Example 5 but change the distance through which Facts to distance » (13 -y) ft. 


TI “ w, -JoT< 13 -^ 2 ‘*'- i r[¥-Tl 1 - 1 ?(T-T)-( 5 5 I )( 8J )(T- 2 )' 


57x-s -7 
34 


= (19*)(8 2 )(7)(2) *53,482.5 ft-lb 


19. The typical slab between the planes at y and y + Ay has a volume of about AV = * (radius)" (thickness) 

= Ay ft 3 . The force F{y) required to lift this slab is equal to its weight: F(y) = 73-AV 

= 737r(y/yj Ay = 73ny Ay lb. The distance through which F(y) must act to lift the slab to the top of the 
reservoir is about (4 —y) ft, so the work done is approximately AW ®73*y(4 —y)Ay ft-lb. The work done 


lifting all the slabs from y = 0 ft to y = 4 ft is approximately W ~ y 73* (4 -y^)Ay ft-lb. Taking the limit 
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of these Riemann sums as n —» oo, we get W = J o ll>u y ( 4-y) dy = lln (4 y - y 2 )dy 
71 [ 2y2 ~ 3 y3 t =73^(32-f): 


= 73 


, - 22Mzl ft-lb * 2446.25 ft 4b. 


20. The typical slab between the planes at y and y + Ay has volume of about AV = (length)(width)(thickness) 

= ^2-^25 -y 2 j(10)Ay ft 3 . The force F(y) required to lift this slab is equal to its weight: 

F(y) = 53 • AV = 53^2-^25 - y 2 1 ( 10 ) Ay = 1060-^25 -y 2 Ay lb. The distance through which F(y) must act to 
lift the slab to the level of 15 m above the top of the reservoir is about (20 —y) ft, so the work done is 

approximately AW ~ 1060-^25 -y 2 (20 - y)Ay ft-lb. The work done lifting all the slabs from y = -5 ft to 

n I - 

y = 5 ft is approximately W ~ V 1060-\/25 —y% (20 -yQ Ay ft-lb. Taking the limit of these Riemann 


sums as 


k= 0 


n oo, we get W = 1060^25 -y 2 (20 - y)dy = 1060(20 - y) ^25-y 2 dy 


= 1060 


f_ 5 20 ^25-y 2 dy - j 5 _ 5 y ^25-y 2 dy 


. To evaluate the first integral, we use we can interpret 


J ^ \f25--y 2 dy as the area of the semicircle whose radius is 5, thus J 5 20-^25 -y 2 dy = 20 ^25-y 2 dy 


= 20 


|^( 5) 2 


= 250;z\ To evaluate the second integral let u =25- y => du = -2 ydy; y = -5 => u = 0, 


y = 5 => u = 0, thus J 5 y ^25 -y 2 dy = J Q du = 0. 


= 0. Thus, 1060 


20 ^25-y 2 dy- 


1060 


20 V25 -y 2 dy - f__y ^25-y 2 dy 


= 1060(250^-0) = 265000;r * 832522 ft-lb 


21. The typical slab between the planes aty and y + Ay has a volume of about AV = n (radius) z (thickness) 

= 7t\ 


(V25-/) 


Ay m . The force F(y) required to lift this slab is equal to its weight: 

2 


F(y) = 9800 -AV = 9800;rf^25 -y 2 j Ay = 9800^^25 -y 2 j Ay N. The distance through which F(y) must 
act to lift the slab to the level of 4 m above the top of the reservoir is about (4-y) m, so the work done is 
approximately A W ~ 9800;r (25 - y 2 j (4 - y)Ay N • m. The work done lifting all the slabs from y = -5 m to 

y = 0 m is approximately W « ^9800tt 125 -y 1(4— y) Ay N m. Taking the limit of these Riemann sums, 

we get W = J° 5 9800;r (25 - y 2 )(4 -y) dy = 9800^J° 5 (100 - 25y - 4y 2 + y 3 j dy 


= 9800tt 


100y-fy 2 -jy 3 +^ 


-|0 


-1—5 


=-9800^-(-500-^+|-125+^)« 15,073,099.75 J 


22. The typical slab between the planes aty and y + Ay has a volume of about AV = n (radius) z (thickness) 

2 

= ;t^ 100 -y 2 1 Ay = 7r(l00-y 2 j Ay ft 3 . The force is F(y) = ^^--AV = 56;r (lOO-y 2 j Ay lb. The 
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distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about 
(12 -y) ft, so the work done is AW ~56;r(l00 -y 2 j (12 - y)Ay lb • ft. The work done lifting all the slabs from 

10 

y = 0 ft to y = 10 ft is approximately W « ^56;rl 100-y 2 j (12 —y)Ay lb-ft. Taking the limit of these 
Riemann sums, we get W = j" o 567r|l00-y 2 j(12-y) dy = 56ttJ o ^100 -y 2 j (12 -y) dy 
= 56^°(l200-100y-12>> 2 +y 3 ^dy = 56tt 

= 56 n (l2,000 -^0 _ 4 .i000 + ^22j = (56 tt) (l2 - 5 - 4 +1)(1000) * 967,611 ft-lb. It would cost 
(0.5)(967,611) = 483,8050 = $4838.05. Yes, you can afford to hire the firm. 


1200 y-l^l-^ + 4 


23. F = m& = by the chain rule => W = J 2 mv^ dx = mj 2 (v j^jdx = m \v 2 (x) 

1 T 2 2 "1 i 2 1 2 

= -j/w v (% 2 ) — v ( x l) = 2 WV 2 _ 2 WV 1 ’ as claimed. 


x 2 

J x, 


24. 


weight = 2 oz = y| lb; mass = w ^f ht =y^ = slugs; W = (ry)(y^ slugsj(160 ft /sec) 2 ® 50 ft-lb 


„„ , 90 mi 1 hr lmin 5280 ft 

25. 90mph=—:———— —- ; —— = 1321t/sec; 

1 1 hr 60 mm 60 sec 1 mi 

W = (±)( °- 3125112 Vi 32ft/sec) 2 « 85.1 ft-lb 

'2/^32 ft/sec 2 J 


m = 031251b = M125 slugs; 


32 ft/sec 


32 


26. weight = 1.6 oz = 0.1 lb => m = lb 2 = ^ slugs; W = (4j(^4_slugs)(280ft/sec) 2 =122.5ft-lb 

27. Vi = 0 mph = 0— v 2 =153 mph = 224.4 —; 2 oz = 0.125 lb => m = — 125 lb , = tC slugs; 

1 F sec’ - F sec’ 32ft/sec 2 256 

W = \ X2 F(x)dx=\mvl-\mv 2 = (224.4) 2 -{(y^)(0) 2 =98.35 ft-lb 

28. weight = 6.5 oz = ^-lb => m = slugs; W = slugsj(132ft/sec) 2 ~ 110.6ft-lb 


29. We imagine the milkshake divided into thin slabs by planes perpendicular to the y-axis at the points of a 
partition of the interval [0, 7], The typical slab between the planes at y and y + Ay has a volume of about 

AV = ;r (radius) 2 (thickness) + ^J' 5 j Ay in 3 . The force F(y) required to lift this slab is equal to its 

weight: F(y) = A AV = j— j A y oz. The distance through which F(y) must act to lift this slab 

to the level of 1 inch above the top is about (8-y) in. The work done lifting the slab is about 

AW = ^' V+ i!p 5 ^ ^ _ y) Ay in • oz. The work done lifting all the slabs from y = 0 to y = 7 is approximately 
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W = y, 4?r 7 (y + 17.5) 2 (8-y)Ay in -oz which is a Riemann sum. The work is the limit of these sums as the 
o 914 

norm of the partition goes to zero: 

W = Jo 7 + 17 -5) 2 (8 -y)dy = ^ J o 7 (2450 - 26.25 y - 21 y 2 - y 3 ) dy 


4 n 


9-14 2 


~4~9y 3 -^y 2 + 2450/1 = 


4;r 


JO 914- 


~4 -9 • 7 3 --7 2 +2450-71 * 91.32 in-oz 


30. We till the pipe and the tank. To find the work required to fill the tank note that radius = 10 ft, then 

AV = n ■ 100Ay ft 3 . The force required will be F = 62.4 • AV= 62.4 • 100;r Ay = 6240;r Ay lb. The distance 
through which F must act is y so the work done lifting the slab is about A W\ = 6240tt • y • Ay lb • ft. The work it 

385 385 

takes to lift all the water into the tank is: W\ » y AW X = y 6240;r • y ■ Ay lb • ft. Taking the limit we end up 

360 360 


(•385 

with W\ = J 36o 6240^-y dy = 6240;r 


y_ 

L 2 J360 


6240/r r 


2 -[385“-360"] w 182,557,949 ft-lb 

To find the work required to fill the pipe, do as above, but take the radius to be 4 in- = 4 ft. Then 
AF = n ~ Ay ft 3 and F = 62.4 • AF - 62 -)4 Ay. Also take different limits of summation and integration: 


36 


360 r 2 -|360 , . 

W 2 « y A w 2 ^>W 2 =l 44 n ydy = (^f-l » 352,864 ft-lb 

o L - Jo ' 3 


The total work is W = W X +W 2 ® 182,557,949 + 352,864 ® 182,910,813 ft-lb. The time it takes to fill the tank 

w 

1650 


and the pipe is Time = 44 ~ 182 ’ 1 91 5 q 813 ~ 110,855 sec « 31 hr 


31. Work = J 


35,780,000 loop MG 
6,370,000 ,- 2 


r 35,780,000 , r , -,35,780,000 

dr = 1000 MG\ 4 = 1000 MG - y 

J6.370.000 r 2 L '"Jg^yo^OO 


= (1000)(5.975 xl0 24 j (6.672 xl0 _11 j(— 


J6,370,000 r' 
1 


370,000 35,780 


- -) «5 

10,000 / 


144xl0 10 J 


32. (a) Let p be the x-coordinatc of the second electron. Then r = (p-\) 


/•0 r 0 

■W = j _ 1 F (p)dp = l _ 1 


0(23x10^, 
-1 (p-lf 


23x1 Q- 29 

P~ 1 


= (23xl0 _29 )(l ~4) = 11.5 xlO -29 


(b) W = Wj +W 2 where if) is the work done against the field of the first electron and W 2 is the work done 
against the field of the second electron. Let p be the A'-coordinatc of the third electron. Then q = (p-f) 


and r 2 =(p + 1) 2 


W x = = -23xl0- 29 


J3 (p- 1) 


“|5 


fF2= | 5 23xl^^ = J 5 23xlCr 29 


J3 r 2 


3 0 + 1 )- 


dp = — 23x10" 


-29 


P~ t. 
"|5 


J3 


P+l. 


J3 


= (-23xl0- 29 )(i-i) = f xl0“ 29 , and 
:(-23xl0- 29 )(i-i) = 2MLLJ(3-2) 


= §xl0 


-29 




Therefore W = W X +W 2 = |^-xl0“ 29 MttxIO - 29 ') =4xl0~ 29 «7.67xl0“ 29 J 
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33. To find the width of the plate at a typical depth y, we first find an equation for the line of the plate’s right-hand 
edge: y = x-5. If we let x denote the width of the right-hand half of the triangle at depth v, then x = 5 + y and 

the total width is L(y) - 2x = 2(5 +y). The depth of the strip is {-y). The force exerted by the water against 

f - 2 r - 2 

one side of the plate is therefore F = J 5 vr(-y) -L(y) dy = J 62.4 -(-y) -2(5 +y) dy 

= 124.8|_' 5 2 (-5v-v 2 )^=124.8[-f /-Ly^ = 124.8 [(-•§-4 + f 8)-(-j-25 + 4-125) 

= (124.8) (^-411) = (124.8) ( 315 ~ 234 ) = 16 84.8 lb 

34. An equation for the line of the plate’s right-hand edge is y = x—3 =>x = y + 3. Thus the total width is 
L(y) - 2x = 2(y + 3). The depth of the strip is (2 —y). The force exerted by the water is 

F=j°_w(2-y)L(y) dy = J_ 3 62.4 -(2 -y) -2(3 + y) dy = 124.8j_ 3 ^6 -y-y 2 j dy = 124.8 6y-^--^- 

= (-124.8)(-18+ 9) = (-124.8) (-^-) =1684.8 lb 

35. (a) The width of the strip is L(y) = 4, the depth of the strip is (10 -y) => F = J* w-(j^ ^F(y)dy 

= 62.4(10 - y)(4)dy = 249.6(1 0-y) dy = 249.6 10 y-^- = 249.6 (30-§) = 6364.8 lb 

(b) The width of the strip is L(y) = 3, the depth of the strip is (10 -y) => F = )f (y) dy 

= f 4 62.4(10 -j)(3)Jj = 187.2 \\\0-y)dy =187.2 10 y-tr = 187.2(40-8) = 5990.4 lb 


36. The width of the strip is L(y) = 2^25-y 2 , the depth of the strip is (6 - y) =^> F = J w ■ (j F(y) dy 
= j Q 5 62.4 (6—y) (2^25-y 2 j dy = 124.8 J* (6 - y)^25-y 2 dy = 124.8 J q 5 6 ^25 -y 2 dy - yfit^fdy 
To evaluate the first integral, we use we can interpret J -^25 -y 2 <dy as the area of a quarter circle whose 
radius is 5, thus 6 ^25 -y 2 dy = 6j o ^25-y 2 dy = 6^4 ;r(5) 2 J = To evaluate the second integral let 
u = 25 — y 2 => du = —2y dy, y = 0. => u = 25, y = 5 => u = 0, thus J yyj25-y 2 dy = -4 J du 

= }Jo u' 2 du= 4 u 312 ^ =i|4. Thus, 124.8 6 ^25 - j/ 2 < dy-^y^25-y 2 dy = 124.8 (4|^-i|4) 

« 9502.7 lb. 


37. Using the coordinate system of Exercise 32, we find the equation for the line of the plate’s right-hand edge to 

v +4 

be y — 2x-4=> x = and L(y) = 2x = y + 4. The depth of the strip is (1 -y). 

(a) F = j^ w(\ -y)L(y) dy = £62.4• (1 ■- y)(y + 4) dy = 62.4( 4 -3 y-y 2 ) dy = 62 .4 4y- 3 -f -£ 

= (-62.4) (—4)(4) _+ M = (-62.4)(-16-24 + M) = = H64.8 lb 

(b) F - (-64.0) (-4)(4)-^6>+^ = ( ~ 64 0)( ~ 120+64) »1194.7 lb 
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38. 


Using the coordinate system given, we find an equation for the 
line of the plate’s right-hand edge to be y=-2x + 4 => x = 
and L(y) =2x =4 -y. The depth of the strip is (1 —y) 

=> F = Jq w (1 -y)(4 - y) dy = 62.4 [y 2 - 5y + 4j dy 
= 62.4 y~^~ + 4y = (62.4)(1 — | + 4) = (62.4)( 2 ~ l5 + 24 ) 


(62.4)(ll) 

6 


= 114.4 lb 



surface 


39. Using the coordinate system given in the accompanying figure, 
we see that the total width is L(y) = 63 and the depth of the strip 

is (33.5-y) F = J^ 3 w(33.5-^(j) dy 
= Jo' ^ * (33 - 5 - W) • 63 = (^) ( 63 )/o 3 (33- 5 - W) 

= (fj)(63) 33.5y-4 ” =(^)[(33.5)(33)-^f 

= (64)(63)(33)(67-33) = 13Q9 
( 2 )( 12 3 ) 


y (in) 



- 31.5 31.5 


40. Using the coordinate system given in the accompanying figure, 
we see that the right-hand edge is x = Jl-y 2 so the total width 

is L(y) = 2x = 2\Jl-y 2 and the depth of the strip is (-y). The 
force exerted by the water is therefore 

F = j^w-i-y)-2^1-y 2 dy 
= 62A j°_ l 'J 1 ~y 2 (~ 2 y)dy = 62.4 f(i->’ 2 ) 

= (62.4)(|)(l-0) = 41.61b 



41. (a) 

(b) 

(c) 


F = l62.4-^j(8 ft)(25 ft 2 j =12480 lb 

The width of the strip is L(y) = 5, the depth of the strip is (8 - y) => F = J* w • | j F(y) dy 

= | o 5 62.4(8-j)(5)^ = 312J o 5 (8-j)^=312 8 j^ = 312(40 -f) = 8580 lb 
The width of the strip is L(y) = 5, the depth of the strip is (8 - y), the height of the strip is 72 dy 
= depth )F(y)dy = J 0 5/ ^62.4 (S-y)(5)j2dy = 31272^(8 -y)dy 

r 2 1 5 '^ 2 / \ 

= 31272 8 y-\ =31272 !^|-^-j = 9722.3 
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42. The width of the strip is Z,(j>) = -|( 2-v/3-yj, the depth of the strip is (6 -y), the height of the strip is ~^dy 


=>F = 


\ h a w \ depth ) ■ F (y) d y = Jo ^ 62 - 4 (6 -T) • |( 2 ^ - ^ | 0 2V3 (l 2 V3 - 6y-2yS + y 1 ) dy 


2yl3, 


-i2-s/3 


= ^-[l2jV3-3>> 2 -y 2 S + Z p =^(72-36-1273 +8^3) *1571.04 lb 

43. The coordinate system is given in the text. The right-hand edge is x = ^Jy and the total width is 
L(y) = 2x = 2.y[y. 

(a) The depth of the strip is (2 — y) so the force exerted by the liquid on the gate is F = J w(2 —y)L(y)dy 

= J> 2 -y)' 2 4ydy = 100 Io( 2 _ t)Vt dy = 100j^2j 1/2 -y 212 }dy = 100 j y V2 -jy 5/2 q 

= 100(j_2) = (I^)(20 -6) = 93.33 lb 

(b) We need to solve 160 = J* w(H-y)-2jy dy for h. 160 = 100(^-|) H = 3 ft. 

44. Suppose that h is the maximum height. Using the coordinate system given in the text, we find an equation for 

the line of the end plate’s right-hand edge is j = => x = 4 y. The total width is L(y) = 2x = ^y and the 


depth of the typical horizontal strip at level y is ( h-y ). Then the force is F = f w(h - y)L(y) dy = C max , 

JO 

where F max =66671b. Hence, C max = ~y) -jT dy = (62.4) (|) ^[hy-y 2 ) dy = (62.4)(|) 


- < s2 - 4 > 0(4-4) - ( 62 - 4 ) (H (i)* 3 - ao.4)(f)* 3 i ,. p(%-) - - 9 - 288 

volume of water which the tank can hold is F = 4 (Base)(Height) -30, where Height = h and 
4 (Base) = ±h => V = (|/i 2 )(30) = I2h 2 « 12(9.288) 2 « 1035ft 3 . 


hr__l_ 

2 3 

ft. The 


-i h 


J() 


45. The pressure at level y is p(y) — wy=> the average 

fo P (y) dy = }So 


pressure is p = j J* p(y) dy =j fwy dy 


= 4. 


~\b 


Jo 


If) 


wb 


This is the pressure at 



level which is the pressure at the middle of the 
plate. 

rb rb rb 

46. The force exerted by the fluid is F = w(depth)(length )dy = J w-y-ady =(w- a)J Q y dy = (w■ a) 

= = p ■ Area, where p is the average value of the pressure. 


Copyright © 2014 Pearson Education, Inc. 



















Section 6.6 Moments and Centers of Mass 


479 


47. When the water reaches the top of the tank the force on the movable side is J 2 (62.4)f2-^4-y 2 (-y)dy 


(62.4)J_° 2 (4 - v 2 ) 1 ' 2 (-2 y) dy = (62.4) f ( 4 -y 2 f' 2 = (62.4) (f )(4 3/2 ) = 332.8 ft-lb. 


The force 


compressing the spring is F = lOOx so when the tank is full we have 332.8 = lOOx => x « 3.33 ft. Therefore 
the movable end does not reach the required 5 ft to allow drainage => the tank will overflow. 



x(tt) 


48. (a) Using the given coordinate system we see that the total y (ft) 

width L(y) = 3 and the depth of the strip is (3 — y). 

Thus, F = J Q 3 w(3 - y)L(y) dy = J 3 (62.4)(3 -y) -3 dy 

3 r 2 I 3 

= (62.4)(3)| q (3 -y) dy =(62.4)(3)^3y --^-J _ 1S x . 5 

=(62.4)(3)(9 -f) = (62.4)(3)(|) = 842.4 lb 

(b) Find a new water level 7 such that F Y = (0.75)(842.4 lb) = 631.8 lb. The new depth of the strip is (7 —y) 
and Y is the new upper limit of integration. Thus, F Y = [ w(Y - y)L(y) dy - 62.4 f (Y - y) • 3 dy 

= (62.4)(3)jJ (7 -y) dy =(62.4)(3) 7y-^ q = (62.4)(3)(ft 2 --£) = (62.4)(3)(4)- Therefore, 

V — I 2f y _ 1 1263.6 [Z 75 ~ 1 ^08 fl A V — 2 _ V ~ 1 _ o <oc ~ O dm ft ~ A c 


7 = V(674x3) = V6/75 *2.598 ft. So, AT = 3 -7 « 3 -2.598 « 0.402 ft « 4.8 in 


6.6 MOMENTS AND CENTERS OF MASS 

y A V 

1 . Since the plate is symmetric about the v-axis and its density is 

constant, the distribution of mass is symmetric about the y-axis mk Wjffljffi/ 

and the center of mass lies on the y-axis. This means that x = 0. xl||l| llll |1| |||p^ y=X 2 

It remains to find y = We model the distribution of mass 1 _ x 

with vertical strips. The typical strip has center of mass: -2 2 

(x, y) = |x, — ? +4 j, length: 4 -x 2 width: dx, 

area: dA = (4 - x 2 j dx, mass: dm = 5dA - £>^4-x 2 j dx 

The moment of the strip about the x-axis is y dm = | x + 4 j<?^4 -x 2 j dx = y|l6 -x 4 j dx. The moment of the 
plate about the x-axis is M x = Jy = J 2 y|l6-x 4 j t/x 16x-^- =y |l6-2--yj-|-16-2+-yj 

r ~i2 

= ^y-^32-y-j The mass of the plate is M = J<5 (4-x 2 ) dx = 5 4x-4^- = 2<5^8-|j = 2=$-. 

Therefore y = = , 3 ^, = -y The plate’s center of mass is the point (x,y) = (o,yj. 
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2. Applying the symmetry argument analogous to the one 

Mx 
M 


in Exercise 1, we find x = 0. To find y = we use the 


vertical strips technique. The typical strip has center of 
mass: (x,y) = [x ,, length: 25-x 2 , width: dx, 

area: dA = ^25 -x 2 jdx, mass: dm = 8 dA = S [25 -x 2 jdx. 
The moment of the strip about the x-axis is 


y=25-x 2 



y dm = | 25 ~ v jd ^25-x 2 j dx = 4^25 -x 2 j dx. 

The moment of the plate about the x-axis is M x = Jy dm = j" 5 ■§ ~ ) dx = "f { 5 (h25 - 50x 2 + x 4 j dx 

= 2- |625-5--y-5 3 +-yj = d-625 ^5 - y+ l) = d-625 -^|j. The mass of the plate 


= 41625x-4tX 3 +A- 


f dm = f 8 (25 -x 2 \ dx = S\ 

25x~4“ 

1 

—» 

3 


J-5 


The plate’s center of mass is the point (x, y) = (0,10). 


= 2d(5 3 -4-|=4d-5 J . Therefore y=^f = 


f) 

^ 3 (!) 


= 10 . 


2 2 

3. Intersection points: x-x =-x=>2x-x =0 

=> x(2 -x) = 0 => x = 0 orx = 2. The typical vertical 


strip has center of mass: (x, y) = 


x, 


ix-X 2 l+(-x) N ' 



= |x,-4“j, length: [x-x 2 j-(-x) =2x-x 2 , 
width: dx, area: dA = [lx- x 2 j dx, mass: dm = 8 dA 

= d|2x-x 2 jdx. The moment of the strip about the x-axis is y dm = [-^-jS^lx -x 2 j dx; about the y-axis 
it is x dm = x ■ 8 (2x - x 2 ) dx. Thus, M x = ^ y dm =-^[^ x~^[2x - x 2 j 


| dx = -4J ^2x 3 -x 4 j dx 


-a 


Jo 


( 23 -t) = - 2 • 2 3 f 1 -?) = M y = I x dm = Jo x ' S ( 2x -* 2 ) 


dx 


= r)j" o ^2x 2 -x 3 |dx = 8 


.2 r 3 _ xl 
3* 4 




dx = 5 


x “T 1 = 


; M = | dm = d[2x -x 2 j dx 
_0 =<5 ( 4 -f) = X- Therefore, x = ^ = (f)[±) = l and y =^ 


d| o 2 (2x-x 2 ) 

[- 1 y-) = -j => (x, y) = ^1, —|) is the center of mass. 


2 2 2 

4. Intersection points: x~ -3 = -2x => 3x -3 = 0 

=> 3(x — l)(x + 1) = 0 => x = -1. or x = 1 Applying the 
symmetry argument analogous to the one in Exercise 1, 
we find x = 0 The typical vertical strip has center of mass: 

' -2x 2 +(x 2 -3) X 


x, ■ 


J 


= X, 


(x, y) = 

= 3|l-x 2 j, width: dx, area: dd = 3|l-x 2 jdx, 


=x^\ length: -2x 2 -(x 2 -3~ 



y=x 2 -3 


Copyright © 2014 Pearson Education, Inc. 



Section 6.6 Moments and Centers of Mass 481 


mass: dm = 8 dA = 3S |l -x 2 j dx. The moment of the strip about the x-axis is 
y dm = ^8^-x 2 -3^1 —x 2 j dx - ^5 (x 4 + 3x 2 - x 2 — 3j dx = 4<?|-r 4 + 2x“ —3 j dx; 

M x -lydm^S\\{ x U 2» 2 -3)* = f^[4 + Y-3*]' | =l" 5 ' 2 (i + f-3)-34 i±l ^ 15 ) 

M =^dm=3sf_ i {\-x 2 ^dx=3S r-j' = 3<5-2(l-|) =48. Therefore, y = = -||| = 

=^> (x, y ) = ^0, —|j is the center of mass. 


5. The typical horizontal strip has center of mass: (x, y ) = 


length: y -y 3 , width: dy, area: dA = ^y - y 3 j dy, 

mass: dm = SdA = S [y - y 2 j dy. The moment of the strip about the ^ _ 

j-axis is x dm = { y ~ y3 ) dy = 2 [ y _> ’ 3 ) dy 

= 4(t 2 -2J 4 + y^dy; the moment about the x-axis is y dm = Sy ^y - y 2 j dy = S^y 2 - y 4 j dy. Thus, 
M x -\y dm-S^y 1 -y t y y = 6 ° - <s(±-i) - -ff; M y - Ji dm --§ 0.T -2/ +/) dy 


2 3 5 7 


/ / 


:# (i~i) = £- Therc6re ’ 


SM - J o, 7)-(*.*)« 


105 A <5/ 105 


center of mass. 


2 2 

6. Intersection points: y = y~-y=z>y -2y=0 

=> y(y — 2) = 0 => y = 0 or y = 2 The typical horizontal 

((y 2 -y)+y 1 A 2 

strip has center of mass: (x, y) = - — j 1 —, y = y, y \ 


x=y 2 -v 


length: y - (y 2 - y) = 2y - y 2 , width: dy, x 

area: dA = (2y -y 2 j dy, mass: dm = SdA = S^2y-y 2 ^dy. 

The moment about the j-axis is x dm = y--y 2 ^2y-y~ j dy = ^[2-y 2 -y 4 j dy; the moment about the x-axis 


2 2 5 


f( 8 -f) 


is y dm = Sy [ly-y 1 j dy = s[2y 2 -y 2 'jdy. Thus, M x = jy dm =<S[ 0 ( 2y 2 -y 2 ^dy = S ^ 

= ^(f-f) = i f( 4 - 3 )=f; M y =Jx^=J o 2 f(23; 3 -/)^ = f[4-4|=f(8-f) 

= f( 4 ¥ 1 ) = ¥ ; M=\dm=f-s(2y-y 2) Jdy=S y 2 -^ ^=8{ 4-§) =^. Therefore, 
J = ^ = (f)te)=! and y = lt = (f)(js) = l ^ ( - J ’ y '> = ( f’ 1 ) ^ the center of mass. 
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7. Applying the symmetry argument analogous to the one used in 
Exercise 1, we find x = 0. The typical vertical strip has center 

of mass: (x, y) = jx, C °^ * j, length: cos x, width: dx, 

area: dA = cosx dx, mass: dm = SdA = S cosx dx. The moment 
of the strip about the x-axis is y dm = 8 .£^i.cos xdx 

= j cos 2 x dx = rf/ 1+c ° s - A \ dx = ^{\ + cos 2x) dx, thus, 


y 

> 1 


= -y cos 2 x dx = y| 1+c ° s -~ A j dx = y(l + cos 2x) dx, thus, 

M x =jydm = J /7 j(l+cos 2x) dx =j x + sm ," A =j (y + o)-(-y) =^-; M = jdm 
= 5^' cos x dx = £[sinx]^ 2 =28. Therefore, y = = -f- => (3c, y) = (o, -|-j is the center of mass. 


Applying the symmetry argument analogous to the one used in 
Exercise 1, we find x = 0. The typical vertical strip has center 

of mass: ( x, y) = ^x, se ° 2 x j, length: sec 2 x , width: dx, 

area: dA = sec 2 x dx, mass: dm = 8 dA=S sec 2 x dx. The 
moment about the x-axis is v dm = l sec ~ * )(<? sec 2 x) dx 


a V SB Ste- 4 r 



(*• y) x/4 


moment about the x-axis is y dm = — j(<5 sec 2 x) dx 

x 4 , , , fW4 _ ? C^/4 4 fx/4 / 9 W 9 \ 

= -^-sec xax. M r = \ ydm = sec xax = tf tan'x+1 sec x hu 

2 * J-x/4' 2 J-^r/4 2 J-W4V A 1 

r n^r/4 

= O X ) 2 ( Sec2 X ) dX + i0 2 XdX = 2 ^T~ +2 [ tan X ]-W4 

L J-^/4 

= 2‘[3 _ ( _ 3') + f[ 1_(_1 )] = f + <J=i f; M = jV»; =^J^ 4 sec 2 xdx = 8 [tanx]^ 4 /4 = *5[l-(—1)] =2A 
Therefore, y = = j => (3c, y) = (o, j) is the center of mass. 


8 Tx Vt! 

+ %r tan x 
2 L j—^ 
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10. (a) Since the plate is symmetric about the line x = y and its 
density is constant, the distribution of mass is symmetric 
about this line. This means that x =y The typical vertical 


x 2 +y 2 =9 


strip has center of mass: (jc, y) = x, 


length 


: V 9- 


■x 2 width: dx, area: dA 


= V<C 


■x 2 dx. 


mass: dm = S dA 


= 8^9 — 


x dx. The moment about the 


x-axis is y dm = 8 ^^ -jv/9 -x 2 dx — 1^9 -x 2 j dx 



Thus, M x = jy dm = 4 ^9 - x 2 j dx ■ 


9 -t 


= y(27-9) = 98\ M=jdm=jSdA = sjdA 


-Mr 


y = 


M 


^>(44 


5vx 2 +y 2 =9 


= 8 (Area of a quarter of a circle of radius 3) = Therefore, 

=> (x, y) = (p, p j is the center of mass. 

(b) Applying the symmetry argument analogous to the 
one used in Exercise 1, we find that x = 0. The 
typical vertical strip has the same parameters as in 

part (a). Thus, M x = J y dm = -x 2 jfi?x 

= j8 dA 


= 2j o 3 f (9 -x 2 = 2(9 8) = 18 8; M = | dm = 1 8 

= s\dA-8 (Area of a semi-circle of radius 3) = ^(yf-) = “Therefore, y = = (18£) f = p, the 

same y as in part (a) => (x, y) = ^0, pj is the center of mass. 



11. Since the plate is symmetric about the x-axis and its density is 
constant, the distribution of mass is symmetric about this line. 
This means that y = 0. The typical vertical strip has center of 


mass: (y, y) = (x, 0), length: - 1 T -(--^y , 


l+x 


1+x- 


width: dx, area: dA = 2 . dx, mass: dm = 8dA = A 

l+x 

The moment about the y-axis is 

xdm = 8x1 —2—1 dx = s[dx = -2^L dx. Thus, 

\ l+x 2 / \l+x 2 / l+x 2 

pi 


(irf 


dx. 



M v = f ^\dx = S[ ln(l + x 2 )]n = <51n2. 

J 0 l+x 

M - fdm = jyS^Y^jjdx = 24[arctanx]o = 2c>(arctanl) =-^p- = 4p. Therefore, 

(x, y) = (pp, oj is the center of mass. 


7 _ m y _ S In 2 _ 2 In 2 _ In 4 
M Sjt/ 2 n n 
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12. Since the plate is symmetric about the line x = 1 and its density 
is constant, the distribution of mass is symmetric about this line 
and the center of mass lies on it. This means that x = 1. The 
typical vertical strip has center of mass: 


(x, y)= 


x, 




’(--A 21 ). 



length: | '7.x -x 2 j — ^2x~ -4xj = —3x 2 + 6x = 3^2x — x 2 j 
width: dx, area: dA = 3^2x -x 2 j dx, mass: dm = S dA 
= 35 ^2x -x 2 j dx. The moment about the x-axis is 

y dm = ^-<5|x 2 — 2xj^2x — x 2 jt/x = —S |x 2 — 2xj" dx = — 8 ^x 4 — 4x 3 +4x 2 j dx. Thus, M x = Jy dm 

(!->*!) 




m|( 

1 

II 

r4_ x 4 + i x 3i 

/ 2 

5 3 


3 «(f-2 4 + |.2 3 ) 


= -45 ^-2"+4-2 J \ = -±S-T 4 


5 ■ 2 4 j 6 " 1 ^ 10 ) = -M; M = jdm = | q 2 35 (2x - x 2 ) dx 


= 35 


Z X 

x “t 


Jo 


A5^4-|j=45. Therefore, 


y = -jf = (—=> (x, y ) = (l, -|) is the center of mass. 


i3. My = j‘ 6 x(-L)5x = J i 16 x 1/2 5x=|[x 3/2 ]j 6 =42; = j‘ 6 ^)(-^)5x = ^J^^x = l[ln|x|]| 

M=Ji 16 -^5x=[2x 1/2] ! 6 =6 => x=^ = l and y=^=^ 


14. Applying the symmetry argument analogous to the one used in Exercise 
1, we find that y = 0. The typical vertical strip has center of mass: 

f j_lA 


= In 4, 


(x, y ) = 


x, - 


= (x, 0), length: -f--(—L =^-, width: dx , 



area: dA = ^rdx, mass: dm = 5 dA =^4-dx. The moment about the v-axis is xdm=x-^-dx= -dx. Thus, 

x 3 x 3 3 

My =\xdm = ■=4-5x= 25^— -fj = 25^-^ + l) = ~~~ M = \dm = =j- 5x = 5 



*(« -D 


. Therefore, x = - 


IT = = VTi => <*’ ^ 


Also, lim x = 2. 

fl—>oo 


• M x = J y dm =J 2 • 5 • ( Jr) 5x = j 2 (^) (x 2 ) (Jr) 5x 

= j'j5x = 2j 2 x- 2 5x= 2 [-x- 1 | =2[(-i)-(-l)] =2(i) = l; 
M v - Jx dm = j~x ■ 5 • dx 



= Jj x(x 2 j| Jr)c/x = 2^ x dx = 2 J- =2^2 -= 4-1 = 3; M = |dm = J~5| J-j dx = J~x 2 | Jr) dx 
= 2^ 5x = 2[x]“ = 2(2-1) =2. So x = = J and y = ^ = J => (x,y) = (-|, J) is the center of mass. 
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16. We use the vertical strip approach: 

M x = j y dm = ^ 2 ^ |x-x 2 j S dx 

= 4| o |x 2 - x 4 j • 12x <ix = 6 |x 3 -x 5 j dx 

= 6T—— —1* = 6(—--)= — -1= — • 

°L 4 6j °u 6> 4 2’ 


M = \ dm = ^(x - x 2 ^ - S dx = 12j o |x 2 -x 2 j dx =12 
tt _ * _ 1 ij j s the center of mass. 


it 



y = 


M 2 


17. (a) We use the shell method: V = J 2^|^dius)( height )^- T = Jj 2;rx 


_4___4_ 

Vx \ Vx 


f 4 

dx = 16tt -j=dx 
J 1 ~Jx 


= 16^J x l2 dx = 16tt 


224;r 

3 


(b) Since the plate is symmetric about the x-axis and its density <5(x) = 4 is a function of x alone, the 

distribution of its mass is symmetric about the x-axis. This means that y = 0. We use the vertical strip 


approach to find x: M = J x dm = f x- -4=-(—4-) -c>fix=f x--f=- — dx = 8f x 1/2 tfx = 8 2x 

•U |_Vx \ dx I J J1 V-r x J1 

= 8(2-2-2) =16; M=\dm=S dx = dx = 8JV 372 dx = 8^-2x 


n4 


Jl 


-1/2 "I 4 
-1 


M 


= 8[—1 — (—2)] = 8. So x = —y = 2 => (x,j) = (2,0) is the center of 


mass. 


(c) 



18. (a) We use the disk method: V—j ;r[i?(x)] 2 dx = 7r|-yj dx = 4n^ x 2 dx = 4;^—^ =4^|^-^--(-l)J 
= ;r[-l + 4] = 3 n 

r*(i) 


(b) We model the distribution of mass with vertical strips: M x =fy dm = J ^£2. ^2 j -5 dx = J ■ v/x i 

n4 


= 2 Jl 


4 -3/2 , - 

x ax=2 


-^2r = 2[—1 — (—2)] = 2; M y =\xdm = x -^-ddx = 2^ x^ 2 dx = 2 -=4j— 


- 1/2 


dx = 2 


2x 


1/2 l 4 
-1 


= 2 [f-f]=f; M =\ dm= \ x T sdx = 2 h x dx = 2 !i * 

_ y ( t j a _ ^ i _ _ / V 1 \ 

So -v = -g- = 4^— = j and J = f = y => (x, j) = ) is the center of mass. 


= 2(4-2) = 4. 
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(c) 



19. The mass of a horizontal strip is dm = S dA = SL dy, where L is the width of the triangle at a distance of v above 
its base on the x-axis as shown in the figure in the text. Also, by similar triangles we have k- = 


■ L =>~ 


(■ h~y )■ Thus, M x = |y dm = £y(|) (h-y) dy =^-^{hy-y 2 "jdy - 


Sb 

h 




hy 2 

-\h 


y_ 

3 


Jo 


= Sb(h^_h^_ 

h\ 2 3 


So 


_ _ M x 
y ~~M 


Sbh- 


(Twi) = \ ^ ^ le cen t er of mass lies above the base of the triangle one-third of the way toward 

the opposite vertex. Similarly the other two sides of the triangle can be placed on the x-axis and the same results 
will occur. Therefore the centroid does lie at the intersection of the medians, as claimed. 


20. From the symmetry about the y-axis it follows that x = 0. It also follows 
that the line through the points (0, 0) and (0, 3) is a median 


(0,3) 


• y = i(3-o) = i 


(x,y)=( 0 ,1). 


21. From the symmetry about the line x = y it follows that x = y. It also 
follows that the line through the points (0,0) and is a median 


■ y = x = ■ 




22. From the symmetry about the line x = y it follows that x = y. It also 

follows that the line through the point (0, 0) and is a median 

=^= J= !( f-°) 

23. The point of intersection of the median from the vertex (0, b) to the 

opposite side has coordinates (o, => y = (b - 0) ■ j = j and 

Hf-°)-H 



(+ 1 , 0 ) 



( 1 , 0 ) 


(a,0) 
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24. From the symmetry about the line x = j it follows that x = It also 
follows that the line through the points ^oj an d is a median 

=>y=±(b-0)=§ =>(x,y)=( f,f). 



(a ,0) 


25. y = x 1/2 => dy 1/2 dx => ds = yj(dx) 2 + ( dy ) 2 = Jl+-^cbc; 

l l t 3 

( X + 4j 


M x =S^4x^+^dx =sj~jx + ±dx= 3 


28 


\3/2 


2£ 

3 


o+tr-ir =f (ir-(t) 


\3/2 


\ 3/2 


>,3/2 


_2S(21 l\_ 138 

3 l 8 8/ 6 


26. j = x 3 => dy = 3x 2 dx => dx = <J(dx) 2 + {?>x 2 dx j = v/l + 9x 4 dx; 
M x = -r 3 Vl + 9x 4 dx; 


[m = 1 + 9x 4 => du = 36x 3 dx =>j^du = x 3 dx; 



,10 , 

x = 0 => u =l,x = 1 =^> u = 10] —> M x = dj^ ^ 


■Jz M 1/9 du = 

36 36 


2 3/2 
3 M 


10 

Jl 


(l0 3/2 -l) 


27. From 


Example 4 we have M x = J a(a sin d)(A:sin 0)d8 = a 2 £j o sin 2 /? dd = (1 -cos2d) dd 


sin 2 6> 


Jo 


= 0 ; 


= i ^^6 l - sln , 26 ' J M v = a(acosd)(ksin8)d8 =a 2 kj\md cosddd = 

M = \*ak sin 6 dd = ^[-cos^jy = 2 ak. Therefore, x = -^- = 0 and y =~jf = = ^" => is 

the center of mass. 


28 


. M x = jy dm = | ( ^(« sin 8) ■ 5-a dO - J Q (a 2 sin (9^(l + A: |cos 



■ a 2 "(sin 0)(1 + k cos 6) dd + a 2 (sin 6)(\ -k cos 8)d6 

JO J/r/2 

■ a 2 \ K smddd + a 2 k\ n sin 6 cos 6 d6 + a 2 IT,, sin 8d0-a 2 k sindcos 8 dd 

Jo Jo J W2 Jtt /2 


= fl 2 [-cos^]q /2 + ah\^X 2 +q1 [—sC/2 

' L - Jo L Jzr /2 


= a 2 [0 -(—1)] + a 2 £^-C)j + a 2 +[-(-1) -0] -a 2 k{() — 4-j = a 2 + bJl + ci - + ^A- = 2a 2 +a 2 k = a 2 (2 + k ); 
M y = Jx dm = J o {a cos8) -d-a dd = |n 2 cosZ/j^l + ^lcos/?!) dd 

7 C7Ul1 7 r7l 

-a\ (cosd)(\ + kcos8) dd+ a \ (cos0)(l-kcos0)d0 

JO J tt/2 
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a 2 \ n J 2 cos 9 dd + a 2 k j^ 2 (l±s^2£) dd + a 2 f* /o cos 9 dO -a 2 k\* n (I±£^2£) dB 


J2 r„;„ n\x!2 , a 2 k\ n , sin 20 ~\ 7r ^ i 2 \ 


= a [sin 6>] ( 


10 +ii 2 L | 6l + : 2 


-J + a 2 [sin$] 


a-A 
tt/2 2 


0 + 


sin 20 


n 

n!2 


= a 2 (l-0)+^[(f-0)-(0 + 0) + a 2 (0-l)-^- (;r + 0)-(-f + o)]=a 2 + 
M=j" o <5-a<f# = a i„>*i cos#]) dd = aJ o (l + ^cos#) dd+a^ ^(1 - k cos d) d8 


a 2 kn 2 crkn a. 
a u A u ’ 


= af^ + ^sin#]^" + a[f9-£sin6 l ]^ /7 = |jy + ^j-0 +a (77 + 0)-(-^-/c)J = ^ + ak + a(^- + k^ = an + 2ak 

( 0 , ) * s center °f mass. 


. - M y „ , — M a 2 (2+k) a(2+k) 

= a(n + 2k). So x = -rj- - 0 and y = —j- =-— =- tt 

v ' M - M a(7T+2k) 7T+2k 


29. /(x) = x + 6, g(x) = x 2 , f(x) = g(x) => x + 6 = x 2 


=^> x 2 — x - 6 = 0 => x - 3, x = -2; <5 = 1 


M = f_ 2 [(x + 6)~x 2 


dx = | f-x 2 + 6x - jx 3 


3 

- 1-2 


.(f + 18-9)-( 2 -l 2 + f)=Jf 

* - nk J _ 2 [ I(I+6,_ ' 12 ]* = ts l - 2 [* 2 + 6 - v "* 3 

-n?( 9 + 27 -f)-Tlj(-f + 12 - 4 )4" 


z/v — ——— 

ax 125 


f-x 3 +3x 2 - jx 4 



-I’-TSTslU (*+«) 2 -(* 2 f *-J5sJ. 


£ 


x 2 +12x + 36 -x 4 


dx - — 
ax 125 


f-x 3 +6x +36x-yx 5 


n 3 


--2 


3 

125 


^9 + 54 +108 --^■)-^(-| + 24-72 +-yj = 4 => , 4 ) is the center of mass. 


30. f(x)=2, g(x)=x 2 (x+ 1), /(x)=g(x)=>2 = x 2 (x + 1) 
^>x 3 +x 2 — 2=0 => x = 1; <5 = 1 

M = J^2 -x 2 (x +1)1 dx = 1^2 -x 3 -x 2 J dx 

=[ 2 *4* 4 4* 3 l=( 2 44)-° 

J = I7A2 Jo X [ 2 “ ^ (X + ^ ^ = 17 Jo [ 2X 

044) 


17. 
12 ’ 


4 3 

— X -x 


dx 


2 15 14 

x — yX -jX 


-il 


HI 
JO I? 1 


-0 = 


33. 

85’ 


£* 22 -pc- 1 )) dx =^i[ 


17/12 Jo 2 

(4-H-D-O 


dx = yy | J 4 — X° - 2X^ - X * 


dx — —— 
ox-j? 



a 1 7 1 6 1 5 

Ax i x 4 X 4 x 


nl 

-0 


698 

595 


■ (■§§■’" 595 ") * s ^ le center °f ma ss. 
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31. /(x) = .r 2 , g(x)=x 2 (x-l),/(x)=g(x) 

=> x 2 = x 2 (x — 1) => x 2 — 2x 2 = 0 => x = 0, x =2\ 5 = 1 

M = J~|^x 2 -x 2 (x — 1)J dx = J~|^2x“ — x 3 J dx 
X = 4^3 Jp X[x 2 -X 2 (x-i)] dx = |Jq 2 |^2x 3 -x 4 ] dx 

I x 5l 2 = M 8 _^_ 0= | 

5 Jo 4 \ 5 ) 5 



1 4 
2 X “5 J 


f 

=41 

^64 

128) 

-0 = — => 1 

(6. 

,4) 

Jo 

8' 

1 3 

7 I 

V — 7 - | 

1 5 

7 / 


i the 


center of mass. 

32. /(x) = 2 + sinx, g(x) = 0, x = 0,x = 2 tt; 8 = 1; 

r2^ r . t . r- n 2ff 


/(*) = 2+sinje 


M = J ^[2 +sinx] dx = [2x-cosx] Q ;r = (4;r -1) -(0-1) = \ti\ 

271 p27t 

■* = 47 rlo x[2 + sinx -0] dx = [2x +xsin x] dx 

1 C 2; % j , 1 f 27r j 1 T 2 J 2?r , 1 r - i2;r 

= -J- 2x flx + -r- xsmxax = -J- x + -J- smx-xcosx L 

4^Jo 4 ;t Jo 4/r L Jo 4*r L JO 

2n 


r (*)“0 





dx 


8n 


r2n 

4 + 4si 

Jo 

= 87 Jo" t 4 + 4 sin x ] * + 87 J 0 27r [^f^| dx=± [4x - 4cos xf + ^ <fc - -±- J" cos 2x dx 

\u = 2x => du = 2 dx,x = 0 => m = 0,x = 2;r => m = 4tt~\ —> ^[4x -4cosx]“ ?r + ”3^7 Jo C0SM ^ 11 

= 87[4x - 4c °sxf +167Mo^ - 327 [ sinw f = 87(8^ -4) -^(0 -4) + J-(2;r)-0-0 = f => (^,§) is the 
center of mass. 


. ? 

lsmx + sm“ x 


dx = gyJo [4 + 4 sin x\dx + ^ | o j^sin 2 xjc/x 


33. Consider the curve as an infinite number of line segments joined together. From the derivation of arc length we 
have that the length of a particular segment is ds = yj(dx) 2 + (dy ) 2 . This implies that M x = j 5yds, M v = J Sxds 

— _ ]xds _ \xds , — M x J yds _ j yds 


and M = \ 5 ds. If 5 is constant, then x = —J- = * ds = 1 “‘1 and v = ~rf = : 

J 5 A A f , In.-'sv+U A A 


M \ds len g th ' M Ids length' 

34. Applying the symmetry argument analogous to the one used in Exercise 1, we find that x = 0. The typical vertical 


strip has center of mass: (x, y) = 


( 

a+ ip 

x,^- 


2 / 2 

, length: a- width: dx, area : dA = I a - -y- 


j dx, 


\ 


J 


mass 


: dm = SdA=s[a-^j^dx. Thus, M x =iydm = j ^^—^a+^^a-^^Sdx 


= |J 2 ^ ^_S 


-2 yfpay 0 16 p 


2 | dx = y 


- -|2 yfpa 

a~x —2L_ = 2~ 

8 °P 2 J-2^ 2 


a 2 x — 

80 p 2 


2y[pa 


JO 


= <5 2 a 2 ^[pa - 


2 5 p 2 a 2 Jpa 

80 p 2 
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= 2 a 2 5^i (l -|§) = 2 a 1 8^i = 2 a 2 5^i (g) = M = J dm = ~f^] dx 

= 8 ax ~nj; ^J— =2 ' S ax ~np ^ = 2S^2ciy[pa- 2 j = 4aSy[pa (l-^) =4aSy[pa (44=1) 

- * aS 'fP“ So _( Sa 2 Sy[w Y_3_"Ll„ 

” 3 ' b0 T “ M 


m*) . 2 AvHfi) - «- J*■ -1:^4- ■-£ 






= -|a, as 


claimed 


35. The centroid of the square is located at (2, 2). The volume is V = (2n)(y)(A) = (2;r)(2)(8) = 327T and the surface 
area is S = (2n){y){L) - (2tt)( 2) ^4^/8 j = 32 a/27t (where V8 is the length of a side). 

36. The midpoint of the hypotenuse of the triangle is (-4, 3) => y = 2x is an y 

equation of the median => the line y — 2x contains the centroid. The point 6 

14., 3) is 4^ units from the origin => the v-coordinate of the centroid \ > ' 2x 

solves the equation +(2.r-3) 2 = /\? ’ ^ 

=>(* 2 -3.r+|j+|4x 2 -12v + 9j = | / \ _ x 


3 5 


9 9 _ 

=> 5.r~ -15x +9 = -1 => x —3x + 2 = (x-2)(x-l) = 0 => x =1 since the centroid must lie inside the triangle 
=> y = 2. By the Theorem of Pappus, the volume is V = (distance traveled by the centroid)(area of the region) 

= 2*(5 - x)[i(3)(6)] = (2 tt)(4)(9) = 12x 

37. The centroid is located at (2, 0) => V = (2;r)(T)(^4) = (2;r)(2)(7r) = 4 tt 2 

38. We create the cone by revolving the triangle with y 

vertices (0, 0), (/?, r) and (/?, 0) about the v-axis (see the accompanying (h,r) 

figure).Thus, the cone has height h and / ^ r 

base radius r. By Theorem of Pappus, the lateral surface area swept out by the / y ?h ' 


hypotenuse L is given by 5 = 2nyL = 2n{^\4h 2 +r 2 = nr^r 2 +h 2 . To / s (h, 

calculate the volume we need the position of the centroid of the triangle. y) 

From the diagram we see that the centroid lies on the t 

line y = ^ 2 h x - The v-coordinate of the centroid solves the equation ^(x-h) 2 +(^-.r- = j-\Jh 2 + 

~^l 4/r+r 2 )_ x 2 ( 4h 2 +r 2 \„ , r 2 , 2 { r+4h ' ) _ n „ _ 2h „„ Ah - _ 2h _„♦ m 

Ah 2 / \ 2 h 


= 0 => x = -y. or -y- => x = 44, since the centroid must lie inside the 


triangle => y = A^x = y. By the Theorem of Pappus, V = 2;r(-j) (T/?r) = l-7rr 2 /?. 


39. S =2nyL^ 4 na" - (2ny)(na) => y = and by symmetry x = 0 


S=2npL^> 27r(a—^^ (no) = 27ta 2 (n-2) 


41. V = 27r y A => j7rcib 2 = (2 7iy){pp-} => y = -|4 and by symmetry x = 0 
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42. V = 2npA ^>V= 2tt(« +|fr) 


43. V = 2npA = (2 tt) (area of the region) (distance from the centroid to the line y = x-a). We must find the 
distance from ^0, to y = x-a. The line containing the centroid and perpendicular to y = x-a has slope 
-1 and contains the point |o, d^.j. This line is y = -x +j^. The intersection of y = x-a and y = -x + is 
the point - v ^r L , )• Thus- the distance from the centroid to the line y = x-a is 

^ 4a+3Q;r j'' | ^4a 4a | ’Scur fy _ %/?(4a+3og) _ ^ y _ ^( ^2(4a+3an)- ~j| na - j _ V2g-Q 3 (4+3^) 


44. The line perpendicular to y = x — a and passing through the centroid (o,has equation y = -x +^~. The 

intersection of the two perpendicular lines occurs when x-a = —x + ^- => x = 2 => x = 2a 2 t ^ /;r 

=^> y = 2ci 2 ^ 7T • Thus the distance from the centroid to the line y = x-a is -oj" +( ^ a ~ 7ra -4pj 

_ cn-+7i) ' j| iere f ore ^ |jy jh eorem of Pappus the surface area is S = 2 7t\ uI '~+ 7i] (na) = 42.na 2 {2 +jt). 

V2 n L v2r J 

45. If we revolve the region about the j-axis: r = a, h = b => A = -^ab,V = \ < na~b, and p = x. By the Theorem 
of Pappus: \^na 2 b = 2jix[^ab^ => x = If we revolve the region about the a- axis: 

r = b, h = a => A = ^ab , V = j7r b a, and p = y. By the Theorem of Pappus: 

-f nb 2 a = 27ty(^ab^ => y = j => is the center 

of mass. 


a( 2+n) 

-Jin: 


46. Let 0(0, 0), P(a, c ), and Q(a, b) be the vertices of the given triangle. If we revolve the region about the 
x-axis: Let R be the point R(a. 0). The volume is given by the volume of the outer cone, radius = RP = c, 

minus the volume of the inner cone, radius =RQ=b, thus V =\^nc a-^nb a = j?ra l c -b I, the area is 

given by the area of triangle OCT? minus area of triangle OQR, A = jac-\ab = \a(c-b), and p = y. By 

the Theorem of Pappus: a(c 2 -b 2 j = 2ny\^a(c => y =£ ~^~\ If we revolve the region about the 

j-axis: Let S and T be the points 5(0, c) and T(0,b), respectively. Then the volume is the volume of the 

cylinder with radius OR = a and height RP = c, minus the sum of the volumes of the cone with radius 

= SP = a and height = OS = c and the portion of the cylinder with height = OT = b and radius = TQ = a 

with a cone of height = OT = b and radius = TQ = a removed. Thus 

2 i 2 / 2 1 2 \ ?2?2?2 

V = ;ra~c- y na c + Vna b--^na~b I -\ na c-^na b = a" {a-b). The area of the triangle is the 

same as before, A = ^ac -\ab =\a(c-b), and p = x. By the Theorem of Pappus: 

j7ra 2 (a-b ) = 2nx ^a(c-fe)J => x = => | ^(c-b) ’ ^2^) * s the center of mass. 
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CHAPTER 6 PRACTICE EXERCISES 


1. 


A(x)=-j( diameter ) 2 =-j|Vx-.r 2 j 
= ^(x-2\[x -x 2 + x 4 j; a=0,b = l 
=> V = J A(x)dx = "4 Jq — 2 x 5/ “ + x 4 J dx 



^(35-40+14) 


9;r 

280 


2. ^(x) = i(side) 2 (sinf) = ^(2V^-x) 2 

= ^(4.r-4xVx+x 2 ); a = 0,6=4 

=> F = J*,4(x)fix =^-Jq(4x-4x 3/2 + x 2 Jfix 

.f[2» 2 -f^ 2 + 4^.f(32-Ml + f) 

= f 1 - f + f) = if-(!•5-■24 + 11 0) = ^ 

3. ^4(x) =-^(diameter) 2 = -^(2sinx-2cosx) 2 

= -j-4fsin 2 x-2sinxcosx + cos 2 xJ = ;r(l-sin2x); 


a = - 7,6 = => V = f A(x)dx 

r57r/4 r i5;rA 

= ;rf (1 - sin 2 x) dx = n Tx + c( 4 2x 1 
JW4 v ’ L 2 J ^/4 




4. ^4(x) = (edge) 2 = f(Vd-VxJ —0J = |%/6-VxJ = 36-24^6Vx+36x-4^6x 3 ^+x 2 ; a = 0,6 = 6=>F 

= J ^4(x) d!x = ^36 -24^6 Vx +36x -4%/6x 3/2 + x 2 J dx = |^36x -24V6--jx 3 ^ +18x 2 -4%/6 •■jx 5 ^ 2 + 4^- 

= 216-16• V6V6 -6 + 18-6 2 -|V6 V6-6 2 +^- = 216-576 + 648-^ + 72 = 360-^ = 1800 ~ 1728 =21 


2 

i. 4(x) =-j (diameter ) 2 =-j|2Vx-^-j =-|-|4x-x 5 / 2 +ygj; a = 0, b = 4 => F = J A(x) dx 


= 41 4X-X +T7- 


)^=f 


= f 2x 2 -|x 7/2 = f (32-32-| + |-32)=^(l--| + |) 


= *§■(35-40 + 14)=-^ 
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6. A(x) = \ (edge) 2 sin (f)=y- 2-Vx - (~2yfx ) 

= ^(4V^) 2 = 4^x; a = 0, b = 1 

K = A(x) dx = j ( | 4V3x dx = 2^x 2 ' =2^3 



7. (a) eto& method : 

F = J 7r[7?(.r)]“ <£c = J i ^|3x 4 j dx 

~ 9 ' 


= 7rj ^ 9x^dx = 7i 
(b) shell method : 


n 1 

_-i 


= 2;r 



Note: The lower limit of integration is 0 rather than -1. 

(c) shell method : 

C = {*2/r( S X S ) ( height ) & = 27T j‘ ( (1 - x) (3x 4 ) dx 

(d) washer method : 


= 2 n 


^x‘ 


.A 


= 2 n 


J-l 


[(HM- 


R(x) = 3 ,r(x) = 3 -3x 4 = 3^1 -x 4 j =^> V = | 7t|[7?(x)]“ -[r(x)]“ j t/x = J 9—9^1 -x 4 j 


= 9 n 


l-(l-2x 4 +x 8 ) 


dx = 971 j ^2x 4 -x 8 jt/x = 9n 


2x 5 


r r 2 _ r 

L5 9_ 


= 18tt| 4-4t I = 2^13 


8. (a) washer method : 

t .''(A) = C = j7t([/?Ia)|“ -[Wa>|~ j <h A p,T -(i) 


dx = n -y-x 5 


= n 

(b) shell method : 

(c) shell method : 


dx = 2tt 


-4x 1 


|=4(4- 1 )-(-4-i)] = 2.(|)=f 

F = 2 "J! ( ™dius ) ( height ) dx = 2 ^j~ ( 2 ~ X )(x 3~2 ) dX = 2n \\ ( 

^(-l + 2-2 + l)-(-4+4-l + i 


7-7-'^ 


= 2 n 


4 4 

-T + --x + ^r 


= 2n\ 


. 3/T 
4t I 2 
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9. (a) disk method'. 

V = ;rj"i (-/r-I) dx = (jc — 1) dx = n ^y-x =n (-y-5j-^-lj = 7T^-4j = 8;r 

(b) washer method'. 

R(y) = 5,r(y) = y 2 +1 => V = ^n[[R(y)f ~[r(y)f j dy = 25-(j 2 +l) dy 

r ~i2 

= ^P 2 ( 2 5 -y 4 -2y~ -lj dy = ?r|^(24->' 4 -2j’ 2 ) dy = d 24 y --2—| y 3 

.2*(24-2-f-f.8).32»(3-|-l). 2f( 45-6-5). 

(c) disk method'. 

R{y) = 5-[y 2 +\) = A-y 2 

^ v =\\[R{y)} 2 dy = \-_^(A-y 1 ) dy 

= j7r J_ 2 ( 16 — 8 y2 +y 4 )dy = 7T 16>>-^ + y 

= 2^(32-f + f) = 64^(l-| + I) 

= ^(15-10 + 3) = ^ 

y 

10. (a) shell method'. 

r-J,?2*(S, )(£&>)■» 

= -2r) *’ = 2 4o (4 -h) d ? 

=44-^1=Mf-¥)=¥■«=¥ 
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(b) shell method: 

V = J 2;r | ral'us j | height ) dx = j^27rx ^2yfx - x j dx = 2,jt ^2x 3/ “ - x 2 j dx = 2n Jx 5/2 -y- 

- 2 4f 32 -“)=T 

(c) shell method: 

F = J 2;J radius) (height ) ^- Y = Jq 2tt( 4 -x) ^2^ - x j dx = 2n |8x 1/2 —4x — 2x 3/ ^ + x 2 j dx 

= 2^8-32-|.32 + f) = 64,r(|-l-f + f) = 64^(l-t)=ita 

(d) s/te// method: 

F = if 2;r ( radius )( height ) dy = J*2^(4 -y){y -j dy = 2n J Q 4 ^4y -;; 2 -/ + ^ j dy 
\ r -|4 

= 27t\l(4y-2y 2 +^yy =2n 2y 2 -ly 3 +£ ^ =2^(32-|-64 + 16)=32^(2-| + l)=^ 

11. disk method: 

rul 1 }* 2 ritlS t 2 \ v ~\ 7 t IS 7rlSyJS-7r\ 

R(x) = tanx,a = 0,b =-j => V = tan xdx = 7t J Q I sec x-11 ox = ;r[tan x-xj 0 = 3 — 1 

12. disk method: 

V = ^|^(2-sin.r) 2 fi?x =^-| o ^4-4sinx + sin 2 xj dx = ttJJ ^4 - 4 sin x + 1-c ° s 2x j dx 
= n j^4x + 4 cos x + y - sin 4 2x J = 7r|j4;r-4+-y-0)-(0 + 4 + 0-0) = 7zJy L -8) = -|(9;r-16) 

13. (a) disk method: 

V = ttj~^x 2 —2xj dx = ^x 4 -4x 2 +4x 2 j dx = tr yy-x 4 +y.x 3 = ;Jy=--16 + y=-j 

= ^(6-15+10)=^ 

(b) washer method: 

- 2 - r -i2 

F = J~;r l 2 -|x 2 -2x + lj dx = | o TTtix-J~;r(x-l) 4 tix — 2n— n^-XL - 2n—n — = yy 

(c) shell method: 

C = J>( radius )( height ) = 2;rJ q 2 (2 - x) - ( X 2 - 2x) </x = 2n J 2 (2 - x)^2x - x 2 j dx 

= 2^-J o |4x-2x 2 -2x 2 + x 3 j dx = 2 7rJ o |x 3 -4x 2 +4x j dx =2n y---|x 3 +2x 2 = 2?j4 -y=- + 8j 

= ^(36-32) = ?f 

(d) washer method: 

V = ;rj~j^2-(x 2 -2x) dx-x^2 2 dx = xj- 4-4^x 2 -2xj + [x 1 -2x| dx-%n 

= trjy ^4-4x 2 +8x +x 4 -4x 3 +4x 2 j dx-Kn = 7tj~[x 4 -4x 3 +8x + 4j dx-%7t 
r ~\2 

= n 4-x 4 +4x 2 +4x -8;r = ;r(4-16+16 + 8)-87r=f(32 + 40)-87r=2^-i^ = i^ 

_ ^ Jq ' ^ / j j j j 
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14. disk method: 


V = 27rj^ 4 tan 2 x dx = |sec 2 x-lj dx = 8^[tan x-x]^ /4 = 2 tt( 4 — 7r) 


rnl\i 2 


15. The material removed from the sphere consists of a cylinder 
and two “caps.” From the diagram, the height of the cylinder 

is 2h, where /? 2 +(V=2 2 , i.e. h = 1. Thus 

v2 


V cyi = 


(2/z)tt (V3 ^ = 6 n ft \ To get the volume of a cap, 
use the disk method and x~ +y~ = 2 : V cap = nx dy 

= \~x(4-y 2 )dy = nUy-^ 1 =^[(8-f)-(4-i)] 


Ji 

= X ft3 ' Therefore . Removed = V cy\ + 2F cap = 6^ + ^ 

_ 28a t> 3 
3 





16. We rotate the region enclosed by the curve y = J 12( 1 —wwy I and the x-axis around the x-axis. To find the 


volume we use the 


disk method: V = J n [iJ(x)]“ dx = J j / j /2 ;r |^ 2 (l _ Tfr) j dx = kJ ii/7 12|l-^-j dx 


= 12k 


f 11/2 

J-l 1/2 \ 121 ) 


-=£r\dx = \2n 


,-il F2 

-r-4fv =24^- 

363 J-l 1/2 


il_M UilC 
2 \363 / V2 / 


= 132^r 


)(w) 


M-J 

(Hi' 

\ 363 / 

l 4 , 


264a- 


= 88tt « 276 in 3 


17. J = x 1/2 -4= ^- 1/2 -tx 1/2 =>(^) =i(7- 2 + ^)^T=| i 4 A /l + T(i-2 + x)dx 

^ Z = JiV4(i + 2 + x ) dx = +xl/2 ) dx = \il( x ~ m + x' 2 ) dx = 2 

= l[( 4 + f.8)-( 2 + |)]4(2 + H)^ 


2x 1/2 + fx 3/2 


-,4 


Jl 


18 - x =y m 


■(f) 


2 4y~ 2/3 


■ z =f i i+ (t r ^ = f dy = 


-jJj s]9y 2/3 +4 |y 1/3 j dy; [h = 9y 2/3 + 4 => dw = 6y 1/3 dy; y=l=>w=13,y=8=>M = 40] 


-> L = -h [ 4 °M l/2 dM = -T- 

r 2 3/21 

i;U 

40 = _l 

40 3/2 -13 3/2 

18 J13 18 

_3 

13 27 

_ 


< 7.634 


19. y = x 2 -^ = >y = 2ac -J- 


= 2 * + f 


Length = -y/l + (y') 2 dx = ^2x + T^jdx = |x 2 +2-lnxj = (4 +Tln2j -(l +Tlnlj 


I = 3 + T In 2 
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= f [f (4 y +1) 3/2 1 = f (125 -27) = f (98) = ^ 


25. The equipment alone: the force required to lift the equipment is equal to its weight => F\ (x) = 100 N. The 
work done is W\ = J /•] (x) dx = J 100 dx = [100x]q° = 4000 J; the rope alone: the force required to lift the 
rope is equal to the weight of the rope paid out at elevation x => _F 2 (x) = 0.8(40 -x). The work done is 

W 2 =\ b a F 2 (x)dx = J o 4 °0.8(40-x)d'x=0.8 40x-^ 4 ° = 0.8 ^40 2 = (0 - 8)( 2 16Q0) = 640 J; the total work 

is W = W x + W 2 = 4000 + 640 = 4640 J 

26. The force required to lift the water is equal to the water’s weight, which varies steadily from 8 • 800 lb to 

8 • 400 lb over the 4750 ft elevation. When the track is x ft off the base of Mt. Washington, the water weight 
is F(x) = 8 • 800 • j = (6400) (l - ) lb. The work done is 

ff'.jV W * = j o 475 “ 6400(1-^)* 

r 2 ~|4750 / 2 \ / \ 

= 64001-x - 2^00 J = 6400|4750 j = (f )(6400)(4750) = 22,800,000 ft-lb 

27. Using a proportionality constant of 1, the work in lifting the weight of w lb from r—a to a is 

[ wtdt = w f (r 2 - (r - a) 2 ) = %(2ar -a 2 ). 

* F Cl ^ _ j* _ q \ ) 
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28. Force constant: F = Cv => 200 = &(0.8) => k = 250 N/m; the 300 N force stretches the spring 

j 1 0 2 F(x)dx = J‘ 2 ' 


F 300 
k 250 


12 12 

= 1.2 m; the work required to stretch the spring that far is then W = J F(x) dx = | 250x dx 


cl.2 

f 250.r 

Jo 


dx = 


I25x- 


-| 1.2 


Jo 


= 125(1.2)- =180 J 



29. We imagine the water divided into thin slabs by planes 
perpendicular to the y-axis at the points of a partition 
of the interval [0,8]. The typical slab between the planes at 
y and y + Ay has a volume of about 

AV = /radius) 2 (thickness) = jt(-| y) Ay = y 2 Ay ft 3 . 

The force F(y) required to lift this slab is equal to its Reservoir’s Cross Section 

weight: F(y) = 62.4AF 

_ 25 > ny 1 Ay lb. The distance through which F(y) must act to lift this slab to the level 6 ft above the 

top is about (6 + 8-y)ft, so the work done lifting the slab is about AW = <6 "^ 25 ^ y 2 (14-y)Ay ft-lb. The 
work done lifting all the slabs from y = 0 to y = 8 to the level 6 ft above the top is approximately 

8 

W ~ y Try 2 (14 — y)Ay ft Tb so the work to pump the water is the limit of these Riemann sums as 


the norm of the partition goes to zero: W =| ( 


0 8 ^V(14-y)r/y = 


16 


1„K-4K 


:(62. 4 )(^) 


il v 3 —— 
3 J 4 


Jo 


= (62.4)(^)^-8 3 -418,208.81 


ft-lb 


30. The same as in Exercise 29, but change the distance through which F(y) must act to (8 - y) rather than 
(6 + 8 - y). Also change the upper limit of integration from 8 to 5. The integral is: 


'(62.4X25)7!-.,2 
0 16 


,r-l 


■« s2 - 4 >(lif)( 


■/<8 - y) dy = <62.4)pg!) | o (8/ -/ )dy = <62.4)pg) 


5 3 y 
/ 4 


5 j -2_ 
3 J 4 


> 54,241.56 ft-lb 


31. The tank’s cross section looks like the figure in Exercise 29 with right edge given by x = -j^y = —. A typical 


horizontal slab has volume 


2 

AV = /radius) 2 (thickness) = n Ay = ^y 2 Ay. The force required to lift this 


slab is its weight: F(y) = 60~y~Ay. The distance through which F(y) must act is (2 + 10-y)ft, so the 


work to pump the liquid is W = 607t( 12 - y) | j dy 

... 22,5007r ft-lb 

to empty the tank is 275ft _ lb/sec ~ 25 7 sec 


Y \dy =15y 


12/ / 

3 4 


-,10 


= 22,500y ft-lb; the time needed 


Jo 


32. A typical horizontal slab has volume about AV = (20)(2x)Ay = (20)^2^16 - y 2 ^Ay and the force required 
to lift this slab is its weight F(y) = (57)(20) T2-y/l 6 — y 2 Ay. The distance through which F(y) must act is 


(6 + 4 -y) ft, so the work to pump the olive oil from the half-full tank is 
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W = 57j° 4 (10-j)(20)(^/l6-r j dy = 28800^16-y 2 dy + 1140£(l6 - y 2 ) 1/2 (~2y) dy 

, [“/ 9 \3/21° 

= 22,800-(area ot a quarter circle having radius 4) + y(1140) M6 — J = (22,800)(4 tt) +48,640 
= 335,153.25 ft-lb 

33. Intersection points: 3-x 2 = 2x 2 => 3x 2 -3 = 0 

=> 3(x -l)(x +1) = 0 => x = -1 or x = 1. Symmetiy 

suggests that x = 0. The typical vertical strip has center of 

2x 2 +(3-x 2 )^| / 2 t \ 

mass: (x, y) = x, -^ 

V 

length: ^3-x 2 j-2x 2 =3^1-x 2 j, width: dx, 

area: dA=3^1-x 2 jt/x, and mass: dm=5-dA = 3(5|l -x 2 j dx => the moment about the x-axis is 
y c/w = |-(5^x 2 + 3)(l ~ x ~ j dx = (5|-x 4 -2x^ + 3^ dx => M x =fy dm = ^-r 4 _2;v:2 + -^) d ' x 

= f(5 -^-^ + 3x * =3^(-j-| + 3)=|f(-3-10 + 45)=^; M = |^n=3^ i (l-x 2 )^ 

= 3(5 x-4^- =6<?(l-j) = 48 =>y ~^ = 54 f' = f- Therefore, the centroid is (x, y) = ( 0 , |). 

34. Symmetry suggests that x = 0. The typical vertical strip 
has center of mass: (x, y) = |x, 4pj, length: x 2 , width: dx, 

area: dA=x~ dx, mass: dm = 8 -dA = 8x dx=> the 

c 7 2 

moment about the x-axis is y dm =fx''X dx 

t) 4 f r) r 2 4 s 5 2 

= yx dx => M x = J y dm = yj ^x dx=-^ x 




35. The typical vertical strip has: center of mass: (x, y) 

4 +^- 2 

= x, , , length: 4-^-, width: dx, 

area: dA = |4-^-jc?x, mass: dm = S-dA 
= < 5(4 4x => the moment about the x-axis is 



y dm = 5 -^—|4-^-j dx = 2 ^(l 6 -ygj dx; moment about: x dm = <5 ^4-ypj-x dx = 8 {4x - -)= j dx. 

4 / 4 \ r 5 "i4 

Thus, M x =\ydm = f| 0 (l6-f^)*= | 16x-^- =f[64-^]=^f£; M y = \xdm 

4 / 3 \ r 4 4 / 2 \ r 3 "i4 

= |4x —^j-j dx = <5 2x 2 = (5(32-16) =16<5; M = Ic/m = (5^ |4 -4j-J dtc = 8 4x -y^- 


= 1 and y = ^r = - 


Centroid is (x,y) = 
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36. A typical horizontal strip has: center of mass: 

(x,y) = {^^-,y\ length: 2 y-y 1 , width: dy, 

area: dA =^2y - y 2 ^dy, mass: dm = S-dA 
= d[2y -y 2 j dy, the moment about the x-axis 
is y dm = 8 ■ y • ^2y -y 2 j dy = s[2y 2 - y 3 j dy, 

the moment about the y-axis is x dm = 5 ■- —- -^2y-y 2 j dy = j^4y 2 -y 4 jdy => M x = \y dm 

L 



-Sj 0 (2y 2 -y i ^dy = S 

■if ! (A-/)*-! 

• S M) 




4 3 y 

f y -t 


■I(f-T )-¥• M-\dm = S\l(ly-y 2 )dy = S 


2 y 

y -t 


Jo 


4S_. 

3 


• X = 


= Os 4 = f and T = jyy = jyj = 1- Therefore, the centroid is (x, y) = (|, l). 


37. A typical horizontal strip has: center of mass: 

(•r,y) = p ^, 2 > ’ ,yj, length: 2 y-y 2 , width: c/y, 

area: <7,4 = ^2y -y 2 j dy, mass: dm = 5-dA 
= (l + y)( 2 y-y 2 j dy =e> the moment about the 
ds is y = dm = y(\+ y)(ly-y 2 ^dy 



x-axis 


^ 2 y 2 + 2 y 3 -y 3 -y 4 j<iy =^ 2 y 2 +y 3 -y 4 j<fy; the moment about the y-axis is 

dm = Ut^\lyy)(2y-y 2 )dy=±(4y 2 -y 4 )(l+y)dy=±(4y 2 y4y , -y‘ , -y s )dy^M,=ly<in 

: (M + M_2) = 16(I + I-|) = ^(20 + 15-24) = A(11) 


2 , 3 4 \ j 

+ y -y jdy : 


2y3 + /_Z 
3^ 4 5 


\o( 2y 

M„ =ix dm = J 0 2 y(4y 2 +4y 3 -y 4 -y 5 )cfy =1 


44. 
15 ’ 


y 

= 4 


4 3,4 r / 

f y + y ~5 6 


i 2 


JO 


-i/'± 2 i + 9 4 _ 2 l_ 2 i 

' 2^ 3 5 6 


(f +2 -HH( 2 -?)=f ; Md* = J 0 W(W)4Ho(W-/)<*■ 

an<1 r = T? = (tj)(l) =S 5 = To- Therefc "' 


2 , y y 




(4+f-f) 

the center of mass is (x, y) = jij. 


24 I / 3 


38. A typical vertical strip has: center of mass: (x, y) = lx, 3 /2 1, length: —=C-, width: <£x, area: dA = -jjjdx, 

\ ) x x 

mass: dm = 5-dA = 5-dx => the moment about the x-axis is y dm = - 3 /2 ■ t>-Tj d x = _M_<£ Y ; the moment 


about the y-axis is xdm = x-8-jprdx = 


3 £ 


dx. 
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(a) M x = 




dx = & 


i9 


. 20<5. 


' Jl 
n9 


9 ; M y = 5 




dx = 3(5 


2x 


1/2 


n9 


Jl 


= 12(5; 


M = § f —dx = -65 

•*1 x J/ 


. . / 20 £ ^ 

= 4S=> j = ^t = lM = 3 and = i±i = 5 

^ M 4 S j a ' M 45 9 


2x' 


.3/2 


-.9 

-1 


i’*W' 


= 52; M = j A A = 6 


1/2 


n9 


= 12 => x = -jj 1 = -y- and y = | 

M3 J M 3 


39. F = |V-(g h ) - I(y) dy => F = 2062.4)(2 - y)(2y)dy = 249.602;;-y 2 )dy =249.6 
= (249.6) (4-|) = (249.6)(|) = 332.8 lb 

“0. F.jV)5 h )-IOO<i'^F = C‘75(f-d(2>> + 4)*.75j o 5 ‘(f,- + f-2/-4v)* 




n2 


Jo 


= 75 


: (75)( 


25 175 250 


9 216 3-216 


) = (9^6)(25 • 2 16 -175 • 9-250■ 3) = ~ 118.63 lb. 


4L ^ ‘(Sh)• 4V ^ = 62.4J Q 4 (9- 3 .)( 2 • 4V = 62.4/ o 4 ( 9 ^ 1/2 -3^ 3/2 )^ 

6y 3/2 ~ f y 512 J = (62.4)(6 • 8 -1• 32 ) = (48 • 5 - 64) = (62 0 76) 


= 62.4 


= 2196.48 lb 


42. Place the origin at the bottom of the tank. Then F = W ■ j • L( y) dy, h = the height of the mercury 


hy- 


column, strip depth =h-y, L(y) = 1 => F = J o 849(/i - y )• 1 dy = 849J Q (h-y)dy = 849 
= 849 ^/? 2 --0 = -^2/? 2 . Now solve ^-h 2 = 40000 to get h » 9.707 ft. The volume of the mercury is 


s 2 h=l 2 -9.707 =9.707 ft 3 . 


CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES 


1. V = nj [/(x)f dx = b 2 -ab => n | [/(0] dt = x 2 - ax for all x > a => tt[/(x)]" =2x-l 

^> m ={ 2 


2x—a 


2. V = [/(x)]“ dx = a 2 + a => = x 2 +x for all x> a=> 7T [f (x)] 2 = 2x +1 => /(x) = 0 +1 

3. s(x) = Cx => J o -^1 + [/'(?)]“ dt = Cx=> ^jl + [/'(x)]“ = C => /'(x) = Vc" — 1 for C > 1 

=> /(x) = J o Vc 2 -1 dt + k. Then /(0) = a => a = 0 + k => /(x) = Vc 2 -1 dt +a => f (x) = xVc 2 -1 + a, 
where C > 1. 
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4. (a) The graph of f(x) = sinx traces out a path from (0, 0) to (a, sin a) whose length is 

L = f^V 1 + cos 2 0 d6. The line segment from (0, 0) to (a, sin a ) has length 
J 0 

^J(a-O) 2 + (sin a- 0) 2 = Vof + sin 2 a. Since the shortest distance between two points is the length of 
the straight line segment joining them, we have immediately that 

V 1 + cos 2 8 dO > \la 2 +sin 2 a if 0 < a < y. 

(b) In general, if y = /(x) is continuously differentiable and /(0) = 0, then 

jo + dt > V« 2 +/ 2 («) for a > 

2 

5. We can find the centroid and then use Pappus’ Theorem to calculate the volume. /(x) = x, g(x) = x , 

pi/ 


/(x) = g(x) =>x=x 2 =>x 2 -x = 0=>x = 0,x=l; <5 = 1; M=j" o |x-x 2 j 

=(f- { ) ■- 10 =• 1 =tt 6 Jo ■ x (• T - ■ x;2 ) dx = 6 £ (• x:2 - ■ x:5 \ dx = 6 
y =wJoi x2 -( x2 ) ^ = 3 lo( 


dx = 


1 2 l 3 j 1 

irX — Tx 

2 3 Jo 


1 3 1 4 

jX -jX 


Hi 


Jo 


.6(1-1)-°- 


I x 2 -x 4 \dx = 3 


1 3 1 5 

3 X 5 X 


>(H) 


-3 1-1 -0-1: 


The centroid is (y-’f)- 


p is the distance from -|j to the axis of rotation, y = x. To calculate this distance we must find the point 
on y - x that also lies on the line perpendicular to y = x that passes through (2-,2-j. The equation of this line 
is y~j = - l(x - y) => x + y The point of intersection of the lines x + y = and y = x is 

Th,,s - =75ir Thl,s F=2 *(iwf)(«) = ;fe- 


6. Since the slice is made at an angle of 45°, the volume of the wedge is half the volume of the cylinder of radius 

o2 


2 and height 1. Thus, V = ^ 


■arm 


7. y = 2y[x => ds = ^ + 1 dx => A = J 2y[x ^ + 1 dx = j (1 + x) 3/ “ 


"|3 


JO 


28 


i. This surface is a triangle having a base of 2na and a height of 2nak. Therefore the surface area is 
\(2na)(2.7i:ak) = 2 7r 2 a 2 k. 


F = ma=C=>-^ = a=-£=>v = ^ = :f- + C; v = 0 when f = 0=>C=0=>^- = £=>x= T £- + Cj; 

m dt 3 m dt 3 m 12 m 1 


dt z 

x = 0 when / = 0 => C. = 0 


Then x = /?=>/ = (12 m/?) 1/4 . The work done is 


12m 


W = \F dx= f 


(12 mhf 


JO 






3m 


3m 


6 1(12 mhf 


0 


~(i kY nmK ) 


6/4 _ (12 mh) 


18 m 


= = 2 A. 2V3 mh = ^ V 3 mh 

18 m 3 3 
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10. Converting to pounds and feet, 2 lb/in = 2^ = 24 lb/ft. Thus, F = 24x => W = j^~24x dx 


1 / 2 , 

0 


12x 


-] 1 12 
-0 


= 3 ft • lb. Since W =\mvl vj 2 , where W = 3 ft • lb, m = (dj lb) 


1 


32 ft/sec- 


320 


slugs, 


( 1 \ 1 2 2 ... 2 
2 j \ 320 v 0 v 0 = 3 • 640. For the projectile height, s = -\6t + v$t (since 


^ = 0 at t = 0)=>-^ = v = -32 1 + v 0 . At the top of the ball’s path, v = 0 => t = ^ and the height is 


* = -16141 +v 0 '^ 


32 


32 


v o 3-640 = 20 ft 
64 64 


_ M y 


11. From the symmetry of y = 1 —x, n even, about the y-axis for —1 < x < 1, we have v = 0. To find y = 


i n 
l-X 


we use the vertical strips technique. The typical strip has center of mass: (x, y) = (x, fy- j, length: 
width: dx, area: dA = (l-x n ^dx, mass: dm = 1 -dA = |l —x n jdr. The moment of the strip about the x-axis is 


(l-x n ) r i (l-x") .1 , 

y dm = -—dx => M x = J ^-— ^-d— dx = 2|„T. 


2 * J-l 2 

(n+l)(2»+l)-2(2«+l)+(«+l) _ 2» 2 +3«+l-4;;-2+n+l 


I'M'- 2 ’" 


+ x 2 ” 1 dx = 


,n + 1 2n+l 


X-^ + 


-il 


n +1 2n +1 


=i--K+, 1 


Jo 


n +1 2n +1 


hr 


= 2 


(n+l)(2«+l) 
J o (l-x' ! )dx = 2 


(n+l)(2n+l) 


(h+1)(2m+1) 


. Also. 


, M = J ±dA=j ^|l - x n j dx 


i il 


x- 


n +1 


JO 


= 2(l—L')=^-. Therefore, y=rrr = - 
V n+lj n +1 J M 


hr 


(n+1) 


(n+\)(2n+\) 2 n 2n+l 

is the location of the centroid. As n — > 00 , y —> i so the limiting position of the centroid is ( 0 , d-j. 




2n+f ) 


12. Align the telephone pole along the x-axis as shown 
in the accompanying figure. The slope of the top 

length ofpole is A’ (14 ' 5 ~ 9) 


5.5 


11 


Thus, y = -2- + 


11 


8/r-40 8^-80 • ’ s 8 n 8^-80 

= g^:(9 + dix) is an equation of the line 

representing the top of the pole. Then 
rb 7 , <*40 



( 


M y=j a x ^y 2 dx = 7rj o x[i(9 + iix)] dx = ^j Q x(9 + ^x) dx; 

M = j\y 2 dx = ^^°[i(9 + iix)] 2 dx = ^ C(9 +^x) 2 dx. Thus, x = ^ - fgf - 23.06 (using a 

calculator to compute the integrals). By symmetry about the x-axis, y = 0 so the center of mass is about 23 ft 
from the top of the pole. 


13. (a) Consider a single vertical strip with center of mass (x, y). If the plate lies to the right of the line, then the 
moment of this strip about the line x = b is ( x-b)dm = (x-b) 5 dA^> the plate’s first moment about 

x = b is the integral j(x -b)S dA=\Sx dA-\sb dA = M y -b 8A. 

(b) If the plate lies to the left of the line, the moment of a vertical strip about the line x = b is (b —x) dm 
= (b-x)SdA^> the plate’s first moment about x = b is \(b-x)S dA = \ bS dA-\Sx dA = b SA-M v . 
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14. (a) By symmetry of the plate about the x-axis, y = 0. A typical vertical strip has center of mass: (x, y) 

= (x, 0), length: 4Vox, width: dx, area: 4 -Jax dx, mass: dm = 8 dA = kx-4xfax dx, for some 

proportionality constant k. The moment of the strip about the y-axis is M y = Jx dm = J 4 k x 2 Vox dx 

Also, M = | dm = J 4 kx-Jax dx 


4 k'Ja^ x 5/ ~dx = 4k\[a 

r 2 r 7/2 - 

.7 

4 k'Ja^ x 3/2 4x = 4 kyfa 

"2 5/2 ~ 
A 


= 4 ka ll2 -ja 7/2 =^ 


1/2 2 5/2 _ 8Aa 


= 4£a •ja 


, . Thus, x = 

5 M 


M y _8ka 4 5 _ 5 


= 


1 8k a 3 7 


■ (x,y) = is the center of mass. 


(/ 


(b) A typical horizontal strip has center of mass: (x , y) = 


2’y 

V J 
..2 


y 2 +4a 2 


8a ,y , length: a-^. 


width: dy , area: I a dy, mass: dm = 5 dA = |y|^a _ ^ J dy- Thus, 

M *=i y dm =hi [ a -h] d y= J_° 2fl -4 2 [ a ~h] d y + \T y 1 - h] d y 


tia ( ~ ay2 + fe) ■ dy + C W-h) d y = 


2 a 


-4L y 3 +JL 
3 ' 20a 


-i0 


-1-2 a 


«y 3 -Al 
3 7 20a 


2a 


JO 


3 20a 3 20a 

2 a 


My = 


(- >,2+4f|2 )( ±L i? L )*-5v | W( 16 ‘ ,4 ->’ 4 )4- 


^k 4 -4a 2 


-8«V 


—2a 


32a 2 


s <iV-4- 


|2a 


JO 


32a" 


8a 4 -4a 2 --^ 




M = \dm = \ 2a ' \y\ 


4a 


-2«V+x 


-2a K 1 1 4 a 

n0 


4 4 
= 3° ’ 

2a /„ 2 


J—2a 


4a 


i^a 6 - 3 ^ 

>a 2 \ 3 / 16a z 

‘A * iJ-tjJf 4 " 2 "4) #+4) d > ! + iT„‘ ’(“« 2 y-y 3 ) <b 

) = i( f 


T 2 2 y 

2a y —4 


= 2 ■ 4- ( 2a 1 ■ 4c/ 2 -1 = 4-(8a 4 -4a 4 j = 2a 3 . Therefore, 


X = 


My_ 

M 


: (4a 4 ((^ T | = =y- and y = 4rf = 0 is the center of mass. 

V 3 )\2 a 3 ) 3 ' M 


f I 22 /2 2 

15. (a) On [0, a] a typical vertical strip has center of mass: (x, y) = x, -— ~ A J/ 0 ~ A 

length: xlb 2 -x 2 - Va 2 -x 2 , width: dx, area: dA = Jb 2 -x 2 -a/u 2 -x 2 j dx, mass: dm = S dA 


dx. On [a, Z>] a typical vertical strip has center of mass: (x, y) = ^x, A 
length: xlb 2 -x 2 , width: dx, area: 44 = -Jb 2 -x 2 dx, mass: dm = 5 dA = Syjb 2 -x 2 dx. Thus, 


ft 2 -x 2 

+ y]a 2 -x 2 Jc> --^ 2 -^a 2 -x 2 

k + Ja*2^ 

-(a 2 -x 2 j 

dx + 2 i! ( &2 -■) dx = 2 Jo ( /;)2 -'“ 2 ) 

4x + f|^(A 


f[(b 2 -a 2 ). 


Jo 


+f 


b 2 x~ T 


~\b 


f[(/r-a 2 )a] + f (/2 3 -4)-(^ 2 «-4) 
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= f K -» 3 )+f (!'> 3 - t)= S -T -¥ = • 5 ( £ r i ); 

M y = fx dm = xs(yjb 2 -x 2 - yja 2 -x 2 1 dx + J xS^Jb 2 -x~dx 
= S$\(b 2 -x 2 'j l2 dx-Sf ( ‘x(a 2 -x 2) j' 2 dx + Sj b a x{b 2 -x 2 )'^ dx 



a 


a 


l(b 2 -x 2 ) 

+f 

2(fl 2 -* 2 ) 

8 

AA 

3 

3 

2 

3 

_ 

0 


0 

_ 



We calculate the mass geometrically: M = 8A = - 5 -a 2 )• Thus, x=^~ 

S {*~ ai ) 4 4/fr 3 - a M 4 M a2+afe+62 ) 4 ( a2+ ^ +fe2 ) . - j° 2 M 2 ) 

3 d>(t) 2 -a 2 j 3?r \ b 2 -a 2 ) ' in (b-aXb+a) 3 n(a+b) ’ 3 M 3^(a+6) 

) = V ^ = (f ^ the limiting position of the 

centroid as b —> a. This is the centroid of a circle of radius a (and we note the two circles coincide when 
b =a). 


16. Since the area of the triangle is 36, the diagram may 
be labeled as shown at the right. The centroid of 

the triangle is =^j. The shaded portion is 
144-36 =108. Write (xy) for the centroid of the 

remaining region. The centroid of the whole square 
is obviously ( 6 , 6 ). Think of the square as a sheet of 
uniform density, so that the centroid of the square 
is the average of the centroids of the two regions, 

36(f)+108(x) 

weighted by area: 6 = — v 144 - and 

36(^)+108(y) 

6 = — 144 - which we solve to get x = 8—jr 



and y = b . Set x = 7 in. (Given). It follows that a = 9, whence y = -^ = 7-T in. The distances of the 
centroid (x, y) from the other sides are easily computed. (Note that if we set y = 7 in. above, we will find 


* = ) 
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17. The submerged triangular plate is depicted in the 
figure at the right. The hypotenuse of the triangle 
has slope -1 => y-(-2) = —(jc — 0 ) => x = ~{y+2) 
is an equation of the hypotenuse. Using a typical 
horizontal strip, the fluid pressure is 

= (62.4)(-y )[-(y + 2)] dy 

= 62.4/ 6 (y 2 + 2y j dy = 62.4 

= (62.4)[(-f + 4)—(—2M + 36[ 

= (62.4)(2|8 -32 j = (62 - 4 ^ (112) » 2329.6 lb 



y 



18. 


Consider a rectangular plate of length i and width 
w. The length is parallel with the surface of the fluid 
of weight density co. The force on one side of the 

r° 

plate is F = co\ (~y)(l ) dy = -coi 

J—W 

The average force on one side of the plate is 



w_ 

w 


,0 

f (~y) dy 

J—W 


( 0 _ 

w 



_ Therefore the force 





X 


i —w 


= (the average pressure up and down) • (the area of the plate). 
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CHAPTER 7 INTEGRALS AND TRANSCENDENTAL FUNCTIONS 


7.1 THE LOGARITHM DEFINED AS AN INTEGRAL 


1. | ^ ^dx = [in|*|] 3 = In2 -In3 = ln-| 

3. f dy - In 

J v 2 -25 ' 


/-25 


+ C 


2 ' L°i3^2* = [ ln l 3x - 2 I]-1 

4. dr=\n 

J 4i- 2 -S 


= In 2 - In 5 = In 


4 r -5 


+ C 


5. Let m = 6 + 3 tan t=>du = 3 sec 2 1dt; f 6 3 + S jtan t ^ ~ \^u ~ H + C = In|6 + 3 tant| + C 

6. Let u = 2 + secy => du = sec;’ tan y dy, J ^-HsecV ^ = J'jf “ l n |w| + C = In |2 + secy| + C 


r- _ ; let u = 1 + 4x du = — K=dx ; 

2dx+2x J 2V?(l+Vx) 2dx 


7. 

J 2^/x+2x •> ' 


f^jfe) = ^ =ln| " +c i =ln l i+ ^l +c=in ( i+ ^) +c 


8. Let u = sec x + tan x => du = (sec x tan x +sec 2 x)dx = (secx)(tanx +secx)dx => secxdx = —; 

f , secAf/A f = f(In z/) —1/2 —du = 2(lnz/) 1/ " + C = 2Jln(secx + tan x) +C 

J J ln(secx+tanx) J w^hiM J « v 

9. f' n3 e X (ix = ("e x ] ln3 =e ln3 -e ln2 =3-2=1 10. f8e (x+1 Vx = 8e (x+1) +C 

Jln2 L Jin 2 J 


1L \l^ dX = {\l^{\) dX 


(lnx) 4 


i4 


(In 4) 4 (In l) 4 _ (In 4) 4 


Jl 


12. Let u = ln(lnx) => du = -p—.1 dx = — 2— dx\ f ln(lnx) dx = fln(lnx) —p— dx = f udu =^ + C 
v 7 In xx xmx jxlnx J v 7 xlnx J 2 


(ln(lnx))- 


f"v 2 *=. 

~2e x/2 ~ 

In 9 

= 2 

" e 0n9)/2 _ e 0n4)/2' 

Jin 4 

J 

In 4 

_ 


= 2(e ln 3 - e ln 2 ) =2(3-2) = 2 


14. Let u = ln(cos x) => du = ^-(-sinx)c?x = -Xanxdx => -du = tan xdx\ 
J tan xln(cosx)<ix = -judu = -p- + C = _ (ln(c ° SA)) +C 


15. Let u = r 1/2 => du =yr l/2 dr^>2du=r l/2 dr. 


C j f r m -1/2 

lv^ r = I e r 


dr = 2 J e'du = 2e u +C = 2e^ +C = 2e^ + C 


+ C 
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16. 


Let u = -r 1/2 => dn = -\r 1/2 dr => —2 du = r 1/2 dr; 

= -r~ 1/2 dr = -2je u du =-2e~ r +C = -2e~'^' +C 


17. Let u = -t 2 =>du = —2tdt => —du = 2tdt; J2te 1 dt =-je“du =—e u +C = -e 1 +C 


18. Let u = In 2 x + 1 => du = 2 ln.r •—dx = =^-dx => \du = — dx; 

x x 2 x 

f — ) ln ' r dx = f —K=du = \fu + C = VIn 2 x +1 +C 

J W ln 2 x+l J 


19. 


Let m = — => du = —Krdx => -du = \dx; f ^-dx = f -e'du = —e 11 + C = -e 

X v 2 V 2 J v 2 J 


\/x 


+c 


20. Let u = -x 2 => du = 2x 2 dx =>\du = x 2 dx; 


J -—r —dx = je x -x 2 dx =\je ll du =\e lt +C =je x +C=^ 


1 -l/x 


+ C 


21. Let u = sec nt du = n sec ntiwvntdt^ — = sec nt tan nt dt; 

K 

J e s ec (nt) S Q C ^ n t)tan( 7 rt)dt = j^je u du =^+C = -f C 

22. Let u = csc(;r+ t) => du = -csc(7T+ t) cot(7T+ t)dt; 

je csc(7r+t) csc(n + t)cot(n+t)dt = -fe ll du = -e u +C = -e csc(;r+,) +C 


23. Let u = e v => du = e v dv =>2 du = 2e v dv; v = ln-|- => u = v = lny => u = y; 

C ° SeVv = 2 C/6 COSH dU = [ 2sinM ]^/6 = 2 [ sin (f) -sm(f)] = 2 (l -{) = 1 


24. 

25. 

26. 

27. 


Let u = e x => du = 2xe x dx; x = 0 => u = 1, x = Jinx- =>u =e^ n 71 = n; 

^ 2xe x cos|e T jt/x = j* cost/ du = [sin//]* = sin(7r)-sin(l) =-sin(l) «-0.84147 

Letw = l + e^ = >du=e r dr; f-^-ydr = J-i-ifw = In|w| + C = ln(l + e r ) + C 


f —!—dx = [— — dx; let u - e x +1 => du = —e X dx => -du = e x dx; 
J l+e x J e~ x +1 

J-y -—dx = —j^du = — ln|i/| + C = -ln(e 1 +1) + C 


Jo 


a 

r 

H 

i) 


nl 


JO 


-1 


!n(l) ln(l) ln(l) 2(lnl-ln2) 


1 

2 In 2 
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f u 5~ 9 dB= r UY de= =—1—= —fp-(i_25) = = -2L 

J-2 J —2 V 5 / l n (l) hi(i) ln(±) ln(|) lnl-ln5 In 5 


29. Let u = x 2 => du = 2xdx \du =xdx\ x = 1 => u = 1, x = V2 =^> u = 2; 

30. Let u = x 1/2 => du = \x~^ /2 dx => 2dw = -4^; x = 1 => u= 1, x = 4 => w = 2; 

1 y/X 

l, 4 f * - 1.V' 2 ■*-“* .2f 2-* -(*)<* -2>) . A 


31. Let t/ = cos t => du = -sin t dt => -du = sin t dt; t = 0 => u = 1, t = => w = 0; 


= -f,° 7 "* =[-£]“ -te?)< 7 ° " 7 > : 


32. Let u = tan t=> du = sec z tdt ; £ = 0 => w = 0, £ = -j => w = 1; 




33. Let u=x 2x => lmi = 2xlnx => d.-^-= 21nx + (2x)^j ^>-^ = 2i<(lnx + l) =>d-£?M =x 2x (l+ lnx)£?x; 

x = 2 => u = 2 4 =16, x = 4 u = 4 8 = 65,536; 

J 4 x 2 * (1 + In x)dx = 1J^ 5 ' 536 ^ = I[«f 6 5 ' 536 = i (65,536 -16) = = 32,760 

34. Let t/ = In x => du = —dx; x=l=>u = 0,x = 2=>u = ki2; 

X 

2“« 7 “=[£r=fe)(2 1 ,2 -2°,= J & 

35 .36. 

L Jo 


37 . = [„ = i nac= >rf«=l < &] 

-> I(&)(i)^ = mo/" du = (hiTo)(2“ 2 ) + C = Tiff) + C 


Jl = li [ M = => du = -^dx; x =1 => t/ = 0, x = ■ 

Jl 4 (M*)^ = C 4 (ta2W" =(ta2)[2 ,,2 ]o 4 = te)[i (ln4)2 _ : 


= 4 => u = 1 


(In 4) 2 (ln4) 2 

2 In 2 “ In 4 
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h = [l(ln x) 2 ]' =I[(ln4) 2 -(lnl) 2 ]=i(ln4) 2 = }(21n2) 2 


= 2(ln2)“ 


40. |; 

4L Jo 


e 21nlO(log 10 x) , _ f<?(lnl0)(21nx)/i 


-dx = 


ixx)dx = [(In a-) 2 ]f = (ln<?) 2 — (In l) 2 =1 


2 log 2 (x+2) \ r2 l j \ _/ i \ f (ln(.v+2)) 2 / i \f(ln4f (ln2) 2 


•;^ddx =^j> ( * + 2 )]fe)*=(Jj) 

/ l 4 (ln 2 ) 2 (In 2 ) 2 ~| 3, 

\ In 2 / 2 2 2 


T~ =f ln2 


42 J“!^*. i!Si £ W .«x),( i fe)*.( 1 J!L) 


10_\ (ln(10x)) 2 
nlO/ 20 


(JQ_\ 

(InlOO) 2 

(Inl) 2 " 

\ In 10 / 

20 

2 


43. f 9 21og io(* +1) & 2 f 9 i n(x + i)(—L)^ = (^)[OgMlI = (^UrO£iO)i_(^)i' 

JO x +1 lnlOJo \x+lj \ In 10 72 V In 10 /2 2 


= In 10 


44 - j 2 3 2 '^r' ) dx =n ?2 J 2 ln(Y -(A)=te) 


2_\ (ln(x-l))- /_2_\ (In 2)- (Ini) 

a2J 2 „ \ In2 / 2 2 


—> = (In 10)J'-jyc/w = (In 10)In |z/| +C = (lnlO)ln|lnx| +C 


46. f—^- r = f^^ = (ln8) 2 =(ln8) 2 ^^+C = -^^ + C 

Jx(log 8 x) 2 •> X (W) 2 'lx -1 lux 

V I118 / 

47. % = e ‘ sin(e f -2) => y = jV sin(e ? -2)df, 

let u = e - 2 => du = e dt => y = jsinudu = -cos w + C = -cos(e ? -2) + C; 

j(ln 2) = 0 => -cos(e ln2 -2) + C = 0 =^> -cos(2 - 2) + C= 0 => C = cos 0=1; thus, y = l-cos(e r -2) 

48. = e _< sec 2 (;re _< ) => y = |e _f sec 2 (7re~ t )df, 

let u = ne ( => du = -?re f dt => — -c/m = e 1 dt => v = —- fsec 2 m du = —!-t an u+C = —-tan(?re 1 ) + C; 

n y n J n n ' 

j(ln4) = ^ => -^tan(;re _ln4 ) + C = => --^tan^-ij + C = -^ => -^(1) + C = -^ => C = 

thus, j = tan(;re _r ) 
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49. —7 = 2e~ x => = —2e~ x + C; x = 0 and ^ = 0 => 0 = -2e° + C => C = 2; thus 

^ = -2e~ x + 2^>y = 2e~ x +2 x + Q; 

x = 0 andy= 1 => l = 2e°+C 1 => Q = -1 => y = 2e~ x +2x -1 = 2(e~ x +x)-\ 


50. 


d 2 y 
dt 2 


= 1 - 


yit 


$- = t-\e 2t +C', t=\ and — 
at 2 


dt 


= 0=>0=1- 


dy 

dt 


= t ■ 


1 2t , 1 2 
2 e + 2 e 


■L=|t 2 - 


.i e 2 ' + 

4 


(}e 2 -l)t + C i; 


1 = 1 and y *=-!=> -1 = 


1 2 , 1 2 
"4 e + 2 e 


-l + c, =><:,=■ 


,i e 2 

2 e 


,i e 2 


+ C => C = ie 2 -1; thus 


■L = ir 


.i e 2? 

4 e 


+ (i e 2 _ 1 ),_(l + i e 2 ) 


51. + \ at (1, 3) => > , = x + lnx+C;>’ = 3atx=l=>C=2=> y = x + \nx+2 


52. Yil = sec 2 x => == = tan x + C and 1 = tan 0 + C => = tan x +1 => y = J(tan x +1 )<atc = In |sec x\ + x + Cj and 


dx 


0 = In sec 0| + 0 + C] => Q = 0 => y = In sec x 


+ x 


53. V = 2 ;r Jj/ 2 x^j^dx = 2 Trf^^dx = 2;r[ln|x|]“ 7 = 2;r(ln2 -ln^-j = 2;r(21n2) = ;rln2 4 = ;rlnl6 


54. V = n 


9x 


= 27;zTn4 = 54/rln2 


Y r3 r 3 l 3 

I dx = 27n^dx = 27n ln(x J +9) = 27^(ln36-In9) = 27^(ln4 + ln9-ln9) 


y-i-m^iHy') 2 -i+(f 4f -i+^f -(X) 2 


55 . r-f- 

=Y> L = 


C V 1 Hyfdx = f 4 ^ dx = £ (f + J) dx = 


“—t In x 


J4 


= (8 + In 8 ) - (2 + In 4) = 6 + In 2 


56. x = (tf-21n(^Uf = Z_2 =>1 + U) 2 =1 + /Z_2) 2 =1 + 

(4 / \4 J dy 8 v \ cfy ) ( 8 y j I 8_y 


/-i6 Y _r.v 2 +i6^ 2 


i] 2 Y(t)Vf; 2 ^H] 2 (HY 


=> L = 

= 8 + 2 In 3=8 +In 9 


-i!2 


16 


+ 21nj 


= (9 + 2 In 12) - (1 + 2 In 4) 


J4 


57. (a) L(x) = /(0) + /'(0) -x, and /(x) = ln(l + x) => /'(x)|^ () = ]^ x=Q = 1 =3> T(x) = In 1 + 1 • x => L(x) = x 


(b) Let /(x) = ln(x +1). Since f"(x) = - 


(x+1 Y 


<0 on [ 0 , 0 . 1 ], the graph of/is concave down on this interval 


and the largest error in the linear approximation will occur when x = 0.1. This error is 
0.1 - ln(l.l) » 0.00469 to five decimal places. 
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(c) The approximation y = x for ln( 1 + x) is best for smaller 
positive values ofx; in particular for 0 <x < 0.1 in the 
graph. As x increases, so does the error x - ln( 1 + x). From 
the graph an upper bound for the error is 0.5 - ln(l + 0.5) » 
0.095; i.e., |f?(x)| < 0.095 for 0 <x < 0.5. Note from the 

graph that 0.1 - ln(l + 0.1) » 0.00469 estimates the error in 
replacing ln(l +x) by x over 0 <x < 0.1. This is consistent 
with the estimate given in part (b) above. 



58. (a) /(x) = e x => f'{x) = e x ; L{x) = /(0) + /'(0)(x -0) => L{x) = 1 + x 

(b) y(0) = 1 and 1(0) = 1 terror = 0; / (0.2) = e 02 ~ 1.22140 and Z,(0.2) = 1.2 => error « 0.02140 


(c) Since y" = e x > 0, the tangent line approximation 
always lies below the curve y = e x . Thus L(x ) = x + 1 
never overestimates e x . 



59. Note that y = In x and e y = x are the same curve; J In x dx = are under the curve between 1 and a; 

Jo “ e y dy = area to the left of the curve between 0 and In a. The sum of these areas is equal to the area of the 
rectangle => J Inx dx + J Q e y dy =a\na. 


60. (a) y = e x => y" = e x >0 for all x => the graph of y = e x is always concave upward 

Anb r . i 

(b) area of the trapezoid ABCD < edx < area of the trapezoid AEFD =x> y ( AB + CD)( \n b - In a ) 

Jin a J 

<J e x dx<l- — y- —j(lnfe-lna). Now \(AB + CD) is the height of the midpoint M = e ( lna+ln *) /2 


since the curve containing the points B and C is linear 

^ e ( taa+h 6)/2 (lnA _h lfl)< jtaV^ < ( £ ^) (I „ i _ I n^ 

rln6 v r r -|ln6 \ rxn 

(c) e dx = e =e -e =b-a , so part (b) implies tl 

J lna L Jin a 

e (ln a+\nb)/2 (\ nb _]n a ) K b _ a K l e bla +e' nb ) j (| n /,_ | n a ) => e ^ a 


lna/2 In6/2 b-a f a+b 
ln6-lna 2 


=> < . h ~\ 1 b ~? < q ^ L 

In o-ln a 2 mb-ma 2 
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61. 


y = In kx => y = In x + In k; thus the graph of 

y=\nkx is the graph of y = In x shifted vertically by In k, k > 


0 . 


62. To turn the arches upside down we would use the formula 

v = —In Isin jc| = In . . 1 . . 

1 1 sin* 


y 



(b) v'= cosv . Since Isinxl and Icosxl are 

x J a+srnx ii ll 

less than or equal to 1 , we have for a > 

1, < y' < — 7 - for all x. Thus, 

lim y' = 0 for all x the graph ofy 

a— 

looks more and more horizontal as a 
—> + 00 . 


64. (a) The graph of y = ~Jx - In x appears to be concave 
upward for all x > 0 . 


(b) y = >/7-lnx=>y=^-l=>ji^-^ r + -i- = -i -(-4 + l) = 0 =>>/^ = 4=>x=16 

Thus, >’">0 if0<x<16 and y" < 0 if x > 16 so a point of inflection exists atx = 16. The graph of 

y = Vx - lnx closely resembles a straight line forx > 10 and it is impossible to discuss the point of 
inflection visually from the graph. 


y 



63. (a) y 
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65. From zooming in on the graph at the right, we 
estimate the third root to be x * -0.76666 


y 



66. The functions /(x) = x ln2 and g(x)=2 lnA appear 
to have identical graphs forx > 0. This is no 
accident, because x ln2 = e ln21nA = ( e ln2 ) lnA = 2 ln* 


y 



67. (a) The point of tangency is (p , In p) and w tan gent = ^ s > nce = T. The tangent line passes through (0, 0) 
=> the equation of the tangent line is y = -j^x. The tangent line also passes through 
(/?, lnp) In p = — p = 1 => p = e, and the tangent line equation is y = -x. 

p e 

2 

(b) —= —V for x * 0 => y = In x is concave downward over its domain. Therefore, y = In x lies below the 

dx- * 

graph of y = jx for all x > 0, x * e, and lnx < j forx > 0, x * e. 

(c) Multiplying by e, e In x < x or In x e < x. 

In e 

(d) Exponentiating both sides of lnx e < x, we have e < e x , or x e < e x for all positive x e. 

(e) Letx= 7rto see that n e <e n . Therefore, e 71 is bigger. 


68. Using Newton’s Method: fix) = ln(x) - 1 => f'(x) = T => x n+ \ = x n — 1 => x n+ \ = x„[2 -ln(x„)]. 

x„ 

Then x 1 = 2, x 2 =2.61370564, x 3 =2.71624393, and x 5 =2.71828183. Many other methods may be used 
For example, graph v = In x - 1 and determine the zero of y. 


69. (a) log 3 8 = -£§*1.89279 

(c) log 20 17 =MT* 0.94575 

(e) In x = (logjo x)(ln 10) = 2.3 In 10 * 5.29595 
(g) In x = (log 2 x)(ln 2) = -1.5 In 2 * -1.03972 

70. (a) ^•log 10 x = ^. 1 ^ = Mf = l Og2 x 


(b) log 7 0.5 = £§£« -0.35621 

(d) logo. 5 7 =-^-*-2.80735 
In 0.5 

(f) In x = (log 2 x)(ln 2) = 1.4 In 2 * 0.97041 
(h) lnx = (log 10 x)(lnl0) = -0.71nl0 * -1.61181 

O’) ^• 1 °g4X = ^f-^ = ^f = log / ,X 
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7.2 EXPONENTIAL CHANGE AND SEPARABLE DIFFERENTIAL EQUATIONS 


1. (a) y = e x =^> y' = -e x => 2 y' + 3y =2^—e x j + 3e x = e x 

(b) y = e~ x + e~^ 2 => y' = -e~ x - f <T 3 */ 2 => 2/ + 3 y = 2 (-e~ x - § e ~ 3x/2 ) + 3 (e~ x + e ~ 3x/2 ) = e~ x 

(c) y = e~ x +Ce~ 3x/1 y' = -e~ x -^Ce~ 3x/2 ^>2y' + 3y =2(-e~ x -lCe~ 3x/2 ^ + 3{e~ x +Ce~ ix/2 ^J = e~ 

2. (a) y = -i=»/ = + = (-i) 2 =y 2 


(b) y = --± 


*+ 3 y (x+3) 2 


i2 


C+3) 


= y 


( c) y=idc^y'=—^= 


(x+cy 


n2 


(x+C) 


= y 


3 • y=^\iT dt ^y , ^iiT dt+ {^)(i)^ x2 y'=-\iT dt+eX =~ x (i JT f dt )+ ^ 


• x^y + xr = e x 


4 ' y ~ dt ^ y '~ 2 


4x J 


j^Vl + t 4 dt + ^-l— ^-v/l + x 4 




5. j = e ' tan 


■■M 


=> j/ = -e ' tan 


-‘M 




' / = ~y + T^J7 => / + f = TT77' 


\+4e 


\+4e 


l+(2e x ) 

;j(-ln2)= e - ( - ln2) tan- 1 (2e- ln2 ) 


(2e- r ) = -e- x tan- 1 (2 e x )~ 


\+4e 


= 2tan _1 l = 2(-|j = ^ 


6. y = (x- 2)e x =^>y'=e x +(-2xe x |(x -2) => y' = e x -2xy; y(2) = (2 -2)e 2 =0 


1. y = 


cos* x _—xsinx—cosx ^ ,/ sin x 


■y = 


y = - 




sinx y 


> xy = -sin x-y 


■xy’+y=-s inx;j(f)=^p = 0 


In x 




+ _ i i 


8. y = -r-=>y' = - f^-=>y =-1 

'nx (lnx) 2 lnx (In x) 2 


>x~y'= x 


lnx 


, -+ x z y' = xy-y 2 \ y(e) = -f-=e. 
(lnx) 2 Ine 


9. 2 *Jxy ^ = 1 => 2x 1/2 j 1/2 dy = dx => 2y l/ ~ dy - x dx => 12 y^~ dy = Jx 1/2 tfr 
=> 2 ^j>’ 3/ ^ j = 2x 1/ “ + Q => \y il " -x 1 ^ = C, where C = ^Q 

10. ~~fc =x ~yfy => dy = x 2, y^* - dx => y ^ /2 dy = x 2 dx => Jy 1/2 dy = Jx 2 dx => 2>’ 1/ “ = 4j- + C => 2j 1/2 -ix 3 = C 
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11. 4 = e x y => dy = e x e y dx —> e y dy = e x dx => J e y dy = J e x => 4 = e x + C => e- v - e x - C 

12. 4 = 3.r 2 e y =^> tfy = 3.r 2 e y dx => e- v = 3x 2 dx =^> | e y dy = J 3x 2 dx =^>e y = x 3 + C => e y - x 3 = C 

‘ 3 - t=fy cos 2 Jy => dy = ^Jy cos 2 Jy j dx => set ^ 2 ' dy = dx => J se ^-/^ <iy = J dx. In the integral on the left- 

hand side, substitute u = Jy => du = —n=dy => 2 du = -\=dy, and we have 

2 vr Vr 

| sec 2 h du = j"<ir => 2 tan u=x + C^>-x + 2 tan Jy = C 

14. J2xy 4 = 1 => dy = ^1— dx => J2 Jydy = dx => J2y^ 2 dy =x ^ 2 dx => J2 J y^~ dy = Jx ^ 2 dx 
^j2^dy=^J + C l ^>j2y 3 / 2 =3 Jx+\C X ^J2{JJ>^ -3 Jx=C, where C = |q 


15. Jx J- = e y+ 4 => 4 = e e ^f => dy = e>e f- dx => e y dy = ^^dx =^> f e y dy = \^^dx. In the integral on the 
dx dx 4x 4x dx i i dx 

right-hand side, substitute u = Jx => du = —Jdx => 2 du = A=dx, and we have 

2-JX yj X 

| e~ y dy = 2 J e u du => -e~ y = 2e 11 + C x => -e~ y = 2e ^ + C, where C = -C x 


16. (secx)-^: = e 


dy _ y+sinx dy__ v+sin 


Jy = e '’ +sln v cosx => dy = |e v e slnA cos x^dx => e y dy = e slnA cos* dx 


■ je~ y dy = je sin x cos xdx^-e~ y = e sinx +Q => e~ y +e sinx = C, where C = -C x 


17. J- = 2xjl-y 2 =^>dy = 2xjl-y 2 dx => —fi= = 2x dx => [-4= = f 2x dx => sin 1 y = x 2 + C since 
dx ' ' ^/l -y 2 J yi -y 1 J 

\y\ < 1 => y = sin|x 2 + C j 


18. = 0 2v ^ _ o x 


, - dy = - — —dx => dy — e e dx =-^-dx => e Ay dy = e x dx => f e 2y dy = \e x dx => = e x + Cr 

dx „*+y S e x+y J e 2y 2 J - J 2 1 


° 2y -2e x =c where C = 2C, 


19. y" ~J = 3x 2 y^ —6x 2 => y 2 dy = 3x^ — 2^dx y ^ dy = 3x^dx => J - dy = ^3x^dx 


y- 2 


4 In 


3 T 

y -2 


= x x +C 


20. 4 = xy + 3.r —2y -6 = (y + 3)(.r-2) -Jy^dy = (x-2)dx => J-jd-j dy = | (x-2)dx 


^>ln|.y + 3|=d.x 2 -2jc + C 
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2L xi= yex2 +2 ^ e * 2 =eX ~ ( y+2 ^)^-^ dy = xeXldx ^\^Qj dy= \ xex2<ix 

=> [ . 1 — -rdy = fxe x dx => 2ln\Jy +2| =\e x +C => 4 \n\Jy + 2 I =e x +C => 4\n(Jy + 2 ) = e x +C 

J V- V (v- V+2 ) J 2 11 v ' 

22. ^ = e x ~ } +e x + e~ y +1 = |e _v +lj|e' r +lj => * - dy = |e - ' => J - dy = j(e x +lj<ix 

=^> ^-^—^dy = 11 e x +ljfitr => In 1 + e- v = e x +x + C => ln^l +e y J = e x +x + C 

23. (a) y = y 0 e kt => 0.99 y 0 = y 0 e l000k ^k= ^ * -0.00001 

(b) 0.9 = e (_000001) * ^.(-0,00001)t=ln(0.9)^.t 10,536 years 

(c) y = y^ 2Qm « y 0 e-°- 2 = y 0 ( 0.82) => 82% 

24. (a) ^ = kp=> p = poe kh where p^ = 1013; 90 = 1013e" OA => k = lrt (90)^lnttOl 3 ) _ _q 12 I 

(b) p = 1013e“ 605 * 2.389 millibars 

(c) 900 = 1013e (_(U21)/! => -0.121 h = ln(^) h = ln(1012) ~ 1 " (90Q> « 0.9777 km 

25. ^ = -0 .67 => y = y 0 e^°' 6t ; y 0 = 100 => y = 100e _ °' fo => y =100e _ °' 6 « 54.88 grams when t = 1 hr 

26. A = A$e kt => 800 = 1000e 1QA => k = => ^4 = 1000e <ln < 0 - 8 V 10 )^ w here ^4 represents the amount of sugar 

that remains after time t. Thus after another 14 hrs, A = 1000e^ ln < 0 - 8 )/ 10 ) 24 ~ 585.35 kg 

27. L(x) = L§e~ kx => = Z 0 e _18A => ln^- = -18k => k = ~ 0.0385 => L(x) = T 0 e _0 0385 ' r ; when the intensity is 

one-tenth of the surface value, = Z 0 e _0 0385 ' T => lnlO = 0.0385x => x ~ 59.8 ft 

28. V(t) = F 0 e - ^ 40 => 0.1F 0 = V 0 e~ d4 ° when the voltage is 10% of its original value => t = -401n(0.1) » 92.1 sec 

29. y = y 0 e kl and y 0 = 1 => y = e kt => at y = 2 and t = 0.5 we have 2 = e°' 5A => In 2 = 0.5k => k = ^ = In 4. 
Therefore, y = e (hl4y => y=e 24ln4 = 4 24 =2.81474978xl0 14 at the end of 24 hrs 

30. y = y 0 e kt and y( 3) = 10,000 =>10,000 = y 0 e 3k ; also y( 5) = 40,000 = y 0 e 5k . Therefore 

y 0 e 5k = 4y 0 e 3k => e 5k = 4e 3k => e 2k = 4 => k = In 2. Thus, y = y 0 e ([D2)t => 10,000 = y 0 e 3ln2 = y 0 e ln& 

=> 10,000 = 870 => Jo = 10^00 = 1250 

31. (a) 10,000e A(1) = 7500 => e k = 0.75 => k = In 0.75 and y = 10,000e (ln ° J5)i . Now 1000 = 10,000e (ln ° J5)r 

=> In 0.1 = (In 0.75)? => t = ^qj 5 ~ 8.00 years (to the nearest hundredth of a year) 

(b) l = 10,000e (ln ° J5)? => In0.0001 = (In0.75); => t = ~ 32.02 years (to the nearest hundredth 

of a year) 
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32. Let z = r-ky. Then < ^- = —k, < ^- = -k(r—ky) = -kz. The equation dz / dt = -kz has solution z = ce kt , so 


r—ky=ce kt and y=—(^r-ce kt j 


(a) Since y(0) = y 0 , we have yo=— (r-c) and thus c = r-ky 0 . So 

k 


y = - 


-{r-[r-kyo\ 


-kt\ | r r 


(b) Since k > 0, lim 

t —*00 


r -kt , r 
y °-k) e + ~k 


r 

k 



33. Let y(t) be the population at time t, so 1(0) =1147 and we are interested in t(20). If the population 

continues to decline at 39% per year, the population in 20 years would be 1147 -(0.61) « 0.06 < 1, so the 

species would be extinct. 


34. (a) We will ignore leap years. There are (60)(60)(24)(365) = 31,536,000 seconds in a year. Thus, assuming 


exponential growth, P = 314,419,1 98e kt , with t in years, and 

314,419,199 = 314,419,198e 12A ' /31 ’ 536 ’ 000 => k = 31 ’ 536 ’ 000 \ n [ 314,419,199 | ~ 0.0083583. 


12 ^ 314,419,198 ^ 

(You don’t really need to compute that logarithm: it will be very nearly equal to 1 over the denominator 
of the fraction.) 

(b) In seven years, P = 314,419,198e <0 ' 0083583 ^ 7 ^ « 333,664,000 . (We certainly can’t estimate this 
population to better than six significant digits.) 


35. 0.9P 0 = P 0 e k => k = In 0.9; when the well’s output falls to one-fifth of its present value P = 0.2P 0 

=> 0.2/q =P 0 e (lna9) ^0.2=e (ln0 - 9)/ => In (0.2) = (In 0.9)1 =>t «15.28 yr 


36 - 4 =-T 


=> 4(1 =_ —dx => In d =_ —x + C => d = g( _ 0 01x+C) C -0.0 lx (-, -0.0 lx. 

—* n — j pjpj Lt-L —V III JJ — I I —S jJ — c — C C — v_^ | C. , 


100 ^ 100 " 

p(100) = 20.09 - 20.09 = C l e M ' ()1)n00) => Q = 20.09e « 54.61 => p(x) = 54.61e“ 0 01v (in dollars) 

(b) p(10) = 54.61e (_0 ' 01)(10) = $49.41, and p( 90) = 54.61e (_001)(90) = $22.20 

(c) r(x) = xp(x) => r'(x) = p(x) + xp'(x); r ui 

p'(x) = - 5461e“ 0 01x 
=> r'(x ) = (54.61-.546 bc)e _00lA . Thus, 
r\x) = 0=> 54.61 = .546 Lt => x = 100. Since 
r' > 0 for any x<100 and r'<0 for x>100, 
then r(x) must be a maximum at x = 100. 
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37. A = A 0 e kt and A 0 = 10 => A = 10 A 5 = lo/ (24360) => k = » -0.000028454 => A = ^e” 0000028454 ', 

then 0.2(10) = lOe" 0 - 000028454 ' => t = _ Q . 0 o 0 ° 02 2 8454 * 56563 years 

38. A = A 0 e kt and ±Aq = A 0 e 139k =>j = e 139k => k = * -0.00499; then 

0.054 = Ace- 0 ' 00499 ' => t = * 600 days 

39. y = }’ae~ kt = y 0 <W /c)13,// ' :1 = y 0 e~ 3 = W < ^ = (0.05)(j 0 ) => after three mean lifetimes less than 5% remains 

zu 

40. (a) A = A () e~ kr = e ~ 2M5k ^k = ^ * 0.262 

(b) j « 3.816 years 

(c) (0.05)^4 = ^4exp(-y|=rt) => -in20 = => t = 2 - 6 |^ n2 ° »11.431 years 


41. 


42. 


T-T s =(T 0 -T s )e~ k, ,T 0 = 90°C,T S = 20°C, T = 60°C => 60-20 = 70e“ 10A ’ =>± = e~ l0k 

InC) 

=4> k =-$-* 0.05596 

(a) 35-20 = 7o e -0 05596 ' => t » 27.5 min is the total time => it will take 27.5-10 = 17.5 minutes longer to 
reach 35°C 


(b) T-T s =(T 0 -T s )e~ kt ,T 0 =90°C,T s = -15°C => 35 +15 = 105e“ a05596f => t * 13.26 min 


T-65° = (T 0 -65°)e~ kt =^> 35°-65° = (r 0 -65°)e“ 10A ' and 50°-65° = (T 0 -65°)e~ 20k . Solving 

-30° = (r 0 -65°)e“ 10A ' and -15° = (T 0 -65°)<r 20A ’ simultaneously ^>(T 0 -65°)e~ m = 2(T 0 -65°)e~ 20k 

Aw) 


■e ~ =2=>k = ^ and -30°=- m 


= 65°-60° = 5° 


-30° 


= T 0 -65° => 7h = 65° -30 


0 


We 1 " 2 ) 


43. T-T s = (T 0 -T s )e~ kt ^>39-T s = (46-T s )e~ l0k and 33 -T s =(46 -T s )e~ 20k 


33 -T s _ -20k 
46 -T s ~ e 



33 -T s 
46 -T s 


(^f w(33-T s )(46-T s ) = (39-T s f 


=>1518-7 9T S +Tf =1521-78 T s +T 3 => -T s =3^T S =-3°C 


39 -T s -10k 

-— = P 

46-7( 


and 


44. Let .r represent how far above room temperature the silver will be 15 min from now, y how far above room 
temperature the silver will be 120 min from now, and t 0 the time the silver will be 10°C above room 
temperature. We then have the following time-temperature table: 


time in min. 

0 

20 (Now) 

35 

140 

to 

temperature 

r s + 70° 

T s +60° 

T s +x 

T s + y 

T s +10° 


T-T s =(T 0 -T s )e~ kt =>(60 + T s )-T s = [(70 +T S )-7^]e“ 20A ' => 60 = 70e _20A ' => k = (-^y)In(|) ~ 0.00771 
(a) T-T s =(7 o -T s )e-° mint ^(T s + x)-T s = [(70 + T S )-T s ] ,,-(0.0077 1)(35) * = 70e“°' 26985 «53.44°C 
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(b) T-T s =(T 0 -T s )e~° mllU ^(T s +y)-T s = [(70+T S )-T ]e“ (0 - 00771)(140) 

=> j = 70e -1 ' 0794 « 23.79°C 

(c) T-T s =(T 0 -7;)e _000771 ' =>(7^ +10)-7; ^^O + Tj-^je - * 0 ' 00771 ^ => 10 = 70e“ 000771f ° 

=> = -0.0077lt 0 => t 0 = (~ 0 00771 )l n ( 7 ~) = 252.39 => 252.39-20 *232 minutes from now the 

silver will be 10°C above room temperature 

45. From Example 4, the half-life of carbon-14 is 5700 yr=>yCo =coe -i45700> => k = -2^.» 0.0001216 

^ _ -0.0001216? . /n. -0.0001216? . _ ln(0.445) 

=> c — CqC (0.445)cq — CqC => t — _q QQQJ 216 ~ bb59 years 

46. From Exercise 45, k « 0.0001216 for carbon-14. 

(a) c=c 0 e“ 0000121& => (0.17)c 0 = c 0 e“ 0 - 0001216 '' =>? *14,571.44 years ^>12,571 BC 

(b) (0.18)c 0 =c 0 e “ 0 000121fo =>t «14,101.41 years =>12,101 BC 

(c) (0.16)c 0 =c 0 e“ 00001216f 15,069.98 years =^> 13,070 BC 

47. FromExercise 45 ,k »0.0001216 for carbon-14 =>j/ = >’o e_0 ' 0001216, • When ? = 5000 

=> y = j?oe- 0 ' 0001216(5000) ~ 0.5444 y 0 => ^ * 0.5444 => approximately 54.44% remains 

ro 


48. FromExercise 45 ,k »0.0001216 for carbon-14. Thus, c = cge 
ln( 0.995) ^ years old 

-0.0001216 4i Y ears 0,0 


-0.0001216? 


■ (0.995)c o = c 0 e 


-0.0001216? 


g -(ln2/5730)? =al5; 


-t = ln(0.15); 


57301n(0.15) 

ln2 


; 15,683 years 


50. (a) e“ (ln2/5730)(500) « 0.94131, or about 94%. 


(b) 


We’ll assume that the error could be 1% of the original amount. If the percentage of carbon-14 remaining 

, 1(1 57301n(0.93131) 

were 0.93131, the Ice Maiden s actual age would be-« 588 years. 

In2 
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7.3 HYPERBOLIC FUNCTIONS 


1. sinhx = —| 


coshx =Vl+sinh"x =,/l + (-4l = a/ 1 = „/|| = tanhx = = hy - 

UJ 




16 

1 


3 

5’ 


cothx = —4— = -4, sechx =— \ — = 4. and cschx = ^4— = -4 

tanh x 3 cosh x 5 sinh x 3 


2. sinhx = -|=> coshx = i/l + sinh 2 x = Jl + 4p = 


/? = |, tanhx = ^ = j| = 4,cothx = -V = f, 

J 9 3 coshx (It 5 tanhx 4 


sech x = 


—4— = 4, and cschx = ^4— =4 

cosh x 5 sinh x 4 


5. coshx = |2,x > 0 => sinhx = Vcosh 2 x-1 = -1 = |-1 =. 

cothx = —4— = 4/-, sech x = —4— = 14. and csch x = -r4— = 44 
tanhx 8 coshx 17 sinhx 8 


m = tv tanhx= 


("At 

sinhx _ Vl5l 
cosh x ^ilj 


17’ 


4. coshx = y,x > 0 => sinhx : 


cothx = —t— = 44, sech x = —4— = and csch x = —4— = 44 

tanhx 12 coshx 13 smhx 12 


te-i=. 

M 

_ 12 

(121 

tanh x = Sln 4 v = 5 

4 25 

V 25 

5 ’ 

coshx till 


13’ 


2 cosh (In x) = 21 


=e lnx + ^ = ;c+i 

2 ) e tax X 


21nx -21nx lnx^ lnx ^ I X 2 j 4 i 

6. sinh(2Inx) = --^- =& - = t * J = x_=L 

222 2x 2 


5x , —5x 5.x _ —5x _ 

7. cosh 5x + sinh 5x = - —y-— + -—^— = <? 


3x . —3x 3x — 3x 

1. cosh 3x - sinh 3x = t, - c ~ — = e 3 ' 


9. (sinhx + coshx) 4 = [ s -f -—+ e tf ^ - - 4x 


F'f 


10. ln(cosh x + sinh x) + ln(cosh x-sinhx) = In (cosh x-sinh x)=lnl=0 


11. (a) sinh 2x = sinh(x + x) = sinh x coshx + coshx sinhx = 2 sinh x coshx 

7 • 7 

(b) cosh 2x = cosh(x + x) = coshxcoshx + sinh x sinx = cosh" x +sinh" x 


2 • 2 

12. cosh" x-sinh" x = 


m- 

4( 2e 1( 2e " T ) = i( 4e °) = i (4) = 1 


2 Wif-i 

2 4 




13. j; = 6sinh-| => ^ = 6(coshyV-|) = 2cosh 
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14. y = 4sinh(2x + l) =>-^ = ^[cosh(2x+ 1)](2) = cosh(2x + l) 


15. y = 2V? tanh %/7 = 2t 1/2 tanht 1/2 => = 


sech' 


(t 1/2 )(ir 1/2 )]( 2 t 1 / 2 ) + (ta nh ti/ 2 )(ri/2) = se Ch 2 ^ + ^ 


16. j = t 2 tanhy = C tanht sech it 1 |-f 2 t 2 j + (2t)(tanh t 1 = -seclV y + 2? tanh-j- 


17. v = ln(sinh z)=>^- = coshr _ cot | 1 z 

v 7 az sinh z 

18. v = ln(cosh z)=>^- = Slnl ?~ = tanh z 

' az cosh z 

19. y = (sech ^Xl-lnsech#) => ^ |— Se ^ c ^ t ™ h(9 )( s ech 0) + (-sech 0tanh0)(l-lnsech0) 

= sech 9 tanh 9 - (sech 9 tanh 9) (1 - In sech 9 ) =(sech fi'tanh 9) [l-(l-ln sech t?)] 

= (sech 9 tanh (in sech 9) 


20. y = (csch 6>)(l-lncsch #) => 2(2 = (csch (9)(— csc c h sc ^ c ° th ° j + (l - In csch #)(-csch (9 coth#) 

= csch #coth #-(l-ln csch #)(csch #coth 9 ) =(csch #coth #)(l-l + ln csch 9 ) 

= (csch 9 coth 9) (In csch 9) 

21 . y = In coth v-2-tanh 2 v => = coshv ~(^)(2 tanh v)|sech 2 vj = tanh v-(tanh v)(sech 2 vj 

= (tanh v)(l-sech 2 v) = (tanh v) (tanh 2 vj = tanh 1 v 


22. y = In sinh v-2 coth 2 v => ^- =-^2r.-(2)(2coth v) -csch 2 vj = coth v + (coth v)(csch 2 vj 


coth 2 v) = coth 3 v 


23. 


= (coth v) |l + csch 2 vj = (cothv) ( 


y 4 2 +l) s “h(ln -v)=(.v 3 +1))^^)=C +1 )(XX)=c +1 )te)= 2 * 


= 2x^>^ = 2 
ax 


24. ,,. (4.+ -l)csch (In 2,) - (a x 2 -l) ^,. 2 ^,. ) = (4, 2 -l) (j^r] = (+V 2 -l)(^) - Ax 


= 4x^f = 4 

ax 


25. 


y = sinh ! 4x = sinh 1 (x 1/2 j =^> ^ - 




1+1 


(n 


2 2xfxxl\+x 2^x(l+x) 


26. y = cosh -1 2VV+1 = cosh -1 (2 (x + 1) 1/2 ) ^> -j- = (2) (2) (a+1 > = 1 

1 1 ’ ’ dx 


1 




x +7x+3 


27. y = (\-8) tanh -1 9^% = (\-9) + (-1) tanh -1 9 = ^ 


= 7-^7 - tanh 9 
1+0 
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28. y = (0 1 +26 , )tanh _1 (6 | +1) => -^ = ^9~ +26 ) j ^ ^ ^ +(20 + 2)tanh“ 1 (6' + l) 
- 02 f- d +(2<9 + 2)tanh~ 1 (6> + l) = (2<9 + 2) tanh -1 (6> +1) -1 


29 


. y = (1 -1) coth 1 ^ = (l-t)coth 1 |/ /2 j => ^ = (1 -t) —- j +(-l)coth 1 |t 1/2 j = ^=-coth 1 V? 


30. y = |l-t 2 jcoth 1 1 =^> = |l-? 2 j|-pyj + (-2?)coth 1 ?=l-2?coth 1 1 


31. 7 = cos ^-xsech 1 x => - L 


'(wnf) +(1) “ drl1 


-i 


1 -sech 1 x = -sech 


32. y = Inx +Vi-* 2 sech *x = lnx +^1 -x 2 j sech *x 

* + ( 1_x2 ) (wSj)^ 1- * 2 ) (~ 2x ) sech lx= ^~^~Ti 


dy 
dx x 


-—sech 1 x = - j =^=sech l x 


33. y = csch 1 


dy_ 

cie 




In(l)-ln(2) i n 2 




34. y = csch”’ 1 2® 


dv _ (In 2)2 g _ -In2 

d9 2^1 + (2 e ) 2 


35. j = sinh 1 (tan x) =>-^ = 


f&i _ sec 2 x sec 2 x sec 2 x _ |secx||secx| 


' Vl+(tan xf J^Fx ' secx l ! secx ' 


= sec* 


36. y = cosh- 1 (sec= (sec = (s "g7* > = secx, 0<x<f 


dx ’/sec 2 x-1 


tan x 


37. (a) If y = tan 1 (sinhx) + C, then = cosh * - cosh ? - r = sec h x. which verifies the formula 

dx l+sinh - x costF x 

(b) If v = sin _1 (tanh x) + C, then -f- = , sech r = sec l 1 r = sech x, which verifies the formula 

dx Jb^x sechx 


38. lfy = ^-sech 
formula 


_1 x—4- V" 


,l-x z +C, then ^- = xsech *x + ^-, , - , , , - 

ax 1 1 .vV 1-x 2 ) 4Vl-x 2 


—1 I | 2x 


= xsech *x, which verifies the 


39. If y = coth 1 x + f + C, then H : =xcoth 1 x + i ■j(-^y +/ = xcoth 1 x, which verifies the formula 


l-.v 


2 2 
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40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


If v = x tanh 1 x + \\n[\-x 1 ^ + C, then-^ = tanh 1 x + + 4|y^-) = tanh 1 


formula 


J sinh 2x dx = 4j sinh u du, where u = 2x and du = 2 dx 


cosh u t n _ cosh 2x t n 
14 h O — r h L 


J sinh j dx = 5 J sinh u du, where u = j and du =jdx 
= 5cosh u+C = 5cosh -| + C 

J 6 cosh -In 3 j oh =12 Jcosh u du, where In 3 and du=\dx 

= 12 sinh u+C =12sinh^-|--ln3j + C 

J 4 cosh (3x - In 2) dx = j J cosh u du, where u = 3x - In 2 and du = 3 dx 
= 4 sinh m +C =|-sinh(3.r-ln2) + C 


f tanh T dx = 1 f sm , - du, where u = 4 and du = 4 dx 
J 7 J cosh 7 7 


= 7In | cosh u | +C] = 7In cosh^- + Q = 7In 


= 7 In e xl1 +e~ xl1 +C 


+ Q = 71n 


xll - 
e + e 


fcoth -^=dB = %/3 f cos 4“ du, where u=-j= and du = 

J V3 J smhw V3 V3 

= V3 In Isinh m| + Cj = V3 In sinh A= + C\ = V3 In 

>/3 


e 0lj3_ e -0ld3 


= -\/3 In 


//V3 _ e -0/-J 3 


-V31n2 + Q =V31n 




+ Q 
+ C 


Jsech 1 =|sech w du, where u = ^x -4) and du = dx 

= tanhii + C = tanh ^.r-4) + C 

Jcsch 2 (5-x)ii.r = -j"csch 2 M <7w, where u=( 5-x) and du =-dx 
= -(-cothii) + C =coth u + C = coth (5-x) + C 

j* sechVrtenh ~Jt ^ _ 2 Jsceh u tanh u du, where u = yft = t V1 and du = 
= 2(-sech u) + C = -2 sechVt + C 

J cschtlnOcothOnO ^ _ J csc j 1 u u ^ w [ lere u _ [ n t aIK J _ 4t 
= -csch u+C = -csch(ln t) + C 


x, which verifies the 


x/7 - 7 In 2 + Q 
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51. f cothxfix=f C0S . h ' Y dx = f — du where u = sinli x, du = cosh x dx, 
Jin 2 Jin 2 sinhx J 3/4 u 


fin 4 


(•15/8 , 
J3/4 


In 2 -In 2 2-0) -> In 4 -ln4 4-0) 

x = In 2 => u = sinh(ln2) = -—0-= —^ =j,x = In 4 => u = sinh(ln4) = -—0-= —^ 


2 2 4’ 

= [ ln 1 11 l]s/4 8 =In |- ! #|- ln |f| = ln |^-T| =ln f 


52. f tanh 2x dx = [ dx = 4- [ — du where u = cosh 2x,du = 2 sinh (2x) dx, 

J () JQ COSil 2x 2 J] U 


rln2 sinh 2x , 1 j*17/8 j 


x = 0 => u = coshO = l,x = ln2 => u = cosh (2ln2) =cosh (ln 4) = 

-iH-r = 2[ in (¥)~ ini 


e ln4 +e -ln4 4+0) 1? 


= — In — 
2 8 


r ln V*+i w= 

r 20 1 

V+# 

J-ln4 V / 

2 


-i—ln 2 
--In 4 


-2 In 2 \ / -21n4 

^-In 2 - 


-ln4 =(l-ln 2 )-( 3 L-ln 4 )=^-ln 2 + 21 n 2 =^ + ln 2 


. j'" 2 4e~ d sinh Odd = 2 4e~° d9 = 2^" 2 (1 - e ~ 29 ) d8 = 2 

( 1 n2 + ^i)-( 0 + 4)]= 2 ( 1 n2 + I-l) = 21 n2 + i- 1 




-iln 2 


JO 


-1 = In 4-4 

4 


rjr/4 9 rl 2 

55. cosh(tan 0) sec" 0 d6 = cosh u du where u = tan 0, du = sec" 0 d0, x = —j 

«—7ZI 4 J —1 4 

= [sinh 11 = sinh(l) - sinh(-l) = | g ~ e j - | g ~ e j ; 


• u = -1 


56. J" 2 sinh(sin 0) cos 0 d0 = 2 J sinh u du where u = sin 0, du = cos 6 d0, x = 0 => u = 0,x =-^ 

= 2 [cosh 2 /= 2 (coshl-coshO) = 2 |—|-lj = e + e~ l - 2 


57. 


r cosh(ln/) ^ _ r cos jj u fa w h ere u = In t,du =- dt, x = l^>u=0,x = 2=> u = ln 2 

Jl t Jo ’ t ’ ’ 


= [sinhi /]* n2 = sinh(ln2)-sinh(O) = 


In 2 -ln2 

- 0 =-- 

2 2 4 


9— 1 

1 2 _ 3 


58. f ^^J^-dx = 16f cosh u du where u = \[x = x l/2 ,du =4x ll2 dx = -^=, x-l^>u=\,x = 

Jl 07 Jl 2 2 07 


= 16 [sinh 2 /] 2 = 16(sinh2-sinhl) =16 ( e 0 j - g | j = 8 ^ 


2 -2 -1 
= X[e z -e z -e + e 


59 - l-ln2 C ° Sh2 (f) A = I 


® coshx+1 j„ _ 1 


-ln 2 2 


<&=1J j (cosh x + X)dx = 4[sinhx +x 


j [(sinh 0 + 0 ) - (sinh(- In 2 ) - ln 2 )] =\ (0 + 0 ) -( 


, -ln2 In 2 

' g -In 2 


1 ° 

I-In 2 

(i)" 


- + ln 2 


i( 


= | + 4 In 2 = -| + ln V 2 


15 

8 


-,x = J=>M =1, 
-1 

= e—e 


=> m = 1 


4 => u = 2 


1-I + In2) 
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ilnio 

.0 


60. J Q n 4sinh 2 (jjdx = 4 ^ cosh.t (coshx -l)dx = 2 [sinhx -x] 

= 2 [(sinh(ln 10)- In 10)-(sinh0-0)] =e lnl ° -e“ lnl °-21nl0 = 10--jh-21nl0 = 9.9-21n 10 


61. si„h-'(=f)=l„(- i | + 1 /SF) = l „(f) 


62. 


cosh 1 (-|) = In || + -11 = In 3 


63. tanh 


l 2) 2 \l+(l/2)/ 3 


64. co th- 1 (f) = iln(^) = Iln9 = ln3 




= In 3 


66 . csch 1 —!=l = In 

V3 


-V3 +7 ^-) = ln(-^ + 2 ) 

Mj 1 ’ 


67. (a) J 


2 V 3 

0 VJ+ 


dx 


1 i 2 ^ 

x 


= sinh T 


Jo 


= sinh" ! V3-sinh 0 = sinh 1 ^3 


(b) sinh _ 1 V3 =ln(V3+V3+I) = ln(V3+2) 


1/3 1 

68 . (a) f , 6clx = 2 f 7 dx , where u = 3x,du =3 dx, a = 1 

^ ' Jo JoXT“T’ 


y/\+9x 2 ®\fa"+u 

= 2 sinh 

(b) 2sinh _1 l = 21n^l + Vl 2 + 1 j = 21n(l + V 2 ) 


= |2sinh 1 m =2(sinh 'l-sinh *o)=2sinh 1 1 
Jo V 


2 r 1 2 

69. (a) f — [ —dx= coth^'x 

Js /4 1 -x 2 L J5/4 


(b) coth ' 2 -coth '-| = 7 


= coth 1 2 - coth 1 4 
4 


= |lnl 


1/2 r -,1/2 

70. (a) f -X—dx= tanh -1 ;t = tanh -1 4-tanh -1 0 = tanh -1 d. 
J 0 i-x L Jn 1 2 


tanh 1 2. = 1 j n 

f l+(l/2) 


V 1_ (1/2) 

f 3/13 dx 

<•12/13 

Jl/5 x'Jl-\6x 2 

J4/5 


4 In 3 


= I -sech l u 


- 1 12/13 


(b) -sech 1 j= + sech 1 ^- = -ln 


J4/5 

f 


= -sech 1 jj + sech 1 y 


l+4l-(12/13) 2 

(12/13) 


+ ln 


: (^4^) _ J n (^12^) = ^ - In 4 = In ^2 • j = In 


l+. 


Vl-(4/5) 2 


(4/5) 


= - In 


13+Vl 69-144 


12 


M 


5+V25-16 


72. (a) j , 2 


f 2 dx _ 

-4 csch 1 14 I 

W4+x 2 

L 2 1 2 1J 


= -2|csch *l-csch , 4ht( csc31 7 -csc h 'lj 

(b) h c “ h " 1 l-' s 'h- | l)-t[ln(2 + ||)-ln(l + V2)l = Iln(2±|) 
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73 . (a) f , C0SA =dx = f J— du where u = sin x,du = cosx dx; 

J o ViWl Jo ViW 


sinh 1 u 


= sinh -1 0 - sinh -1 0 = 0 


Jo 


(b) sinh -1 0 - sinh -1 0 = In (o + Vo+T) - In (o + Vo+T) = 0 


74 . (a) f — , dx - f , du where u = \nx,du = — dx, a -1 


sinh 1 u 


-|l 


= sinh ^-sinh 1 0 = sinh 1 1 


(b) sinh ^-sinh 1 0 = ln^l + Vl 2 + lj — ln^O + V 0 2 +1 j = ln|l +V 2 j 


75. Let E(x) = /u)+ 2 /( x) and 0(x) = /(x)+ 2 /( x) , Then E(x) + O(x) = /(a)+ 2 A A) + /(j ° / ( x) = - /(x). 

Also, is(-x) = /( - t ) + ^(- ( - J °) = = £(*) ^ £(*) is eveni and 0 (-x) = /(-*)-/(-(-*)) 

■f i f t 

= - 2 -= -0(x) => 0(x) is odd. Consequently, /(x) can be written as a sum of an even and an odd 

function, /(x)= A a)+ , A A) because Aa) / ( A) = 0 if/"is even, and f(x) = Aa) A> because 
_f<,i)+f( a) _ q ipy i s odd Thus, if/is even f(x) = 2 ^ x ' 1 +0 and if/is odd, f(x) = 0 + 2 - AA 


76. y = sinh 1 x x = sinhy => x = e e => 2x =e- v - — => 2xe- v = e 2 - v -1 => e 2y -2xe y -1=0 

2 e y 

° y = 2 - y± ^- t ~+1 => e y = x + Vv 2 +1 => sinh -1 x = T = ln^x + Vv 2 +1 j• Since e 2, > 0, we cannot choose 


- 


4 


x~ +1 because x - x[x z +1 < 0 . 


77 . (a) v =. 


'^tanh 

k 


dv_ I mg 
dt 


sech 


= g sedr 


t . Thus 


m -j- = mg sech“ I J— t I = mg I 1 - tanh z I J— t I I = mg - kv z . Also, since tanh x = 0 when x = 0 , v = 0 


dt 


when t = 0 . 


gk 


gk 


(b) lim v = lim tanh =J"j L lim tanli J^-t = 


CO t^OO 


t — 


kg. 


(c) _ 4m - 80^/5 ~ T 78. 89 ft/sec 


78. (a) s(t ) = a cos kt +b sin kt =>^f- -ah sin kt+bk cos kt => = -ak 2 cos kt-bk 2 sin kt 

dt dt 2 

= -k~(a cos kt + b sin kt) = -k~s(t) => acceleration is proportional to 5. The negative constant —k 
implies that the acceleration is directed toward the origin. 

(b) s(t) = a cosh kt+b sinh kt^>^§- = ak sinh kt + bk cosh kt => = cik 2 cosh kt + bk 2 sinh kt 

dt dt 2 

2 • 2 ... . . 2 

= k (a cosh kt + Z>sinh = k~s(t) => acceleration is proportional to s. The positive constant k~ implies 
that the acceleration is directed away from the origin. 
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79. V = ;rj" o |cosh 2 x-sinh x^/x = 7 rJ o 1 dx = 2n 


80. V = 2n\ ^"seclCx dx = 2^[tanhxl|| 1 ^ =2n \ —=j 

JO L J 0 [V3+(l/V3) 


1 rlnyfE I " 2 Any/5 ri ~\\ny[5 

81. y = ^-cosh2x => y = sinh 2x => L = ^/l + (sinh2x) dx - cosh 2x dx = ^sinh2xj 


■M =IM1 


82. (a) lim tanh x 

X —>00 


(b) lim tanh x 

X—>—00 


_L | l 


1--L- 

e 2 * _ 1-0 


x—>oo p x _L 


— e U-.£- - li m —£_ = 1=0 

p—1 i SoHb 1+0 


- lim -—-— = lim- 7 - = lim 

X . —X X , 1 

X—>00 £ +C X—>00 C H X—>o( 


X -x e \ \ e x I X 2.1 , n . 

= lim = lim -£= lim 7 - , -4- e - = H m V d = 'S 4 = - 

x—>—ooe x +e ' x—>—oo e x H—7 x—>—00 Cx+—1 x —>—x e~ x +\ 0+1 


(c) lim sinh x = 


X -X 

lim 


= lim —= lim ( 77 - 77 -) = 00-0 = 

7 17 7 


(d) lim sinhx = 


lim 

x->-°o 


= lim 


“Jt-"?)- 0 -”-” 


(e) lim sech x 

X->00 


: lim — 2 —= lim — 2 —- 4 = lim -^-= A = 0 

x-¥coe x +e x x ->coe x +X 72 x-»°o 1 +t^t J + ® 

p. e e 


(f) lim coth x = 

X—>00 


e*+-M -L 


lim = Hm - T - J f = lim f- 

x—>00 e x —e x x— >00 e x —— x—>oo [ e x 


£!.*.= lim —£-L = !±0 =1 
, ^ 1 11111 i_ 1 1-0 1 

1 —7 X->°0 1 77 


(g) lim coth x 

x—»0 + 


= lim — = lim - 4 . = u m e + 1 = + 00 

x ^O + e x -e~ x x^0 + e A -4 x-+0 + e 2x -l 


(h) lim cothx = 

x—>0 _ 

(i) lim csch x 

X-»-CO 


- lim e+£L= lim -f .£-= lim 

x->0" «*-«"* x-»0“ e*-L x-»0“ e 2 *-l 


= lim 


■= lim — 2 —.— = lim 4 ^-= -4 = 0 

1 X -lx 1 0—1 

x—>-00 e c x—>—00 ^ —1 


83. (a) J = 4cosh(fx)^tan^=f = (f)[fsinh(fx)] = sinh(fx) 

(b) The tension at P is given by T cos0 = H =>T = H sec <j> = H^l + tan 2 (p = H Jl + ^sinh-^-rj 
= H cosh (4^) = 14^4")cosh (-^x) = wy 

84. ^ = — sinh ax => sinhax = as => ax = sinh -1 as => x =— sinh -1 as; y = —cosh ax =— Vcosh 2 ax 


= — ysinh“ ax + 1 = —ya 2 s 2 +1 = ,/s 2 +-7 

a a \ 
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85. To find the length of the curve: y = 4 cosh ax => y' = sinh ax => L = J*-^l + (sinh ax) 2 dx => L = J*cosh axdx 

ib , rb , 

sinh ax = —sinh aft. The area under the curve is A = \ — cosh ax dx - 
Jo a JO a 


-sinh 


= -4 sinh ab 

10 a 


= |4j^4 sinh j which is the area of the rectangle of height 4 and length L as claimed, and which is illustrated 
below. 



y = — cosh ax 
a 


*-x 


b s 


86 . (a) Let the point located at (cosh m, 0) be called T. Then A(u) = area of the triangle AOTP minus the area 
under the curve y = \jx 2 -1 from A to T=> A(u) = 4 cosh u sinh it - J \j'x 2 -1 dx. 

(b) A(u) = 4cosh u sinh;/ - yjx 2 -1 dx => A'(u) = 4|cosh 2 u -fsinh 2 t/j-^Vcosh 2 u -1 j(sinh w) 

= 4-cosh 2 u +4sinh 2 u -sinh 2 u = 4^cosh 2 u -sintr w j = = 4 

(c) A\u) = 4 => A(u) =^ + C, and from part (a) we have 4(0) = 0 => C = 0 => A(u) =j=>u =2 A 


7.4 RELATIVE RATES OF GROWTH 


1. (a) slower, lim = lim -4- = 0 

x —>oo e x —>oo e 

(b) slower, lim v +s ‘ n - r = lim — + *- smAC0SA = n m 6.r+2cos2.Y _ |j m 6-4 sin 2x _ q by the Sandwich 

x —>co e a—> oo e a—> oo e a—> oo e 

Theorem because — < 6~4sm2x < jo. f or a n re als, and lim — = 0 = lim — 

e x *-><» x->-oo e x 

r 1/2 ( L V~ m 

(c) slower, lim — = lim -— = lim —-= lim —iL- = 0 

v 7 7 „X X /■* / x 

A—>00 £ A—>oo £ A—>oo £ A—>oo xe 


(d) faster, lim 4_= Hm /Jl = oo since —>1 

a—> oo e x x —>oo' e ' e 


(e) slower, lim = lim (y-) = 0 since y- < 1 

a —>oo e x 

x/2 . , 

(f) slower, lim -— = lim — 1 y = 0 

a— >oo e x x —>oo e x 


I 2 ) 

(g) same, lim —-2 = lim 4 = 1 

a—> oo e x x —>oo ^ ^ 

(h) slower, lim logl ° A = lim — lnx = lim —4—_ 

a—> oo e x x— >00 (lnlOle* x->00 (lnlO)e J 


lim - l - -- = 0 

a—> oo (lnlO)Ae x 


2 . (a) slower, lim — +30 - r+1 

x-><» e x 


lim 4Qx a +3Q = lim 12 °* = lim = n m 2M = o 

a—> oo € a—> oo e a—> oo e a—>00 e 


n N. , a In A—A 

(b) slower, lim--— 

A —>00 & 


l im x(lnx-l) 

„X 

A—>oo e 


li m lnJr = lim J££±ti = lim M = lim ill = lim -4- = 0 

a —>oo e x a— >oo e x x— >oo e x a—> oo e x a— >oo xe x 
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(c) slower, lim 

x —>oo e' 


^ 1+A = / lim ^r~ = / lim = f lim = / lim = / lim = %/0 = 0 


(|f / 5 yt , 

(d) slower, lim = lim ly-l =0 since y-<] 

x— >oo e x x— >oo'^ e '' ^ e 


—X 1 

(e) slower, lim -— = lim -j- = 0 


X—>00 £ X—>00 £ 

X 

(f) faster, lim ^-= limx = co 

X—>00 £ X—>00 

— 1 COSX 1 P~ 1 ^osx 1 

(g) slower, since for all reals we have -1 < cos* < 1 => e <e <e => —<--<— and also 

e x e x e x 

-1 1 m # COSX 

lim = 0 = lim so by the Sandwich Theorem we conclude that lim = 0 

x—>00 e x—>oo £ x—>co e 

XX —1 1 ii 

(h) same, lim -— = lim ■■ ■ = lim - = - 

v ' 5 „X fx-x+l) p p 

x— >oo c x —>oo e x —>oo 


x —>00 X 


3. (a) same, lim - + 2 4x = lim = lim f = 1 

X->oo X X->oo 2X X->00 1 

(b) slower, lim - = lim (x 3 -l] = oo 

X—>00 X X—>00 ' ' 

(c) same, lim ^ x 2 X = J lim = I lim (l+—) = %/l = 1 

X->oo X V X->» x V x->oo' x ' 

, ,, (x+3) 2 2(x+3) .. 2 1 

(d) same, lim — 2 — = lim —y— = lim y = 1 

x—»°o x x->°o 2x X->00 2 

(e) slower, lim J h!ll£ = H m Id = n m ill = o 

x —>00 X X —>00 x x — >00 1 

(f) slower, lim -y- = lim <ln2 ^ 2 = lim (ln2 ^ 2 = co 

X—>00 X X—>0O - X X—>00 ^ 

3 —x i 

(g) slower, lim x e 2 = lim -y- lim -y = 0 

x—>oo x x —>oo e x —>00 £ 


(h) same, lim ^ 4 - = 


lim = lim 8 =! 

X —>00 x X— >00 


4. (a) same, lim - + T = lim(l+—ljj=l 

(b) same, lim ^ 4 - = lim 10 = 10 

x —>00 x x —>00 

2 —x # i 

(c) slower, lim e 2 = lim -7 = 0 

X—>00 X X—>00 C 


(d) slower, lim logl ° - = li 


x —>00 -T 


x—>00 x 


= = 4 = lim 21£*=_!_ lim 111 = -! 


■'"‘“x^ x 2 


lim 222 = -j-d— Hm -L = 0 

x->® 2 - r lnl0 x->«x‘ 


3 _ 2 

(e) faster, lim -— y— = lim (x - 1 ) = co 

X—>00 X X->00 

f_!_V v 

(f) slower, lim = n m —L— = 0 

*=>00 X- x—>00 10*x 2 

(g) faster, Um = Hm (lnl f 1)T = lim = , 

VC2/ „2 l.x 7. 


x— >00 x X- 

(h) same, lim - +1 , 0Qa = 

X—>00 X 


lim (l-iOO) =1 

X—>00 ' x 1 
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5. (a) 


(a) same, lim -^= lira = n m J- = J- 

X —>00 ln - V X ->00 lnX x —>CO ln3 ta3 

(b) same, lim = lim ^ = 1 

X—>oo nx x->oo (-j 

(c) same, lim ^- = lim = lj m 1 = 1 

X—>Q0 lnx !->« lnx MO, 2 2 

[— 1/2 t— 

(d) faster, lim f* = lim f-= lim V2 '',. = lim -£= = lim = oo 

X~>CO n X X —>00 nX X—>00 (-] X—>00 2-\/X x—>00 ^ 

(e) faster, lim -p— = lim p— = lim x = co 

x->oo“ x x->co (-J X->°0 

(f) same, lim p 122 - = lim 5=5 

X—>00 nx X—>00 

( 1 ) 

(g) slower, lim X 2 - = lim —p— = 0 

x->ao tax x->oo xlnx 

X # X r 

(h) faster, lim -p— = lim j— = lim xe = go 

x —>00 lnx X^°° (-J x—>GO 


6. (a) same, lim lo f 2 * = lim 


lim ^_ = lim = lim J f^ = T i r lim 4 JlLI = T i r lim 2 = T 4 

X—>00 lnx x->oo lnx ln2 x->°o lnx ln2 x->oo lnx ln2 X-^0O ln2 


(b) same, lim = lim ^ lim = _L li m ^ = -L lim 1 = 

X—>00 lnx X->00 lnx tal ° x->oo lnx lnl0 x->oo (i) lnl0 x->QO lnl( 

(l) 

(c) slower, lim p^ = lim pp-= 0 


X—>00 2n X X—>°0 


(>/x)(lnx) 


(d) slower, lim p^ 2 = lim — = 0 

x—>oo lnx x—>00 x~ In x 

(e) faster, lim x ~ 21nx = li m ^— 2^ = f lim p-j 

X—>00 lnX X—>00 ' n X ' Vx^-0O lnX 7 


-r^- - 2 = lim —!— - 2 = lim x — 2 = oo 

nx > U-x»(i)J U->» J 


—X m 1 

(f) slower, lim f— = lim —-— = 0 

x->»o lnx x->oo e x In x 

/ 1/JC \ 

(g) slower, lim = ij m iiirl. = li m J_ = 0 

X—>co lnx x^oo (i) x^oo lnx 


(h) same, lim ln( , 2v+5) = lim = i im 

X—>00 lnx x —>oo (i) x->oo 2x + 5 


— lim 2. — 


= lim j = lim 1 = 1 

X—>00 1 X—>00 


7. lim -p = lim e x/2 = co => e x grows faster then e A/2 ; since for x > e e we have lnx > e and 

X—>00 £ X—>00 

lim ^p- = lim = oo=>(lnx) A grows faster then e x ; since x>lnx for all x>0 and 

x—>oo e x x— >oo ' e ' 


— = lim |p-j = oo => x x grows faster then (ln x) x . Therefore, slowest to fastest are: 


lim —— = lim (= co => x A grows f 

x->oo(lnx)* x^ooV' nx2 

e A/2 , e x , (ln x) x , x A so the order is d, a , c, b 
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8. lim <!if = lim -y° 2) ~ = lim Hm (In2)' = 0 =>(In2)’ 


x—>00 x X—>00 


x ; lim — = lim 


2 x 

2 x 


grows slower than 


lim 


X->00 

2 


x —>oo 2 V x->oo (In 2 ) 2 X (fa 2 T 2 X 


- 0 => x 2 grows slower than 2 X ; lim = lim = 0 

x—><x>e x x— >oo' e -' 


grows slower than e x . Therefore, the slowest to the fastest is: (in 2) r , x 2 ,2 X and e x so the order is c, b, a, d 


9. (a) false; lim — = 1 


(b) false; lim ^ = j 


(c) true; x < x + 5 => <1 if x > 1 (or sufficiently large) 

(d) true; x < 2x => -X- < 1 if x > 1 (or sufficiently large) 

X i 

(e) true; lim = lim — = 0 

x—>oo c A x —>00 e x 

(f) true; x+lnx = 1 + — <1 +— = 1 + 4= <2 ifx>l (or sufficiently large) 

X XX yjx 


(g) false; lim = lim = lim 1 = 1 

X—>00 mz,x X—>o° (-^Tj X—>00 


(i) 


(h) true; ^ X ~ +S < ^ x+5 ^ < *±1 -1 + 5. < 6 if x > 1 (or sufficiently large) 


(4) 

10. (a) true; = _£_<! if * > 1 (or sufficiently large) 

\*/ 


(b) true; , * ' = 1 +—<2 if x>l (or sufficiently large) 

c) 


I_L 

x 2 


(c) false; lim = lim (l--) = 1 

X >00 (-) X >00 ' X ' 

(d) true; 2 + cos x < 3 => 2+c ° sx <4 if* is sufficiently large 

(e) tme; e +x = 1 + — and ——> 0 as i -> oo => 1 + — <2 if jr is sufficiently large 

e x e x e x e x 

( 1 ) 

(f) true; lim = lim ^ = Urn Y = 0 

x— >00 x X —>00 x x— >00 1 

(g) true; ^ = 1 if* is sufficiently large 


(h) false; lim —hr*— _ jj m 


x—>oo ln(x +1) x—>oo f 2 * 


■ = lim ^j-= lim (4 + 4 ) =4 

( _2x_ j X —>00 2x x —>00 \^ 2x 2 / 2 

U 2 + J 


11. 


fix) 

If f (x) and g(x) grow at the same rate, then lim :L ~— = L 9 * 0 : 

X—>00 


‘ lim ft ^ 

X —>00 f (*) 


= 1 * 0 . Then 


m 

g(x) 


-L 


< 1 if x is 


sufficiently large => L -1 < < L +1 => < |Z| +1 if* is sufficiently large => / = O(g). Similarly, 

7§ s lx| +1 =>*=ocn. 


fix) 

12. When the degree of / is less than the degree ofg since in that case lim ' : = 0. 

X—>00 
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fix) 

13. When the degree of / is less than or equal to the degree ofg since lim = 0 when the degree of / is smaller 

x —>oo 

fix) 

than the degree of g, and lim ' ' = j- (the ratio of the leading coefficients) when the degrees are the same. 

r—yoo Sv*' & 


14. Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree. Polynomials of the 
same degree grow at the same rate. 


15 . lim 

v v In x 


— 11 m 


(vrr) 


16. lim 

Inx 


lim = lim —- = lim \ = 1. Therefore, the relative rates are the same. 

A->°0 (i) X^O0 X+a .V^OO 1 


17. lim^±^= / lim = Tio and lim ^ = / lim ^ = Vl = 

x->® vx \j x->°o x a—> oo \X x 

conclude that %/lOx + l and \jx + 1 have 


1. Since the growth rate is transitive, we 
the same growth rate (that of ~Jx ). 


18. lim = J lim ^ = 1 and lim = J hm ^=f- = 1. Since the growth 

x—>00 X \ x—>00 * X—>00 x V X—>00 x 

conclude that \jx 4 +x and a/x 4 -x 2 have the same growth rate (that of x 2 ). 

19. lim = lim " r = ■ • • = lim -^ = 0 => x ,! =o(e x | for any non-negative integer ; 

x—>oo x— >oo e x x— >oo ' ' 


l rate is transitive, we 


20. If p(x) = a n x n +a n _ix n '-I-bajx + ao, then 


lim 44-tt = a n lim + a n _\ lim - 1 - ci\ lim — + ciq lim -L where each limit is zero (from Exercise 

x— >oo v x— >00 e' x— >« ex x— >oo e x—>oo £ 

19). Therefore, lim 2—1 = 0 => e A grows faster than any polynomial. 

A—>cO e 


1 In 


21. (a) lim j—= lim 

x—>oo mx x —>00 n\± J 


x(l-«)/« _ / 1 


(1) lim 

' n ' X —>00 


x 1/,! = co => In x = o 


^17,000,000 ) = 17j Q00j 00Q < e 17xl0 6 


(b) In ( 


(c) x-3.430631121x10 

(d) In the interval 


l/10 b 


= e 


17 


15 


3.41xl0 15 ,3.45xl0 15 l we have 


lnx = lOln(lnx). The graphs cross at about 
3.4306311xl0 15 . 


|x 1/,f j for any positive integer i 
24,154,952.75 



22. lim 




lim f 

lim \ l,x 1 

lnx 


X—>CC \ x n J 

_ x—> qoL «x” 1 _ 


1 


1AAAJL —1 - / N ' 

a >°o a„x" +«„„!a" +■ • ■+a l x+a 0 lim j a + M + .., + _7i_ + 7o | 

X —>0O\. 1 x"~ l X " J 

than any non-constant polynomial (n > 1) 


= lim . . 

a—> co {a n )\nx n ) 


= 0 => In x grows slower 
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23. 


(a) lim 


n log 2 n 


lim 


1 


n —>oo «(log 2 n ) n —> c ° 


log 2 n 


■- 0 => n log 2 n 


grows slower then n(log 2 «)~i 


lim 


n log 2 n 


n—> co n 


lim 

n —>oo n“ 


(tf) 


TF7 , lini 


a) 


a) 


= -pr- lim -pr = 0 => n logo « grows slower 
11 “ n ->oo n 
3/2 

than n . Therefore, n log 2 n grows at the 
slowest rate => the algorithm that takes 
0(n log 2 n) steps is the most efficient in the 
long run. 


(b) 



24. (a) 


lim 

n —>oo 


(log 2 «) 


= lim 

n —>oo 


fe ) 2 


= lim 


(In n) 1 
;i(ln2) 2 


= lim 


2 ' to »)J 


lim ^ = - 


lim ^ = 0 


• (log 9 n) 2 grows slower then /?; lim 

77->oo log 2 


n—>ao (ln2)~ (in2)“ ;i->co n (ln2p «->oo ' 

2 , /jaTl 


■= lim lim 


ln2 Hm 




X->00 (-j)w 
2 


lim — 1 — = 0 


n —»°o 4~n 

(b) 


77—>00 n 


J/2 


=> (log 2 n) grows slower than 4n log 2 n. 
Therefore (log 2 «)” grows at the slowest rate 
=> the algorithm that takes o|(log 2 «)" j steps 
is the most efficient in the long run. 


= ta2 llm 


In 77 


77—>00 77 


J/2 



25. It could take one million steps for a sequential search, but at most 20 steps for a binary search because 
2 19 = 524,288 < 1,000,000 < 1,048,576 = 2 20 . 


26. It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because 
2 18 = 262,144 < 450,000 < 524,288 = 2 19 . 
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CHAPTER 7 PRACTICE EXERCISES 


1. je x sin (e x j dx =J sin u du, where u = e x and du = e x dx 
= -cos u+C = -cos|e x i + C 


2. JV cos^3e* -2^dt = i Jcosw du, where u = 3e f -2 and du=3e'dt 


= isin u+C = isin(3e ? -2^ + C 

3 3 


3. J Q tan^yjj.r =| Q —jijfir = _ ^ii 17 w h ere u = cos (f)’ ~ _ ^ s i n (y)^-r; x = 0 => w =l,x =n ■■ 

= -3 [in | u |]j /2 = -3^1n|i| - In 11 Q = —3 In ^- = In 2 3 = In 8 

4. f 2cot;rx dx = 2 [ / cos — dx = — [ ^ — du, where u = sin nx,du = n cos nx dx; 

Jl/6 Jl/6 sm;rx n Jl/2 u 


=f[ ln i w i tf=i 


In 


-Ini 


* = 6 =>M = 2 ’ X = 4 => M 

= r [lnl-iln2-lnl + ln2]=i[iln2]: 


In 2 
n 


5. [ g/6 cos / ^ = where w = 1-sin t, du = -cos t dt- t = -4 =>w = 2,t = ■£■ =>w = 

j - ji /2 l-sinf J2 a ’2 ’6 

= - [in | u\f'~ = -j^ln|i| — In 12Q = -lnl + In 2 + In 2 = 2 In 2 = In 4 

6. | e x sec e x dx = j sec udu, where u = e x and du=e x dx 

= ln|sect/ + tanz/1 +C = In sece A + tane A +C 

7. J ln< r ^_ 5 5> dx = |u du, where u = ln(x -5) and du = +^dx 

= Z + c = N^il + c 

8. J5£f0_]^0^ v = -Jcos u du, where w = l-lnv and du = ~dv 

= -sin;/ +C = -sin (1-In v) + C 


f 1/2 


9. | i-oh = 3^ i dx = 3[ln | x |] 2 = 3(ln7 -lnl) = 31n 7 

10. dx = ijj ~-^dx = i[ln|x|] 2 “ = i(ln32- lnl) = iln32 = In j^/32 j = In2 


Copyright © 2014 Pearson Education, Inc. 



536 Chapter 7 Integrals and Transcendental Functions 


2 2 0 

1/2 1 C ^ 1/2 1 2 

11 . — }^dx=\ (lnx) - — dx =\ u~ du, where u = In x,du = —dx; x = e => u = l,x = e => u = 2 

ie x-Jh^I Je ’ X Jl x 


2 u V1 2 = 2 (V 2 -l) = 2 V 2 - 


12 . (1 + In t)(r In t)dt =J^ (rInt)(l + In t)dt =| of du, where u =t\nt,du =\(t)(j^ + (\nt)(\)^dt =(l + \nt)dt\ 


\ [u 2 * ^ = i [(4 In 4 ) 2 - (2 In 2 ) 2 ] = j [(8 In if - (2 In 2 ) 2 ] = i ^L (1 6 - 1) = 30(ln 2 ) 2 


t = 2 => u = 2 In 2, t = 4=>w=41n4 

(2 In 2 ) 2 


13. 3 y = 2 - v+1 => In 3 y =ln2 - v+1 y(ln3) = (y +I)ln2 =>(ln3-In2)y = ln2 (ln|-)y = ln2 =>y = ^ 

' ' ' Mf) 


14. 4“^ =3 > ’ +2 =>ln4“>' = In 3 - v+2 =>-yin 4 = ( 3 ;+ 2) In 3 => -2In 3 = (In 3 + ln4)y 


(Inl2)y = -21n3^y=-^ 


In 12 


15. 9e 2y =x 2 ^e 2y =>\ne 2y =]n 


P) => 2 >’( ln e ) = ln ('4) => T = 2 ln (T 1 ) = ln ff 

16. 3- v = 3 ln x => In 3-^ = ln(31nx) => y ln3 = ln(31nx) => y = ln(31n ' c) (d) - ln3+ln(lnx) 


= lnf 


= ln Ixl -ln3 


In 3 


In 3 


17. ln(y — 1 ) = x + lny => e Hy - ]) = e (x+ln v) = e V n * => y - 1 = yg* => y - ye* = 1 => y (l - e x ) = 1 => y = 


l—e 


18. ln(lOlny) = ln5x => e ln 0 0 In .v) = ^lOlny = 5x => Iny = f => =e xl2 ^>y=e x/2 


19. (a) lim 

X—>00 


log 2 x_ ( ln2 ) _ ln_3 _ ln_3 


logjx JZm “— ln2 ln2 


= lim => same rate 

X—>00 


• 2 • O • 

(b) lim —y-r = lim -X — = lim = lim 1 = 1 => same rate 

X->ooX+(yJ x->ooX~+l X ->00 - X x ->00 

(c) lim ^“1 = lim = lim = 00 => faster 

x->oo xe x x-»=o I00jf X^oo 100 


(d) lim —y— 

x —>00 tan x 


: co => faster 


(1 'l 


-1 


-2 


1 r \ 

(J 

X—>co 

X 

X—>00 

-X 

X—>00 

\ 



(e) lim 

X —>00 


■ h ( ex ~ e ~ x ) 

(f) lim Sinhx _ lim V-z 

x —>00 e x —>00 le 


fF l f 


= 1 => same rate 


= lim '~ e - 1 


2 = y => same rate 


20 . (a) lim 2— = li m (2\ = 0 ^> slower 

x —>00 2 1 x— >00 ' ' 

(b) lim = n m h2±Mi - n m + = 1 => same rate 

x->oo Inx 2 x —>00 2 dnx) x _ >00 \21nx 2) 2 

(c) lim 10r + 2x = lim 3Q * + 4 - v = u m 60x±4 _ jj m 6Q, _ q ^ s i ower 

x—>oo e x —>oo e x->oo e x->oo e 
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tan“‘(i) tan ‘(x M tM , 

(d) lim ——p+ = lim-fj—- = lim v *_ 2 ; = lim —p- = 1 => same rate 

x->oo (-J x->oo x x->oo -x x—>oo I t 


sin V 1 ) sin ' x 1 I Jl-(* 

(e) lim = lim-= lim 

x—>oo | _L I x—>oo x x —>oo —2x 


t ~ = lim — 2:— = oo => faster 

x —>00 2 /l \r 


(f ) lim = lim = n m — _2 - = i im 

x —>00 £ * x —>00 £ x x —>00 e x le x +e x j x— >oo\l+£ x / 


= 2 => same rate 


21 . (a) ^ = 1 + -y < 2 for x sufficiently large => true 


-1 > M for any positive integer M whenever x > ~Jm => false 


(c) lim —y— = lim —p = 1 => the same growth rate => false 

X->oo X+lnX X->oo 1+7 

["Ml 

(d) lim ln . (lnA) = lim - ‘"1 - = lim -r-L = 0 => grows slower => true 

x —>co lnx X->00 (i) x->oo lnx 


(e) tan - < p for all x => true 


(f) ^^ = }(l + e“ 2 *)< j(l + l)=l if x> 
f _L | 

22 . (a) . r \ = -X— <1 if x > 0 true 

r_L + j_i x 2 +i 

U 2 , 4 J 

(b) lim Mr = lim (-±-) = 0=> true 

x->oo [ _L+_L I x->oo \ x +1 / 


0 => true 


= lim —1— = 0 true 


til 

(c) lim Jp- = lim +p = 0 true 

X—>co X+ 1 X —>00 1 

(d) ^ = ^ + l <1+1 =2 if x >2^ true 
7 In x In x 

-l cos _1 f-) (—) 

(e) = — Ail <±1L = k if * > 1 => true 


sinhx _ J_ 
^ 2 




0 => true 


23. ^ = e- r +M 

ax 


(vl) 

l 


i _ i 

l dx J 

x=f( In 2) 1 

[Ml\ 

y dx J 

. 

x=ln2 

1 dx J 

i -, 

x=f( In 2) 1 

(*’+') 


1 _ 1 
2+1 3 
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24. y = f( X )^y = l + ±^± = y-l^x = y _ 




= ttv = x and 


f(f 1 (x)) = 1+ T y T = 1 + (x- 1 ) =x; 


-1 


/« 


(*-i r 


-i 


/(x) [(i+i)-i; 




/'w = -4=>^- 


/w 


/'(*) 


25. 


v = ln;c=> — = —• 


dt 


dydx 
dx dt 


dy 

dt 



dy 

~di e 2 


= -m/sec 
e 


26. y = 9e -x/3 


dv o -x/3. dx 
dx ’ dt 


C dy/dt ) 

(4v/4x) dt 



x = 9 => y = 9e 3 


= Ve 3 -1 « 5ft/sec 



27. K = ln(5.r) - ln(3x) = In 5 + In x - In 3 - In x = In 5 - In 3 = In -| 


28 . (a) No, there are two intersections: one at x = 2 and the 
other at x = 4 


(b) Yes, because there is only one intersection 



29. 


'°g4x _ (in 4 ) _ Inx In2 _ In2 _ In2 

log 2 x (—) l n 4 In x In 4 2 In 2 


1 

2 
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(b) /is negative when g is negative, positive when g is 
positive, and undefined when 
g = 0 ; the values of/decrease as those of g increase. 


3L i = 7vcos 2 V^^^-L = & ^2tanV^=x + C=>j=(tan 1 (&f)f 


32. 


y =■ 


3r(*+ir 


y- 


-l 


^ — dy = 3(x + V)~ dx => j - In y = (x +1 ) 3 + C 


33. yy' = sec 


/) 


sec 2 x - 


ydy 

ec(v 2 ) 


= sec~ x dx : 


•M 


= tan x+C 


•sin(j 2 ) 


= 2 tan x + Ci 


34. v cos 2 (x) dy + sin xdx = 0 => ydy = — S1 ” A dx => /- =-!—+ C => y = ±, / 2 , + Ci 

v ' ' ' ' cos 2 (x) 2 cos(x) V cos C') 

35. ^ = e~ x ~ y ~ 2 => e-Vy = e~ (x+2) dx => = -e“ (x+2) + C. We have j(0) = -2, so e ~ 2 = -<T 2 +C^C = 2e~ 2 and 

e-*' = - e “ (x+2) + 2 e “ 2 => y = In (-e“ (x+2) + 2e ~ 2 ) 


36 t^ = >’ ln . v 




dx 


i tan ^(x)+C ^ ^ tan ^(0)+C 

ln(ln v)=tan 1 (x) + C=>y=e e . We have y(0) = e 2 => e 2 = e 


dx l+x 2 ylny l+x 2 

._-1 //-vn . i tan () In 2 

e tan ( 0 )+C = 2 => tan - (0) + C = ln2 => 0 + C =ln2 => C = In 2 


• j=e 


37. xdy-^y + xfy^dx = 0 => ^ ^ => 2 In ^yfy + 1 j = In x + C. We have y( 1 ) = 1 => 21 n(Vl +lj = lnl + C 

=> 2In2 = C = ln2 2 = In4. So 2\n^Jy + lj = lnx + ln4 = ln(4x) => ln^^/j +lj = 3-ln(4x) = ln(4x ) 1 
^e ln (^ +1 ) =e ,n<4 ^ 2 ^^ + l = 2^^y=(2^-lf 


\l/2 


38- = ^, 


4v g 2l +l 


'-dx = - 3 + => 3 - = e A —e * + C. We have j(0) = 1 => = e° —e° +C => C = 3 . So 

e x y $ 


y x -x , 1 

^- = 0 -e 1 


+i^>j 3 =3( e x - e - x )+i^>j=r3( e x - e - A ')+i 


1/3 
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39. Since the half life is 5730 years and A(t) = A 0 e kt we have -y- = A^e 51 ^ = e 5730k => ln(0.5) = 5730k 

Mas) MM>, 

=^> k = 5730 . With 10% of the original carbon-14 remaining we have 0. 14 q = A$e 5730 => 0.1 = e 5730 
=> ln(O.l) = => t = ( 57 ^ n ° ( > 0 ll g ) °' 1) »19,035 years (rounded to the nearest year). 

40. T-T s = (T 0 —T s )e~ kt => 180-40 = (220 -40)e _i/4 , time in hours, => it = -41n(|) = 41n(|) 

=> 70 -40 = (220-40)e _41n(9/7), => t = ln , 6 , «1.78hr «107 min, the total time => the time it took to cool 

41n (f) 

from 180° F to 70° F was 107-15 = 92 min 


CHAPTER 7 ADDITIONAL AND ADVANCED EXERCISES 


1 . A(t) = J e X dx = 


(a) 

lim A(t ) = lim 


t—> oo t— > 00 ' 

(b) 

lim = lim - 

t —>GO A (0 f->O0 

(c) 

lim = hm 

f-> 0 + A(t) t-> 0 + 

2 . (a) 

lim log a 2 = li 


= \—e 1 ,V(t) = 2x dx = 
[~e~ l j = 1 

K1 _ , 


.2. e ~ 2x 
2 


1 > = lim n . —'- = lira 4 


1 -e" 


?-> 0 + 


K) 


<->o + 


“ 2 = 0 - 

n+ A + In a ’ 

a ->0 < 3->0 

lim log. 2 = lim = • 
oa lna 

—>1 a —»1 


mil t— — —co: 
lna 

^->•1 

lim log,. 2 = lim 

.+ ° ,+ In a 

a->l a->l 

lim log, 2 = lim hC. - 

fl ->oo a —>00 lna 


= oo; 

0 


4. In the interval n <x <2n the function 

sinx < 0 => (sinx) sm ' is not defined for all values in 
that interval or its translation by 2n. 


-t 

-0 


fH -2 ') 


KT 



5. (a) g(x) + /?(x) = 0 => g(x) = -h(x)\ also g(x) +/ 7 (x) = 0 => g(-x) +h(-x) = 0 => g(x) -h(x) = 0 
=> g(x) = h(x); therefore -h(x) = h(x) => h(x) = 0 => g(x) = 0 

^ /(*)+/(-*) [/ £ (-y)+/o(x)]+[/ £ (--y)+/ 0 (-.y)] f E (x)+f 0 (x)+f E (x)-fo(x) 

[/j.(x)+/ 0 (x)]-[/ £ (-x)+/ 0 (-.r)] f E (x)+f 0 (x)-f E (x)+f o (x) - , 

2 2 2 JO 

(c) Part b => such a decomposition is unique. 
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6 . (a) g (0 + 0 ) = =* [l ■-g 2 ( 0 )]g( 0 ) = 2 g( 0 ) =* g( 0 ) -g 3 ( 0 ) = 2 g( 0 ) g 3 ( 0 ) + g( 0 ) = 0 


■ g( 0 )[g 2 ( 0 ) + l] = 0 => g( 0 ) = 0 


[iW+iWl c 1 , 

(b) g\x)= lim - lim gi - = i im s(x) +g (h)- g (x) +g Mgd 0 

' ‘ h h — >0 h /!-> 0 


/!-> 0 


= lim 

/i—>0L 

dv 


g(A) 

1 +g 2 (x) 

- 1 . 

1 _i_ 

h 

1 -g{x)g{h) 

— 1 

i+ <5 \ x ) 


(c) ^ = 1 + y 2 => ~~r - dx => tan 1 j=x + C=>tan 1 (g(x)) = x + C;g(0) = 0 => tan '0 = 0 + C 


= l + g (x)=l + [g(x)] 
-l 


/i[l-g(x)g(A)] 
2 


• C = 0 => tan 1 (g(x)) = x g(x) = tanx 


f —dx = 2 

tan 1 x 

Jol+x 2 

_ 


f -^-ydx = 

ln(l + x 2 ) 

J0 l+x 2 

L \ J] 


= In 2 => x = = htA ■ jt = 0 by 


(f) * 


symmetry 


2 

S. (a) V = n\l A \^ Jx=fJ^ 4 ldx=f[ln|x|]j / 4 =f(ln4-lni) = flnl 6 =fln( 2 4 ) = ^ln 2 

tb) M = f 4 x(^-W= i f 4 x 1/2 ^x = T i x 3/2 l 4 =(— —Cl = 64^1 = 63 . 

11 M y Jl/4 X \ 2 -JI! llVA L3* J 1/4 U 24/ ~ 24 “24’ 


(b) M = f x(— t=Wx = 4 f x i,2 dx = 4-x 3/2 = 1|__L 

V ’ y Jl/4 \ 2 4x) 2 Jl/4 [_3 J 1/4 V3 24 


M = f —K=dx = f yx l 2( A = (~x 
Jl/4 2-77 Jl/4 2 I 

" =(f”4(t)= 


■ 1/2 1 = 2 -4. = 1 ; therefore, 

Jl/4 2 2 


- = Mj 

- v M 


In 2 

3 


9. A(t) = A () e rt ; A(t ) = 2 ^ 0 => 24q = 4 0 e rt 


= 2 => rt = In 2 => / = 


In 2 


.7 


70 


70 


;• lOOr (;•%) 


10 . 


In order to maximize the amount of sunlight, we need to maximize the angle 6 formed by extending the two red 
line segments to their vertex. The angle between the two lines is given by 6 = n—{6\ +(tt -Oj)\ From trig we 

have tan 6 X = 4 f^=> 6* 1 = tan ~' and tan(;r- 0 2 ) = ^f- => (n-d 2 ) = tan -1 p £!0 j 

^ 0 = 7 T - (By + Or - 0 2 )) = 7 T - tan ' 1 (- tan " 1 ) 

^M = 1 _350_1 / 2001 _ -350 , 200 

dX li( 45 330 f (450-x) 2 1 +( 200 | 2 \ x 2 J (450-x) 2 +122500 x 2 +40000 


4^ = 0^-=|50-+ 2 00 = 0 => 200 ((450 -x ) 2 +122500) = 350(x 2 +40000) 

ax (450-x) 2 +122500 x 2 +40000 V 1 

=> 3x“ +3600x-1020000 = 0 => x = -600±100V70. Since x > 0, consider only x = -600+ 100%/70. Using the 

first derivative test, yH = > 0 and 44 = -ryy < 0 => local max when 

dx Y= 100 3500 ax r =400 5000 

x =-600+ 100^70 -236.67 ft. 
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CHAPTER 8 TECHNIQUES OF INTEGRATION 


8.1 USING BASIC INTEGRATION FORMULAS 


1 . 


16x 

0 8x 2 + 2 


■dx 


u = 8x +2 du = 16 xdx 
u = 2 when x =0, u = 10 when x = 1 


M I6x 
o 8x 2 +2 


r 10 1 

dx = — c/m = In I m I] 

J 2 u 


= In 10 - In 2 = In 5 


2 . 


' x 2 


x 2 +1 


dx 


Use long division to write the integrand as 1 - 


■ dx 


x 2 +1 


-=- dx = f 1 dx - —=- 1 

r+l J J x 2 +1 


= x - tan 1 x + C 


3. J(secx-tanx)" dx 

Expand the integrand: (secx - tanx) 2 = sec 2 x -2secx tanx + tan 2 x 

2 2 
= sec x-2secxtanx+(sec“x-l) 

= 2sec 2 x -2secxtanx -1 

| (sec x - tan x) 2 dx- 2 J sec 2 x dx - 2 j sec x tan x dx -11 dx 
= 2tanx-2sec x-x + C 

We have used Formulas 8 and 10 from Table 8.1. 


4. 


nl'i 


1 


-dx 


tt/ 4 cos xtanx 
z/ = tanx du = sec z x dx = 


2 1 


2 

COS X 


ah 


= 1 when x = n / 4, u = V3 when x = n 1 3 


•7r/3 


•V3 


S-/4 cos x 


-- dx - f — du = In | m |] ' 

x tan x J l « J 


-s/3 


= lns/3 -lnl =—ln3 
2 
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Write as the sum of two integrals: 



For the first integral use Formula 18 in Table 8.1 with a = 1. 

For the second: 

2 

u = 1 - x du = -2x dx 






3 j 

w=lnz =31nz du= — dz 

z 

Using Formula 5 in Table 8.1, 



r,u ^lnz 3 

- +c = -—+c 

48 In 2 48 In 2 
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9. 


e~ + e 


■ dz 


Multiply the integrand by 


1 


- dz = 


e +e 
u = e z du = e~ du 


2 z . i 

e +1 


dx 


2Z . i 

e +1 


dx ■■ 


1 


u~ +1 


du 


= tan 1 u + C = tan 1 e~ + C 


10 . 


1 x~—2x + 2 


- dx 


u = x -1 du = dx 
u = 0 when x =1, u = 1 when x = 2 
2 o r 1 


1 x~-2x + 2 


■ dx = 8 


1 


0 u 2 +1 


du 


-it 


Jo 


11 . 


J_ll + (2x + l) 2 

u = 2x +1 du = 2dx 
u = -1 when x = -1, u= 1 when x = 0 


_ 1 1 + (2x +1)' 


-dx = 2 


f-L 

J — 1 1 + u 


du 


= 2 tan 1 



= n 


12 . 


3 4x 2 -7 
, 2x + 3 


dx 


Use long division to write the integrand as 2x -3 + 


2x + 3 


* 2 ^^2 <-j ^ /»j 

—-c/x = 2x dx - f 3 dx + 

J_! 2x + 3 J -l J_ 


2x + 3 

J ^2jc cfec — J ^-3 x] 3 j =8-12 =-4 


■ dx 


For the last integral, 

u = 2x + 3 du = 2 dx 

u = 1 when x = -1, u = 9 when x = 3 
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J-\2x + 3 Ji u 
i9 


= | In u = In 9 - In 1 = 2 In 3 


So 


3 4x 2 -1 


-1 


2x +3 


dx = - 4 + 2 In 3 


13. 


Jr 


■sect 


■dt 


Multiply the integrand by 


1 + sec t 
1 + sec t 


1 


1 - sec t 1 + sec t 


1 + sect -1-sect 2 cost , 2 cost 

■ = — COt t- T— = l-csc“t- 


tan“ t 


• 2 . 

sin t 


• 2 . 

sin t 


- j 

- dt = f 1 dt - f esc 2 1 dt - 

J 1-sect J J 


cost 

— ~ 

sin" t 


dt 


= t+cott+csct + C 

Here we have used Formula 9 in Table 8.1 for the second integral, and the substitution u = sint, dn = cost dt 
for the third integral, which gives it the form 


±-du = -- = -- 


sint 


14. Jcsctsin3t dt 

Write sin3t as sin(2t + t) and expand. 

. . cos 2t sint + (2 sint cost) cost 

esc t sin 31 =- 

sint 

= cos2t +2cos 2 1 =2cos2t +1 

J csctsin3t dt = |2cos2t dt + Jl dt 
= sin2 1 + t + C 


15. 


n 1 4 


1 + sin 9 


dO 


0 cos“ 9 


Split into two integrals. 


n!\ 


l + sin0 

9 

0 cos “9 


d9 = 


7r/4 


1 


-d0 + 


0 cos 0 


7t!4 


sin 9 


d9 


0 cos 9 


r 71 / 4 9 r 

= j o sec" 9d9 + J 


7tl 4 


sin 9 


d9 


0 cos 9 


= [tan^ + sec#]^ 4 = (1 + V2) -(0 + 1) = y/2 

The second integral is evaluated with the substitution u = cos 9 du = -sin 9 d9, which gives 


sin 9 

cos 2 9 


d9=-\-^-du= — = —-—. 
u 1 u cos 9 
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/ 26-0- 


Write the integrand as 


/i-o?-ir 


■. With u = 0-1, du =dd. 


120-8 1 J y]l-(0-l) 2 

= f — du = sin~ 1 » + C = sin~ 1 (0-l) + C 


We have used Formula 18 in Table 8.1 with a = 1. 


y +4 In" y 


Write the integrand as —— 


In y 1 


y 1 + 4 In y 


u = 1+4 In 2 y du = dy 


In y , In y 1 , 

-o— dy= - 2 — dy 


y+4ln y J y l + 41n y 

= — f— du = — lnl u\+C = —ln(l +4 ln~ y) + C 


Note that the argument of the logarithm is positive, so we don’t need absolute value bars. 

' 2 Jy 

18. —}=dy 

) 2 ^ 

u = Jy du = — -i=dy 

2 4y 

Using Formula 5 in Table 8.1, 

2'Jy f 

— 7 = dy = 2 U du 

J 2 Vr ' J 

= —2"+C = —2^+C 

In 2 In 2 


19. - d0 

J sec6Utan0 


Multiply the integrand by 


f— 

J sec0 + 


+ tan6 ) cos0 


C cos t 
J 1 + sir 


u = l + sin<9 du=cos0d0 
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f cosi 
J 1 + sir 


-d9 = — du = In \u + C 


= ln(l +sin 9) + C 


We can discard the absolute value because 1 + sin 9 is never negative. 


Use Formula 5 in Table 7.10, with a = V3. 


j 1 . -i t 

= dt =—^csch — 

2 V3 V3 


4t 3 -t 2 +16 1 


Use long division to write the integrand as 4t -1 + - 


4t 3 - 1 2 + 16t 


r 

dt = f 4t dt - f 1 dt + 4 - 

J J J / 


= 2t 2 -t + 2tan M — +C 


To evaluate the third integral we used Formula 19 in Table 8.1 with a = 2. 


v + 24x -1 
2x4 x-1 


Split into two integrals. 


r + 24x-l 
2x4x —l 


24^1 


dx + — dx 


= 4x-\ + In I vl + C 


For the first integral we used u = 4x — l, du = — , ' dx. f 

2yfx-l J 


du = u + C 


23. f Vl-cos 9 d0 
JO 


Multiply the integrand by 


/l + cos# 
/l + cos# 


r 71 /2 I - 

f VI-cos 9d9 

Jo 


/ 1-cos” 9 
n/T+cos ~9 


0 Vl + cos 0 


(Note that when 0 < 9 < nl 2, sin 9 > 0 so Vsin" 9 = sin 9 .) 

m = 1 + cos6> du = —sin 0 dO 
u = 2 when 9 = 0, u = 1 when 9 = n! 2 


o Vl + cost? 


-1 i C 2 1 2 

d0=- —j=du= —j=du=2yfu\ =242-2 
J 2 VU J i 4u Jl 
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24. J(seci + cott) 2 dt 

Expand the integrand: 

(sec t + cot iy = sec 2 t + 2 sec t cot t+co\ 2 t 

2 2 
= sec t + 2secicott + csc~ t -1 

J (sec t + cot t) 2 dt = | sec 2 1 dt + 2 J esc t dt +j esc 2 t dt-jldt 

= tan t - 2 In | esc t + cot 1 1 - cot t -1 + C 

We have used Formulas 8, 9 and 15 from Table 8.1. 


Je - -1 


Multiply the integrand by —-. 


7 dy = - , dy ; u = e y du = e y dy 


e y Je 2y -l J u^Ju A -1 


= sec 1 1 u I + C = sec 1 e y + C 


We have used Formula 20 in Table 8.1. 


26 ' )M+y) dy 


u = Jy du = —= dy 
V 2-y/r 


—j=— -- dy = 12 —~ y du 

VT( 1 + t) ' 4 1 + m 


= 12 tan 1 yfy +C 


27. — , dx 

J xul-41n 2 x 


M = 21nx du=—dx 
x 


1-4 In" 


= sin 1 u + C = sin 1 (2 In x) + C 
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28. 


1 


(x—2 )\lx 2 —4x + 3 
u = x - 2 du =dx 

1 


dx 


(x 


-2 


■ dx = 


4x + 3 


i\Ju 2 - 


■ du 


= sec 1 1 u I + C = sec 1 \x - 2 I + C 


We have used Formula 20 in Table 8.1 with a = 1. 

29. J(cscx-secx)(sinx + cosx) dx 

Expand the integrand and separate into two integrals. 

(esc x - sec x)(sin x + cos x) = 1 + cot x - tan x -1 = cot x - tan x 

J (esc v - sec x)(sin x + cos x) dx = J cot x dx - 1 tan x dx 

= In | sin x | - In | sec x | + C = In | sin x | + 
We have used Formulas 12 and 13 from Table 8.1. 


30. 


3sinh^ + ln5j dx 


X 1 

u = —hln5 du = —dx 
2 2 


3sinhj^ + In 5 j dx = 6 J sinh u du 


= 6coshi i+C = 6cosh|^+ln5 | +C 


31. 


3 2x 3 
Jix 2 -l 


dx 


2x 

Use long division to write the integrand as 2x + ^ r —. 

x 2 -1 


3 2x 3 
V5 x 2 -l 


dx = 


V2 


2x + ^ X I dx = f ,-2x dx + 
x 2 -lJ 


2x 


y/2 X 1 -1 


dx 


2 

For the second integral we use u = x , du = 2xdx. 
Jj- 2x dx 


3 2x 1 1 3 It n3 

— dx = x 2 ^ + In x 2 -1 


■Ji x z — 1 I I 

= (9-2) + (ln8-lnl) 
= 7 +ln8 « 9.079 


k/2 


ln|cosx + 
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32. 



sin.r dx is the integral of an odd function over an interval symmetric to 0, so its value is 0. 



Multiply the integrand by 



and split the indefinite integral into a sum. 



The first integral is Formula 18 in Section 8.1, and for the second we use the substitution 

2 

u = 1 —y, du = -2 ydy . So 



34. J e z+<r ~ dz 

Write the integrand as e : e e and use the substitution u = e z , du = e^dz. 

| e~ +e dz = je~e e dz = je u du 
= e u +C = e e " +C 


35. - . = = dx 

J (x -l)vx 2 —2x -48 

u=x— 1, du=dx; x 2 -2x-48 =u 2 -7 2 
We use Formula 20 in Table 8.1. 
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(2x + l)\i4x + 4x 2 


u =2x +1, du = 2dx\ 4x+4x 2 =u 2 -l 2 
We use Formula 20 in Table 8.1. 


(2x + l)y/4x + 4x l 


■A=± - X 


2 J uX 2 - \ 2 

= —sec -1 1 u | + C = —sec -1 1 2x + 11 + C 


37. [ 2 J^2l+2l Jg 


i 5 

Use long division to write the integrand as 9 - 9 + 1 h-. 

20 — 5 


29 i -19 2 +19 


d9=jo 2 d9 — j9d9+jld9+J-X—^ 


= -(9 3 --V + <9 + -ln|2<9-5| + C 
3 2 2 1 1 

In the last integral we have used the substitution u = 29-5, du =2d9. 


38. - dO 

J cos 9 — 1 


Multiply the integrand by 


cos <9+1 
cos 9 +\ 


1 cos 9+1 cos 9 + \ 1 + cos 9 2^ „ „ 

-=-^-=-^— = — esc <9-csc<9cot<9 

cos<9-l cos# + l cos 9-1 sin ^9 

j|-csc 2 9 - esc ^cot 9^ d9 = -J esc 2 9d9-jcsc9cot9d9 

= cot 9 + esc 0 + C 

We have used Formulas 9 and 11 from Table 8.1. 


Use one step of long division to write the integrand as 1 - - 


—-— dx = f 1 dx — —— dx = x— \n(\ + e x \ - 
l + e x J Jl + e x ' ' 


For the second integral we have used the substitution u = 1 + e x , du = e x dx. Note that 1 + e x is always positive. 
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3/2 , 3 1/2 , 

u — x , du=—x ax 
2 


:if-L 

3 J 1 + u 


= —tan 1 w+C= — tan *x"^ 2 +C 
3 3 


41. The area is | (2cosjc -secx) dx = [2sinx — In| secx + tanx |] / 


= (V2-ln|V2+l|)-(-V2-ln|V2 -l|) 

= 2^2 + lnj^|^H = 2 V 2 -ln|3 + 2\/2j «1. 


r 7ll 4 / 9 2 \ 

42. The volume using the washer method is 7rJ ^4 cos x-sec x I dx. 

Split into two integrals; for the first write 4cos^ x as 2(l + cos2x) and for the second use Formula 8 in 
Table 8.1. 

r u! 4 / 2 2 \ f 2 f 2 

;r 4 cos x - sec x\dx = 7t\ 4 cos sec x dx 

J-^/4 \ ) J-tt/4 J-tt/4 

rn!4 , v r^r/4 2 

= ;r 2(1 + cos2x) ax -;r sec xdx 
J-;r/4 V ; J-^/4 

= ?r[2x+ sin2x]^ 4 -jrtanx]^J 4 

43. For y = In (cos x ), dy/dx = -tanx. The arc length is given by 

r id 3 / / ^ 2 " r ^r/3 

y 1 + (-tanxj dx = sec x dx since secx is positive on the interval of integration. 

J o secx dx = In| secx + tanx |]^ /3 

= ln(2+V3)-ln(l + 0) = ln(2+V3| 

44. For y = ln(secx), dy/dx = tanx. The arc length is given by 

f ^/4 / 7 ^ 2 " r ^r/4 

-^1 + (tanxj dx = secx dx since secx is positive on the interval of integration. 

J secxt/x = In| secx + tanx |]^ /4 

= ln(V2 +l)-ln(l + 0) = ln(V2+l) 

Copyright © 2014 Pearson Education, Inc. 



554 Chapter 8 Techniques of Integration 


45. Since secant is an even function and the domain is symmetric to 0, x = 0. 
For the j-coordinate: 


1 r * /4 2 i 

sec x ax 


- 2 J -nt4 

-7114 


tanx 


n !4 
-I —7114 


J* sec* tic In | secx + tanx | ]* 

_1_ 

(ln(V2+l)-ln(V2-l)j 

! ! : 0.567 


7114 

n / 4 


J( V 2 +l ^ In (3 + 2 V 2 j 


TV 2 - 1 J 


46. Since both cosecant and the domain are symmetric around nt 2, x = nt 2. 


y = - 


1 r 571/6 2 7 1 1 

— esc x ax -Ircotx 

2 J n /6 2 J 


5 ;r /6 

71 /6 


f 57r/6 csc.r dx -lnlcscx+cotxl] 

J nt 6 1 u 


57t/6 
tc /6 


41 

(vM-4) 

) 

-(in (2 + 

+ 3 ) 

|-ln| 

(9 

r 

-V3)) 






2 + VP ] ln(7 + 4V3 


; 0.658 


'I2-V3J 


47. j(l + 3 x^e*'dx=xe x \c 


48. 


9 

l + sin“ x 


dx 


Multiply the integrand by 


sec 2 x 


2 ' 
sec x 


2 

l + sin“x 


dx = 


sec 2 x 


2 2 
sec x + tan“x 


dx = 


sec 2 x 
1 + 2 tan 2 x 


■ dx 


u = tan x, du = sec" x dx 
1 


^ sec 2 x 


1 + 2 tan" x 


- dx = 


1 + 2 iC 


■ c/w 


v = V2 m, dv = V2 du 
1 


■ du = 


1 + 2 it 


4= 

V2 J 1 + v 2 

—J=tan _1 v + C 

V2 

-J=tan _1 (V2 tanxj + C 
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49 




x +\dx 


u = x 4 +1, du = Ax^dx; x 1 dx = ——-du 


| x 7 Vx 4 +1 = — | (w - 1 )Vm du 


= — f t/ 7/2 du - — f u 1/2 du 

4 J 4 J 

1 5/2 1 3/2 ^ 

10 6 


1 3/2 

= — 

30 


(3 u -5) + C = 2^(x 4 +1) 3/2 (3x 4 -2j + C 


50. 


J^(x 2 - l)(x + l)j dx 


x -l 2 

The easiest substitution to use is probably u = -, du =- -dx. 

X + l (1 + x) 2 


The integral can be written as 
1 


,\ 2/3 

«»‘> 2 


dx = — J 


2/3 , 
u du 


3 1/3 3 f x -1 

= —u + C = — - 

2 2 Vx +1 


1/3 


+ C 


8.2 INTEGRATION BY PARTS 

1 . u = x, du = dx; dv = sin ^ dx, v = -2 cos ; 

Jxsin^-dx = -2xcos-|-J(-2cos-|) dx = -2x cos(-f) + 4sin + C 

2 . u = 0, du = dO; dv = cos nd dd, v = —sin nd ; 

71 

ft? cos nO d6 = — sin nd - f—sin nd dd = — s'mnd+ -^cos nd+ C 
J Kin n tz 1 

cost 
sin t 
-cost 
-sin / 

r 2 2 

\t~ costdt = t sin/+2/cos/-2sin/ + C 


/ 2 -*±U 
2 1 M > 


2 

0 


(+) 
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4. sinx 

x' 2 — ( ' +> > -cos x 
2x— > -sinx 
2 -> cos x 

r 9 9 

0 lx sinxd r x = -x cosx + 2xsinx + 2cosx + C 


5. 


u = lnx, du = *; dv =xdx,v = 


2 

f x In x dx = 

X 

si 

i_ 

2 -9 2 

_f JL* = 21n2-i 

V" 

Jl 

L 2 J 

! Jl 2 x 

4 


= 2 In 2-4 = In 4-4 

4 4 


i 3 4 

6. w = Inx, du = —: dv = x dx,v = I r : 

x 4 


x 3 ln x dx = 

2—lnx 

r x 4 dx _ e 4 

X 4 


4 

j Jl 4 x 4 

16 


3e 4 +1 
16 


7. u = x, du = dx; dv = e x dx, v = e x ; 

| x e A dx = xe A - Je A dx = xe' A - e A + C 

8 . u = x, du = dx ; dv = e 2x dx, v = -je 3x ; 

|x e 2x dx = -|e 3A _ 4| e ix dx = -|e 3A -^e 3 ' + C 


9. 


x 2 (+) > -e~ x 
2x—^ e ~x 


2 

0 


(+) 


2 " A dx = -x 2 e A - 2x e x - 2e x + C 


x e 


10 . 


2x 

e 

x 2 - 2x +1 — > 4 e~ x 


2x-2 

2 

0 


-^}e 2x 

-^4e 2A 


Je 2x dx =\^x 2 -2x + lje 2 ' A ~4(2x-2)e 2A +4 e ""' + 


j|x 2 -2x + l )e 2x dx = 4^ 2 


= (ix 2 -|x + f)e 2A + C 


11. u = tan 1 y, du = dy ' ; dv = dy, v - v; 
i+r 

-i 


| tan l ydy=y tan 1 = 3 ’tan V “4 ln + >’ 2 ) + C = T tan 1 y-\n^l + y 2 
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12 . 


13. 


14. 


• -l 
u = sin 


y, du 


T=; dv = dy, v = y; 

Vl -y 2 


Jsin l ydy=ysin l y- 




ydy 


= ysin l y + 




-y 2 +C 


u = x, du = dx; dv = sec 


2 


x dx, v = tan x; 


J x sec 2 x dx = x tan x - J tan x dx = x tan x + In | cos x | + C 

J 4x sec 2 2x dx; [y = 2x, dy = 2dx] —>■ jy sec 2 y dy = y tan y-j tan y dy = y tan y - In | sec y \ + C 
= 2x tan 2x - In | sec 2x | + C 


15. 


x 3 e x 

3x 2 —^ e x 
6x —e x 
6 ( ~ > > e x 


|x 3 e x dx = x 3 e x -3x 2 e x + 6xe x -6e x + C = |x 3 -3x 2 + 6x -6je x + C 


4 p 3 —^ e~ p 
\2p 2 —«-> -e~P 
24 p — > e~ p 
24 -e~ p 

0 J p 4 e~ p dp = -p 4 e~ p -4p i e~ p -12 p 2 e~ p -24 pe~ p -24 e~ p +C 

= (-p 4 -4p 3 -\2p 2 -24p — 24 ^ e~ p +C 


x 2 -5x - 

e x 

2x - 5 - 


2 

-i±W 


0 


||x 2 -5xje x dx = |x 2 -5xje x -(2x-5)e x + 2e x +C =x 2 e x -lxe x +le x +C 
= (x 2 -7x + 7je x +C 
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18. 


9 

r + r +1 
2r + 1 
2 
0 


(+) 


(+) 


e 

■» e r 


> e 


■» e 


J( 


r 2 + r +1 j e dr = |r 2 + r +1 
= |r 2 +r+ lj-(2r+l)+2 


je 7 -(2r + l)e 7 + 2e 7 +C 
e 7 +C = fr 2 -r + 2^ e r + C 


5 

(+) 


X 


v 

-> e 

5x 4 

(-) 

-> e x 

20x 3 ■ 

(+) 

-+e x 

60x 2 

(-) 

-> e x 

120x - 

(+) 

-> e x 

120 - 

(-) 

-> e x 


0 


jx 5 e x dx = x 5 e' v -5x 4 e x + 20x 3 e x -60x“e x +120xe x -120e x +C 
= (x 5 -5x 4 +2Ox 3 -6Ox 2 +120x -12oj e x +C 


20 . 


2 

0 


e 4t 

t 2 _J±)^i e 4* 
2/ (_) > 

lu 


64 


1 


.2 4t ,, t 2 
t e dt = -^-e 


t±Jt _2t At J_ 41 c _ l_ At . 
16 e + 64 e - 4 e 


,1^ + _L^ +C 


= ^_i+iL4 ? c 
4 8 32 j 


21. 1 = | e® sin 9 d9; [u = sin9, du =cos 9 d9\ dv -e 6 dO, v =e°\ => / => sin &-fe 0 cost? d9\ 

[u = cos 9, du = -sin 9 d 9; dv = e 0 d9, v = e 9 ] => / = e® sin 9-[e d cos 9 + fe 0 sin 9 d9^ 

= e 6 sin 9-e 9 cos 9-1 +C' => 21 = [e® sin 9-e 9 cos#j + C' => / = \(e 9 sin 9-e 9 cos^j + C, where C 
is another arbitrary constant 

22. / = | e~ y cos y dy; [it — cos y, du = - sin y dy; dv = e~ y dy, v = -e~ y ] 

=> / = -e~ y cos y - J|- e~ y j(-sin y) dy = -e~ y cos y-je~ y sin y dy, 

[ii = sin y, du = cos y dy, dv = e~ y dy, v = -e~ y ] => / = -e~ y cos y - (~e~ y sin y - f ( -e y ) cos y dy ] 
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= —e y cos y + e y sin y-I + C' => 21 = e y (sin y -cos y) + C' => / = ^{e y sin y-e y cos y j + C, where 
C = y- is another arbitrary constant 

23. / = J e 2x cos 3x dx; [u = cos 3x; du = -3 sin 3x dx, dv = e~ x dx; v = ye 2 ' ] 

=> I -\e 2x cos 3x +4|e 2 ' r sin 3x dx; [u = sin 3x, du = 3cos 3x, dv = e 2x dx; v = ye 2 '] 

=> / = y-e 2 ' x cos 3x + j(je 2x sin 3x-| je 2x cos 3x dxj = je 2x cos 3x + -|e 2x sin 3x--|/ + C' 
y-7 = y-e 2x cos 3x + -|e 2x sin 3x + C' =>/ = yy(3 sin 3x + 2 cos 3x) + C, where C = -fjC' 

24. |e 2x sin 2x dx; \y = 2x ,du = 2<£t] —> \ je y sin y dy -I; [u = sin y, du = cos y dy; dv = e y dy, v — —e - 1 ] 






|-e •*' sin y + je y cos y dy j [w = cos y, du = -sin y; dv = e y dy, v =-e y ] 
je~ y sin y + y |-e~- v cos y - j[^ e ~ y ^(—sin y) dy j = ~\e~ y (sin y + cos y)-I +C' 


=>2 I = ~e y (sin y +cosy) + C' => / = — e y (sin y + cosy) + C = (sin 2x + cos 2x) + C, where 


C = — 
L 2 


r ,/wq , 3s + 9 = x 
25. je^ 3s+9 ds; 

J ds = jX dx 


je x ~x dx = jjxe x dx; [u=x, du = dx; dv - e x dx, v = e x \; 


y jxe x dx = j [xe x ~je x dxj = jjxe x -e x i + C = -||V3s +9e^ 2s+9 


-e yxs+y +C 


26. 11 = x, du = dx; dv - yjl—xdx, v = —jyji 1 -x) 3 ; 


| xVl -x dx = - 


[xJ( 1-x) 3 +1- 


) 3 * = 0+f[-f(l-*) 5/2 ]' 


27. u =x,du = dx ; dv = tan 2 x dx, v = f tan 2 x dx = f sin * dx = f 1 CQ ^ x dx = f —-f dx = tan x -x; 

J J COS X J COS X J COS X J 

J^ xtan 2 x dx = [x(tan x-x)]^ 3 - (tan x-x) dx =y(VJ-y) + | In |cos x| + y- 

= fb 5 -f) + 1 ”i + 7? = ¥- 1 ” 2 -Ti? 

28. w = In ^x + x 2 j, du = —(dX = ^ v = x; Jin |x +x 2 j dx = xln |x + x 2 ) _ J x 

= x In ^x + x 2 j - J =x l n + or 2 J — J" (2 —) t&=*ln|x + x 2 j-2x + ln|x+l| +C 


u = In x 


29. J sin (In x) dx; du = ^dx —> J (sin u) e u du. From Exercise 21, J (sin u) e" du = e u 


sin w-cos u 


dx = e li du 


= j[~x cos (In x) +x sin (In x)] + C 
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30. Jz( In z) 2 dz; du =^dz — > je u ■ u 2 -e“ du = je 2 “ ■ u 2 du; 
dz = e u du 


(+) 

e 2u 

> i e 2 " 

(-) . 

> l e 2 " 

(+) , 

^ 4 e 
> —e 2u 


* 8 6 


f 2 2m 7 m - 2m w 2m 1 2m 2 ^ 11 

I m e du=^e ~ 2 e + 4 e + 6 = £ ^-I2m _ 2w+ll + C 


- 2(ln z) 2 


-2 In z +1 +C 


31. Jxsecx 2 d!x Let u = x 2 , du =2x dx ^du = x dx —» Jx sec x 2 dx = 2-Jsec u du = 2-ln |sec u + tan w| + C 


= ^-ln | sec x 2 + tan x 2 | + C 


32. f cos r ^' dx Let u = ~Jx, 


du = —W dx => 2 du = -\=dx 
2V-v vx 


—> | dx = 2 Jcos m du = 2 sin w + C =2 sin Vx + C 


33. Jx(ln x) 2 dx\ du=^dx —> Je u -w 2 -e u du = Je 2u -u 2 div, 
dx = e“ du 


(+) 

e 2u 

> i e 2 " 


* 2 e 

(-) 

>i e 2 " 


*4 

(+) . 

, i^ 2 " 

8 


r» f 2 2w t 2w w 2w 1 2w ✓-* ^ 2 ^ i \ ✓-» 

0 Iw e du e ~ 2 e + 4 e + ^ = 4\2 u -2u+\\ + C 

= ^j- 2(ln x) 2 -2 In x + l +C = ^-(ln x) 2 -^-ln x+ ^- +C 

34. f —-— T c/x Let u = In x, du = — dx —» [ —-— T dx = [4r du - —— + C = -t-^— + C 

Jx(lnx ) 2 L x J Jx(lnx ) 2 J m 2 « ln - r 


34. 

f 1 2 

J x(ln x) 2 

35. 

m = In x, 


j X 

36. 

J (ln * )3 * 


f i££ dx = _iL£ + f J_ dx = _JE£ _i + C 

J x 2 x J x 2 XX 


36. J (ln ^ dx Let w = In x, du = ^ dx —> J <ln ^* dx = Jz/ 3 du = 2-z/ 4 +C = 2- (In x) 4 +C 
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37. 

f 3 A- 4 

Jx e 

38. 

3 

u = x , 


f 5 x 3 
J x e 

39. 

2 

U = X , 


Jx 3 Vr 


Let u = x 4 , du = 4x 3 t/x =>^du = x 3 dx 


38. u = x 3 , du = 3x 2 dx; dv = x 2 e x dx, v = \e x ; 


-> 


J.x 3 e* dx =jje" du =je !l +C =je x +C 


Jx 5 e' T dx = Jx 3 e x x 2 dx = jX 3 e x -JJe' T 3x~dx = jX 3 e x -Je A + C 

n 7 , r / 7 . \ 3 / 2 


40. |x 2 sin x 3 dx j^Let u = x 3 , du = 3x 2 dx => ^du =x 2 dxj —> Jx~ sin x 3 dx = ^ Jsin u du = -|-cos u + C 

= —Jcos x 3 +C 


41. u = sin 3x, du = 3cos 3x dx; dv = cos 2x dx, v = ^sin 2x; 

Jsin 3x cos 2x dx = 2-sin 3x sin 2x~4jcos 3x sin 2x dx 
u = cos 3x, du = -3 sin 3x dx; dv = sin 2x dx, v = -2-cos 2x; 

Jsin 3x cos 2x dx = -Jsin 3x sin 2x-4[^-4 C0S cos 2x--| Jsin3x cos 2x c?xj 
in 3x sin 2x + -| cos 3x cos 2x + |- Jsin 3x cos 2x dx 
—| Jsin 3x cos 2x dx = 2sin 3x sin 2x + -|cos 3x cos 2x 
Jsin 3x cos 2x dx = —|sin3x sin 2x --|cos 3* cos 2 x + C 


= j-sin 


42. u = sin 2x, du = 2 cos 2x dx; dv = cos 4x dx, v = 2-sin 4x; 

Jsin 2 x cos 4x dx = 2 sin 2 x sin 4x-2 Jcos 2 x sin 4x dx 
u = cos 2x, du = -2sin 2x dx; dv = sin 4x dx, v = -2cos 4x; 

Jsin 2x cos 4x dx = 2 sin 2x sin 4x -2 ^-^cos 2x cos 4x-2 Jsin 2x cos 4x £?xj 
= ^sin 2 x sin 4x + 2 CO s 2 x cos 4x + 2 Jsin 2 x cos 4x dx 
=> 4 Jsin 2 x cos 4x dx = 2 sin 2 x sin 4x + 2 cos 2 x cos 4x 
=> J sin 2 x cos 4x dx = J-sin 2 x sin 4x + 2-cos 2 x cos 4x + C 


43. J Vx I n x dx 


J I — 2 3/9 

Let u = Inx, du = —dx, dv = vx dx, v = —x 
x 3 


2 2 

| V* In x dx = — x 2 lnx — | V* 


= —x 3/ lnx- —x 


3 

4 3/2 


+ C=-x 3/2 (31nx-2) + C 
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44. [zfLdx 

J yJX 


Let u = -Jx, du = —K= dx => 2du = -4= dx —> f dx = 2 [= 2e" + C = 2e^ x + C 
2Vx Vx J J V* J 


45. JcosVxfih; 


= 'Jx 


dy = —K= dx 
2 \lx 


{cos y2ydy = j2y cos y dy, 

I 

dx = 2y dy 
u = 2y, du = 2 dy, dv = cos y dy,v = sin y; 

{ 2 y cos y dy = 2 j sin v - { 2 sin y dy = 2y sin y + 2 cos y + C = 2-Jx sin Jx + 2 cos Jx+C 


46. jjxe^ dx; 


y=Jx 

dy = dx 
2\]x 

dx = 2 y dy 


-> 


{y e y 2y dy = J 2y 2 e- v dy; 


2y 2 (+) > 

4 v — > e- v 
4 (+) > 

0 {2j 2 e'’ dy = 2j 2 - 4ye y + 4e y + C = 2x■ 


xe' lX +4 +C 


47. sin 26 

6 2 (+) > - jcos2 6 

26 (-) > -isin2 6 

2 (+) > icos26» 


f ^ 6 2 sin 26 d6 

JO 


—cos 26> + 4sin 20 + ^-cos 20 


= |-f-(-D+f-o+fH) 


-7t/2 
-0 

_[o + 0 + i.l] = f-i = i 


48. 




cos 2.x 

X 3 - 

(+) 

-> 4 s ' n 2x 

3x 2 - 

(-) 

-> —cos 2.x 

6x - 

(+) 

-> -isin 2x 

o 

6 - 

(-) 

-> -hcos2x 
16 


0 



16 16 v 7 8 8 1 ; 


-0+0-0-|-ll = -jj- + 

O J 16 
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49. u = sec t, du = — : dv =t dt,v = V; 

tjF-\ 2 


f 2 , r tsec 1 1 dt = Ir-sec l t - f 2 , r (v) r— ~ ( 

J 2 /V 3 L 2 J2/J3 J2/V3 v 2; v 


= (2.±-l.*)- f 2 , 


2/V3 Wl 2 /^ l 2 3 6/ J2/V3 2 #II 


|Vt 2 -! 


4 _1 _ 5^_I 
V 3 9 2 




. 5;r a/3 _ 5;t-3a/3 


50. w = sin 


in 1 (x 2 ), du = ; dv = 2x dx , v = x 2 ; 


J‘ N2 2x sin" 1 (x 2 )«fe = [x 2 sin" 1 (x 2 )]^ - x 2 --gL - ^ 

= ^ + U-x 4 l^ = —+ /l - i = tt+6a/3-12 
12 + [ V1 X J 0 12 + v 4 1 12 




1 2 

51. fxtan 'xt/x Let ;< = tan 1 x, du = - -dx, dv = xdx, v =— 

J L i+x 2 2 . 


f -1 7 1 2 -1 1 X 7 

x tan x ax = —x tan x — - ax 

j 2 2 J 1 + .X 2 


= —x tan 1 x— ft- at dx 


1 2 -1 1 l-i 

= —x tan x—x + —tan x + C 

2 2 2 

= gx“ +ljtan _1 x-^- + C 



T -ix , 1/2 

Let u - tan —, du =- 

2 1 + (x / 2) 


- rdx, dv = x^dx, v = — 
, 2 3 



X X 

In the remaining integral, let w = 1 + : —, dw = —. 
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53. (a) u = x, du = dx; dv = sin x dx, v = -cos x; 

Si = | x sin x dx = [—x cos x][[ + cos x dx = n + [sin x][[ = n 

(b) S 2 = -J'^x sin x dx = - [-xcosxJ^+J ^ cos x dx =- —'in + [sin xf^ = in 

(c) S 2 = x sin x dx = [-xcos x]^ + J" cos x dx = 5;r+[sin xf^ n = 5;r 

(d) S n+ i = (-1)" +1 \l’l +l)7r x sin xdx = (—1)" +1 [~ x cos x£ +I) * + [sin x]^ +1);r 


: (-1)" +1 !"-(« +!)«■(—1)” + n;r(-l)' ,+1 ] + 0 = (271 +l)>r 


54. (a) m = x, du = Jx; dv = cos x dx, v = sin x; 


5j=-[ / xcos xdx = - \x sin xl 3 ^ 2 - [ sinx dx =-(-^--^)-[cos x] 3 ^ 2 = 2 n 
1 J^/2 |_ L V 2 J^/2 J V 2 2 / L J?r/2 

(b) 52 = C X C ° S * dX = [* S ‘ n X £/2 - 02 Sin * = [t 1 " ("¥)] - [ cos *££ = 

(c) S 3 = -£*j*xcosxdx = - [xsinx]^/ 2 -0“sinxJx =-(-^-^)-[cos x£/ 2 = 6^ 

(d) S = (-1)' ! f (2,i+1);r / 2 xcos x dx = (-1)” [x sin x]f 2 " + !^/ 2 - [( 2 " + h 7r / 2 s i n _ Y dx 

w " v ' i(2n-l)n/2 v ' [ L J(2n-l)>r/2 J(2«-l)^/2 

= (_!)" (-!)" - ^ (_!)"" 1 ] - [cos x^J^^2nn + n + 2nn-n) = 2nn 


55. V = J Q 27r(ln 2-x)e A fix 

rln 2 r fin 2 r 

= 2n In 2 e ax-2j xe dx 

Jo Jo 

. r >-i ln2 (r ri ln2 i - ln2 x 

= (2n In 2)|^e A -2nl xe J -J Q e dx 

( r n ln 2 ^ 

= In In 2 -2n\ 2 In 2 - e x = —2n In 2+2;r 


2 J^C y=e>< 

1 gpsK 


= 2^(1-In 2) 
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56. (a) V = J o 2nxe x dx = 2n^ —xe x ^ +| 0 e 

= 2 n^—^+ —e~ x j = 2 jt^—+ = 2 n- 


2n — — 




W.z./'.... I 


■ VS., ' 

...V.,..V.V.V.V.V,V.V.',V,..,..,, 



y = cosx 


(b) V = f 2tt(1 - x)e x dx; 

JO 

u = 1 - x, du = -dx; dv = e~ x dx, v = —e ~ x ; 

V = 2n (l-x)|-e _ 'j -j^e~ x dx 

= 2n [0-l(-l)]+[g“ x ]^ =2^(l+l-l) = ^ 

57. (a) V = 2nx cos x dx = 2^^[xsinx]^“ sinxc?x 
= 2;r|y + [cosx]^ 2 j = 2;r(y + 0-lj = n(n - 2) 


tt/2 

(b) V = | 2n |y-xj cos x dx; u = y-x, du = -dx; dv = cos x dx, v = sin x; 

V = 2^-^y-xjsin xj +2n^J sin x dx = 0 + 2tt[-cos x]j^“ = 2tt(0 +1) = 2n 

58. (a) V = \ 2nx(x sin x) dx; 

JO 


2 (+) 

X -—»-cosx 

2x — > -sinx 


rn 2 T 2 "T^ / 2 \ 

0 ^>V = 27rJ^x smx dx = In cos x + 2x sinx +2 cos x = 2;r^;r -4j 

(b) F = 2;r(7T-x)x sin x dx = 2n 1 ^x sinx dx — 2ttJ* x 2 sinx dx = 2n~ [-xcosx +sinx]^ -^2;r 3 -8;r 


59. (a) ^4 = | In x dx = [x In x]^ - J dx 

= (e In e — l In 1) -[x]j = e — (e — l) = 1 


re 2 [ r 2 ~| e ] 

(b) P = Jj ^r(lnx)“(7x = x(lnx)~ ^ -J^ 21nx<irJ 

= n |e(ln<?) 2 -l(lnl) 2 j-|j2xlnx]j - 2dx\ 

= n e-^(2e In e-2(l) In l)-[2x]^ j = ;r[e-(2e-(2e-2))] = n(e -2) 
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(c) V = j^2^r(x + 2) In x dx = 2?rJ ] <? (x+2) In x dx = 2n ^-f-x 2 +2xjlnx + 2 ) dx 

; _(i + 2 ) i n l-[(ix 2 +2*)| j = 2 ^((ie 2 + 2 e)-((^ 2 +2e)-|)j =f ( 


= 27t| (4e 2 +2e| In e- 


e 2 +9 


■jx~ In x 


‘rii2 xdx 


re _ 1 re 

(d) M=J In x dx-\ (frompart (a)); x = jj^ xlnxdx ■■ 

= ^e 2 lne-|(l) 2 lnlj- ^x 2 | = }e 2 -(|e 2 -\{\f j = \(e 2 +l); 

y = -j-jj 2-(In x) 2 dx = j ^ x (In x) 2 — 2 In x dx j = -f^e(ln e) 2 -1 - (In l) 2 j -|j2x In x]j - 2 dx 

= i|e-|(2e In e-2(l) In 1) — [2x]^ jj = y (e-2e + 2e-2) = -f(e -2) => (x, y) = is the centroid. 


fi _1 

60. (a) ^4 = J o tan xdx = 

= |tan _1 l-oj-2- ln|l+x 2 j 


-i r> v , 

x tan x - , dx 

Jo 1 + v 2 


_0 J 0 l+x 2 
1 

0 


= f-|(ln2-lnl)=f-iln2 


4 2' 

ft 



V- -1 

4^-tan x 


--hJ ] =2;rf2-tan 1 1 — 0—-4- f_fl-^cl dx 


fi _1 

(b) K = J Q 2;rxtan xdx=2n 

1 4)= 2 -(f-K 1 - ‘-<°- 0) ))= 2 -(f-K 1 -f))= 


= 27 t | -§- — J 


x-tan 


2 Jo\ 1+x 2 

ji(n-2) 



62. av(y) = 4e 1 (sint-cost)dt 

= — f n e~ l sin 1 dt —— \" K e~' cos t dt 
n JO 7t JO 


/-sin/-cos A -//si 

(— 2 — H (- 


-t ( sin f-cos t \ 


-\ln 


1 


Jo 


-e 1 sin t 


-\2n 



= 0 


63. I = Jx" cos x dx; [u =x n , du = nx n 1 dx\ dv = cos x dx, v = sin x] 
=> / = x n sin x - f nx n 1 sin x dx 
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64. 1 = J x n sin x dx; [u = x n , du = nx n 1 dx; dv = sin x dx, v = -cos x] 
=> / = —x n cos x + J 7?x" _1 cos x dx 

65. l = \x e dx;[u-x ,au = nx ax;av=e ax,v = —e \ 

=> I = —-— f x" _1 e"' T dx,a ^ 0 

a a J 

66. 2 = 1 (In x) n dx; [u = (In x) n , du = ”^ ln ^ — dx; dv = 1 dx, v = x] 

=> / = x(ln x)" — J"/?(In x)” 1 t/x 


67. w = (lnx) , du — —(lnx)" dx,dv = xdx,v = - 

X 777 +1 

uv =—-—x m+1 (lnx)" _1 and \vdu=— — f x'"(lnx)" _1 dx 
m +1 J m +1 J 

/• 7r/2 y, r 7112 y, 

68 . First to show that cos x dx = sin x dx note that cosx over the interval [0, 7tl 2] is the reflection of 
sinx over the same interval around the line x = nt 4. 

Each iteration of the reduction formula in Example 5 for the definite integral produces an expression like 

cos" X (sinx) r nil n _2 , 

---4- cos ‘ x dx 

n w JO 


The evaluation on the left will be 0 as long as n > 2, and factors of the form- accumulate in front of the 

n -1 

integral on the right. When the initial n is even, the last iteration will have n = 2 and the remaining integral 

.... 77 -1 77 -3 1 r nil n 1-3.(«— 1) . .... . ... . 

will be..— 1 dx = -. When the initial n is odd the last iteration will have 

« 77 -2 2 Jo 2 2-4 .77 

, . . . ... . 77 - 1 77 -3 2 1-77/2 ,2-4. (72 — 1) 


~ , , ... i -hi n — l n— d z [Tit z 

n- 3 and the remaining integral will be..— cosx ax = 1 

n n — 2 3 0 


3. n 


rb , rX rb 

69. (x—a)f(x)dx; u = x - a, du = dx; dv = f (x) dx,v = f(t)dt=-\ f(t)dt 

Ja Jb ‘ J.x 

= ( x~a)j*f(t)dt -^[^ X h f{t)dt^dx=[{b-a)\ b h f(t)dt-{a-a)^f{t)dt^-^^-^f{t)dt^dx 
= 0 + |*^| 6 /(/) dt j dx = J f(t)dt^jdx 


/1 -x 2 dx; u = v1 -x 2 , du = ,-2_ dx; dv = dx, v = x 

Vl-x 2 


= xv 1-x 2 - f X — dx = xv 1 -x 2 - f 1 2— 1 dx = xyl-x 2 - f (-2— dx— f Z— dx 
= xv/l-x 2 -1 yjl — x~ dx +1 _ dx 
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■ J Vl-x 2 dx = x\l 1-x 2 + j-j=L=dx —dx => 2jxfl — x" dx = x\j] -x~ + J-^J= 

■ |Vl-x 2 dx = -yV1 — x 2- +\j~Y^=jdx + C 


dx 


71. Jsin X xdx = xsin 1 x-Jsin y dy = x sin~~ ! x + cos>’ +C 


= xsin 'x+coslsin 1 x\+C 


ii sin 1 xj- 


72. Jtan 1 x dx = x tan 1 x-Jtan y dy = x tan 1 x + ln | cos y | +C =x tan 1 x + ln cosjtan" 1 xj 

73. Jsec -1 x dx = x sec -1 x-Jsec y dy =x sec -1 x-ln | secj +tan y\ +C 


+ C 


sec 1 x - In sec|sec 1 xj +tan jsec 'xj 


+ C = x sec 1 x - In 


x + \lx 2 -1 


+ C 


74. Jlog 2 x dx = x log 2 x — J* 2? dy =xlog 2 x--^ + C =x log 2 x--^ + C 

75. Yes, cos -1 x is the angle whose cosine is x which implies sin jcos -1 x j = Vl 


= Vi-x . 


76. Yes, tan 1 x is the angle whose tangent is x which implies sec jtan 1 xj = VW 


77 


. (a) Jsinh 1 xt/x=xsinh l x - J sinh y dy = x sinh *x-coshy +C = x sinh ‘x-coshjsinh 'xj+C; 


check: d 


x sinh 'x-cosh| 


(sinh 'x| + C = sinh 'x + - sinh ( sinh ! x 1 —pJ= 

V ' J ^ v > Vi7x 2 


dx = sinh 1 x dx 


(b) jsinh 1 x<ix=xsinh 'x - j x ^ ^ j dx = x sinh 'x-yjjl+x 2 j ^ 2xt/x=xsinh *x-jl + x 2 j ^ +C 

sinh -1 x-jl+x 2 j^ 


check: d 


+ C 


sinh 'x + JL — — tJ= 


dx = sinh 1 x dx 


78. (a) J tanh 1 x dx = x tanh 1 x - J tanh y dy = x tanh *x - In | cosh y\+C 

i+C; 


= x tanh 'x - In 
check: d 


cosh 


-1 

tanh x 


x tanh *x-ln 


cosh (tanh 1 x) 

\ / 

_ 


+ C 

= 





tanh -I x + ^ 


sinh 1 

x_; 

|tanh 

i 

1-x 2 cosh 

^tanh -1 ;^ 

I 1-x 2 


tanh 'x + - JL ^r —dx = tanh *x dx 
1—x 2 1-x 2 J 

(b) Jtanh -1 x dx = x tanh -1 x - J-j-^y d* = tanh _1 x -j J-j^y dx =x tanh -1 x + yln 


check: d 


x tanh *x + yln 1-x 


1 — x 2 


dx 


+ C 


+c 


tanh x + - 


1 —XT 1-X 2 


dx = tanh x dx 
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TRIGONOMETRIC INTEGRALS 


| cos 2x dx = J-Jcos2x-2 dx = ^sin 2x + C 

J^3 sin dx = 9^ sin j-^dx = ^[ _cos f ] Q = 9^-cos y + cosOj = 9(“ + lJ = -| 

Jcos 3 x sin x dx = -Jcos 3 x(-sin x)dx = -^cos 4 x + C 
Jsin 4 2x cos 2x dx = -i-Jsin 4 2x cos 2x■ 2dx = -j^sin 5 2 x + C 

Jsin 3 x dx = Jsin~ x sin x dx = j(l - cos 2 xj sinx dx = Jsinx <ix-Jcos 2 x sin x dx = -cos X +-Jcos 3 x + C 

Jcos 3 4x dx = Jcos 2 4x cos 4x dx = ^ J(l-sin 2 4xj cos 4x -4 dx = ^ Jcos 4x-4(/x-J-Jsin 2 4x cos 4x ■ 4cZx 
= 4-sin 4x--4rsin 3 4x + C 


Jsin 5 x dx = j(sin 2 xj sin x dx = j(l-cos 2 x| sin x dx = j(l-2cos 2 x +cos 4 xjsin x dx 
= Jsin x <ix-j*2cos 2 x sin x dx + Jcos 4 x sin x dx = -cos x + -|cos 3 x-J-cos 5 x + C 

sin 5 (y)dh (using Exercise 7) = J o sin (y j dh - J Q 2cos 2 (yjsin(-|) ^- T +J Q cos4 (^) s ^ n (^) 
-2 cos (f ) +1 cos 3 (f ) -f cos 5 (f )T = (0) - (-2 + f - j) = j§ 


J cos 3 x dx = J (cos 2 x j cos x dx = j(l - sin 2 x j cos x dx = J cos xdx-j sin 2 x cos x dx = sin x -^sin 3 x+C 


3cos 5 3x dx = J Q (cos 2 3xj cos3x-3<ix = J^ (l-sin 7 3xj cos3x-3 dx 
= | o (l-2sin 2 3x + sin 4 3xjcos3x-3<iT 


= [ ^ cos?>x-2>dx-2\ 7TI sin 2 3xcos 3x■ 3dx + f / sin 4 3x cos 3x 

Jo Jo Jo 


r 7r/6 . 


tt/ 6 . 


■3dx = 


sin 3x-2 


sin 3 3x _j_ sin 5 3x 


71 j() 
'0 


Jsin 3 x cos 3 x dx = Jsin 3 x cos 2 x cos xdx = Jsin 3 x (l-sin 2 xjcos x dx = Jsin 3 x cos x dx- Jsin 5 x cos x dx 


= 4-sin 4 x -4-sin 6 x + C 
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12. Jcos 3 2x sin 5 2x dx = 4 Jcos 3 2x sin 5 2x-2dx = 4 Jcos 2x cos 2 2x sin 5 2x-2dx 

= 4j(l-sin 2 2xjsin 5 2x cos 2x -2 dx = 4 Jsin 5 2x cos 2x -2dx - 4 Jsin 7 2x cos 2x-2dx 


-rlr-sin 6 2x --^sin 8 2 x + C 


12 


16 k 


13. jcos 2 * dx - J 1+c ° s — dx = y|(l +cos 2x)dx = 4 J dx + 4 Jcos 2x dx - \^dx + ^Jcos2x -2dx 


= ^-.r + isin 2 x + C 


14 ' J, 


^/ 2 • 2 


sin x dx =JJ^ 1 c ° s ~" x dx = "T | () / (1 _ cos 2x )dx = 4 / dx - 4J q / cos 2x dx 
= \\T d% ~ 4 lo^ 008 2X ' 2AX = [r X ~ 4 Sin 2X J 0 /2 = (2 (f) " 4 S ' n 2 ( 2 )) "(I (0) -| sin2 (°)) 

= (f-o)-(0-0)=f 


r^/2. 


r^/2 


rTT/l 


15 


' C' &ml ydy = \q sin 6 j sin y dy = JJ^l ~ cos 2 y j sin y dy 


fV 2 • , of*7 2 2 • , 4 • , [•*/- 6 • , 

= sinyay-3J cos y sin _y dy + 3 j cos y sin y dy - J cos y sin y dy 


rn/2 




tt/ 2 


3 57 1^/2 

~ cos y ~ cos y cos y 1 
-COS J +3—t-^- 3—z-^- + ^ 

JO 


: (0) - (-1 +1 - -| + y ) = 44 


35 


16. J7 cos 7 t dt (using Exercise 15) = 7^Jcos t t/r — 3 J sin 2 t cos t dt +3 Jsin 4 t cos t dt - Jsin 6 t cos t dt J 
? |sin t—'i 


= 7 


- 3+ 3 ^ J + C = 7 sin t - 7 sin 3 t + ^ sin 5 t - sin 7 t + C 


17. J o 8sin 4 x dx = 8j Q j"" dx = 2jJ^l-2cos2x + cos 2 2x^dx 

= 2j o dx - 2 J^ cos 2x ■ 2dx + 2j * 1+CC |, S 4a dx = [ 2x - 2 sin 2 x]q + J^ dx + J^ cos Ax dx 


r i ~\ n 

-2 n+ x + -7Sin4x = 2;r + 7T = 37T 

L 4 Jo 


18. J8cos 4 2 nx dx = 8J1 1+c °^ 4?r> j dx = 2j|l + 2cos Anx + cos' i Anx^dx -2^dx + 4Jcos 47rx t/,x^+ — dx 

= 3jfi?x + 4jcos 47rx dx + Jcos 87 tx dx = 3x + ^r s in An x + -^sin 8;r x + C 

19. Jl 6 sin 2 x cos 2 x dx = 16j|—44—j 1 1+c ° s 2a j dx = 4j|l-cos 2 2xj dx = 4 J dx - A J1 1+c 4 4a j dx 

= Ax - 2 J dx -2 J cos 4x dx = 4x-2x--i-sin 4x + C = 2x - J-sin 4x + C = 2x-sin 2x cos 2 x + C 
2 3 

= 2x-2sin x cos x (2cos” x-1) +C = 2x-4sin x cos x + 2sin x cos x + C 
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20. 8 sin 4 y cos 2 y dy = 81 1-c ° s j | 1+c — j dy = J* dy - cos 2y dy - J*coS 2j dy + [[col 2 y dy 

=[> , -T sin 2 y \ -\q ( 1+C0 2 S4 '' ) dy + \ l { l ~ sin2 2y ) cos 2 y d y 
= n ~i\o d y~2 j 0 cos4y dy+ Jo cos2y dy ~ j 0 si ° 22y cos2ydy 


1 i • a l-o 1 sin 3 2 v 
= ^+ -^->’--isin4>’+ism2>’-i-=-= 


= n -lL = K. 
n 2 2 


21. 18 cos 3 26 sin 26 d6 = 8(-^) 5 ^ M + C = -cos 4 2(9 + C 

22. sin - 26* cos 3 26* d6 = ^ sin 2 26{\ -sin - 2£?jcos 26 dd 

= f 7r/2 sin 2 2 6 cos 26 dd- f^sin 4 2(9 cos 26 dd 
Jo Jo |_2 3 


sin 3 2(9 1 sin 5 29 


3 2 5 


23. J o y 1 c ° sx dx = [sin [ dx = sin^t/x = |^-2cos=2+2=4 

24. J* ^/l - cos 2x dx = J* V21 sin x \ dx = V 2 sin x dx = ^-^2 cos X ] Q = V2 + V 2 = 2 a/2 


25. | o Vl-sin 2 t dt = |cos t| dt = J Q 1 cos t dt -J cos t dt = [sint] ( [ -[sin/]^ 0 = 1-0-0+1 


26. j^Vl-cos 2 6 1 dd = [[|sin<9| dd = sin 6 dd = [-cost?]^ =1 + 1 = 2 


f*/ 2 sin 2 x > f V 2 sin 2 x Vl+cosx , f ^/ 2 sin 2 xJl+cos x f*/ 2 sin 2 xJ 1+cos x 


27 . 

J?r/3 vl-cosx Jw/3 ,/l 


=dx = [ 


■/3 ^/l-cos x vl+cosx J^/2 -\/l-cos 2 x 


-dx = [ 
J;r 


= J / ”sin Wl + cosx dx = —1(1 +cos x) 3 / 2 = —|[l + cos^jj ^ + -|[+ cos (-y)j 


28. r / 0 vrr^&=^ = dx = 

Jo Jo 1 Vl-sinx Jo vl-sin x Jo Vl-sinx Jo Vl-sinx 

= [-2(1 - sin x) 1/2 ^ = -2^1-sin (-|) + 2^1-sin 0 = -2^ + 2 Vl = 2 - V 2 


1 4 x j., f ^ cos 4 x x/l+sinx > f 7r cos 4 x x/l+sinx , f ^ cos 4 xVl+sinx 


29. f* cos x fa-t* _o 
Jl —sin* J5^/6 


J5/r/6 Vl-sinx J5/r/6 Vl-sinx Vl+sinx J5?r/6 yi_ s i n 2 x 


-dx = j[ 


r n cos 4 x+l+sin x 


dx = -[ , cos 3 xyjl + sinx dx = - f , cos x(l-sin xWl + sinx 

hn 6 hn 6 \ I 


= -f , cos xyjl + sin x dx + j" , cos x sin 7 xV 1 + sinx dx\ 
J5/z76 J5s-/6 
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30. 


Let u = l + sinx=>w-l = sin x => du =cos x dx, x = ^-=>u = l + sin|-^j = -|, x = n ■■ 

■j(l + sinx) 3 / 2 _ + J * 3 / 2 ( u ~ l) 2 7w du = --|(1 +sin x) 3 ^ 2 + j^^u 5 ^ 2 -2w 3 / 2 + 7wj 

-[-*> + * ,)+ + f(l + s,„ (f )f 2 ) + [f« V2 -f' 5/2 +t” 3,2 l /2 

=(- f - f B) j/2 ) - (f - f -1) - (f (I ) 7/2 - l(i) 5/2 -1 (I ) 3/2 )=f (t) 5/2 - f (l) 7/2 - U 

\ 7 f 2 ^^cdx= f 7 ; /12 jh^uJp:tE dx= rf- l ^M^ dx= f 7 ; /l2 ^ 

J^/2 ^ J^/2 V 1 J 1+sin 2x J^/2 Jl+sin 2x J^/2 Jin 


z/ — 1 + sin 7 T — 1 
du 


J l+sin 2x J/r/2 ^1+sin 2x Jtt/ 2 ^1+sin 2.v 

IT dx = [-V 1 + Si n2^] 7 jf = - A /l + s.n2(jf) + + sin 2(f) =-^ + 1=1- 


1 _ 72-1 

■77 77 


31. j ^ 2 8-^1-cos 28 d0 = 6\/2 | sin 01 d8 = 72 8 sin 0 d6 = 72 [-<9 cos0 + sin 6 »]q /2 = 72(1) = 72 


?r/2 


'/2 


itt /2 


32. 


^ 1 -cos 2 tj dt = J ^sin 2 t j ^ dt =J sin 3 r t/r = — J sin 3 t dt + j" o sin 3 t dt 

= -J |l-cos 2 tjsin t dt + -cos 2 t jsin t dt 

= -f s\ntdt+\ cos 2 t sin t dt + f^sint dt - f^cos 2 tsint dt 
J -n 1-71 Jo Jo 


cos (-- 


-cost+ 


cos t 


r 2 r 2 i 2 

33. I sec x tan x dx = \ tan x sec x dx = 7 tan” x + C 

34. Jsec x tan 2 xdx = Jsec x tan x tan xdx\ u = tan x, du = sec 2 x dx, dv = sec x tan x dx, v = sec x; 
= sec x tan x — Jsec 3 x dx = sec x tanx- Jsec 2 x sec xdx = sec x tan x-j^tan 2 x + ljsec xdx 

= sec x tanx-|Jtan 2 x sec xdx + Jsec xdx j =sec x tanx - In | sec x + tanx | -Jtan 2 x sec x dx 
=> J sec x tan 2 x dx = sec x tan x - In | sec x + tan x | -J tan 2 x sec x dx 
=> 2 J tan 2 x sec x dx = sec x tanx - In | sec x + tan x | 

=> J tan 2 x sec xdx = 2-sec x tan x—\ In | sec x + tanx | +C 

f 3 C 2 1 3 

35. Jsec x tan x dx = J sec x sec x tan x dx = 7 sec x + C 


36. J sec 3 x tan 3 x dx = J sec 2 x tan x sec x tan x dx = J sec 2 x|sec 2 x - ljsec x tan x dx 
= J sec 4 x sec x tan x dx - J sec 2 x sec x tan x dx = Jr sec 5 x - J-sec 3 x + C 


f 2 2 f 2 2 1 3 

37. J sec' x tan' x dx = J tan” x sec x dx = ^ tan x + C 
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38. Jsec 4 .r tan" x dx = Jsec" x tan" x sec 2 x dx =J^tan" x +1 jtan 2 xsec 2 xdx 

r 4 2 C 2 2 | 5 l 3 

= I tan xsec xdx + I tan“ xsec xdx = ^tan x+^-tan x + C 


f 0 3 2 

39. , 2 sec xdx; u = sec x, du = sec x tan x dx, dv = sec x <£t, v = tan x; 

J-tt/3 

J 2 sec 3 x c?x = [2sec x tan x]^ 3 -2J sec x tan 2 x dx = 2-1-0-2-2-(-V3^ — 2J sec x|sec 2 x-ljt/x 


tt/3 l j J-/r/3 

I — r0 3 f0 

= 4V3 -2 ,sec x dx + 2 , sec x dx; 

J-W3 J-tt/3 


2j 2 sec 3 x dx = 4^3 +[21n|sec x + tan x |]°^ 3 => 21 2 sec 3 x dx = 4^3 +2 In 11 + 01 — 2 In |2 —s/31 

= 4V3-21n(2-V3)^> J° 2 sec 3 x fix = 2^3 - In (2 - VJ) 


40. Je x sec 3 [e x ^dx;u = sec^e A j, du = sec|e x jtan|e A j e x dx , dv = sec 2 |e A je'Vx, v = tan^e x j; 
Je A sec 3 |e A j dx = sec^e x jtan|e x j-Jsec|e x jtan 2 (e x je x dx 

= sec|e x jtan^e' j-Jsec|e x j|sec 2 |e x j-lje x <ix 
= sec|e x jtan ^e A j- Jsec 3 |e A j e'Vx +Jsec|e A j e'Vx 
2 J e A sec 3 |e A j dx = sec [e x j tan ^e A j + In |sec (e x ) + tan ^e x | + C 


fe x sec 3 ( e 

x ) dx = \ 

secle 

x )tan(e 

x ) + ln 

sec ( e 

x ) + tan (e x ) 

J V 

I 2 

L v 

1 \ 

I 

\ 

I V / J 


41. Jsec 4 8 dd = J^l + tan 2 6^ sec 2 8 d8 = Jsec 2 8 dd + j tan 2 <9sec 2 8 dd = tan <9+ J tan 3 8 + C 
= tan0 + Jtan(9|sec 2 0-lj + C = Jtan^sec 2 <9 +-J tan + C 


42. 


J3sec 4 (3x)fix = 11 + tan 2 (3x) jsec 2 (3x)3<ix = Jsec 2 (3x)3dh + j tan 2 (3x)sec 2 (3x)3<ix 


= tan(3x) + ^ tan 3 (3x) + C 


[ [ esc 4 8 dd = 

f [ + cot 2 #)csc 2 6 dd = 

C7rl2 9 

f , esc" 8 d8 + 

f [ cot "8 esc 2 8 dd = 

1 

o 

o 

1 

o 

O 

_1 

J tt/4 

J;t/4 V / 

Jtt/4 

Itt/4 

L A J 


r/2 


■ (O)-(-l-X). 


44. J sec 6 x dx = J sec 4 x sec 2 x dx = Jjtan x + 1 j sec 2 x dx = j| tan 4 x + 2 tan x + 1 j sec 2 x dx 

f 4 2 C 2 2 C 2 15?3 

= I tan x sec x dx + 21 tan x sec x dx + I sec x dx = y tan x + -|tan x + tanx + C 


45. J4tan 3 x dx = 4j|sec 2 x-ljtan x dx = 4 Jsec 2 x tan x dx- 4jtan x dx =4 ta ” - -41n |secx| + C 


2 2 2 
= 2 tan x -4 In I sec x| + C = 2 tan” x -2 In sec x 


+ C = 2 tan 2 x - 2 In (l + tan“ x) + C 
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-#74 a p7TjQ / 2 \ 2 /»72"/4 o 2 (*7r/4 2 

46. , 6 tan x dx = 6 , sec" x -1 tan" x dx = 6 , secx tan" x dx - 6 , tan"xdx 

J-w/4 J-7r/4\ / J-x/4 J-n/4 

sec" x dx + 6 f , dx 
i-n 4 


c 


*/ 4 „„_2 .. ^r*/ 4 /_2.. J. r.tanVT /4 ^l^/ 4 _2.. j.. , £ f^/ 4 


tt/4 


sec x tan x dx- 


dx-6^ ^sec 2 x-ljdx = 6- 


- I -6 f 7 .. 

3 J-tt/ 4 ■'~ ;r / 4 


= 2 ( 1 -(-!))-[6 tan x ]^ 4 +[ 6x^/4 = 4 - 6 ( 1 -(- 1 )) + ^ + ^ = 3 tt -* 


W 4 


: dx 


2 

47. Jtan 5 x dx = Jtan 4 x tan x dx = J^sec 2 x -lj tanx dx = Jjsec 4 x-2sec 2 x +1 j tan x i 
= J sec 4 x tan x dx - 2 J sec 2 x tan x dx +J tan x dx 

= Jsec 3 x sec x tan x dx-2jsec x sec x tan x dx + jtan x dx =4-sec 4 x-sec 2 x + ln |secx| + C 
= 4 jtan 2 x + 1 j -jtan 2 x + lj+ ln |secx| + C = 4tan 4 x-4tan 2 x + ln|sec x| + C 

48. Jcot 6 2x dx = Jcot 4 2x cot" 2x dx = Jcot 4 2x jcsc" 2x - lj dx = Jcot 4 2x esc" 2x dx -Jcot 4 2x dx 
= | cot 4 2x esc" 2x dx - j cot" 2x cot" 2x dx = J cot 4 2x esc" 2x dx - J cot" 2x jcsc" 2x -1 j dx 

= | cot 4 2x esc" 2x dx -J cot" 2x esc" 2x dx + J cot" 2 xdx 
= J cot 4 2x esc 2 2x dx - J cot 2 2x esc 2 2 xdx + J jcsc 2 2x -1 j dx 

= Jcot 4 2x esc 2 2x dx-Jcot 2 2x esc 2 2xdx + Jcsc 2 2x dx-Jdx = --j4cot 5 2x + -Jcot 3 2x-4 cot 2x-x + C 


r*/ 3 .3 , fV3/ 2 


49. f cot 0 x dx = | (esc"x-1 

J 71, 


. — \ K . (esc 2 x-l)cotx dx = f 

■/6 Jn/ 6 \ / Jk/o 

Hi- 3 ) + ( ln A _ln2 H“ ln ^ 


tt/3 2 .7 f^/ 3 

esc x cot x dx-\ 

J7rl6 


cot x dx = 


.coLjc + | n | csc x | 


f/ 3 

;r/6 


50. |8cot 4 t dt = 8 Jjcsc 2 r — 1 J cot 2 t dt = 8 Jcsc 2 t cot 7 t dt -8 Jcot t dt = -|cot 3 t -8 J jcsc 2 t -ljdt 


= - jcot t +8 cot t + 8t +C 


51. Jsin 3x cos 2x dx = -4- J (sin x +sin 5x) dx = -4-cos x-^cos 5x + C 

52. Jsin 2x cos 3x dx = 4j(sin(-x) + sin 5x) dx =4 J(-sin x + sin 5x) dx =4cos x-4yCOS 5x + C 

53. f sin 3x sin 3x dx = 4 f (cos 0-cos 6x) dx = 4 f dx-4f cos 6x dx = 4-Jx -4-sin 6x] 

J—7T ^ J— 7T V 7 ^J—7T * J—7T J —71 


=f+f-0 =n 


54. JJ^ sin x cos x dx = 4 J^ (sin 0 + sin 2x) dx = 4 JJ sin 2x dx = -4[cos 2x]^ 2 = —4(-l -1) = 4 


r^ 2 / - 


jc/2 . 


W 2 - 1 


55. Jeos 3x cos 4x dx = 4j(cos(-x) + cos 7x)dx = 4 J(cos x + cos 7x) dx = Jsin x +-4-sin lx + C 
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56. 

57. 


58. 

59. 

60. 


61. 


62. 


63. 


64. 


65. 


66 . 


1 

J 


71 1 n » 1 f V 2 

, COS 7x COS X flX = T 
-7t/2 2 2 


cos 6x +cos 8x) dx 


l T l l "W2 

T f sin 6x + 2 -sm 8x 

216 8 J -^/2 


= 0 


sin - # cos 3# d9 _ J 1 c ° s - e cos 2,9 d8 = ^-Jcos 3# </#-^-Jcos 29 cos 38 d9 
41cos 30 ##“J^-(cos(2-3)# + cos(2 +3)0) d9 = ^-jcos 30 </#“ J(cos(-#) +cos 
41cos 39 dO~^cos9 <^#-^ Jcos 59 dO = -i-sin 36> — isin #--^sin 59+ C 


5 0)d0 


2 

Jcos 2 2 8 sin 9 d9 = J|2cos 2 #-lj sin 6 d9 = J^4cos 4 #-4cos 2 # + lj sin# d9 
= j4cos 4 9 sin 9 </#-J4cos 2 9 sin 9 d9 + Jsin 9 d9 = --|cos 5 # + -|cos 3 #-cos 9 + C 

Jcos 3 # sin 2 8 d9 = Jcos 3 9 (2 sin 9 cos #) </# = 2 Jcos 4 # sin 9 d9 = —|cos 5 9 + C 

Jsin 1 9 cos 2 9 d9 = Jsin - # cos 29 sin 9 d9 = J^l-cos 2 #j^2cos 2 #-ljsin# d9 
= J|-2cos 4 # + 3cos 4 <9-1 jsin# d9 = -2Jcos 4 9 sin# </# + 3jcos 2 # sin 9 d9- Jsin # d9 
= -|cos 5 9 — cos 3 # + cos 9 + C 

Jsin # cos # cos 3# d9 = ^-J2sin # cos # cos 3 9 d9 = \ j sin 2# cos 39 d9 
= 4jT( s ' n (2 -3)# + sin(2 + 3)#) d9 = jJ(sin(-#) + sin 5#) d9 = jJ(-sin # + sin 5#) d9 
= ^-cos 9 -^L-cos 5# + C 

Jsin # sin 29 sin 3# d9 = J^(cos(l -2)#-cos(l + 2)#) sin 36 d9 = \ J(cos(-#) - cos 3#)sin 39 d9 
= 4 Jsin 38 cos # </#-^ Jsin 3# cos 39 d8 =^- J^-(sin(3 -1)# + sin(3 + \)8)d9 J2sin 39 cos 38 d9 

= jJ(sin 2# + sin 4#)##-^-Jsin 6# d9 = -^-cos 2#- j^cos 4# + ^-cos 6# + C 


fseciv j f 
J tan x J 


sec x sec x 


tan x 

= sec x - In I esc x + cot x I + C 


-1 tan 2 x+ljsecx . 

dx = ---- dx = 

J tan x J 


tan x sec x 
tan x 


dx + f dx =\ tan x sec x dx+\ esc x dx 
J tan x J J 


f^#x= f 

J cos 4 X j 


sin x sin x 


.(l cos x(sin.r . sin r f cos" x sin x , f 3 , f * j 

dx = - +~ - dx = — j— dx - - 2 - dx = sec x tan x dx — sec x tan x dx 

J ms 4 r J cos 4 v J cos 4 r •> J 


= Jsec 2 x sec x tan x dx- Jsec xtan x dx = J-sec 3 x-sec x + C 
f— _x fa = f sin x s i n x dx = f--,—- sin x dx = f —sin x dx - f cos 2 * sin x dx 

J CSC X J C os X J COS X J COS X J COS X 

= J sec x tan x dx - J sin x dx = sec x + cos x + C 


!coix^ x _ f cosx — L_dx = f 
J cos x J sin X rns v J 


2 sin x cos x 


dx = [ . 2 dx = fcsc2x 2dx = - In esc 2x + cot 2xI +C 
J sin2x J 1 1 
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67. Jxsin x dx = Jx 1 c ° s 2 * dx = y Jx dx - j Jx cos 2x dx = x, du = dx, dv = cos 2x dx, v = -^sin 2xJ 
= ^-x 2 -Tj^ix sin 2x-J^sin 2x ohj = ^-x 2 -jX sin2x-JrCOs2x + C 

68. Jx cos 3 x dx = Jx cos" x cos x dx = Jx|l -sin" xj cos x dx = Jx cos x oh - Jx sin” x cos x dx; 

| x cos x dx = x sin x - Jsin x dx = x sin x + cos x; [u = x, du = dx, dv = cos x dx, v = sin x] 

f . 7 , . 3 f, . 3 r .9 1.3 

lx sin x cos x dx = 2-x sin x-ljsin x dx; I u = x, du = dx, dv = sin x cos x dx, v = 2-sin x 

= -^x sin 3 x-^ j|l-cos 2 xj sin x dh = jx sin 3 x -j Jsin x ah+|-Jcos 2 x sin x dx 

= -^x sin 3 x +-J-cos x --i-cos 3 x; 

Jx cos x dx- Jx sin 2 x cos x ah = (x sin x +cos x)-||-x sin 3 x+ jcos x-^cos 3 xj + C 
= x sin x-J-x sin 3 x +-|cos x+ ^cos 3 x + C 

69. y = ln(sec x); y ' = sec - YtanA = tan x; (y') 2 = tan” x; f ^ (\ + tan 2 x dx = \(( | sec x| ah 

SCC J JQ JQ 

= [in | sec x + tan x|] ( ^ 4 = \n(Jl + lj -ln(0 +1) = \n(i2 + lj 


70. M = J ^ sec x ah =[ln|sec x + tanx]]^^ = ln|V2+lj-ln V2 


•/4 


-1 =ln#±I; 

•s/2—1 


T = —?=— [^ se ^ * ah = —^^[tan xl^ 4 . = ——(l — (—1)) = —=^> (x, y) = 
n /4 2 2 \ n ^^- ^ ^~ nj ^ 2 h \ ^ + ^ ^ V2+1 

•J 2-1 V 2-1 


l n ^ 2 +i J—?r/4 2 
77-1 


In 


73-1 




71. F = sin 2 x dx = n J^ 1 c ° s — dx = y J^ah -y J^cos 2x dx = y[x]jj -^[sin 2x] 


= f(;r-0)-f(0-0) = ^- 


72. A = ^/l + cos 4x ah = J q s/2 |cos 2x| ah = V3j; cos 2x ah - V2 J ^ cos 2x ah + V 2 Q 4 cos 2x ah 

= 4[sin 2 x]q / 4 -^[sin 2x] 3 */ 4 + ■^[sin 2x]^ /4 = ^(1 -0) -&(-l -1) + & (0 +1) = V2 + = 2V2 


73. M = J^ (x + cosx)ah = 


1 2 

yX +sinx 


~2n 

-0 


= ^(2n) 2 +sin (2^)j-|^-(0) 2 +sin (0)j = 2n 2 ; 

x=—^r f x(x+cos xlah = —^ f (x 2 +x cos xWx = —hr [ x 2 dx+-^r\ xcosxah 

2?r 2 Jo v ' 2;r 2 Jo V ! In 2 Jo 2k 1 Jo 

[m = x, du = dx, dv = cosx dx, v = sin x 

+ —y [x sinxl 2?r - f ^sin xah ) = —i^-fs^- 3 -oW—C-f 2^-sin 2^-0-f %inxah 

2 ^ 2 l L Jo Jo ) (,7r\ I in 2 1 Jo 


-(In 


= ^ + ^-[005 xl 2 " =^- + — L(cos In -cos 0) = 4^ + 0 =^f L ; y = —^ [^^-(x+cos x) 2 ah 

*7.n ^ 7 7.n L 7 j 7n L JU ^ 


2 n 
rln 


2 n' 


2 n ■ 
In 2 JO 


= —L r(x 2 +2x cos x + cos 2 x) ah = —L- f ^x 2 dx+— L- ["^xcos xiix + —L- f^^cos 2 xah 
4^ 2 Jo V I 4^ 2 Jo 2 ^ 2 Jo 4^ 2 Jo 
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1 T 3 r 1 r • i2;r i ft 71 cos2x+l , in c\ 1 ^ 7 1 i 

= —x +— 1 t x sin x + cos xL H—Zr I —=—dx = ^r- + 0+—-r cos2xax + —^ ax 

\2n 2 L Jo 2;r L J ° 4;r 2 JO 2 3 g7r 2 J 0 8;r 2 Jo 

= ^-A — J-y[sin 2xlZ H— J-=[xl 2?r = -=4 + 0 +-J- = +3 => The centroid is (- 

3 16?r 2 L J0 8;r 2 L J0 3 4 n 12 n \ 


4 7i 8;r +3 
3 ’ 12* 


X. V = ^(sin x +sec x) 2 dx = |sin 2 x + 2sinx sec x + sec 2 xj dx 

= n J o ^ sin 2 xdx + tt J o d 2 tan xdx + J Q d sec 2 x dx = d 1 C ° S " A + 2tt [in | sec x|]^ 3 + ?r [tan x]^ 3 
= y J^ 3 dx - y J^ 3 cos 2x c(x + 2;r|ln|sec-j|-ln|sec 0| j + ?r(tan-j-tan oj 
= y[ x ]o^ “"f [ s * n 2x][+ 2;rln 2 + ?rV3 = 4(3' _ o)“"f ( s i n 2^y)-sin 2(0) j + 2tt In 2+n^3 


6 8 — " v „ 24 

8.4 TRIGONOMETRIC SUBSTITUTIONS 


1. x = 3tan0,-f <0<f,dx = ^L, 9 + x 2 = 9(l + tan 2 *) = 9 sec 2 9 => -jJ= = ^ ^ 

because cos 9 > 0 when < 6 < 4; 

[ —4^= = 3 [ cos9 ^ 9 = [= In | sec 0 + tan 9\ +C' = In ZtZ + i + C' = ln ^9+x 2 + x +C 
J^/^7 J 3cos 2 ^ J cos (9 1 1 3 3 


2. I -; 13.v = u,3dx = du] —> f ; m = tan t, ~4 <t <4, du = dt , \jl+u 2 =| sec ?|= sec t; 

J yjl + 9 X 2 J -1 1 ... 2 11 COS < 


f 4^— = f —7-^-= [sec t dt = In I sec t + tan 1 1 + C = In \lu 2 +1 + « + C 

J Vl+u 2 J cos* t (sec 0 J 

£ (W) = [2 tan "‘ fl 2 =l tan_1 i-^tan-'C-!) = (i)(f)-( i)("t) =J 


= lnUl+9x z +3x +C 


[ 2 rfx 

1 

"S 

(N 

1 

-1 X I 2 

Jo 8+2x 2 

2 Jo 4+x 2 2 L2 

idn tt 

2 Jo 


4 [~ 

Jo 8+2x 2 

3 f 3/2 ^fc 

Jo ./S“ 


r -|3/2 

= sin _1 f = sin -1 ^--sin -1 0=^-0=^ 
3 Jo 2 6 6 


6 - ^ = 2 *’ dt=2dx ^ =[ sin_1 *] 


.1 1/V2 


7. t = Ssin^, -y < 0 <-j, dt = 5 cos# dO, ^25-r =5cos0 ; 


= sin ‘-7= -sin 1 0=4-0=- 


\l25-t 2 dt= J(5 cos 6») (5 cos 6>) dd = 25 J cos 2 <9 dd = 25j J±£^ d9 = 25 (f + C 

= 4f(^ + sin 6>cos ^)+C = 24 s in~ ; + +C =4fsin” 1 + c 
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1. t = y sin 8 ,-y < 8 <y, dt = jcos 8 dd. 




9 1 = cos 8 ; 

JVl —9r 2 dt = j*(cos 6*)(cos 8 ) d8 = ^-Jcos 2 8 d8 = jr (# + sin 8 cos 8) +C = -f sin -1 (3t) +3tyll-9t 2 


+ C 


9. x = ^sec 8,0 <8 <-j, dx = jsec 6 tan 8 dd, V4.x 2 -49 = ^49 sec 2 0-49 =7 tan 

r , r (7 sec 0 tan 0) d6 , r , , 

= 7tang -= ijsec0^=lln|sec^ + tant?| + C=iln 


2x . V4 x 2 -49 
7 7 


+ C 


to. x = 4 


sec 0, 0 < 0 < y, ah = sec 0 tan 8 dd, ^25x 2 - 9 = ^9 sec 2 8-9 = 3 tan 8\ 


5 dx _ j-5(|sec0tan0)rf0 
J 3 tan 9 


•hsx 1 -' 


= Jsec 8 dd = In |sec 0 + tan 6\ + C = In 


5x , ^25x^9 
3 3 


+c 


11. y = 7 sec 8, 0 < 8 < y, dy = 7 sec 6 tan 8 dd, x]y 2 -49 = 7 tan 0 ; 




(7 tan 9)(l sec 0 tan #) dO 


= 7|tan 2 6» dd = 7j(sec 2 d-l^jdd = 7(tan 0-0) + C 


= 7 


Vr-49 


7 - sec "‘ 7 


+ C 


12. y = 5 sec 0, 0 < 0 < y, dy = 5 sec 8 tan 8 dd, xjy 2 -25 = 5 tan 8\ 

jVZpI dy = J (5 tan 9)(5 sec 0 tan 0) dd = I ^ Q ^ = ^2 Q dg = J. J(l _ cos 2 fl) d9 


= -jh(6 ) -sin <9 cos 8)+C = j- 


sec 


-i L 



b 2 - 25 


+c = 


sec 'M j 
10 “ 


V/-25 


2r“ 


+c 


13. x = sec 8, 0 < 8 < y, dx =sec 8 tan 8 dd, xlx 2 -1 = tan 8\ 


f — t= = f sec ^ tan 9 c,d = [ = sin + C = blzL + C 

J x 2 J x 2 -\ ^ sec~#tan# J sec 0 x 


14. x = sec 8, 0 < 8 < y, dx = sec 8 tan 0 dd, Vx z -1 = tan 0; 


f 2 d' x — f 

J X 3 b 2 -1 ~ J 


2 tan 0 sec 0 dO 
sec 3 6 tan 9 


= 2jcos 2 8 dd = 2|| 


1+cos 26 


= 8 + tan 8 cos' 


- 2 /2 

x 2 -l(y) +C = sec -1 x + 2 -1 


dd = 8 + sin 8 cos 6> + C 

+ C 


2 1 

15. u = 9-x => cfe = -2x ah => -yt/M = x ah; 

f x£y_ = __L f _L du = —Vm + C = —V 9 — x 2 +C 
3 bbd 2JX 


Copyright © 2014 Pearson Education, Inc. 



Section 8.4 Trigonometric Substitutions 


579 


16. x = 2 tan 9, -y < 6 <y, dx = 2 sec 2 6 cW , 4 + x 2 = 4sec 2 9; 


. 2 j f (4tan 2 <?)(2sec 2 d\d9 . 7 Ir 7 \ r 7 r 

- 4 A 1q 1 =j2tan 2 9d9 = 2(jsec 2 9-ljd9 = 2jsec 2 9d9-2j 


d9 


= 2 tan 9 — 29 + C = x -2 tan 


17. x = 2 tan 9, < 9 <^r, dx = 


2 do 


■, •\/x 2 ^I-4 = 2 


cos 9 ’ 


f x i dx f ta n 3 0)(cos 9) dd , sin i dd 9 f (cos 2 0-l)(-sm0)d9 . 

y = --= 8 - 2 — = 8 - — A -; [t = cos 6,dt = -sin 0d6] 

4 J cos 2 0 J cos 4 6> J ™ 4 ' 1 l j 


cos 9 


. 8 Ji^l A= 8 j(i-J r )^ = 8 (_I + _l_) + C = 8 (_S ec ^ + se^) + C = 8 
(r(x 2 +4| 3/ “ -4Vx 2 +4 + C=±(x 2 -8jV! 


2 8-3 


x +4 +C 


18. x = tan 6 1 , -y < 9 < y, dx =sec 2 9 d9, Vx 2 +1 = sec 0; 


f— 

J V.2./77T7 J 


_r sec 2 9 d9 _ r cos 9 d9 _ \ r _ -jx 2 +l 


2 tIx 2 + 1 J tan 2 0sec# J sin 2 0 


. +C = ~ v ^ +C 

sin t' x 


19. vt ; = 2 sin -y < 6> <y, rfw = 2 cos 9 d9, ^4 -w 2 = 2 cos 9; 

-2t[4^h’ 


f 8 dw 1 

r 8-2 cos 9 d9 0 i 

j - dd 

1 w 2 \l4-w 2 J 

^ 4 sin 2 0-2 cos 0 J 

sin 2 9 


= -2 cot 9 + C = ■ 


■ + C 


20. w = 3 sin 9, -y < 0 <y, dw = 3 cos 9 d9, tJ9~-w z =3cos 9; 




3COS0-3COS040 


= - cot 9-9 + C = 


9 sin 2 # 
_ ^-w' 


■ J cot 2 9d9 = j d9 = J (esc 2 9-\\ j d9 


s “ _ 1 (f) + C 


21 . 


x + 1 

1 — X 


dx 


x + 1 
1 — x 


dx = 


Multiply the integrand by 
x+1 


1 + X 
1 + X 


7^ 


dx where -1 < x < 1 


71 71 

x = sin 9 , dx = cos 9d9 ,-< 9 < — so that 

2 2 


x + 1 fsin 6> + l 

rfx = I-—cos 9d9 


cos 9 > 0 and Vl -x 2 = cos 9. 




cos# 

= | (sin 9 + \)d9 = 9- cos 9 + C 
= sin -1 x - V 1-x 2 + C 
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22. u = x 2 -4 => du =2 xdx =>\du = x dx. 


jx\/x 2 -4 dx =^JVm du -^u^ 2 +C = -i-^x 2 - 4 j ^ +C 


23. x = sin#, 0 < 8 < y, dx = cos 6 d8, 0-x 2 ) ^ = cos 3 0; 


I 


^/ 2 4x 2 0r 


H) 


,3/2 


4 j" /3 (^|^) dd = dj^fsec 2 0-l) d6 = 4[tan 0-dfJ 3 = 4^3- 


4 71 
3 


24. x = 2sin 8, 0 < 8 dx = 2cos 8 dd, | 4 -x 1 j ^ =8 cos 3 6; 

f‘—r /6 ^f^ = i r /6 ^f- = |[tan < /6 = # =-J= 
Jo / n\ 3 / 2 Jn c nnr 3 /a 4 Jn ^no 2 /a 4 L JO 12 /i.n 


'M 


0 6, . 2 \ 3 / 2 Jo 8 cos 3 0 


0 cos 2 0 _ 4 L Jo -12-4V3 


/ 9 \3/2 -> 

25. x = sec 8, 0 < 8 < y, dx = sec 8 tan 6 dd, lx-11 = tan 0; 


f dx 


r sec 0 tan 0 00 1 

f cos 0 00 1 

’1 

(x 2 -i) 

3/2 J 

■ tan 3 0 J 

1 si n 2 g sin 0 


+ C 


/ o \5/2 - 

26. x = sec 8,0 < 8 dx = sec 8 tan 8 ddAx -1] = tan 8; 


f x 2 dx _ r 
J (x 2 -lf " j 


see” 0-sec 0 tan 0 00 _ r cos 0 
tan 5 0 J sin 4 0 


= \^-dd = — K-+c = 

J sin 4 ft 3 sin 3 0 


3(x 2 -l) 


3/2 


+ C 


27. x = sin 8, -y < 6* <y, dx =cos 6> t/#, |l-x 2 j ^ = cos 3 #; 

/ 2 \ 3 / 2 

(l~- v & = r cos 3 0-cos 0 00 = r 4 Q Q dQ = _ co^0 + c = _l| ik*! | +c 

J r 6 J sin 6 0 J 5 5 X 


/ 9 \ 1 / 2 

28. x = sin 8 ,-y < 8 <y, dx =cos 0 dd, (1 — jc* - 1 = cos6h 


/ 2 V / 2 

.(,1-x j * r cos 0-cos 0 do r 2 a 2 Q , Q 

--- = - ; - = cot 8 CSC 8 dd - 

j x 4 J sin 4 0 J 


_cod£ + c = _i Vlzil | +C 


2 

29. x = ^ tan 8, -y < 8 <y, tix = y sec - 8 dd, | 4 x 2 +lj =sec 4 6 | ; 

■ = 4{cos 2 0 dd = 2(0 +sin 0 cos 0) + C = 2 tan rl 2x + ^— + C 


f 80x 

8(i sec 2 0)00 

J (4x 2 +l) 2 

J sec 4 0 1 

f = 4 tan 0, 

II 

+««> 

ht|<N 

V 
03 

V 

k|<N 

1 

|* 6dt 

r 6 (1 sec 2 0)00 ^ 

( 9 f 2 +i) 2 ”■ 

J sec 4 0 J * 


I .^ 2 , 


9r+l 
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2 1 
31. u=x r-1 =>(/«= 2xdx => -^du = x dx; 


-dx = |(x + -y-j-j dx = |x dx + ^—%—^dx = \x 2 + ^-du = jx 2 +^-ln \u\ + C = jx 2 +^-ln 


x 2 -l 


+ C 


2 1 

32. u = 25 + 4x => du = 8x dx => -^du =x dx; 

f —dx = i \—du =iln u +C = iln(25 + 4x 2 ) + C 
j 25+4X 2 8 j » 8 8 V / 

5/2 

33. v = sin 9, -y < 9 <-y, dv =cos 0 d0, ^1-v 2 j = cos 5 6>; 


f v 2 dv f 

J (l-v 2 f" J 


sin 2 0 cos 0 dO 


= | tan 2 9 sec 0 dd = - 


■ + C = ■ 


+ C 


34. r = sin 9,—^ <9 <^;dr = cos 9 d 9 — r 2 j = cos 5 6>; 


s5/2 


( 1 - , - 2 | I ■ = r cosmos 9d9 = f cot 6 g esc 2 0 d9 = -^ + c = -i 

J J sin® 9 J 7 7 


l7 


Jl-r z 


+ c 


35. Let = 3tan 0, t = ln(3 tan 0), tan *(4j<0<tan 1 (4), dt = s t ^g dO, Ve 2< +9 =-^9 tan 2 (9 + 9=3 sec 9; 


fl n 4 d dt ftan '(4/3) 3 tan 0sec 2 9 dd ftan *(4/3) r. i „ I-iian 

, , , ——-zrz -— = | , sec 9 d9 = In sec 6 + tan 0\ 

Jo 2 t +9 Jtan - (1/3) tan 9-3 sec 6 Jtan -1 (l/3) L I I Jtan 

- 1 ”(! + f)- ln (# + i)' l ” 9 - 1 ”( 1+ '®) 


tan -1 (4/3) 
tan -1 (1/3) 


36. Let e = tan 9, t = ln(tan 9), tan 1 < 9 < tan 1 dt = d9, 1 + e 2t = 1 + tan 2 9 = sec 2 9; 


rT^w- (“; ,< ‘'f> COS M«.[„. «]“-;<?-H-{ 

Jin (3/4) | 1+g2 ( j 3 / 2 Jtan" 1 (3/4) sec 3 9 Jtan -1 (3/4) L J tan -1 (3/4) 5 5 5 


”• i, 


I/ 4 2 dt 


1/12 Ji+4tJi ’ 

1 2 du f V 4 2 sec 2 9 dd 


= 2 4t,du=-^dt —» Jj/^j-^t; m = tan 0, < 9<^, du = sec 2 0 d9, l+u 2 =sec 6>; 


f 1 2 afw 

Jl/V3 1+M 


f 1 2du _ r^/ 4 2sec^ 0 dO _ 71 

Jl/V3 1+t/ 2 J/r/6 sec 2 # '4 6/ 

38. j; = e W ,0<<9<-|,<fy=e W sec 2 <9 d9. 


inv ) 2 =Vl 


+ 130" 6* =sec 


P— , f^ 4 e sec g d9 = f^sec 9 d9 = Tlnlsec 0 +tan #1] jP 4 = ln(l +V 2 ) 

Jl Jo e ,ane sec 0 Jo LI Uo \ j 


39. x = sec 0, 0 < 9 < y , dx = sec (9 tan 9 d9, \fx 2 -1 = Vsec 2 0-1 = tan (?; 


(• rf.v _ I - 

■* X'Jx 2 -1 


sec#tan0rf0 „ „ _1 

-——— = # + C = sec X + C 

sec 9 tan 9 
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40. x = tan 0, dx = sec 2 Odd, 1 + x 2 = sec 2 O’, 


I*'! 


sec 0 c!9 -i 

-r— = 0 + C = tan x + C 


41. x = sec 0, dx = sec 0 tan 0 d6, Vx 2 -1 = V sec 2 0-1 = tan 0\ 


r x dx _ f 

hx 2 -\~' 


sec 9sec 9 tan 9 d9 
tan 9 


-I 


sec 6 d6 - tan 9 + C 


=4A~- 


l+C 


42. x = sin 0, dx = cos 0 dO, <0 <^,yj\-x 2 = V 1-sin" 1 0 =cos6 l ; 




cos 9 d9 s, .—, -1 „ 

-— = 0 + C = sin x + C 

cos 9 


43. Let x 2 = tan 6, 0 < 0 <y, 2x dx = sec 2 0 dO => x dx = ysec 2 0 dO’d 1 +x 4 = V 1 + tan 2 0 =sec 0 


j-jJ=dx = -f J ^ jj dO =4 jsec 0 dO = yin |sec <9 + tan 0\ +C = yin 


^l+x 4 +x 2 


+ C 


44. Let In x = sin 0, -y < 0 < 0 or 0 < 0 <y, —dx = cos 6 dO, ^l-(ln x) =cos0 


1 




x In x 

= - In 


-dx = f cos % d0 = f 1 sm 9 d0 = I"esc 0 dO - fsin 0 dO = -In | esc 0 + cot 0 \ +cos 0 + C 
J sm 9 J sin 9 J J 1 1 


1 ! \J 1 ~( lnx f 

A 

In x In x 



+ ^j 1 - (In x) +C = — In 


l+^l-(ln xf 

A 

In x 



+ •^1 -(In x) +C 


45. Let u = Vx =>x = u 2 => dx = 2 u du => J^-^-dx = f. 4 “ 2zt dn = 2 xl~4--iC du ; 

J v x JV r 


u = 2 sin 0, du = 2 cos 0 dO, 0 <0 <^, yj4-u 2 = 2 cos 0 


2JV4-M 2 du = 2J(2 cos 0)(2 cos 6>) dO =8|cos 2 0 dO = s| 1+c ° s 9 dQ - 4jd0 + 4|cos 20 dO 
= 4(9 + 2 sin 2<9 + C =4<9 + 4sin 6>cos <9 + C = 4 sin -1 (f)+4(f)f^=^ 


2 , + C = 4sin“ 1 (^| + VW4-x+C 


= 4sin“ 1 (^'| + V4x-x 2 +C 


46. Let m = x 3 /“ => x = tz 2 / 3 => dx = \u ^ 2 du 


f j—^jdx = f */ 3 Wzz = f-^=(—yy) du = \ [~jJ=du 

J Vi-x 3 J y t-(u 2 / 3 ) V 3 I JV(v\3iz 1 / 3 / 3 JViV 


= -|sin 1 m + C = ysin 1 (x J/z | + C 


sin-'fx 3 / 2 )- 


47. Let u =y[x =>x =m 2 => dx =2 u du => JVxVl -xdx = juxll -u 2 2u du = 2j"z/ 2 vl —u 2 du’, 
u = sin 0, du = cos 0 dO, -y < 0 < y, xfl-u 2 = cos 0 

2ju 2 yjl-u 2 du = 2j"sin 2 0 cos 0 cos 0 dO = 2j"sin 2 0 cos 2 0 dO =y Jsin 2 20 dO = 2- J 1 c ° s4 ^ rfg 
— yj* cos 40 dO = \0~ jysin46 ) + C = y#-|-sin 26* cos 20 + C = j0 -ysin 0COS 0 ^2cos 2 0-lj + C 
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3/2 I - 

= 4 $-4-sin 9 cos 3 # + 4-sin 6>cos 9 + C =^-sin _1 u -4-h|i -h 2 j -^u\ll-ti 2 +C 


jsin 1 Vx-yVx(l-x) 3 ^“ -jVxVl-x +C 


48. Let w = yjx — l => H’ 2 = x-1 => 2w dw = dx => f r dx = f— — -2 w dw = 2 \^j 

J VTu J w 


/ W - 1 fi?H’ 

J W J 

w - sec 9, dx = sec 8 tan 9 dd, 0 < 6 < -y, 'Jw 2 -1 = tan 6 > 

2jVw 2 -1 dw = 2jtan 9 sec 9 tan 9 d9\ u = tan 9, du = sec 2 9 d9, dv = sec 9 tan 9 d9, v =sec 9 
2 J tan 9 sec 9 tan 9 d9 = 2 sec 9 tan 9 - 2 J sec 3 9 d9 = 2 sec 0 tan 9 - 2 J sec 2 9 sec 9 d9 
= 2 sec 9 tan 9- 2j/tan 2 9 + 1 j sec 9 d9 = 2 sec 9 tan 9- 2||tan i 9 sec 9 d9 + Jsec 9 d9^ 

= 2 sec #tan 9 — 2 In |sec 9 + tan 9\ —2 J tan - 9 sec 9 d9 

=>2jtan 2 9sec9d9 =sec 9 tan 9 —In |sec 6 * + tan 9\ +C = wyj w~ -1 - In w + yjw 2 -1 
= Vx - Wx-2 - In | yjx-l + ~Jx-2 1 +C 


+ C 


49. x^ = xjx 2 -4; dy = \lx 2 -4 ^; j = f ^*~ 4 

or ^ ^ J x 


(ix; 


x = 2sec9, 0 < 9 < ^-,dx = 2 sec 9 tan 9 d9,x\x 2 -4 = 2 tan 9 


-W 

_ 21 Vx 2 -4 


(2 tan 0)(2 sec 0 tan 9) dd 
2 sec 9 


-sec ^ 


‘(f) 


= 2jtan 2 9 d9 = 2 j/sec 2 6 > - lj d9 - 2 (tan 6 * -#) + C 

Vx 2 -4 


+ C; x = 2 and j = 0 => 0 = 0 +C => C = 0 => y = 2 


-1 Y 

2 - sec 4 


50. 7x z -9% = \,dy = 


dy 


dx 


dx 




x z -9 


'>y=S 


dx 


. -; x = 3sec 9, 0 < 9 <\,dx =3sec 9 tan 9 d9, Vx z -9 = 3 tan 9 

Vx 2 -9 


H 


3 sec 9 tan 0 dO 


3 tan# 

ln3=ln3 + C=>C = 0=>j; = ln 


= jsec 9 d9 = In |sec 6 | + tan 6 , | + C = In 


x V x 2 -9 
3 3 


+ C ; x = 5 and j = In 3 


7^9 


51 


. (x 2 +4)^ = 3,<fy=4^ L ;>’ = 3f-^ = 4tan“ 1 4 + C; x = 2 and y = 0 =i> 0 = | tan -1 1 + C =i> C = ■ 

\ J ax x +4 J x +4 ll l 


3 n 


=>■!“-'( f)-f 


52 


. |x 2 +lj ^ = Vx 2 +1, dy =— ^~ij 2 ; * = tan 6 >, dx = sec 2 9 d9, |x 2 +lj ^ = sec 3 9; 


(x 2 + t) 


f sec 2 0 dO f /I//-* /i ^ x /i ^ tan 9 ^ x 

v = -r— = cos 6 cW = sm 6 + C = tan 6 cos 0 + C = — 77 + C = . 

J sec 3 # J sec # 


tan # 


+ C; x = 0 and j =1 


=> 1 = 0 + C => C = 1 => J = 


+1 
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53. A = dx; x = 3 sin 9, 0 < 9 <y, dx = 3 cos 9 dd, ^9-x 2 = ^9-9 sin 2 9=3 cos 9; 


Jo 3 .’-2 

rfl/2 3 cos 9- 3 cos 0 dd k/2 _ 2 

Jo 3 


3j*' ~ cos 2 9 dd = -|[# + sin 6>cos 6\ 


V 2 = 3 n_ 
10 4 


54 a = 4 !?(' 


~^rdx=4b\ a Jl-^rdx 

a 1 J 0 v a 1 


x = a sin 0, - y < 6 < y, dx = a cos <9 d6, Jl = cos 0, x = 0 = a sin 0 => 0 = 0, x = a= asin@^>@ = -j 


4/>Jq Jldx = ^ cos 0 (a cos 9)dd = 4a/? j/^~cos 2 9 dd = 4abj f 


V 2 1+cos 20 
0 2 


dd 


2ab^ dd +2abj^ cos 29 dd = 2ab[d]^~ + a/?[sin 26 , ][/ 2 = 2a//y-0j + a/?(sin ;r-sin 0) = nab 


tt/2 


W 2 


nj 2 


1/2 

55. (a) ^ = | 7 sin - x dx 


t/ = sin x, du = r i — dx, dv = dx,v =: 


A-x 4 


• -l i 1 / 2 r 1 / 2 

= | x sin x - f 

Jo 


I 1 / 2 


. j/ 2 _^. Y = (i sin" 1 i -0) + ^ ~ 

(b) M = j/ 2 sin -1 x dx = * +6 /f~ 12 ; 


-\=—f x sin 1 x dx = - 7 —[ 'x sin 1 x dx [u = sin 1 x,du = 2— dx, dv = x dx, v = ^-x 2 1 

*+6^3-12 Jq ?r+6V3-12 JO L 2 J 

I 1 / 2 If 1 / 2 x 2 


12 


7T+6a/3-12 


■Jr x 2 sin 1 x 
- 2 JO 


_If vz ^S 

2 Jo jjl 


rdX 


x = sin 9, < 9 < -f-, dx = cos 9 dd, \l 1-x 2 = cos <9, x = 0 = sin 0 => 0 = 0, x=^- = sin0^>6 , = -|- 


12 


2 — i? ^ 2 5 — wo 1/ w 1/ 5 \ i ./v — wo i/ ^ ^ — u — inn 1/ r i/ — Wj ^ 

12 r ' -ir h 


sin 0 d6 


7T+ 6^-12 l 48 2 Jo 


rV 2 


T-T + lsin 29 

-|7t/ 6 ^ 

| _ 3-J3—7T 

L 4 8 

Jo , 

1 4(^+6V3-12)’ 

r |sin _1 x)“ dx 

u = | 

[sin *x) ,du=^?===dx,dv = dx,v = x 

K > Vl-x 2 


f 6^-12 


—,1/2 'N 

/ • -1 r f 1 / 2 2.x sin -1 x , V 

sin x - — ,- dx 

\ ) Jo j° J77 l 


u = sin x, du = r - 1 — dx, dv = 


Jl— x~ 


2 x 

77? 


dx . 


, v = -2yfl- 
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2 

56. V=[ 7r\Jx tan -1 x dx = n[ vtan -1 x dx m = tan 1 x, du = —^rdx, dv = x dx.v = ^r 2 

JO ^ ) Jo L 1+x 2 2 J 

■ s '(f-llo* + iJoTr?*)’ , '(8 + [-F + F !m " li i)- ,r (f + (-l + T tan “ ll+0 - () ))- £ 


it{n— 2) 
4 


57. (a) Integration by parts: u = x 2 ,du =2x dx, dv = x^J 1-x 2 dx,v = -^[\-x 1 ^~ 

\x 3 ^dx = -±x 2 (l-x 2 f 2 + \\(l-x 2 f 2 2xdx = -±x 2 (l-x 2 f 2 -±(l-x 2 f 2 + C 
2 2 1 

(b) Substitution: u = l-x~ => x = 1 -u=> du = -2x dx => - j du = x dx 

JVVl -x 2 1 dx = jx 2 ^/l-x 2 x dx = — b J(1 —u}*Ju du = -u 2/ " j du = -j« 3/2 + jm 5/2 + C 

<'->T+c 


(c) Trig substitution: x = sin(9, -y <0 <-y, dx = co$0d6, yjl-x z = cos0 


Jx 3 Vl -x 2 dx = Jsin 3 OcosGcosQdQ = Jsin 2 ^cos 2 OsmQdQ =J|l -cos 2 #jcos 2 ^sin 6d0 
= j"cos 2 BdmOdd- Jcos 4 OsmOdd = --J-cos 3 (9 + -J-COS 5 0 + C = — \-x 2 ^ + i|l-x 2 j +C 

58. (a) The slope of the line tangent to y = f (v) is given by f(x). Consider the triangle whose hypotenuse is 
the 30 ft rope, the length of the base is x and height /? = V900-x 2 . The slope of the tangent line is also 
thus rix) = _JmtxL 

(b) f(x) = \-^yX-dx x = 30sin 6 ,0 < 6 < j-, dx = 30cos 6d6, ^900 - x 2 = 30cos 6 

= - P#? s £:30 cos 6 d8 = -30 f ^fd0 = -3 0 f ^-^-^-d6 = 30 f esc 8 d6 + 30 f sin 6 dG 
J 3Osin0 J sin# J sin0 J J 


= 301n|csc6' + cot6> -30cos 6 + C = 30In 30+^90^ 

I X X 


-V900-X 2 +C; 


/(30) = 0 => 0 = 301n |^+ 3 Q 3 ° 2 - ^900 - 30 2 + C = C /(x) = 3 0 In ^ ^ 90 °~ x " -V900-.r 2 


8.5 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 

L wgk)=^ + ^2^ 5x - l3 = A(x-2) + B(x-3) = (A + B)x-(2A + 3B) 


A + B = 5 
2A + 3B =13 


■-*=(10-13) =>*=3=> ,4 = 2; thus,^g^- = ^ + ^ 
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5x-7 _ 5.V-7 _ 


x 2 -3x+2 (*-2)(x-l) 

A + B = 5 
^ A+ 2B =7 


x—2 


+ ^ 5x - 7 = -1) + B(x - 2) = (A + B)x - (A + 2 B) 


=>,8=2=>T = 3; thus, 


5x-7 
x 2 — 3x+2 


x—2 x—1 


A = 1 ] 

3. -*±i r = ^ T + ^£- T =>x + 4=A(x+l) + B = Ax + (A + B)=> } => A = 1 and B = 3; thus, 

(x+1) 2 *+l (x+1) 2 A + B=4\ 

x+4 _ 1 | 3 

(x+1) 2 x+l (x+1) 2 


A = 2 

4. 2x+2 = 2x±2^ = ^L + _B_^^2x + 2 = A(x-1) + B =Ax + (-A+B)^ 

x 2 -2x+1 (x-1) 2 x-1 (x-1) 2 ' -A + B = 2 

=> A=2 and B = 4; thus, 2x+2 = + 

x 2 -2x+1 x-1 (x-1) 2 


A + C =0 

5. 7 r+1 — = J z + -^- + -f-r => z + 1 = Tz(z -1) + B(z -1) + Cz 2 => z +1 = (T + C)z" + (—T + B)z — B => —T + _6 = 1 • 


=^>5=-l=>^4 = -2=>C = 2; thus, -f±L_ = + 4 + A 

z 2 (z-l) z z 2 -- 1 


6 . 



1 

(z-3)(z+2) 


= => 1 = T(z + 2) + 5(z -3) = (A + B)z + (2A - 3B) => 


A+B =01 
2A—2B = lj 


=> -5B = \^> B =-\=> A=\', thus, - 

5 5 z i -z~-6z 


i _l 

z-3 z+2 


7. ./ +8 = 1 + 7 5f+2 (after long division); 7 5?+2 = 5t + 2 = ^A + -Ax => 5t + 2 = A(t - 2) + B(t - 3) 

r 2 —5r+6 f 2 -5?+6 t 2 -5t+6 (r-3)(r-2) f-3 t-2 

A+B =5 ] 

= (A + B)t+{-2A-3B)^> >=> -B = (10 + 2) = 12 ,8 = -12 =^> T = 17; thus, 

—2x4 — 3B = 21 

_Ti±^ = l + iL + ^12 
r-5/+6 1-3 1-2 


f +9 ■ = 1 + ^ + 7 9 = 1 + +9 , (after long division); 


2 (/ 2 +9) 


—9 1 +9 __x4_ _|_ B _|_ Ct+D 


2 ( ? 2 +9) 


•-9 r + 9=xh(r + 9) + .s(t 2 +9j + (a+Z))r =(T + C)t 3 + {B+D)t 2 +9At+9B 

A+C= 0' 

2? + £> = -9 | 

9A = 0 


9B = 9 


■A=0=>C=0;B = !=>£> = -10; thus, -f^_ = l + 4 + 


-10 
r t 2 +9 


9. 


^ = I^ + T7T^ 1 = ^ 1 + T> + £(l-T);* = l=^4;* = -l^ = j; 
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= A + 1 = A(x + 2) + Bx; x = 0 => A = x = -2 B = -±; 

2 +2x x x + 2 2 2 


v+ 4 = ^ + ^= >x+ 4 = A (x-\) + B(x + 6y,x=\=>B=l\x = -6=>A=^ = 

x 2 +5x-6 *+6 *-l 2 -7 7’ 

f?577*'lf^ + li^r'T ln l A: + 4f 1 "l*-l| + C = Iln|(, + 6) 2 (,-l) 5 | + C 


2x+l _ A . B 


x-7x+12 


= 7 Z 4 + 7^3 =4> 2x + 1 = x - 3 ) + B (x - 4); * = 3 =7 B = = -7; x = 4 =7 A = f = 9; 


x~-7x+12 


J x = 9j-^--7|^ = 91n|x-4|-71n|.r-^| + C = ln^-^- + C 


= z^ + ^T^y = A(y + l) + B(y-3y,y = -l^B=^ = ±;y = 3^A=j; 


y 2 -2y-3 V ~ 3 7+ 1 


f 8 ydy _ 3 r 8 tfy , 1 f 8 d y _|~3 
J4 y 2 -2y-3 4 J 4 v-3 4 J 4 >>+1 |_4 


J 4 -^-+iJ 4 7Tr = [t In |v- 3 l+i ln l^+ 1 l] 4 =(f ln5 +i ln9 )-(| lnl +i ln5 ) 


= -i- In 5 + i In 3 =^b^- 


14 _£± = A + JL= > y +4 = A ( y + 1 ) + By ; y = 0 ^A=4;y = -l^B=^ = -3; 

y +y y y +L ~ L 

ll^^ = 4 47- 3 l,/2F> = [ 41 "H-3'»|j’ + l|]; /2 =(4lnl-3ln2)-(4l„l-31n|) 


= ln 5- |n it + ln f = ln (¥s- 1<S ) 


1__ A , B , C 


= f + 772 + 7^r => l = A (t+2)(t-l) + Bt(t-l) + Ct(t+2)u = 0=>4 = -^;t =-2=>B = £; 


:1 ^ C Mi 


- 2 / 2 


5if + i!^ + y*=4 ln i^i ln i^ 2 i4 ln i^- 1 i +c 


16 ' 24^7 = ^ + -v+2 + M ^ M + 3 ) = 24 (*+2)(x-2) + .8x(x-2) + Cx(x + 2);x = 0=4>4 = ^;x = -2 =^>5 = ^; 


'■ 2 =" c -iHJi;*= 


x +y^ln x+2 +-j|-ln x-2| + C 


= ii n MM +c 


17. —-= (jc — 2) + 3x+2 (after long division); 3x+2 =^-r + —^-=- => 3x + 2 = 4(x + l) +.8 = Ax + (A +B) 

x +2x+l 4+1)“ 4+1) * +1 (x+1) 

=3>A=3,A + B = 2=>A=3,B=*1; f 1 / rfjc = f 1 (x- 2 )c?x + 3f 1 -^- 

J0x 2 +2x+ 1 V 2 Jo-v+l 

r , -ii 

= 2 ^- 2 x + 31n|x+l|+-^ r = ^2. - 2 + 3 In 2 + 2-j - (1) = 3 In 2 - 2 


r 1 2 x 

Jo (X+1 ) 2 
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18. 


-= (x + 2) + 2 (after long division); 3 * \ =^j + —^-+=>3x-2 =A(x-\) + B = Ax + (-A+B) 

x‘-2x+l ( x -\) ( x-1 ) - r_1 (jc—1) 


^>A = 3,-A+B = -2=>4 = 3,i3=l; J 


® x 3 dx 


x —2x+l 


2 ( r + 2x + 3ln x-l|—L- 
2 I x-1 


-|0 


J-l 


= |0 + 0 + 3 In 1- -pjy 


J_° i (x + 2)& + 3|_ 0 i ^ r +{_° i ^ 

-(|-2+31n2- T -L)=2-31n2 


19. + -£- 5 - + 1 = 4(x + l)(x -1) 2 + 5(x- l)(x +1) 2 +C(x-1) 2 +D(x +1) 2 ; 

(jc~ —1) a+1 X_1 (x+1) (x-1) 

x = -1 => C =^-; x = 1 => £> = -f; coefficient of x 3 = A + B^>A + B=0; constant = A-B + C +D 

^>A-B + C + D=\^A-B=t- thus, A = \^B = -^, 

dx _ J_ f dx _ J_ f dx _|_ _L f dx _)_ _L f dx = _L I x+1 1 _ x _j_ q 

(x 2 -\f 4 -’ x+1 4 ' x ~ l 4 J (x+1) 2 4 J (x-1) 2 4 I x-11 2(x 2 -l) 


20 . 


21 . 


(x-l)ix 2 +2x+l j x 1 x+1 (x+1) 


— + -4h—=> x 2 = A(x + 1) 2 +B(x -l)(x + 1) + C(x -1); x = -1 => C = ■ 


1. 

2’ 


x = 1 => A =-f; coefficient of x 2 = A + B=>A+B=l^>B =f-, 

4 4 J (x-l)l 


x" +2x+lJ 
31 


f dx , 3 

f dx 

1 f dx 

Jtt + 4. 

J x+1 

2 J (x+1) 2 

1 

_4_ + 

2 ?x+C_ s i _ 

l)(* 2 +l) 

x+1 + 

x 2 +l 


j ln(x-l)(x+l) 

' 2(x+l) + C = 4 


2 (x+l) 


+ c 


1 = A x" +1 


1 2 

; x = -1 => 4 4—; coefficient of x =A+B 


=>4+.8=0=>.8 = -^-; constant = 4 + C=>4 + C= l=>C=^-; f 
2 2’ Jo 


f/x 


i r 1 & , i r 1 (—x+i) 


0 (x+l)(x 2 +l) 2 


f In IX +11-jln|x 2 +lj+^tan *x Q =(+ 

l_/^r\ _ (a+21n2) 


= ( 4 r ln2-^-ln2 + f tan 1 lj-^lnl-^lnl + 4 


f 4^ + lf 

J 0*+1 2 Jo x 2 +l 

y tan -1 O) 


dx 


= 1 In 2 + — (— I = 
4 in z -i- 2 1 4 I 


22 3r+/+4 _ A_ + gl+C 


r r+1 


• 3r +t + 4 = A |t 2 +1 j + (Bt + C)t; t = 0 => A = 4; coefficient of t 2 = A+B => A+B =3 


V3 • 


rV3 , 


=> 5 = -1; coefficient of t = C => C = 1; f 2t , +f+4 dt = 4 f — + f 

Jl r 3 +i Jl f Jl 


rV3 (-1+1) 


dt 


Jl __ 

41n|r|—i-ln^r 2 +l^ + tan” r = |41n>/3-J r 

= 21n3-ln2+f+ iln2-f = 21n3-4ln2+^- = ln(-^) + ^- 
3 2 4 2 12 ^2/12 


-4-In 4 + tan 


/3 ) — (41nl —f-in2 + tan 


J >) 


23. = ^ + +2y + \={Ay + B)i y y 2 +\yCy + D = Ay 3 + By 2 +(A+C)y+(B + D) 

=>4 = 0,.5=l;4 + C = 2=>C=2;.e+.D=l=>.D=0; f r +2y+ } dy = f + 2 f J ’ - dy 

J (v 2 +l) J J (v 2 +l) 

= tan -1 y —J—+ C 

r+i 
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24. 8x 2 +8x+2 = Ax±B_ + Cx±D_^ %x 2 + 8x + 2 = (Ax + B) (4x 2 + l) + Cx + D = 4Ax 3 + 4Bx 2 + (A + C)x + (B + D); 

(4x 2 +l) 4 *+> (4 x 2 +i) 1 1 

x dx 

, + 8 1 - 
4x +1 


^4 = 0, R = 2;^4 + C= 8=>C =8;R+£>=2=>£)=0; f Sx 2 +8x+2 dx = 2 [ + 8 f 

j t a „2 , ,\ 2 J 4x 2 +1 j 


(4x 2 +l)- 


(4x 2 +l) 


= tan 1 2x - - 


1 


- + C 


22 2x+2 As+B | C | D |_ E_ 


(x 2 +l)(.s-l) 3 5 2 +l ' J - 1 ' (5-1) 2 ' (5-1) 

=^25+2 = (+t5 + .8)(5-l) 3 + C^5 2 + l) (5-1) 2 + d[s 2 +l)(^-l)+£^ 2 +lj 

= As 4 +{-?>A + B)s i + (3^4 -3B)s 2 + (-A + 3B)s-B+c(s 4 -2s 3 +2s 2 -2s + l) + D(s 3 -s 2 +s-l'j + £^s 2 +1 

= (A + C)s 4 +(-3A + B-2C+D)s 3 +(3A-3B+ 2C - D + E)s 2 + (-A +3B-2C + D)s + (-B + C-D +E) 

A + C = O' 

-3A+B-2C + D = 0 

=^>3A-3B +2C -D + E = 0 • summing all equations => 2E = 4 => E = 2; 

-A + 3B-2C + D =2 
-B+C-D + E = 2 

summing eqs (2) and (3) => -2 B + 2 = 0=>R=1; summing eqs (3) and (4) => 2^4 + 2 = 2 => A = 0; 

C = 0 from eq (1); then -l + 0-£> + 2 = 2 from eq (5) => D = -1; 


f 2 -\ +2 Ms-+ 2 f 

■* l) 3 ■" 5 2 +l J (J-1) 2 J 


= -(s -1) 2 +(5-1) 1 + tan 1 5 + C 


(5-1) 


26. 


5 4 +81 A . Bs+C , £>.<+£ 
-,2 x + „2 , n + / , \2 


s(x 2 +9j 


x‘+9 


(, 2 + 9 )- 


■5 4 +81 = A^s 2 + 9 )“ +(R5 + C)5^ 2 +9) + (£>5+£)5 


= a[s 4 +185 2 + 8lj + (& 4 +C 5 3 +9R5 2 +9C5) + £>5 2 +Es 

= (A + B)s 4 + Cs 3 + (18+1 + 9B + £))5 2 + (9C + £> + 8 U => 8 U = 81 or A = 1; A + B = 1 => 5 = 0; C = 0; 


9C + is = 0 => is = 0; 18,4 + 9.8 +Z) = 0 => Z) = -18; f * 4+81 , & = f^-18f f^ T = ln|5| +^— + C 

J x(i 2 +9) J 5 J (* + 9 ) 5 +9 


27. 


jr -x+2 


Bx+C 


-1 5-1 x 2 +x+ i 


-x + 2 = A(x 2 +x + l'j + (Bx + C)(x-l) = (A + B)x 2 +(A-B +C)x+(A-C) 


=^> A + B =1, A-B+C = -l, A-C = 2=> adding eq(2) and eq(3) => 2,4 -B =1, add this equation to eq (1) 
^>3A=2^> A=4r^> B = 1-A=\^C = -l-A + B=-4r\ f xl ~ x+2 dx= f (V 3 )*- 4 / 3 ]^ 

3 3 3 J x 3 -l A*- 1 x 2 +x+l / 

= 4 f— l -rdx + ^ i— ^4—dx u = x + \^>u~4 = x^>du = dx 
3ix ~ l 3j H)+| L 2 2 J 


= T [~Kdx + \ f ■, \ du =4 \-^~rdx + \ \-^--du } , du 

3 J x-1 3 J ,, 2 + l 3 J x-1 3 J ,, 2 +l 2J w 2 +l 


= -|ln|x-l|+J-ln (x+ 2 ) 


3 , -1 x+ 

— tan 1 




V3/2 


+ C =-|ln x-l|+-fln 


x +x + 1 


-V3,a„-'(^l) + C 
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28. 


—p— = y + => 1 = A(x + \){x 2 -x + lj + .8x|x 2 -x + lj + (Cx + £>)x(x + l) 

= (A + B+C)x 3 +(-B+C+D)x 2 + (B+D)x + A^>A=1,B+D=0^D = -B,-B+C+D = 0 
^-2B + C =0^>C = 2B,A + B + C =0^>\ + B + 2B =0=>B =-±^C = 


\^-dx= ffi -^ + ^-l^ )dx= flfr-lf-L dx-\\^^dx 

^ J \ x x+ ^ x 2 —x+\ J x x +1 3J x 2 —x+l 


= In | x | -|ln | x +11 — In |x 2 -x + 1| + C 


29. - J r- l =^- { +^r l + £ T^^> xl =A(x- l)(x 2 +l)+5(x + l)(x 2 +1 j + (Cx + D)(x - l)(x +1) 

= (A + B + C)x 3 +(-A+B + D)x 2 + (A+B-C)x-A+B-D^> A + B + C = 0,-A + B + D=l, 

A +B-C = 0, -A + B-D = 0 => adding eq (1) to eq (3) gives 2A + 2B = 0, adding eq (2) to eq (4) gives 
-2 A + 2B = 1, adding these two equations gives 4B = 1 => B = j, using 2A + 2B = 0 => A = - j, using 

-A + B-D =0^>D and using A + B-C = 0 => C = 0; f^rjdx ={(^r + ^ + ^)^ 

= —j f —dhr + 4-f— ' l -rdx+^ f —^—dx = --Unlx + ll + 4 In lx -l| + ^tan -1 x+C = -jlnl^fl + ^-tan -1 x + C 
4 J x+1 4J x-1 2 J r 2 + i 4 I I 4 I I 2 4 |x+l| 2 


30. 


+ x=^(x + 2)(x 2 +l) + 5(x-2)(x 2 +1 j + (Cx + D)(x - 2)(x + 2) 


jr+x _ 2? , Cx+Z) _ 

x 4 -3x 2 -4 - r_ 2 x+2 x 2 +l 

= {A + B + C)x 3 +(2^-2iS+T))x 2 +(T +5-4C)x + 2T-25 -4D T +5 +C = 0, 2A-2B + D = 1, 

A + B-4C = l,2A-2B-4D =0=> subtracting eq (1) from eq (3) gives -5C = 1=>C = —j, subtracting 
eq (2) from eq (4) gives -5 D = -1 => D = substituting for C in eq (1) gives A + B = y, and substituting 


for D in eq (4) gives 2A-2B = X =>A-B= X , adding this equation to the previous equation gives 
2A -l^ A -±^ B --±- f x 2 +x dx f { 3/10 1/10 (-l/5)x-+l/5 \ 

ZA 5 A 10 =>" 10 ’ J . r 4 _3. T 2_4 J\x -2 x +2 + A - 2 +1 j' /A 

= xo\^ dx -U^i dx -\\^; dx+ \\^{ dx= i Xn \ x - 2 \-w Xn \ x+ 2 \-w Xn 


X^ +1 


+ t tan 1 x + C 


31. 20 3 +50 2 +80+4 = Ad+B + C9+D ^ 2 0 3 + 50 2 + 8(9 + 4 = (A0 + B)(d 2 +20 + 2] + C0 + D 

(0 2 +20+2)~ 0~+20+2 ^2 +2(9+2 j- \ / 

= A0 3 + (2 A+B)0 2 + (2A + 2B + C)0 + (2B + D) => A = 2; 2A + B = 5 => B = 1; 2A + 25 + C = 8 => C = 2; 

2B + D=4^D=2- ( 2O 3 +50 2 +8O+4 d0= ( 26+1 dg X —20+2 de 

J (0 2 +20+2)~ * e +20+2 J (<9 2 +20+2)~ 

= f (20+2)00 _ r_^ + j- (26>+2)x/6> = ) n /^2 +2 6» + 2 )- f—^-^- 

J 0 2 + 20+2 J 0 -+ 20+2 J ^2+20+2)" ' ' J (0+1) +1 0 2 + 20+2 

= In f 6» 2 +20+ 2)-tan -1 (0+1)—^- + C 

V / 0 2 +20+2 


32 0 4 -40 3 +20 2 -30+1 ,40+g , CO+D { EO+F 

(0 2 +l)" 6,2+1 (0 2 +l) - (0 2 +lf 

2 

=^>0 4 -40 3 +20 2 -30 + 1 = (A0 + B) ^0 2 + l) + (C0 + £>)(0 2 + l)+£0 + T 
= (^0 + 5)(0 4 +20 2 +lj + (c0 3 +D0 2 + C0+£>j + E0+F 
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= ( A0 5 + B0 4 + 2A0 3 + 2 B0 2 +A0 + BY[c9 i +D0 2 +C0 + D} + E0 + F 

= A0 5 +B0 4 +(2 A+C)0 3 +{2B + D)0 2 +(A+C + E)0 + {B + D + F) => A = 0; B =1; 

2A + C = -4=>C = -4; 2B+D = 2^>D=0\ A+C + E = -3 => E =\\ B + D + F =\^> F =0; 


( 02+1 f 


l -d0 = \-4r~ 
J e 2 +\ 


+ = 6 + 2 l e i +l Y l _U 9 2 +l \~ 2 +c 

J (^ + i) 2 J (^ + i) 3 1 1 4[ > 


33 . 2x 3 -2x 2 +1 =2x + ^— = 2x + — l 


_ A | B 


P 


x(x—1) ’ x(x—1 ) x x—\ 

= x 2 -ln|x| +ln|x-l| +C = x 2 +ln|^-| + C 


1 = A(x -1) + Bx; x = 0 A = -l;x = 1 B = 1; 


34 

x 2 


-it • (x + i)(x-D = ^ + tt => 1 = A ( x -!) + B ( x + !); 


1 + 1 ) + x 2 _ 1 ( x +1 ) + ( x+l)(x-l) ; (x+l)( 

x = -l^ A=-\-x=\^> B =t-\^-dx = \(x 2 +l)dx-E\M- i+ E\j±- i 


= \x i 


+ x-4in x+1 + In x-1 +C = 2—+ .x+iln 2S-L + c 
2 2 3 2 x+1 


35. 


= 9 + ■ 


2 (after long division); - 

X (x-1) X (x-1) x 


9 x l -3x+l _ A , B . C 
2 t l-l 


=> 9x 2 -3x + 1 = Ax(x-l) +B(x -1) + C.r 2 ; x:=l=>C=7;;r=0=>7? = -l;^ + C= 9=>j4 = 2; 
j 9x \~ 3x 2 +1 dx =j9<fa + 2|^-J4 + 7j^ =9x + 21n|x|+i + 71n|x—1| + C 


36. 


16xi 


■ = (4x +4) + 12x ~ 4 ;-±2^ r = ^- r + —?— r =>12x-4 = A(2x-l) + B 
4x 2 -4x+1 4x 2 -4x+ 1 (2x-l) 2 2x ~ l (2x-l ) 2 

dx 


=4> A = 6; - A + B = -4 => B = 2; J —dx = 4j (x +1) dx + 6 J^ + 2| 

= 2(x + l) 2 +31n|2x-l|-^ =r + C 1 =2 jc 2 + 4jc + 3In|2 jc-1|-(2jc- 1) _1 +C, where C = 2 + Q 


(2x-l) 2 


37. ^ = y 


A , ftv+C 


= ^- + 


• 1 = ^ (y 2 +1) + (By + C)y =(A+ B)y 2 +Cy + A 


y 3 +y r(v 2 +i) ’ v(v 2 +i) y y 2 +1 

>^=lM + R=0^R = -l;C=0;j3^d^ = J J ;^-|^ + |i^- = ^-ln|y|+iln(l + y 2 ) + C 


38. 


2/ 


y 3 -y 2 +y -1 


— 2_y + 2 + - 


x4 ! fty+c 


/-j , 2 + >’-i’ /-/+y-l (r 2 +i)(r-i) - v 1 r 2+1 

=> 2 = A (y 2 +1) + (By + C)(y -1 ) = (^Ay 2 + A^ + ^By 2 +Cy - By-C^j = (A + B)y 2 +(-B + C)y + (A- C ) 
^d+5=0,-fi + C=0 or C = 5,d-C = d-5=2^d=l,B=-l,C = -l; 

1753PT7ZT - 2 J<X + 0 + J - J A- - <x+1) 1 + 'n I >-1| - 4 m (X 2 + 1 ) - tan r + e, 

= y 2 + 2y+ ln|y-l|-3-ln^y* + lj-tan _1 y + C, where C = Q+1 

39 f e'dt ,\ t = = , 1 r = _ f = ln Z±L + c = ta U+2-U c 

J e 2'+_V+2 ,L y,e 1 ' 1J ^J / + 3.,, + 2 Jr+l Jv +2 r +2 +L m \ e > +2 l 
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40. = J 


e'dt; 


y = e\dy=e'dt]^j>^dy=j(y + ^)dy=± + \-^dy-j^ 


r± 

y 2 +1 


dv 

y z +1 ' J y 2 +l 


- -h ^ In +1 j - tan 1 y + C =\e 2t + j-ln^e 2( + lj-tan 1 [e 1 j + C 


4t. J 

42. | 


cos ydy 


sin z >>+sin y—6 


■[siny = t,cosydy=dt^\^ = \\(^-^)dt=\\n\^\+C=\\n 


sin y—2 


siny+3 


sin 9d0 

cos 2 0+COS0-2 


; [cos 6 = y, -sin QdQ = dy\ -> 


y+2 

y-1 


+ c 


9+ 


= -Un 


1 1„ COS0-1 


3 | cos 9+2 


+c 


43 . J 


(x-2) 2 tan '(2x)—12x 3 — 3x , _ ftan 1 (2.v) 


(4x 2 +l)(x-2) 2 


dx = f tan ~ (2 - y) dx - 3 f dx = \ f tan" 1 (2 jc) -=jp - - 3 f ■ A, - 6 f — ^ 
J 4v 2 +1 J (x-2) 2 2J 4v 2 +1 J -V-2 J i 


2 dx 

4x 2 +1 


+ C = -f In ... 

3 cos 0-1 


dx 


+c 


(x-2 ) z 


2 

= -f^tan _1 2xj -31n |jc —2| +-^ + C 


f (x+1) 2 tan~ 1 (3x)+9x 3 +x ^ _ J* tan^Qx) ^ f x - 1 ftan^Gr! 3dx +f-^--f 
j (ov^i)(x+l) 2 a i 9x 2 +1 ^ + J(x +1 ) 2 3j tan V +1 + J x+I J 


dx 


(9x z +lJ 

2 

=-f ^tan -1 3xj +ln|x + l| + -^fj- + C 


(x+1)- 


45. f _ dx = I-pJ- dx; Letzt = yjx => du =—K=dx => 2du =-\=dx —» [^r— dir, 

j/ 2 -^ J Vx(x-l) L 2Vx ^ J J tr-1 

-%- = ^r + ^-r=>2 = A(u-\)+B(u+\)=(A + B)u-A+B=>A+B=<i,-A+B = 2=>B=\=>A=-\\ 

| MtI 1 / 1 


J-^-j du = |( .- • du = -In | u +1| +ln | u -1| + C = In 


Vx-l 

Vx+1 


+c 


46. f 7 ,,, 1 ' — dx; [Let x = u 6 => dx = 6u 5 du 1 —» . - 1 , , 6u 5 du =f -Qy—du = f (6 H—^— |t/w = 6 frfw + f^r— c/m; 

J (x‘/ 3 -l)^ J (i( 2 -l)n 3 V-l « 2 -l/ J V-l 

= ^- + -^7 => 6 = 44 (m -1) +7?(m +1) = (A + B)u-A+B =>A+B=0,-A + B= 6=>B=3^>A = -3; 

| W+l t/ 1 

6 |du +j~Y~ du = 6 u + {('^f+ = 6 m — ^J^-c/m +3|-^j-c?M = 6w -31n |m +1| +3In |u -1| +C 


= 6x l/6 +3\n 


x l/6 -l 


c‘/ 6 +l 


+ C 


47. J 


Vx+l 


dx; 


Letx + 1 =u 


■ dx = 2m du \ —> \—y—2udu = \-^—du = f(2H —^—|du =2\du + \ du; 

J J if-1 J // 2 -l J\ u 2 -l/ J J ti 2 -l 
-%- = ^ T + ^- i =>2 = A(u-\)+B(u+\)=(A + B)u-A+B=>A+B=<i,-A + B=2=>B = \=>A = -\\ 

| U T 1 U 1 

2jdu + j—^du = 2m + j (j^d + ~[)du = 2u ~\~^[du +J ^-du = 2u - In \u + 1 | +ln \ u - 1 | +C 


= 2yjx + 1 +ln 


Vx+i—i 

VJTI+i 


+ C 
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48. f J— dx; Letx + 9 = w 2 => dx - 2udu —> f . 1 . 2 udu = f } du ; } = -d- + -d— 
j x^fx+9 L J j L 2 -9)u J u 2 - 9 U--9 «-3 »+3 

=;>2 = A(u + 3) + B(u-3)=(A + B)u+3A-3B^A + B=0, 3A-3B = 2 => ^ ± => B = 


JW M = 41^ = 3 ln 1“ “ 3 I "3 1 ^ |M +3 I +C = 3 


= iln ^~ 3 +C 


3 U1 |VIT9 + 3| 


49. f—4 —-c/x = f - , A , —rflfx; Letw = x 4 => du = 4x 2 dx — »4- f .. du: , 1 ,, 

J A -(x 4 + li J x 4 (x 4 +ll L J 4 J u(u+i) m(m+1) 


• 1 _ A j g 

’ w(w+l) w w+1 


1 — +1) + Bu — (^4 + B^u + A => yl — 1 B — —lj 


4 j77777TT7 = 41(i7 -iir)= 4 !- 4 Jiil= 4 ln I M I - 4 ln I» +1 1 +C = 4 ln (t^t) + C 


50- f 77 ~~ — rfitr = f ,„, A . — rt/xiTLetw = x 5 =>du = 5x 4 e?xl —» 4 [ -^4— du; 
J x 6 (x 5 +4) • I x 10 (x 5 +4) L J 3 J u 2 (u+4) 


1 yj + _g_ + _C 

u 2 (u+4) u » 2 "+4 


■ 1 = dw(w + 4) + B(u +4) + Cu 2 =(A + C)u 2 + (4A + B)u + 4B => A + C = 0, 4A + B = 0, 4B = 1 => B 

■ a =~T6^ c = T6' i\-^^ du= i\[- y f +] ^ + i^ du = -Uu du + w\^ du+ h\-^4 du 


= "M ln N -2^ +8F ln > m+4 I +C = “M ln 41 + M ln I* 5 +4 > +C = M ln 


20 x 5 80 


Xi n F±4_L_ 

80 x 5 20x 5 


51. (t 2 -3t + lW = V,x= f , dt =[A--\dL = \ n 14 +C;^4 = Ce*;t =3 and x = 0 =>± = C 

\ J at j t 2 -2t+2 J *-2 J t -1 ?-l t-\ 2 


^=^e x =>x= 1 n| 2 (* 4 )| = ln|f- 2 |- 1 n|f-l|+ln 2 


>. ^3t 4 + 4t 2 +l)4 = 2V3; x = 2V3 J= V3 J^j- V3 = 3 tan" 1 (TJf) - V?tan -1 1 + C; t = land 


-Xy/3 _V3£_ y/3 


4- = Jr “4 


■;r + C => C = - 7 T => x = 3tan ’(V3t)-V3tan ! t-;r 


53 . (t 2 + 2 t)f = 2 x + 2 ; |J^ r =J ? ^^i 1 n l x + 1 | =iJf-iJ^^ 1 n|x + 1| = ln | 42 | + C ; t = l and 

x = l=>ln2 = ln|- + C=>C = ln2 + ln3=ln6=i>ln|x + l| = ln 6 j^yj => x +1 = -1, t > 0 

54. (r + 1)^ =x 2 +1 => = J4f => tan -1 x =ln \t + 1| +C; t = 0 and x = 0 tan -1 0 = ln |1| +C 

=> C = tan" ! 0 = 0 tan -1 x = ln \t + 1| =^> x = tan (ln(t +1)), t > -1 


55. V = n\ y 2 dx = n\ — ^-^-dx = 3n\ \ (—!-r- + -)lt/x = f3 tt ln 

Jo. 5 * Jo.5 3x-x 2 l^JO.5 V x-3 x)J L |x-3|J, 


— 12.5 

—3— =3n ln 25 

*-3 Jo.5 


v =Md xydx = 27T i ( x + m- x) dx =Mdf-KA) + 1 fc)]^= i* +i i +2in 1 2 -- y d ]1 =x< in2 ) 
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r V3 _j 

57. A=\ tan xdx = 

JO 


—i T^ 1 C'b 
xtan x - 

Jo J( 

"I-v/3 


— dx 

Jo Jo 1 +x 2 * 


= £^[_l n 2; 


-¥-[M* 2+1 )' 

*=i if* la,r ' ■** - if [i - ,2 ,air ‘ *]f - 2 if 

V / 


10 



58 - = h 5 SjgSS^ - 3 IJ -IJ ^ + 2 C-1 3 >» 1*1 - '.ip +3| + 2 to p - l|] a _ l„ iji; 

57 = = i(K + 4, 5 ^5 +2 i 3 5 ir)=7' 8+1 2 - 31 ” 6 > s 3 - 90 


59. (,) f = = + + 

^ = 250’ = 100 °2 ^ = 0 and * = 2 => Yooo l n 1998^1 = C Tooo In |lo00^7v| = 2 ^ + l 000 W 499 ) 

:e 4f ^.499x = e 4 '(1000-x)^> (499+ e 4 ')x=1000e 4? 


•In 


499x 

1000-x 


= 4 1: 


499x 
1000—r 


lOOOe 4 ' 


499+e 4 


(b) X = \N = 500 => 500 = 10Q0e t => 500 -499 +500e 4f = lOOOe 4 ' 


■ e 4t = 499 =>t=^-ln499 *1.55days 


499+e 4 


60. ^f- = k(a - x)(b - x ): 


dx 


dt 


(< a-x){b-x ) 


= kdt 


(a) a = b : f —= f kdt => —— = kt +C;t = 0 and x = 0 => — = C=> -d— = kt + — 

J (a-x) 1 J a-x a a-x a 


_J__ a£f+l _, „_„_ a 

—7 Cl X 1 « 

a-x flAtf+1 


x - a — 


a a kt 
akt +1 fl^+1 


(b) a# 6 :J- 


dx 


\kdt ^- 2 - =kt + C; t = 0 and 

J b—aj a—x b-aj b—x J b—a a—x 


(a-x)(b-x) 

= 0 => tJ—I n— = C => lnl-^^j = (6 - a)A:t + In (—) => — 

8.6 INTEGRAL TABLES AND COMPUTER ALGEBRA SYSTEMS 


x = 1 


-bd b ~ a)kt 


■ x = - 


> 1 


— 7 — = -4= tan - + C 

xVTT V3 V 3 


(We used FORMULA 13(a) with a = 1, b = 3) 


2 - I" 




= —Cln 


:%/x+4 5/4 


Vx+4-V? 


■y/x+4+V? 


+ C = d-ln 


Vx+4-2 


Vx+4+2 


+ c 


(We used FORMULA 13(b) with a = 1, 6=4) 
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3 ' J" VT=2 _+ 2 JtT=2 dx + 2 j('[*—2) dx 


yjx-2 


:(i)(AS +2 (f)iCi.v^r2(-2) 


+ 4 


+ C 


(We used FORMULA 11 with a = 1, b = -2, n = 1 and a = 1, b = -2, n = -1) 


4 1 


f xdx 1 | 

r (2x+3)(& 3 | 

r &■ 11 

r </x 3 r 

J (2x+3) 3 / 2 2j 

1 (2x+3) 3 / 2 2j 

1 (2x+3) 3 / 2 2 J 

W2x+3 2 J 




(72x+3)‘ 


= ij(V2^T3) 3 * = (|)(f)^^-(l)(!)^7-+c 

= —d=(2;t + 3 + 3) + C=-^i=L + C 

2sl2x+3 yJ2x +3 

(We used FORMULA 11 with a = 2, b = 3, n = - 1 and a = 2, b = 3, n = -3) 

^ _ J 

JW2.X-3 dx =\j(2x -3)72x-3 dx +jj^2x -3 dx =d.||V2x -3 j dx +y|^V2x-3 j (A 




—-dlK!)^ 


+ C = [y +1] + C = + C 


. 3/2 , 


(We used FORMULA 11 with a = 2, b = -3, /? = 3 and a - 2, b = -3, « = 1) 

Jx(7x + 5) 3/2 <A = yj(7x + 5)(7x + 5 )^ 2 dx -yj"(7x + 5)^ 2 dx = yj"^V7x + 5j dx -y|(V7x + 5 j 

_ 2 ] + C = + C 


(V 7 TT 5 ) ^ ^ (7^5) + c = (7x+5) 5 / 2 


7 \ 7 / V 7 / 5 49 

(We used FORMULA 11 with a =l,b = 5,n =5 and a = 7,b = 5,n=3) 


7 1 


<ix 


x79-4x 


+c 


x 2 x 2 J 

(We used FORMULA 14 with a = -4, b = 9 ) 


79-4x 


-2 - 4 = In 

* 179/ 


79-4x-79 


79-4x+79 


+ c 


(We used FORMULA 13(b) with a = -4,6 = 9 ) 
_ -79-4x 2 1 


In 

79-4x-3 


79-4.V+3 


+ C 


fltx 


74x-9 


dx 


,+c 


x 2 74x-9 (-9A 18 J x74x-9 

(We used FORMULA 15 with a = 4, b = -9) 


^7f)(iK\/¥ +c 

(We used FORMULA 13(a) with a = 4, b = 9) 
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9. JW 4x — x 2 dx = jx'j2-2x-x 2 dx = 


2 , _ (-y+2)(2.y-3-2)v2-2-x-.y~ ? 3 c ;„-l (x-2 


+ ^-sin 


'(¥) +c 


) .,rf)|2,-6|'flr? + 4sin -l + c , ^ 4sin -l jj-!) ^ c 

(We used FORMULA 51 with a = 2 ) 


10. p^oh = p 


dx = Jl-jrX—x 2 + -^sin 1 —p- + C = V-r-x z +^-sin 1 (2x-l) + C 


2 , 1 


(We used FORMULA 52 with a = j) 


»■ 


xJN 7 


i V7+J(V7) +x 2 
= —7= In- -+c = - 

V7 * 


1 1,-. >/7 +V7+x 2 


(We used FORMULA 26 with a = V7 ) 


!2. f- 


xjld 7 -x' 


V7+J(V7 -x 2 f+JTj 

= = --Un--+ c = --Un V7+V7 ~ a - + C 

2 dl x dl x 


(We used FORMULA 34 with a = xfl ) 


13. f■2^=41 A = [ 2 ~ x2 dx = yfi 

J X J X 


2 -X 2 -2In 2+ v 22 -* 2 +C = yj4-x 2 -21n 


2 W 4 -X 2 


(We used FORMULA 31 with a = 2 ) 


14. p*i=±<£c = H x2 ~ 22 dx=xjx 2 -2 2 - 2sec -1 |t| + C = Vx 2 -4 -2sec -1 1^1 + C 

J x J * 121 121 

(We used FORMULA 42 with a = 2 ) 

15. je 2t cos3 tdt = (2 cos3t + 3sin 3t) + C = -|j(2cos3t +3sin3t) + C 

(We used FORMULA 108 with a = 2, b = 3 ) 


16. \e 3, sin4 tdt = —— T (-3sin4t-4cos4t) + C = -^-(-3sin4t-4cos4t) + C 
J (—3) 2 +4 2 25 

(We used FORMULA 107 with a = -3, b = 4 ) 


17. Jxcos l xdx = jx^ cos 1 x<ix = ^-cos U + y^-J-U 


= = Vcos x- 

72 2 


(We used FORMULA 100 with a = 1, n = 1) 
= 2LcOS"‘ ! x + l|i s i n - ! x ^j-l^l xs ll- x 2 | + C 
(We used FORMULA 33 with a = 1) 


= 4 rCOS 1 x+-Uin 1 x-\xyll-x 2 +C 


18. Jxtan 1 xdx = jVtan 1 (lx) dx = tan 1 (lx) — “j~f J 

(We used FORMULA 101 with a = 1, n = 1) 


x 1+ U _ x 2 t -1 1 f x 2 dx 

—tan x ~ 2 ) 77-1 


Tv 2 2 
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= 4ptan 1 x-y J|l--j-^jdx (after long division) 

= 4ptan _1 x-p-jdx + yj-j-^dx = ^-tan” 1 x-y-x + ^-tan^ 1 x + C = y||x 2 +1 j tan 1 x-xj + C 


19. fx 2 tan 1 x dx — T—— tan 1 x-pi-rf^-pdx =^-tan 1 x-\\ - JL T dt 
J 2+1 2+1J 1+x 2 3 3 J 1+x 2 

(We used FORMULA 101 with a = 1, n = 2) 

J-j—^-dx =Jx dx -= y--yln|l +x 2 j + C =^> Jxr“ tan -1 x dx = y-tan _1 x-^- + ^-ln|l + x 2 j + C 


20. f tan , x dx = [ x 2 tan 1 x dx = f tan 1 x- * . f—— y-dx = -p—-tan 1 x + f -^y- dx 
J r 2 J (-2+1) (-2+1) J 1 + v 2 (-1) J l+r 2 


X- - (“2+1) * (-2+1) J 1+x 2 

(We used FORMULA 101 with a = 1, n = -2) 


10d^d*d0- ta| » | 4 1 ''( 1+ ' 2 ) +C3 l J! 7 i *--> _l ' +ln| » | 4 1 ”( 

21. Jsin3xcos2xdx =- 


l+x z +C 


cos5x cosx . 

10 2 

(We used FORMULA 62(a) with a=3,b = 2) 

22. J sin 2xcos 3x dx = - c ° s 0 5x + + q 

(We used FORMULA 62(a) with a=2,b = 3) 


J8sin 4tsin-ydx = y-sin(y)-|-sin^ 

f) + c = 8 

sin (f) 

sin (f) 

7 

9 



L J 


+ C 


24. 


(We used FORMULA 62(b) with a = 4 ,b = ±) 

Jsinysinydt = 3sin|yj -sin|yj + c 

(We used FORMULA 62(b) with a =\,b = ±) 


25. Jcos|-cos-|d0 = 6sin|^-j +ysin|7dj + c 

(We used FORMULA 62(c) with a =±,b = \) 

26. Jcosycos70d0 = -jysin(-l^)+drsin(-l|^) + c =—|-A^-+-jy-^ + C 

(Weused FORMULA 62(c) with a =\,b=l) 

27 f -r 3 +-r+ 1 dx - f — +f _ dx _ _j_r2 xrfx r_ fa _ J_j / 2 A _x_ , 

J (x 2 +1) 2 J - 2 +i J (x 2 +i) 2 2j * 2 + > J (x 2 +1) 2 2ln i" +1 r 2 (t+x 2 ) + 

(For the second integral we used FORMULA 17 with a = 1) 


y tan 1 x + C 
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dx . + -.r 2xdx 


dx 


28 f x +6x dx = f dx + f 6 £r x .. _ f 3^/x = f 

“ ’ J (-^f ' J * 2+3 J (x 2 + 3 ) 2 J (x 2 + 3 ) 2 J x 2 + (U J (x 2 + 3 ) 2 J [ x 2 +(V 3 ) 2 


Jj' 


-U_x_\ 

Ur 


) 3 3 


/ x 2 +3 



3 C_2xcfe _ 3 f 
J (x 2 +3^ 2 J r 

> 

i/^l\ 

Ui 


-tan ML 


+ C 


(For the first integral we used FORMULA 16 with a = VV for the third integral we used FORMULA 17 
with a = V3 ) 


2^3 


-i/VO 

Ur 


— tan 1 (-4= I-- 


x 2 +3 2(x 2 +3) 


+c 


29. jsin 1 yfx dx; 


U = ~Jx 
X = 1C 
dx = 2 m du 


2 I'm 1 sin l udu = 2 -7—-sin 1 u — Vr f 'i - du 

J i 1+1 1+1 J ur 


= M 2 sin“ 1 M- f “ Z</ " 


r udi 


= m sin 


(We used FORMULA 99 with a = 1, n = 1) 

in 1 m suO 1 m —-fwVl- m 2 j + C = |m“ —jsin 1 m + ^uxll—u 2 +C 
(We used FORMULA 33 with a = 1) 

(x — r) sin -1 ~Jx +-j\/x-x 2 +C 


30 fCOSA/i^; 
j vx 


M = Vx 

x = w 2 
dx -2 u du 


■ | cos m u -2udu = 2jcos 1 m</m=2^mcos 'm-j-v/i-m 2 j + C 


(We used FORMULA 97 with a = 1) 
= 21 Vx cos -1 \[x -yjl — x +C 


31. [-^=dx; 

J VeT 


u 


=Vx 


X = M 

t/x = 2 m du 


f f 2u du =2\ “ t/M = 2fj-sin 1 u -\u\[l-u 2 1 + C = sin 'm-mVi-m 2 +C 
J ,/iV J ^/rV l 2 2 J 


(We used FORMULA 33 with a = 1) 

= sin -1 Vx -VxVl-x +C =sin _1 Vx -xlx-x 2 +C 



M = Vx 


. 1 

f 

j V* 

X = M 2 

dx = 2 u du 

-> | ^ 2 ~ 1 ' 2 ■ 2u du = 2 J V2 ) 2 m 2 du = 2\ 



(We used FORMULA 29 with a = V2 ) 

= mVF-m 2 +2 sin 1 |-tuj + C =V2x-x +2 sin l ^ + C 
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33 


f/ /i • 2 . ,, f V 1-sin 2 1(cost)dt 

• J (cott)vl —sin tdt = J -—- ; 

(We used FORMULA 31 with a = 1) 
= Vl-sin 2 f-ln 


m = sin t 
du = cos t dt 


—> 


(* yl\—u 2 du _ /j” 

J w 


■m 2 - In 




+ c 


sin/ 


+c 


34. 


dl 


COS 1 it/ 




(sim)V4- 


[w = sin t, = costdt] -» J- 






"2 ^ 


2+VfU 


+ c 


(We used FORMULA 34 with a = 2) 
l + C 


-iln 

2+V 4-sin 2 1 

2 m 

sin t 


35. J 


dy 


^3+(lnv) 2 


u = In y 

U 

y=e 
dy = e u du 




r gV» r 
J „ l'l , ,,2 J 


du 


Vw" ^ ^ 


• = In 




1/+V3+W 


+ C = In 


Iny+^3+(lny) 2 


+ C 


(We used FORMULA 20 with a = V3) 


36. Jtan l Jydy; 


t=4y 

y = t 2 

dy = 2 1 dt 


—>2jVtan ^ tdt -2 


t 1 -1 

4-tan t - 


jf-^dt 

2 J +r 


= t 2 tan 1 1 - f 


1 f ~ f -*-rdt 
J l+t 2 


(We used FORMULA 101 with n = 1, a = 1) 

= t~ tan -1 1 - = t 2 tan -1 1 -t + tan -1 1 + C = y tan -1 ^/^ + tan -1 -Jy —Jy + C 


37. [ 1 = dx = f , 1 =dx; [t = x + 1, dt = <A] —>■ [ .2 — dt = In 

J ,/v 2 _ J . //' v _i_n 2 _i_/4 J ■\]t 2 + 4 


y/x 2 +2x+5 ^ yj(x+\) 2 +4 

(We used FORMULA 20 with a = 2 ) 

= In |(jc +1) + -^/(jc +1) 2 +4 +C = ln 


t +Vr +4 


+ C 


(x +1) + "Vx + 2x ■+■ 5 


+ C 


38. f • , * dx = \- 


^t/x; 


t = x- 2 
dt = dx 


xlx 2 -4x+5 ’ yJ(x-2) 2 +l 

(We used FORMULA 25 with a = 1) 

tyjr+l 


4 ln 


t +'Vt +7 


+ 4 \lt 2 +1 + 


[ _ dt = f 1 + *± 2 dt = f i— dt + f y~ dt + [ J— dt 

(We used FORMULA 20 with a = 1) 

4 In I, ^ 


t+Vt +1 


+ C 


= 4 ln 


(x-2)+-^(x-2) 2 +1 + C 2)>/(x 2 Lt i + 4A y( x _2) 2 +l+41n (x-2)+J(x-2) 2 +1 


+ C 


= 1 m 


(x-2 ) + \jx 2 -4x + 5 


(x+6)\l-4x+5 , ^ 
H T I - O 
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39. 


jV 5-4x—x 2 i dx = j-J9-(x + 2) 2 dx; [t = x + 2,dt = dx ] —> j^9 -t 2 idt = ^9-t~ + 4psin 4jj + C 
(We used FORMULA 29 with a = 3) 

i^9-(x + 2) 2 +fsin _1 + C = ^^5-4x-x 2 +|sin _1 (*±2') + C 


x+2 

2 


40. 


-r dt 


Jx 2 V 2x - x 2 dx =jx 2 *J] -(x - 1) 2 dx; [t = x -l, dt = dx] —> |(t +1) 2 Jl-t^dt = ||t 2 +2t + l^yj\-t 

= Jr y/l-Cdt + J 2tyll-t 2 dt +1 yll-t 2 dt 

(We used FORMULA 30 with a = 1) (We used FORMULA 29 with a = 1) 

- ({ - 2 ,q]-f(l -,f 2 + [* 7 C? + £ *." ( 0 ]+C 

= isin~ 1 (x-l)-i(x-l)Vl-(x-l ) 2 (l 2 - 2 (x-l) 2 )-|(l-(x-l) 2 ) 3 / 2 +^iV 1 -^- 1 ) 2 +isin- 1 (x-l) + C 
= -|sin '(x-1) -j^2x —x 2 j +^-^2x -x 2 [2.x 2 -4x + 5j + C 


41. Jsin 5 2xiix 


sin 4 2xcos2x 


+ -^-j"sin 3 2xdx 


_ sin 4 2xcos2x , 4 


+ 5 


sin 2 2xcos2x , 3- 
3-2 


-1 sin 2x dx 


5-2 5 J 10 

(We used FORMULA 60 with a = 2, n = 5 and a = 2, n = 3) 

- sin4 2x005 2x - A sin 2 2x COS 2x + i) COS 2x + C = - sin42 ;T cos2x - 2sm 2 2xcos2x _ 402|2 x + c 


10 


15 


10 


15 


15 


42. j~8cos 4 2atdt = s( cos 2 ^ 5in2;rt + d_LJcos 2 2 ntdt\ 
(We used FORMULA 61 with a = 2 n, n = 4) 


cos 3 2;zt sin 2nt 


t sin(2-2 7r-t) 

2 + TTi 


+ c 


(We used FORMULA 59 with a = 2n ) 

cos 3 2;rf sin2^rr r r 3sin4;ri , ^ _ cos 3 2;rf sin 2;rf r 3cos2;rt sin2?rt n 

\~ d)t H ^ (_/ — H ~ \~ ji -(- 


4;r 


2n 


43. J sin 2 2(9 cos 3 2 9dd= ^l^ 20 + sin 2 2(9 cos 2 Odd 

(We used FORMULA 69 with a = 2,m=3,n=2) 

= ^ 3 2ffcos 2 2g + IJsin 2 20COS2 9d6 = sia ' 2gcos 2 29 + 2|~1 J sin 2 20(cos 2 0)2dO^ = sm 3 20cos 2 2g + W&0 + c 

44. J2sin 2 tsec 4 1 dt =j*2 sin 2 t cos -4 1 dt = 2|- sm/ 2 ™ 5 —- + ^f| Jcos^ t dt j 

(We used FORMULA 68 with a=l,n = 2, m = -4 ) 

= sin t cos -3 t - Jcos -4 1 dt = sin t cos -3 t - j sec 4 1 dt = sin t cos -3 t - /sec_ijpn? + J sec 2 t dt j 

(We used FORMULA 92 with a = 1, n = 4) 

= sin t cos -3 t-( sec 2tanr j-jtant + C =-|sec 2 t tant --|tant + C =-|tant|sec 2 t -lj + C = -|tan 3 t + C 
An easy way to find the integral using substitution: 

J2sin 2 t cos -4 1 dt =|2 tan 2 f sec 2 t dt =2|(tant)“ sec 2 t dt =ytan 3 t + C 
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45. Jdtan 3 2x dx = 41 ta ” ? 2 v - J tan 2x dx j = tan^ 2x - 4 Jtan 2x dx 

(We used FORMULA 86 with n = 3, a = 2 ) 

= tan 2 2x -4ln|sec2x| + C = tan 2 2x -2 In |sec2x| + C 

46. |8cot 4 t dt = 8|-- e5 T-^-|cot 2 t dt^ 

(We used FORMULA 87 with a = 1, n = 4) 

= 8|-^cot 3 t + cott + t j -C 
(We used FORMULA 85 with a = 1) 

47. J2sec 3 nxdx = 2 ^nxtannx + fif J sec nx dx 

(We used FORMULA 92 with n = 3, a = n ) 

= — sec nx tan nx + — In I sec nx + tan nx I +C 
n n 1 1 

(We used FORMULA 88 with a = n) 

48. J3sec 4 3xdx = 3 sec 3 3 -^™ 3 ' Y + l=2.| sec 2 3 x dx 

(We used FORMULA 92 with n = 4, a = 3) 

= see 2 3.vtan3.v + | tan3x + c 

(We used FORMULA 90 with a = 3 ) 

49. J esc 5 X dx = - asLapt * + esc 3 x dx = - csc3 * cot x +1( -- csc ^ ot ± + ^j cscxd x) 

(We used FORMULA 93 with n = 5, a = 1 and n = 3, a = 1) 

= -jcsc 3 xcotx--|cscxcotx --|ln |cscx + cotx| + C 
(We used FORMULA 89 with a = 1 ) 

50. Jl6x 3 (lnx) 2 <fx = 16 — ^ A) —^-|x 3 lnxc?x =16 — —j ' ^ nA 1 Jx 3 dx 

(We used FORMULA 110 with a = 1, n = 3, m = 2 and a = 1, n = 3, m = 1) 

= 1 6 X 4 (In x) 2 _ Alnx) + £ j + C = 4x 4 (In x)2 - 2x 4 In x + ^ + C 

51. jV sec 3 (e* -1 jc/t; |^x = e -l, dx =e c/tj —> Jsec 3 xdx = sec ^ nx + {secx dx 

(We used FORMULA 92 with a = 1, n = 3) 

_ secxtanx + l| n | S ecx + tanx| +C = i sec|e^ -ljtan^e^ -lj + ln sec^e ? - lj + tan|e r - lj +C 
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t = 'Jd 

52. J ° S( y^ 9 = t 2 —> 2|csc 3 tdt = 2 j^- csc ^° u • - • j esc i ill - 2^- csc ^ coU -Ti n |csct + cot r| j + C 

d9 = 2tdt 

(We used FORMULA 93 with a = 1, n = 3) 

= - esc%/# cot sfd - In |csc 4o + cot \j~9 | + C 


53. J Q 2^x 2 +1 dx\ |4x: = tan ?,dx = sec 2 tdt J —» 2^ sect-sec 2 tdt = 2j[ ^ sec 2 tdt 

= 2 [[ +1=1 ^ /4 sec t dt 
L 3-1 Jo 3-1 Jo 


(We used FORMULA 92 with, n = 3, a = 1) 

= [sec? - tan? +ln|sec? + tan?|]^ 4 = 72 + In(72 +lj 


54 - ; ly = smx,dy = C0SXdx] ^^SHo 

(We used FORMULA 92 with a = 1, n = 4) 


n/3cos.xdx r^/ 3 4 > 

-;— = sec x dx = 


dx +^4 r /3 sec 2 jcifo 

4-1 J 0 4-1 Jo 


2 , - W 3 

sec .vtan.v + l tan Y 
3 4 JO 


-|7t/3 .... _ 

= 4 W 3 + fW3 =2V3 
Jo ' 3/ '•*' 


/ 2 _l\3/ 2 

55. J 4 — y- — dr', [r = sec 8,dr = sec 6 tan 6 d9] —>■ | ^ yyyjj-(sec9tan9) d9 = jj tan 4 9d9 


t^lV3_f^ 3 2 

- 1 Jo J o 


• "W 3 s T /- 

-tan<9 + 6ij =^--73+4 = 4 


(Weused FORMULA 86 with a=\,n = 4 and FORMULA 84 with a = 1) 


56 - 1 


r. , n 1 . 2 n v f^/Osec ##<9 f 

-;U = tan#,^ = sec 6 dO 1 ^ -=—= I 

L J Jo sec 7 6 Jo 


, t — iuii , Lt i — ovv o u i/ y 
0 (,2 + j)’/” L 

= cos4 ^ sing 7r/6 + (i=i)j; /6 cos 3 ^^ 


ft/6 sec 2 6 dO cftfi 5 n r n 
. n —=L cos 6d6 


cos ffsin# 
5 


T /6 + irrco7|s 1 n^r /6 +(3=1) f^cosW* 
0 5 L 3 Jo V 3 /Jo 


cos 4 6 sin 0 , 4 ~~ c 2 


t^cos OsinO + -^sin< 


(We used FORMULA 61 with a = 1, n = 5 and a = 1, n = 3 ) 


= (f]_0) /j_\/) 2 m /_8_\?n 

5 \15/\ 2 J \2j U5/\2/ ' 


9 | 1 | 4 = 3-9+48+32-4 = 203 

160 10 15 480 480 
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(We used FORMULA 2 with a = ^) 



(We used FORMULA 11 with a = 1, b = 1, n = 1 and a = 1, b = 1, n = -1) 


»■ M , = l„ 3 dst 5 )* = 18 lolSI*- 5 4loM=[l8-271n|2* + 3|£ = 1S - 3 - 27 In 9 - (-27 In 3) 
= 54 -27 -2 In 3 +27 In 3 = 54 -27 In 3 



(We used FORMULA 22 with a = 1) 

= f [| (1 + 2 ■ 4)VlT4^ - i In (2 + Vl + 4) + f (1 + 2 • 4) Vf^4 + ± In (-2 + VT+4) 

= l [ i ^> fe §)]* 7 - 62 
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62. (a) The volume of the filled part equals the length 
of the tank times the area of the shaded region 
shown in the accompanying figure. Consider 
a layer of gasoline of thickness dy located at 
height y where —r < y < —r + d. The width of 


V 7 9 

r —y . Therefore, 
A = 2j + *Jr 2 -y 2 dy and 


V = L-A = 2Ljj +d yjr 2 -y 2 dy 



(b) 2 lj_' +d ^r 2 -y 2 dy 


= 2 L 


?2kEZ + £ sin -iy 

2 2 r 


-\-r+d 


(We used FORMULA 29 with a=r) 


= 2 L 


{ ±llyj2rd-d 2 +4 sin_1 (^)+4(f) = 2L (^t) V2 rd ~d 2 + (4) (sin -1 (^) + f) 


63. The integrand f(x) = yfx -x z is nonnegative, so the integral is maximized by integrating over the function’s 


2 • 


entire domain, which runs from x = 0 to x = 1 
=> Jgv/jc -x 2 dx = 2—x-x 2 dx = ^ ^ -\j- 


2-\x—x‘~ 


%si„- 


( r-i 
X 2 
1 
V 2 


-.1 


JO 


(We used FORMULA 48 with a = j) 


MV 


-.I 


x — x 2 + 4 sin l (2x-l) 


JO 


7C_ . 

'2 8 \ 2/ 


64. The integrand is maximized by integrating g(x) 
nonnegative, namely [0, 2] 


= xyj2x - 


x~ over the largest domain on which g is 




■ x 2 dx = 


(■v + l)(2x-3)VW + l sin -l (x _ 1} 


-.2 


Jo 


(We used FORMULA 51 with a = 1) 

L K. _ L/_2r'l = K. 

2 ' 2 2 \ 2 / 2 


CAS EXPLORATIONS 

65. Example CAS commands: 
Maple : 


ql := Int( x*ln(x), x); 

#(a) 

ql = value( ql); 


q2 := Int( x A 2*ln(x), x); 

#(b) 

q2 = value( q2 ); 


q3 := Int( x A 3*ln(x), x ); 

#(c) 
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q3 = value( q3 ); 

q4 := Int( x A 4*ln(x), x ); # (d) 

q4 = value( q4 ); 

q5 := Int( x A n*ln(x), x ); # (e) 

q6 = value( q5 ); 

q7 := simplify(q6) assuming n::integer; 
q5 = collect! factor!q7), ln(x)); 

66. Example CAS commands: 


Maple : 

ql := Int( ln(x)/x, x ); # (a) 

ql = value! ql); 

q2 := Int( ln(x)/x A 2, x ); # (b) 

q2 = value! q2 ); 

q3 := lnt( ln(x)/x A 3, x ); # (c) 

q3 = value! q3 ); 

q4 := Int( ln(x)/x A 4, x ); # (d) 

q4 = value! q4 )i 

q5 := Int( ln(x)/x A n, x ); # (e) 

q6 := value! q5 ); 


q7 := simplify!q6) assuming n::integer; 
q5 = collect! factor!q7), ln(x)); 

67. Example CAS commands: 

Maple : 

q := Int( sin(x) A n/sin(x) A n+cos(x) A n), x=0..Pi/2 ); # (a) 

q = value! 4 ); 

ql := eval( q, n=l): # (b) 

ql = value! ql); 
for N in [1,2,3,5,7] do 
ql := eval( q, n=N ); 
print! ql = evalf(ql)); 
end do: 

qql := PDEtools[dchange]( x=Pi/2-u, q, [u]); # (c) 

qq2 := subs( u=x, qql); 
qq3 :=q + q = q + qq2; 
qq4 := combine! qq3 ); 
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qq5 := value( qq4 ); 
simplify! qq5/2); 

65-67. Example CAS commands: 

Mathematica : (functions may vary) 

In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log[x, 10] 

Mathematica does not include an arbitrary constant when computing an indefinite integral, 

Clear[x, f, n] 

f[x_]:=Log[x]/x n 
Integrate[f[x], x] 

For exercise 67, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value 
is 7r/4 in each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate 


65. (e) jx n lnxdx- 


n +1 


—f-r } x" dx, 11 ^ -1 

n +1 ’ 


(We used FORMULA 110 with a = \,m = 1) 


In x 


n+\ 


(«+!)' 


. + C = ^i(l„»-jL) + C 


66. (e) | x 11 ln x dx = x jx n dx, n & 1 

(We used FORMULA 110 with a = 1, m = 1, n = -n ) 

= x '~" ln - Y _ U^l) + c = x ^tlnx _Ll + C 

1 —n 1 —n ( 1 -n ) 1—;; \ 1 —n) 


67. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n. 
(b) MAPLE and MATHEMATICA get stuck at about n - 5. 


(c) Let x = -y-M => dx - —du; x = 0 =>w=y, .v =-|-=> m = 0; 


H 


*72 sin "xdx 


=f 

*71 


"(j~u)du 


IU /• 

•»( 


cos” u du 


0 sin” *+cos” x Jtt/ 2 sin”^y-wj+cos”(-|—w) JO cos”w+sin” 

f 7r/2 / sin” .y+cos” x ) j 
Jo \ sin"+cos" x ) ' Jo 


=r 

JO 


*72 cos" x dx 


cos x + sin x 


=>/ + / = 


<& = -f => / = -1 
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8.7 NUMERICAL INTEGRATION 


1. 


2 

J x dx 

I. (a) For 77=4, Ac=-^ L = ^1 = 1=>^ = 1; 

12=>r=i(12)=f; 

/(x) = x=>/'(*) = l=>/' = 0 
=> M = 0 => |£ r | = 0 
2 


(b) J x dx = 
\ e t\ 


r 2 i2 

x 


L Jl 
2 


= 2-1 = 1 
2 2 


(c) 


x dx-T = 0 
x 100=0% 


True Value 

II. (a) For «=4, Ax=^ = ^- = j^^ = i; 


4 4 3 12’ 

= is => s=-jV(i 8) =-f; 

44). 


12 v ' 2 

f^>(x) = 0^>M =0^>\E S \=0 

(b) \\dx = 1 —If l_ 

(c) 


E S | = J xctc-5=-|-| = 0 


True Value 


X100 = 0% 



x i 

./(%) 

m 

mf(Xj) 

x 0 

1 

1 

i 

1 

Xj 

5/4 

5/4 

2 

5/2 

x 2 

3/2 

3/2 

2 

3 

*3 

7/4 

7/4 

2 

7/2 

x 4 

2 

2 

1 

2 



X/ 

./(%) 

m 

mf(Xj) 

*0 

1 

1 

i 

1 

Xl 

5/4 

5/4 

4 

5 

*2 

3/2 

3/2 

2 

3 

*3 

7/4 

7/4 

4 

7 

x 4 

2 

2 

1 

2 


r 3 

2. (2x-1)t/x 

I. (a) For 7? = 4, At = 1=^ = 11 = -| = 1 
v ' ’ 77 4 4 2 


Ax _ 1 . 

2 4’ 


= 24 => T =^(24) = 6; 
/(*) = 2x-l => /'(x) = 2 => /" = 0 
=> M = 0 => lEj. I = 0 



Xj 

/(%) 

m 

mf(Xj) 

*0 

1 

1 

i 

1 

Xi 

3/2 

2 

2 

4 

*2 

2 

3 

2 

6 

*3 

5/2 

4 

2 

8 

x 4 

3 

5 

1 

5 


3 |— -i3 3 

(b) J t (2x-1) dx = |^x 2 -xj^ =(9-3)-(1-1) =6 =>^1 = ^ (2x-l) dx-T =6-6 = 


= 0 


(c) 


l £ s | 


True Value 


X100 = 0% 


II. (a) For 77=4, Ax=^ = ^i=f = l^f = l; 


Y,mf( x i) =36=>S =1(36) =6; 

s^_n->| e s |=0 
3. 


f K> (x) = 0 => M = 0 

r3 


(b) J (2x -1) dx = 6 => |E S | = J (2x -1) t/x - /> 

= 6 - 6=0 

|£j 


(c) 


True Value 


x 100=0% 



x i 

/(%) 

m 

mf( x i) 

*0 

1 

1 

i 

1 

Xj 

3/2 

2 

4 

8 

*2 

2 

3 

2 

6 

*3 

5/2 

4 

4 

16 

x 4 

3 

5 

1 

5 
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3. 


| ^x 2 +lj dx 

I. (a) For n = 4, Ax = ^ = f = £ => 

^j m f( x i) =11 => T =-f-(ll) = 2.75; 

./'(x) = x 2 +1 /'(x) = 2x ^ /"(x) = 2 

=2^\E T \<tLH(lf {2 ) = ± or 
0.08333 



x i 

/(%) 

m 

mf(Xj) 

x 0 

-1 

2 

i 

2 

X, 

-1/2 

5/4 

2 

5/2 

x 2 

0 

1 

2 

2 

x 3 

1/2 

5/4 

2 

5/2 

x 4 

1 

2 

1 

2 


(b) 

(c) 


f,h 2+ ‘) 


+ 1 \dx = 


- + x 


J-l 




= f=.£ r = 




> 0.08333 


—xl00 = [-£ 1x100: 


True Value 


3% 




+iWx-r = |-4 


x 

12 


II. (a) 


(b) 

(c) 


For n-4 Ax = ^ = izlzh = 1 = !_=> Ax _ I. 
ror n - % ax - - 4 - 4 - 2 => 3 - 6 > 

X«i/(x ; ) = 16 => 5 = i(16) =| = 2.66667; 

/ 3 (x) = 0 => / (4)(x) = 0 => M = 0 

=> 1^1 =0 

L(* 2+1 )' 


=> F* = 


r/x = 

f,( J 


- + * 


J-l 


x + l|dx-*S , =-|--| = 0 


i £ s | 


True Value 


X100 = 0% 



x i 

f( x i) 

m 

mf(Xi) 

x 0 

-1 

2 

i 

2 

*1 

-1/2 

5/4 

4 

5 

x 2 

0 

1 

2 

2 

x 3 

1/2 

5/4 

4 

5 

x 4 

1 

2 

1 

2 


4. 


i:(x 2 -1 j t/x 

I. (a) For n = 4, Ax = = f = \ 

=>T- = J ; £<(%)= 3 ^>T=-L(3)=|; 
/W=x 2 -1 => /'(x) = 2x /"(x) = 2 

M =2=> \E t \ < —) 2 (2) = j2 
a 0.08333 



x i 

/(*;) 

m 

"?/'(%) 

x 0 

-2 

3 

i 

3 

Xj 

-3/2 

5/4 

2 

5/2 

x 2 

-1 

0 

2 

0 

*3 

-1/2 

-3/4 

2 

-3/2 

x 4 

0 

-1 

1 

-1 


(b) 


(c) 


J-2 



.0-(-f + 2 )=| s £ r .J_ 0 2 (, 2 - 1 )*-7'.|-|- 1 L 


True Value 


x 100 *13% 


\E<t 


12 
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5. 


II. (a) 


(b) 

(c) 


T m f(Xi) = 4 => S = 1(4) = f; f 0) (x) = 0 
=> / (4) (x) = 0 => M = 0 => |£ s | = 0 
j" 2 (^c“ — l) dx = j => E s | =J -l) dx-S 


2 

3 



l £ *l 

True Value 


X100 = 0% 


Jot * 3 *')* 

I. (a) For n = 4, Ax = ^ = 2=& = f = ± => f = ±; 
£m/(f f ) = 25=>r = l(25)=f; 

/(0 = t 3 + 1 => .AO = 3t 2 +1 => /"(#) = 6t 
=> M = 12 = /"(2) => |2? r | < ^(l) 2 (12) = i 


(b) 

(c) 



4)-0 = 6^|£ r | 


l £ r| 

True Value 


l 

xlOO = ^-xlOO ss 4% 
6 



4- 

f( x i) 

m 

m f ( x i) 

x 0 

-2 

3 

i 

3 

Xl 

-3/2 

5/4 

4 

5 

x 2 

-1 

0 

2 

0 

x 3 

-1/2 

-3/4 

4 

-3 

x 4 

0 

-1 

1 

-1 



n 

/(',-) 

m 

Hih) 

l o 

0 

0 

i 

0 

h 

1/2 

5/8 

2 

5/4 

h 

1 

2 

2 

4 

h 

3/2 

39/8 

2 

39/4 

U 

2 

10 

1 

10 


lo( ,3+ ')'"- r = 6 -T = 4=-l £ rl=l 


II. (a) For «=4,Ax=^ = ^ = f = 1=^ = {; 
X^(#i)=36=>5=l(36)=6; 

/ (3) (0 = 6 => / (4) (t) = 0 =>M = 0 => 1^1 = 0 

(b) |q (t 3 +r j dt = 6 => |is s | = J o (v > + t j dt-S 


(c) 


= 6 - 6=0 

I e: 


True Value 


x 100=0% 



h 

m 

m 

mfitj) 

{ 0 

0 

0 

i 

0 

h 

1/2 

5/8 

4 

5/2 

h 

1 

2 

2 

4 

h 

3/2 

39/8 

4 

39/2 

U 

2 

10 

1 

10 


6 . 


L 


t +11 dt 


I. (a) For n = 4, Ax = } ^ JL = 1 ( 11 =j = j 


Ax _j_. 
2 4’ 


■T = }( 8) =2; 


f(t) = t 3 + l=> f'(t) = 3r 
=6 = /"(!) ^>|£ r |< 


=>/'(*) = 6* 
l-(-D 1 11 2 


12 


(i) < 6 H 



U 

/V) 

m 

mfUi) 

{ o 

-1 

0 

i 

0 

h 

-1/2 

7/8 

2 

7/4 

h 

0 

1 

2 

2 

h 

1/2 

9/8 

2 

9/4 

U 

1 

2 

1 

2 


(b) J),(r 3 +l|rf( - 


”11 


’ + t 


1 -( i ) + i)-( t rH-i)]=2= > |£ r |4‘ 1 (' 3+1 )‘"- 


■T =2-2=0 


(c) 


|£ r | 


True Value 


X100 = 0% 
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II. (a) 


(b) 

(c) 


For«=4,A*=^ = ^ = | = i=>f = 1; 
2 >/(*/) = 12 =>£=±( 12 ) = 2 ; 

/ (3) (0 = 6 => / (4) (0 = 0 M = 0 => \E S | = 0 

(t 3 +1 j dt = 2 => | E s |=J0 3 +0-S 

= 2 - 2=0 
\E' 


True Valule 


x 100=0% 



h 

m 

m 

m.fUi) 


-1 

0 

i 

0 

h 

- 1/2 

7/8 

4 

7/2 

? 2 

0 

1 

2 

2 

r 3 

1/2 

9/8 

4 

9/2 

^4 

1 

2 

1 

2 


7. f Ards 

Jl s 2 

I. (a) For n=4,Ax=-^ = ±=l = ±=>^ = ±; 

y !U f(~ ) - 179 . 573 ^ T - 1 / 179,573 \ _ 179,573 
Vi) 44,100 8( 44,100 ) 352,800 

* 0.50899;/(*)= 4 =>/'(*) = "4 

S S 

=>/'(*) = 4=> M =6 = /'(!) 

H£ r |<^(i) 2 (6) =4 = 0.03125 

(b) 0& = jV 2 & = [-±J = -}-(-{) = ±: 

=>|£ r | = 0.00899 



s i 

/(%) 

m 

mf(si) 

s 0 

1 

1 

i 

l 

h 

5/4 

16/25 

2 

32/25 

s 2 

3/2 

4/9 

2 

8/9 

s 3 

7/4 

16/49 

2 

32/49 

s 4 

2 

1/4 

1 

1/4 


= [ 2 J_* _r = i_o.50899 = -0.00899 

Jl s z l 


(c) 


\ e t\ 

True Value 


xlOO = 


0.00899 

0.5 


xlOO » 2% 


II. (a) For n = 4, Ax = i - LJL = -±± = t 

v / ,7 4 4 


Av _ J_. 

3 12’ 




264,821 

44,100 


1 264,82 1\ 

12 44,100 j 


264,821 

529,200 


« 0.50042; 


f Q) (s) = _2A^fW (s) = m^M =120 

5 S 

=■ l £ .| S | M |(<) 4 (120 > ‘ 384 ” 0 00260 



s i 

/&) 

m 

mf(Si) 

So 

1 

1 

i 

l 

•h 

5/4 

16/25 

4 

64/25 

s 2 

3/2 

4/9 

2 

8/9 

s 3 

7/4 

16/49 

4 

64/49 

s 4 

2 

1/4 

1 

1/4 


(b) 

(c) 


[~\ds=\^>E=\~\ds-S=\- 0.50042 = -0.00042 => Le.I = 0.00042 

Jl Z Jl s Z ^ 

i 0.08% 


True Value 


xioo=M!MxlOO = 


■ ds 


Ax _ 1 . 


J2 (5-1) 2 

I. (a) For n = 4, Ax = = ±=± = ± => ^ = 4-; 

2>/W = ^ =■ r “Kw) = S = 0.70500; 
/(*) = (*- 1)" 2 =>/» = “ 2 6 
\2 




E rP¥(l) W-i 


= -7 = 0.25 => M = 6 



s i 

/(%) 

m 

m f( s i) 

■*0 

2 

1 

i 

1 

■h 

5/2 

4/9 

2 

8/9 

s 2 

3 

1/4 

2 

1/2 

s 3 

7/2 

4/25 

2 

8/25 

s 4 

4 

1/9 

1 

1/9 
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(b) k (Ji) 2 


„ —ds = 

[s-" 

I E t 


-1 


-.4 


0.03833 


=teH2=rH 


(c) _ %L xioo = 0^33 x100 ^6% 

v 7 True Value /2j 

II. (a) For t7=4,Ax = -^ = ^=|=>^ = -±; 

,1S!1„ 0.67148;/P>( S )=^ 

=> f (4 \s)=-^ T ^>M = 120 

(i-l) 6 

^>|£,|<^(I) 4 (120) =j2~ 0.08333 


I_I_L 

(b) f A —^ds=\^>E, = \ A —^r ds-S » 4 - 0.67148 = -0.00481 =>|£J 
J 2 (i-l) 2 3 s h (i-l) 2 3 1 s ' 



s i 

Rsd 

m 

m f( s i) 

*0 

2 

l 

i 

1 

s \ 

5/2 

4/9 

4 

16/9 

s 2 

3 

1/4 

2 

1/2 

s 3 

7/2 

4/25 

4 

16/25 

s 4 

4 

1/9 

1 

1/9 


1 0.00481 


(c) -J%L_ X 100=^481 X 100 *1% 

x ' True Value / 2 j 


f sin t dt 

Jo 

I. (a) For 77=4, Ax=^f- = ^ = K^M = K- 
Yjmfiti) = 2 + 2V2 » 4.8284; 

=> T = |(2 + 2>/2)« 1.89612; ./(/) = sin t 
=> f'(t) = cos t => f"(t ) = - sin t => M =1 

H £ r|^(f) 2 (D=- ' 


fg2 ~ 0.16149 



h 

m 

m 

mf(ti) 

to 

0 

0 

1 

0 

h 

tt/4 

V2/2 

2 

V2 

h 

n!2 

1 

2 

2 

h 

2nt\ 

V2/2 

2 

V2 

t\ 

n 

0 

1 

0 


(b) sin 7 dt = [-cos = (-cos ;r)-(-cos 0) = 2 => \ E r = J%inf fi?7-l* 2 -1.89612 = 0.10388 


(c) 


—%L— x 100 = MMM x 100 » 5% 
1 rue Value 2 


II. (a) For 77=4, Ax =-^ = ^ =-f ^ ^ 

= 2 + 4V2 * 7.6569 => 5 =^-(2 +4V2) 
a 2.00456; f^\t) = -cos 7 => / (4) (0 = sin 7 
^M=l^\E s \< f^*(f ) 4 (1) a 0.00664 

(b) J%in7 <77 = 2 => E s = J%in 7 <i7 - S a 2 - 2.00456 

= -0.00456 =>[£, | a 0.00456 

\E.\ 



h 

m 

m 

m f(tj) 

to 

0 

0 

1 

0 

h 

tt /4 

V2/2 

4 

2V2 

1 2 

71 12 

1 

2 

2 

h 

3 tt /4 

V2/2 

4 

2V2 

*4 

71 

0 

1 

0 


(c) 


- x 100 = 0 0( ? 456 x 100 a 0% 
True Value 2 
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10. f sin ntdt 

Jo 

I. (a) For 7i=4,Ax=^ = ^ = ±=>^ = ±; 

Y j mf(t i ) = 2 + 2V2 *4.828 
=> T = 2 + 2 V 2 ) * 0.60355; f(t) = sin nt 

=^> /'(f) = 7T COS nt => /"(f) = -71 sin nt 

= n 2 =>|£ r |<J^(2-) 2 (^- 2 ) *0.05140 

(b) j^sin nt dt = |^-^cos 7Tt = [—C cos7r)-(—^cosO) = -J » 0.63662 => E r | = sin Trr t/r -T 
«--0.60355 =0.03307 



h 

m 

m 

rnfUi) 

{ 0 

0 

0 

1 

0 

t\ 

1/4 

V 2/2 

2 


h 

1/2 

1 

2 

2 

h 

3/4 

V 2/2 

2 

V2 

U 

1 

0 

1 

0 


(c) 
II. (a) 


(b) 

(c) 


—J%L_ x 100 = M2207 X100 ~ 5% 

True Value / 2 _j 

For n — 4 Ax — = lnQ. — _L —s A*. — _L_ • 

ror n - % ax - n 4 - 4 => 3 ~ 12 > 

Y^mfih) =2 + 4^2 - 7.65685 

^ 5 =^(2 + 472 )*0.63807; 

f^\t) = -n 3 cos ;rf =>/ 4 > (f) = ;r 4 sin ;rf 


• M = 71 


l £ .l £ ®(i)V 


! 0.00211 



h 

m 

m 

mf(h) 

{ 0 

0 

0 

1 

0 

h 

1/4 

V 2/2 

4 

2 V 2 

h 

1/2 

1 

2 

2 

h 

3/4 

V 2/2 

4 

2V2 

U 

1 

0 

1 

0 


[‘si 

Jo 


sin nt dt = — * 0.63662 => E = 


f‘ 

Jo 


l £ s l 


True Value 


xlOO = ° Q Q145 xlOO a 0% 

(?) 


sin nt dt-S *|-0.63807 = -0.00145 => |^| * 0.00145 


11. (a) M = 0 (see Exercise 1): Then n = 1 => Ax =1 => \E t | = pj-(l) 2 (0) = 0 < 10 -4 

(b) M = 0 (see Exercise 1): Then n = 2 ( 7 ? must be even) => Ax: = j => \E S | = (4) (0) = 0 < 10 -4 

12. (a) M = 0 (see Exercise 2): Then 7 ? = 1 => Ax = 2 => \E t \ = -j|-(2) 2 (0) = 0 < 10 -4 

(b) M = 0 (see Exercise 2): Then n = 2 ( n must be even) => Ax = 1 => |ii s | = (1) 4 (0) < 10 -4 

13. (a) M = 2 (see Exercise 3): Then Ax =■=■ => \E t \< (2) = ^_ < 10“ 4 n 2 >|(l0 4 )^>7? >^|(l0 4 j 

=> n > 115.4, so let 7 ? = 116 

(b) M = 0 (see Exercise 3): Then 77 = 2 (77 must be even) => Ax = 1 => |is s | = (1) 4 (0) = 0 < 10 -4 

14. (a) M =2 (see Exercise 4): Then Ax = = => \E t \ < (2) = < 10“ 4 => 77 2 > f(l0 4 ) => 77 > ^j(l0 4 ) 

=>77 >115.4, so let 77 =116 

(b) M = 0 (see Exercise 4): Then 77=2 (77 must be even) => Ax = 1 => |i/| = (1) 4 (0) = 0 < 10 -4 
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15. (a) M = 12 (see Exercise 5): Then Ax = | => \E t \ < (12) =4 < 10' 4 => n 2 >8(l0 4 ) => n > ^8(l0 4 ) 

=> n > 282.8, so let n = 283 

(b) M = 0 (see Exercise 5): Then n = 2 (n must be even ) => Ax = 1 => \E S | = (1) 4 (0) = 0 < 10 -4 

16. (a) M= 6 (see Exercise 6): Then Ax =| => \E t \< (6) =4 <10“ 4 => n 2 > 4(l0 4 j => n > ^(lO 4 ) 

= 200, so let n = 201 

(b) M = 0 (Exercise 6): Then n = 2 ( n must be even) => Ax = 1 => |ii s | = j|q(1) 4 (0) = 0 < 10 -4 

17. (a) M = 6 (see Exercise 7): Then Ax => \E t \ < ^(i) 2 (6) =-^j < 10 -4 => n 2 > |(l0 4 j => n > ^-(lO 4 ) 

=> n > 70.7, so let n = 71 

(b) M = 120 (see Exercise 7): Then Ax = j => |^| = ^(i) 4 (120) <10~ 4 => n 4 >f(l0 4 ) 

=> n > 10 4 j => n = 9.04, so let n = 10 (n must be even) 


18. (a) M =6 (see Exercise 8): Then Ax =-| \E t | < (6) =4 <10^ => n 2 > 4^10 4 | n > ^4(l0 4 ) 

=> n > 200, so let n = 201 

(b) M = 120 (see Exercise 8): Then Ax =\ => |^| <^(|) 4 (120) = ^_ < 10 -4 >-y(l0 4 ) 

=> n > (j^y^lO 4 j => n > 21.5, so let n = 22 (« must be even) 


19. (a) f(x) = y/x +1 => f'(x)=Ux + 1) 1/2 => f"(x) = -Ux+ 1)‘ 


■3/2 


> M =- 


4(^i) 4(71) 


j__i 

3 4- 


Then Ax = — => \E T < 


t\ * m ( 4 ) = W < iO -4 => « 2 > T^iO 4 )=>«> ^K) => « > 75 ’ 80 let 


77 = 76 

(b) / ( 3 >(x)=f(x+l) 


“ 5/2 =>/ (4) W = -ff(*+i) 


-7/2 


15 


■M =■ 


15 15 


16 ( 71 + 1 ) 16 ( 71 ) 


= 4+. Then 


7 16 


(it)- 

77 = 12 (77 must be even) 


(15) _ ^!05^ < 10 -4 ^ „4 > £ 


(1 5)(l 0 4 ) 4 3 5 (15)(l0 4 ) 


16(180)77 ** 


16(180) 


• 77 > 


16(180) 


■ 77 > 10.6, so let 


20 . (a) f( X )=i^f(x)=-Ux+ir 3l2 ^r(x)=Ux+ir 5/2 =- 

^+1 2 4 4(7^1) 


, _ M = —= 2. Then 

V't 4 


(b) / ( 3 ) (x) = -^(x + l) 


~ 4 > 77 2 > ■ 


/^(x)=Jf(x+l) 


-9/2 


l (l0 4 


1 3 4 (l0 4 ) 

48 

- n > y 

V 48 

__ 

105 

>M =- 


■ 77 > 129.9, so let 77 = 130 


105 _ 105 


(f)< 

so let 77 = 18 (77 must be even) 


3 5 (105) . „-4 4 3 ‘ 

---^<10 =>77 > - 


(77a) v 

(105)( 


161 


(71) 


= Then 


,9 16 


16(180)77 4 


(10 4 ) 

77 > A 

3 5 (105) 

(10 4 ) 


•77 >17.25, 
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21. (a) f(x) = sin (x + 1) => f'(x) = cos (x +1) => f’(x) = -sin (x + 1) =>M =1. Then 

8(l0 4 ) 


bx=±=>\E T \<.±(A (1)=-^<10^^77 2 >■ 

n 1 12 \n) 1 in 2 


12 


• n > 


t 10 ') 


12 


n >81.6, so let n =82 
4 


(b) f^\x) = -cos (x + 1) => / (4) (x) = sin (x + 1) => M = 1. Then Ax = | => \E S \ < ^(|) (1) 

32(l0 4 ) 


-^ T < 10“ 4 ^/ 7 4 >- 
180h 4 


180 


4i 

n >\ 


32| 


(i° 4 ) 


180 


• n > 6.49, so let n = 8 (77 must be even) 


22. (a) f(x) = cos (x + n) => f'(x) = -sin (x + 7r) => /"(x) = -cos (x +ji) =>M =1. Then 

8 (l0 4 ) 


Ax = ±^\E t \<± 
n 1 12 


( if ®’ 


12«* 


<10 


-4 


* 77 2 > ■ 


12 


8(l0 4 ) 

•«>V n 


77 > 81.6, so let 77 = 82 
4 


(b) / (3) (x) = sin (x + tt) ^ / (4) (x) =cos (x + 7r) =>M =1. Then Ax = | => | < ^(|) (1) 


32 

180 4 


<10 


-4 


4 32(l0 4 ) J32(l0 4 ) 

’ n > iso ^ V 180 ^ >n> 6-49, so let n = 8 (77 must be even) 


23. |(6.0 + 2(8.2) + 2(9.1)... + 2(12.7) +13.0)(30) = 15,990 ft 3 


24. Use the conversion 30 mph = 44 fps (ft per sec) since 
time is measured in seconds. The distance traveled as the 
car accelerates from, say, 40 mph = 58.67 fps to 50 mph 
= 73.33 fps in (4.5-3.2) =1.3 sec is the area of the 
trapezoid (see figure) associated with that time interval: 
4(58.67+ 73.33)(1.3) =85.8 ft. The total distance 
traveled by the Ford Mustang Cobra is the sum of all 
these eleven trapezoids (using A- and the table below): 



v(mph) 

0 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

130 

v(fps) 

0 

44 

58.67 

73.33 

88 

102.67 

117.33 

132 

146.67 

161.33 

176 

190.67 

t(sec) 

0 

2.2 

3.2 

4.5 

5.9 

7.8 

10.2 

12.7 

16 

20.6 

26.2 

37.1 

At/2 

0 

1.1 

0.5 

0.65 

0.7 

0.95 

1.2 

1.25 

1.65 

2.3 

2.8 

5.45 


^ = (44X1.1) + (102.67)(0.5) + (132)(0.65) + (161.33)(0.7) + (190.67)(0.95) + (220)(1.2) + (249.33)(1.25) 
+ (278.67X1.65)+(308)(2.3) +(337.33)(2.8)+ (366.67)(5.45) =5166.346 ft *0.9785 mi 


25. Using Simpson’s Rule, Ax = l=>A^ = 4; 

= 33.6=> Cross Section Area *4(33 6) 

= 11.2 ft 2 . Let x be the length of the tank. Then the 
Volume V = (Cross Sectional Area) x = 11 2x. 
Now 5000 lb gasoline at 42 lb/ft 3 

=> V = = 119.05 ft 3 

=> 119.05^= 11 2x => x * 10.63 ft 



x i 

yi 

m 

my t 

x 0 

0 

1.5 

1 

1.5 

X| 

1 

1.6 

4 

6.4 

x 2 

2 

1.8 

2 

3.6 

x 3 

3 

1.9 

4 

7.6 

x 4 

4 

2.0 

2 

4.0 

x 5 

5 

2.1 

4 

8.4 

x 6 

6 

2.1 

1 

2.1 
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26. -^[0.019 + 2(0.020) + 2(0.021) +... + 2(0.031) + 0.035] = 4.2 L 


27. (a) 
(b) 


(c) 


|£,|<^(at 4 )m ; « = 4^Ax=^ 

Ay — 2L Ai. n_. 

^ 8^3 24’ 

Y i mf(x i ) = 10.47208705 

=> S =^(10.47208705)«1.37079 


/r. 
8 ’ 


/' 


(4) 


< 1 : 


- - (f-°)/ \4 

o) 


> 0.00021 



x i 

f(*i ) 

m 

mf(x u ) 

*0 

0 

1 

i 

1 

X 1 

7t/8 

0.974495358 

4 

3.897981432 

x 2 

71 14 

0.900316316 

2 

1.800632632 

x 3 

3^/8 

0.784213303 

4 

3.136853212 

x 4 

71 12 

0.636619772 

1 

0.636619772 


28. (a) 


(b) 


Ax = = °. 1 => er f (i) = (po + 4 Tl + 2 T2 + 4 J ; 3 + • ■ ■ + 4 J ; 9 + TlO ) 

= —==( e ° + 4<? -0 ' 01 + 2 e “ 0 04 + 4<? -009 +... + 4<?“ 0 - 81 + e _ 1 Uo .843 
30/r\ / 

|£ s |<]=^(0.1) 4 (12)»6.7x10- 6 


29. T = -y-(.yo +2^j + 2y 2 + 2y^ +...+2y n _ 1 +y„) where Ax = ^- and/is continuous on [a, b\. So 
T = ^.-a 0 , o+J ; l+ri+.V2+.r2+---+> , „-i+r„-i+.V„) = b-a l f(xg)+f(xi) , /(*i)+/(* 2 ) ^ | /(*„-i )+/(*„) \ sime 

continuous on each interval [x k _ x ,x k \, and 7 (*a-i)+/(*a-) ; s always between f(x k _ x ) and f(x k ), there is 
a point c k in [x k _ h x k ] with f(c k ) = ; this is a consequence of the Intermediate Value Theorem. 

n n 

Thus our sum is ^(^p)/( c jfc) which has the form x k f(c k ) with Aty =^f- for all A'. This a Riemann 
*=1 A-l 

Sum for/on [a, b\. 


30. 


S =^r(.>’o +4 J ; i +2>’2 + 4 T 3 +--- + 2y„_2 + 4 Tn-i +y n ) where n is even, Ar =^f~ and/is continuous on 
[a,b]. So ^ = i^| >’ 0 + 4 >’l +>’2 + .V2+4V3+>-4 + .V 4 +4V5+>’6 + .., + - V - 2 +^- 1 +A, j 

6- a / /(*o)+4/(-U)+/(*2) . /(x 2 )+4/(.r 3 )+/(.v 4 ) /(.r 4 )+4/(.r 5 )+/(.r 6 ) /U,,_ 2 )+4/(.r,,_!)+/(*„) ] 

f l 6 + 6 + 6 + -" + 6 j 

- b Y 2 A- J+4/(-^a-+i )+.f( x 2 k+i) j s t jj e avera g e 0 f the six values of the continuous function on the interval 
\x~, k , x 2k+2 ], so it is between the minimum and maximum of/ on this interval. By the Extreme Value 
Theorem for continuous functions,/takes on its maximum and minimum in this interval, so there are x a and 

x b with x 2k <x a ,x b <x 2k+2 and f(x a ) < J{x ^ )+4J(x ^+i )+f(X2k+2) < f(x b ). 

By the Intermediate Value Theorem, there is c k in \x 2k , x 2k+2 ] with / (c k ) = -** 2k ' l+4 ^ b r 2 ^+i)+/( A 2 <-+ 2 ) . 

n/2 

So our sum has the form ^ Ax k f(c k ) with Ax k = , a Riemann sum for/on [a, b\. 


Copyright © 2014 Pearson Education, Inc. 



616 


Chapter 8 Techniques of Integration 


31. (a) a = l,e = \=> Length = 4^1-^-cos 2 1dt 

= 2 ^4 - cos 2 1 dt = j* f (t) dt; use the 

Trapezoid Rule with n = 10 


/2 j - iu 

J V4-cos 2 t dt « £ mf(x n ) =37.3686183 

n=0 

=> T = ^-(37.3686183) = ^(37.3686183) 

= 2.934924419 

=> Length = 2(2.934924419) « 5.870 
(b) |/'(0| < 1 => Af = 1 

\E t | < < ^r“(4) 2 1 ^ O’ 0032 



x i 

f( x i ) 

m 

m f( x i) 

*0 

0 

1.732050808 

1 

1.732050808 

Xi 

tt/20 

1.739100843 

2 

3.478201686 

x 2 

n! 10 

1.759400893 

2 

3.518801786 

x 3 

3zr/20 

1.790560631 

2 

3.581121262 

x 4 

nt5 

1.82906848 

2 

3.658136959 

x 5 

7t/4 

1.870828693 

2 

3.741657387 

x 6 

3zr/10 

1.911676881 

2 

3.823353762 

X 1 

1 71 120 

1.947791731 

2 

3.895583461 

Xg 

2tt/5 

1.975982919 

2 

3.951965839 

Xg 

9tt/20 

1.993872679 

2 

3.987745357 

x io 

7t! 2 

2 

1 

2 


Ay_ n -0 _ n Ax _ a- . 

JZ. AX - 8 - 8 => 3 - 24 ’ 

Y j mf{x i ) = 29.184807792 

=> 5 = ^( 29 . 18480779 ) « 3.82028 



x i 

f( x i ) 

m 

m f( x i) 

x 0 

0 

1.414213562 

1 

1.414213562 

X 1 

n 1 8 

1.361452677 

4 

5.445810706 

x 2 

n ! 4 

1.224744871 

2 

2.449489743 

x 3 

3zr / 8 

1.070722471 

4 

4.282889883 

x 4 

n 12 

1 

2 

2 

x 5 

5zr / 8 

1.070722471 

4 

4.282889883 

x 6 

3zr / 4 

1.224744871 

2 

2.449489743 

x 7 

7zr / 8 

1.361452677 

4 

5.445810706 

x 8 

n 

1.414213562 

1 

1.414213562 


33. The length of the curve y = sin I ^ 


j = sin(|f x) from 0 to 20 is: L = + f = § «>s(^x) 


(J) 2 = ^21 cos 2 (||x) => L = J 20 J 1+ m c °s 2 ( 20 ^) Usin g numerical integration we find 


400 

L~ 21.07 in 


34. First, we’ll find the length of the cosine curve: L = J^^l + ^j dx; = —^fsin(-^j-) 

=> = ^-sin 2 => L = J 2 ^,^l +^sin 2 dx. Using a numerical integrator we find L » 73.1848 ft. 

Surface area is: A = length-width « (73.1848)(300) =21,955.44 ft. Cost = 2.35^ = (2.35)(21,955.44) = 
$51,595.28. Answers may vary slightly, depending on the numerical integration used. 
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35. y = sinx => ^ = cosx => = cos 2 x => S = |^2^(sinx)Vl +cos" x dx; a numerical integration 

gives S ~ 14.4 


~ic. x 2 dy x I dy\~ x 2 c 

36. y = *r=>-j- = i=>\- j- = V=>S = 

^ 4 dx 2 \dx) 4 


iHf) 


7 - )\/l +" 4 “ a numerical integration gives S » 5.28 


37. 

38. 

39. 

40. 


A calculator or computer numerical integrator yields sin 1 0.6 a 0.643501109. 
A calculator or computer numerical integrator yields n a 3.1415929. 


numerical 


The amount of medication absorbed over a 12-hr period is given by J ^ 6 -ln^2/ 2 -3t + 3jj dt. A 

integrator yields a value of 28.684 for this integral, so the amount of medication absorbed over a 12-hr period 
is approximately 28.7 milligrams. 


The average concentration of antihistamine over a 6 -hr period is given by |l2.5-41n|/ 2 —3t + 4jj dt. A 

numerical integrator yields a value of 6.078 for this integral, so the average concentration is approximately 
6.1 grams per liter. 


8.8 IMPROPER INTEGRALS 


1. 

r^= hm f 

b j r 1 “it 

-f*- = lim tan x 

= lim (tan 1 b - tan 1 o) 


^0 x +1 b — ^00 J 

J x +1 /?— >00 L J( 

) Z?— >0o' 


2- /“-nsr = , lim \l~TM = , Um [-lOOOx- 0 001 ? = lirn (^M + iooo)=iooo 

x 6 -> 00 J1 x b-> 00 L J1 b->°o\b / 

3. f - 7 ^ = lim f x _ 1 / “fi?x = lim (~2x 1/2 l = lim (2 -2xfb) = 2-0 = 2 
J<Wx b^0 +Jb b-> 0 +L 4b *>-> 0 +v ’ 


f, 




0 ^ 4 - 


lim f (4-x) il2 dx= lim 

i =XA~ J 0 


-2-jA-b -(-2 V4 j 


=0+4=4 


5. f' -&- = f°^-+f 1 ^= lim 

J-l A- 2/3 J—1 x 2 2 J0x 2/3 *_><)- 


3x 


1/3 "T 


I + lim | 3x 

J-l c->0 


1/3 T 


= lim | 3b 
b-> (T 


3b 1 / 3 -3(-l) 1 / 3 l+ lim [3(1) 1 / 3 -3c 1/3 ' 
L J c_>o + L J 


= (0 + 3) + (3 -0) = 6 


6 . 


dx 

J-8x 1/3 


f° lim 

J-8r 1/3 J0r 1/3 1 , 


b^ 0“ 



+ hm rix 2/3 f 

c^0 + L 2 Jc 


= lim [}b 2 / 3 -|(- 8) 2/3 
Z>-» 0“ L/ 7 


+ lim 

c->0 + 



3 2/3 

-I C 


"0-f (4)] + (|-0) 


9 

2 
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7. 


= lim 

-x z b—>\~ 


sin x 


-\b 

= lim 
JO b-> 1 


im (sin 1 b - sin 1 o) 


Z> - sin 1 01 = f — 0 = f 


8 ' 


lOOOr 


0.001 


nl 


= lim (l000-10006 uuul 1 = 1000-0 =1000 

b-> 0 + ' 


, 0.001 


9 . r 2 A^ = r 2 u*L_r 2 ^ = Um rinlx-lir 2 - lim rinlx + lT 2 

J-co x 2 -i J-®x-l J-cox+1 L I lj b h . I Ab 


= lim 

b—>—co 


In J^4 

x+l 


T 2 

-b 


= lim (ln|4l-ln||4l) = ln3-ln lim ff | = ln3 —Ini = In3 

b^-oo\ l* +1 l/ U->- oo* +1 J 

10. f 2 4* = lim 

J-00X 2 +4 h^-nr,_ 

* = lim (21n|4 i |-21n|4 i |) = 21n(l)-21n(i) = 0 + 21n2 =ln4 


tan 1 f 


= lim (tan’l-tan 1 4) = 4--(—= ^r 
J* 6^-uoV 2/ 4 V 2 7 4 


11. f"4^=lim 

J2 v —v Z?—»oo 


2 In — 


12. f4^= lim 

J2 r-l 


In 24 

t+1 


nZ> 


J2 = /!™ ( ln IMI - ln IMI) = ln(l) - In (i) = 0 + In 3 = In 3 


00 2xdx fO 2x<Zx r® 2xrfx 


, , f 00 2xdx _ f u 2 xdx f 

J— 00 / 2 . .\ 2 J— 00 / 2 . i\ 2 J( 


u - x +l 
du = 2x dx 


(x 2 +l) J -°°(x 2 +l)- J0 (x 2 +l) 

lim (-1 + })+ lim r-i-(-l)l=(-l + 0) + (0 + l)=° 

b —>00 ' ® s'—C J 


-> f 1 4+ [“ 4 = lim I - - 1 ! 1 + lim r- i T 

Joo» 2 Jl » 2 *_>ooL u Ab r->ooL «Jl 


00 xcfcc f0 xdx 


14 f xdx = f 

J-* / 2 „\ 3/2 J- 


f° 

Jo 


x dx 


(x 2 +4) J -°°(x 2 +4) J0 (x 2 + 4 ) 


u — x + 4 
du = 2x dx 


-> 


L 2 % + 1 


du 


= lim 


2» 3/2 J4 2« 3/2 ^ 00 L 4~u\ b ^00 


n4 


+ lim 


•Ju 


J4 


= lim |-Jr + -L 

b—>oo 


l + ihl m J-i4 = H +0 M 0 4H 


15. f‘ 

Jo 


9+1 


°4 


+29 


-dd\ 


u = 6+29 
du =2(8 + \)d8 


f 3 ^4= lim f 3 ^4= lim -Ju = lim Ij3-x[b) = j3-0=j3 
Jo 2 du ft->0 + 2-Ju o+L J b 0 +' > 


16 f Z ^±I^.^ = lf 2 2sds +f 2 ds 

16 ' Jo V44 2j 0 ^7 + JoV47 


M =4-5 
du = -2s ds 
|4 


._1[°4l + lim r c 

2 J 4 i/i7 .. . i-Jo 


c/.s 


J 4 V» c—>2~ 1,0 V 4 -X 2 


sin 4- 


lim f -fC + lim f C -* = lim |4/£1 + lim ..... . , - ..... 

b-> 0 +Jh 2 'J“ c-+ 2~ J0 V 4 -x 2 Z>->0 +L Jh c->2“L ‘JO 6->0‘ 

(2—0) + (f-0) = 4±- 


1 s I = lim (2 ->/&) + lim 1 sin 1 -|-sin 1 0 ) 


c-> 2 


1? - 1, 


dx 


0 (l+x)>/x 9 

= 2(f)-2(0) 


W = 4x 

du = -4^ 

2i/x 


-> 


r 2 du__ j.^ r 2 da_ _ j.^ 2 tan *t/ = lim (2 tan 4-2 tan 1 o) 
J 0 u +1 b —>00 ^0 u +1 b —>00 L -lo Zi—>00' 2 


= ^ 
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18 . f — p= = f 2 — p=+ f —= lim f 2 —^=+ lim \° 

^ Wx 2 -l ^ x"jx 2 -1 ^ 2 x'Jx 2 -1 xVx 2 -l c-> CO'' 2 




. , = lim 

J2 xa/x 2 - 1 6-4l + 

= lim |sec -1 2-sec -1 4 lim |sec -1 c-sec -1 2 j =('f' - 0j + ^-y) =y 


"|2 r -i 

sec |x| + lim sec \x\ 

-lb c —>oo L J2 


19. f° 

JO 


dv = lim 

In 

1 + tan 1 v 


b 

= lim 

In 

1+-tan 1 b 

-In 

14 tan 1 0 

= ln(l+f) 

JO (l+v~j(l+tan vj b ->°0 




0 b— >oo 

L 




J \ 2 / 


:l„(l + f) 


20. f 16tan , ~ r dx = lim 

JO l+x 2 6->°o 


i^tan ^Y" 


~\b 


Jo 


= lim 

b —>oo 


21. f° 9e d d6 = lim 

J-00 U _V_ r 


6—>-oo L 


Qe 9 -e 9 


1° 

= lim 

b b^—<xi 


^tan 1 /?j -8|tan 1 oj 

)' 


2 

= 8(f) -8(0) =2^ 2 


( 0 -e° -e°)-(be b -e b 


= -l- lim |^±| = -1- lim 


b—>—co \e / 6—>-oo 

(l'Hopital's rule for — form) 




= —1 — 0 = —1 


poo /j p6 

22. f 2e y sin 9 d9 = lim I 2e~ 
Jo A—..yi JO 


= lim 
b —>oo L 


b ->»o 

-2(sin 6+cos 6) 2(sin0+cos0) 


sin 9 d9 = lim 2 

6 —>oo 


^j-(-sin 9 — cos #) 


(Formula 107 with a = -1, b = 1) 


2e 6 


2e° 


= o + M = 1 


23. f e dx = f e x dx= lim 

J—00 J—00 b > C 

r go _ r 2 r 0 _ v 2 poo 

24. 2xe dx = 2xe dx + 2xe 

J —00 J —oo J 0 


r _nO 


= lim (l -e*] = (1 -0) = 1 

b —>— oo L -16 6—>—oo' 2 


x dx = lim 

b— >—oo 


v 2 

0 

v 2 

—e 

4 lim 


_ 

b C->ool 

_ 


lim 


+ lim 

7 

1 

1 

1 

b —>—oo 

L \ r 

C —>GO 

L J 


= (-l-0) + (0 + l) =0 


25. 



-|- lim 
4 



I 

4 




i 

4 


26. f (-In x)dx= lim fx-xlnxl! = lim (~(l — 1 In 1) —(b-b In 6)1 = 1-0 + lim Yr = 1 + lim 

’ 6->0 + ih b^ 0 +LV ’ 1 ^0+( 4 ) b^0 + f--L 

= 1- lim b =1-0 =1 
z>-> 0 + 


f 2 ds 

= lim sin 1 4 

’ = lim 1" sin -1 4 - sin -1 ol = -4 


b^T L 2 J( 

) b^A 2 J 2 
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fl 4 r dr 


2s -1, 




lim 

2 sin 1 (r 2 ) 

b 

= lim 

2 sin 1 (/? 2 )-2sin 1 0 


\ J\ 

0 ft->r 

V / 


= 2-f-0 = n 


29. 


r 2 ds 

= lim sec 1 s 

= lim sec 1 2 - sec 1 b 

Jl s 47^i 

b-> 1 + L 

b-> 1 + L J 


-°=f 


30. I 


—— = lim a sec U = li m 
2 2 -lb ft->2 + 


2 4 ft->2 2 

dx 

VR 


(T ec " 1 !)-T sec " 1 (!)]=l(f)-f 0: 


31. f 4 ^= lim f* -^L + lim [ 4 ^ = lim [-27Rxf + lim fo/jcT 

J-1 JW ft—>0“ ^ -1 'J~ x +J CVX o:->0 +L J c 


= lim 

ft->(T 


(-27=^)-(-2J-(-l) )] + lim [274-27^1 = 0 + 2 + 2-2-0 
v /v /J C ^. 0 +L J 


-0 = 6 


32. (‘ 2 n == f 1 -^+ f 2 ^= lim [-271^x1 + lim [27xTTI 

Jo 7 ^ Jo Vi 1 * Ji ^-L Jo c _ >1 + L J 

272^T-(27R r l 


= lim (^TcTH-f^Ti^o) 


lim 

J C->1 + 


=0+2+2-0=4 


r , de 

= lim 

[in * +2 “ 

b 

= lim 

In 

ft +2 

In -;+ 2 ] 

= 0-ln(i) 

J-i r + 5<?+6 

ft-» OO 

9+3 _ 

-1 

ft—>oO 


b+ 3 

- 1+3 _ 

V 2 / 


c° 

34. f 

Jo 


f * , = lim 

4 In lx +1| —r In (x 2 +1') + -!• tan *x 

ft 

= lim 

4 Inf- 4 ±J=l + -J-tan l x 

2 0 (x+l)[x 2 +lj ft-»oo 

|_ 2 1 1 4 \ ) 2 J 

0 ft—>co 

l 2 iT^TTj 2 J 


~\b 


= lim 

ft—>CO 


2 ln l#rJ + 2 tan_ 1 T^ ln ^ + ^ tan " 10 ) 


= Ilnl + — • — — —lnl — — - 0= — 

2 2 2 2 2 4 


35. | tan 9 d6 = lim [-lnjcos^^ = lim [-In |cos b\ +ln l] = lim [-In |cos b |] = + 00 , the integral 

0 Mir b Mf y b <f) 

diverges 


36. f cot 8dd= lim rin|sin#|Jf /2 = lim [lnl-ln I sin 6|] = - lim [in I sin fell = + 00 , the integral diverges 
Jo u ,r,+ L 1 IJ ft u ,r,+ L 1 l ,n+ L 1 


-\nt 2 


ft-> O' 


ft-» 0 


ft-> 0 + 


37. 




dx is bounded, so convergence is 


determined by 



lnx , 
— —dx. 
x 


In r | 

On (0, 1/3], lnxc-1 and —— <——. Since 

x 2 x 2 


c m 1 

—j dx diverges to - 00 , so does 
Jo x 1 



lnx 


dx and 


hence 


—7 dx diverges. 

Jo x“ 
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38. Since (—-—dx = ln(lnx), ( —-—dx = lim (ln(ln2)-ln(ln a)) = oo; the integral diverges. (In this case we 
J xlnx J i xlnx a ^>i+ 

don’t need a comparison test.) 


PVV 1 " *; p.^Uf 1 * 2 e~ y dv = lim 

~—e ~ y 1 

b 

= lim 

\-e- b -(-e- 1,ln2 ]] 

JO Lx ■'A Joo -/ J 1/ln 2 o 

J 

1/ln 2 

b —>oo 

\ /_ 


n , -l/ln2 —l/ln2 • . , 

= 0 + e =e , so the integral converges. 


40. dx; | y = Vx J —» 2 j^e y dy = 2 -j, so the integral converges. 

41. f —. Since for 0 <t<n. 0 < -p-J-and f converges, then the original integral converges as 

Jo Jt+sint yjt+smt yjt JO yjt 


JO -Jt+sint 

well by the Direct Comparison Test. 


4Z lo7^7 ; Let f (0 = and = i-' then =!™73 


f = lim —- = lim = lim —— = 6. 


t->osW t-> o'- sini ' ^.o 1 - 00 ^ n.0 sin? n.0 cosf 


f*4- = lim 

_l_ 

1 

= lim 


t— 

O 

4 

O 

+ 

2 r _ 

b 

6-»0 + 

L 2 l 26 2 /J 


Comparison Test. 


2-ln = lim 

- 2 l-*Jo *->r 


iln i±* _o 
2 1-6 


= oo, which diverges 


43. f -*-=f -Ar+f and f lim 

Jo l-x 2 'oi-x 2 Jl 1—x 2 Joi-x 2 6->r 

2 

=> diverges as well. 

44. [ 2 -p^= f 1 -p^+ l^-p^and f 1 -^= lim [-ln(l-x)]* = lim [-ln(l-6)-0l = oo, which diverges 

JO 1 X JQ 1 X JJ 1 X JO 1 X b L ^ ^ 

2 

=> J diverges as well. 


&->n 


45. J i ln|x|fi?.r = | ^ ln(-x) dx + J () ln x dx; In x dx = lim [xlnx-x]^ = lim [(1 -0-l)-(6 In b -6)] 
= —1 — 0=—1; | ln(-x) dx =-1 => J ^In|x| dx = -2 converges. 


46. 


[ (-xln |x|) dx = f f-xln(-x)] dx + [ (-x In x) dx = lim 
J—D J—1 L J0 V /, .n- 


6->0 T L 


r 2 

2l 

1 

r 2 

2 1 

4-In x — 

- lim 

2^1nx-2L 

L 2 

4 J 

b c->0 + 

L 2 

4 J 


. nl 



converges (see Exercise 25 for the limit calculations). 


-2--0+2- + 0 = 0=> the integral 


f OO i ii C CO i pCO i 

47. 2— for l<x<oo and converges => -^-r converges by the Direct Comparison 

J 1 l+x 3 x +1 x 3 J 1 x 3 J 1 l+x 

Test. 
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48. I 


jh—; lim 
4 yjx— 1 x —>00 


• lim - lim 


= lim = lim -2— = -2- = 1 and f = lim (~ 2^x ] = oo, which diverges 
(-0 -r—>°o \fx—l x ^ool--h !- 0 J 4 ^ fc^ooL J4 5 

IdD ' Jx 


I 


dx 
4 yfx-1 


diverges by the Limit Comparison Test. 


V->oo /l- 


(vLr. 

°(i) 

poo . 

> -7= diverges by the Limit Comparison 

J2 yjr 1 


49. f“* ; lim 1^1= lim ->/L = lim -±= = -1 

*2 yjv —1 V—>00 V—>00 V v— 1 


= = -^= = 1 and -^ = lim \^2-Jv = 00, which diverges 


Test. 


50. f 0 < -2— < -L for 0 < 0 < 00 and f 2ft = ij m T_ e 9 1 = u m /_ e * + lJ = l => f 

Jo i+/’ 1+/ Jo / *,_>«, L Jo /,_>*V / J o 

=*r 

Jo 




converges 


0 /7/3 

jo by the Direct Comparison Test. 


ci r dx _ r dx , r dx ^ r 1 dx . r dx j r dx _ i- 

lo^sido^d, r a " d J, 

p 00 I 

=> converges by the Direct Comparison Test. 


~\b 


= lim 

x x fe->ooL 2 X “ Jj b—>oo 


_!—+ ii =2- 

2b 2 2) 2 


52. J. 


x°+l 


q lim 


= lim 


lim 


j - , mil / 1 \ — um j - — 11111 j - 

2 yjx 2 -1 X->oo (“J X >co Vx 2 -1 X >GO Jl— X - 

r 00 j 

diverges by the Limit Comparison Test 


1 roo 1 P -.fy 

= 1; —dx= lim In 6 = 00, which diverges 

1 -dr J 2 * b —>co ^ 


53. lim 

•*1 X r—*ar 


JL- lim 1 - 1 . f 00 dx - 11 


= lim -¥= = lim 


r. lliil , _X - 11111 I - - 11111 I - 

x x—>oofv^ij x—>oovx+l x—>00 yl+^r 

= 2 => f dx converges by the Limit Comparison Test. 
J 1 X 


_ = 1- f” 2 x j _ r” dx 

1 ’ Jl v 2 Jl r 3/2 


= lim 

b-><x> 


—2x 1/2 = lim (-pr + 2 ) 

-1 b —>oo X'Jb J 


54 . r^L; lim 
^ Jx 4 -1 X^a 


x -1 x^oo I I x >co y] X 
A 


= lim 


1 — p 

( x xdx _ j -00 dx 


J 2 47 J 2 x 


r x dx 

■J — diverges by the Limit Comparison Test. 


55. f 


x*-l 


2+cosx dx; 0 < 2- < 2+cos - for x>n and f — = lim [ln.rl^ =00, which diverges => f 2+cos v dx 


n x xx 

diverges by the Direct Comparison Test. 
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56. f 


00 1 +sin x 


dx 


7T X~ 


■ 0 < 1+slnA <_L f or x > n an( j f JL dx = lim [ -2.1 = lim (-J- + -) = — => f 

X- x 2 h X 1 ooL A-xxD b tt! n J; 


® 2 tfe 

~ 


p GO J-)-gjp j 

converges => — 7 — c/x converges by the Direct Comparison Test. 

J/T X 


-- r - dt r t ' 1 . r°°2<tt 

57. L 177 —; lim— = 1 and —— 

J4 < 3/2 -l /—^qo V* 2 —1 J4 t V2 


■ = lim 

t—^ 00 1 —1 r - z>->oo 

converges by the Limit Comparison Test. 


-At 


- 1/2 


~\b 


= lim 

-14 b— >00 


/-4 » r®2* r 00 2d! 

™ b +2 ) = 2 =-J 4 7^ converses =>1. 


poo i 1 1 poo 7 _ poo J 

58. 0 < — < —t— for x > 2 and — diverges => ytL diverges by the Direct Comparison Test. 

J 2 In x x In x J 2 x J 2 In x 

pco x I x p go i _ p co x 7 

59. — dx; 0< —<—forx>l and — diverges => diverges by the Direct Comparison Test. 


poo v poo v v 

60. In (In x) dx; [x=e > ]-> (In y)e- dy; 0 < In y < (In y)e- for v>eand 

Je Je 

pGO _ p GO . pOO 

J In y dy = lim [ vIn y ~y\ e = °°, which diverges => J (\ny)e- dy diverges => J e ln(lnx)rix diverges by 


b—>oo 

the Direct Comparison Test. 


61. f ; lim 


e -x x —| i 

77 


= lim 




= lim 


x->oo de x -x x->co 1 —i 


J_ _i. f x _dx_ _ f c 

To ’ Ji ,17 ~ Ji 


•JTo 


= \ e x/2 tfr = lim 
>00 


-2e 


—x/2 


~\b 


Jl 


= lim (- 2 e -* / 2 + 2 e - 1/2 )=^r 

b— »oo' ’ Vf Jl 

Test. 


-x/2 


dx 


poo 7 

converges =^> . converges by the Limit Comparison 

Jl ,L a _v 


“■ f, 


_dx_. 


lim 


i 

X ~x 


= lim = lim -J— = -rJjr = 1 and = lim \-e~ x 1 = lim (-e~ b + e -1 ) = 2 

• x ^ 1-0 Jl e* ooL Jl /,-^ooV J « 


e x —2 x x— >oo |^_Lj x—>oo e*—2 V x—>oo 1— 

p GO 7 pOO j 

— converges =7 ——— converges by the Limit Comparison Test 

Jl e x Jl e x -2 x 


63 p dx _ 2 p dx . f°° dx = f 1 6 /.v + r°° < r 1 rf.v + r°°&. an j f°° & = p m 

J-»V7^ J oV7^’ JoV7^ JoV77 Jl JoV77 Jl 7 Ji 7 


= lim (--Ul) = l=> f 

6 ->oo' J J- 


dx 


—<oo a / v 4 


x^+1 


converges by the Direct Comparison Test. 


64. f ——— = 2 f ———; 0 < —1— < — for x > 0; f — converges => 2 f ——— converges by the Direct 

! ^ , — x In „x , —x 7 x . —x x 7 a ° in „x . x ° j 

j—coe +e J v e +e e +e e J v) e J v e +e 


j —oo e +e J u e +e 

Comparison Test. 


65. 


Jl .v(ln xy L 
converges for p < 1 and diverges for p > 1 


f ln2 * = lim 

l A -p 

In 2 

= lim 

Jo t” b ^ 0+ 

_-p+ 1 

b 

6^0 + - 


+ p— (In 2 ) 1_p 

P~ 1 1 ~p 


the integral 
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p 00 » r oo 7 , 

(b) ———; [t = ln.x]—>■ — and this integral is essentially the same as in Exercise 65(a): it converges 

J2 vlln Jin 2t p 


J2 xClnx)'’ Jin2 t p 

for p > 1 and diverges for p < 1 


66 . 


f 00 2 x dx f, 

2 = lim li 

a (x 2 +l) 

b 

= lim 

In M+l) 

-0 

= lim In (b 2 + l) 

Jo x +1 b—><x) - 

\ /J 

0 b— >oo 

V / 


b — >qo ' ' 


= oo => 


diverges. But lim f lxdx = lim ln(;x 2 +1 

h—± qoJ -00 -Y“+l h—±oo ' > 


~\b 

= lim 

J —b b— >oo 


In 


the integral J 
(ft 2 +l)-ln (^ 2 +l) 


2x 


dx 


= lim In 

J b —>oo 


(id±l' 

\ +i/ 


= lim (In 1) = 0 

£>-» » 



pco _ v r oo _ r 

69. F= 2;rxe dx = 2n\ xe dx-2n lim 

JO Jo b— >00 

70. F = 7r|e _ ' r j dx = jrj" ( 


-xe * - e x 

b 

= 2n lim 

\l-be*- e -b\-{\ 

- 

0 Z?—>00 

_V 1 


= 2n 


D _ 9 X 

e - dx =n lim 

b—>cc 


-l e ~ 2x 

2 e 


~\b 


= n lim (-U~ 2b +i)=f 
10 V 2 2 / 2 


71. 4 = ^ (sec x - tan x) dx = lim [in |sec.x + tan.x|-In |secjx|]* = lim I In |l + - In |l + 0| 

0 Mf)" Mf) 

= lim lnll +sin b\ = In 2 

Mf)~ 


r7i /2 2 rn!2 2 rn!2 / 2 2 \ rn!2 

72. (a) ;rsec xax-J Q ;rtan xax = ;rJ o (sec x-tan xldx = J n 

C 7r/2 2 

Ho dx = 2t- 


sec z x-|sec 2 x - lj 


dx 


pti! 2 I 2 2 c7i/2 r 2 

(b) ^outer ~ 2;r sec xa/ 1 + sec x tan x dx >\ 2n secx(sec x tan x) dx = n lim tan x 

Jo Jo h if)- L J 

xv/7 


;r lim 

Mf)" 

rnt2 


(tan 2 Z?) - 0 = n lim [~ tan 2 b] = 00 => S' t diverges; S inner = f 2n tan x\ 1 + sec 4 x dx> 
A ’ J ^(f) _L J Jo 


Mf) 


f 2;r tan jx sec 2 x dx = n lim [~tan 2 x] = n lim (tan /?)-0 = n lim ["tan" b\ 

jo L Jo LV > J h L J 


Mf) 


= 00 => S\, 


diverges 
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73. (a) 


y/t(l + t) 


dt 


With u = yft and du = —^dt the limits of integration are unchanged. 

2 -Jt 


4t(l + t) 


dt = 


f -^du 

J o 1 ”i ~u 


>o l + ir 

= 2 lim (tan -1 1-tan -1 a) 

a—>0 + ' ' 

= 2 •— = — 

4 2 


(b) 


yft(l + t) 


dt 


With u = yft and du = —dt the limits of integration are unchanged. We split the integral into two 

2s/t 


integrals, the first of which was evaluated in (a), 
■l o 


1 


Vt(l + t) 


dt = 


- du - 


■ du 


o 1 u j i 1 -\~u 
— + 2 lim (tan -1 b - tan -1 1) 

2 h —>oo ' ' 


b —>co' 

= — + 2 f—1 = 7T 
2 \2 2 ) 


74. Let c be any number in (3, co). 


1 


■ dx = 


1 


■ dx + 


- ha — ■ i- 

x 2 -9 J 3 x^lx 2 -9 Jc x 

1 




- dx provided both integrals on the right converge. 


Formula 20 in Table 8.1 gives 


x\lx 2 -9 

Section 3.9.) Both integrals do converge: 


, 1 -1 
dx = —sec 
3 


. (The definition of the inverse secant is given in 


rC 1 , (1 

— , dx = lim —sec 

3 Wi 2 -9 a—>3+ ^ 3 


1 -i 
—sec 
3 


1 _i c 
= -sec — 
3 3 


c xxjx 2 -9 


dx = lim —sec 1 


Z)—>oo \ 3 


i -i 
—sec 
3 


n 1 _i c 

=-sec — 

6 3 3 


Thus 


3 X 




:dX=~. 

6 
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75. (a) Ce~* x cbc= lim \-\e ~ 3 *f = lim IV-ie^M-f-ie -3 ' 3 ')] = 0+±-e -9 = {<T 9 *0.0000411 
J3 3 J 3 3 M 3 )\ 3 3 

v 2 q v- roo poo 2 

<0.000042. Since e <e 3 for x > 3, then e dx < 0.000042 and therefore e dx can be 
(■3 2 

replaced by J^e dx without introducing an error greater than 0.000042. 

(b) f*e~ x2 dx = 0.88621 


76. (a) V = \"n(^fdx = n . “(“t)] = ^° +1 > = ^ 

(b) When you take the limit to oo, you are no longer modeling the real world which is finite. The comparison 
step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world 
fails to hold. 


77. (a) 


78. (a) 


y 




(b) > int((sin(t))/t,t = 0.. infinity); (answer is 



(b) > f:=2*exp(-t A 2)/sqrt(Pi); 

> int(f, t=0..infinity); (answer is 1) 


79. (a) f( x ) = ^=e- x2/2 

f is increasing on (-<», 0], 

/is decreasing on [0, co), 

/has a local maximum at (0, /(0)) = |o, -j= 

(b) Maple commands: 

>f: = exp(-x A 2/2)(sqrt(2*pi); 

>int(f, x = -1..1); « 0.683 

>int(f, x = -2..2); * 0.954 

>int(f, x = -3..3); *0.997 
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c n 

(c) Part (b) suggests that as n increases, the integral approaches 1. We can take f{x) dx as close to 1 as 

j-n 

poo r—n 

we want by choosing n > 1 large enough. Also, we can make f{x)dx and f(x)dx as small as we 

Jn J—oo 

—r/2 • • x/2 

want by choosing n large enough. This is because 0 < f(x) < e for x > 1. (Likewise, 0 < /(x) < e 

- x /2 


<•00 /»0O „. . 

for x < -1.) Thus, I f (x) dx <\ e dx. 

Jn Jn 

fV * /2 dx= lim rv * /2 dx= Urn r ^-*/2T 

Jn , Jn ~ vnr 


-2e 


= lim 

72 c —>00 L- 


-2e _c/2 + 2e~ n/2 


= 2e 


-nil 


As n—>oo,2e n/ —>0, for large enough «, f f(x)dx is as small as we want. 

J 77 

f—72 

Likewise for large enough /'(x) <7x is as small as we want. 

J —00 

pz? p6( pz? poo poo pZ> 

80. (a) The statement is true since f{x) dx = f(x) dx+\ f (x) dx, f{x) dx = f (x) <2x - / (x) dx 

J— 00 J—00 JZ) 

pZ? 

and f(x)dx exists since /(x) is integrable on every interval [a, 6]. 

J 

(b) f / (x) dx + [ /' (x) fix = f f(x) dx + ] f (x) fix - f f (x) dx + f f (x) dx 

J— oo J—oo Ja Ja 

= f f(x) dx + f f (x) fix + f /(x) dx = [ /(x) dx + f /(x) dx 

J— 00 Jo Jo J -00 Jo 


81. Example CAS commands: 

Maple : 

f := (x,p) -> x A p*ln(x); 

domain := 0..exp(l); 

fnjist := [seq( f(x,p),p=-2..2 )]; 

plot( fnjist, x=domain, y=-50..10, color =[red,blue,green,cyan,pink], linestyle=[ 1,3,4,7,9], 

thickness=[3,4,1,2,0], legend =["p=-2","p = -l","p =0","p =l","p =2"], title="#81 (Section 8.8)"); 
ql := Int( f(x,p), x=domain ); 
q2 := value( ql); 

q3 := simplify! q2 ) assuming p>-l; 

q4 := simplify! 4 2 ) assuming p<-l; 

q5 := value( eval( ql, p=-l)); 

il := ql = piecewise! p<-l, q4, p=-l, q5, p>-l, q3 ); 

82. Example CAS commands: 

Maple : 

f := (x,p) -> x A p*ln(x); 
domain := exp(l)..infinity; 
fnjist := [seq( f(x,p), p=-2..2 )]; 

plot( fnjist, x=exp(l)„10, y=0..100, color =[red,blue,green,cyan,pink], linestyle=[l,3,4,7,9], 

thickness=[3,4,1,2,0], legend =["p= -2","p = -l","p = 0","p = l","p = 2"], title="#82 (Section 8.8)"); 
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q6 := Int( f(x,p), x=domain ); 
q7 := value( q6 ); 

q8 := simplify( q7 ) assuming p>-l; 

q9 := simplify( q7 ) assuming p<-l; 

qlO := value( eval( q6, p=-l)); 

i2 := q6 = piecewise( p<-l, q9, p=-l, qlO, p>-l, q8 ); 

83. Example CAS commands: 

Maple : 

f := (x,p) -> x A p*ln(x); 

domain := 0..infinity; 

fnjist := [seq( f(x,p), p=-2..2 )]; 

plot( fnjist, x=0..10, y=-50..50, color =[red,blue,green,cyan,pink], linestyle=[l,3,4,7,9], 

thickness=[3,4,1,2,0], legend=["p= -2","p = -l","p = 0","p = 1 ","p = 2"], title="#83 (Section 8.8)"); 
ql 1 := Int( f(x,p), x=domain ): 
ql 1 = lhs(il+i2); 

" = rhs(il+i2); 

” = piecewise) p<-l, q4+q9, p=-l, q5+ql0, p>-l, q3+q8 ); 

" = piecewise) p<-l, -infinity, p=-l, undefined, p>-l, infinity ); 

84. Example CAS commands: 

Maple : 

f := (x,p) -> x A p*ln(abs(x)); 
domain := -infinity, .infinity; 
fnjist := [seq( f(x,p), p=-2..2 )]; 

plot) fnjist, x=4..4, y=-20..10, color=[red,blue,green,cyan,pink], linestyle=[l,3,4,7,9], 
legend=["p= -2","p = -l","p = 0","p = l","p = 2"], title="#84 (Section 8.8)"); 
ql2 := Int) f(x,p), x=domain ); 
ql2p := Int) f(x,p), x=0..infinity ); 
ql2n := Int) f(x,p), x=-infinity..O ); 
ql2 = ql2p +ql2n; 

'' = simplify) ql2p+ql2n ); 

81-84. Example CAS commands: 

Mathematica : (functions and domains may vary) 

Clear)x, f, p] 

f[xj:= x p Log[Abs[x]] 

int = Integrate[f[x], {x, e, 100)] 

int/.p —> 2.5 
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In order to plot the function, a value for p must be selected, 
p = 3; 

Plot[f[x],{x,2.72,10}] 


Hit 


85. Maple gives 
by Ci(t) = -j 


.71 

sin I — I dx = — I 2 — 7T • Ci I — 


; 0.16462, where Ci is the cosine integral function defined 


cosx 


dx. 


rn 

86. Maple gives J xsin y—jdx 


7T 


T + -Si 
■ 2 2 


1 „. ( 7T 'i n 


s 0.10276, where Si is the sine integral function defined by 


Si(0 = 


sinx 


0 -X 


dx. 


8.9 PROBABILITY 


L I*—, 
J 4 18 


1. I —xdx= — J= 1; not a probability density. 
/ 4 18 3 


f 2 1 

— (2 -x) dx = 1; a probability density. 
Jo 2 


3 - 1, 


In(l+ln2)/ln2 2 

2' dx = - 

o In 2 


iln(l+ln2 )/ln 2 


to 


l + ln2 1 


In 2 In 2 

This is a probability density. 


= 1 


4. x — 1 is not nonnegative on [0,1 + V3], so not a probability density. 


■Xrdx = 1; a probability density. 


1 x 


6 . 


/* 00 



lim 

b— >oo 



n 2 

This is not a probability density. 




2cos2xt/x = l; a probability density. 
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C e 1 

8. — dx diverges; not a probability density. 

Jo x 


9. (a) The probability that a tire lasts between 25,000 and 32,000 miles 

(b) The probability that a tire lasts more than 30,000 miles 

(c) The probability that a tire lasts less than 20,000 miles 

(d) The probability that a tire lasts less than 15,000 miles 

•3tt/2 


r j7T/ z i r 7T 1 

10. (a) — dx+ — dx- 0.5 

j 7i 2;r J ftfx 

C 2n 1 

(b) J 2 s 


-dx = 1-ss 0.682 

in 7t 


r 3 _ r _ r “|3 

11. xe dx = -(x + l)e 


12 . 


15 lnx , lnx + 1 
— r- dx = - 

2 X 1 X 


15 


: -4e~ 3 +2e -1 *0.537 


lnl5 -l + ^ + i*0.599 


15 15 2 2 


>• fi 


3 It 

13. | -x(2-x)dx = -—x (x-3) 


1/2 


n 

16 


; 0.688 


14. Using software to evaluate the Sine Integral we find 


f 00 -2 

sin nx 


200 3X 2 

1059 


etc *1.00004780741 so the given function 


is very nearly a probability density over the given interval. Again using software we find that 


r 7rl 6 . ? 

sin nx 


.200 ^2 
1059 


dx ~ 0.6732. 


15. 


~^rdx= ^ * 0.0502 
3 1296 


4 X 


r nt 4 

16. sinx dx = -cosx 

J tt/6 


ijt/4 v/2 t/3 


l/r/6 


2 2 


; 0.159 


/• C J J ^ | ^ 

17. —xdx = —c 2 — . Solving —c 2 — = 1, we find c = a/21 . 

J 3 6 12 4 12 4 


18. j — dx = ln(c +1)-Inc = ln^^dj . Solving In= 1> 

19. | C 4e~ 2x dx = -le~ 2c +2 . Solving -2e~ 2c +2=1, we find c = -ln2 . 


= 1, we find —— = e and thus c = — 
c e-1 
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20 . 


| o cx\l 25 -x 2 dx = - J c ^25 -x 2 j 


125 3 

■- c, so c = - 

3 125 


21. We will assume that the given Function is to be a probability density over the whole real line. 


■dx = C7r so we take c = — . Then 


>l + x 


7T 


l 1+x 2 


1 , tan l x 

dx =- 


l2 


Jl 


tatl 2 ---0.10242. 
n 4 


22. c>/x(l-x)£?x =c0-x 3/2 - jX 5/2 j 


4 15 

= — c, so c = —. 
15 4 


r 1/2 ic n \n 

Then — \fx(l-x)dx = —V2-*0.353 

J i /4 4 16 64 


23. 


dx = — lim I —e 


C b— >oo 


(- e - tex +i) 


—. Thus multiplying e cx by c produces a probability density on [0, oo). 
c 


24. Var(X) = J_“ (X - f(X) dX 

r CO o r CO /•CO') 

= f X 2 f(X)dX + \ (-2Xju)f(X)dX+\ /j 2 f(X)dX 

J— 00 J— 00 J— 00 

r oo r go 

f (~2Xu)f(X)dX = -2u\ X f{X)dX = -2/r 

J —00 J —00 

J " Sf(X) dX = M 2 J 00 f(X) dX = f (1) = f 

J —00 j —00 

Thus Var(X) = f °° X 2 f{X) dX -/u 2 . 

J— 00 


25. 


f 4 fl 'l 

0 x L x J 



To find the median we need to solve 


/• 

J( 


—x dx = — c 2 = — for c. 
0 8 16 2 


Thus the median is V8 . 


26. mean = 


x \ —x 2 I dx = — 


A 2 1 3 1 3 2/3 

To find the median we need to solve I —x~dx = — c = — fore. Thus the median is —2~ *2.381. 


fT 

Jo 9 


27 


27. mean = 


/ 2 

* I — I dx = lim I — 




b —>oo l X 


J 1 V X 

To find the median we need to solve 


= 2 

c _2_ 

i? 


//X : 


— + 1 = — for c. Thus the median is ~J2. 


28. mean = 


x| -\dx=e-\ *1.718 


r c i j 

To find the median we need to solve — dx = Inc = — for c. Thus the median is Ve * 1.649. 

Jl x 2 
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29. 


_ v 

The exponential density with mean 1 is e . The probability that the food is digested in less than 30 minutes 

is f 1 / 2 e“ x dX = -e~ 1 ' 2 +1«0.3935. 

Jo 


_ v / 4 

30. The exponential density with mean 4 is (1/4)e . The probability that a flower is pollinated within 5 

minutes is J 5 ( 1 / 4)e ~ 1/4 dX = -e -5/4 +1 a 0.7135. Out of 1000 flowers we would expect 713 or 714 to be 
pollinated within 5 minutes. 

31. The exponential density with mean 1200 is (l/1200)e _A/120 °. 

(a) The probability that a bulb will last less than 1000 hours is j (l/1200)e~ A /1200 dX = -e~ 5/6 +1 a 0.5654. 

(b) By Example 9 the median lifetime is 1200 In 2 ~ 831.8 so the expected time until half the bulbs in a batch 
fail is 832 hr. 


3 1 

32. To find the density, solve (1/ c)e~ X c dX = -e _3/f +1 =—. Then c = 


_3 _ 

ln(3/ 2 ) 


s 7.3989, so the mean 


lifetime of the components is 7.4 years. The probability of failure within 1 year is 


ln(3/2) 


Xln(3/2) 


dX : 


1/3 


+ 1*0.1264. 


2 2 

33. To find the density, solve (1/ c)e~ Xlc dX = -e~ llc +1 = —; c = 


ln(5/ 3) 


. The probability that a hydra dies 


within 6 months, or half a year, is 


■ 1/2 Xln(5/3) 

ln(5/3) - 5 — 


dX = - 


1/4 


+ 1« 0.1199, so we would expect 


(0.12)(500) = 60 hydra to die within the first six months. 


34. To find the density, solve f 5 °(l/c)e Xlc dX = -e 50/c +1 = —; c 

J 0 10 ln( 10 / 7) 

-80 Xln(10/7) 

g) e -50 

50 


50 


risk driver is involved in an accident in the first 80 days is 

\8/5 


. The probability that a high- 


dX = 


o 


—1^—J +1 * 0.4349, so we would expect 43 or 44 out of 100 high-risk drivers to be involved in an accident 

in the first 80 days. 


_ y nn 

35. Using seconds as the time unit, the density is (l/30)e 

(a) J q 15 (1/30 )e~ X/3 ° dX = -e~ l/1 +1*0.393 

(b) j 6 ”(l/30)e~^ /3 ° dX =e~ 2 *0.135 

(c) In a continuous distribution the probability of a particular number is 0. 

(d) The probability than a single customer waits less than 3 minutes is -e _f ’ +1 * 0.997521. The probability 
that at least one customer out of 200 waits longer than 3 minutes is 1 — (0.997521) 200 * 0.391 <0.5, so 
the most likely outcome is that all 200 are served within 3 minutes. 


Copyright © 2014 Pearson Education, Inc. 



Section 8.9 Probability 


633 


36. For parts (a) and (b) the density is (l/16)e A/16 . For parts (c) and (d) the density is (l/32)e A/32 . 

(a) J i ^°(1/16)c _ a ' /16 dX=-e~ 15 ' 8 + e“ 5/8 *0.382 

(b) J”(l/16)e“ X/16 dX = e~ 25/l6 *0.210 

(c) j 3 5 5 °(l/32)e- x/32 dX = -e- 25n6 + e- 35/32 * 0.125 

(d) j o 2 ° (1 / 32)e~ X/32 dX = -e~ 5/8 +1 * 0.465 


37. 


The expected payout per printer is 200j o (l/2)e XI2 dX +100 (l/2)e A /2 dX * $102.56. Thus the 

expected reflind total for 100 machines is $10,256. 


38. To find the density, solve 

j 

r 1. _ X\n2 


P 


1 2 

e - ' c dX = —e~~ c +1 = —, which gives c = —7—. The probability of failure 
c 2 ln(2) 


in the first year is 




~~ e 2 dX = —^-+1 *0.293. We expect (150)(0.293) =43.934 or about 44 copiers 


to fail during the first year. 


i 

For Exercises 39-52, the density function is f(X) = —° with /j and a as given in the solution. 

<tV2 n 

39. n = 162, o- = 28 

f(X)dX *0.323; about 323 children 

r 167 

f f(X) dX *0.262; about 262 children 
J148 J 


40. // = 20.11, <7 = 4.7 

j”/(X) dX = i +J *f{X) dX * 0.74593 

41. n = 55, <t = 4 

f(X)dX *0.89435 

42. // = 22,000, ct = 4000 

c OO 1 /• A/ 

, , f f(X)dX = -+ \ f(X) dX *0.84134; (4000)(0.84134) * 3365 tires 

(a) Ji8,ooo 2 J i8,ooo 

I- OO 

(b) We want to find L such that 1 f(X)dX = 0.9. A CAS gives L * 16,874, so 90% of tires will have a 

J L 

lifetime of at least 16,874 miles. 

43. n = 65.5, <r = 2.5 

(a) r/(X) fi W=i-f 68 /(X) fi W*0.159, or 16%. 

J68 2 

(b) J 64 /(X)dW* 0.23832 
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44. ^ = 81, o = l 
f 85 

f(X) dX « 0.520; one would expect 52 of the babies to live to between 75 and 85. 

45. n = 266, cr = 16; (36)(7) = 252, (40)(7) = 280 

r 280 

f{X)dX -0.6184; we would expect 618 of the women to have pregnancies lasting between 36 and 40 

J 252 
weeks. 

46. n= 1400, o- = 100 

1 1450 

(a) J 1325 f(X)dX«- 0.46484 

[■go t [■ 1480 

(b) f f{X)dX =—f f(X)dX* 0.21186 

J1480 2 V 

(500)(0.21186) «106; we would expect about 106 males to have a brain weight exceeding 1480 gm. 

47. ,« = 80, o = l2 

f(X)dX* 0.20233 
(300)(0.20233) * 61; about 61 adults. 

48. /j = 4.4, o = 0.2 

f{X)dX« 0.29017 

49. // = 35, o = 9 

Qf{X)dX=~\^f{X)dX« 0.28926 

About 289 shafts would need more than 45 grams of added weight. 

50. n = 200, <t = 30 

r oo 1 r 260 

f f{X)dX=--\ f(X)dX*> 0.02275 
•>260 2 

f(X)dX« 0.15866 

0.02275 + 0.15866 = 0.18141 or about 18% 

51. /u = (0.8)(2500) = 2000, <r = (0.4)(50) = 20 

(a) f” f(X)dX = -+ f(X)dX *0.977 

J1960 2 J 1960 

r 1980 

(b) J o f(X)dX« 0.159 

r 2020 

(c) f f(X)dX~ 0.840 

J1940 • 
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52. n = (0.5)(400) = 200, a = y = 10 

To improve the approximation to the binomial distribution we will modify the interval of integration. We give 
the true binomial values for comparison. 

(a) j^ 209 ’ 5 f(X) dX * 0.68208; correct to 5 places 

(b) I 1 ™' 5 f(X)dX « 0.00114; true value *0.00112 
" 0 

(c) J 2 “ o 5 f(X) dX = ^-j 220 ' 5 f(X) dX *0.02018; true value *0.02012 

—24 

(d) The value is very close to 0, in fact about 10 “ . 


53. (a) and (b) 


Outcome 

X 

HHHH 

0 

THHH 

1 

HTHH 

1 

HHTH 

1 

HHHT 

1 

TTHH 

2 

THTH 

2 

THHT 

2 

HTTH 

2 

HTHT 

2 

HHTT 

2 

TTTH 

3 

TTHT 

3 

THTT 

3 

HTTT 

3 

TTTT 

4 


(c) 


p 



The probability of at least 2 heads is 


> +4+6 > 


n 

16' 
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54. (a) The first die is listed first in each pair, the second die second. 


1 + 1=2 

2+1 = 3 

3 + 1=4 

4 + 1 = 5 

5 + 1 = 6 

6 + 1=7 

1+2 = 3 

2+2 = 4 

3+2 = 5 

4 + 2 = 6 

5+2 = 7 

6 + 2 = 8 

1+3=4 

2 + 3=5 

3+3=6 

4 + 3=7 

5 + 3 = 8 

6 + 3 = 9 

1+4 = 5 

2 + 4 = 6 

3+4 = 7 

4 + 4 = 8 

5+4 = 9 

6 + 4 = 10 

1+5 = 6 

2 + 5 = 7 

3+5 = 8 

4 + 5 = 9 

5 + 5 = 10 

6 + 5 = 11 

1+6 = 7 

2 + 6 = 8 

3+6 = 9 

4 + 6 = 10 

5 + 6 = 11 

6 + 6 = 12 


(b) 



55. 


(c) 

(d) 

(a) 

(b) 


(c) 

(d) 


P( 8) 


36 


P(X < 5) 
P(X > 9) 


1 + 2+3+4 _ 5 
36 ~18 

3 + 2 + 1 _ 1 
36 ~6 


{LLL, LLD, LDL, DLL, LLU, LUL, ULL, LDD, DLD, DDL,LUU, ULU, UUL, DDU, DUD, UDD, 
DUU, UDU, UUD,LUD, LDU, ULD, UDL, DLU, DUL, DDD, UUU} 

We will assume that the three answers are equally likely, though other assumptions might be reasonable. 
The plots for the X = number of Ls, the number of Us and the number of Ds are identical. 

p 



flat least two L) = ^ + - + ^ = — » 0.26 
27 27 

P(no more than one D) = 1 -.P(at least two D) 



20 

27 


0.74 
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56. The probability that both systems fail is 0.0148. Since the two systems have the same performance 

distribution, the failure probability for a single system is Vo.0148 = 0.121655. The success probability for a 

single system is 1 - Vo.0148 so the probability that both succeed is ^1 — s/0.0 148 j =0.771489. The 

probability that one fails and one succeeds is 1 - 0.0148-0.771489 = 0.213711. Since the events “main fails, 
backup succeeds” and “main succeeds, backup fails” have the same probability, the probability that only the 
main fails is 0.213711/ 2 = 0.106856. Thus the probability that the main fails, either along with the backup or 
by itself, is 0.0148 + 0.106856 = 0.121656. 


CHAPTER 8 PRACTICE EXERCISES 

1. u = ln(x +1), du = ; dv = dx,v = x\ 

Jln(x + 1) dx = xln(x+l )~\^[dx = x ln(x +1) - jVx + J-^y = xln(x+l)-x+ln(x+l)+C 1 
= (x+l)ln(x +1) - x + Cj = (x+l)ln(x + 1) -(x+1) +C, where C = Q +1 


2. « = In x, = *; dv = x 2 dx, v = |-x 3 ; 

Jx 2 lnx dx = jX 3 lnx-jjX 3 dx = ^-lnx -^- + C 


3. // = tan 1 3x, du 2dx 


l+9x 


r v = dx,v = 

x; 

f 'hxdx 

y = l + 9x 2 

J l+9x 2 ’ 

dy = 18x dx 


Jtan 1 3xatx = xtan *3x-J- 
4. u = cos” ! 1 4 ), du = : dv = dx,v = x; 




x tan ' 3x-^-J-^- =xtan 1 (3x)-|-ln |l+9x 2 j + C 


Jcos -1 (y) dx = xcos -1 (-|) + |-^==; 
= X cos' 1 (f)- 2^1 -(f)“+C 


y = 4-x / 
dy = -2x dx 


—> X cos 1 (^-)-iJ-=L = xcos 1 (f) 


yfy 


X 2 + C 


5. 




(x + 1) 

2(x +1) ( ~ } > 
2 (+) > 

0 


•|(x+l ) 2 e x dx = (x + 1) 2 — 2(x +1) + 2 e x +C 


x 2 _ 

(+) , 

A 


2x - 

(-) > 

2 - 



0 


sin(l -x) 
cos(l-x) 
-sin(l -x) 

- cos(l - x) 


r a ? 

=> I x sin(l-x) dx =x cos(l-x) + 2xsin(l-x)-2cos(l-x) + C 
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7. u = cos 2x, du = -2 sin 2x dx; dv = e x dx, v = e x ; 

/ = Je A cos 2x dx = e x cos 2x + 2 J e x sin 2x dx, 
u = sin 2x, du = 2 cos 2x dx, dv = e x dx, v = e x ; 

I = e x cos 2x + 2 e x sin 2x - 2 J e x cos 2x dx J = e x cos 2x + 2e x sin 2x - 41 => / 


_ e cos2* ■ 2e sin2x . ri 
- 5 + 5 


8. Jxsinxcosx dx 

1 • 2 

u = x, du = dx, dv = sinxcosx dx, v = —sin” x 

2 

zz = cos 3x, du = -3 sin 3x dx\ dv = e~ 2x dx, v = -je~ 2x ; 
Jxsinxcosx dx = mv- Jv du =^-sin 2 x -^-Jsin 2 x dx 

= —sin 2 x- — J(l-cos2x) dx 


4- 

4' 


- —sin 2 x x +—sin 2x +C 




x —3x+2 

x dx 


10 - f?ub=!Jts4JtTr=f l "i-' +3 i4 l ”i-' +1 i + c 

12. f X+1 dx = — —f-) t/x = 2 In I—I + —+ C = -21n|x|+— + 2 In | x-11 +C 

J r(i-l) * \ X 1 X *2/ I x | X 1 1 X 


!3. J 


sin# dO 


cos 2 0+COS0-2 


; [cos 0 = j ; ] > —J* 


f dy 1 

r^L+i 


y+2 

+ C = i!n 

cos 0+2 

y 2 +y-2 3 

>•-1 + 3 

X+2 " 3 ln 

y- 1 

cos 0-1 


+ C 


!4. J 
!5. J 


-Iln cos£d. +c 
3 cos 9+2 


cos 9 d9 


f rfx _ 1 

• dx 1 

dx _ 1 1 „ 

sin 9-2 

x 2 +x-6 5 • 

x-2 5. 

x+3 5 1 

sin 9+3 


3x~+4x+4 _ 


9 ? L 1 ” 11 ^ — •' v 

sirr 0+sin 9 —6 

■ dx = dx - 1 dx = 4 In j x | -^-ln^x 2 +lj + 4tan _1 x + C 

16. f^=fi^L = 2tan- 1 (f)+C 

J x 3 +4x J x”+4 V 2 / 

17 - l$^ = iJ(-i + wfe + 8(i2)) fl ' v = “l ln l v l + l ln l v - 2 l + iT ln ! v+2 l +c= iT 


— In 

(v-2) 5 (v+2) 

16 111 

V 


+c 
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(v-2Kv-3) 


(v-1) 


+c 


19. f^_ = i fJL-if- 

J ; 4 +4; 2 +3 2 J r+l 2 J t 


if-*®--11-^=4 tan -1 *—1 tan 


, 4 +4,2+3 2 J r+l 2 J f 2 +3 2 

2 »- J 7 4T-if£r-iJ£-i‘> 


■ 1 ^Uc=|tan- 1 t-^tan- 1 -E + C 
2 6 VJ 


r-2 


2^ W3 

iln(r+l) + C 


2L l^* = i(' + 7^)‘ i, = h* + fJA + tjTS = T + J ln l' + 2|+ f ln l J, - 1 l +C 

22. f x +1 dx - 

J x — x 


23. J 

24. j 


x +4x+3 


x z +2x-8 


\( i+ ^) dx= i[ i+ ^)\ dx= i dx+ \^i~i^ =x+inix ~ ii ~ inixi+c 
dx=dx = dx = r-f ln i* +3 1 + ! ta i * +1 1 ■ 

dx = f(2x-3)dx+±f-& I +Zj-& i 


■ dx = | 


(2*-3)+^— 

x 2 +2x-8 . 


= x 2 — 3 jc +-§-ln | x + 4 1 +^ln | x — 2 \ +C 


25. J 


dx 


x(3vx+l 


U = tJx +1 

du= dx 


26. J- 


dx 


:(l +^)’ 


2V3TkT 

dx = 2z< du 
u = \[x 


—> -2-1 
3 


c_udu_ l r du \ [ du _ 1 [ n I 
J 3 J w-1 3 J »+l 3 1 


= m -i - 


yin | u +11 +C = y|n 


Vx+l-l 

| d x+ + 


du = 


dx 


3x 2/j 

2 

dx =3u du 


|* 3 u 2 du _ Q f 

J 


-dr-r = 31n + C = 3 In 

W(l+W) M+l 




1+%/x 


+ C 


r ds . 

u = e s - 1 

du = e s ds 

s. f du _ f du , [du _i n | u 1 , r _i 

e' -1 

J e s -1 ’ 

J w(w+l) J«+l + J u _m |»+l| + L ~ in 

e 5 


ds — 




u+ 1 




+ C = ln|l-r | +C 


28. J- 


ds . 


<e s +1 


u = Ve 4 +1 

du=-^= 
2de s +l 
2u du 


ds = - 


ir -1 


-> 


f 2u du ~ r du r _ r | n 

J u(u 2 -lj J ( 2 <+ 1 )(m—1) J u— 1 J «+l J»+l| 


V7+I- 


e +1+1 


+ c 


29. (a) J 




x/i6-r 2 2 J Vi6- 


-r 


'jy£±. = -7w27+c 


■y 


(b) J-j==;[j ; = 4sin.r]^.4| 


sin x cos x A: . „ 4+16- 

-= - 4 COSX + C =- ^—r 


— + C = -^16-y 2 +C 


+c 
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30. (a) J^= = i|-^ = V477 + C 

(b) J j cdx 2 ; [x = 2 tan v] —> J 2tan -^^ - v 4t- = 2 jsecytany dy =2secy+ C = 4 + x 2 +C 


31 - J^ = 4 J { ^ = ->4- X 2 + C 


K ' J 4-x 2 2 J 4 _ x 2 ; 

(b) Jf%; [x = 2sin 0] —> j" 


= —-i-ln 4-x 2 +C 


2 sin 0 2 cos 0 dO 


= | tan 9 d 9 = - In | cos 9 \ +C = 


-ln^tZl + C 


32 - (a) 

(b) Ijh 


33. | 


’*■ ^_lf!k._i| n |„| + c = l„-L + C.ln^J_ + C 

du = -2xdx\ 2J “ 2 ^ 


9_x “ du = —2x dx 


34 + witt-iij5fe-i ln|l l-ii; ln l 3 - l| -i¥ ln|3+l|+c -5 ln| - v| -K ln | , -' l2 | +c 

35 - l*4iftTJ* = T l "l 3 -'l + >l 3 «l +c = 5 1 "tel +c 


36. J- 


rfx . * = sin0 

i Jg-x 2 ’ dx = 3cos9d6 


' J Sif de = j 1 de = 0 + c = sin_1 f + c 


37. Jsin’ xcos 4 x dx = Jcos 4 x|l-cos 2 xjsinx dx = Jcos 4 xsinx dx -J cos 6 x sin x dx - 


OS X , COS X , f' 

5 + 7 


2 

38. Jcos 5 xsin 5 x dx = Jsin 5 xcos 4 xcosx dx = Jsin 5 x|l-sin 2 xj cosx dx 

= Jsin - '’ xcosx <ix-2 Jsin 7 xcosx dx + Jsin 9 xcosx dx = sm 6 - - 2sl ” x + sm 1Q x + C 


39. Jtan 4 xsec 2 xdx = ^- + C 

40. Jtan 3 xsec 3 x dx = j|sec 2 x-ljsec 2 x-secx tanx dx = Jsec 4 x-secx -tanx dx -Jsec 2 x - sec x-tanx dx 


5 3 


41. Jsin56 , cos66 | d9 = \ J(sin(-6 ) ) +sin(116 1 )) dO = 4jsin(—6*) t/^ + iJsinlll#) dO = yCOs(-#)-^cosll# + C 


= Jj-cos 9 - cos 1 \6 + C 
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42. 


f 2 3 

sec # sin 


Gd9=\ 


sin#(l-cos 
cos 1 8 


0 ) 


= f sin , g d6 - f sin 9 dO = cos 1 9 - (-cos 9) + C = sec 9 + cos 9 + C 
J cos- f) J 


43. 

44. 

45. 


Jjl + cos^j dt = Ja/ 2 cosJj- dt =4V2|sin^- +C 


jVv/tan 2 e +1 dt = J sece ? 


e at = In 


sec + tan e 


+ C 


E s | < Ax) 4 M where Ax = = |; f(x) = y = x 1 => /'(x) = -x 2 => /"(x) = 2x 3 => /"(x) = -6.x -4 

=> /^(x) = 24x -5 which is decreasing on [1, 3] => maximum of /^ 4) (x) on [1,3] is 
/ (4) ( 1) = 24 => M = 24. Then £ s | < 0.0001 => (yjjjy)(f f (24) < 0.0001 => (yj§)( 4) - °- 0001 
=> \ < (0.0001)(4||) => 77 4 > 10,000=> n >14.37 n > 16 (77 must be even) 


2 

46. \E t |<^(Ax) 2 M where Ax =^ = 2-; 0 < /"(x) < 8 => M = 8 . Then | E T \ < 10 “ 3 => ( 8 ) < 10 “ 3 

=> -^ 5 - < 10 -3 > 1000 => 77 2 >^M^77 >25.82 =^77 >26 

3 n 2 2 3 


47. 


Av — b-a _ 7T-0 _ n_ Ax _ ;r . 
^ “ n ~ 6 “ 6 ^ 2 “ 12 ’ 


6 

2y(x,-)=12=>r=(£)(12)=;r; 


6 

jT/n/Xx,-) =18 and 
7=0 


=»Mh)< 18 > 


= 7Z\ 


Ax _ 7T 
3 18 



x i 

f( x i ) 

m 

7«/(Xf) 

Xo 

0 

0 

1 

0 

Xl 

n 16 

1/2 

2 

1 

x 2 

Till) 

3/2 

2 

3 

x 3 

n 12 

2 

2 

4 

x 4 

2nl3 

3/2 

2 

3 

x 5 

5n/6 

1/2 

2 

1 

x 6 

n 

0 

1 

0 



x i 

f( x i ) 

m 

7«/(Xf) 

xo 

0 

0 

1 

0 

Xl 

7t/6 

1/2 

4 

2 

x 2 

7113 

3/2 

2 

3 

*3 

n 12 

2 

4 

8 

x 4 

2nl3 

3/2 

2 

3 

X 5 

5n/6 

1/2 

4 

2 

X 6 

71 

0 

1 

0 
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48. /- (4) (x) <3=>M =3; Ax=^4 = J-. Hence | E, \ < 10~ 5 => (3) < 10“ 5 => -L- < 10“ 5 => n 4 

• /V/ n n 151 \ 180 )\n) x 7 60« 4 60 

=> n> 6.38 =^> n > 8 (n must be even) 

49 - ^v=yZoI 0 365 [ 37sin te^- 101 )) + 25 ]^ = 3k[- 37 (W COS te( X - 101 )) + 25x )] 0 
=^[(- 37 ffi) cos ft( 365 - 101 )] + 25 ( 365 ))-(- 37 ffi) cos fe( 0 - 101 )] +25 (°)i 
= -TT cos fe ( 264 ) ) + 25 + lr cos fe(- 101 )) = -|T( cos te( 264 ))- cos te (- 10 «)) +25 

« -|J(0.16705 -0.16705) + 25 = 25 °F 

675 

50. av(C v ) = -=j-=r f 675 r8.27 +10~ 5 (26T -1.87T 2 )1 dT = -±J%21T +^T 2 - 062233 T 3 1 

1 675-20 J20 L V /J 65510 5 10 5 J 20 

*-^-[(5582.25 +59.23125-1917.03194)-(165.4 + 0.052-0.04987)] » 5.434; 

8.27 +10“ 5 (26T -1.87 T 2 ) = 5.434 => 1.87 T 2 - 26 T - 283,600 = 0 => T » 26 +V 676 ^K 1 -87X283,600) ^ 3% 45 o C 

51. (a) Each interval is 5 min = ^ hour. ^-[2.5 + 2(2.4) + 2(2.3) + ... + 2(2.4) + 2.3] = jj » 2.42 gal 
(b) (60 mph) |4|-hours/gal j » 24.83 mi/gal 

52. Using the Simpson’s rule, Ax=15=>^p = 5; 

^mf (Xj) = 1211.8 => Area « (1211.8)(5) = 6059 ft 2 ; 

The cost is Area -($2.10/ft 2 j * ^6059 ft 2 )($2.10/ft 2 j 
= $12,723.90 => the job cannot be done for $11,000. 
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56. r-^ 7r =r I -^ 7r+ r^w+f 

J-2 (6>+n 3/5 J-2 r^+n 3 ' 5 J-i(0+r> 3/5 


de 


2 (6»+l) J/5 J-2 (6»+ir 5 J-l(0+ir 5 J2 (0+l) J 

poo i s\ pOO j /3 

and J 2 ^ diverges diverges 


converges if each integral converges, but lim 


ff" 


0 -»°O (^+1) 


= 1 


57. 

J3 jj 2 —2u J3 «-2 J3 u 


In 


u—2 


ib 

= lim 

-3 Z)—>co 


In ^ -In ^ 

b 3 


: 0 — In j = In 3 




= ln4 + l + ln3=l + ln| 


59. f x~ e x dx = lim 

JO Z>—>oo - 


-x~e x — 2xe x - 2e x = lim 


i b 

0 b —>oo 


-b~e b -2be b —2e b -(-2) 


= 0 + 2=2 


b —>—GO 


i e 3x_j3x1° = l im 

r_i_(4 e 3t,_I e 36')J 

L3 9 J b 6->-oo 

9 \3 9 /_ 


= -i-0 = -- 

c\ v/ 


61 f” -> f°° <fr 1 f° 

J-qo4x 2 +q Jo 4.y 2 +9 2 Jo 


dx _ 1 


= 4r lim 


J-co4x 2 +9 Jo 4x 2 +9 2 JO x 2 +-| 2 £_ >00 |_ 


rtan 


1 = d- lim 4tan ! (^)-|-tan ! (0) 

\ 3 /J o - oo L3 '3/3 


62. J 


= 2 J, 


4Jx 


4Jx 


■°°x 2 +16 Jo x 2 +16 z>->o< 


2 lim 

tan 1 

b 

= 2 lim 

tan 

-)-tan 1(0)1 

= 2 

’(l 

-)-o" 

Z>— >oo 1 

L V4/J 

0 Z ?—>00 

L \4 

/ 


Lv 2 

/ J 


= ;r 


63. lim JL — = 1 and f diverges => f —M= diverges 

J<5 9 S J 6 V^+l 

p°0 

64. I = e cosu du = lim 

JO A,_ir. 


6-»co 


—u 

-e cosu 
1 


1 b 
- 0 Jo 


poo 

- \ e sin u du = 1 + lim 

Jo I, ^ 


6->°o 


r n/ 

—« „• 

3 r 


e sinw 

L J( 

) Jc 

»( e r 


cos u du 


■ I =1 + 0-1 => 21 =1=>1=± converges 


rinz^ = Clnz^ + rinz^ = 

"(In-) 2 ] 

e 

+ lim 

"(lnz) 2 ' 

b 

(df-oW lim 

(lnZ>) 2 i 

Jl z Jl z Je z 

2 

1 6->oo 

2 

e 

( 2 / b-> oo 

2 2 


= go => diverges 


66. 0 < V ^ e~‘ 

dt 


f GO p 00 -f 

for />! and e dt converges => ^-j=- dt converges 


67. I 


2 dx 


~ f 00 2 dx f 00 4 <2X f 00 2dx 

= 2 -< - converges => converges 

-oo^+e"* Jo e x +*T x Jo <?* J-oo & 
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r _ 

dx 

1 

1 

dx 

, 1 

• 0 

dx 

-+ 1 

l 1 

dx 

, 1 

• OO 

dx 

J-°° x 2 | 

M 


-® x 2 | 

M 

l + J 


M 

l +J 


M 

l + J 

7| 

K) 


lim 

x—>0 


( 

1 

,, 2 J 


1 

2 

X 

MJ 


x 2 (l+e*) / \ -i , -i , . 

= lim ——L - lim 1 + e x = 2 and diverges => ,, —- diverges => 

x—^0 X 2 v—>0 ' ) Jox 2 5 J0x 2 (l+ e ") 6 J- 


dx 


2 M 


diverges 
69. j 


f x dx m 

u = ~Jx 

J l+Vx’ 

du = 

2\[x _ 


-> 




2 3 2 

du=^u -u +2u -2 In | \ + u\ +C 


2x J ' 


-x + 2y[x -2 In (l +Vx) + C 


71. jVzx-x 2 " dx ; x-l = sinft dx = cos0dO 

For the integrand to be nonnegative x must be between 0 and 2 so x -1 is between -1 and 1 and we can take 
ft between -n/2 and n/2, where cosine is nonnegative. Thus 

V 2x-x 2 = -\/l — (x -1) 2 = V 1-sin 2 <7 = Vcos 2 (9 = cos ft 

JV2x-x 2 ftx = j"cosftcosftftft = j"cos 2 ftftft = ^-j"(l + cos2ft)ftft 

= 2^ + 2 s ; n 2^ + C =— ft + 2sinftcosft + C 
2 4 2 2 

= ~sin _1 (x — 1) + ^-(x — 1)V 2 x - x 2 +C 


72. f . ^ = f ‘ /v =sin~ 1 (x + l) + C 


73. f - cos ^ +sin Y ftx = [2 esc 2 x dx - f cosxdx + f cscx j x - -2cotx + ^-In | cscx +cotx | +C 

J sin 2 x J J sin 2 x J sln x 

= -2cotx + cscx-ln | cscx + cotx | +C 


74. Jsin 2 ft cos 5 Odd 

J sin 2 ft cos 5 ft dd = J sin 2 ft^l - sin 2 ftj cos ft dd ; 


M = sinft du = cos ft ft ft 


j"sin 2 ft|l-sin 2 ftj cos ft dd = J ^sir 


(1 — sin“ ft| cos Gd0= | |sin~ ft- 2 sin 4 ft + sin 6 ftjcosftftft 

,3 


■ | jw 2 -2 m 4 + m 6 j du = 


« 2 5 1 7 

-£/ H- 11 + C 

3 5 7 


sin 3 ft 2.5 1 . 7 

-sin" ft + —sin ft + C 

3 5 7 
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76. 


1 r dv 

+ J_ 

f dv 


f dv - 1 In 3 +v | 1 1 tin 

2 j v 2 +9 

+ 12 

J 3—v H 

h 12 J 

1 3+v “ 12 ln |3-v| + 6 tan 

= lira [ 

ji] 

b r 

= lim 

2 A~>co l 

ji-<-»]= 0+1 = 1 


77. cos(2<9 + l) 

6 (+) > {sin(2<9 + l) 

1 — > “Cos(2<9 +1) 

0 => J #cos(2<9 + l) dd = 4sin (2# + l) +4-cos (2# + l) + C 


yg | sin2#rf# _ i f (-2sin20)rf# _ 1 


c/.v 


-n 2 2 


(*-!)' 


= 4 r + 2x + 31n|x-l|- 


1 

x—] 


f (-2sin2 0)d0 = _1_ + C = ±sec 2 d + C 

(1+C0S2 ef (1+COS20) 2 2(l+cos2<2) 4 


P7rl2 

J;r/4 


f cos 2x dx = 

-2^-sin 2x 

J^/4 

2 


;r/2 

;r/4 


2 


81. f4^L; 

J \ 2—x 


= 2 


V2-x 

(V^J 


J = 2-x 
rfy = -ah 

3 

-2V2-x 


_r(2-^, = , 3/2_ 4 y/2 +c = | ( 2 _x ) 3 / 2 _ 4 ( 2 _x ) 1 / 2 +c 
J y/y 5 3 


+c 


82. | 2 V dv; [v = sin ^ J 


= _ sin -i v _ilz^ + C 


cos 0 - 0*0 do = [• (' sin = fesc 2 6> £/6> - f t/6> = cot 6»-6» + C 

sin 2 f) J sin 2 f) J J 


83. f-r-^—=f d) \ = tan -1 (7 -1) + C 

■> y 2 -2y+2 J (y-l) 2 +l 


84 . f ** =U , {2x)dx =l sm - 1 f4l) + C 
J V8-2x 2 -x 4 2j In /..2 , i\ 2 2 \ 3 / 


-(*h 


85. 


f -+ 1 ^=±f(l + J--^ ±L )^=li n | z |_J--li n ( z 2 + 4 |-ltan ~ 1 

J z 2 (z 2 +4 4.J\z x 2 r 2 +4 ) 4 1 1 4z 8 \ j 8 


_1 f + C 


+ C 
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f 2 1/3 2 2 

86 . I x(x — 1) dx ; m=x-1 du=dx x = (t/ + l) 


| x 2 (x -1) 1/3 dx = J [u 2 + 2m + lj • 


du 


= \[u™ + 2u m + u m )du 

= A m 10/3 + V 3 + V 3 + C 
10 7 4 

= A (x _ 1)10/3 + ^ 7/3 + A 4/3 + c 

10 7 ' 4 7 


87. f_T£_ = _If 

^9-4r 8 ■* 


\l9-4t 2 




■4r +C 


88 . 

89. 

90. 


m = tan 1 x, 


-4-tan 1 . 

x 


1 +x 


> 

II 

1 . 

x’ 

j* tan 1 a 

J X 2 

7 In |l + x 2 j 

+c = - 

tan -1 x 

X 

r dx 

_ f dx 

_ f dx 

J (x+l)(x+2) 

J x+1 

J x+2 


• = ~tan 1 x + J- 


dx 


: H) 


= -i tan _1 X+ f — 

x J x J-i +x 




5 1 dt = f(tan r) (sec 2 t -l) dt = ta ” ’ - ft 


g . f 00 In ydy__ 

Jl / ’ 


x = In y 

dx = — 

y 



dx = lim 

&—» 00 


2L 

2 


e~ 2x 



b 

0 


dy = e x dx 


= lim 

b —>00 




I 

4 


92. f y 3/2 (lnj 2) 2 dy ; u = (In y) 2 , du = ^^-dy, dv = y 3/2 dy, v = jy 512 
J T 5 

j/ /2 (lny) 2 dy^y 5/2 (lny) 2 -^y 2/2 lnydy 

f "2/9 1 T/9 2 S/9 

Now we compute \y “In y dy: u = In y, du = —dy, dv = y dy, v = —y 1 

y 5 


JV /2 lnj;rfF 


= -y 5/2 
5 

2 5/2 
= TT 


i„x-flx 3/2 

, 4 5/2 


dy 
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J 7 3/2 (lny) 2 dy = ^y 5/2 (ln y) 2 J y V2 In y dy 


5' 

5^5' 


2 5 / 2/1 \2 4 ( 2 5 / 2 , 4 5/2 

= T3 ; flnjO -T t) 7 Inj'-T/ 


= p 


.5/2 ( 2 


I 11 ”’’) 


25 ' 125/ 


+ C 


93. Je ln ^ah = j"Vx dx =-|x 3/2 +C 


94 


. jW3 + 4/ </<9; 


w = 4e 
du = 4e° d8 




95. J 

96. J 

97. | 


sin 57 dt 
l+^osS;)^ 


afv . 


u = cos 5/ 
du = -5 sin 5/ dt 


-> 


-JVJTm du = i■ J(3 + t /) 3/2 +C = i(3 + 4/V 
-2- f-^L- = _Itan -1 m + C = —^ tan -1 (cos 5/) + C 

5 J 1 ,5 5 


x = e 

dx = e v dv 


-> 


dx = sec 1 x + C = sec 1 j + C 


xyjx -1 


dr . 

1+Vr 5 


m = Vr 

rfu = -£= 
2^ 


-» 


J^- = J( 2 - T ^)A/=2!/- 21n l 1 +z/|+C= 2 Vr- 21n ( 1 + Vr) + C 


x -10x 4 +9 


- f 4 jc 3 — 20x\dx 

A O 

f 4 2 =ln 

x 4 -10x 2 +9 

- 1 x 4 -10x‘ +9 



+c 


99. | -pL_ dx = t/x = Jx <ix - 4 j -p^L .dx = ^x 2 -\\n[\ + x 2 j + C 


100. f^ T 7/x = if^ T 7/x=iln 

J l+x 3 3 J 1+x 3 3 

101. fi±4^x; i±4 = -4- + - 

J l+x 3 l+x 3 1+x l- 


l+x" 


+ C 


Ar+C , =>1 + X 2 =^|l-x + x 2 


= (A + B)x 2 +{-A+B+C)x + (A + C)^> A + B = \, -A + B + C = 0, A+C = \^> A = \,B =i,C = |; 


u = x- 


f-^ 2 — dx = \[j^-+ (1/3 ) v+1/3 j dx =■=• f-p— dx + \ [ — dx = 2 - f-4— dx + \ [ 
J 1 +X 3 J \ l+x l-.v+x 2 J 3 J l+x 3 J 1_ X+X 2 3 J l+x 3 J 

\ f -—\du = 2 - f 11 du + 2 - f —^-du = pln 
3 J i + , r 3 J 3 +u 2 2 J 3 +|/ - 6 

V3 


x+1 


f HT 


• dx; 


du = dx 

= iln|l + (x-i) 


1 + M 2 


+ + tan _l '-^- 


Vs 173/2 


+ - 7 = tan 1 ' — 1 


^ V3/2 


4 ln 


1 -x + x 4 


+ -Utan _1 * 2 x=l 


• 4 f-L ah+ 4 f * +1 ~f dx =|-ln | l + x | +4ln 
3 J l+x 3 J j-x+x 2 3 1 1 6 


1 —X + X" 


V3 

._L tan -l(2gl | + c 
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102. f 1+ * dx; —^ f 1+ (" 1 ) d u - f»— 2li±l du - fl du - \^-du + [-4- du = In | u | + —--Jy + C 

3 (l+x) 3 [du = dx \ 3 u 3 3 u 3 3 “ 3 u 2 3 u 3 11 u 2 


= In 11 + x I + 


2 1 


103. I dx\j] + dx dx; 


w = yjx => w 2 
2 wdw= dx 


• J2 w 2 VT + w dw 


2 w 2 —> |(l + w) 3/2 
4 w —A(i + W) 5 /2 
4 + + 

0 => J2w 2 ^/^+Wvv = jw 2 (l + vv) 3/2 -i|w(l + wf n + ^(l + w ) 7/2 +C 

-w+xr-m+*r* 


104. [yll + yjl + x dx; M ^ + X —> [2wVl + w dw, 

J 2vv dw = dx J 

u = 2 w, du = 2 dw, dv = -> 

12 wVT+vv dw = j w(l + w) 3 ^ 2 - J -4(1 + w) 3/ “ t/vv = j w(l + w) 3 ^ 2 -yj(l + vi') 5/2 + C 
= ^-sl\+x{l + -Jl + x^j -^-|l + %/l + xj +C 


+ w dw, v = j(l + w) 3/2 


105. f r \— dx; U x _> f —2=du; u = tan#, --f- < 0 <-f, du = sec 2 9 d6, Vl +u 2 = sec0 

3 vxVl+x 2 m du =dx J vl+« 2 L 

| J 3 —- du - J dd = j^sec# dd = 2 In [sect? + tan d[ +C = 2 In Vl + u 2 +u +C = 2 In | Vl + Jt: + V* | +C 


u = tan 0, -y < 6> < -y, du = sec 2 6> dd, yjl + u 2 = sec6> 


106. J yl + y/l-x 2 dx; 

x = sin 0, --f- <9 <^r,dx = cos 9 d0, Vl-x 2 = cos 9, .r = 0 = sint? => 0 = 0, x=4- = sin0=>6 , =^§- 

11 lb 

-> f^Vl + CQSfloosfl = f y/6 Vl^g OQS0d0 = r /6 m£m£ d 9 = lim r /6 singcosg rf g 
Jo Jo Vl-cosg Jo Vt—cos 0 C _> 0 +Jc dl-cosd 

u = cos9, du = -sin 9 d9,dv = 3m0 d9, v = 2(1-cos 9) l, ~ 

L Vt—cos 0 v ’ \ 

= lim 2cos6 , (l-cos6 1 ) 1 “ +f 2(1 -cos^) 1 " sin# d9 
c-> 0 + j- J c Jc 

= lim ^cos^^l-cos^jj -2cosc(l-cosc) I/2 j + y(l-cos6 , ) 3/ “ 

= lim V^l-V^-j -2cosc(l-cosc) 1/2 +f|-|l-cos^-|jj ~-4(1-cosc) 3/2 1 


= lim 

c->0~ 
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= lim 

c->0' 


-2cosc(l-cosc)' 2 -y(l-cosc) 


107. f ~^—dx=\ , ln , v - dx; 

J x+x\nx J x(l+lnx) 


U = 1 + In X 
du = — dx 




J ^ du = |du - J4 du = u - In | u \ +C 


= (l + In x) - In 11 + In x \ +C = In x - In 1 + In x + C 


108. | 
109. | 


xlnxln(lnx 


dx; 


u = ln(lnx) 


du = 


x In x 


dx 


-> 


J4 -du = In | u | +C = In In (in x) + C 


-dx; 


u = x 


lnx 


\nu = lnx 11 * = (lnx) => —du = => du = - 

v / U X 


lnx ^ — 2x_ lnx 


dx 




41 du = yM + C = jX ln ' x + C 


lnx 


110. J(lnx) 

=Z> du = u 


i + MN 

X X 


i + MH 

X X 


dx; 


u = 


dx = (lnx) 


(lnx)*”' => lna = ln(lnx) ln ' T = (lnx)ln(lnx) => ^du = 
J du = u + C = (in x) ln A + C 


i + MH 

X X 


dx 


111. |— J— - dx = J- 


■ dx; 


x 2 = sin 0, 0 < 8 < y, 2x dx = cos 6 dd , V 1-x 4 = cos 8 


x\l 1-x 4 ^ x 2 \l 1-x 4 

-» j J sin C ggQ S g ^ = 2 Jcsc8 dd = -4-ln|csc6> + cot^| + C = -4 In 


1 . yl-x 

2 ' 2 


+ C = -yin 


1+vl-x 4 


+c 


112. ah; = >/l-x => m 2 = 1-x => 2m du = -ahj — » J ^ ~ u 2 c/m = J-4+j- du = j(2+-2—j du; 

-^- = ^r + ^ 1 ^>2 = A(u+\)+B(u-\)=< < A + B)u + A-B=>A + B=0,A-B = 2^>A=\^>B = -\; 

^ ^_J W 1 li i 1 

J^2 + -^-j-jc/M = J2 du+ | (^zT -= + l n I m -11 -in | u +11 +C = lyjl-x + 4-hJ^+^l 


V 1-x+l 


+c 


113. (a) /(a -x) ah; [u = a -x => du = -dx, x = 0 => u = a, x = a => u = 0] —> -J /(m) du = J /(m) di 

is the same integral as J /(x) dx. 


<»> 1 


nil 


- dx = | 


;r/2 


sin| 

fjL-x' 

(2 X j 

1 

sin| 

(H 

|+cos| 

(H 


tnH sin^jcosx-cos^sinx 


_ |^ /2 cosx 


=1, 


0 cosx+sinx 
nil 


dx^2\ n/1 sin * 


sm -v+cos x dx — 

0 sinx+cosx ' Jo 


0 sinx+cosx 

. r 


dx = j 


7r/2 


' 0 sin(y) cos x-cos(y ) sin x+cos(y ) cos x+sin(-|) sin x 

ah +J 


dx 


mil 


cosx 


dx = f dx =fxl^ / “ = -f-=>2[ 
Jo JO 2 J( 


'0 sinx+cosx 
71/2 


sinx 


JO cosx+sinx 
r7rl2 


- dx 


0 sinx+cosx 


dx =f^l 


MH2^dx = f 

0 sin x+cos x 4 



which 
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f sinx _ 

f sm x+cos x-cos x+sin x-sinx _ 

f sm x+cos x , f 

-cosx+sinx 

, f -sinx 

1 CuC — 

J sm x+cos x 

1 uX — 

J sm x+cos x 

1 UX + 1 

J sm x+cos x J 

uX 

sm x+cos x 

+ 1 uX 

J sm x+cos x 


■ \dx- f C0S ' Y smx dx- f . smx — dx = x-ln|sinx + cosx|- f . SU1A — dx 
J J sm x+cos x J sm x+cos x i i J sm x+cos x 

4> 2\ . smA — dx = x-lnlsinx + cosx| => [ . sm - Y — dx = 4-4-lnlsinx + cosx| + C 
J sm x+cos x i i J sm x+cos x 2 2 > i 


115. f sln2 : 1c dx= [—eo£i_ &= f 

J l+sin Z X j 1 I sin x j 


2 + 2 
COS X COS X 


dx = j- 


- dx = p 


- sec * . dx 

seer x+tarr x 


= j *dx — f sec * dx — x —t= tan *(V2tanx) + C 

J 1 1+2 tan - x V2 V / 


H6 fl=cosx^ = f 0 cosx )~ dx = f l-2c°sx+cos 2 x dx = f _J_ dx _ 12cgM dx + f cos^x dx 
j 1+cosx J i-cos 2 x •* sinx •* sin 2 * * sinx J sinx 

= Jcsc 2 x dx -2j"cscxcotx dx + j"cot 2 x dx = -cotx + 2cscx + j"(csc 2 x-lj dx = = -2cot x + 2cscx -x + C 


CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES 


9 —1 

i / . -1 Y i 2 sin xdx j , 

1. u = I sm x I , clu =— . ; dv = dx, v = x; 

V ' V 1-x 2 

[(sin -1 x)~ dx = x(sin -1 xj” - [ sl ^—- —; u = sin -1 x, du = +— ; dv = —= 2x1 ] -x 2 ; 
J v ' v J Vl-x 2 Vl-x 2 Vl-x 2 


■2xsin 1 x dx 


|sin 1 xjVl-x 2 -j*2 e/x =2(sin 1 x^ Vl — x -2x + C; 


therefore 


J|sin L xj dx = x i sin 1 xj +2(sin 1 xjVl-x 2 -2x + C 


2. X = + 

X X 


1 1 1 

x(x+l) X x+1 ’ 

1 _ J_1 . 1 

x(x+l)(x+2) 2x x+1 2(x+2) ’ 

_1_ . 1 1 ,1_ 1 

x(x+l)(x+2)(x+3) 6x 2(x+l) 2(x+2) 6(x+3) ’ 

_1__ 1 1 .1_1 . 1 

x(x+l)(x+2)(x+3)(x+4) 24x 6(x+l) 4(x+2) 6(x+3) 24(x+4) 

m k 

=* the followin S P attem: xix + nrx + 2)...ix +m i = I (mrn-mx- 


x(x+l)(x+2V--(x+m) (k'Mm-ky.ix+ky 

k =0 


therefore | 


x(x+l)(x+2 )■ • -(x+m) 


7 --=V .. ^ In X + k +C 

+2 )‘--(x+m) < (k\Mm-kV. 
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3. u = sin 1 x, du = 4 ^— : dv = x dx, v = A-; fxsin X xdx = d—s\n 1 x — f X r^— \ 

^x 2 2 J 2 

f • -1 , r 2 • -1 fskr0cos0rf0 V 2 • -1 if. 2 /i jn 

•Ixsin xax=A-sm x-l n cos $ —=4r sm x-rHsin 0 d8 


x = sin 0 
dx = cos 9 dd 


= ^-sin 


in" 1 x — i (| — + C= 4sin" 1 x + ^os9-9 + C = £ sin -1 x + xV1 -*~ “ Sln ' x 


xVl-x 2 -S: 


+c 


4. |sin l yjydy; 


=4y 


dz = 




-» 


2 Vr 

Jsin _1 7j dy=ysm~ x J)> + 


J2zsin _1 zfife; from Exercise 3, JzshT 1 z <fe = ^ + C 


; „-i (Z^ in- 1 4 ~y + c = ysin --11 fy + ^ + c 


5 f dt ■ 


t = sin # 
dt = cost) dd 


r cos0 dd _ f d9 . 
J sin 0-cos 0 J tan 0-1’ 


m = tan 0 
2 

du = sec” 6 d8 
dO = -p- 


f du 
^ (w-l)^w 2 


f du 11 

[ * 11 

r« du i 

u— 1 

J w-1 2 J 

l« 2 +l - J 

1 u 2 + 1 2 ln 

\]u 2 + 1 


- i tan -1 u + C = \ In - ± 8 + C 

2 2 sec 0 2 


= -y In I t 


-VT 


A I - Jr si n ! t + C 


6. f —ji— t/x = f-- dx=\ T --r dx = -jV f 

J.v 4 +4 J ( x 2 +2)-4x 2 J (x 2 +2x+2)(x 2 -2x+2) 16 J 

I + ^tan -1 (x +1) + tan -1 (x -1) J + C 


2x+2 , + _ 2 


2x-2 _ + _ 2 


x 2 +2.V+2 (x+l) 2 +l x 2 -2x+2 (x-1) 2 +1 


dx 


= lV ln 


x +2x+2 


x -2x+2 


7. lim J sin t dt = lim [-cost]' v = lim [-cosx+ cos(-x)] = lim (-cosx+ cosx) = lim 0 = 0 


8. lim f dt; lim = lim —— = 1=> lim f dt diverges since f diverges; thus 
x-»0 + x * t^0 +cost x->0 + x > Jo ^ 

lim xf dt is an indeterminate 0-oo form and we apply l'Hopital's rule: 

x-»0 + 3x r 


-P C25I dt 

lim x f dt = lim ——f -= lim 

=>n + J * t _ r ^o + 


COSX 

2 


x —^0 


x->0 + I -A I x-»0 + 


= lim cosx = 1 


9. Jirn£ In = Itmg 111 (> +k (M^ = io ln +X ) dX ’ 

—> | ln u du = [;/ ln u -u ]“ = (2 ln 2 -2) - (ln 1 -1) = 2 ln 2 -1 = ln 4 -1 


u = 1 + x, du = dx 
x = 0 u = \, x = 1 => = 2 
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13 ' V = 2;r ( radius )(hefht ) dx = few dx 

= 6n x 1 Vl —x dx; = 1 - x, du = -dx, x 2 = (1 - w) 2 J 
—> —6 ttJ^ (1-z/) 2 Vm du =6^j^w^ 2 —2iC ,I ~ +u 5/ ~^jdu 

L 3 5 7 J o 

=6 q f -i + 2) =6 q™^3.) =6 q^) = ^ 

14. F = f 7r3' 2 dx = 7rf 25dx = 7r\ (—+ -? r + -T-!— 

Ja Jl x 2 (5-x) Jl \* x 2 5-x/ 

=;r [ ln fc|-f]i = 4 n 4 -fHK- 5 ) 


= i ^ L + 2;zTn4 
4 


r = J„*2»(K. )(*&.)* 

-1 r ,-|l 

= 2nxe x dx = 2n xe x -e x =2n 
JO L Jo 


16. V = j o 2n(\xv2-x){e x -\^dx 

= 2tt| 0 ^(ln2)e x -ln2 -xe* + xj dx 

r 2l ln2 

= 27t (ln2)e A -(ln2)x-xe*+e x +4^- 
= 2;r 21n2-(ln2)~ -2In2+ 2 + -2;r(ln2+l) 



Copyright © 2014 Pearson Education, Inc. 


Chapter 8 Additional and Advanced Exercises 


653 


= 2n 



-ln2 +1 


dx 


17. (a) F = J i ^|^l-(lnx)“ 

= n\x -x(lnx)~ +2n^ In x dx 
(FORMULA 110) 


2 

x-x(lnx) + 2(xlnx-x) 


- e 

- 1 


e 

J 1 


-x — x(lnx)~ + 2xlnx 
= n [-e - e + 2e - (-1)] = 7T 
(b) V = ;r(l-lnx)~ dx = |J-21nx + (lnx) 2 

2 e * £7 

-2(xln x —x)+ x(lnx) — In^Xnxdx 


dx 


= 71 


- n 


2 

x —2(xlnx — x) + x(lnx)^ — 2(xlnx-x) 


2 

5x- 4x In x + x (In x) 


J 1 


= ;r[(5e-4<? +e)-(5)] = ;r(2e-5) 



18. (a) V = 7i^ [e y j -1 dy = TrJ^e 2 ^ -l) dy = n 
(b) V = nf 0 ( ey -l) dy = 7rj o |e 2 ' -2e y +lj dy 


n 1 


= n 


Jo 




_2j> 


V-^’+L 


n 1 


J 0 


(4-H-M 


= ^r|4--2e + 4l = 


ff|e 2 -4e+5j 


19. (a) lim xlnx = 0=> lim /(x) = 0 = /(0) => / is continuous 

x— >0 + x-»0 + 

(b) V = J~7rx~ (lnx)“ dx\ u = (lnx) 2 , du = (21nx)-^; dv = x 1 dx,v = -y 


—» 7r| lim 

,fr-> 0 + 


'4(lnx) 2 


n 2 


J6 


T(2'“)f 


= 7T 


(IX 1 " 2 ) 2 -(!))“, 


2— In r — V 

3 mX 9 


1 2 


J b 


8(ln2)- 16(ln2) 16 

3 9 27 
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21. M = | lnx dx = [xlnx -x]j = (e-e)-(O-l) =1; 
M x = | (lnx)|^-j dx = j j‘ (lnx)~ dx 
= i[[x(lnx)-] -2^ lnx dx\ =j(e-2); 


M y = Jj xlnx dx = x * nv -4-jj x dx 

= i[x 2 inx-f] i =4 p-4) + i =i( e2+1 ) ; 


M .V _ e 2 +l 


therefore, x = — = and y = -f- = ^ 

A// A •'Ml 




23. Z,= 




e Vx 2 +1 


x = tan 6* . 

2 —> T = f 

dx = sec~ 6 dd ' 


tan 1 e sec0-sec 2 6 dd _ f tan (sec0)(tan- 0+l) 


J (tan#sec# + csc#) dd = [sec^-lnlcsc^ + cot#!]^ 

= |4l + e 2 -In + 7 - V2-ln(l + V2) =Vl + e 2 -1 


= Vl + e -In 


+ 4j-V2+ln(l + V2) 


24. 


y = In x => 1 + 



= 1 + x 


2 



U = re I T M — tan 9 -tan *e T 

—>S = 27t yjl + u du] , —»2;r sec0■ see" 0 dd 

du = e^'t/y Jl |rf« = sec 2 <9 J;r/4 

= 2^r(4")[sec^tan6^ + In|sec<9 + tan6?|] tJ1 ^ ( = n fVl + e 2 e + ln •Jl + e 2 +e — ;r V2-1+ ln^V2+lj 
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25. 5 = 2>rj‘ i /(*) > /l + [/'(*)f dx- f(x) = (l -x 2/3 f* => +1 = =1 5 = 2tt\_ (l-.r 273 ) 3 ' 2 


dx 


= 4 n 




U = X 


2/3 


du = 




4 -4?rJ 0 (l -w ) 3/2 du = —— z/) 3/2 (—l)c/z/ 


= -6^.f 


(t- M ) 


5/2 


~|1 


Jo 


12tt 

5 


26. >> = 


J 2 yjyft -1 dt => -^ = \fjx ~-1 => Z = |^ + -lj dx = Vl + Vx -1 dx = x/x t/x = 


4 5/4 
5* 


116 


Jl 


= 4(16)5/4 _1 (1) 5/4 = 1|4 


27. f (-f 2 -—d_) dx = lim f (-f 2 - — = n m £.i n / Y 2 + ij_li n T 

Jl \x 2 +l 2 */ /,^oo J l \x 2 +l 2x/ ^ooL 2 V / 2 


n b 

= lim 

J l />—>00 


1 ( x2+1 f 

4ln 2 - >- 

2 a: 


= lim j 

/>—>C0 2 


(/> 2 +l)“ 

In J— T-d —In 2 a 


lirn ^ +1 ) > lim !^-= lim 2 ) = 


; lim -— 7 —— > lim ^ 7 - = lim Z? ^ 2 '=ooiftf>i=> the improper integral 


/}—>GO ^ b —>00 ^ /)—>GO 


diverges if a > 4 ; for a = 4 : lim ^ /,2+1 = lim Jl+-X = 1 => lim 4 

f >->00 2 


^ b—>co b b —^co "V b A 


/ ? \ 1/2 

+ ^) 1/2 
Ini—r*-In 2 1/2 


i-(ln 1 --i-ln 2 ) = -J^; if a < 4 : 0 < lim -—< lim ( 4 +1) = lim (b +\) 2a 1 = 0 

2 ' 2 > 4 2 b^OO b b^OO * + 1 b ~>00 


( &2+1 ) 


lim In 2 — j- 2 — = -oo => the improper integral diverges if a < 4; in summary, the improper integral 


b—> oo 


r( 


-f 2 — dx converges only when a =4 and has the value 

X +1 ^ 4 


28. G(x ) = lim f e 

h —^on ^0 


dt = lim 

b —»oo b —>oo 


-ig-* 

x 


n 6 


= lim 
0 />->, 




= = 4 if x > 0 => xG(x) = x (4) =1 if x > 0 


p GO i 

29. A = — converges if p > 1 and diverges if p < 1. Thus, p < 1 for infinite area. The volume of the solid of 

Jl x p 

pOO / , \ Z poo I 

revolution about the x-axis is F = 71 yj) ^ x = n ]\ ip which converges if 2p > 1 and diverges if 

2p <1. Thus we want p > \ for finite volume. In conclusion, the curve y = x~ p gives infinite area and finite 
volume for values of p satisfying 4 < p < 1 . 
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30. The area is given by the integral A = f —; 

JO x p 

p = 1: A = lim [lnx]' = - lim In A = oo, diverges; 


6 -> 0 


0 + 


A = lim Tx 1 p 

■j 1 

= 1- lim b l ~ p = 

/>-> 0 + L 

\ b 

b-> 0 + 

A = lim \x l ~ p 

i 1 

= 1- lim b l ~ p = 

b-> 0 + L 

lb 

b^ 0 + 


The volume of the solid of revolution about the x-axis is V x = which converges if 2p < 1 or p < -f, 

and diverges if p>\. Thus, F v is infinite whenever the area is infinite (p > 1). The volume of the solid of 


revolution 


poo p ~\z. poo • o 

ion about the j-axis is V v = dy = n ^— which converges if-^>lcs>/?<2 (see 

Exercise 29). In conclusion, the curve y = x~ p gives infinite area and finite volume for values of p satisfying 
1 < p < 2, as described above. 


31. 

32. 


See the generalization proved in 32. 


0< 


J [f'{x)+x-^dx 
Jo^/'M) 2 dx + \q( 2x ~a)f'(x)dx + 



2 

dx 


The last integral is 



a 


3 


12 ' 


Using integration by parts with u = 2x - a, du = 2 dx, dv = f\x), v = /(x), and the fact that 
f(a) = /(0) = b, the second integral is (2x-a)/(x)]“ -2j ‘ f{x)dx =2ab-2j‘ f(x)dx. Thus 

f 3 ^1 

j Q a dx > 2j o ° f(x ) dx-\2ab + ^\. 



I = ^sin3x +^— cos3x -^1 => y/ = ^-(3sin3x + 2cos3x) =^> I = ^-(3sin3x + 2cos3x) + C 
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3x 3x 

/ = -^-cos4x +^ 7 -sin 4x-j-I =>y|/ = -y-(3sin4x-4cos4.r) => / = ^ 7 -(3 sin 4x-4 cos 4 x) + C 


35. 



sinx 

-cosx 


-9sin3x— 6 +d-►-sin x 

/ = -sin3xcosx +3cos3xsinx +9/ => -8/ = -sin3xcosx+ 3cos3xsinx => / = sm3xcosx-3cos3xsmx 

O 



-25 cos 5x [+J jL sin 4x 

/ = -icos5xcos4x--nrsin5xsin4x + T 7 -/ => ~ttI = -3-cos5xcos4x-^sin5xsin4x 
4 16 16 16 4 16 

^> / = 3- (4 cos 5x cos 4x + 5 sin 5x sin 4x) + C 



ax ax • „2 / 2 | / 2 \ ax , _ . ax , _ . 

/ =-■^-cosZ?x+-^ 2 _ sinZ?x-^ 2 - / =>1 1/ = sin - 6 cos J =>7 = | (a sincos&;*;) +C 

38. cos&x 

sin bx 

a 2 e a ~ —6+3-►—L-cosfe': 

b 2 


ax . ax ~2 / 2 . rl \ ax , . . 

7 = ^sin7x +^-cos6x--^-7 => 1 2 1/ = —-yacosbx +Z?sin7xJ => 7 

39. ln(flx)~~d^d^ 

1 -1=3-►x 

X v 7 

/ =xln(flx)- J^j x dx =xln(ax)-x + C 


<r+fe 2 


(a cos 6 x +6 sin fox) + C 
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42. f—^-=f 

J 1+sin x+cos x J 


( 2 dz ^ 


r W?) 

j* 2 dz 

i+fA+H-1 ' 

\l+z Z 1 +z Z J 

' l+z 2 +2z+l— z 2 


—j = |= In 1 1 + z | +C = In tan j + 1 + C 


43 - J, 


! 7rl2 dx _ 1 

ru 

,1 + Z 2 J 


*1 2 dz 

r_2_i 

JO 1+sinx J 


Lzc 

r J 

'0 (l+z) 2 

Li+zJ 


[ nl2 dx _ I 

r 1 i 

. 1 A 

_-f ! &-r_i 1 

Jzr/3 1-cos x J 


A 2 ' 

Uz+ 

j Jl/V3z 2 L Z J 


45 - J, 


jr! 2 


cW _ 


0 2+cos0 


f 1 Uz 2 J r 

J °2+f 1 -- 2 "' J( 


fl 2 Jz 


1/^3 


fl 2 afz 


J0 2+2z 2 +1-z 2 J0z 2 +3 >/3 


tan -1 -4=1 = A= tan -1 

V3 J o V3 V3 3V3 9 


46. J 


27t/3 cosddO 


n! 1 sin # cos #+sin 0 


j; 


25 


|_ z 2 Y 2cfe 


l+z A l+z 


H 

M 

: + 

r 2 z 1 


+ ! 

Vl+z 2 J 


f) _ jV3 2(l-z 2 ) 


Jz 


2z-2z 3 +2z+2z 3 


j; 


•v/3 !_ 


2z 


■ dz = 


Jrlnz-^- 


V3 


; (il n ^-l)-(0-i) = M-i = I(l n 3-2)=l(lnV3-l) 


47. -= f 

J S1IU-COS/ J 


2dz 


48. f 

J 1-cos? J 


fl-z 2 

Y 2 dz \ 

fUz 2 

Jll + z 2 J 


A 

1« 2 J 

‘ _dz_ _ 

_ _I_ 

z 2 +l 

z 


■l 


. r 2dz _ f 
j 2z-l+z 2 J (z+1) 2 -2 V2 

2(l-z 2 ) 


In 


z+l-V2 


) dz 




Z+ 1 +V 2 

(i-z 2 ) 


+c=A In 

V 2 


tan| 

(i) 

I+ 1 -V 2 

tan| 

(i)+A 


+c 


dz 


(l+z 2 ) 2 -(l+z 2 )(l-z 2 ) J (l+z 2 )(l+z 2 -l+z 2 ) J (l+z 2 )z 2 J z 2 (l+* 2 ) J 1+z 


fl 


| dz 


(i+z 2 ; 

l z2 


_ f_ dz _f dz 

“ J 2/,^ 2\ J, + 2 


49. [seed dd = j"- A 
J J COS0 



2 4z r 2rfz 

1-z 2 J (1+z)(1—z) 



ln|l + z| — ln|l — z| +C = In 


1 +tan 


1 -tan 


50. \csc6d6=\4^ 5 

J J sm0 



J * = In | z | +C = In tan 4 + C 


Copyright © 2014 Pearson Education, Inc. 











Chapter 8 Additional and Advanced Exercises 


659 


(•GO f 

e dt = lim 

fb * 

e dt = lim 

-t 1 

—e j 

b 

= lim 

-i-(-l) 

■’0 />-»<»■ 

0 b— >oo 


0 

0 

L e b J 


= 0 + 1 = 1 


(b) u = t x , du = xt x 1 dt; dv = e 1 dt,v - —e f x - fixed positive real 


• r(x+ 1) = J t x e f dt = lim 


b—>cc 


,1 —t 

-t e 


1 b 
- 0 


.x—1 —t 


dt = lim l-^ + 0'V 
6—>00 


-\X 0 


-xf(x) = .rf(x) 


(c) r(n + l)=«r(n)=n!: 

n = 0:r(0 + l) = r(l)=0!; 

n = k: Assume r (A +1) = Id 
n = k + \:T(k+l + l) = (k +l)r(& +1) 

= {k +l)k\ 

= {k+\)\ 

Thus, T(« +1) = nT(n) = n ! for every positive integer n. 


for some k > 0; 
from part (b) 
induction hypothesis 
definition of factorial 


52. (a) 




and nT(n) = n\: 



n 


calculator 

10 

3598695.619 

3628800 

20 

2.4227868xl0 18 

2.432902 xlO 18 

30 

2.6451710xl0 32 

2.652528 xlO 32 

40 

8.1421726 xlO 47 

8.1591528 xlO 47 

50 

3.0363446 xlO 64 

3.0414093 xlO 64 

60 

8.3094383 xlO 81 

8.3209871xl0 81 


(c) 


n 

1 

(7)" ^ 2nn 

1 


calculator 

10 

3598695.619 

3628810.051 

3628800 
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CHAPTER 9 FIRST-ORDER DIFFERENTIAL EQUATIONS 


9.1 SOLUTIONS, SLOPE FIELDS AND EULER’S METHOD 


1. y' = x + y => slope of 0 for the line y = -x. 

For x, y >0, y' = x + y slope > 0 in Quadrant 1. 

For x, y < 0, y' - x +y => slope < 0 in Quadrant III. 

For | y | > | x |, y > 0, x < 0, y' = x + y => slope > 0 in Quadrant 
II above y = —x. 

For \y\ < \x\, _y > 0, x < 0, y' = x + y=> slope < 0 in Quadrant II 
below y = -x. 

For \y\ < \x\, x >0, y <0, y' = x +y => slope>0 in Quadrant 
IV above y = -x. 

For \y\ > \x\, x>0, y <0, y’ = x + y^> slope < 0 in Quadrant 
IV below y = -x. 

All of the conditions are seen in slope field (d). 


y 



2. y' = y +1 => slope is constant for a given value of v, slope is 0 
for y = -1, slope is positive for y > -1 and negative for 
y < — 1. These characteristics are evident in slope field (c) 


y 



3. y' = —— => slope = 1 on y = —x and -1 on y = x. y' = 

=> slope = 0 on the j-axis, excluding (0, 0), and is 
undefined on the x-axis. Slopes are positive for x > 0, y < 0 
and x < 0, y > 0 (Quadrants II and IV), otherwise negative, 
Field (a) is consistent with these conditions. 



2 2 

4. y = y -x => slope is 0 for y = x and for y = -x. For 
\y \ >\x\ slope is positive and for \y \ <|x| slope is negative. 
Field (b) has these characteristics. 
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9. y = 2- j* (l +j(t))sint dt =>^ = -(l + j(x))sinx; y(0) = 2 - J°(l + j(0)sintrft = 2; ^ = -(l + y)sinx, 

y( 0) = 2 


10. j = 1 +J Q ' y(t) dt => ^ = y(x); y(0) = l + j°y(t)dt =1; ^ = p,p(0) = l 

11. Ji=j 0 +(i-J)^ = -1 + (1-t)(.5)=-0.25, 

72 = yi + (l ■- j) dx = -0.25 + (l -^|f) (.5) = 0.3, 

P 3 = y 2 + (l - f )dx = 0.3 + (l -M) (.5) = 0.75; 

+ (^)f’ = 1 => P{x) = 2, Q(x) = 1 => | P(x)dx = \~^dx = ln|x| = ln;t, x>0=> v(x) = e lnx = x 
=>J=7JVldfr=^(-y + cj; * = 2 , >’ = -l=>-l = l + y=>C = -4^>’=.|-2 
=> >>(3.5) =^2~--^ =^y~ ~ 0.6071 

12 . y \ =yo +^0 (1 — = o -1-1(1 — 0)(.2) = .2, 

y 2 =yi+x 1 (l-y 1 )dx = .2 + l .2(1 - ,2)(,2) = .392, 
y 3 =y 2 + x 2 (l-y 2 )dx = .392 + 1.4(1 -,392)(.2) = .5622; 

2y = x dx => - In 1 1—y |= ^p + C; jc = 1, j=0=>-lnl = 2. + C=>C = ~ => In 11 - j |= -^- + 2 
^>y = l- e d- jc2 ) /2 =>y(1.6) «.5416 

13. y 1 =y 0 +(2x 0 y 0 +2y 0 )dx=3+ [2(0)(3) + 2(3)] (.2) = 4.2, 

P 2 = yi +(2x iyi +2y^dx = 4.2 + [2(.2)(4.2) +2(4.2)](,2) = 6.216, 

y 3 =y 2 +(2 x 2 y 2 +2y 2 )dx = 6.216 + [2(.4)(6.216) + 2(6.216)] (.2) =9.6969; 

y- = 2y(x + \) =>-y = 2(x+ l)ah => In | y |= (x-f l) 2 +C; -r = 0,y = 3=>ln3 = l + C=>C = ln3-l 

=^lny = (x+l) 2 +ln3-l=^y =e (jc+1)2+ln3_1 =e ln3 e x ' 2+2x = 3e x(x+2) => y(.6) »14.2765 
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14. y l - }>q + yfi (1 + 2 x^dx - 1+1 2 [l + 2(— 1)](.5) - .5, 
y 2 = yi +)’l (1+2+1) dx = .5 +(.5) 2 [1 +2(-.5)](.5) = .5, 
y 3 = J2 + A (1 + 2+2) dx = .5 + (,5) 2 [1 + 2(0)](.5) = .625; 

■=j- = (l + 2x)dx => -| = x + x 2 + C; x = -1, y = 1 => -1 = -1 +(-l) 2 + C => C = -l=>|=l-.r-.r 2 


15. yj = + 2x 0 e x °dx = 2 +2(0)(.l) = 2, 

y 2 =y 1 +2x 1 e x 'dx = 2 + 2(.l)e (A)2 (.l) =2.0202, 
y 3 =y 2 + 2x 2 e x *dx = 2.0202 +2(.2)e ( ' 2)Z (.1) = 2.0618, 

dy = 2xe x dx =>y = e A +C; y(0) = 2 =>2 = 1 + C =>C = 1 =>y = e x +1 => y(.3) = e ( ' 3) +1*2.0942 

16. y x =J 0 +(^°)^ = 2+(2-e 0 )(.5) = 3, 

y 2 = y\ +(yie Xl )dx = 3+ (3 -e 0 ' 5 )(.5) = 5.47308, 

y 3 =y 2 +(y 2 e X2 y x = 5.47308 + (5.47308-e I 0 )(.5) = 12.9118, 

^ = ye x => y- = e x dx => In |y| = e x + C; x = 0, y = 2 => In 2 = 1 + C => C = In 2 -1 => In |y| = e x + In 2 -1 
=0 y = 2e eM => Xl-5) = 2e e> 5-1 * 65.0292 


17. jj =1+1(.2) =1.2, 

y 2 = 1.2 + (1.2)(.2) = 1.44, 
y 3 = 1.44+(1.44)(.2) = 1.728, 
y 4 = 1.728+(1.728)(.2) = 2.0736, 
y 5 = 2.0736+ (2.0736)(.2)= 2.48832; 

—^- = dx^> In y = x + Q => y = Ce' r ; y(0) = 1 => 1 = Ce° => C = 1 => y = e x => y( 1) = e * 2.7183 

18. )>i = 2 + (y) (-2) =2.4, 

y 2 = 2.4 + (y4) (-2) = 2.8, 
y 3 =2.8+(|f)(.2)=3.2, 

^ =3.2 +(||) (.2) =3.6, 

_y 5 = 3.6 +(||)(.2) = 4; 

— = — =>lny = ln;t + C=>y = &x; y( 1) = 2=>2 = £=>y = 2.r:=> y( 2) = 4 

X 


19. y, = -1 + 
y 2 = - 5 + 


Hr 

VT 

(-■sF 

VO 


(.5) =-.5, 


(.5) = -.39794, 
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Jh 

>4 


= -.39794 + 

= -.34195 + 


C-.39794) 2 

s 


(.5) = -.34195, 


(-34195) 2 

■JIE 


(.5) = -.30497, 


P 5 = -.27812, y 6 = -.25745, y 7 = -.24088, y 8 = -.2272; 


20 . 


y\ =l+(0-sinl)(i) = l, 

=l + (i-sinl)(l) = 1.09350, 

73 =1.09350 + (|-sinl.09350)(4) =1.29089, 

74 = 1.29089 +• sin 1.29089) (i) =1.61125, 

7 5 =1.61125 + (| -sin 1.61125)(±) = 2.05533, 

7 6 = 2.05533 + (| ■ sin2.05533)(|) = 2.54694; 


y' = xsin 7 => esc 7 dy = x dx => -ln|csc 

=} I+C0S3- = Ce ~±x 2 / A = c -\x 2 

sin y \2) 


7 + cot7| =jx 2 +C =>csc7+cot7 =e 2 * +C = Ce ^ 
7 (0) = 1 => cot(^) = Ce° = C => cot |=) =cot^)e 2 ' 


■ 7 = 2 cot 


cot(i)e 2 * j,7(2) = 2cot ^cot^-jc 


2.65591 


21 . 


7 = -l-x + (l + x 0 +7 0 )e A - v ° => 7(x 0 ) = -1 -x 0 + (l + x 0 + 7 0 )e A ° x ° =-l-x 0 +(l + x 0 +7 0 )(1) = 7 0 
J = -l + (l+x 0 + 7 0 ) e x ~ x ° =>y = -l-x + (l + x 0 + y 0 )e x ~ x ° =^-- x ^^=x+y 


22. 7 ' = f{x), 7 (.r 0 ) = 7o => T = T / ( t ) dt + C, 7 (x 0 ) = f X ° fit) dt + C = C C = y 0 => 7 = T fit) dt + y 0 

Jx 0 x 0 Jx 0 

23-34. Example CAS commands: 

Maple: 

ode := diff( y(x), x ) = y(x); 
icA := [0,1]; 
icB := [0, 2]; 
icC := [0,-1]; 

DEplot( ode, y(x), x=0.,2, [icA,icB,icC], arrows=slim, linecolor=blue, title="#23 (Section 9.1)"); 
Mathematica : 

To plot vector fields, you must begin by loading a graphics package. 

«Grap h i cs ’ P lot F i e Id’ 

To control lengths and appearance of vectors, select the Help browser, type PlotVectorField and select Go. 
Clear[x, y, f] 
yprime = y (2 -y); 
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pv = PlotVectorField[{l, yprime}, {x, -5, 5}, {y, -4, 6}, Axes ->Tme, AxesLabel —>• {x, y}]; 

To draw solution curves with Mathematica, you must first solve the differential equation. This will be done 
with the DSolve command. The y[x] and x at the end of the command specify the dependent and independent 
variables. The command will not work unless the y in the differential equation is referenced as y[x]. 

equation = y'[x]==y[x] (2 - y[x]); 
initcond = y[a] ==b; 

sols = DSolve[{equation, initcond}, y[x], x] 

vals = {{0,1/2}, {0,3/2}, {0,2}, {0,3}} 

f[{a_,b_}] = sols[[l, 1, 2]]; 

solnset = Map[f, vals] 

ps = Plot[Evaluate[solnset, {x, -5, 5}]; 

Show[pv, ps, PlotRange —» {-4, 6}]; 

The code for problems such as 31 & 32 is similar for the direction field, but the analytical solutions involve 
complicated inverse functions, so the numerical solver NDSolve is used. Note that a domain interval is specified. 

equation = y'[x] == Cos[2x - y[x]]; 
initcond = y[0] == 2; 

sol = NDSolve[{equation, initcond}, y[x], {x, 0, 5}] 
ps = Plot[Evaluate[y[x]/.sol, {x, 0, 5}]; 

N[y[x] /. sok.x 2] 

Show[pv, ps, PlotRange —> {0, 5}]; 

Solutions for 33 can be found one at a time and plots named and shown together. No direction fields here. 

For 34, the direction field code is similar, but the solution is found implicitly using integrations. The plot 
requires loading another special graphics package. 

«GraphicslmplicitPlof 

Clear[x,y] 

solution[c_] = Integrate^ (y -1), y] == lntegrate[3x“ + 4x + 2, x] + c 

values = {-6, -4, -2, 0, 2, 4, 6}; 

solns = Map[solution, values]; 

ps = ImplicitPlot[solns, {x, -3, 3}, {y, -3, 3}] 

Show[pv, ps] 
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29. The general solution is y 
slope field. 


- . The particular solution y =-is shown below together with the 

1 + ce~ 2t l + 3e“ 2 ' 



( 2e c ~ cosx ^ 

30. The general solution is y = n + tan -1 1 ———-— I . The required particular solution with 

M _ COSX) I 

c = 1 + ln(csc 2 - cot 2) «1.443 is shown below together with the slope field. 
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31. The particular solution with y( 0) = 2 is shown together with the slope field. 


y 



32. The particular solution with y(0) = 1/3 is shown together with the slope field. 


y 





'/ xsy /////////////// / 


x 


33. The particular solutions with y(0) = 0 are: 


(a) 

y — 2e + 2x — 2 


(b) 

1 . „ 2 „ 2 _r 

y=—sm2x—cos2x+— e 
' 5 5 5 


(c) 

y = 2e xl2 -2e~ x 


(d) 

-x/2 f 4 „ 16 . _ 

y = e —cos2x + —sin 2x 

U7 17 ) 

* 

1 

|[> 

1 


y 
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34. (a) 


y 


/ / / 

////✓✓--- 
/ / / / / / ' ~ 
III////, 
ill////, 
III////, 
ii//. 


:% 


l \ 
l \ \ 


i i l l / / / / / 
l l 1 \ \ \ \ \ \ 
t \ \ \ \ N >» N \ 
\ \ \ \ X -x V X 


TTTITV^ 
\ \ \ - 2 \ v ■ 
\ \ \ \ s \ * 

\ \ \ \ N X ' 
\ \ \ \ \ X X * 
\ \ \ \ \ X X ' 
\ \ \ \ X x x - 
\ \ \ \ X V > 
\\\\XXx« 
\ \ \ X X X - 

\ \ \ X X x x - 
\ \ \ X V x " ' 
\ \ s \ SN*.' 


■ / / / / / 


\ \ \ \ 

\ \ \ \ 

. X \ \ \ 

. X \ \ \ \ 


-24 


\ \ \ \ \ \ 

\ \ \ \ \ \ 

X \ \ \ \ \ 

N \ \ \ \ \ 

X X \ \ \ \ 
XX\\\\\\\ \ 

XX\\\\\\\ \ 
XXX\\\\\ \ \ 
xXXX\\\\\l 


X 


(b) The solution is given implicitly by y—2y 


= x 3 + 2x 2 +2 x + c. 


35. 


i = 2XeX °) =2 : 


• y n +1 = y n + 2x n e x " dx = y n + 2x n e x " ( 0 . 1 ) = y n + 0.2x n e x " 


On a TI-84 calculator home screen, type the following commands: 
2 STO > y: 0 STO > x: y (enter) 

y + 0.2*x*e A (x A 2)STO > y: x +0.1 STO > x: y (enter, 10 times) 
The last value displayed gives y Euler W “ 3.45835 


The exact solution: dy = 2xe x dx ■ 
Texact (!) = 1 + c « 3.71828 


■y : 


+ C; y(0) = 2=e u + C^C = l=>y=l + e x 


36. 


^ = 2y 2 (x-l), y(2) = -j=>y„ +1 =y n +2y~(x„-\)dx = y n + 0 . 2 y 2 (.r ;1 -l) 

On a TI-84 calculator home screen, type the following commands: 

-0.5 STO > y: 2 STO > x: y (enter) 

y+ 0.2*y 2 (x -1) STO > y: x + 0.1 STO > x: y (enter, 10 times) 

The last value displayed gives y Euler (2) ~ -0.19285 


The exact solution: -X = 2y~(x-l) => = (2x-2)dx = 2 >-^=„r“- 2 v + C=>^ = -x 2 +2x + C 


y( 2 ) = - 
y(3) = - 


- 1/2 


= —(2 ) 2 + 2(2) + C = C=>C = -2=> — = -x 2 + 2.x - 2 => y = 


1 


-x +2x-2 


1 


-(3)“ +2(3)—2 


■ = - 0.2 


37 - i = f’y > °» y(°) = 1 => -fn+l = y» +^fdx = y n +^(0.1) = y„ + O.lf- 
UA y yn yn yn 

On a TI-84 calculator home screen, type the following commands: 

1 STO > y: 0 STO > x: y (enter) 

y + 0 . 1 *(Vx/y) STO >y:x + 0.1STO >x: y (enter, 10 times) 

The last value displayed gives y Eu i er (1) «1.5000 


fx 

The exact solution: dy = — 


dx : 


y_ 

2 


y_ 

2 


- 2 r 3/2 

‘ 3 X 


■f=>y = \l f*"" +1 


4 „3/2 
3 


y dy = Vx dx 

Texact(l)=^/f0) 


= fx 3 / 2 +C; 


(y(Q)f 


= j t = t = t(0) 3/2 +C^C = 3- 


+ 1 »1.5275 
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38 - % = l+y1 ’ ; ; (°) = ° => y n +\ =y n + {^+yl)dx = y n +( 1 +>’«)( 0 - 1 ) =y n +o.i(i+>^) 

On a TI-84 calculator home screen, type the following commands: 

0 STO > y: 0 STO > x: y (enter) 

y+ 0.1*(l + y 2 ) STO > y: x + 0.1 STO > x: y (enter, 10 times) 

The last value displayed gives y Eu i er (1) «1.3964 

The exact solution: dy = [l + y 2 ^dx => = dx => tan -1 y = x + C; tan -1 j(0) = tan -1 0 = 0 = 0 + C 

=> C = 0 => tan -1 y = x => y = tanx => p exac t(l) = tanl «1.5574 

39. Example CAS commands: 

Maple : 

ode := diff( y(x), x ) = x + y(x);ic := y(0)=-7/10; 
xO := -4;xl := 4;y0 := -4; yl := 4; 
b := 1; 

PI := DEplot( ode, y(x), x=x0..xl, y=y0..yl, arrows=thin, title="#39(a) (Section 9.1)"): 

Pi; 

Ygen := unapply( rhs(dsolve( ode, y(x))), x,_Cl); # (b) 

P2 := seq( plot( Ygen(x,c), x=x0..xl, y=y0..yl, color=blue ), c=-2.,2 ): # (c) 

display) [PI, P2], title="#39(c) (Section 9.1)"); 

CC := solve) Ygen(0,C)=rhs(ic), C); # (d) 

Ypart := Ygen(x,CC); 

P3 := plot( Ypart, x=0..b, title="#39(d) (Section 9.1)"): 

P3; 

euler4 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize = (xl-x0)/4 ): # (e) 

P4 := odeplot( euler4, [x,y(x)], x=0..b, numpoints=4, color=blue ): 
display) [P3,P4], title="#39(e) (Section 9.1)"); 

euler8 := dsolve) {ode,ic}, numeric, method=classical[foreuler], stepsize=(xl-x0)/8 ): # (f) 

P5 := odeplot( euler8, [x,y(x)],x=0..b, numpoints=8, color=green ): 

eulerl6 := dsolve) {ode,ic},numeric, method=classical[foreuler], stepsize=(xl-x0)/16 ): 

P6 := odeplot( eulerl6, [x,y(x)J, x=0..b, numpoints=16, color=pink ): 

euler32 := dsolve) {ode,ic},numeric, method =classical[foreuler], stepsize=(xl-x0)/32 ): 

P7 := odeplot) euler32, [x,y(x)], x=0..b, numpoints=32, color=cyan ): 
display) [P3,P4, P5,P6,P7], title="#39(f) (Section 9.1)"); 

« N | h I'percent error' > , # (g) 

< 4 | (xl-xO)/4 | evalf[5]( abs(l-eval(y(x),euler4(b))/eval(Ypart,x=b))*100 ) >, 

< 8 | (xl-x0)/8 | evalf[5]( abs(l-eval(y(x),euler8(b))/eval(Ypart,x=b))*100 ) >, 

< 16 | (xl-x0)/16 | evalf[5]( abs(l-eval(y(x),eulerl6(b))/eval(Ypart,x=b))*100 ) >, 

< 32 | (xl-x0)/32 | evalf[5]( abs(l-eval(y(x),euler32(b))/eval(Ypart,x=b))*100 ) »; 
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39-42. Example CAS commands: 

Mathematica : (assigned functions, step sizes, and values for initial conditions may vary) 

Problems 39 - 42 involve use of code from Problems 23 - 34 together with the above code for Euler’s method. 

9.2 FIRST-ORDER LINEAR EQUATIONS 

'• 4 + J'-''=4 + (ih-T- ^)-few=T 

| P(x) dx = dx = In | x |= In x, x > 0 => v(x) = e l p ( x ) dx _ e lnx = x 

y =fw i f x (t)' =i( eX +c ) => 0 

2. e A ^ + 2e x j =l^^ + 2y =e“\ P(x) = 2,Q(x) = e“' T 
| P(x)dx = J 2dx = 2x => v(x) = gl P(x ' lllx _ e 2v 

y = ^h-j"e 2A -e~ x dx =-^-je x dx = -\j(e x +cj = e~' T + Ce _2A 

3. xy' + 3y=^,x>0^f + (f)y=^£ P(x ) = 1 Q( x ) 

J|-<fx = 31n|x| = lnx 3 , x > 0 => v(x) = e nx = x 3 

y = -y fx 3 (•^ i )<£c = -2- [sinx dx = -W-cosx + C) = C ~ c ° sx , x > 0 
x J \x) x J x v y x 


4. y' + (tanx)y = cos 2 x,— < x < y => y; + (tanx)y =cos 2 x, P(x) = tanx, Q(x) =cos 2 x 

J tan x <ix = rf x = -In | cosx |= In (cosx) -1 , -y <x < y => v(x) = e ln ( C0S - T ) = (cosx) -1 = secx 

y = --jy Jsecx-cos 2 x dx = (cosx)Jcosx dx = (cosx)(sinx + C) = sinxcosx + Ccosx 

5 - *s + 2 r=i-D>»=|i>w=f.ew=i-x 

|y dx = 2 In |x| = In x 2 , x > 0 => v(x) = e lnA = x 2 

y= j^! x2 {^-jy) dx= jy\ {x - l)dx= jy{i- x+c ) = 2-i + f’ x>0 


6 . 


(1 + x)/ + y = V^^f+ (^)y=^, P(x) = j^,Q(x) 
|-y_Jx = ln(l+ x), since x > 0 => v(x) = e lnll+A) =1 

^ = ITfI ^ + x) (^)= ITfJ ^ ^ = (i7f)(!* 3/2 + C ) 


Vx 

1+x 


2x 3/2 

3(l+x) 


1+x 


7. 


i-h’-y' 12 


P(x) = — 4-, C(x) = je x/2 


■y = ■ 


I L_J e - /2 (l e x /2 ) <fe=e x /2 ji^ : 


„x/2 


| P(x) c?x = —y x => v(x) = e x/2 
(|x + c) = ixe A ' /2 + Ce x/2 
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8. ~~k + 2y = 2xe 2x => P{x) = 2, Q(x ) = 2xe 2x => J P{x)dx =J2 dx = 2x => v(x) = e~ x 
=> >> = Je 2 ' ^2xe~ 2x j<ix = -^-J2x dx = e _2x |x 2 + cj = x~e~~ x + Ce~ 2x 

9. = 21nx => P(x) = -i, Q(x) = 21nx => JPOr) dx = -j-L <fx = -lnx,x > 0 

=> v(x) = e -lnA = => y = xj^j(21nx) dx - x j^(lnx) - + cj = x(lnx)“ +Cx 

10. ^ + (j;^y - x > 0 => P(x) = j, Q(x) = => ^P{x) dx = J-| e?x = 21n|x| = lnx 2 , x > 0 

=> v(x) = e ln v ' 2 = X 2 => J = 4 [x 1 dx=\ f cosx dx = 4(sinx + C) = 

X J \ X J X J X X 

=> v(t) = e Ht ~ i)4 = (t-l) 4 ^s = -L-rl(t -l) 4 [-<±L -]dt = —4-f(t 2 -l) dt = -^ -(4-/ + c) 

(r-l) 4 J L 0-1) J 0-1) •'t / 0-l) 4 \ 3 / 

F_ t , c 

3 ( ( _ 1) 4 (,- i ) 4 (,- i ) 4 

12. (,u)£ + 2,.3(rU) + ^^£q ; a I ) s .3 + ^^/w-+, e«).3 + « + i)- 3 

=> J P(t) dt = dt = 2 In \t +1| = In (t +1) 2 => v(t) = e ln (f+1)2 =(t + 1) 2 
=> s = ^^2 j"0 + 1)” 3 + 0 + 1) 3 dt = J^3(t +1) 2 + 0 +1) 1 dt 

- 1 2 0 +1) 3 +ln|t + l| + C =(/ + l)+(/ + l) “ In 0 + 1)+~~ 2"0 > — 1 

13. jfe + (cot 8) r = sec 9 => P(8 ) = cot 6, Q(9) = sec (9 => jP(8) dO = Jcot 9 d9 = In| sin 9\ => v(ff) = e ln |sin91 

= sin 8 because 0 < 9 <y => r =-=4|( s i n ^)(sec6 | ) d9 =^4^- jtanO d9 = -^4(ln|sec6>| + C) 

= (esc 9) (in| sec 0| + C) 

14. tan 9-^ + r = sin 2 9 => 4^ + —^ = s ‘ n 9 =^> -4 + (cot 9) r =sin6 ) cos6' => P{9) =cot 9, Q(9) = sinOcosO 

do do tan o tan o do 

=> Jl > (0) d9 = Jcot 9 d9 = ln|sint?| = ln(sin69 since 0 <9 <^-=> v(9) = e 1 "! 8 ™ 61 ) = s inO 

^ r = ^J( sin ^ sin ^ cos ^^ = ii^J sin2 ^ cos ^^ = fe)( ii T^ + C ) = ^ + ii^ 

15. ^- + 2_y = 3 => P(t) = 2, Q(t) = 3 => J P(t) dt = ^2dt = 2t => v(t) = e 2t ^>y = -^j3e 2t dt = 4r(fe 2 ' + c); 
j(0)=l^| + C = l^C = -i^>j=|-i e - 2/ 


9 y + t± = r P(t) = j, Q(t)=t 2 => jp(t)dt =21n|t| =>+0) =e llU =t 2 => y =-^-j(t 2 )(r) i 
Xf,2„.3r(+ + C ).+ + X ; , ( 2). 1 ^| + X. 1 =.C-f=.,. + -^ 


■ y = — -— 

' 5 «,2 


Copyright © 2014 Pearson Education, Inc. 



672 Chapter 9 First-Order Differential Equations 


17 • % + (I )y ==* P{0) = j, Q(8) = => j/w* = in \e\ ^v{8) = e lnW = H => y = iJf JM (y) dd 

= jA e [^f) d9 for 0*O^y=iJsin0rf0 = i(-cos0 + C) = -£cos0 + £; y(|) = l^>C = f 

^>y = -icos 6 ' + ^ 


1 8. ^ - (|) j = O 2 sec 6>tan 0 => P{0) = -1, Q{8) = 6 2 sec 0 tan <9 => J P{6) dd = -2 In 1 8 | => v(6>) = e“ 21:1,01 
= 0~ 2 => j =-^jj^0~ 2 ^0 2 sec8tan8^d0 = 8 2 jsecdtand dd = 8 2 (sec# + C) = 8 2 sec 8 + C6 2 ; 
j(f) = 2^2 = (4)(2) + c(4)^C=^-2^>j = t? 2 sec0 + (^-2)0 2 


19 ' ^ +V >i- 2 ( x2+x ]y=iri^i- 2 


x(x+l) 

x+l 


(x+l Y 


i-*y- e 


. t 7>(x) =-2x, Q{x) = -f—y 
(x+l) (x+l) 


■ | P(x) dx = | —2x dx = —x 2 => v(x) = e x => y = —y J t 


c-+ 2 

2 

e x 

dx - r x ~ f 1 dx - r x ~ 

'(x+ir 1 ' 

] e 

_(x+D 2 _ 

CiA Cl 1 r» wA 

J (X+l) 2 

-1 +c 


= -£ I + Ce x2 ; y(0) = 5^-^ + C=5^-l + C = 5^C = 6^y = 6e x2 


0+1 


x+l 


20 . ~fa +x y - x => P( x ) - x -> Q( x ) - x => \^{x) dx = |x dx = y- => v(x) = e x 12 => y = — je x 12 -x dx 

e x /2 


7 


—|— \e x ' /2 +C = 1+-j/(0) = -6=>l + C = -6=>C = -7=>>’ = l — , 

e *M ) gdn ^ y 2 /2 


21. J - ky = 0 => P(0 = -k, Q{t) = 0 J P(() dt = j-kdt = -kt => v(t) = e _fe => y = -L- ^ e ~ kt J (0) dt 
= e kt (0 + C) = Ce kt ; y(0) = y 0 =>C=y 0 =>y = y 0 e kr 


22. (a) ^- + JL u =0=>P{t)=^-, Q(t) = 0=> [P{t)dt= \^dt=±t=^^>u(t)=e kt,m 

=> P = {' e ktim • 0 dt=-^' 2/(0) = w 0 => ^ 7 ^ = w 0 => C = w 0 => « = w 0 e“ a ' /m) ' 

(b) &- = - *■« => * = -Jl dt => In// = -i-t + C => « = e“ ( * /m) ' +C ^ M = e ~(klm)t e C Let e C = c 

^ 7 dt m u m m 1 

Then “ = 7 lW' C l and M (°) = M 0 = e ( A -/ l , )( 0 ) -Q = c l - So « = M 0 e “ U/m) ' 

23. x f-^ dx = x(ln|x| + C) = xln | x \ +Cx => (b) is correct 

24. —!— fcosx dx = — l — (sinx + C) = tanx + => (b) is correct 

25. Steady State =y and we want i = = ^-(l -e~ RtlL j => j = 1 -e~ RtlL ~ = -e~ Rt/L 

ln^-=- 4 ^ - 4 ln 2 -= t => t = 4 ln 2 sec 

ILKA K 

26. (a) ^ + j-i = 0^\di = -j-dt^\ni = -^- + C l ^i=e Cl e~ Rt,L =Ce~ Rt/L ; i(0) = /=>/ = C 

i = Ie~ RllL amp 
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(b) \_I = Ie~ Rt/L ^>e~ Rt/L = = |ln2.sec 

(c) t=±=>i = I e (.~ R t/V(L/R) = j e -t amp 

27. (a) t=2jj?-=>i= T-(l -e (_S/Z ' )(3i/i?) j = L.|i _ e ~ 3 j ~ 0.9502 amp, or about 95% of the steady state value 
(b) t =>/= L.^\- e (- R,L ^ 2LIR ^ j = L.|i_ e -2 j ~ 0.8647-^- amp or about 86% of the steady state value 


28. (a) 


di_,R:V_ 
dt L L 


Rt/L 


l - p m =f • eto=f =■ J to *=J f *=f =• "(o=‘'"" I *'=F " 1 (f) ■ 


L_„RtlL (V 

R e U 


(b) i(0) = 

(0 i = f 


EH 


-L + Ce -(«/ 0 ? 


= 0 : 


>^ + C=0 


> di_ 
dt 


dt 


^ C = -l^ i = J-je~ R,/L 

0 => ^ + ^-i = 0 + ('f')(|r) = j; => ' = ^ is a solution of Eq. (6); i = Ce~ (RIL)t 


29. y'-y = -y 2 ; we have n = 2, so let u = y 1 2 = y 3 . Then y 1 and ^ = -ly 2 ^ => ^ = -y 2 ^ 


dx dx 


dx 


—u 2 ^- — u 1 = —u 2 

dx 


^>^- + u=\. With e- 

dx 


fdx _ 


e x as the integrating factor, we have 


(d* + M ) = 'dx{f Ku ~ e *- Integrating, we get e x u =e x + C=>w=l+-^- = T.=>y = -j-L 


e x +C 


30. y'-y = xy 2 ; we have n = 2, so let u = y l . Then y = u 1 and = -y 2 = -y 2 ^ = -u 2 ^ 


Substituting: 1 yt~ u 1 = xz< 2 =>^!L + u =-x. Using e JUA =e x as an integrating factor: 


dx 

\dx x 

oj — C 


dx 


dx' 


e x + u j = -fa(e x u j = -x e A => e x « = e x (1 -x) + C ^>u = 


e x (l-x)+C 


•y = u 


-l 


e x -xe x +C 


xy' + y = y “ ^>y'+(^)y =(^)y ■ Let u = y 

(i)(t)(“' 2n ) + (i)“ 1 ' 3 -ay 213 

= e lnA = x 3 . Thus 4r\x 2 u\ = (4)x 3 =3x^ => x 3 t/=x 3 +C => z 


-2 

= 


-2/3 


31. xy' + y = y 2 =>y' + (^)y = (^)y 2 . Let u = y 1 ( 2) =y 3 ^>y =m 1/3 and y 

>’■=*=( IKS )(%) - ( i ) tt )("~ 2 ' 3 )■ ™ 

(■|)m =(-|)- The integrating factor is v(x) =e^ dx = e 31nA 

r 3 / „ \t/3 

> u = 1+— y J => y = 

X 


= x 3 . Thus £(A) = (J); 


3 \ 3 o 2 3 

— lx = 3x => X t/ : 


/ \ 1 / 

-H) 


32. x 2 y' + 2xy = y 3 => y' + (|)y = |-jyjy 3 . p ( x ) = (f), (?(*) = « = 3. Let w=y* 3 = y 2 . Substituting 

gives ^- + (-2)(|-)w =-2|-yj=>-^- + ^)w =^|. Let the integrating factor, v(x), be 

^ = e nx = x -4 . Thus ^:(x 4 r/j = —2x 6 =>x -4 ;/ = yx 5 +C =>u = ^ + Cx 4 = y 2 

^T = (^ + Cx 4 ) 1/_ 
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9.3 APPLICATIONS 

1. Note that the total mass is 66 + 7 = 73 kg, therefore, v = => v = 9e _3,9?/73 

(a) s(t) = J 9 e~ 39tm dt = _ 2 j |0 e -3.9«/73 + c 

Since 5(0)=0 we have C = and lim s(t) = lim -={|^(l-e _3,9?/73 )= «168.5 

13 t—>O0 t —^00 13 V / 13 

The cyclist will coast about 168.5 meters. 

(b) l = 9e“ 3,9/73 =>^ = ln9=>r = ^|^»41.13 sec 
It will take about 41.13 seconds. 


—59r/51,000 459,000 ™ on m 

£? =-—-« / / oU 111 


2. v = V 0 e- (A - /m)f => v = 9e -(59,000/51,000,000), ^ y = 9g - 


-jyu j i,uuu 


(a) s(t) = J 9e 


-59,/51,000 ,. 459,000 -59,/51,000 , n 

«/=-—e +t 


Since s(0) = 0 we have C = 459,900 and lim s(t) = lim 459,000 (l ■ 

5y ?->oo <->oo 5y V 

The ship sill coast about 7780 m, or 7.78 km. 

-59?/51,000 59? , ~ . . 51.000 In 9 


(b) 1= 9e 


51,000 

It will take about 31.65 minutes 


= ln9 => / =- 


59 


<1899.3 sec 


3. The total distance traveled = => < - 75) * 39 ' 9?) = 4.91 => k = 22.36. Therefore, the distance traveled is given 

by the function s(t) = 4. 9l(l _ e - C-- 36/39 - 9 -M The graph shows s(t) and the data points. 



4. = coasting distance =^> (0 - 80 >< 49 - 90) =1.32 => k = ^ 

We know that -^ = 1.32 and — = 998 =||. 

k m 33(49.9) 33 

Using Equation 2, we have: s(t) = j = 1.32^1-e _20?/33 j »1.32^1-e _0,606/ j 

5. y = nix =^> 4 = m => ^ y = 0 => j/ = -. So for 

x x 2 y x 

orthogonals: ^ => y dy = -x dx => <y + = C 

=> x + y = Cj 
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a 2 y x 2 v'-2xv p. 2 t n. 

6. y = cx =>^-=c=> ——— = 0 => x y = 2xy 
x z x q 

=> y' = So for the orthogonals: ^ = —y- 

=> = —xdx => y 2 = + C => y = ±J~y~ +~C\ 

C> 0 


7. kx 2 +y 2 = 1 => 1 - y 2 = fcv 2 => = k 

x 2 (2v)y'-(l-y 2 )2x 9 / 9 \ 

=>--2-= 0 => -2yx 2 y' = (l - y 2 ) (2x) 

(l-/)( 2 x) (l-r) 

=> y' = -—— = _ . So for the orthogonals: 


= ' y=xd x^\nv-4 = 4 + C 

ax \-y 2 y 2 2 



8. 2x 2 +y 2 =c 2 =>4x + 2yy'=0=>y' = -|^ = -^. For 

orthogonals: ^ = 2- => — = => In y = ^-lnjc + C 

ax 2x y 2x y 2 

=> In y = In x 1/2 + In Q => y = Q x | 1/2 


y e-y-yle-’Y- 1 ) 

9. y = ce * =>-^ = C=>-^-= 0 


=> e y' = -ye => y' = —y. So for the orthogonals: 

Y^ = ^^>ydy = dx^>Yy=x+C^>y 2 = 2x + Q 


■ y = ±J 2x + Cj 


io. , = = = = o 

x x 2 

=> ^-^y'-\ny = 0 => y' = 2-i2Z. So for the 
orthogonals: ^ ^ => y In y dy = -x dx 

^>Fy 2 lny-i(y 2 ) = (-i.r 2 ) + C 

1 A? 1 O 


^y 2 lny-4 = -x 2 
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11. 2x 2 + 3 y 2 = 5 and y 2 = „r 3 intersect at (1,1). Also, 2x 2 + 3 y 2 = 5 => 4x + 6y y' = 0 => y' = 

=>/(!. !) = -! and Jl 2 = x 3 => 2 ji^' =3.r 2 => y{ =^=>y[(l,l) =f- Since /-jq' = (-f)(f) = _1 > the 
curves are orthogonal. 


2 2 

12. (a) x dx + y dy = 0 => = C the general 

equation of the family with slope y' = 

For the orthogonals: v' = — => — = — 

x y x 

r< 

=> In y = In x + C or v = C^x (where Cj = e ) 
is the general equation of the orthogonals. 

(b) x dy — 2y dx = 0 => 2y dx = x dy => ^ = 

^T ln .v= 1 nx + C^>j = C 1 .r 2 

is the equation for the solution family. 

\\n y-\nx = C => = 0 => y' = 

2 2 y x ' x 

=> slope of orthogonals is ^-=-y- 

2 2 

=> 2 y dy = -x dx => y = + C is the 

general equation of the orthogonals. 


y 




13. Let y(t) = the amount of salt in the container and V ( t ) = the total volume of liquid in the tank at time t. Then, 
the departure rate is yp- (the outflow rate). 

V J 

(a) Rate entering = 25-^-= 10 

gal min min 

(b) Volume = V(t) = 100 gal + (5f gal-4t gal) = (100 +t)gal 

(c) The volume at time t is (100 + 1) gal. The amount of salt in the tank at time t is y lbs. So the concentration 


at any time 1 is 


y 


lb 


100+/ gal 


. Then, the rate leaving = 


y 


100 +/ 


/ lb ) 1 I gal _ 4 y / ib \ 

\ gal / \ min 100+^ \ min / 


< d > f- 10 -TK7^f + (®rr)>- 10 ^ P «-iK7' e«)-10=.JP(0*-J 1 5fc*-4l„(100 + 0 


4 y 


100 +/ 


. v (t) = e 4ln (100+r) = (100 + 0 4 => y =-L-r f (100 + r) 4 (10 dt) = 10 ( ' ( 100 +9 5 + c ^| 

( 100+/) 4 J ( 100+/) 4 ^ 5 J 


= 2(100 + 0 + 


3/(0)= 50 =>2(100 + 0) + —^ 
(100+/) 4 (100+0) 4 


= 50 => C = -(150)(100) 4 


• 3/ = 2(100+0- 


(150)(100) 4 


(100+/) 4 


• 3/ = 2(100 + 0- 


150 


K>) 


(e) 3/(25) = 2(100 + 25)- 


(150)(100) 4 

(100+25) 4 


j 188.56 lbs =^> concentration = 


y{ 25) _ 188.6 


volume 125 


.1.54 

gal 
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14. (a) ^ = (5-3)=2=>F=100 + 2/ 

The tank is full when V = 200 = 100 + 2/ => t = 50 min 
(b) Let y(t) be the amount of concentrate in the tank at time /. 

dy _ ( 1 lb Wg gal \ ( v lb 1A gal 1 = 5 3 / y ' 

dt \2 gal min J \ 100+2/ gal/fmin ) dt 2 2\50+t, 


^ = /iJAV 5 -igL)_/ y jb.V 3 .gL) => » = s_3/ + 3 s 0(t) = s. 

dt \ 2 gal l\ min ) \ 100+21 gal/( min J dt 2 2 \50+/ J dt 2(/+50) y 2 ^’ 2 ’ 

^>(0 =|.(—L_) ^ jp(t)dt=l jj^dt= jin (t +50) since / + 50>0 => v(t) =J mdt = e t ln(f+50) 
= (t + 50) 3/2 => y(t) = j j (/ + 50 ) 3/2 dt=(t + 50)“ 3/2 [(/ + 50) 5/2 + c] => y(t) = / + 50 + 

Apply the initial condition (i.e., distilled water in the tank at / = 0): 

y(0) = 0 = 50 + —^- => C = -50 5/2 => y(t) = t +50- 50 . When the tank is full at / = 50, 

50 3/2 (/+50) 3/2 

r n 5/2 

y(50) =100 —* 83.22 pounds of concentrate. 

100 3/2 


15. Let y be the amount of fertilizer in the tank at time /. Then rate entering = 1 -1 = 1 and the volume 

^ gal mm mm 


Hence rate out 


in the tank at time / is V(t) = 100 (gal) + 1 -3 jtmin = (100-2t) gal. Hence rate out 

( y ) 3 = _3j(_ = _ ly_)j^^± + ( 3 \ x p , t)= 3 0( t )=l 

V100—2/ / 100-2/ min dt \ 100-2/ / min dt U00-2/ ) y u ' 100-2/ ’ ' 

>jp(t ) dt = J^2 7 dt = 31n<1 ! 2 Q ~ 2 ° => v (0 = e ( _31n(I00_2?) ) /2 = (100 -2/)~ 3/2 
> y = — ^_ 3/2 J(100-2/)~ 3/2 dt = (100-2/)~ 3/2 —+ C = (100-2/) + C(100-2/) 3/2 ; 


3/(0) = 0 => [100-2(0)] + C[100 -2(0)] => C(100 ) 3/2 = -100 => C = -(100) 


- 1/2 _ 1 


3 /= (100 — 2t)- ( 100 1 p°' 


■ Le, = = 0 


■ 20 = 3V100 -2t => 400 = 9(100-2/) => 400 = 900-18/ => -500 = -18/ => / « 27.8 min, the time to 


reach the maximum. The maximum 


amount is then 3 /( 27 .8) = [100-2(27.8)]-— »14.8 


16. Let y = y{t) be the amount of carbon monoxide (CO) in the room at time /. The amount of CO entering the 


room is ^ JjL and the amount of CO leaving the room is (^)(^) = j 

Thus ^ = _ 1 v= J 2 __ >P / M= 1 0(t)=-£-=>v(t)=et‘ 

’ dt 1000 15,000 dt 15,000 } 1000 ^ 15,000’ ^ ’ 1000 H ; 


y tf 

15,000 min ’ 


r/15,000 J 1000 


12 g //15,000 


r. _^ —//15,000 12/ 

dt => y = e ’ — 7 

1 


•15,000 //l5,000 , -Z/15,000/, ori Z/15,000 , 

Tooo -e +c r e 180e +c 


3 /( 0 ) = 0 => 0 = 1(180 + C) => C = -180 ^ 3/ = 180 - 180e“ f/15 ’ 000 . When the concentration of CO is 0.01% 

in the room, the amount of CO satisfies -+717: = => y = 0.45 ft 3 . When the room contains this amount 

4500 100 y 

we have 0.45 = 180 -180e -r/15 ’ 000 => = e ~ r/15 ’ 000 => t = -15,000In(i^-) « 37.55min. 
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9.4 GRAPHICAL SOLUTIONS OF AUTONOMOUS EQUATIONS 

1. y' = (y + 2)(y-3) 

(a) y = —2 is a stable equilibrium value and y = 3 is an unstable equilibrium. 

(b) y' = (2y -1)/ = 2 (y +2)(y-±)(y-3) 


y>0 


y'<o 


-r 


y> o 




>•'<0 


y *>0 


y '<0 


0.5 


4 

>-*>0 


(c) 



2 . y' = (y + 2)(y-2) 

(a) y = -2 is a stable equilibrium value and j = 2 is an unstable equilibrium. 

(b) y" = 2yy' = 2(y+2)y(y-2) 


y' > 0 

A 

o 

y' > 0 

—3 1 - 

y" < 0 

3 

nT 

V l< 

o 

0 1 

y" < 0 

3 1 

y" > 0 

y>o, y>o 


y' < 0, y" < 0 

-0.5 

V XJ).5 \ 1 1.5 

/<0, y'>0 


^ y > o, y < o 


3. / = j 3 -j = 0+!Mj-1) 

(a) j = -1 and y = 1 are unstable equilibria and j = 0 is a stable equilibrium value. 

(b) y" = (l>y 2 -l)y' = 3(y+l)^y + j^y^y-j^(y-l) 


y' < 0 

y' > 0 

y' < 0 

y' > 0 

b\ 

A 

o 

_L. 

1 -0.5 

y" > 0 

y" < ( 

y" > 

10.5 

C| y /# < 0 

1.5 

y" > 0 


73 7 * 
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4- y' = y(y- 2) 

(a) y = 0 is a stable equilibrium value and y = 2 is an unstable equilibrium. 

(b) y" = (2y -2)y' = 2y(y - \\y - 2) 


V 

o 

o 

V 

y' > 0 

-i - 

K ' 1 

i i 

! 1 3 

A 

o 

f y" > 0 

A 

o 

V 

o 



5. y' = 4y-y > 0 


(a) There are no equilibrium values. 



6. 


y' = y-Jy,y> o 

(a) j = 1 is an unstable equilibrium. 



y' < 0 

A 

o 

V 

o 


0.5 

1.5 

’ 2 

( 

O 

A 

V> 

, y" < 0 

y" > o 



0.25 
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7. y'= (y-l)(y-2)(y-3) 

(a) y = 1 and y — 3 are unstable equilibria and y = 2 is a stable equilibrium value. 

(b) y " = (3y 2 -l2 y + ny y -l)( y -2)(y-3) = 3(y-l)( y -^y y -2)(y-^fi-y y -3) 

• • I 

y<o ! y>o ! y< o ! y>o 


0 


it— r* 2 ; 

——rr 


4 


y'<0 

| y'>0 • y'<0 J 

1 1 1 

1 

1 

y’> 0 • y*<0 | 

1 1 

1 

1 

y'> 0 



6-v5 , 6+V3 

-** 1.42 -•• 2.58 

3 3 


4 

3.5 

/>0.y'>0 


y'< 0, y'< 0 


* - - - ■- y < 0, y’> 0 


-—-- m y’> 0, y'< O 


_-— y r > 0, y r > 0 

0.5 

J_ 

y'< 0.>>*< 0 

-1-1- \_>x 


8- y' = y 3 -y 2 =y 2 (y- 1) 

(a) y = 0 and y = 1 are unstable equilibria. 


(b) y" = {3y 2 -2yj(y 3 -y 2 ^ = y 3 (3y-2)(y-l) 
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9. ^ = 1 — 2P has a stable equilibrium at P = 4 . = - 2 -^- = - 2(1 —2P) 


P'>0 

P'<0 

P"<0 

P">0 


-l 


0 5 


1.5 


P 


P 



10. ^f = P( 1- 2P) has an unstable equilibrium at P = 0 and a stable equilibrium at P = 4. 
= (1 - 4P) ^ = P(1 - 4P)(1 - 2P) 


P'<0 

P'>0 

P'<0 

-0.5 ‘ 


61 

5* 1 

P"<0 

o 

A 

Oh 

P"<0 

P">0 



11 . 


= 2P(P-3) has a stable equilibrium at P = 0 and an unstable equilibrium at P = 3. 
= 2(2P - 3) ^ = 4P(2P - 3)(P - 3) 



Copyright © 2014 Pearson Education, Inc. 
























682 


Chapter 9 First-Order Differential Equations 


12 . 


dP 

dt 


d z P 

a 2 


3P(l—P) (^P --f j has a stable equilibria at P = 0 and P = 1 and an unstable equilibrium at 

= -f(6P 2 -6F + l)f = |p(p-fai)(p-i)(p-2ii)(p-l) 





P‘>0 

P'<0 

-0.5 1 { 

P ## <0 

P" > 0 

0 

P" < 0 

5 

P #/ >0 

P" < 0 

1.5 

P /# >0 



0.21 


a 0.79 



p 



P’> 0 
P’< 0 
P’> 0 
/>'<0 
P’> 0 
P '<0 


13. 


Before Catastrophe After Catastrophe 

P P 



Before the catastrophe, the population exhibits logistic growth and Pit ) —» M 0 , the stable equilibrium. After 
the catastrophe, the population declines logistically and P(t) —> M\ , the new stable equilibrium. 

14. ^ = rP(M - P)(P- m), r, M,m> 0 


! ! 
i r>o \p-< o 

i * : 

■ 

P’> 0 i P'< 0 

1 k 

L ^ 

T ^ 



/>'< o 

p’> o 

P'<0 

6 t 

1 1 

A 


The model has 3 equilibrium points. The rest point P = 0, P = M are asymptotically stable while P = m is 
unstable. For initial populations greater than m, the model predicts P approaches M for large t. For initial 
populations less than m, the model predicts extinction. Points of inflection occur at P = a and P = b where 

M +m — ylM 2 —mM ■ 


a = 


-m 


and b =j 


M + m 


-4 m 1 - 


(a) The model is reasonable in the sense that if P < m. then P 
P —> M as t —> °o; if P > M, then P —> M as t —> oo. 


mM +m 

0 as t — » oo; if m <P < M, then 
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(b) It is different if the population falls below m, for then P —» 0 as t -» <x> (extinction). It is probably a more 
realistic model for that reason because we know some populations have become extinct after the 
population level became too low. 

(c) For P > M we see that ^ = rP(M -P) ( P—m ) is negative. Thus the curve is everywhere decreasing. 

Moreover, P = M is a solution to the differential equation. Since the equation satisfies the existence and 
uniqueness conditions, solution trajectories cannot cross. Thus, P —» M as t —> oo. 

(d) See the initial discussion above. 

(e) See the initial discussion above. 


15. 


A = „_A V 2 g 

k, m 

> 0 and v(t) > 0 


Equilibrium: ^ 

= g~ 

-A v 2 =0=>v - 

m y 

[mg 
/ k 

Concavity: - 

= - 2 ( 

' —v\ = —ll—v 

K m ) at \ m 

)(s~i v2 ) 

(a) 




T>° 

dt 

▲ 

J <0 


0 4”<o 

dr 2 

? 

4>o V 

_ d/ 2 



;mg 
% = v k 



(C) ^terminal = =178.9^ = 122 mph 


16. F = F p -F r 
ma = mg - kjv 

£=s-iVt,v(0) = v 0 


2 2 

Thus, ^ = 0 implies v = , the terminal velocity. If v 0 < , the object will fall faster and faster, 

approaching the terminal velocity; if vq > > the object will slow down to the terminal velocity. 


17. F = F p -F r 
ma = 50-5 |vj 
* = i<50-5|v|) 

The maximum velocity occurs when = 0 or v = 10—. 

at sec 

18. (a) The model seems reasonable because the rate of spread of a piece of information, an innovation, or a 

cultural fad is proportional to the product of the number of individuals who have it (X) and those who do 
not (N -X). When A is small, there are only a few individuals to spread the item so the rate of spread is 
slow. On the other hand, when (N - X) is small the rate of spread will be slow because there are only a 
few individuals who can receive it during the interval of time. The rate of spread will be fastest when 
both A and (A - A) are large because then there are a lot of individuals to spread the item and a lot of 
individuals to receive it. 
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(b) There is a stable equilibrium at X = N and an unstable equilibrium at X = 0. 

= k & (N - X) - kX = k 2 X{N - X) (N - 2X) => inflection point at X = 0, X = 4, and X = N. 

dr dt dt 1 



(d) The spread rate is most rapid when x = -y. Eventually all of the people will receive the item. 

Equilibrium: f = f(r-«) = 0=.i=f 

Concavity: & .-(f )f ~(f j (£-,) 

Phase Line: 



If the switch is closed at t = 0, then i{0 ) = 0, and the graph of the solution looks like this: 



As t —> co, it —> 4teady state = V stea dy state condition, the self-inductance acts like a simple wire 

connector and, as a result, the current through the resistor can be calculated using the familiar version of 
Ohm’s Law.) 
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20. (a) Free body diagram of the pearl: 


^buoyancy 



(b) Use Newton’s Second Law, summing forces in the direction of the acceleration: 

mg -Pg -kv = ma =>^- = 2W - —v. 

° ° at \m) m 


(c) Equilibrium: ^ ^ 


(m-P)g 


= 0 


' ^terminal 


(m-P)g 


Concavity: <Oi = = _( «. 

J rf t 2 m at ' ™ 


(s)( 


2 I ( m-P)g 



(d) 

v 
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9.5 SYSTEMS OF EQUATIONS AND PHASE PLANES 

1. Seasonal variations, nonconformity of the environments, effects of other interactions, unexpected disasters, etc. 


2. x = r cos 9 =>-J = ~r sin#^ + cos 9^ = y + x-x(x 2 +y 2 j = r sin # + rcos#-r 3 cos 9 
y = r sin 9 => = r cos 9 ^ + sin 9^ = -x + y -y|x 2 +y 2 j = -r cos 9 + r sin 9-r 2 sin# 


Solve for by adding cos#xeq(l)to to sin#xeq(2): 


2 j . 9 sj /. 3 

cos ^ j + sin = cos# rsin# + rcos#-r cos# 
at at \ 


j + sin#| 


—r cos 6 + r sin 6 - r 5 sin ( 


i 232 • -2 3-2 3/ 

=> = r sin 9 cos 9 +/• cos ~9- r cos 9-r sin# cos#+ r sin' 9-r sin 9 = r-r = r 1 1 — 

Solve for ^ by adding (-sin #) xeq(l) to cos#xeq(2): eq(l)to cos#xeq(2): 


(i-r 2 ) 


r sin 9^jj- + r cos^ #-^ = -sinter sin 9 + r cos 9-r 2 cos# j +cos 9 |-r cos 9 + r sin 9-r 2 sin #j 
=> r^r- = -r sin 2 9-r sin 6 * cos 6 * + r 3 sin 9 cos 9-r cos" 9 + r sin 9 cos 9-r 2 sin 9 cos 9 = —r => = -1 

at at 

If r=l (that is, the trajectory starts on the circle x 2 +y 2 = 1 ), then ^ = (l)|l -(l ) 2 j = 0 , thus the 

trajectory remains on the circle, and rotates around the circle in a clockwise direction, since ^ = -1. The 
solution is periodic since at any point (x, y) on the trajectory, (x, y) = (r cos 9, r sin#) = (l cos 9, lsin 9) 
= (cos 9, sin 9) => both x and v are periodic. 


—r cos 9 + r sin 9 - r sin 9 


3. This model assumes that the number of interactions is 
proportional to the product ofx and y: 

^ = (a-b y)x,a < 0, 

%= m f 1 ~i)y~ n *y=y ( m -M-y~ nx )- 

To find the equilibrium points: 

^ = 0 =>(a-b y)x = 0 => x = 0 or y =f 

(remember j < 0 ); 

±. = 0^,y (m-jL y - nx 'j= >y= o .or 

y = -ML x+M -, 
y m 

Thus there are two equlibrium points, both occur 
when x = 0, (0, 0) and (0, M). 
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Implies coexistence is not possible because eventually 
trout die out and bass reach their population limit. 


y 



4. The coefficients a, b, m, and n need to be determined by sampling or by analyzing historical data. Then, more 
specific graphical predictions can be made. These predictions would then have to be compared to actual 
population growth patterns. If the predictions match actual results, we have partially validated our model. If 
necessary, more tests could be run. However, it should be remembered that the primary purpose of a graphical 
analysis is to analyze the behavior qualitatively. With reference to Figure 9.29, attempt to maintain the fish 
populations in Region B through stocking and regulation (open and closed seasons). For example, should 
Regions A or D be entered, restocking the appropriate species can cause a return to Region B. 


5. (a) Logistic growth occurs in the absence of the competitor, and simple interaction of the species: growth 
dominates the competition when either population is small so it is difficult to drive either species to 
extinction. 

(b) a = per capita growth rate for trout 
m = per capita growth rate for bass 
b = intensity of competition to the trout 
n = intensity of competition to the bass 
ki = environmental carrying capacity for the trout 
^2 = environmental carrying capacity for the bass 


(c) 


dx . 
dt 


■ 0^>a{\-f^x-bxy= ab-f^-by 


x = 0 x = 0 ora|l--r--fcy=0=>x = 0 or 




= $ = 0=>m(l-i)j.-»*y=r»i(l-^)-»*]y=0=>y=0 or»(l-i)-»»=« 


nk- 


v = 0 or y = h-, - -x. There are five cases to consider. 

-Z «Z yyt 


Case I: -f- > k 2 and — >k ] . 

b z n 1 


By picking f>*2 and ™ > k\ we ensure an equilibrium point exists inside the first quadrant, 

y y 
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Graphical analysis implies four equilibrium points exist: (0, 0),, 0),(0, k 2 ), and 


( amky—bm k^k 2 
am—bn k\k 2 9 


a mk 2 —an k\k 2 
am—bn k^k 2 



point of intersection of the two boundaries in the first quadrant). 


All of these equilibrium points are unstable except for the point of intersection. The possibility of 


coexistence is predicted by this model. 
Case II: f > h*, and — <k\. 

b A n 1 

(0, k 2 ): unstable 
(^,0): stable 
(0,0): unstable 
Trout wins: (&[,0) 

Not sensitive 
No coexistence 



Case III: t < kj and — >k\. 

b z n 1 

(0 ,k 2 ): stable 
(k\ , 0): unstable 
(0,0): unstable 
Bass wins: (0, k 2 ) 
Not sensitive 
No coexistence 



Case IV: j-<k^ and — < h. 

b z n 1 
(0, k 2 ): stable 
(£j 0): stable 
(0,0): unstable 


( amky—bm k\k 2 
a m—b n k^k 2 9 


a mk 2 — an k\k 2 
a m-bn k^k 2 


: unstable 


Bass or trout: (0, k 2 ) or (k^ , 0) 


Very sensitive 

Coexistence is possible but not predicted 



If we assume ^<k 2 and ^ <k\ then graphical analysis implies four equilibrium points exist: 


(0,* 2 ),(* 1 ,0),(0,0), and 


( amk\—bm k\k 2 
a m—b n k^k 2 


a mk 2 —a n k\k 2 
a m—b n k^k 2 



point of intersection of the two 


boundaries in the first quadrant). 

Case W:^ = k 2 and (lines coincide). 

(0, k 2 ): stable 
(k\ , 0): stable 
(0,0): unstable 

Line segment joining (0, k 2 ) and (£j,0): stable 
Bass wins: (0 ,k 2 ) 

Not sensitive 

Coexistence is likely outcome 
Note that all points on the line segment joining (0, k 2 ) and 
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6 . For a fixed price, as Q increases, gets smaller and, possibly, becomes negative. This observation implies 
that as the quantity supplied increases, the price will not rise as fast. If Q gets high enough, then the price will 
decrease. Next, consider : For a fixed quantity, as P increases, gets larger. Thus, as the market price 

increases, the quantity supplied will increase at a faster rate. IfP is too small, ^ will be negative and the 

quantity supplied will decrease. This observation is the traditional explanation of the effect of market price 
levels on the quantity supplied. 



(a) ^- = 0and-^ = 0 gives the equilibrium points (P,Q):( 0,0) and (25.8,775). Now ^-> 0 when 

PQ < 20,000 and P > 0; ^ < 0 otherwise. ^ > 0 when P>^ and Q > 0; < 0 otherwise. 

(b) These considerations give the following graphical analysis: 



The equilibrium point (0, 0) is unstable. The graphical analysis for the point (25.8, 775) is inconclusive: 
trajectories near the point may be periodic, or may spiral toward or away from the point. 

(c) The curve = 0 or PQ = 20000 can be thought of as the demand curve; ^ = 0 or Q - 30 P can be 
viewed as the supply curve. 


7. (,) § .a,-b,y.(a-by), and $ -my-n.y -(» -n„y =.$-£f -gjgf 

dt 

( b ) t =$5^7 => (f~ b ) d y =(f -~ n ) dx =>J(y- ~ b ) d y =J(f ~ n ) dx => a ln M - b y= m ln W ~ nx+c 

=> In \y a | + In e~ by = ln \x ,n | + ln e~ nx + ln e C => ln | y a e~ by | = ln \x m e~ nx e C | => y a e~ by = x m e~ n x e C , 
let K = e C ^y a e~ by =Kx m e~ nx 

(c) f(y) = y a e~ by => f (y) = ay a ~ l e~ by -by a e~ by = y a ~ l e~ by (a-by) and f\y) = 0 y = 0 or y = f; 

(t ) e~ a < 0 => f(y) has a unique max of M y = (^\ when y = 

g(x) = x m e~ nx => g'(x) = mx m ~ l e~ nx -nx m e~ nx = x m ~ l e~ nx ( m-nx ) and g'(x) = 0 => x = 0 or i = ^; 

( \ / \m —1 / \m 

n) = ~ n \n) e < 0 => g( x ) has a unique max of M x = (-^-J when x=™- 
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/(>') g(x) 




(d) Consider trajectory (x, y) —» |-j. For y a e hy =Kx m e nx => taking the limit of both 

sides => lim |^7' i 4r] = ^ => = Thus, -j- = • v * r represents the equation any 

x->m/n\e y x m J x->mln M * e > M x e" x 

y^a/b y^a/b 

solution trajectory must satisfy if the trajectory approaches the rest point asymptotically. 

(e) Pick initial condition < t- Then, from the figure at right, 

/(v 0 ) < M y implies ^7 = -jr~ < M y and thus 

x e e y g 

m 

< M x . From the figure for g-(x), there exists a unique 
- T 0 < ^ satisfying < M x . That is, for each y < ^ there 
is a unique x satisfying -L— = Thus, there can exist 

only one trajectory solution approaching (You can 

think of the point (x 0 , j 0 ) as the initial condition for that 
trajectory.) 

(f) Likewise there exists a unique trajectory when y 0 > Again, /(y 0 ) < M y implies ^ X nx = < M y 

and thus < M x . From the figure for g(x), there exists a unique Xq > ^ satisfying < M x . That is, 

■y a Ad btl 

for each y > ■j there is a unique x satisfying ^ X nx . Thus, there can exist only one trajectory 
solution approaching 


y Bass 



1. Let z = y' = ^ => ^ = z' = y", then given the differential equation y" = F(x, y, y'), we can write it as the 
following system of first order differential equations: ^ = z 

f = F(x,y,z) 

In general, for the nth order differential equation given by y = f[x, y,y', y let zj =y'=^ 


dz\ 


^>^± = z[ = y", let z 2 =z[ =j"^>^- = z 2 =y"',..., let z n _ x = z' n _ 2 =/” l> => 4-1 =T W - This gives us 


- ,,(”- 1 ) 


- „(”) 


dx 


dx 


the following system of first order differential equations: '-j- = Z\ 


dx 

dz\ 

dx 

dz 2 

dx 


= z. 


= z 3 
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dl n-2 _ „ 

dx 

^f- = F ( X , y,z 1 ,z 2 ,...,z n _ 1 ) 


9. In the absence of foxes ^>b = 0=>^=ax and the population of rabbits grows at a rate proportional to the 
number of rabbits. 

10 . In the absence of rabbits => d = 0 => ^ = —cy and the population of foxes decays (since the foxes have no 
food source) at a rate proportional to the number of foxes. 

11 . ^ = (a-by)x=0=>y=j or x = 0 ; ^ = (-c +d x)y = 0 => x = -j or y = 0=> equilibrium points at ( 0 , 0 ) 
or jj. For the point (0, 0), there are no rabbits and no foxes. It is an unstable equilibrium point, if there 
are no foxes, but a few rabbits are introduced, then ^ = a => the rabbit population will grow exponentially 
away from ( 0 , 0 ). 


12. Let x(t ) and y(t ) both be positive and suppose that they satisfy the differential equations ^ = (a-by)x and 


dy 

dt 


= {-c + dx)y. Let C(t) = a lny(/) -b-y(t)-d-x(t) +c \nx(t) ; 


C '(0 = al ^- b - d ■ x'(t) 


\y(t) 1 


) y ' )+ (^p) _i d ) = ~ h ) (■ _c+ d ■ + ( m - d )' _ h ■ y( d )).) = 0 


Since C'(t) = 0 => C(t) = constant. 


13. Consider a particular trajectory and suppose that (x 0 ,j ; o) is such that x 0 < ^ and y 0 <j, then ^>0 and 

< 0 => the rabbit population is increasing while the fox population is decreasing, points on the trajectory are 
moving down and to the right; if xq > -^ and then ^ > 0 and ^ > 0 => both the rabbit and fox 

populations are increasing, points on the trajectory are moving up and to the right; if x () > -j and y 0 > then 

^- < 0 and > 0 => the rabbit population is decreasing while the fox population is increasing, points on the 

trajectory are moving up and to the left; and finally if x 0 < -j and y 0 > j, then &L < o and < 0 => both the 

rabbit and fox populations are decreasing, points on the trajectory are moving down and to the left. Thus, 
points travel around the trajectory in a counterclockwise direction. Note that we will follow the same trajectory 
if (xq, Jo) starts at a different point on the trajectory. 

14. There are three possible cases: If the rabbit population begins (before the wolf) and ends (after the wolf) at a 
value larger than the equilibrium level of x = then the trajectory moves closer to the equilibrium and the 
maximum value of the foxes is smaller. If the rabbit population begins (before the wolf) and ends (after the 
wolf) at a value smaller than the equilibrium level of x = but greater than 0 , then the trajectory moves 

further from the equilibrium and the maximum value of the foxes is greater. If the rabbit population begins and 
ends very near the equilibrium value, then the trajectory will stay near the equilibrium value, since it is a stable 
equilibrium, and the fox population will remain roughly the same. 
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CHAPTER 9 PRACTICE EXERCISES 


1. / = Wtr2 =• <r-> . W^2* =. - 2( - > - 2), ,'; |3 " 4) + c => ,-r - - 2I - 2| "< 3 " 4) - c 

^ -V » ln F 24 " 2 *" 33 " 4 * -cl ^ v = - J - 2< *- 2 >’° (3 " 4) -cl 


2 i 2 2 

2. y' = xye x => = e x x dx => In y = je x +C 

3. secx dy + xcos” y dx = 0=> d \ = =^> tanj = -cosx-xsin x + C 

cos z y secx 

4. 2x"dx-3y[y cscx dy — 0 => 3 ^fy dy => 2 y 212 = 2^2 -x 1 jcos x + 4xsinx + C 

=> y 2/2 =[l-x~ jcosx + 2x sin x + Q 

5. y' = ^-=> ye~ y dy = ^ (y + l)e _v = —In | jc | +C7 

6 . y' = xe x ~ y cscy => y' =4 ^-csc y => yyyr^dy = xe x dx => ^--(sin v - cos y) = (x-\)e x + C 

7. x(x - \)dy - y dx = 0 => x(x - \)dy = y dx => => In y = ln(x -1) -ln(.r) + C 

=> In y = ln(x -1) - ln(x) + In Cj => In v = In => y = 

8. y = (/-l)(x- 1 )^-^ r = f ^^fel=lnx + C^ln(^) = 21nx + lnC 1 ^^ = C 1 x 

9. 2y'-y =xe xl2 => y'-^y = y e x/2 . 

P(x) = -i v (x) = jW)*=^ /2 . 

e- X ' 2 y'-\e-^y = (e ~ x/2 )(f )(e x/2 ) = f => f^y) = f =* = £ + C =* , = ^ /2 (£ + c) 

10 . 2 - + 3 ; = e _A sin x => j/ + 2 j = 2 e~ A sin x. 

P(x) = 2 ,v(x) = e^ 2dx = e 2x . 

e 2x y' + 2 e 2x y = 2e 2x e~ x sin x = 2e A sinx => J^fe 2x _y j = 2e A sinx => e 2x >’ = e x (sin x - cos x) + C 
=> y = e~ x (sin x -cosx) + Ce~ 2x 
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11. x/ + 2j = l-x- 1 ^/ + (l)j=i--V. 

/ \ 2 J 21n jc In x 2 2 

v(x) = e Jx = c = e =x . 

x 2 y' + 2xy = x-\= x-l =>x 2 y = ±--x + C =} y = |-*+^r 

12 . xy' —y = 2x In x => j/ = 21 nx. 

/ \ — J~ -In * 1 

v(x) = e J x =e =—. 

v 7 x 

(i) •?■~ (if y =¥ 111 x => * (J ■ -y)=i :b * => i ■ y =t ln x f +ic => y = x t ln x f + Cx 


13. |l + e x ^dy+ (^ye x + e x jdx = 0 => ^1 + e x jy' 
ta(e*+l) _ 

= o lte = e ' ' = e x + 1 . 


. x —x i e -e 

+ e y = -e => y =——y =—— 
l+C 1+e 1 


v(x) = e 

C +1 )>" + C +1 )(r7)^i?7C +1 )=>i[C +1 )>' 

.. _ e~ x +C _ e~ x +C 


= -e ~ x => 


^e x + ljy = e v +C 


e +1 l+e 


1 dy + [e x y -4x^dx = 0 => + y = 4xe x =>p(x)=l, v(x)=e^ dx = 




e~ => e" -f- + ye x = 4x e 2x 


Mye x ) = 4xe 2x =>ye x = \4xe 2x 


15. [x + 3y 2 ^dy + y dx = 0 => x dy + y dx = -3 y 2 dy => -J^(xy) ~ _ 3y 2 (i_y => xy = - y 3 + C 

16. x dy + ^3y-x~ 2 cosxj dx =0 => + = x~ 3 cosx. Let v(y) = e^ x = e 31nA =e lnx =x 3 . 

Then x 3 y' + 3x 2 y =cosx and x 3 y = Jcosx dx = sinx + C. So y = x -3 (sinx + C) 

17. (x + l)f + 2 y = x^y'+(-^)y=^- v Let v(x) = = e 21n(x+1) = e Hx+1)2 = (x + l) 2 . 

So /(x+1 ) 2 + l^rj( x + r > 2 y = (^TI )( ;t+1 ) 2 ^ j;\y(x+ l ) 2l \= x{x+ 1) y(x+\) 2 =\x(x + l)dx 
=^>.y(x+l ) 2 = ^- + ^- + C y = (x + l)“ 2 ^- + £- + c). We have y(0) = 1 => 1 = C. So 

y = (x + l)“ 2 ^ + T + 1 ) 


18. x^ + 2y = x 2 +1 =>y' + (£\y = x + -k Let v(x) = =e inx =x 2 . So x 2 y' + 2xy = x 3 +x 

^i;(x 2 y) = x3 + x ^ x 2 y = 2 t + 2 i 2 +c ^y = 2 4r + j2 + r Wehave p(i) = i=>i={+c+|=>c 

So y =^ + -^- + \ = * 4+2 *~ +1 
4 4x 2 2 4x 2 
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19. ^ + 3x 2 y = x 2 . Let v(x)=e^ 3 ' dx = e x . So e x y' + 3x 2 e x y = x 2 e x => -jj- e x y =x 2 e x 


=> e x y - je x + C. We have j(0) = -1 => e° (-1) = -|e° + C=>-l=j + C=>C = -y and e x y = ■ 


^y=i~i e ~ x ' 


20. xdy + (y -cosx)dx = 0 => xy' + y- cosx = 0 => + Let v(x) = e^ dx =e hlx =x. 

So xy' + x (y )y = cos x => ^(xy) = cosx => xy = J cos x dx => xy = sinx + C. 

We have y (yj = 0 => (yj0 = 1 + C=>C = -1. So xy = -1 + sinx =>y ■ 


, _ -1+sinx 
x 


21 . ^' + (x- 2 )y =3xV* =>/ + M)j;=3xV*. Let v(x) = e^ 2 )* = e ^ 21n - lc =4. 

So Jy + J-( 2 ^)y = 3=>^(y-j)=3=>y-J=3x + C. We have y (1) = 0 ^ 0 = 3(1)+ C C =-3 
=>y--^- = 3x —3=>y = x 2 e~ x (3x -3) 

X 


22. y dx + (3x-xy+2)dy = 0^>^ + 3x xy+2 = 0 => 4 + — -x = - 1 => ^ + ( 1 -l)x = -K 
v ' / ' ay y ay y y ay \ x / y 

P(y) = j - 1 => j P(y) dy = 3 In y - y => v(y) = e 3 ln y ~ y = y 3 e~ y 

y 3 e y x' + y 3 e v |y-ljx = -2 y 2 e y => y 2 e y x = j—2y 2 e y dy = 2e y ^y 2 +2y + 2^ + 0 
^>y 3 = ~^ + - } ^-) +Cl We have y( 2) = -!=>-! = 2(1 ~ 2+2 > +Ce ‘ => C = -4e and => y 3 


2{y 2 +2y+2\-4e y+x 

X 


23. To find the approximate values let y n = y n _ i + (y„_i +cosx ;! _j)(0.1) with xq = 0, y 0 = 0, and 20 steps. Use a 
spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 


X 

y 

X 

y 

0 

0 

1.1 

1.6241 

0.1 

0.1000 

1.2 

1.8319 

0.2 

0.2095 

1.3 

2.0513 

0.3 

0.3285 

1.4 

2.2832 

0.4 

0.4568 

1.5 

2.5285 

0.5 

0.5946 

1.6 

2.7884 

0.6 

0.7418 

1.7 

3.0643 

0.7 

0.8986 

1.8 

3.3579 

0.8 

1.0649 

1.9 

3.6709 

0.9 

1.2411 

2.0 

4.0057 

1.0 

1.4273 
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24. To find the approximate values let y n = y n _j +(2 -y n _\)(2x n _\ +3) (0.1) with x 0 = -3, =1, and 20 steps. 

Use a spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 



y 

X 

y 

-3.0 

1.0000 

-1.9 

-5.3172 

-2.9 

0.7000 

-1.8 

-5.9026 

-2.8 

0.3360 

-1.7 

-6.3768 

-2.7 

-0.0966 

-1.6 

-6.7119 

-2.6 

-0.5998 

-1.5 

-6.8861 

-2.5 

-1.1718 

-1.4 

-6.8861 

-2.4 

-1.8062 

-1.3 

-6.7084 

-2.3 

-2.4913 

-1.2 

-6.3601 

-2.2 

-3.2099 

-1.1 

-5.8585 

-2.1 

-3.9393 

-1.0 

-5.2298 

-2.0 

-4.6520 




25. To estimate j(3), let y = y n - 1 + A ";‘ 2 ;r‘ (0.05) with initial values x 0 = 0, y 0 = 1, and 60 steps. Use a 

\ *„-i+i ) 

spreadsheet, graphing calculator, or CAS to obtain >>(3) a 0.8981. 


26. To estimate y( 4), let z n = y n _\ + 


x n-l -2y n -l + 1 


(0.05) with initial values x 0 = 1, Jq = 1, and 60 steps. Use a 


spreadsheet, graphing calculator, or CAS to obtain y( 4) « 4.4974. 


27. Let y n =y n _\ r i+2 j (dx) with starting values x 0 = 0 and y 0 =2, and steps of 0.1 and -0.1. Use a 
spreadsheet, programmable calculator, or CAS to generate the following graphs. 

(a) _ 



[-0.2,4.51 by 1-2.5.0.5J 

(b) Note that we choose a small interval of x -values because the v-values decrease very rapidly and our 
calculator cannot handle the calculations forx < -1. (This occurs because the analytic solution is 

y = -2 + ln^2 —e~ x j, which has an asymptote at x = -In 2 ~ 0.69. Obviously, the Euler approximations 
are misleading for x < -0.7.) 

i i .. F 1 1 


1-1.0.21 by [-10,21 
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28. Let y n = y n _ x - A " 1 1 \(dx) with starting values x 0 = 0 and y 0 = 0, and steps of 0.1 and -0.1. Use a 

V e " +X n- 1 ) 

spreadsheet, programmable calculator, or CAS to generate the following graphs. 


(a) 


(b) 



29. 


1 1.2 


1.4 


1.6 1.8 2.0 


y -1 -0.8 -0.56 -0.28 0.04 0.4 

^7 = x => dy = x dx => y = + C; x = l and y = -1 

=>-l = ^- + C=>C = -y=>y(exact) =\~\ 

=> y( 2) = = j is the exact value. 



30. 


1 1.2 


1.4 


1.6 


1.8 


2.0 


y -1 -0.8 -0.6333 -0.4904 -0.3654 -0.2544 

^ = -b => dy = -b dx => y = In | x | +C; x = l and y = -1 
=> -1 = In 1 + C => C = -1 => y(exact) = In | x | -1 
=> y(2) = In 2 -1 * -0.3069 is the exact value. 


31. 


1 1.2 


1.4 


1.6 


1.8 


2.0 


y 


-1 -1.2 -0.488 -1.9046 -2.5141 -3.4192 


y = *P=>y = xdx^ln\y\=^- + C 

X 2 x 2 X 2 

=>y=e 2+C =e 2 -e C = Qe 2 ; x = 1 and y = -1 


=> -1 = Cje 1/2 => Cj = -e 1 '" => y(exact) = —e llz -e : 


(x 2 -l). 

= -e v ' 


72 


■ y( 2) = -e 


1/2 

3/2 


! —4.4817 is the exact value. 



x 1 1.2 1.4 1.6 1.8 2.0 

y -1 -1.2 -1.3667 -1.5130 -1.6452 -1.7688 

^r=—=>ydy=dx=> — =x + C; x = 1 and y = -1 
ax y s s y s 

\ = l+C^>C = -\^>y 2 =2x-l 
2 2 y 

=> y(exact) = *j2x — l => y(2) = —s/3 « -1.7321 is the exact value. 
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33. ± = y 2 -l^y' = (y + l)(y-l). We have / = 0=>(y+l)=0,(y-l)=0=>y = -l,l. 

(a) Equilibrium points are -1 (stable) and 1 (unstable) 

(b) y' = y 2 y" = 2yy' y" =2y[y 2 -l^ = 2y(y + l)(j>-1). So y" = 0 => y = 0, y.= -1, y = 1. 




£>0 

! &«> 

: &<o 

£>0 

dx 

. dx 

i dx 

| dx " ; 

&<0 

1 §>0 

; ^<0 

^>0 

dx 1 



dx 2 


I «■ 

,> = 0 


(c) 



34. 4jL = y-y 2 =>y' =y(l-y). Wehave y' = 0^y(l-y) = 0^y=0A-y=0^y=0,l. 

(a) The equilibrium points are 0 and 1. So, 0 is unstable and 1 is stable. 

(b) Let = increasing. <— = decreasing. 

y' < 0 y' > 0 y'<0 

-5—-— > i ^- >y 

y' = y-y 2 ^y" =y'-2yy'^y" = (y-y 2 )-2y(y-y 2 ) = y-y 2 -2 y 1 + 2 y 3 ^>y" = 2 y 3 -3 y 2 +y 

= y( 2 } 2 -3j + lj^> y" = y(2y-l)(y -1). So, y" = 0 => y =0, 2y-X = 0, y-l =0 => y = Q,y =±, y =1. 
Let —> = concave up, <— = concave down. 

y " < Q y" > 0 . y" < 0 , y" > 0 



35. (a) Force = Mass times Acceleration (Newton’s Second Law) or F = ma. Let a = v-^f. Then 

ma = -mgR 2 s " => a = -gR^s 2 => v ^ = —gR 2 s 2 => v <iv = -gR 2 s ~ds => Jv dv = J-g.K 2 s 2 ds 


4=^ + c, 


2 - Ml 


■C=v- 0 -2gR: 


■ V = 


IgR 1 


ds 

+ 2Q = + C. When t = 0, v = v 0 and .v = R => vq = 

+ vq -2gR 


IgR 1 


+ C 
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(b) If v 0 = yjlgR, the V 2 = => v = since v > 0 if v 0 > ^ 2gR. Then ^ 

=> yfs ds = -^2gR~ dt => J s^^ds = | \j2gR 2 dt => -|-5 3/ “ = \j2gR‘ 2 f +Cj => 5 3/ “ = ^V^g^c" jf + C; f = 0 

and s = R =>i? 3/2 = f|^gf? 2 1(0) + C =4> C = f? 3/2 =^5 3/2 = It+if 3/2 = +i? 3/2 

= f? 3/2 [(|f?- 1/2 72^)t + l] = J R 3/2 ^jpj t+ i =jR 3/2 + i => S=R l + 

36. ^ = coasting distance => < a86 ^ 30 - 84 > = 0 .97 => k « 27.343. 5(f) = ^(l-e“ (A ' /w)? ) 

=> 5 (f) = 0.97 |i_ e ~O 7 -343/30.84)/ j _ 0.97 |l-e -0 - 8866 ' j. A graph of the model is shown superimposed 

on a graph of the data. 



12 3 


CHAPTER 9 ADDITIONAL AND ADVANCED EXERCISES 

!• ( a ) ^ = k y( c ~ y)^ d y = ~ k y(y-c) dt = -kfdt = -jkfdt ^>\n\y-c\= -kjrt + C X 

=> y — c = ±e l e v . Apply the initial condition, y (0) = y 0 => y 0 = c +C => C = y 0 -c 
^ y = c+(y 0 -c)e 1 . 

—k~t 

(b) Steady state solution: y x = limjC) = lim c + (>’ 0 -c)e v = c + (jo — c)(0) = c 

t —>oo J 


= -/>=> ffi = —|Z>|f + C. At f = 0 , 7 w = »!q, so C = niQ and m = ~\b\t 


dm 

dt 


Thus F = (m 0 -\b\t)%-u\b\= -(mo -\b\t) |g| =>f = -g + ^7 => v = -gt-u In[^-j + Q 
v = 0 at f = 0 => Q = 0 . So v = -gt -it j = ^ => y = J —gt — u ln p”“ j dt and u = c, y = 0 at 


r = 0 =>y = -|gf 2 +c 
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3. (a) Let y be any function such that v(x)y = J v(x)Q(x)dx + C, v(x) = e \ p ^ dx Then 

j-{y(x)-y)=v(x)-y'+yv\x)=v(x)Q(x). We have v(jc) = J P(x)dx 

v'(x) = e- P(xp/x P(x) = v(x)P(x). Thus v(x)-y' + y-v(x)P(x) = v(x)Q(x) =>y'+yP(x) = Q(x) => the 
given y is a solution. 


(b) If v and Q are continuous on [a, b] and x e (a, b), then -j- f v(t)Q(t)dt = v(x)C(x) 

dx \Jx a \ 

=> [ v(t)Q{t)dt = [ v(x)Q(x)dx. So C = Lo v ( x o) _ \v{x)Q(x)dx. From part (a), 

J.v 0 J ' J 

v(x)y = j"v(x)(?(x)dx +C. Substituting for C: v(x)y = J v(x)Q(x)dx + j ; ov(x 0 ) ~^v{x)Q(x)dx 

=> v(x)y = y 0 v(x 0 ) when x = x 0 . 

4. (a) y'+ P(x)y = 0,y(x 0 ) = 0. Use v (x) = J F ^ dx as an integrating factor. Then J^(v(x)y) = 0 

=> v(x)y = C => y = Ce $ P{x )dx and y, = C x e \ p{x)dx , y 2 = c 2 e \ p(x)dx , y { ( X() ) = y 2 (*o) = 0, 

yi -y 2 =(C 1 -C 2 )e \ p ^ dx = C 3 e ^ p(x}dx aiK j y x -y 2 =0-0=0. So yj-y 2 is a solution to 
y'+P(x)y = o with y(x 0 ) = 0. 

(b) -c 2 )])=i(C,-C 2 ).A(C 3 )=0. 

jy (Vui[.V|Ia)-VAA)| yA = (v(.v)[v,(.v)->■,(*)]) = jo dx = C 

(c) y I =C I e-l FM ‘ lx , , 2 =C 2 e-l PMdx , y = y,-y 2 . So y(x 0 ) = 0 =»-C 2 W' W * = 0 
=^> Cj -C 2 = 0 => Cj = C 2 => y x (x) = y 2 (x) for a <x <b. 


lx 2 +y 2 )dx+xydy = 0 => f = -i-Z = _X__Z = /rfz) => F(y) = i 

\ J dx xy y x y!x x \x J v 7 v 


= — — V => — H-= o 


* v-F(v) 


> dx | dv 


d \ =0=>J^ + Jj^- = C=>ln|x|+|ln 2v 2 +1 = C =>4In|x| +ln 2^)“ +1 =C 

V v / 

=> In x 4 +ln ~ T y = C => lnlx 2 ^2y 2 +x 2 j = C => x 2 ^2y 2 +x 2 j = e~ => x 2 ^2y 2 +x 2 j = C 


2 , 2, 2 ; n 
= e x 2y +x = C 


6. x 2 c?y+ |y 2 -xyjdx = 0 : 


-(r 2 -xv) 


. ^ _ _/zr + z _ p(l 

dx x x x 


(;)= f W 


— —V +v^ifa+ dv Q 


-(-v 2 + v) 


. J^+J4 = C => ln|x|-1 = C => In 


x — 7 " = C => In x —— = C 

y/x y 


7. (xe- v/x +yjdx-xdy=0=>^ = xe> '* +y = e y,x + ^ = F => F(v) 
=> J^-J4 = C^ ln |x|+e _v = C => ln|x| + e _ - v/x =C 


= e v +v => — + # . = 0 
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"**x \ 1+v/ 


f— + f-y- + \-^r~ = 0 => InIxl +tan 1 v + y-In 

v 2 +l 

= C => 2 In Ixl + 2 tan *v + ln 

U) 2 + i 

J X J v 2 + l J v 2 +l 1 1 2 


1 1 

\ x ! 


= C 


•In 


+ 2 tan 


"(*) 


+ In 


2 2 
y +x 


= C => 2 tan 1 ( —| + ln 


2 , 2 
P + * 


= C 


9. y = E + cos(^) = 2t 


( Z ?) = 7 + C0S (7- 1 ) = 77 (F)^ JP W= v+C0S ( v - 1 )^f + ^ 


dv 


s (v-l)) 


= 0 


' j'Y - Jsec(v-l)c/v = 0 => ln|x|-ln|sec(v-l) + tan(v-l)| = C => ln|.r|-ln sec|— f -l + tan | 


10. (jtsm^--j;cos — \dx + xcos—dy - 0 => y- = —---— = — -tan^- = f(—) => F(v) 

\ * x ) x dx xcosZ x x \ X J 

X 

—- = 0 => f — + f cot v dv = 0 => In Ixl + In Isin v| = C => In |x| + In 
v-(v-tanv) J x J i i i i i i 


= v - tan v 


dx 

x 


= c 
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CHAPTER 10 INFINITE SEQUENCES AND SERIES 


10.1 SEQUENCES 


L fll =^ = 0, a 2 = hf = 


_ 1 „ _ 1-3 _ 2 


4 ’ ^3 3 2 9 ’ °4 4 2 16 


? „ - 1 -1 „ - 1 - 1 „ - 1-1 „ _ 1 _ 1 

z. - n -i, «2 - 21 - 2 ’ “3 - 3! - 6 ’ "4 ~ 41 “ 24 


3- «1 =^ZT = 1 ’ a 2 = 


(- 1) 3 1 . (- 1) 4 1 . (~ 1) 5 1 

4-1 3’ 3 6-1 5’ 4 8-1 7 


4-1 3’ 3 6-1 5 


4. aj =2 + (-l) 1 =1, a 2 =2 + (-l) 2 =3, a 3 = 2 + (-1) 3 = 1, a 4 =2 + (-l) 4 =3 


< „ _J__I „ _ 2l I _ _2i_i _2^_i 

a l 2 2 2 ’ °2 2 ’ ° 3 2 4 2 ’ 2 5 2 


6 „ _ 2-1 _ 1 _ _ 2-1 _ 3 _ _ 2 -1 _ 7 _ _ 2 4 -l _ 15 
— ~2~ ~ ~2 ’ a 2--^“-4’ a 3- _ p _ -'8’ «4 “ ~ “ 16 


7 _i ,, _ 1 ,1_2 _3 , J__l _7 , J__I5 ,, _15 , J__31 _63 ,, _ 127 „ _ 255 

/. 1 , a 2 I + 2 2 ’ a 3 2 + 2 2 4 ’ ° 4 4 + 2 3 8 ’ ° 5 8 + 2 4 16’ ° 6 32 ’ ° 7 64 ’ ° 8 128’ 


„ _ 511 ,, _ 1023 

a 9 256’ 10 512 


,, _ 1 _ 1 . _lil_ 1 _ ,, -iAl-J- „ _ 1 „ 1 __l 

«1 h a 2 2’ 3 6 ’ ° 4 4 24’ a 5 5 120’ ° 6 720’ ° 7 5040’ ° 8 40,320’ 


° 9 362,880 ’ 010 3,628,800 


9. flj = 2, a 2 = ( 1} 2 ' (2) =1, a 3 = — 

° 8 = _ 64 ’ = 128 ’ fl 10 = 256 


1 „ 

2 ’ ^ “- 2 - 


1 (-» 5 (4) 1 1 1 

■4’ « 5 =-2 -= 8 ’ «6=T6’ a ~l = — 32 ’ 


10. | = -2, a 2 = 1( 0 " > = -1, a 3 = 2 ( 3 ^ 

_ 1 _ 9 _ 1 
a 8~~4’ a 9~~g> fl 10- _ 5 


2 _ 3 ( 3) 

‘3’ a 4 -~i“ 


1 4 ( 2 ) 2 1 2 

-2’ « 5 =^ = -f, «6="i. « 7 =-f» 


11. — 1, ^2 — 1? ^3 -1 + 1-2, #4 —2 + 1 — 3, $5 —3 + 2 — 5, ci— 8, Uj —13, cig — 21, cig — 34, ci\o — 55 

(_+) (i) 

12 . (71 = 2 , a 2 =-l, a 3 =-j, a 4 = ^~=j, a 5 =-^j- = -l, a 6 =-2, a 7 =2, a 8 = - 1 , a 9 =-^, r/ 10 =y 

V 


13. a n = (—1)” + , n = 1,2,... 


14. a„ =(-!)",» = 1,2,. 


15. a„ =(-l)” +1 77 2 , «=1,2,. 


/ixn+l 

16. a n = —5—, 77=1,2,. 
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17 ' ° n 3(11+2)’ n 1 ’ 2 ’' 


18 - °n=Mr n = 1 ’ 2 ’- 


19. a n = n -1, n =1,2,... 


20. a n = n- 4, « =1, 2,... 


21. a n = An -3, n = 1, 2,. 


22. a„ = 4/? -2, /? = 1, 2,. 


23. a„=^±+ 77=1,2,. 


24 - «f! = » = h 2 ,. 


25. a„ =- 


77=1,2,... 


26. a n = "~ l2+i 2 l) ^ =[f], 77 = 1,2,. 


27. lim 


im (2 + (0.1)" = 2=> converges (Theorem 5, #4) 

—^00 ' 7 


28. lim ” +( 1J " = lim |l+^-| = l 


converges 


29. lim \-4p- = lim — = lim = -1 =^> converges 

/7—>oo +2/7 /7 —>00 (i)+2 /z—>oo ^ 


2 ^ ,+ (i 


30. lim 2w+ 3- = lim — y — My- = — oo =^> diverges 

n —>oo 1—3v« n^>co /-3=-3J 


31. lim J f^ T = lim = 

n —>oo n +8/7 /? —>c© 1+^—J 


converges 


32. lim _ n+3 — = lim 7 — "| 3 -- = lim —L- = 0 => converges 
u — >oo « 2 + 5 / 7+6 77—>00 («+ 3 )(«+ 2 ) „^ 00 n +2 


33 . lim -—yy±L = lim iC_Lyil = ij m ( 7 ? _i) = G o=> diverges 

n — >00 w 72 — >00 W 77 — >00 


3 l 2 I f 1 

34. lim — t = lim — = oo => diverges 
/7—>00 70—4/2 72—>00 j _ZQ. |_4 


35. lim 


im ll + (-l)” does not exist =0 diverges 

—^00 ' ' 


lim (-l) ,! |l-ij does not exist => diverges 


-3-) = lim 

77->00 




converges 


38. lim (2 --7) (3 ++-) = 6 => converges 39. lim = 0 => converges 

77 —>00 \ 2 n J \ 2 n J 77 —>00 ^ n A 
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40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

53. 

54. 

55. 


/ , \ti /_n" 

lim I-y I = lim v ' = 0 => converges 

n —' ' n — 2 


lim J^r = lim = lim =^2 

V n+\ \ I n +1 \ j + i 


n —>oo ^ V „->oo " + ^ V 7,->oo 


converges 


lim —y = lim = oo => diverges 

n —>oo (0.9)" /)—>oo ' " / 

lim sin(4 + -)=sin lim + -) = sin-^ = 1 => converges 

h—> oo ' 2 n > Vn—>oo' 2 nj) 2 

lim n7T cos (rui) = lim (/?^r)(—1)" does not exist => diverges 


lim = 0 because < — => converges by the Sandwich Theorem for sequences 

n —>oo n n n n 


lim Sln n = 0 because 0 < Sln - < — => converges by the Sandwich Theorem for sequences 

n —>oo z z z 


lim — = lim -Z— = 0 => converges (using lHopital's rule) 

n —>oo 2 n —>oo 2 In 2 


lim = lim 3 *^ 3 = lim 3 ^° 3 ^ = lim 3 (1 ” 3 ^ = oo => diverges (using lHopital's rule) 


inn ^ — mil 2 — mil . 

n—> oo n n —>co /?—>oo 


lim 

n—>co 


4^4= lim H= lim = lim -4 = 0^ converges 
V» 72 —>co yj 72 —>oo "+ 1 ,7—>oo l+(i) 


In (ft+l) 


In n 

lim — - = lim 

72—>00 ln 2?! ,,->00 


(i) j. 

(i)" ' 


converges 


lim 8 1 /" = 1: 


converges 


lim (0.03) 1 /" =1=> converges 

n —>oo 


lim (l + 7.) = e 7 => converges 


(Theorem 5, #3) 

(Theorem 5, #3) 

(Theorem 5, #5) 


(l-iV ! = lim 

4—1 

1 nl 27 —>00 

n 


-e 1 => converges (Theorem 5, #5) 
lim %/lO« = lim 10 1 /” ■n^ n =1-1 = 1 converges (Theorem 5, #3 and #2) 
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56. 



=> converges 


(Theorem 5, #2) 


57. 


lim 

n —>co 



lim 3 1/n 

il—>ac _ 

lim n^ n 

«—» oo 



converges 


(Theorem 5, #3 and #2) 


58. lim (« + 4 ) 1 /(”+ 4 * = ii m _ Y V X = l => converges; (let x = n +4, then use Theorem 5, #2) 


In 72 


lim In 72 


59. lim -jt- = ”~ >cc . = -Y- = oo => diverges 

»-»oo « I/n lim 1 B 


(Theorem 5, #2) 


60. lim [In n — In ( 7 ? +1)1 = lim In 1-^1 = In lim -tt- =lnl = 0=> converges 

«->00 «->oo v«->oo ” +1 y 


61. lim ^4 n n = lim 4’-ifn = 4-l = 4^> converges (Theorem 5, #2) 

72—>00 72—>00 


62. lim 


^3 2 " +1 = lim 3 2+(1/n) = lim 3 2 -3 1/n =9-1 = 9: 


converges (Theorem 5, #3) 


63. lim -gU lim 123 "' ( ” 1)(w) < 


72—>00 W 72—>00 


72-72*72-* -72 - 72 


lim (—) = 0 and -^ > 0 => lim -*tj- = 0=> converges 

7 —>qo ' n ' n 11 u—> 00 n" 


(-41" 

64. lim -— j— = 0 => converges 


(Theorem 5, #6) 


65. lim -^=-= lim ——— = »=> diverges 

n —>co 10 «-> 00 [10 6 y 


(Theorem 5, #6) 


66. lim = lim = 00 => diverges (Theorem 5, #6) 


67. lim *= lim exp (yd— In = lim exp ( ln 1 ln - 1 = e [ 

„->00 „_>oo Inn ) 


converges 


68 . lim ln(l + 4) = In ( lim (l + -) ] = lne = l: 
//—>00 V n) n) J 


converges 


(Theorem 5, #5) 


69. lim = lim exp In ln (1^)) = lim exp ^ ln(3 ” +1) ln(3 " h 

»^oo V Un-li; 


= lim exp 

72—>00 


f ^ 

3 _3_ 

3» + l 3/7-1 

V V n 2 J J 


= lim exp ——tyt—— 

„^00 F \(3»+l)(3n-l) 


= exp = e 2 ^ 3 => converges 
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70. lim (-O = lim 

n —>co ' n+ ' n—>co 


exp 


( ,7ln te))=,;“ exp 


= lim exp - ) = e 1 => converges 


C In In ( 77 +I) ^ 


(i) 


= lim exp 

77—>00 


f \ 

I_1_ 

n n +1 

1 


/ » \ Vn / , \l/« 

7L = J5l*(m) - 

= jce° = x, x > 0 => converges 


x lim exp( — ln(- 

«->oo V" '• 


1 

2n+l 


= x lim exp( ln(2 ” +1) j _ x |j m eX pf—3_ 

77—>00 \ H I 77—>00 ^ 2/7 + 1 


72. 


lim I 1 — -y = lim exp In In 11 --y = lim exp 

77—>00 \ n J 77—>00 \ \ 77 / / 77—>00 


f-hv)l 

= lim exp 

77—>00 

’(V 

)/('-?) 

(f) 

I 

'_i_l 

v y 


( 

. » 2 J 


= lim exp I ~^ rL 


n -1 


= e = 1 => converges 


^n .... 

73. lim _ n ° = lim ^-= 0 => converges 

h —>00 2 •«! n—>oo n ' 


36" 


(Theorem 5, #6) 


74. lim 


(if)" 


■ = lim 


(12 1 " (1 

0 \" 

Ini U 

lj 


( i2o y 
= lim ' 121 ' 




• = 0 => converges 


(Theorem 5, #4) 


n _ —n _ 2n _i 

75. lim tanh /i = lim -—-— = lim 0 

n . —n 2/7.i r* in 

77—>00 77—>00 £ +£ 77—>00 £ +1 77—>00 


2n 

= lim -^57 = lim 1 = 1 => converges 

77—>00 


76. 


lnn_ -Inn 

lim sinh (In /?) = lim -—y- 

77—>00 77—>00 Z 


77-1-I 

lim —yLL = oo => diverges 

77—>00 ^ 


77. 


lim 

77—>00 


” 2sin (f) 

2«—1 


lim 

77—>GO 




— ousi —i . 

lim -yf = u. converges 

»->“ - 2 +(») - 


78. 


lim n 11 - cos 

77—>00 ' 


-L)= lim 

n ' n-^x 


(i) 



lim sin = 0 => converges 



lim cos -j= = cos 0 = 1 => converges 

77—>00 / 


80. 


lim (3" +5" 

77—>00 ' 


\i/« 


lim exp 

77—>00 






3" In 3+5" In 5 

ln(3 ,, +5") 1/ '' 

= lim exp 

77—>00 

Inf3” +5 ) 

= lim exp 

77—>00 

3" +5" 

77 

1 



— 


_ 


= lim exp 

77—>00 


— In3+ln5 
5 n J_ 

2 ,n . 

2 - +1 
5" 


■ lim exp 

77—>00 


(ir 


In 3+ln 5 


(!) 


tr +i 


exp(ln5) = 5 
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81. lim tan 1 «=-£•=> converges 
n —>oo 1 


82. lim -|=tan 1 « = 0~ = 0=> converges 

72—>00 V « ^ 


83 - + i?r + ( t2 


= 0 => converges (Theorem 5, #4) 


nl 2 

84. lim Sn~ +n = lim exp 
22—>00 22—>00 


ln(« 2 +nj 


= lim exp ( 2 ” +l ) = e° = 1 => converges 

n —>go \n +n) 


85. lim 


(In n )“ 


= lim 


200 (In ny 


■ = lim 

n —>°o 


200199 (Inn) 1 


= ... = lim = 0 => converges 


86 . 


lim { ^t= lim 
22—>00 \ n 22—>00 


5(ln 




1# 10(ln 22) 4 80(ln 22) 3 

= lim — 7 = lim — 1 —— 






...= lim = 0 => converges 

22—>00 


87. lim ( n-yjrr -nl = lim f« - v//? 2 —n ]| ” +v ,”_ ” 1= lim 
22—>00 V J 22—>00 V 


22 +V« —n J n >co 22 +- 


= lim 


l _ l 


V« 2 -« i+Ji— 2 


converges 


lim 


■ = lim 


n-»» n 2 -l-\[n 2 +n n-»°o ^ 'Jn 2 -l-^n 2 +n 


n 2 -1 +^/» 2 


, j = lim 

]n 2 -l+yjn 2 +n J n—>ao 


Jn 2 - 1 +^/n 2 
—1—« 


= lim 

n— >oo 


r?" ^ 

I+A 

n 

(-1-1 

V « 

) 


= -2 


converges 


89. lim ^dx= lim = lim i = 0 => converges (Theorem 5, #1) 


22—>00 22—>00 


90. lim f — dx = lim 

22 —>00 'O n — ^on 


1 1 


= lim J- 


= -L- if p> 1: 


converges 


91. Since a n converges => lim a n = L => lim a„ +1 = lim 

22—>00 22—>00 22—>00 


L - pj => L{\ + L) = 72 


l+z 


=>Z“+Z-72 = 0=>Z=-9 or Z = 8; since a n > 0 for n > 1 => L = i 


92. Since a„ converges => lim a„ = Z => lim a„ +1 = lim ^ => Z = => Z(Z + 2) = Z + 6 


>2—>CO 2/—>00 ;2->oo a n +2 


•Z“+Z-6 = 0=>Z=-3 or Z = 2; since a n > 0 for /? > 2 => Z = 2 


93. Since a„ converges => lim a n = L => lim a„ +1 = lim ^8 + 2a n => L = V8 + 2Z => Z 2 -2Z -8 = 0 

22—>00 22—>00 22—>00 

=> Z = -2 or Z = 4; since a„ > 0 for /? > 3 => Z = 4 


94. Since a n converges => lim a n = Z => lim a„ +1 = lim J 8 + 2 a n => Z = V8 + 2Z => Z 2 -2Z -8 = 0 

22—>00 22—>00 22—>00 

=^> Z = -2 or Z = 4; since a„ > 0 for /? > 2 => Z = 4 
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95. Since a n converges => lim a n = L => lim a t , +1 = lim yj5a„ => L = V^Z => Z 2 -5L = 0 => L = 0 or L = 5; 

«—>oo n —>oo ft—>co 

since a n > 0 for « > 1 => L = 5 

96. Since a„ converges => lim a n = L => lim a„ +1 = lim => Z = (12 - %/z) => Z 2 -25Z +144 = 0 

=> Z = 9 or Z =16; since 12 <12 for t? > 1 => Z = 9 

97. a, !+1 = 2 + —, /? > 1, aj = 2. Since a„ converges => lim = Z => lim a„ +1 = lim I2+— =>Z=2+y 

a n ft—>oo ft—>oo ft—>oo \ ^ 

=^> Z 2 -2Z -1 = 0 Z = 1 + V2; since a„ >0 for n > 1 => Z = 1 + V2 

98. a n+l =Ji + a n , n > 1, aj = Vl. Since a„ converges => lim a n = L => lim a„ +1 = lim ^1 + a„ =>Z = Vl+Z 

ft —>00 ft —>00 ft —>00 

=>Z 2 -Z-1 = 0=>Z = li: ^ ; since a„ > 0 for n > 1 => Z = 

99. 1, 1,2, 4, 8, 16,32, ... = 1,2°, 2 1 , 2 2 , 2 3 , 2 4 , 2 5 ,... => x x =1 and x n =2"~ 2 for n > 2 

100. (a) l 2 -2(1) 2 = -1, 3 2 — 2(2)“ =1; let /(a, b) = (a +2bf -2(a +bf =a 2 +4ab+4b 2 -2a 2 -4ab-2b 2 

= 2 b 2 -a 2 ] a 2 - 2b 2 = -1 => f(a, b) = 2Z 2 - a 2 = 1; a 2 -2b 2 = 1 => f{a, b) = 2b 2 -a 2 = -1 

/u-i 2 _ry _( a+2b\ 2 _ j a 2 +4ab+4b~ —2 a" —4ab—2b~ (° ) ±\_ 

W " \a+b) (a+b f ~ (a+b f -yl 

In the first and second fractions, y n > n. Let y represent the (77 -1) th fraction where j- > 1 and b > n -1 

for 77 a positive integer > 3. Now the 77 th fraction is a + 2 £ and a +b > 2b > 2n - 2 > 77 => y n >n. 

Thus, lim r n =V2. 

ft —>00 

101. (a) f(x) = x 2 -2; the sequence converges to 1.414213562 « V 2 

(b) f(x) = tan (jt)-l; the sequence converges to 0.7853981635 « 

(c) /(x)=e x ; the sequence 1, 0, -1, -2, -3, -4, -5, ...diverges 



102 . (a) lim ??/(-]: 

77—»CO ' n ' 


lim 

Ar-»0 H 


/(Ax) 

Ar 


= lim 

Ax-»0 4 


/( 0+ Ar)-/(0) 


Ax 


- f\ 0), where Ax = y 


(b) 


lim 77 tan 

ft >00 




= tan 


(c) lim 77(e 1/n -l) = /’(O) = e° = 1 , 

ft—>00 V ' 

(d) ,!™" ln ( 1+ ») =/,(0)= i4b) 


/(A) = e x -1 


= 2, /(x) = In (l + 2x) 
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103. (a) If a = 2n +1, then b = 


a 2 


4n 2 +4n+\ 


2 


2 

_ 


2n 2 +2 n + b- 


= 2n +2n, c = 


2 n 2 +2 n + 4 


= 2>r +277+1 and a"+b =(277 + 1)" +( 277“ +27?j = 4/7^" +4/7 +1+ 4/7 4 + + 4/7“ 

= 4/7 4 +8/7 3 + 877 “ + 4/7 +1 = (2/7“ + 277 +lj = c 2 


(b) lim 

a—> 00 


a 2 

2 

= lim 

a—yco 

2n 2 +2n 

— 1 or 1 1 m 

a 2 

2 

V 

2 /! 2 + 2 h +1 

— 1 Ul 11111 

a— >00 

"a 2 " 

2 




2 


0-»f 


104. (a) lim ( 277 /r)^ U,,) = lim exp = lim exp j ^ 2 ”^ = lim exp(^b)=e° =1; 77 !« (j) \j2rur, 

^ « (f) (2/7 nf 2n) 


Stirling’s approximation 


; j for large values of n 


(b) 


n 


n 

e 

40 

15.76852702 

14.71517765 

50 

19.48325423 

18.39397206 

60 

23.19189561 

22.07276647 


In n 


105. (a) lim ^-= lim = lim -^ = 0 


(i> _ 


n—ycc n n^y oo cn 


n—yco cn 


(b) For all e > 0, there exists an N = e ^ ln e ^ c such that 77 > e b n e V c =^> In 77 > => In 77 c > In 


^>/ 7 c > b => — < e => 


-V-oi 

n 


< e => lim -7 = 0 

»00 n 


106. Let { a n } and {b n } be sequences both converging to L. Define {c„} by c 2n =b n and c 2n _ 1 =a n , where 

77 = 1, 2 , 3 , _ For all e > 0 there exists N\ such that when 77 > N\ then | a n —L\ < e and there exists N 2 

such that when n>N 2 then \b n -L\<e. If 77 > 1 +2max{Atj, N 2 }, then \c n -L\<e, so {c„} converges to L. 

107. lim / 7 1 /" = lim exp)— In 77)= lim exp)—)=e° =1 

n —>00 n^yco ^ n ' n— »oo ’ 

108. lim x 1 /” = lim exp )— In .r) = e° =1, because x remains fixed while 77 gets large 

n —>00 >00 ' n ' 


109. Assume the hypotheses of the theorem and let e be a positive number. For all e there exists an ,Y| such that 
when 77 > Y| then | a n -L\ < e => -e < a n -L < e => L -e < a n , and there exists an N 2 such that when 77 > N 2 
then | c n -L\ < e => -e < c n -L < e => c n < L +e. If 77 > max^, N 2 }, then L-e<a n <b n < c n <L+e 

=> | b n -L\ < e => lim b n = L. 

n —>00 

110. Let e > 0. We have/continuous at L => there exists § so that |x-Z| < 8 => \f(x) — f(L)\ < e. Also, 
a n —> L => there exists N so that for n>N, \a n —L\ < 8. Thus for ?? > N, \f{a n )-f(L)\ < e 
=>/(<*„)->/(£)• 
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111. a n+l > a n => 3 . ( ” + 1 1 . )+ l 1 >&& > 3»±1 => 3 „ 2 +3 n + An + 4 >3n 2 + 6n + « + 2 =>4 > 2; 
" +1 n («+l)+l rc+1 w+2 w+1 ’ 


the steps are reversible so the sequence is nondecreasing; < 3 => 3n +1 < 3« +3 => 1 < 3; 
the steps are reversible so the sequence is bounded above by 3 


112 a . > a )+3)! (2^+3)! 1 2 £± 5)! (2^+3)! U^z+5)! ( £I± 2)! +5 K2« +4) >«+ 2’ 

«+l - » ((n+l)+l)! («+l)! ^ («+2)! («+l)! ^ (2 h+ 3)! (n+1)! 1 A ’ 

the steps are reversible so the sequence is nondecreasing; the sequence is not bounded since 

(2n+3)! 


0 + 1 )! 


= (2« + 3)(2« + 2) • • • (n + 2) can become as large as we please 


113. a n+ \ <a n 


(«+!)! 




2/7 + 1^77 


2"3" 


• 2 ■ 3 < « +1 which is true for n > 5; the steps are reversible so 


the sequence is decreasing after « 5 , but it is not nondecreasing for all its terms; «| =6, « 2 = 18, a 3 = 36, 


a 4 = 54, a 5 = = 64.8 => the sequence is bounded from above by 64.8 


114. ,i > a„ => 2--2--!— > 2--—— => - —^ > —L -—— => 2 > L-; the steps are reversible so the 

n+i n «+l 2 »+l n 2 " n »+l 2 ' 1 2 " n(n+l) 2 h +1 r 

sequence is nondecreasing; 2--^---^<2 X> the sequence is bounded from above 

115. a n = 1 - — converges because — —> 0 by Example 1; also it is a nondecreasing sequence bounded above by 1 


116. a n = n —— diverges because /?—»<» and — —> 0 by Example 1, so the sequence is unbounded 


r\tl 11 1 1 . 1 1 

117. a n = ^-jj i = l --j and 0<-^-<—; since ——>0 (by Example 1) >0, the sequence converges; also it is 

2 2 2 n n 2 

a nondecreasing sequence bounded above by 1 

118. a n = --L; the sequence converges to 0 by Theorem 5, #4 

119. a n = ((-1)" + l)(-^) diverges because a n =0 for n odd, while for n even a n =2^1+-^) converges to 2; it 
diverges by definition of divergence 

120. x n = max {cos 1, cos 2, cos 3,..., cos «} and x n+ \ = max {cos 1, cos 2, cos 3,..., cos (« +1)} > x n with x n < 1 
so the sequence is nondecreasing and bounded above by 1 => the sequence converges. 

121. a n > a n+ \ ^ *J n+ \ + yj2n 2 +2« > +fn +^2n 2 +2n +Jn +1 > yfn and > V2; 

yjn yjn+1 yjn 

thus the sequence is nonincreasing and bounded below by V2 => it converges 

122. a n > a n+ y O O « 2 + 2« +1 > n 2 +2n O 1 > 0 and n ^- > 1; thus the sequence is nonincreasing 

and bounded below by 1 => it converges 
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123. 


= 4 + (|)" so a n >vo4+(]|" >4+(|)'' +1 o(|)" >(|)" +1 ol>| and 4 + (|)” >4; thus the 


sequence is nonincreasing and bounded below by 4 => it converges 


124. a x = 1, a 2 -2-3, a 3 = 2(2-3)-3 = 2 2 -(2 2 -lj-3, a 4 = ih. 2 -^2 2 -lj-3^-3 = 2 3 -(2 3 —1^3, 


«5 =2 


-(2 3 -l)3 -3 = 2 4 _ ^2 4 —1^3,..., a„ = 2' ! ~‘ -(2 ,,_l - 1)3 = 2"~ l -3-2 ,!_1 + ; 


= 2" _1 (1 - 3) + 3 = -2“ + 3; a n > a n+ y o -2" + 3 > -2 n+1 + 3 O -2 n > -2 ,!+1 O 1 < 2 so the sequence is 
nonincreasing but not bounded below and therefore diverges 


125. For a given s, choose N to be any integer greater than 1 Is. Then for n>N, 
I sin n 


-0 


sin/? 1 1 

■ - - < — < — <£. 

n n N 


126. For a given s, choose N to be any integer greater than 1/Ve. Then for n>N, 


n 


1 1 

= — <—r<s. 
n 1 N 2 


127. 


Let 0<M <1 and let/V be an integer greater than Then 

=> n > M +nM => 77 > M(n +1) => > M. 


n > N => 77 > 


M 


1 -M 


■ 77 - nM > M 


128. Since My is a least upper bound and M 2 is an upper bound, My < M 2 . Since M 2 is a least upper bound and 

is an upper bound, M 2 <My. We conclude that My =M 2 so the least upper bound is unique. 

129. The sequence a n = 1H—— is the sequence j, j ,.... This sequence is bounded above by j, but it 
clearly does not converge, by definition of convergence. 

130. Let L be the limit of the convergent sequence {a n }. Then by definition of convergence, for there 
corresponds an N such that for all m and n, m> N => | a m -L\ < j and n> N => | a n —L\ < Now 
\a m - a n \=\ a m -L+L-a n \<\a m -L\+\L-a n \<^+^ = e whenever m>N and n>N. 

131. Given an e > 0, by definition of convergence there corresponds an N such that for all 77 > N, \Ly- a n | < e and 
|L 2 ~ a n \ < e - N° w \ l 2 “f-i I = \L 2 ~a n +a n -Zj| < |C 2 ~a n \ +\a n ~Ly \ < e +e = 2e. \L 2 -Ly\<2e says that the 
difference between two fixed values is smaller than any positive number 2e. The only nonnegative number 
smaller than every positive number is 0, so \Ly - L 2 \ = 0 or Ly =L~,. 

132. Let k(n) and 7 ( 77 ) be two order-preserving functions whose domains are the set of positive integers and whose 
ranges are a subset of the positive integers. Consider the two subsequences a^y n y and a^ n y, where 

a k(n) “* Ly, cijy n y —> L 2 and Ly j= L 2 . Thus \a k (j^ _a 7(;;)| \L\ ~Lj\ > 0. So there does not exist N such that 

for all 777 , 77 > N => | a m - a n | < e. So by Exercise 128, the sequence {a n } is not convergent and hence diverges. 
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133. a 2 yt —» L O given an e > 0 there corresponds an N\ such that [2 k > N l => |a 2 £ -L| < e]. Similarly, 

a 2k+l <=> [2/c +1 > A 2 => |a 2/l+1 -X| <e]. Let At = max{7V 1 , A 2 }. Then n> N => |a ;! -Z| < e whether n 
is even or odd, and hence a n —» L. 

134. Assume a n —> 0. This implies that given an e > 0 there corresponds an A such that n> N => | a n — 0| < e 

=0 \a n | < e => || a n || < e => || a n | - o| < e => | a n | — > 0. On the other hand, assume \a n | —> 0. This implies that given 
an e > 0 there corresponds an N such that for n> N, ||a„ | - 0| < e => || a n || < e => | a n | < e => | a n — 0| < e 

a„ 0 . 


135. (a) 
(b) 


fix) =x 2 -a ^ f'(x) =2x^> x n+l =x n -- 

x\=2 , x 2 =1.75, x 3 =1.732142857, x 4 = 

2 • 2 
number where x - 3 = 0; that is, where x 


kI-o_ lx n (a a) xj+a [ X " + X„] 

2x„ ^ X »+1 2x n 2x n 2 

= 1.73205081, x 5 =1.732050808; we are finding the positive 
= 3, x > 0, or where x = V3. 


136. Xi = 1, x 2 =l+cos(l) =1.540302306, x 3 =1.540302306+cos(l+cos(l)) =1.570791601, 

x 4 == 1.570791601 + cos(1.570791601) =1.570796327 = y to 9 decimal places. After a few steps, the arc 
(x n _|) and line segment cos(x„_j) are nearly the same as the quarter circle. 

137-148. Example CAS Commands: 

Mathematica : (sequence functions may vary): 

Clearfa, n] 
a[n_] := n 1/n 

first25= Table[N[a[n]],{n, 1, 25}] 

Limit[a[n], n —> 8] 

The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging 
your table to more than the first 25 values. 

If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 
of the limit, do the following. 

Clear}minN, lim] 
lim= 1 

Do[{diff=Abs[a[n]-lim], If[diff <.01, {minN=n, Abortf]}]}, {n, 2,1000}] 
minN 

For sequences that are given recursively, the following code is suggested. The portion of the command 
a[n_]:=a[n] stores the elements of the sequence and helps to streamline computation. 

Clear[a, n] 

a[l]= l; 

a[n_] := a[n]= a[n-1]+ (l/5) n_1 
first25= Table[N[a[n]],{n, 1, 25}] 
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The limit command does not work in this case, but the limit can be observed as 1.25. 
Clear[minN, lim] 
lim= 1.25 

Do[{diff=Abs[a[n]-lim], If[diff <.01, {minN=n, Abort[]}]}, {n, 2,1000}] 
minN 


10.2 INFINITE SERIES 


2h-(i)" 


2. s„ = - 


te)( 

1-1 

(Hf) 

. —N lim e —_^ 

100/ 

1 

1- 

life) 

mil - 

| 17—>00 1- 

(-L 

vioo 

r n 


5. 


6 . 


_„(w) 

- 1 ^ i; m 

v - J_ 

_ 2 


" d-d 

1 / n ^ iim 

77—>00 

" " (1) 

3 


_k-2 r 
n 1—(—2) 

, a geometric series where 

|r > 1 => divergence 

1 

_i_L^>, -| 


a_r 

l+ +M_ M_i_ 

(«+l)(n+2) 

n +1 n+2 " 1 

I 2 sj + l 

\3 4, 

' Vn+l n+2) 2 

5 _ 5 

-P-l' 



.1), +/_5_ + 

77(77+1) 77 

n+\^ S n P 2 , 

l + U 3 

) + b 

4) \ n —1 n) \ n 


5 

n +1 


7. 1 — -t- +..., the sum of this geometric series is —d-p- = —ppr = y 

1 V 1+ (,4 J 

(J_l 

8. ph + 2_ + _1_ +.. _ ; the sum of this geometric series is ^2_ = _L 


9. j + ^- + -^ + ..., the sum of this geometric series is -yp. 

1_ UJ 

10. 5+ , the sum of this geometric series is= 4 

11. (5+l)+(-|+jj + ||- + ij + (-| + ipyj + ..., is the sum of two geometric series; the sum is 


Jl) 


—5-!-1— _ IQ + A = 23 

Hi)Hi) 2 2 


i 


lim s n =5 

n —>oo 
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12. (5 -1) +(4 - 1) + (4 - 9 ') + (f _ tV) + '" ’ * s difference of two geometric series; the sum is 


= 10-4 = ^ 


Ml) Ml)" 2-2 

13. (1+1) + (4 _ 5 ) + ( 4 + M) + (8 _ Ps) - 1- '" > * s the sum °f two geometric series; the sum is 
—I— H-I— = 2 + - = — 

Mi) Mi) 6 6 


14. 


2+j + -^r + j^ + ... = 2M+-|+4L + j|j + ...j; the sum of this geometric series is 2 


f \ 


v'-H)/ 


10 

3 


15. Series is geometric with r = -| => ■=■ <1=> Converges to = 1 


1-| 3 


16. Series is geometric with r = -3 => |-3| > 1 => Diverges 

I 

17. Series is geometric with r = 4 => U < 1 => Converges to = 4 

o I o | 1—— 7 


18. Series is geometric with r = —| 


4 < 1 => Converges to 



2 

5 


19. 



20 . 



(-234 ) 
viooo,/ 

234 

1 -P-) 

V 1000 / 

999 



21 . 



n=0 



22 . 



n=0 



d_ 

9 


23. 0.06 


i (A) (A) (A)" 

n=0 


( jL - 

Uoo 



_ 6 _ 

90 


15 


24. 



(-411) 

V i ooo / 

-1 + 414 

_ 1413 

U-L-) 

i + 999 

999 

Vlooo/ 




25. 



_ 124 , Co 5 ) _ 124 . 123 _ 124 , 123 

100 tOO 1 0 5 -10 2 100 99,900 


123,999 _ 41,333 
99,900 33,300 


26. 


_ OO 

3.142857 =3+£ 

n-0 


142,857 / i )” 
10 6 \ 10 6 / 


142,857 



3 + 14M57 
10 6 -1 


3,142,854 

999,999 


116,402 

37,037 
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27. lim - 11 — = lim j = 1 j=. 0 => diverges 

n-> oo ' ! + 10 n-> oo 1 


28. 


lim 

77 —>oo 


77(77+1) 

(n+2)(n+3) 


lim ” + ” = lim = lim ^ = 1 4 0 => diverges 

/?—»oo n +5«+6 77 —>oo n+ n— >oo 


29. lim -4— = 0 => test inconclusive 

„ «+4 


30. lim —?—= lim 4- = 0=> test inconclusive 

77—>00 W +3 77—>CO 


31. lim cos— = cosO = 1 40 => diverges 

00 n 


32. lim -f— = lim -f— = lim +- = lim j = 1 4 0 => diverges 

77— >00 £ +7? 77— >00 £ +1 77— >00 £ 77— >00 1 


33. lim In — =-oo =/= 0 => diverges 


34. lim cos «tt = does not exist => diverges 

77—>00 


35. ^ = (l-i) + (i-i) + (i-i) + ... + (^-l) + (i- I L) = l- I I I=> ^lim,,= i lim (1-^ = 1, 
series converges to 1 




_J_ , J__3_ 

(A-l) 2 Cj U 2 (A-+1) 2 


= 3 — 


C++ 


■ lim St, = lim 3-= 3 series converges to 3 

k^> oo C+l ) 2 1 


37. ^ = (in yjl - In Vl) +| In V3 — In V2 j + (ln VV -In V3 j +... + (ln sjk - In *Jk -1 j + (ln \jk +1 -In V^j 
= In *Jk + 1 - In Vl = In sjk +1 => lim s k = lim In ~~lk +1 = oo; series diverges 

k—>co k —>co 

38. s /( = (tanl - tanO) + (tan2 -tanl) + (tan3 - tan 2) + ... + (tan£ - tan (A' -l)) + (tan(£ + l) - tan A:) 

= tan (A: +1) -tanO = tan (A: +l) => lim s k = lim tan(£+l)= does not exist; series diverges 

k —>00 &—>00 


39. s k = (cos" 1 (i) - cos" 1 (i)) + (cos" 1 (±) --cos" 1 (I)) + (cos" 1 (±) - cos" 1 (±)) +... 

+ (cos- 1 (I) ■ -cos- 1 (*y) + (cos- 1 (^r) -cos- 1 (^)) = f -cos- 1 (^) 


=> lim si. = lim -f—cos M—L) 

k^oo A L 3 V*+ 2 /. 


= 3 - 2 = 6 ’ series converges to 41- 
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40. s k =(^/5-V4) + (^/6-^/5)+(^/7-^/6) + ... + (^/F^3-^/F^2)+(^/^T4-^/^T3)=^/F^4■ 
lim s k = lim *Jk +4 -2 = oo; series diverges 

k —>oo k —>oo L J 


41. 


(4«-3)(4/i+l) An-. 

lim si. = lim (1-—3—-1 = 1 

k ^>oo A r—' 4 *+H 


-( 1 “i) + (i“l) + (i“i3) + -" + (4^7“4^3) + (4^3“4^r) 


A—>oo 


42. 


B _ A(2n+\)+B(2n-\) 


(2zi—l)(2/i+l) 2/1-1 2/2+1 (2/i-l)(2zj+l) 

[2^4+25 = 0 C4+5=0 


■ H(2/i +1) + 5(2/7 -1) = 6 => (2/4 + 25)/i +(A - 5) 


A-B = 6 
= 3|t- 


A-B=6 


2A = 6 => o4 = 3 and B = -3. Hence, ^ 


/2=1 


(2/I-1X2/I+1) 


«=1 


(i “3 + 3 “ 5 + 5 “ 7 + "-“ 2 (^iHr + 2 ^r“ 2 W') = 3 ( 1 “ 2 ^r)^ > the sum is Bmjjl-^ 


43. 


40 n 


A | B t C t £> +(2zi-l)(2/i+l) 2 +g(2/i+l) 2 +C(2/i+l)(2/i-l) 2 +.D(2/i-l 


(2/i—l) 2 (2/1+1) 2 


( 2 «— l ) 2 ( 2 / 1 + 1) 2 ( 2 / 2 - 1 ) ( 2 „_ l ) 2 ( 2 / 1 + 1 ) ( 2 / 2 + 1) 2 

=> A(2n - Y)(2n +1) 2 + 5(2/?+1) 2 + C(2/i+l)(2/i-l) 2 + £>(2/7-l) 2 = 40/2 

=> o4(8« 3 +4/? 2 -2/7 — 1) + 5(4« 2 +4« +1) + C(8/? 3 -4/?" -2/7 +1) + 5>(4/2 2 -4/2 +1) = 40/2 

=} (8A + 8C)« 3 + (4A + 4B-4C + 4D)n 2 + (-2A +4B-2C-4D)n +(-A+B+C + D) = 40/2 


8o4 + 8C = 0 
4A + 4B-4C + 4D =0 
-2^4 + 45 — 2C-4D = 40 ^ 
-A+B+C+D =0 

o4 + C = 0 


H + C = 0 
A+B-C+D =0 
-A + 2B-C-2D =20 
-H+5+C+5) =0 


B +D = 0 
25-25) = 20 


■ 45 = 20 => 5 =: 


and D = — 5 


k 

I 

72=1 


40/i 


( 2 / 1-1 ) 2 ( 2 /!+ l ) 2 


-H + 5 + C-5 = 0 
k 

= 51 

/ 2=1 


C = 0 and H = 0. Hence, 


1 


(2/i—l) 2 (2/1+1) 2 


= 5 


= 5 1 


l 


(2/t+lf 


the sum is lim 5 1 


1 


(2k+iy 


I_I + i_X + + . 

1 9 9 25 25 


= 5 


(2(/t-l)+l) 2 (2/t-l) 2 


44. 


2»+l 

Z2 2 (/2+l) 2 


n 2 (/i+l) 2 


■ s k -( 1 -{) + (i-|) + (|-ii) + --- + 


■ lim s k = lim 

k—> oo >00 


(i-+l) 2 


= 1 


,(*-ir 


(*+ir 


45. 


^“f 1 Vl) + (j2 jiMjs j?)" 

=> lim St = lim (1 —oJ= = 1 

k—>co k—><x> \ ^jk+l) 


-U— + J_ + M_1_1 = 1_L_ 

\y[k-i sfk \4k yfk+ 1/ -Jk +T 


46 s , =/l___U+ +(—!_ l) + /j_1_]=I_1_ 

K ^2 2 1/2 / \2 1/2 2 1/3 / \2 1/3 2 1/4 / \2 1/(a_1) 2 1/k ) \2 l/k 2 V (t+1) / 2 2 1/(i:+1) 


=> , lim ** =|-T = -| 
A->oo 


2 


4A+1 


= 6 


-J_U 

2n-\ 2 / 2 + 1 / 


H 


\ 

i 

(2k+l) 2 y 
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47 ' Sk (in 3 In 2 ) "*" (In 4 In3) + (ln5 In 4 ) + ''' + ( In (A+l) In k ) + (In (k+2) In (*+l)) In 2 


-!—+-1- 

In 2 In (A +2) 


=> lim s k = --j-L- 
*-»« A ln2 


48. s k = tan 1 (1) — tan 1 (2) + tan 1 (2) — tan 1 (3) +...+ tan '(£-!)-tan 1 (A:) + tan '(A:)-tan *(^4 


= tan 1 ( 1 ) — tan *(A: + 1 )=> lim s k = tan 1 ( 1 ) - 

k—><x> 


7T_ _ 7t_ _ 7Z_ __ _ 71 

2 4 2 4 


49. convergent geometric series with sum —J-— = -^2— = 2+ -Jl 

K*) ri ~' 

50. divergent geometric series with Irl = V2 > 1 


51. convergent geometric series with sum 


iiL,, 

'-(4) 


52. lim (—1 )” +1 n j= 0 => diverges 


I Y17T i 

53. The sequence a n = cos J starting with n = 0 is 1,0, -1, 0,1,0, -1,0,..., so the sequence of partial 
sums for the given series is 1 , 1 , 0 , 0 , 1 , 1 , 0 , 0 ,... and thus the series diverges. 

54. cos ( nn ) = (-1)" => convergent geometric series with sum —d— = 

'll) 


55. convergent geometric series with sum —-}—- = -f— 


1-Hr 


1 e~-\ 


56. lim ln -f- = —°o 7- 0 => diverges 

n —>oo 3 


57. 


convergent geometric series with sum — j— - 2 

HtoJ 


2 _T - 20_ii _ 2 

9 9 9 


58. convergent geometric series with sum — 

\x) 


59. difference of two geometric series with sum —j—- 7 — =3-4=4 

Mi) Mi) 2 2 


60. lim (l-—) = lim (l+—) =e ! # 0 => diverges 

oo V »/ n > 
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61. lim — = co ^ 0 => diverges 

H —>00 1000 " 


62. lim n -r= lim > lim n = oo => diverges 


72—>00 ' 72 —>00 


00 00 


63 - Z =Z fr + Z ft = Z (if + Z (|)”; both Z (2)” and Z (if are geometric series, and both 


n -1 


41 

72=1 72=1 n =1 


77=1 


77=1 


77=1 


converge since r = ^ => | jj < 1 and r = < 1, respectively => = qy- = 1 and j- - j 


72=1 


72=1 


2 n +3 n 


= 1 + 3 = 4 by Theorem 8, part (1) 


72=1 


-+1 


i n 4-4” A n • \Z/ 1 • th 

64. lim n n = lim — = lim — = j = 1 ^ 0 => diverges by n term test for divergence 

72—>00 3” +4" 72—>00 iZ+l 72—>00 /ll” 

4« \4/ 


00 oo 

65 • Z ln (+r) = Z [ln(«)-ln(« + l)] 


72=1 


72=1 


. s k = [ln(l) - ln(2)] + [ln(2) - ln(3)] + [ln(3) - ln(4)] +... + [ln(7fc -1) - ln(/t)] + [ln(/c) - In (k +1)] = - \n{k +1) 
■ lim s k = -oo, => diverges 

k —>co 


66 . lim a n = lim lnl^^-r) = ln(+ £ 0 => diverges 

n —>00 /;-» oo \2n+l/ V-/ 


67. convergent geometric series with sum — j— = -— 

\n) 


68 . divergent geometric series with r = qy « §2459 > ^ 


69. Z (-V"*" =Z a = 1, r = -x; converges to qqq = qq for \x\ < 


72=0 


72=0 


00 o° 

70. ^ (-l)”x 2 " = I-x 2 I ; a = 1, r = -x 2 ; converges to —for |x| < 1 

72=0 72=0 


71. a = 3, r = i y-; converges to —Att =^r~ for -1 < <1 or -1 <x < 3 


i-(¥) 3 “ x 


72. Y —) = Z t(i— 3 —) ; a = -jy, r = ; converges to , , . = 3+sln * = g 3+ ~ lnv 

2 \3+sinx7 “ 2\,3+sinx7 2 3+smx i ( -1 \ 2(4+smx) 8+2sinx 

/2=0 H=0 \3+sin.T / v 


for all x (since j < 3 ^ y < j for all x) 


73. a = 1, r = 2x; converges to -qq for |2x| < 1 or x 
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74. a = 1, r = —V; converges to — j —- = -j — for A < 1 or Ixl > 1 


i I x +1 x 


75. a = 1, r = -(x + 1); converges to 1+( |. +1) = f° r *+ l| < 1 or-2 < x < 0 


76. a = 1, r = +A converges to — d —- = A for Ah <1 or 1 < x < 5 

2 e i_(3^ x-i | 2 | 


77. a = 1, r = sinx; converges to j-A- for x + (2k + l)y, k an integer 

78. a = 1, r = In x; converges to | | | i ^ for |ln x| < 1 or e _1 < x < e 


79 - <» 2 


(n+4)(n+5) 


X (n+2 V 


(n+2)(n+3) 




(»-3X»-2) 


80. (a) V , 5 ^ 

v J ^ 0+2)(>2+3) 

n=-\ 


^ X («-2)(«-l) 


(C) X 


(«—19)(»—18) 


81. (a) one example is ^ \ + i + A + .. 

1 4 o lo 


:J1L = 1 

'-(i) 


(b) one example is 


3 _1_3 _ _3_ 
2 4 8 16 


(c) one example is 1 ■ 


I_1_I_L 

2 4 8 16 


:1— (lL = 0 
Oi) 


* /, sn+l (f) 

82. The series ? k( -^ ) is a geometric series whose sum is = k where k can be any positive or negative 
n=0 ~ 1 u) 

number. 


00 00 00 


Let a„ =b n =({)". Then £ a n =£ =X (I)" = 1 > while X (f L ) = X C 1 ) diver g es 


12=1 22=1 22=1 


22=1 22=1 


00 00 00 


84. Let a n = b n = (£)" . Then £ a„ =£ b n = J (})" = 1, while £ (aA) =£ (|)" = \+ AB - 


22=1 22=1 22=1 


27 27 °° °° °° , \ GO ^ 

85. Leta„=(i) and b n =(|) . Then A= ]T a n =j, 5 = X b „ = l and X fr) =X (}) = X *i' 


22=1 22=1 


5. Yes: ^ |a| diverges. The reasoning: ^ a n converges =>a„ —» 0 =A—> qo ^ |a| diverges by the 


«th-Term Test. 
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87. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series 
that diverges does not change the divergence of the series. 

88 . Let A n =«j + a 2 + ... + a n and lim A n = A. Assume ^ (a„ +b n ) converges to S. Let 

n —>oo 

$n = («i +b\ ) + («2 +^2 ) + ••• + («„ +K ) => = ( a l + a 2 + ■■■ + «„) + (^i +^2 + ■■■+b n ) 

^ b\+b 2 + ... + b n = S n - A n => lim (tt\ + b 2 + ■ ■ ■ + b n ) = S - A => ^ b n converges. This contradicts the 

n—>co 

assumption that ^ b n diverges; therefore, ^ (a n +b n ) diverges. 


89. (a) T i ; .5=.f.l- r =.r.| ; 2 + 2(|) + 2 (|) 2 


(b) 


(f) 


_ 5 13 _ i „ ^ _ __3_. 13 13 

1 —;• 10 10 ’ 2 2 


feK(il) 2 



90. \ + e b +e lb +... = - L r = 9^>^ = \-e b 

\-e b 9 




91. = 1 + 2r + r“ + 2r 2 + r 4 4- 2r 5 + ... + r“ ,i +2r“ ,,+1 , « = 0,1,... 


/ii 2 4 2 h 

• s„ = 1 + r + r +... + r 


M 


2r + 2 r 3 + 2 r 5 +... + 2 r 2,,+1 


1 -r 2 


2r 1 + 2 r 

l—r 2 l—r 2 ’ 


if 


< 1 or r < 1 


2 / \- 

92. area =2 2 +(V2) +(1 ) 2 +l-j=j 


, = 4+2+l + | + ... = -pi r = S 


m 


93. (a) After 24 hours, before the second pill: 300e^ 0 -12)(24) _ g 4 Q m g- a f( er 43 | lours ^ the amount present 
after 24 hours continues to decay and the dose taken at 24 hours has 24 hours to decay, so the amount 
present is 300e ( “ 0 12)(48) + 300e (_012)(24) ~ 0.945 + 16.840 = 17.785 mg. 


(b) The long-run quantity of the drug is 300^^ e ( °' 12)( =300 


(-0.12)(24) 


1—e 


(-0.12X24) 


! 17.84 mg. 


94. L- 


l—r 


l—r 


ar 

l—r 


95. (a) The endpoint of any closed interval remaining at any stage of the construction will remain in the Cantor 
set, so some points in the set include 0 , yy, y, |, yy, ±, |, |, 1 . 

(b) The lengths of the intervals removed are: 

Stage 1: j 
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96. (a) Z. 1 =3,C 2 =3(|),i 3 =3(|) 2 ,...,4=3(|)''' 1 ^ lim L n = lim 3 (j) 

x 7 x 7 x 7 n —>oo 72—>oo x 7 


/T 2 /T 

(b) Using the fact that the area of an equilateral triangle of side length s is ys‘, we see that Ay = -yj-, 

a = q _j_ ill” = ^2 + ^2 q, = q. + 3 C 41 /d-'l - JL + JL + JL 

^2 ^*1 + 4 l\3/ 4 + ^*2 + v 1 4 11 ^2 I 4 + 12 + 27 ’ 

. 2 . 2 

44 =4 +3(4) 2 |^J(^j ,^ 5 =4 4 +3(4) 3 |^j^j 

4 =#+Z 3(4/- 2 (f )4 )* _1 = 4 + Z 3V3(4) A - 3 (I ) A_1 + 3V3[ £ ^ . 

A=2 V /V k=2 \k-2 y J 

,!T 4 "',lrI^ + 3 ^ 2 ;^]] 4 + 3 4 i 4 ]= 4 + 3 ^(i)- 4 ( i+ !)-#(f)=t 4 

\£=2 / / V 9y 


10.3 THE INTEGRAL TEST 


1 f 00 1 p& i r 1 1* 

1. /(x) = is positive, continuous, and decreasing for x > 1; -\dx = lim -\dx = lim 

x ^1 X h—>cc x />—>00 L 


= lim i + lj=l=> -yc/x converges => ^ 4 converges 


i f 00 i i r* ns"l^ 

2. /(x) = —jfc is positive, continuous, and decreasing for x > 1; ~TT^ X = lim 02 ^ x = li m t* ' 

x J1 X ' Z)—>00 ■U X ' >00 L 4 Jl 

( 00 00 

f/j 08 -■!) = <»=> I" -Ljdx diverges => V -X- diverges 

4 4/ Jl x u - , n 


1 r 1 c D 1 

3. f{x) = — y—is positive, continuous, and decreasing for x > 1; —y— dx = lim -y 1 —fix 

x +4 x~+4 *->00 x‘+4 

= lim 2. tan -1 4] = lim (4 tan -1 4-2-tan -1 4) = 4-^ tan -1 4 => f —2— dx converges 

b— »oo IX 2 J| /,_^oo\2 2 2 2/4 2 2 Jl .r+4 

00 

=> ^ ~y — converges 

71=1 n 

4. fix) = ^4 is positive, continuous, and decreasing for x > 1; ~^dx = lim ^2_e?x = lim [ln|x +4|]* 

00 00 

= lim (ln |b + 4|-ln5) = oo => —L dx diverges diverges 


—2x f 00 —2x C b —2x 

5. f(x) = e is positive, continuous, and decreasing for x > 1; e dx = lim e dx 

J 1 b ->oo 

^ / «. oo 00 

= lim -2-e -2 ' = lim (-yr-4- —2_l= —Jr => f e~ x dx converges => V e~ 2n converges 

b-*» L 2 Jl 6^.00 \ 2e 2b 2e 2 ) 2e 2 Jl , 

72=1 
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1 a C ^ 1 pZ7 1 

6. f(x) =—-—^ is positive, continuous, and decreasing for x > 2; —-—-dx = lim —- 

x(ln xf J2 x (\nxT J2 x (hi 


x(lnx) ^^oo J 2^(lnx) 


-dx 


b oo 00 

lim —r-h- = lim ( —r^ + T^r) = t-4t => f —-—xdx converges => V —-—r- converges 

b-> 00 L ln -rJ2 h^\ ln * ln2 z ln2 J2 x(ln.r) 2 L ~‘. ndnnt 2 


-12 Zi—>oo 


x(lnx) 


77=2 


n(\nn) 


7. /(x) = -t*— is positive and continuous for x > 1, /'(*) = 4 * , <0 for x > 2, thus/is decreasing for 


x +4 


f 2+ 4 r 


>3; f -^—dx = lim f -/=t/x=lim ^ln(x 2 +4) = lim (fln(b 2 + 4 )-^-ln(13)) = 00 => f x dx 

J3 /+4 b->oo J3 x 2 +4 b — >00 L 2 v /J 3 6^°\ 2 v / 2 J3 x 2 +4 


diverges => V — diverges => V —= 4- + ■§■ + V — diverges 

^ h 2 +4 ^ n 2 +4 5 8 / +4 

n= 3 n= 1 «=3 


1 2 ~ , 2 

5. /(x) = is positive and continuous for x > 2, f'(x) = ~~ 2 < 0 for x > e, thus/is decreasing for x > 3; 


Z >—>00 J - 2 A Zl —>00 

2 00 2 


J ^Y-d r x= lim ■—Z— dx = lim [2(lnx)]* = lim (2(lnb)-2(ln3)) = co => J ] -^—dx diverges 


b — >00 

2 


• ^ diverges => ^ = Zp + ^ hiii- diverges 

77=3 77=2 77=3 


9. /(x) = is positive and continuous for x > 1, /'(x) = '/ 3 6> < 0 for x > 6, thus/is decreasing for x > 7; 


roo l m rb 2 

JL irdx= lim JL prdx = lim 


Z ?—>00 e x ' Z ?—>00 


-|6 


3x 18x 54 

A'/3 a73 a - /3 1 . 

e 7 e 1 e 1 J 7 Z ?—>00 


lim (- 

7—>00 \ 


J/3 _7/3 


= lim I -3/-186-54 + 327,1 jj / 3(-66-18) \ 327 

1 l '’ ™ j ^ ^ e */3 j + *7/3 


= I'm (/) + / = / ^ converges => Z / converges 

.) > ,0 \ ^ c 77=7 
oo 2 00 

=^Z ^^T + ^T + T + ^r + ^r + ^+Z ^ converges 
77=1 77=7 


10. /(x) = / 4 — = x is continuous for x > 2, /is positive for x > 4, and f\x) = ' x , < 0 for x > 7, 
x -2x+l (x-iy (x-1) 


-<7x 


1-X 
(X 

rb 


po 1 pc 

f — [ -rdx-\ 

J8 X 1 Js 


-dx 


thus fis decreasing for x > 8; f x 4 ^ dx = lim f x ' dx - f —^-<7x|= lim . . . ,, 

6 h (x-1) 2 b^oo L Js (XT-1) 2 J8 (x-1) 2 J b ^>00 L Js X_1 Js (x-1) 2 

b 00 00 

= lim |^ln|x-l|+-^jj = lim (ln|6-l| +^--ln7-yj = 00 => x ^ 4 2 dx diverges ^ 2 ”~ 4 — diverges 


b —>00 1 


(*- 1 / 


y ,”~ 4 =-2~i+o+-z+^+^+y 

* ^ ^2^_277+1 4 16 25 36 * ^ 


77—4 


77=2 


16 25 36 ^ «'• 2» • 1 

77=8 


diverges 


11. converges; a geometric series with r = jL < \ 12. converges; a geometric series with r = ^ < 1 


13. diverges; by the «th-Term Test for Divergence, lim ^- = 1^0 


14 


r77 ^ roo 

. diverges by the Integral Test; = 51n(/7+l)-51n2 => -^4 


dx—> co 
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00 00 


15. diverges; V -|= = 3V -4=, which is a divergent/^-series with /? = -!■ 

, v« , V» z 

72=1 72=1 


16. converges; V — 7 = = -2 V which is a convergent / 7 -series with p = 4 

, , n ' 1 

n -1 «=1 


17. converges; a geometric series with r = jr < 1 


18. diverges; ^ — = - 8 ^ — and since ^ ^ diverges, - 8 ^ — diverges 

72=1 72=1 72=1 72=1 

19. diverges by the Integral Test: j”^-dx = ^-|ln 2 n — In 2 j => / ^-dx -> oo 


20. diverges by the Integral Test: f ] A^dr, t = ln.r, dt = —, dx = e'dt 

J2 V.v L -I 


-» 


f°° te‘ /2 dt= lim [2te ?/2 -4e f/2 ? = lim r2e* /2 (b-2)-2e (ln2)/2 (ln2-2) = 

*^l n 2 /)— >00 L -IIn 2 h —>GO L 


21 . converges; a geometric series with r = j < 1 


22. diverges; lim ——= lim 5 ln5 = lim (-44') (h = oo ^ 0 

6 n^rr, 4"+3 ;i_>co 4" In 4 «_>.nn \ ln4 / \ 4/ 


72—>00 ^ 72—>CO 


23. diverges; ^py = -2^-py, which diverges by the Integral Test 


72=0 


72=0 


24. diverges by the Integral Test: J /pj- = yln(2«-1) —> oo as n —» oo 

25. diverges; lim a„ = lim = lim - n ~ = <x> # 0 

72—>00 72—>00 n 1 72—>00 1 


c n 

26. diverges by the Integral Test: J 


dx 


yfx(yfx+ l) 


U = \[x +1 
du = 

yJX 


-> 


ryfft +1 


du 

u 


■ ln^Vn +lj- 


■ In 2 —» oo as 


27. diverges; lim lim 

co ln,! /;->« 



lim dR. = oo ^ 0 

H—»C0 


28. diverges; lim a ;i = lim (l + i) 


= e # 0 


29. diverges; a geometric series with r = -py « 1.44 > 1 
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30. converges; a geometric series with r = ~ 0.91 < 1 


x tit _ -i 

31. converges by the Integral Test: f - , dx; f u = In x, dll = 

2 (lnx)-^(lnx) 2 —1 


I, 


*— du = lim 

^^uyju 2 — 1 >oo 


sec 1 |u| 


~\b 


= lim 


-Iln3 &—>oo L 


sec 'b-sec 1 (In3) 


= lim 

-I £>—>00 


cos ^ij-sec 1 (In 3) 


= cos ^Ol-sec 1 (ln3)=y-sec 1 (In3) ~ 1.1439 


32. converges by the Integral Test: ^ —— 1 2 . dx = j | ^ ^ 2 dx; = \nx, du = ^dx\^ 


, f°° l 

Jo 1+u 2 


, du = lim 

1 +u z b —>oo 


tan u 


lb 


x(l+ln 2 xj 

im (tan -1 b - tan -1 o| 

—>oo ' / 


= lim 

&->0o 


l+(ln x) 

1, 


b-tan -1 0|=-|--0=-| 


sin( 

i) 

1 

(i 

) 


■ = 1#0 


/ i \ lar V 

34. diverges by the nth-Term Test for divergence; lim « tan I —) = lim —-yy 

«—>oo ' ” ' n —>oo (—1 

= lim sec 2 (-) = sec 2 0 = 1^0 


t3n (i) 1 


= lim 


> 1 —>oo I L 

2 


/•oo x r „ „ 

35. converges by the Integral Test: e dx; w = e ,du=edx 

J l 1+e * L 


f 00 1 

—-ydu = lim 
1 + 22 “ 22—>00 


tan' 1 w 


14 = lim 

-le £>—>oo 


/ _i _i 

im tan b - tan e = -f- 
—>00 V 2 


= 4- tan 1 e » 0.35 


poo 9 T v v i “] poo 

36. converges by the Integral Test: j^jdx; u =e ,du =e dx,dx = -^du —>J — 


( 1 + 22 ) 


du 


■ f (^-^-]du = lim l^ln-^l = lim 
ie \u u+l> u+lj e 


2 l ”(ra)- 2l ”(*)]= 2tal - 2l ”(*) = - 21 ''(*)^ 


r 8tan 1- x dx; 

u = tan 1 x 

p^/2 

—> , 8w aw = 

4 u 

Jl 1+x 2 

du = 

Jtt/4 



L i+x _ 




2 2 

= 41 E_-E_ 
1 4 16 


38. 


f oo 

diverges by the Integral Test: —if—dx; 

J 1 X +1 


U — X +1 
du = 2x dx 


poo p(? x 

39. converges by the Integral Test: sech x dx = 2 lim —-— 

Jl /)^.co 1+ ( e vj 


= lim lim i(lnb- 

- 2 2 H &->oo L- J2 —>co — 

1 xf 

1 e J, 


■dx = 2 lim 

6-> OO 


= 2 lim (tan 1 e 6 - tan ^e\ = n — 2 

6—>oo V / 


tan 1 e « 0.71 


0.63 



In 2) = oo 
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poo 2 • C b 9 r -\b 

40. converges by the Integral Test: sech x dx = lim sech ~ x dx = lim tanhx = lim (tanh h - tanh 1) 

•4 6—>oo ""l b—b— >oo 

= 1 -tanh 1* 0.76 


41. f (~^r - ^-r\dx= lim raln|jc+2|-ln|jc + 4|l, = li 

Jl V x+2 x+4) .1 \ I I Ul , 


b —^oo 

lim = a lim (b + 2) a ~ X 


lim 

b —>oo 


InMl.in 31 
b +4 5 


= lim In 

6-> oo 


(*+2V 

6+4 


- ,n W : 


6—»c* 


6+4 


6-»a 


oo, a > 1 
1, a = r 


the series converges to In ^-| j if a = 1 and diverges to oo if 


a > 1. If a < 1, the terms of the series eventually become negative and the Integral Test does not apply. From 
that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges. 



r 


-16 

42. r(-^--Xa\dx= lim 

In 

x-l 

= lim 

J3 U-l x+lj h ^ x 


(JC+1) 2 “ 

2 b ^co 


6-1 

( 6 + 1 ) 2 " 



lim ln-H- 

6—>qo (6+1)-“ 



I -Lj ^ , . 

lim h ~\ = lim -4_^— r = < “ => the series converges to ln( 4 | = ln 2 if a =4 and diverges to 

6->co (6+l) 2a 6—»co 2<a(6+l) 2a—1 U, a <i 5 l 2 ' 2 

oo if a < 4 If a >4, the terms of the series eventually become negative and the Integral Test does not apply. 

From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it 
diverges. 


43. (a) 




(b) There are (13)(365)(24)(60)(60) |l0 9 j seconds in 13 billion years; by part (a) s n < 1 + In n where 

n = (13)(365)(24)(60)(60)|l0 9 j =><l + ln|(13)(365)(24)(60)(60)(l0 9 jj 
= 1 + ln(l3) + ln(365) + ln(24) + 2 ln(60) + 9 ln(10) « 41.55 


44. 


45. 


00 00 00 

No, because V 4 = 4V 1 and V 1 diverges 

4-^ nx x n -4—1 n 

n =1 72=1 n =1 


00 00 00 , v 

Yes. If ^ a n is a divergent series of positive numbers, then [ 4) X a n ~ X I ~f I a h° diverges and < a n . 

72=1 72=1 22=1 

00 

There is no “smallest” divergent series of positive number: for any divergent series ^ a n of positive 

72=1 

numbers ^ {~2~) has smaller terms and still diverges. 

72=1 ' 
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46. No, if ^ a n is a convergent series of positive numbers, then 2^ a n = ^ 2 a n also converges, and 


n =1 n =1 


2a n > a n . There is no “largest” convergent series of positive numbers. 

47. (a) Both integrals can represent the area under the curve /(x) = -2=, and the sum s 50 can be considered an 

50 

approximation of either integral using rectangles with Ax = 1. The sum s 50 = Y 2— is an overestimate 

, v«+1 

n =1 

f 5t , 

ot the integral ^2— J.x. The sum s 50 represents a lett-hand sum (that is, the we are choosing the 

left-hand endpoint of each subinterval for c ; - ) and because/is a decreasing function, the value of/is 

a maximum at the left-hand endpoint of each subinterval. The area of each rectangle overestimates the true 

(•51 i , r 50 , 

area, thus 2— dx < > 2— . In a similar manner, ,s= fl underestimates the integral 2— dx. In 

Ji VT+T 2TT su 6 Jo VTT 

n =1 

this case, the sum s 50 represents a right-hand sum and because / is a decreasing function, the value of/ is 
a minimum at the right-hand endpoint of each subinterval. The area of each rectangle underestimates the 


true area, thus ^ ^2_ < j] -j=dx. Evaluating the integrals we find j) —j=dx = ^Vx+TJ^ 
n =1 ’ 

= 2V52-2V2«11.6 and = [ 2 7x7I]™ =2777-271 ^12.3. Thus, 11.6<£ -^2= <12.3. 

n =1 ^ 

(b) s„ >1000 => J | " +l -^=t/x = [27 x7T][ +1 = 27771 -272 > 1000 => n > (500+72)" -1 * 251414.2 


■n >251415. 


48. (a) Since we are using S 30 = Y -V to estimate V -j, the error is given by V -j. We can consider this 

, n \ n at n 

n =1 «=1 «=31 

sum as an estimate of the area under the curve /'(x) = -j when x > 30 using rectangles with Ax = 1 and 

.V 4 

L) is the right-hand endpoint of each subinterval. Since/is a decreasing function, the value of/is a 

00 00 b 

minimum at the right-hand endpoint of each subinterval, thus V -t<| \dx = lim 1 -\dx 

« 4 J 30 x 4 00 J 30 x 4 


= lim —7 = lim —7 -1 - 

/?—»oo L J 30 6 —»co 7 36 3(30) 


! 1.23x10 5 . Thus the error <1.23x10 5 . 


(b) We want S-s,, < 0.000001 => f -7 dx < 0.000001 => f -\dx= lim f -\dx= lim —7 

X 4 Jn x 4 b X 4 b^o o L 3x 3 

= lim (—7 + ^ t )=^ t < 0.000001 =^> /? > 3/IOO0OOO ~ 6 9 . 33 6 => „ > 70 . 

&->oo1 36 3 3/i 3 ) 3n 3 V 3 


= lim 

6-»0O 


1. We want S-j <0.01=> f -7</x<0.01=> f -\dx = lim f = lim —7 = lim (—7 + ^r) 

J » x 3 J n X 3 Z>-> °o J « x 3 6^00 L 2x‘J„ fe— >00 \ 2b- 2 nr) 


= —7 < 0.01 => n >77) » 7.071 => « > 8 => S * = Y -7*1.195 

2;r , 

H=1 
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. We want S-s,, <0.1 => f -4—a?.r<0.1=> lim f -4 —dx = lim [d-tan 1 ( 4 ) 

" •>« x 2 +4 b ^oo } nx 2 +4 sol-2 \2J 

(f-°.2) 


b— 

(!)) ■ (!) <»- 

10 

n -1 


b^a 

1 =^> « > 2 tan 


> 9.867 =>/?> 10 


51. S-s n < 0.00001 => f — \-rdx < 0.00001 => f —fl -dx= lim f -f T dx= lim —= lim (—hL + d-Sr') 

x lA ■>« x 11 b^-o o J »/‘ b^-oo L x 01 J„ ft 0 ' 1 » 01 / 


= -% < 0.00001 ^ n > IOOOOOO 10 =>n> 10 60 


52. S-s n < 0.01 => r—-—rdx < 0.01 => I"— l -~dx= lim f *— l - 

J n x(lnx) 3 J n .tllnx) 3 /,_»oo x(ln 




= lim - 


6->ool 2(ln/>) 2 2(lnn) 2 J 2(ln») 2 


-dx = lim 

.v(ln xY b-^ao Jn x(\nxY *->oo 

1 <0.01^7? >e^ «1177.405^>« >1178 


2(ln.T) 2 


53. Let A n = ^ and B n = ^ 2 k «/y,p where {a /c } is a nonincreasing sequence of positive terms converging 

A- I £=1 V i 

to 0. Note that {A n } and {B n } are nondecreasing sequences of positive terms. Now, 

B n = 2a 2 + 4^4 + 8a 8 +... + 2 #/ w \ 


r) 


— 2^2 + ( 2^4 + 2#4 ) + ( 2 a 8 + 2 ^g + 2# 8 + 2 #g) ~^ • • • 


+ ^2") + + 


< 2ai +2« 2 +( 2^3 + 2a 4 ) + (2a$ + 2a$ +2 +2#g) +... +1 2 ^ 2 "- 1 j + ^ a ^2 n ~ l +lj "*"••• + M ~~^^2"j 

00 

<2 Therefore if ^ a k converges, then {£„} is bounded above converges. Conversely, 


ifc=l 


+ ^2 ”1” ^3 ) (^4 @5 ^6 ^7 ) + • • • + ^ < &\ + 2^2 + 4^4 +... + 2 ^2” ^ — ^1 ^ ^1 ^ , 2 j • 


( r ) 

00 

Therefore, if ^ 2*0/ jn converges, then {^4,,} is bounded above and hence converges. 

k =1 ' 


54. (a) a/ \ = -d —r = -!-=> V 2"a/ \ = V 2"-d-= -L-V L which diverges 

(2") 2»ln(2") 2"-i7(ln2) ^ (2") ^ 2", )( ln2) h2^ ,■ 

OO 

X inb diver s es - 


n=2 


OO OO OO OO / v. 72 

(b) V) = i^X 2 " fl / 2 "') = X 2 " ■^r = Z-^Fr = Zb!T . a geometries series that converges if 
' • n =1 ' ’ n =1 «=1 J 72=1' 

<1 or p > 1, but diverges if p < 1. 
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55. (a) J 


dx 


2 x(ln x) p 


; u = Inx, du = — _> f u p du = lim 
x J Jin2 b ->co 


-p+l 


~lb 




L ~P + ^ Jin 2 b^V~P 


= TT (ln2r 


P>1 

p< 1 


the improper integral converges if p>\ and diverges if p <\. For p = 1: 


I 2 x ‘j^ x = lim [in(lnx)]* = lim [ln(lnZ>)-ln(ln2)] = oo, so the improper integral diverges if p = 1. 


6-> 00 


(b) Since the series and the integral converge or diverge together, V —-— converges if and only if p > 1 

n(\nn) p 


n =2 


56. (a) p = 1 => the series diverges 

(b) =1.01 => the series converges 

00 00 

(c) y 7 1 = 4- V 7 r f , p = 1 => the series diverges 

*-Ln( Inn 3 ) 3 ^< «(ln«)’ y B 

n=2 V J n=2 

(d) p = 3 => the series converges 


57. (a) From Fig. 10.11 (a) in the text with f(x) = — and a k we have f ” +1 -dx <l + 4- + | + ... + — 

x k J1 x Z j n 

< 1 +1 f(x) dx => ln(« +1) < 1 + T + j +... + < 1 + In n => 0 < In (n + 1) - In n < (l + \ + j + ■ ■ ■ + - In n < 1. 

Therefore the sequence j(l + -i-+j + ... + -^j-ln«} is bounded above by 1 and below byO. 

(b) From the graph in Fig. 10.11 (b) with f(x) d'x = ln(« + l)-ln/? 

^ >0> 7Tr _ [ ln( " +1 ^“ ln,7 ] = ( 1+ 2 + 3 + --- + inT _ln<:,?+1) ) _ ( 1+ 2 + 3 + --- + T“ ln/7 )- 
If we define a n = l+-j = y + “lnw, then 0>a ;!+1 -a„ => a n+ j < a n =>{a ;) } is a decreasing 
sequence of nonnegative terms. 


58. e <e for x 


>1, and J“ 


e dx = lim 

b—> oo L 


—x / —b —1 \ —1 f 00 —x^ 

-e = lim l-e +e \ = e => \ e dx converges by the 

-1 b— »oo' ' 


oo 2 oo 2 

Comparison Test for improper integrals => Z e~" = 1 + Z e~" converges by the Integral Test. 


n =0 


n= 1 


00 oo b r 2 ~\b / \ 

59. (a) 0 = y -h = 1.97531986; f \ dx = lim f x~^dx= lim -T— = lim (—V + =k-|==!pr 

10 ~ n 3 Jllx 3 i^ooJll ooL 2 Jn 6->oo\ 2b 2 242) 242 


poo , fib _3 

and --r dx - lim x dx = lim 

JlOr 3 JlO - 


6—>00 


-*±f = lim l—L + -L-)=-L- 

2 JlO b ^ool 2b~ 200 J 200 


=>1.97531986+^2 < < 1.97531986 + ^ => 1.20166 < s < 1.20253 

00 

(b) S = Y-t* 1-20166+1.20253 =1.202095; error < L20253^L20166 _ 0.000435 
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60. (a) ^ 


10 


f °0 1 _ A 

and f dx — lim x dx = lim 

■hO r 4 6_>oo J 10 b-> oo 


lim 

f x 4 dx 

= lim 

X : 

Z )—>00 

Jll 

b—yx> 

3 

X - 3 ] 

b 1 

- lim 

_L + 

1 

3 

— 11111 1 

10 6 -» °o\ 

3 b 3 

3000 ; 


= lim (—L+ —LI = —L_ 


JlO ; 

=} 1.082036583 + 3^3 < 5 < 1.082036583 + 3 ^ 1.08229 < 5 <1.08237 

OO 

(t>) s = « 1.08229+1.08237 = 1.Q8233; error < 1 - 08237 ; 1 08229 = 0.00004 


n =1 


in 1 


«+12 ;) _j «(«+!) 


1 1 


61. The total area will be ^ —-= y —-. The p-series converges to — and 


n =1 n 


1 


7 --- converges to 1 (see Example 5). Thus we can write the area as the difference of these two values, 

"«(«+!) 


or-1 ss 0.64493. 

6 


_ ^ „ , , ... 1(1 1 Vl l^lfl 1^1 

62. The area ot the nth trapezoid is — — H--= —I —-— I 

2 U n+VKn n+1) 2{„ 2 ( n + l) 2 J 

l^f 1 1 ^ 1 . . ,, , 

— > I —-— I = —, since the series telescopes and has a value ot 1 . 

2„t;U 2 (n + \) 2 ) 2’ 


The total area will be 


10.4 COMPARISON TESTS 


1. Compare with Y-L, which is a convergentp-series since p = 2 > 1. Both series have nonnegative terms for 
, n 
n =1 

00 

n> 1. For n> 1, we have n 2 < n 2 +30 => -y >—d— Then by Comparison Test, V — converges. 

n~ n +30 , n +30 

71 = 1 


2. Compare with which is a convergentp-series since p = 3 > 1. Both series have nonnegative terms for 


n=\ 


n > 1. For n > 1, we have n 4 <ir + 2 => -C > 


l ^ l 


■ —> ——— > - 
„3 — „4 , t “ „4 


Then by Comparison 


Test, converges. 

77 = 1 11 


3. Compare with y -)=, which is a divergentp-series since p=\< 1. Both series have nonnegative terms for 

yjn * 


n-2 


_ _ w 

>2. For n> 2, we have ~Jn-l<yfn =>-4—>-]=. Then by Comparison Test, V -p— diverges 

Jn- 1 “ V«-l 


«=2 
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4. Compare with ^ , which is a divergentp-series since p = 1 < 1. Both series have nonnegative terms for 

72=2 

00 

n> 2. For n > 2, we have n 2 -n < n 2 => > -V => -P— > -y = - => ^ 4Thus V 

22—22 n z n z -n n z n n z -n n z -n n ■” 22-22 

n=2 


diverges. 


5. Compare with ^ —C-, which is a convergent p-series since p=-|>l. Both series have nonnegative terms for 


22=1 


/?>!. For n> 1, we have 0 < cos 2 « < 1 => ^ ~jjt- Then by Comparison Test, ^ co 2/ ,,” converges. 


22 22 


22=1 


6. Compare with X, -L, which is a convergent geometric series, since |r|= j <1. Both series have nonnegative 


22=1 ' 


terms for n > 1. For n > 1, we have n ■ 3 n > 3” => —— < — 

22-3 3 


00 

<^-. Then by Comparison Test, ^ —converges. 

n=1 " 


GU .— GO OO 

7. Compare with The series ^yy is a convergent p-series since p=^> 1, and the series ^yy 


22=1 


22=1 


22=1 


= V5 V converges by Theorem 8 part 3. Both series have nonnegative terms for n> 1. For a > 1, 

i n 
22 = 1 

we have /? 3 < n 4 => 4 « 3 < 4 « 4 => « 4 +4 « 3 < n 4 +4n 4 = 5 / 7 4 => « 4 + 4n 3 < 5 « 4 +20 = 5 ^« 4 + 4 j 

_> » +4 n < 5 y " (,I+4 1 < 5 => +l± 4_ < _L => < JX = -XL Then by Comparison Test, X 

22 +4 22 +4 22 +4 22 V" +4 72 \ 22^+4 

converges. 


. Compare with V -j=, which is a divergentp-series since p = \ < 1. Both series have nonnegative terms for 

^ y]n ^ 


72=1 


>1. For n > 1, we have 4n > 1 => 2 ~Jn > 2 => 2 Vn +1 > 3 => n^ljn + lj > 3/? > 3 => 2npi + n> 3 

>n 2 + 2n^ + n>n 2 + 3^ n ^ +l h l^S!±^,l^t^,l^.l^I, 


n +3 


f! Z +3 




Then by Comparison Test, ^ r^~ diverges. 

»=W» 2 + 3 


9. Compare with V -y, which is a convergent /^-series since p = 2 > 1. Both series have positive terms for 

i n 
22=1 

n—2 

n> 1. lim y- = lim " 3 ~ ,,2 2 +3 = lim ” ~ 2 P = lim 3 ” 2 ~ 4 ” = lim yy- = lim ^ = 1 > 0. Then by Limit 

22—>00 ® n 77—>00 1/22 ft—>cO 22 —22 +3 ft—>CO 322 —222 ft—>GO ft—>00 ° 


Comparison Test, V ” 3 — converges. 

, 22‘ 3 -22 Z +3 
22=1 
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10. Compare with V -J=, which is a divergentp-series since p = \< 1. Both series have positive terms for n> 1. 

^ yjn L 


72=1 


n +1 
2 , 


n —>CO « 72—>00 


n^Sn 2 + 2 V»^»» 2 + 2 


lira £- = lira 4^= lim JVr = J lim Vt = J lim = J Um f = VI = 1 > 0. Then by Limit 


Comparison Test, ^ /-lEd- diverges. 

72=1 V 


11 . 


00 

Compare with ^ , which is a divergentp-series since p = 1 < 1. Both series have positive terms for n > 2. 

72=2 


lim =- = lim 

72—>00 72—>00 


m(m+1) 

(ti 2 +i1(tj-1) 


l/« 


■ = lim 


77 —>oo — ji~+n— 1 


lim 3 f +2 ” = lim |tt±i = lim # = 1 > 0. Then by Limit 

«—>oo 3 t» 2 —2n+l n^co 6n ~ 2 


Comparison Test, V — " ( " +l) — diverges. 

~2 (» 2 +l)(»-l) 


12. Compare with which is a convergent geometric series, since |r|c | cl. Both series have positive 

h=1 2 


terms for « > 1. lim = lim = lim —— = lim 4 ln4 

72 —>oo « 72 —>oo 1/2” 72 —>oo 3+4 ,? 72 —>oo4 , 7 ln4 


= 1 > 0. Then by Limit Comparison Test, 


72=1 


3+4' 


- converges. 


13. Compare with V A=, which is a divergentp-series since p = ^ < 1. Both series have positive terms for n > 1. 

V72 ^ 


72=1 

5 n 


, (X • / # rrt t / r \72 . . . ^ ^ rfl t 

lim -r-= lim == = lim — = lim 4 = oo. Then by Limit Comparison Test, > -=— diverges. 

,->«A k->« 1/V^ 77—>oo 4” „^oo' 4 ' 

72=1 


72=1 


14. Compare with ^(f) > which is a convergent geometric series since |r|=|-||<l. Both series have positive 

/ 2,7 + 3 t” 

lim U±lL = pm (Lht±ll) =exp lim ln(^«±Jl) =exp lim «ln(-i^±ll) 

,_.on (2/5Y 10»+8 ) \ 10,7+8 1 \ 10„+8 / 


terms for n > 1. lim = lim 

77 —> 00 b N ,7->® (2/5)” 


IOti+15 \ 10 10 

= exp lim l j°" +s; = exp lim 10,,+1 ^ ‘ 2 0 " +8 = exp lim 


70,i 


77—>00 
2 


77—>00 

70,7 2 


„_> 0 0 (10,7+15X1077+8) eX P 100,7 2 +230,7+120 


= exp lim 


x— >00 A ' " 72—>00 —1/ 72 

°° 72 

140 '' =exp lim ^| = e 7/10 >0. Then by Limit Comparison Test, ("sTLTn) converges. 


72—>00 


20072+230 


72—>00 


^—7 \ 5t2+4 / 
72=1 


00 

15. Compare with ^ —, which is a divergent p-series, since p = 1 < 1. Both series have positive terms for n> 2. 

72=2 


lim = lim = lim = lim = lim n = oo. Then by Limit Comparison Test, ^ diverges. 
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16. Compare with which is a convergentp-series since p = 2>l. Both series have positive terms for 


72=1 


to 1+# 

n> 1 . lira |^= lira-M- 

ft—>co 22—>00 l/« 


n 

V n 

3 J 


r_+l 



v » 3 J 



1 ' 2 ^ ^ / 

= lim —y—^— = lim —y- = 1 > 0. Then by Limit Comparison Test, 


00 . 

2>M 

72=1 


converges. 


17. diverges by the Limit Comparison Test (part 1) when compared with V -\=, a divergent p-series 

yjn 


72=1 


lim v2 f + !" y = lim 


L. 


2 %/n- 


lim (— 

72+Vt2 72—>00 \ 2+72 / ^ 


18. diverges by the Direct Comparison Test since n + n + n >n+ *Jn + 0 => —, which is the nth term of the 

72+V72 n 

00 

divergent series ^ — or use Limit Comparison Test with b n = — 

72=1 

19. converges by the Direct Comparison Test; S1 ” n ” < which is the nth term of a convergent geometric series 


20. converges by the Direct Comparison Test; 1+c ° s ” <# and thep-series converges 


72 72 


21. diverges since lim -2^-= 2-^0 
«->« 3n ~ l 3 


22. converges by the Limit Comparison Test (part 1) with -L, the nth term of a convergent p-series 

n 3 

lim (yi)=l 


lim 


M + l 


72—>00 I 1 I 72—>00 ' 

3/2 


23. converges by the Limit Comparison Test (part 1) with -L, the nth term of a convergent p-series 


lim 


/ lO/i+l \ 

\n(n 

+!)(« 

+ 2)1 


( 4 ) 



= lim 


1072 Z +72 


>2—>00 72 +3/2+2 72— >00 


= lim ## = lim # = 10 


2 »+ 3 2 


24. converges by the Limit Comparison Test (part 1) with the nth term of a convergent p-series 


lim 


= lim 


■ = lim 


• = lim = 5 


72—>00 I — I 72—>00 ft ’ —277 2 +572—10 ft—>00 3 77 2 —4/2+5 ft_>cO ^ 

2 
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25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 


Chapter 10 Infinite Sequences and Series 

converges by the Direct Comparison Test; (3^-) < {fn) = (3) - the nth term of a convergent geometric 


converges by the Limit Comparison Test (part 1) with -yy, the nth term of a convergent p-series 


lira |" 3/2 | = lim = ii m U + 2_ = j 

n —>oo ( 1 ) n—>co A/ n 72— > oo v n 


diverges by the Direct Comparison Test; n > In n => In n > In In n => 2 < ^^2-y and ^ 2- diverges 


converges by the Limit Comparison Test (part 2) when compared with V -y, a convergent p-series 

, n 
n -1 

lim Lfe = lim ^211 = lim ijfei = 2 lim ^ = 0 

72— >00 [ _L ) 72— >00 n VI —>GO 72— >00 W 

U 2 J 

diverges by the Limit Comparison Test (part 3) with —, the nth term of the divergent harmonic series: 
lim fed = pm JE. = lim fe = lim = 00 

72—>00 (-j 72—>GO ^ nn n —>00 72—>00 ^ 

converges by the Limit Comparison Test (part 2) with d-r, the nth term of a convergent p-series 


.. (Inn) 
llm —J/4 



- ° 11111 - 

72 —>00 72 

- 11111 X 

72—>00 ( 1 | 

U 3/4 J 


L 3/4 J 


diverges by the Limit Comparison Test (part 3) with the / 2 th term of the divergent harmonic series: 

(_!_) 

lim dlihfd = lim —= lim yj- = lim n = oo 

n— >oo (-) ;j->«d +n,! «—>oo (—) n—>oo 


diverges by the Integral Test: f ln C+b _ f udu = lim d M 2 = lim 2/& 2 -l n 7 3 ) = <x> 

•*2 Jin3 £_^ool_2 Jin3 b —>oo ^' / 

1 • 2 

converges by the Direct Comparison Test with —ttt, the / 2 th term of a convergent //-series n -1 > n for 

n 

2/2 \ 3 /2 3/2 11 • • • -1 

n > 2 => n n -1 >n => nyn -1 >n ~ >- --=• or use Limit Comparison Test with-y 

V ' « 3/2 V n~ 

converges by the Direct Comparison Test with -yy, the nth term of a convergent p-series 

72 J/ 

n 2 +1 > n 2 => n 2 +1 > Vn-n 3/2 => > n 3/2 => -4y- <—l— or use Limit Comparison Test with -2y. 

V« » +1 n n 
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35. converges because ^ ^ ^ -i which is the sum of two convergent series: ^ converges by 

72=1 72=1 72=1 72=1 ” 

00 

the Direct Comparison Test since -L<X and ^ -i is a convergent geometric series 

n l 


°° n °° / \ 

36. converges by the Direct Comparison Test: ^ ^ fo + -yj and -fo- + -y < ^ + -y, the sum of the «th 


72=1 72=1 

terms of a convergent geometric series and a convergent p-series 


37. converges by the Direct Comparison Test: which is the «th term of a convergent geometric series 


38. diverges; lim ( 3 n +1 1 = lim (t + ~| = t *■ 0 

72—>00 \ 3 / 72—>CO \ ^ 3 / 


^ / , \72 

39. converges by Limit Comparison Test: compare with ^ I j I , which is a convergent geometric series with 


72=1 


I _«±J—L I 

I1= i < 1 , lim U2+3 " 5 " J - lim-^ = i im ^_ = 0 . 

^ 72—>00 (1/5)" n—>oo n 2 +3n 72—>00 


42, / o \/7 

40. converges by Limit Comparison Test: compare with > (^ | , which is a convergent geometric series with 


n I 


| r |= | < 1, lim 


2" +3" 
3"+4" 


(3/4)" 


= lim 


8 " + 12 " 


= lim 


(n)' ,+1 _i 


«->oo 9"+12" „_>oo(^”+i 


= j = l>0. 


41. diverges by Limit Comparison Test: compare with which is a divergent p-series 


72=1 


lim = lim 2^n = H m 2" In 2-1 = lim 2" (In 2)- = j > Q 

72—>00 11 72—>00 2" 72—>00 2" In 2 2" (In 2 ) 2 


In/ 


j — i — ~\Jii s In ii 

42. Since V« grows faster than In n and V2>ln2, lim-= lim—^= = 0. Since e>l, 

»->oo g n n —>00 n 

GO , 00 i 

E l . vn Inn 

— is a convergent geometric series, so — conver g es - 

72=1 e 72=1 e 


00 00 00 

43. converges by Comparison Test with ^ ToLj w ^i c h converges since L TpL) = L ["TT ~~ »"]’ an d 

72=2 72=2 72=2 

^=( 1 -T) + (T-l) + --' + te-I3r) + fc-i) =1 -I^ A 1 ™^ =1 ; for «>2,(«-2)!>l 


-\){n -2)! > -1) => n\ > n{n -1) => — } < 


1^1 


72! 72(72— 1 ) 
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44. 


00 

converges by Limit Comparison Test: compare with V Ar, which is a convergent //-series 

i n 

n -1 


(»-!)! 


lim+±f- 

n—>oo 1 /n 


lim 

n —>oo 


r? (n- 1)! 

(n+ 2 )(n+\)n(n— 1)! 


lim -rr ±-— = lim = lim # = 1 > 0 

n—^co ft +3/7+2 n—>co nJr ^ n—>co 


45. diverges by the Limit Comparison Test (part 1) with —, the nth term of the divergent harmonic series: 

(sin-] 

lim = lim ^ = 1 


a) 


x->0 


46. diverges by the Limit Comparison Test (part 1) with the «th term of the divergent harmonic series: 


(tan-) 

lim 4—^ = lim 

H—»C0 (-) tl —^CC 


i ]bl) 


—= lim (J_)fe)=M=l 

(0) .r— >0' cosx + x > 


47. converges by the Direct Comparison Test: tan ) , n < -fp and ^^y = tL _ iT is the product of a convergent 


n ' n 


n =1 


«=1 


p-series and a nonzero constant 


48. converges by the Direct Comparison Test: sec «<-y: 
a convergent p-series and a nonzero constant 


1.3 ^ 

n n 


CO lx\ CO 

and ^ = y ^ is the product of 


n =1 


/7=1 


49. converges by the Limit Comparison Test (part 1) with lim V' / = lim coth/; = lim e n +e _ n 

ft n —>oo | _L J /7—»oo co e n -e n 


cothw 

,2 


= lim 


1+g 


-2n 


> \-e 


■ = i 


50. converges by the Limit Comparison Test (part 1) with -+ : lim 


ft n —>oo _L 

2 


n —n 

= lim tanh n = lim — 


= lim 


l-e 


, l+e 


■ = 1 


51. diverges by the Limit Comparison Test (part 1) with —: lim = lim -j= = 1 

n n->oo (^) 


52 . 


converges by the Limit Comparison Test (part 1) with -+: lim 

ft n —>oo 



lim '-ifn = 1 

n —>oo 
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53. 1+0+3 x + +n = = n (J l+V) ■ The series converges by the Limit Comparison Test (part 1) with -V: 


1- (b(b+1)) 


lim = lim -f— = lim -f*-r = lira f = 2. 

tz—> co |_L| n —>c© n +n >oo >oo ^ 


1 _i_ 2 2 +3 2 +...+n 2 n(n+\)(2n+i) n(n+\)(2n+\) 

6 


< -y => the series converges by the Direct Comparison Test 


55. (a) If lim = then there exists an integer N such that for all n> N, -r--0 <1=>-1<^ 2 -<1 
=> a n <b n . Thus, if Y.b n converges, then X a n converges by the Direct Comparison Test. 

(b) If lim j L = x>, then there exists an integer N such that for all n > N, jp > 1 => a n > b n . Thus, if 

n —>oo D n 

Xb„ diverges, then X«„ diverges by the Direct Comparison Test. 


56. Yes, ^ — converges by the Direct Comparison Test because — < 


57. lim y 2 - = <x> => there exists an integer N such that for all n > N, -p- > 1 => a n > b n . If X a n converges, 

n —>00 °n On 

then Xb„ converges by the Direct Comparison Test 

2 

58. X a n converges => lim a n = 0 => there exists an integer N such that for all n > N,0 < a n < 1 => a n < a n 

n—><x> 

2 

=> X« /; converges by the Direct Comparison Test 

59. Since a n >0 and lim a n = oo y 0, by « th term test for divergence, Xa„ diverges. 


60. Since a n >0 and lim in 2 -a n 1=0, compare Xtf„ with X^y, which is a convergentp-series 

n— >oo V ' n 

lim -^y = lim I n 2 ■ a n I = 0 => X a n converges by Limit Comparison Test 

n —>co 1/ n n— >oo' ' 


61. Let -co < q < <x> and p > 1. If q = 0, then V = V _L w hich is a convergentp-series. If q y 0, 

~ n p -,n p 

n=2 n=2 

00 „ 

compare with ^ where 1 < r < p, then lim " P r = lim , and p-r > 0. If g < 0 => -g > 0 and 


/t—>oo 1 /fi n —>co w 


lim <lnn> = lim- - -= 0. If q > 0, lim (lnn) = lim 

o—r \—a o—r 1 7 n—r 


nf _ r 9(ln») , “ 1 (y) 


n —>oo n 72 —>co (In n) n 


n —>co n p '' «->oo ( p-r)n p r 1 «->• oo (/>-r)n 


^-l<0=>l-^>0 and lim = lim - — -— = 0, otherwise, we apply L'Hopital's Rule 

«->oo (p~r)n p ’ «->oo (p~r)n p r Qnn) q 

■ v <7(9-!)(tan)«- 2 (i) ? ( 9 -l)(ln«)«" 2 . „ , 

again, lim-=-= lim ——^—-—. If q -2 <0 ^ 2-q >0 and 

° / \2 w—r—1 / \2 p—r J 

/I—>oo (p-r) »->oo (^-r) n‘ 


Copyright © 2014 Pearson Education, Inc. 





736 


Chapter 10 Infinite Sequences and Series 


lim — = lim- qi - q il —— = 0; otherwise, we apply L'Hopital's Rule again. Since q is finite, 

h ->00 ( P~ryn p r ;j—>co (p—r)~n p '(In n) q 

there is a positive integer k such that q -k <0 => k -q >0. Thus, after k applications of L'Hopital's Rule we 

obtain lim )•••(?-*+ l)(lnn) — _ jj m q(q-l)--iq-k+l) _ q gj nce jj m j t j s q j n ever y case by Limit 

»->°o ( p-rfn p ~ r n p ~ r (\nnf~ q 

OO 

Comparison Test, the series V <ln ”^ converges. 

, n p 
n =1 


62. Let -oo < q < oo and p < 1. If q = 0, then ^ ^ _L^ which is a divergentp-series. If q > 0, compare 


o * p o n? 

n=2 n=l 

(In nf 


with ^ —, which is a divergent ^-series. Then lim nP = lim (In ri) q = oo. If q < 0 => —q > 0, compare 

™ p n—>cc Vn p ^ 2 —>oo 


n=2 


(In n)^ 


I p \ In yi )** a *—p 

with X —, where 0 < p <r < 1. lim - = lim —= lim ——— since r -p > 0. Apply L'Hopital's to 

n=2 n ' n —>oo 1/ff n —>co 1 n— >oo(ln«) q 

i , • r r ( r-p)n r ~ p T r* 1 n , A , r (r-/?)« r_/J (ln«) ?+1 

obtain lim - —— - ,,,, = lim ---— . If -g-l<0=>g+l>0 and lim — - — 7 —:-= oo. 


LJ.1 , / , x - 11111 

»oo(-?)(ln n) q (i) n^.oo(-?)(lnn) 

otherwise, we apply L'Hopital's Rule again to obtain lim 


( r—p)n‘ 


2 


(-<?) 

= lim ( ^ )V ~ P . .. If 


mu n / , \ — mu 

B->oo(-?)(-?-l)(lnn) q (i) >co (-(/)(—l)(lnn) 


-^-2 ' 


o 0 n > >• ( r-p) 2 n' p r (r-p) 2 n r p (\nn) q+2 , . , 

-fl- 2 < 0 =>o+ 2>0 and lim- 1 -— 35 - = lim —^— - —^otherwise, we apply 

/ 7 —>oo {—q)(—q—\)(\nn) q ~ „_>oo ( 9)( 9 1) 

L'Hopital's Rule again. Since q is finite, there is a positive integer k such that -q-k<0=>q+k>0. Thus, 

(r-p) k n r ~ p 

after k applications of L'Hopital's Rule we obtain lim--- r 

n ^ x (-q)(-q-l)~i-q-k+\)(\nnY q 

(,— p) k n''-P( lnn) q+k 

= lim , — T-— - ; —— = 00 . Since the limit is 00 if q > 0 or if q < 0 and p < 1, by Limit comparison test. 


n =1 


the series ^ diverges. Finally if q< 0 and p= 1 then ^ (ln ” > = ^ ^ ln ” > . Compare with ^-k, 


{\nn) q 


(In n) q 


n=2 


n=2 


n-2 


q 00 <7 

which is a divergent p-series. For n > 3, In n > 1 => (In n) q > 1 => * ln ” > > -jk Thus ^ 1 ln " * diverges by 


n=2 


Comparison Test. Thus, if -00 < q < oo and p< 1, the series y diverges. 


n =1 


63. 


Since 0 <d„<9 for all n and the geometric series 



00 d 

converges to 1 , y—— converges. 
„=llO" 


64. 


65. 


OO 

Since ^ a„ converges, a n —> 0 as « —> 00 . Thus for all n 
n=\ 

00 

thus 0 < sin a n < a n . Thus ^ sin a n converges by Theorem 10. 


n=l 

Converges by Exercise 61 with q = 3 and p = 4. 


Copyright © 2014 Pearson Education, Inc. 



Section 10.4 Comparison Tests 


737 


66 . Diverges by Exercise 62 with q = \ and p = \. 

67. Converges by Exercise 61 with ^ = 1000 and /?= 1.001. 

68 . Diverges by Exercise 62 with q = ^ and p = 0.99. 

69. Converges by Exercise 61 with q = -3 and p= 1.1. 

70. Diverges by Exercise 62 with q = -\ and p = \. 


71. Example CAS commands: 

Maple : 

a := n -> 1 ./n A 3/sin(n) A 2; 

s := k -> sum( a(n), n=l ..k ); # (a)] 

limit( s(k), k=infinity); 

pts := [seq( [k,s(k)], k=l.,100)]: # (b) 

plot( pts, style=point, title="#71(b) (Section 10.4)"); 

pts := [seq( [k,s(k)j, k=l„200)]: # (c) 

plot( pts, style=point, title="#71(c) (Section 10.4)"); 

pts := [seq( [k,s(k)], k=1..400 )]: # (d) 


plot( pts, style=point, title="#71(d) (Section 10.4)"); 
evalf( 355/113 ); 

Mathematica : 

Clear[a, n, s, k, p] 

a[n_]:=l/(n 3 Sin[n] 2 ) 
s[k—] = Sum[ a[n], {n, 1, k}]; 
points[p_]:= Table[{k, N[s[k]]}, {k, 1, p}] 
points[100] 

ListPlot[points[100]] 

points[200] 

ListPlot[points[200] 

points[400] 

ListPlot[points[400], PlotRange —> All] 

To investigate what is happening around k = 355, you could do the following. 
N[355/l 13] 

N[ti-355/113] 

Sin[355]//N 

a[355]//N 

N[s[354]] 

N[s[355]] 

N[s[356]] 
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72. (a) Let S = ^-y, which is a convergentp-series By Example 5 in Section 10.2, li converges to 1. 


n=\ 


n=1 


OOOO . > 

By Theorem 8, S = £ ^ ^ ^ ^ ^ £ (-L ---^y) also converges. 

n-1 n=1 n=1 n=1 n=1 n-1 

00 00 , V 00 

(b) Since ^ 1 converges to 1 (from Example 5 in Section 10.2), S = 1 + ^l-y- „(„ 1 +n ) =1 + 


00 00 


n=1 


n 2 n(n+i) ^ n z (n+l) 
n=1 «=1 


(c) The new series is comparable to ^ -y, so it will converge faster because its terms —> 0 faster than the 


n=l 


terms of ^ - 


n=\ 


1000 1000 
(d) The series 1 + ^ -y— ^— gives a better approximation. Using Mathematica, 1 + ^ -y— ^— = 1.644933568, 


1000000 


n=1 


n (n+ 1 ) 


n=1 


n (n+1 ) 


while ^ -y = 1.644933067. Note that = 1.644934067. The error is 4.99x10 7 compared with 


1 x10 


-6 


«=l 


10.5 ABSOLUTE CONVERGENCE; THE RATIO AND ROOT TESTS 


1. lim 


(«+!)! 


= lim 


= lim (_2\ 

\(«+!)■«! 2 " / „^ 0O V"+l J 


Z r\Yl 

converges 
n=1 


2. lim 

n —>oo 


/ i \/i+l (n+l)+2 

' " 3 «+l 


3. lim 

n—>co 


(-D" 


((«+!)-!)! 

((n+l)+l) 2 


= lim ji m (jj±L) = lim iy-i = y-c 1: 

«->«\3 -3 »+2 ) 0 V3h+6) 3 


00 

> ^](-l) ,! 22±= converges 
n=1 3 


(»-!)! 
(n+1) 2 

diverges 


= lim f ■ y—frrl = hm ( n f 2 ” + ” ) = lim ( 3 ” 0 +4 '? +1 ) = lim ( 6n+4 ) = oo > 1 => V 

«—>oo\(n+2) 1" 1- J ;j— »oo\ n"+4«+4 j »->oo\ H + / «— >ocA 2 / 


(»-!)! 

(«+l) 2 


4. lim 

n —>co 


5. lim 

n^>co 


2(n+l)+l 


(n+l>3 ( " +1)_l 


lim —=—==— •++^-t 
2 ,,+1 


2" +l -2 n-3' 


00 

1= lim (y^y)= lim (4) = 4<1^> V 
I n^J 3n + 3 ' „^oo' 3 ' 3 *-i 

n=1 


-^n+l 

n-1 converges 


(»+ir 


(-4r 


4 

n 

(-4)" 


= lim 

«—>oo y 4 4 « 


1= lim (2 

J n—>oo \ 


4 


l) = lim (y- + - + ^y + -y- + —L-] = i <1 z=> V 

1 «->oo\ 4 » 2,i 2 » 3 4+7 4 ^ 


^(-4)" 


converges 


6. lim 

«—>°o 


3 ( h +1)+2 
In (n+1) 


diverges 


= lim (fy—hm ( 31n ” ) = lim { -f- ] = lim ps±3) = (i m (1) 

;;->oo \ l n (”+l ) 3 " “j n-»oo W^+l)/ ;?-»oo ' ” ' >00' ' 


t) = 3 »=-S 


3 n+2 
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7. lim 

ft—>00 


(-11 


„+l («+l) 2 ((«+l)+2)! 
(>i+1)!3 2( " +1> 


(-R 


» n(n+2)\ 

n!3 2 " 


= lim 


(n+1) 2 (»+3)(;i+2)l „ !3 2 " 


«->oo I («+l)»!3 2 ''-3 2 h 2 (/i+2)! j \ 9h 3 +9/! 2 / 


= lim 


im (- 

—>CO \ 


3 +5ft 2 +7ft+3i 


= lim f 3 ” + 7 15,?+7 )= lim ( <- 6 i' +1 , 5 o ) = lim (4r) = -k < 1 => V (-1)” converges 

++»\ 27» 2 +18iJ n ^ 54n+lS ' „-»«A 54 ' 9 ^ n!3 2 B 

n =1 


lim 

ft —>00 


(ji+1>5" +1 



\ 


(2(n+l)+3)ln((n+l)+l) 

= lim ( 

ft— >00 V 

(n+l)-5"-5 

(2n+3)ln(n+l) ' 

= lim ( 

ft—>oo V 

cfl 

n -5 

(2#i+3)ln(«+l) 

(2n+5)ln(«+2) 

V 

ft-5” J 


_ |j m / lOn +25n+15 V jj m / ln(« + l) \ _ jj m l 20»+25 t lj m fjiiL j = lj m 1211'). li m l«±2'j 
h->oo\ 2n 2 +5n ) „^. 00 \ ln (»+ 2 )/ 4 "+ 5 2 h+J tY J 4 j V k+ 1 j 


ou 

■ 5 • lim (|) = 5-1 = 5>1=> y - 

K + 00 31 ' 

n=2 


>00 

w-5” 


(2«+3)ln(«+l) 


diverges 


9. lim «i 

ft—>00 


( 277 + 5 )" 




ft=l 


(2ft+5)” 


converges 


10. lim 

ft—>oo 


I ~ GO n 

— = lim y =0<1^> — converges 

V (3»)" „^oo' 3 "' “ (3n) 

’ ft = l 


11. lim n, 

ft—>00 


/ 4w+3 ^” 
V 3«—5 y 


00 

=(M)=(1)=3 > 1 => x (m)" diverges 

ft=i 


12. lim n 

ft —>00 A 



ft+1 



1+1/m / 


[- ln ( e2+ ^)_ 

= lim 

ft—>00 

_ ln ( e2+ i)_ 

= In (e“ j = 2 > 1 => Y 

ft=l 

ln ( e + t)_ 


«+l 


13. lim ft 

«—>00 \ 


M 


= lim 

ft—>00 


f r ^ 
V8 


K) 




^1 ( 3+ « ) 


converges 


14. lim « 

n->oo\ 


Mi)’ 


lim sin(-L] = sin(O) =0 <1 => Y 
/J—>G0 WW , 

ft —l 




converges 


15. lim 7 

«—>00 ’ 


2 00 2 

(-D-K)” = lim ( 1_ »)" =e_1 <1 ^ > X( 1_ n)" converges 


ft=l 


16. lim «i 

ft —>00 


(-D" 


= lim (JL.) = lim (MU = 0 < 1: 

ft—>00 \ 77 n ) n^M) 


00 

■ 


converees 
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17. converges by the Ratio Test: lim 

77—>00 


a „+1 


= lim 


O+lh/2 


72—»oo n_ 


A 


™ t 1 +1)^ (iH < 1 


= lim 

22—>00 2' 


n n —>oo 


18. converges by the Ratio Test: lim 

72—>00 


a„ 


[n+ l) z 

, , im , im l£i»: 


/,n 

U”/ 


w+1 


72—>00 £ ^ 72—>00 




19. diverges by the Ratio Test: lim 

72—>00 


20. diverges by the Ratio Test: lim 

72—>00 


“n+ 1 

- lim i 

(”+l)!\ 

e "+l 

a „ 

— 11II1 

72—>00 

l ^ 

\e") 

a n+l 

- lim i 

(77+1)0 
10 ,!+1 ) 

a n 

— 11II1 

72—>00 

(~ 



\10” / 


(”+!)! e" _ h+ 1 _ f 


^ 2 - = lim ^ +1 | ! • = lim yy = oo 

in" +1 72 1 10 

72—>00 lH 72—>00 


21. converges by the Ratio Test: lim 

72—>00 


(»+l) 1U 

r V 10 " +1 

= lim /AO Y 

72—>00 171— 
\10”/ 


= lim Ott!T.UC. = lim f 1 + iy°m = i<i 
10" +1 n'° nZX ”) Uol 10 <1 


22 . 


diverges; lim a n = lim = lim (l + —] =e 2 ^0 

77 —>oo n— >oo ' n w—von ' H ' 


23. converges by the Direct Comparison Test: 
convergent geometric series 


. 2-K-l)' 


2 + (-!)” ( 3 ) which is the 77 th 


( 1 . 25 )” 


term of a 


24. converges; a geometric series with |r|= -j <1 


25. diverges; lim a n = lim (—1)” (l ——) = lim (—1)” (l + —}” ; (-l)”(l + —) =>e 3 for/? even and -e 

77—>00 77—>00 ' n ' 77 —>00 \ n J V 77 / 

for /? odd, so the limit does not exist 


-3 


26. diverges; lim a n = lim ll-4-j = lim 

72—>00 72—>00 ' U ' 72—>00 


1 + 


B) 


V 


= e _1/3 « 0.72 ^ 0 


27. converges by the Direct Comparison Test: -^-<-or = -C for /? > 2, the /7 th term of a convergent p-series 

rv tv n 1 


/fin mV* ((ln72)”) , 

28. converges by the rcth-Root Test: lim yj\a n \ = lim J = lim ——— = lim ^P- = lim = 0 < 1 


72—>00 V n 72—>00 




72—>00 72—>00 
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29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 


diverges by the Direct Comparison Test: — = ^4 > -=-(—) for n > 2 or by the Limit Comparison Test 

Yl Yi yi L \ fl) 

(part 1) with —. 


/ ^ / n\ n 

converges by the «th-Root Test: lim d\a,.\ = lim !'j(4--L| = lim (4-1—) = lim (4--L| = 0 

„->oo VI ooVV" n 2 } n 2 ) ) „_>oo\ n n 2 ) 


= 0<1 


diverges by the «th-Term Test: Any exponenetial with base > 1 grows faster than any fixed power, so 
lim a„ * 0. 


converges by the Ratio Test: lim = lim >” + l)ln(» + l) _ 2" L K \ 

n—>oo a " /i —>00 2 " 


converges by the Ratio Test: lim = lim ■ (;;+1 '' ! ;f+ o ) = 0 < 1 


Yl —>00 I n | 72—>00 


converges by the Ratio Test: lim = lim ^4lL~=4<l 

Yl —>C© 72—>00 ^ 


converges by the Ratio Test: . lim 4iol = ij m — (>7+4)! . 3!»!3 _ [j m n+ 4 = 1 < ] 

5 * //—>co /;->oo 3!(„+l)!3 1 (»+3)! 3(i«+l) 3 


converges by the Ratio Test: lim ^±L - ij m — ( ” +2 ^ ! —2_»L 


72—>001 I 72—>00 3” (/2+1)! 722”(t2+1)! 72—>00 


!™(Tr)(f)(77f) = t <1 


converges by the Ratio Test: lim 4s±L = ij m ■ <2 ”+ 1)! _ jj m —|±1—— = 0 <1 

»^oo ;7->oo ( 2 «+ 3 )! n\ „^. Q0 ( 2 «+ 3 )( 2 «+ 2 ) 

converges by the Ratio Test: lim 4>±I = li m • iL r = lim = lim —1—= lim —-— = 4<1 

„->0D a n „_>00 (»+D " +1 ,l! „->oo'" +1 ' ,,->00 IMY n->00 (l-D-V e 


I - I- „/— lim 

converges by the Root Test: lim w|a„| = lim «/—tL_ - ij m eLL - — = 0 < 1 

72—>00 72—>00 V (Inn)" yi —>co ^ n ” 


,- /- lim >/« f 

converges by the Root Test: lim ?/|a„ I = lim «/— ,J — T = lim 'r— = ”~ > °°, = 0 < 1 lim yn = 1 

„->oo 3,1 1 ,1^.00 y (lnn )" /2 „_>°o lim ^ 


41. converges by the Direct Comparison Test: ” !ln ” , = —— 777 —— < —— 77 — 7 - = -—4— < _L which is the / 7 th- 

° J r »(«+2)! n(n+l)(n+ 2 ) n(n+l)(n+ 2 ) (n+l)(n+2) „2 

term of a convergent //-series 

42. diverges by the Ratio Test: lim = h m — 2 Z!— r - 2 L 2 _ = hm _«— 

«->oo „^oo(»+ 1) 3 2" +1 3" „->oo(»+l) 3 '' 2 ^ 2 
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43. 


converges by the Ratio Test: 


lim 

ft—> 00 


tffl+1 


Jim [(" +1 > ! f ,(M= Jim ("+0 2 
»[2(»+l)]! [n!] 2 „^oo( 2 "+ 2 )( 2 «+l) 


lim 

ft—>00 


ft 2 +2ft+l 

4ft 2 +6ft+2 



44. converges by the Ratio Test: lim 

ft—>00 


° n +\ 

_ lim < 2 ’ +5, ( 2 “ 1+3 ) *2 - Um 

2«+5 2-6"+4-2"+3-3"+6 

<*n 

n—>ao 3' ,+1 +2 (2»+3)(2"+3) 

_2n+3 3-6" +9-3" +2-2" +6_ 


= lim yy- ■ lim 


2- 6”+4-2”+3-3"+6 

3- 6"+9-3”+2-2' ! +6 


= 1 - — = — <1 
3 3 


45. converges by the Ratio Test: lim 


( l+sin» 

" ’" =0<1 
ft—>oo a n 


46. converges by the Ratio Test: lim 

ft—>00 


( 1 +tan *h L 

_ ' _ 


= lim 

ft —>00 


= lim 


l+tan 1 n 


n 


= 0 since the numerator approaches 


1 + y while the denominator tends to oo 


47. diverges by the Ratio Test: lim 

n —>00 




= lim ^ 3 " + ^ a " = lim = 4 > 1 

00 oo 2,1+5 


48. diverges; a„ +1 =^ r «„ =>«»+! 

=>«n+l = (tTIt) ■ ■ • ( a l ^ a n+\ =iri^ a n+l = which is a constant times the general term of 


the diverging harmonic series 


49. 


converges by the Ratio Test: 


lim 

ft—>00 


(% 0 

lim = lim - = 0 < 1 

n yi 

ft—>co n ft—>oo 


50. 


converges by the Ratio Test: 


lim 

ft —>00 



ft— >00 a n 


lim -y- = 4 < 1 - co 
«->00 ^ ^ 


51. 


converges by the Ratio Test: 


lim 

ft —>00 


tffl+l 


/j+lnn.'U 

lim - - 2 = lim 1+ln ” = lim — = 0 < 1 

a n ft 

ft—>oo u « ft—>oo ft—>oo 


52. > 0 and aj =j=>a n > 0; Inn > 10 for n > e 10 => n +\nn > n +10 => >1 

=> n,j + i = ” +1 ?” a„ >a n \ thus a, I+1 > a n >^-=> lim a n ^0, so the series diverges by the nth-Term Test 

,!+lu 2 n->oo 

53. diverges by the nth-Term Test: n, = j,a 2 =^,a 3 = =6jl,a 4 = ■ ■ ■,a n = n \j\ 

=> lim a n = 1 because j'^j > s a subsequence of j^j whose limit is 1 by Table 8.1 
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54. converges by the Direct Comparison Test: ci\ = j, c 

=> a n = (i) < (y) which is the nth-term of a convergent geometric series 


7 1 \2 A 


A 6 (l 

■ i \6 y / 

,\24 

(i) ’ fl 3=l( 

i) J =(• 

2 ) ’ fl 4=l( 

i) J =1 

l) 


55. 


converges by the Ratio Test: 


lim 

n—> oo 


lim 

n —>oo 


2" +1 («+l)!(«+l)! 

(2„+2)! 


(2 n)\ 
2 "n\n\ 


lim 

n —>°o 


2(n+l)(n+l) 

(2h+2)(2»+1) 


= lim ^i±L = 4- < 1 

n^oo 2n+l 2 


56. diverges by the Ratio Test: 


lim 

72—>00 


= lim 


(3,7+3)! 


(n+l)!(»+2)!(«+3)! 


«!(n+l)!(n+2)! 
(3 n)\ 


= lim 

n— >oo 


(3n+3)(3+2)(3«+l) 
(«+!)(»+2)(«+3) 


= lim 

n — >oo 


3 te ?) fiS ?) =3 ' 3 ' 3=27>1 


57. diverges by the Root Test: lim 

n — >oo v 



lim 2ti = go > 1 

72—>oo n 


58. converges by the Root Test: lim nl 

77->c oV 

= 0 < 1 


(-!)”(»!)” 


= lim „ = lim — = li m < lim — 

n-> n->oon" V » AW 


59. converges by the Root Test: lim W| a n | = lim n = lim -y = lim -W— = 0 < 1 

n— >oo 77 — >oo V 2” / 7—>00 2 77 — >oo 2 ln2 


60. 


diverges by the Root Test: 


lim 

77—>00 




lim j = co > 1 

77—>00 ^ 


61. converges by the Ratio Test: lim 


_ i in , l-3--(277-l)(277+l) 4"2"77! _ i: m 27?+! _ 1 r i 

nZo 4" +1 2 ,I+1 (77+1)! 1-3-■ -(277—1) (4-2X-+1) 4 


62. converges by the Ratio Test: a n = 


1-3-■■(277-1) _ 1-2-34---(277-1)(2w) 


(277)! 


(24-.277)(3"+i) (24...277) 2 (3"+l) ( 2 » «?) 2 (3"+l) 


(277+2)! MM (277 + lK277 + 2)(3" + l) / 4 „ 2 + 6„ + 2 \ i M ~") li=1<1 

,7^00 r 2 " +1 ( 7 , +I) !] 2 ( 3 " + i +1 ) {2n)l n —>oo 2 2 («+l) 2 (3” +l) „->» 1 4„ 2 + 8 , 7 + 4 ) (3+3-) 2 3 


63. Ratio: lim 

n — >oo 

Root: lim !?i 

n —7 


= lim 


,(n+\y 


2t- = lim (- n -r\ P = \ p - 1 => no conclusion 


= lim »/■ 

72 —>00 ’ 


= lim 


n —>00 

_L_ 

=(^) p 


V«+i7 


—= 1 => no conclusion 

nr 


64. Ratio: lim 

n— >00 


conclusion 


lim--— 

72 —>00 (ln( 72 +l)) 


P 


(\nn) p 

I 


lim 

n— >00 


In 77 

ln( 77+I) 


I P 


lim 

„—>00 



\P 


\P 

lim = (l) p = 1 => no 

22—>00 w y 
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II 

K 

lim n - 


ft— >CO y 1 


(In n) p 


(lim (Inn) 17 "] 

VJ ->cc / 


let f(rt) = (In n) l/n , then In f(n) = ln(1 ”” ) 


=^> lim In f(n) = lim = lim = lim —4— = 0 => lim (In n) l,n = lim e ln 7(") = e ° = ]; 

n-><x> ' «—»co » •• — 1 - — nln " 

therefore lim = - 

[ lim (Inn) 17 "] 

\n —>oo / 

00 

65. a n < for every « and the series V converges by the Ratio Test since lim 4? ■ — = 4 < 1 

9 7. m _vrvi 9 n A 


ft—>00 ft—>00 

-1-= —= 1 => no conclusion 

\p (IK 


n=l ' 


^ a n converges by the Direct Comparison Test 


ft-1 


66 . 


2 " 


> 0 for all n > 1; lim 

/t; ft—>00 

oo 2 

Z 9« 

diverges 

ft=l 


6 2 („+i) 2 h 

(n+D! 


= lim 

ft—>00 


(n +1 ).„!'^ l=lim 


im (29Ci)= lim ( 24 )= lim 

—>QC \ / ft—>00 \ / ft—>00 \ 


10.6 ALTERNATING SERIES AND CONDITIONAL CONVERGENCE 


1. converges by the Alternating Convergence Test since: u n = -4= > 0 for all n > 1; 


ft>l=>«+l>/?=> V^TT > yfn =^> J— < -|= => < u n ; lim = lim -4= = 0. 

Vft+l yjn ft— >00 ft— >00 


00 00 


2. converges absolutely => converges by the Alternating Convergence Test since ZXi = Z -jjj which i 


is a 


=1 72=1 


convergent p-series. 


3. converges => converges by Alternating Series Test since: u n = —L->0 for all n> 1; 

n 3” 


?2>1=>?2+1>72=> 3" +1 > 3" => (n +1)3" +1 > n3" =>- - — r < —— => u n+ . < u n ; lim u n = lim —— = 0. 

(n+l)3 ,!+1 «3" " +1 „^oo " >oo «3" 


4. converges =^> converges by Alternating Series Test since: u n = —> o for all n > 2; 

(ln»)“ 


n > 2 => n +1 > n =^> ln(/? + 1 ) > ln /2 => (ln(/? + 1 ))“ > (ln «) 2 

4_, 


<- 


(ln(n+l)) 2 ' (In n) 2 ^ (lnfo+1)) 2 < (ln«) 2 ^ “" +1 


lim u n = lim — z— = o. 

n —>oo // ->x (In « r 


5. converges => converges by Alternating Series Test since: u n = > 0 for all 72 > 1; 

« +1 

72 > 1 => 2 72“ +272 > 72 2 +72 +1 => 72^ + 272“ + 272 >72^ +72“ +72+1 => 72 (72“ + 272 + 2^ > 72^ + 72 2 +72+1 


21 (72 +1 ) 2 +lj > 1 72 2 + 1 j (72 +1) : 


77+1 


77 2 +l (>?+l) 2 +l 


> u n+ \ < u n ; lim u n = lim = 0 


ft —>00 ft —>00 


ft +1 
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6 . 


7. 


9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17 . 


diverges 

exist 


diverges by / 7 th Term Test for Divergence since: lim n 2 +:> =1 => lim (~1)” +I ’\ +:> = does not 


n +5 


\»+l ;r+5 


71+4 


diverges 


diverges by n Term Test for Divergence since: lim = oo => lim (-1) = does not exist 

72—>OO VI 72—>00 vi 


00 00 

converges absolutely => converges by the Absolute Convergence Test since ^|q„| = ^ which 

22=1 22=1 


converges by the Ratio Test, since lim 


: lim -4IL = 0 < 1 

n^ao n + 2 


OO 

( \22 , j / \22 

foj ^ 0 =>^(-l) diverges 


22=1 


converges by the Alternating Series Test because fix) = lnx an increasing function of x => -4-^ is decreasing 


=0 u n > u n+i for n > 1 ; also u„ >0 for n > 1 and lim -p— = 0 

n^>oo lnn 


converges by the Alternating Series Test since f (x) = — => f'{x) = 1 < 0 when x > e => f{x) is 

x x~ 

tit 

decreasing => u n > u n+l ; also u n >0 for n > 1 and lim u n = lim — = lim = o 

22 — >00 22 — >00 n 22 — >00 1 

converges by the Alternating Series Test since /(x) = ln|l + x~ 1 j=> f'(pc) = <0 for x > 0 => fix) is 

decreasing => u n > u n+l ; also u n >0 for n > 1 and lim u n = lim In 1 + 1 = In lim (1 + 4) =lnl = 0 

77—>00 77->00 ' U ' \ n —^00 ' n 'J 


converges by the Alternating Series Test since / (x) = => fix) = ^ < 0 => / (x) is decreasing 


2^(x+l) 2 


=^>u„ >u n+1 ; also u n >0 for n> \ and lim u n = lim ^ +i =0 


22—>00 22—>00 


diverges by the/ 7 th-Term Test since lim 4^+1= H m ” =3+0 

22—>00 \Vl +1 22—>00 1 + ^) 


00 00 


converges absolutely since ^ \a n \ = ^(yj-) a convergent geometric series 


22=1 22=1 


converges absolutely by the Direct Comparison Test since 
of a convergent geometric series 


(-l)" +1 (0.1)" 


-— < ( 7 ( 7 ) which is the /7th 

IT 77 V10/ 


(10)" n 


term 


00 00 


converges conditionally since -j= > ~j= > 0 and lim -j= = 0 => convergence; but ^ \a n \ = ^ 


■Jn 


n-\ 22=1 


is a divergent ^-series 
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18. 


converges conditionally since — K= > —1= > 0 and lim —= 0 => convergence; but V \a„ \ = V —4 

1 +y}n \+y]n+\ w ^ool+V« , , 1 +yjn 


72=1 n- 1 


is a divergent series since -—> -^= and ^ -C- is a divergent p-series 


n =1 


OO 00 

19. converges absolutely since V \a n \ = V —and — < -4- which is the nth-term of a convergingp-series 

, , 1 7T+1 72^ 

72=1 72=1 


20. diverges by the ^th-Term Test since lim = oo 

72—>00 2 


21. converges conditionally since ^4_ > ^ ;+ [ )+3 > 0 and lim -4-j = 0=> convergence; but 2jl a «l = X 7+3 


72=1 72=1 


diverges because —fr > and ^4 is a divergent series 


72=1 


22. converges absolutely because the series 'V1^” | converges by the Direct Comparison Test since |-^4r-|<-4- 


72=1 


23. diverges by the nth-Term Test since lim = 1^0 

«-»oo 5+,! 


24. converges absolutely by the Direct Comparison Test since 
convergent geometric series 


(- 2 )" 


n+ 5" 


n+5" 


<2 4 


|-|j which is the nth term of a 


; and hence 


25. converges conditionally since f(x) = A-+— => fix) = - < 0 =^> f(x) is decreasing 

x* x \x i x ! 

( x 00 00 00 00 

-4- + — = 0 => convergence; but V \a n | = V = V + V — is the 

n n ) , , n , n , ” 


sum 


72=1 72=1 72=1 72=1 


of a convergent and divergent series, and hence diverges 


26. diverges by the nth-Term Test since lim a n = lim 10 1/,! =1^0 

72—>00 72—>00 


27. converges absolutely by the Ratio Test: lim 

72—>00 


“»+l 

u„ 

= lim 

"(» + i) 2 (!f r 

n 

72—>00 

L "(!) J 


4<i 
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28. converges conditionally since 


fix) = ^ => f’(x) = < 0 => / (x) is decreasing => u n > u n+l > 0 for 


(xlnx) 




>2 and lim — 2 — = 0 => convergence; but by the Integral Test, a f = lim p 2 - 
„->oo nlnn J 2 xmx b^>co J 2 I mx 

00 CO 

lim [ln(lnx)]* = ^lim [ln(ln/;)-ln(ln2)] = oo ^|a„| = diverges 


dx 


6—> CO 


n =1 


29. converges absolutely by the Integral Test since ^tan ' = li 


lim 

b— >oo 


|tan 1 xj 



(tan 1 /?) 

/ i \ 2 ' 

_l| 

/ \ 2 / 

\ 2 1 

lim 

- tan _1 l 

(f) - ■ 


b —>oo 

V / 

V / 

2 1 

V 2 / \ 

4 / 


32 


30. converges conditionally since fix) = 


> u n+ 1 > 0 when n > e and lim 


lnx ^ f v T) _ _ 1-lnx g Q 

x-ln x J f ' o 

In n 


(x—lnx) 


(x-ln x) 


(x—In x) 


• = lim 

72—>00 


a) 


convergence; but n - In n < n ■ 


l 


, >- 
72—In 72 72 


00 00 

n—\nn > 71 s0 that ^ diverges by the Direct Comparison Test 

72=1 72=1 


31. diverges by the nth-Term Test since 


lim = 1^0 

"+ 1 


00 00 72 

32. converges absolutely since ^ \a n \ = ^ (ij is a convergent geometric series 

72=1 72=1 


33. 


converges absolutely by the Ratio Test: 


lim 

n —>00 


"„+l 


lim 

72—>00 


(100)" +1 

(«+!)! 


n\ 

(100)72 


lim dM = o < 1 

n->oo " +1 


34. 


00 

converges absolutely by the Direct Comparison Test since ^ \a n \ 

72=1 


nth-term of a convergent /;-series 


00 


y_i_ 

, h 2 +2h+1 
n =1 


and 


-pd--< -L which is the 

72^+272+1 72 Z 


00 

35. converges absolutely since ^\a n \ 

72=1 


I 


72=1 


(-D" 

nyfn 


00 

S ~bi a convergent ^-series 

72=1 n 


36. converges conditionally since ^ cosnx _ ^ ( il i s the convergent alternating harmonic series, 

72=1 72=1 

CO 00 

but = diver g es 

72=1 22=1 
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37. converges absolutely by the Root Test 


_ / \l/n 

: lim ’ll\a \ = lim ( ” +1 ^ | = li 

Moo V (2n) n J n- 


lim^l = I<l 
H->oo 2n 2 


38. converges absolutely by the Ratio Test: lim 

n—>co 


A n + \ 

a„ 


= lim (^ +1)! ) 2 .(M = hm (n+1)2 = 1<! 

„™((2»+2)!) (n!) 2 (2»+2X2».+l) 4 <X 


39. diverges by the nth-Term Test since lim \a n \ = lim —— = lim 0 ,+1)( "+D---Un) = ij m (''+')(»+ ) (»+(» D) 


' ll ' r\Yl ■ /7 

22—>00 n — >00 72122 22—>00 -4 72 


lim (*±1)" 1 = oo * 0 


40. converges absolutely by the Ratio Test: lim 

72—>00 


= (»+l)!(»+l)!3” +1 (2«+l)! _ (h+1) 2 3 _ 3 

b -ko < 2 ”+ 3 > ! «!«!3 B «-»oo ( 2 «+ 2 )(2«+3) 4 


41. converges conditionally since ^ = —1 . — 

1 V»+l+V« Vn+1+V« lv»+l+V» 


and 


is a decreasing sequence of 


positive terms which converges to 0 ^ J —!* - y= converges; but ^|a„| = — -j= diverges by the 


00 00 


72=1 
1 . 


y/n+l+yfn 


Limit Comparison Test (part 1) with -j=; a divergent ^-series lim 

v 72 22—>00 


-Jn+l+yfn 

22=1 22=1 

^ ^r 

= lim 

22—>00 V 72 + 1 + V72 


V«+l+>/« 
1 


V 


^ 7 


= lim 


1__ 1 


n—> oo ,/1+4+t 2 


42. diverges by the nth-Term Test since lim 

«—>°0 


im f-\/n 2 + n — nl = lim fV»~ + n -n1 • f1 = lim , ^ 

>oo \ y «-> oov 7 \\jn 2 +n+n J /;->°ov« 2 +n 


= lim 


1__ 1 


«->oo ,/1+4+t 2 




43. diverges by the nth-Term Test since lim 


V« + Vn - Vn | = lim (yjn+^fn ~ 

I oo \ l\Jn+yfn+Jn 


= lim 




= lim , 1 =4.^0 


inn i — inn i - — « 

22—>oo Jn+yfn +y[n 22—>00 / 1 +-L +1 

V V« 


44. converges conditionally since 


r — is a decreasing sequence of positive terms converging to 0 
V72+V72+1 J 


r 


22=1 


(- 1 )” u + r vVt 2 +Vt 2+1 

-7+—4= converges; but lim -——r— 

V72+V72+1 22—>00 


= lim r ^" r — = lim —|= = \ so that V r 1 

22—>00 ■V72+'V 72+1 22—>00 1+./1+— ^ . V 72+-\ 


22=1 


b^Jn+l 


diverges by the Limit Comparison Test with V -j= which is a divergent p-series 

\jn 


n -1 


45. converges absolutely by the Direct Comparison Test since sech(n) =—— - ^ - 

e”+e " e in +\ e“" e" 

term of a convergent geometric series 


/y n 1o n 1 

—— < = — which is the nth 
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46. converges absolutely by the Limit Comparison Test (part 1): ^ \a n \ = ^ - 2 — Apply the Limit Comparison 

n —1 ;i=l e C 

( 2 ) 


Test with -C, the nth term of a convergent geometric series: lim 

e n n-> oo 


2e" 


V J 


= lim 

n —n i — 

»oo c —e /?—»oo I—C 


■ = lim 


■ = 2 


47 i_i+i_A + A_A + =V 

4 6 8 10 12 14 

n =1 


; converges by Alternating Series Test since: > 0 for all 


n > 1 ; n + 2 > n +1 => 2 (« + 2 ) > 2 (« + 1 ) => «„ + l * «„i = °‘ 


48. l + 4--i--L + J- + _L_A_A. + i __ = ^ an ; converges by the Absolute Convergence Test since 


n =1 


00 00 


X K; I = ^ -y which is a convergent ^-series 

n= 1 72=1 n 


49. I error! < 


(-D 6 (i) 


= 0.2 


50. |error| < 




= 0.00001 


51. | error! < 


(- 1 )' 


6 (O.Olf 


= 2 x 10 


-11 


52. | error! < 


H)V 


= t 4 <1 


53. |error| < 0.001 => 77„ +1 < 0.001: 


1 


(n+l) 2 +3 


: 0.001 => (n +1) 2 +3 >1000 ^>77 >-1+^997 « 30.5753 >31 


54. |error| < 0.001 => u n+l < 0.001 => < 0.001 (n + 1) 2 +1 > 1000(77 + 1 ) => n > 998+ V 9982 + 4 ( 9 g gl 


(n+1) +1 


= 998.9999 =>n >999 


55. |error| < 0.001 => m„+i < 0.001: 


• <o.ooi => [in +i)+3V5TTT) 3 > 1000 


((n+l)+3Vw+l) 

■ (V57+T) 2 +3V«+1-10 > 0 V^+I = ~ 3 +^+4Q = 2^>«=3^>77>4 


56. |error| 


< 0.001 => u n+ i < 0.001 => j ^ ^ + 3 ^ < 0.001 => ln(ln(« +3)) > 1000 => n > -3 +e e 


» 5.297x10 “ which is the maximum arbitrary-precision number represented by Mathematica on the 

particular computer solving this problem. 

57. 7T-T7 < A (2/7)1 > = 200,000 =>77>5=>l-4T + T7 - TT + tfT~ 0.54030 

(2n)\ jo 6 5 2! 4! 6! 8! 


58. ^ 7 <^r^> i i-<77!^>77 >9 ^>1-l+^ 7-47 + TT-T 7 + 4-4r + rrT *0.367881944 


1 1,1 1,1 1,1 


7!! J 0 6 5 


2! 3! 4! 5! 6! 7! 8! 


59. (a) a n > a ;!+1 fails since j < t 
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00 o° r n n~\ 00 n 00 n 

(b) Since ^ |aj = ^ Q.j + (^") = Z(i) + Z(t) is the sum of two absolutely convergent series, 

77 =1 77=1 L -I 77=1 77=1 

we can rearrange the terms of the original series to find its sum: ^■i + d. + -+. + ...j-^i. + i + i + ...j 


i! Jil-i i- i 


60. s 20 =l-i + i-i+ ... + -^-^-0.6687714032 =^^0 +++■ * 0.692580927 


19 20 


2 21 


61. The unused terms are ^ (-l) J+i cij = (—1 )” +1 (a n+ \ -a„ +2 ) + (—1 )” +3 (tf„ + 3 - 0 , 2 + 4 ) + ■ 

j=n +1 

= (-l )' !+1 [(«„ +1 ~ a n+2 ) +( a n+3 _ «;;+4 ) + •••]• Each grouped term is positive, so the remainder has the same 
sign as (— 1 )” +1 , which is the sign of the first unused term. 

*»-* + * + 5 1 4 + --- + ^iT=ii(fci=i(Citr)=('-i) + (ci) + (ci) + (ci)--- + (C7ii) 

k =1 k =1 

n 

which are the first 2 n terms of the first series, hence the two series are the same. Yes, for s n = ^ —T+T/ 

A-=l 



b(l-i)- 

bfi-i)- 

b(i-i) + .. 

+ 

1 

+ 

(i-A) 

= 1 ——7 => lim s„ 

= lim ( 

\ 2 ) 

\2 3) 

\3 4/ 

\4 5 ) 

\ 77 —1 77 / 

\ 77 77+1 / 

n+ 1 n 

n-> 00 

77— >c© ' 


=> both series converge to 1. The sum of the first 2n +1 terms of the first series is |l - yyyyj + y+y = 1. 

Their sum is lim s n = lim 11 —C-l = \ 

n—>co n —^00 ' n+ 

GO GO GO 

63. Theorem 16 states that ^|a ;) | converges => ^ a n converges. But this is equivalent to ^ a lt diverges 

77=1 77=1 77=1 

OO 

=>ZKI diverges 

77=1 


64. |fli + tf 2 + ... + a„| <|ai| +|a 2 |+... + |fl„| for all «; then converges => ^ a ,, converges and these imply 

77=1 77=1 


that 


Z+ 

77=1 


*11 

77=1 


65. (a) Z|o„+7)„| converges by the Direct Comparison Test since \a n + Z>„|<|a ;l | + |&„| and hence Z(fl„+Z>„) 

77=1 77=1 

converges absolutely 

OOOO 00 00 

(b) ^ | b n | converges =^> Z —b n converges absolutely; since ^ a n converges absolutely and ^ -b n 


77=1 


77=1 


77=1 


77=1 


converges absolutely, we have ZK+(A)]=Z( a » -b n ) converges absolutely by part (a) 

77=1 77=1 

00 00 00 00 

(c) converges =^> |a„| = ZK a »l converges =^> ^ ka n converges absolutely 

77=1 77=1 77=1 77=1 
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66. If a n = b„ =(-l)”-C, then V (- 1 )”-C converges, but V a n b n = V — diverges 

V« , , , ” 

72=1 72=1 72=1 


67. Since X a « converges, a n —> 0 and for all n greater than some N, \a n |< 1 and (a n ) 2 <\a„ |. Since 

72=1 

00 00 00 

X a n is absolutely convergent, Xkl converges and thus converges by the Direct Comparison 

72=1 72=1 72=1 

Test. 

11 1 00 f 1 1 

68 . For 77 >2,- y >—. Thus V- y I diverges by comparison with the divergent harmonic series. 

n n z 2n ;j= , \n > 


69. Si =-y,s 2 =-\ + i= 


2 ’ 1 2 ' 2 ’ 

__I + 1 _I_I_I_i_l_1_!_l_i_L 

3 2 4 6 8 10 12 14 16 18 20 22 

54 = S 3 +t ® -0.1766, 


: -0.5099, 


-0.512, 


_ _ J_1_1_1_1_1_1_1_1_1_L 

5 4 24 26 28 30 32 34 36 38 40 42 44 

S 5 = S 5 « -0.312, 

~ ~_1_1_1_1_1_1_1_1_1_1_1_n s 11 nr. 

7 6 46 48 50 52 54 56 58 60 62 64 66 


0.4 

0.2 


- 0.2 

- 0.4 


.y - 1/2 


70. (a) Since H\a n \ converges, say to M, for e>0 there is an integer N\ such that 


JV,—1 


X \ a n\-M 


77—1 


<- C4> 
2 


JVj-1 C 2V,—1 


72=1 


X I a n 


77=1 


=N 


1 J 


<4L yy 
2 


- X I a n 


n=N 1 


- 2 ^ X \ a n ^ 2 ' 


=N, 


Also, converges to L o for e > 0 there is an integer N 2 (which we can choose greater than or 

00 

equal to N \) such that | s N/j -ZJ<-|. Therefore, X (««| < f anc * Tv, -c|<-|. 


n=N, 


Xkl -m 

172=1 


< e 


uu 

(b) The series || converges absolutely, say to M. Thus, there exists N\ such that 

72=1 

whenever k > N\. Now all of the terms in the sequence |j appear in ||a„ |}. Sum together all of the 
terms in j|Z> n |J, in order, until you include all of the terms ||a„|} , and let N 2 be the largest index in 


Nn 


the sum X \K | so obtained. Then 

72=1 


N o 


XM-m 

72=1 


< e as well => X \K | converges to M. 

72=1 
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10.7 POWER SERIES 

. 00 
#1+1 m ^ yj 

< 1 =>| x |< 1 => -1 < x < 1; when x = -1 we have 2_, (-1) > a divergent series; 

#2=1 

00 

when v = 1 we have ^ 1, a divergent series 
#2=1 

(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) there are no values for which the series converges conditionally 

00 

< 1 => | .t + 5 | < 1 =5> —6 < xr < —4; when x = -6 we have ^ (-1)”, a divergent 

n =1 


lim 

H —>00 


< 1 : 


■ lim 

n —>oo 


(x+5)" 


(x+5)" 


lim 

n —>oo 


u n +1 


< 1 : 


■ lim 

# 2 —> oo 


3. 


00 

series; when x = + we have ^ 1, a divergent series 

# 2 =1 

(a) the radius is 1; the interval of convergence is -6 < x < -4 

(b) the interval of absolute convergence is -6 < x < -4 

(c) there are no values for which the series converges conditionally 


lim 

n —>oo 


< 1 => lim 

n —>oo 


(4x+l) w 


(4jc+ 1)" 
v 2 n 


< 1 => | 4x +11 < 1 => -1 < 4x +1 < 1 => < x < 0; when x 


^ (—1)" (—1)” = (—l) 2 ” = ^1”, a divergent series; when x = 0 we have ^ (-1)"(1)" 

# 2=1 n =1 # 2 =1 # 2 =1 


a divergent series 

(a) the radius is d ; the interval of convergence is -d < x < 0 

(b) the interval of absolute convergence is -d < x < 0 

(c) there are no values for which the series converges conditionally 


-d- we have 

00 

K-1)”, 

# 2 =1 


lim 

#7—>00 


< 1 => lim 

n —>oo 


(3x-2)" 


« +1 (3x-2)" 


< 1 => |3x — 2| lim (-*U<l=>|3x-2|<l=>-l<3x-2<l 


■An+lf 


d < x < 1; when x = | we have ^ * — which is the alternating harmonic series and is conditionally 


# 2=1 


00 

convergent; when x = 1 we have ^ d ; the divergent harmonic series 

# 2=1 

(a) the radius is d; the interval of convergence is d < x < 1 

(b) the interval of absolute convergence is d < x < 1 

(c) the series converges conditionally at x = d 


<1 => JdJ < 1 => |x-2| < 10 => -10 <x-2 <10 -8 <x <12; when 

00 00 

x = -8 we have ^ (—1)", a divergent series; when x = 12 we have ^ 1, a divergent series 
# 2=1 # 2=1 

(a) the radius is 10; the interval of convergence is -8 < x < 12 

(b) the interval of absolute convergence is -8 < x < 12 

(c) there are no values for which the series converges conditionally 


5. 


lim 

n —>oo 


«„+1 


< 1 : 


■ lim 

#2—>00 


(x-2)” 


10 " 


10 " 


(x-2 r 


Copyright © 2014 Pearson Education, Inc. 



Section 10.7 Power Series 


753 


6. lim 

72 ^ 00 


< 1 => lim 

72—>00 


(2x)" 


(2x)" 


<1 => lim |2x| <1 => |2x| < 1 => -y <x < y; when x = -\ we have ^ (-1)”, 

;2->oo 11 1 

72=1 


i divergent series; when x = d- we have W a divergent series 


72=1 


l<r r <ri 
2 


(a) the radius is j, the interval of convergence is 2 

(b) the interval of absolute convergence is -\<x <\ 

(c) there are no values for which the series converges conditionally 


lim 

72—>00 


< 1 => lim 

72—>00 


(«+l)x" +1 («+2) 


(«+3) 


< 1 => Ixl lim ( ” +1 V + ? > < 1 => Ixl < 1 => -1 < x < 1; when x = -1 we have 
1 '„->oo (»+3)(») I 1 


X ( _ 1)" ^2’ a divergent series by the nth-term; Test; when x = 1 we have X 7 + 2 ’ a divergent series 

72=1 72=1 


(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) there are no values for which the series converges conditionally 


lim 

n —>oo 


“n +1 


< 1 => lim 

72—>00 


(x+2)" 


72+1 


(x+2)" 


< 1 => Lx + 2| lim (-+-) <l=>|x + 2|<l=>-l<x + 2<l=>-3<x<-l; 


,\«+i7 


when x = -3 we have ^ , a divergent series; when x = -1 we have ^ ( 11 , a convergent series 


72=1 


72=1 


(a) the radius is 1; the interval of convergence is -3 < x < -1 

(b) the interval of absolute convergence is -3 < x < -1 

(c) the series converges conditionally at x = -1 


9. lim 

n —>oo 


»n +1 


< 1 => lim 

72—>00 


n-JTi 3" 


<i=>VI lim Vt \ lim Vt l< 1=> V( 1 )( 1 ) < 1 ^ > fI < 3 


(n+l)Vn+13" +l J 

-3 < x < 3; when x = -3 we have ^ 3/ (, , an absolutely convergent series; when x = 3 we have 


72=1 


^ —V, a convergent ^-series 


72=1 


(a) the radius is 3; the interval of convergence is -3 < x < 3 

(b) the interval of absolute convergence is -3 < x < 3 

(c) there are no values for which the series converges conditionally 


10. lim 

72—>00 


< 1 => lim 

72—>00 


(x-iy 




~Jn +1 (x—1)" 


< 1 : 


-l| / lim y2L_ < i => x-1 <1=>-1<x-1<1=>0<x< 2; when 


/_ | \/7 

x = 0 we have ^ |/3 , a conditionally convergent series; when x = 2 we have ^ a divergent series 


72=1 


72=1 


(a) the radius is 1; the interval of convergence is 0 < x < 2 

(b) the interval of absolute convergence is 0 < x < 2 

(c) the series converges conditionally at x = 0 
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lim 

n —>co 


4 n +1 


< 1 : 


■ lim 

ft —>00 


(n+1)! 


< 1 : 


I lim (—!—) < 1 for all x 

1 ,l-> o> +1 ' 


(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


12 . 


< 1 => 3 lx I lim (-4-) < 1 for all x 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


lim 

n —>co 


4 n + \ 

U„ 


< 1 : 


lim 

n —>oo 


(»+!)! 3" 


13. lim 

ft—> OO 


W„+l 


< 1 : 


■ lim 

ft—> CO 


ft + 1 


< 1 => x 2 lim = 4x 2 < 1: 


<4=>-i<x<4; when x 


1 

2 


00 

we have Xtt( _ 2) ” 
n -1 


00 

= a divergent /^-series when x = 4 we have 

72=1 


72=1 


^-series 

(a) the radius is 4; the interval of convergence is —4 < x < 4 

(b) the interval of absolute convergence is -4 < x < 4 

(c) there are no values for which the series converges conditionally 


00 

^ 4, a divergent 

72=1 


14. 


lim 

72—>00 


< 1 => lim 

72—>00 


c-ir 1 3" 

(ft+l) 2 3' ,+1 (x-1)'' 


< 1 : 


-l| lim 


3(ft+l) 2 



/_ 0 \« ^ ^ /_] 

have ^ - , n = ^ —4-, an absolutely convergent series; when x = 4 we 

72=1 11 72=1 ^ 

absolutely convergent series. 

(a) the radius is 3; the interval of convergence is -2 < x < 4 

(b) the interval of absolute convergence is -2 < x < 4 

(c) there are no values for which the series converges conditionally 


< 1 => -2 < x < 4; when x = 


00 

have ^ 

72=1 


(3)" 
n 2 3" 


00 



an 


-2 we 


15. lim 

ft —>00 


«„+i 


< 1 : 


• lim 

72—>00 


'Jn 2 + 3 


yj(n+l)~ +3 


< 1 : 


lim » +3 

7i— >oo ft +2«+4 


< 1 => x | < 1 => -1 < x < 1; when x = -1 


we have ^ -4==, a conditionally convergent series; when x = 1 we have ^ -J=, a divergent series 
n=l V« 2 +3 „ =1 V« 2 +3 

(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) the series converges conditionally at x = -1 


lim +3 <1 =>|x| < 1 => -1 <x <1; when x = -1 

72 —>oo n +2t2+4 

W oo n 

we have ^ ,-j— , a divergent series; when x = 1 we have ^ 4==, a conditionally convergent series 

ft=l ^ j2+3 »=1 ^ 2+3 

(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) the series converges conditionally at x = 1 


16. lim 

ft —>00 


»„+1 


< 1 : 


■ lim 

72—>00 




+3 


< 1 : 


Copyright © 2014 Pearson Education, Inc. 



Section 10.7 Power Series 


755 


17. lim 

n— >oo 


< 1 : 


■ lim 

ft—>00 


(h+1)(x+3 )" +1 5 " 


n(x+ 3)' ! 


< 1 : 


• J^l lim (*±i) 
5 n } 


< 1 : 


< 1 : 




00 

=> -8 < x < 2; when x = -8 we have ^ 

n=l 


»(-5)" 


00 

^ (-1)* 7 n , a divergent series; when x = 2 we have 
«=l 


O0 00 

X = X ,7 ’ a divergent series 
n=l 5 77=1 

(a) the radius is 5; the interval of convergence is -8 < x < 2 

(b) the interval of absolute convergence is -8 < x < 2 

(c) there are no values for which the series converges conditionally 


18. 


lim 

ft—>00 


< 1 => lim 

ft—>00 


(n+l)x" +l 

4" + 1 (« 2 +2n+2) 



<1^M lim 

ft—>00 


(«+l)(» 2 +l) 

77^77 2 +277+2 j 


< 1 => jr < 4 => —4 < jc < 4; when 


00 

x = ri we have ^ 

ft=l 


„ 2 +l ’ 


00 

a conditionally convergent series; when x = 4 we have ^ 

n =1 


a divergent 


series 

(a) the radius is 4; the interval of convergence is -4 < x < 4 

(b) the interval of absolute convergence is -4 < x < 4 

(c) the series converges conditionally at x = -4 


19. lim 

l ' n+ l 

< 1 => lim 

Vn+Ix " +1 

3" 

< 1 ^W 

1 lim (— ) < 1 => < 1 => lx 

ft— >00 


ft— >00 

3"+! 

yfnx n 

3 

» > 3 1 


I < 3 => -3 < x < 3; when x = -3 


00 00 

we have ^ (-1)" fn, a divergent series; when x = 3 we have ^ fn, a divergent series 

ft=l ft=l 

(a) the radius is 3; the interval of convergence is -3 < x < 3 

(b) the interval of absolute convergence is -3 < x < 3 

(c) there are no values for which the series converges conditionally 


20 . 


lim 

ft >00 


<1=> lim 

ft >00 


' l+ ^n+I(2.Y+5 )' ,+1 
'■ifn (2x+5) n 


<1 => |2x + 5| lim 

ft— >00 



< 1 => |2x + 5| < 1 


00 _ 

=^> -1 < 2x + 5 < 1 => -3 < x < -2; when x = -3 we have ^ (-1 )'fn, a divergent series since lim '-ifn = 1; 

, ft — >00 

ft-1 

00 

when x = -2 we have ^ '-ifn , a divergent series 
71=1 

(a) the radius is f, the interval of convergence is -3 < x < -2 

(b) the interval of absolute convergence is -3 < x < -2 

(c) there are no values for which the series converges conditionally 


21. 


00 00 00 

First, rewrite the series as ^|2 + (-l)' ! Vx +1)" 1 = ^2(x + l) n_1 + ^(-l)"(x+l)" _1 . 


«=1 
ft-1 


For the series ^2(x + l) w : lim 


/7=1 


ft—>00 
\«- 1 


U n+l 


<1=> lim 

ft—>00 


ft=l 

2Q+1)” 


ft=l 


2(%+l)" 


< 1 => x +1 lim 1= x + l|<l=>-2<x<0; 


For the series ^ (-l) ,! (x + l)” : lim 

77—1 ,, “ >00 


< 1 => lim 

ft—>00 


(-l)" +1 (x+l)" 


(-l)"(x+l)" 


< 1 => |x +1| lim 1 = x +1 < 1 

ft—>00 
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=> -2 < x < 0; when x = -2 we have ^ ^2 + (—1)" j(-l)” \ a divergent series; when x = 0 we have 

72=1 

« / x 

^12 + (-1)" , a divergent series 

72=1 

(a) the radius is 1; the interval of convergence is -2 < x < 0 

(b) the interval of absolute convergence is -2 < x < 0 

(c) there are no values for which the series converges conditionally 


22. lim 

72—>00 


< 1 => lim 

72—>00 


(-l)” +1 3 2 " + 2 (x-2)” + i 


3 n 


3(«+l) 

22 / i ^2/1 


(-1)' ! 3 2,, (x-2)" 


< 1 : 


-2 lim -^- = 9 x-2| <1 =>-^<x <-^; 

„ . „ n+ 1 I 9 9 


when x = -y we have ^ ^ —( _ 9 ) = X 57 ’ a divergent series; when x = we have 


72=1 


72=1 


■(-D"3 2 "/i\» _ v(-D' 


72=1 


372 


(1) -Z- 


;i=l 

1 . 


3n 


a conditionally convergent series. 


(a) the radius is the interval of convergence is < x < 


19 


(b) the interval of absolute convergence is X- < x < 9 

(c) the series converges conditionally at x = ^ 


19 


23. lim 

72—>00 


< 1 => lim 

72—>00 


Kb)’ 


Kf 


< 1 : 


Hmfl+iV 

7—»oo* ' 

lim (l+i)" 

\n— »ocA n ' 


< 1 =^> | x | ^ j <1 =>|x|<1=>-1<x< 1; when x =-l 


we 


we 


°0 72 ^ 

have ^ (-1)" (l + d-) , a divergent series by the «th-Term Test since lim (l + = e 0; when x = 1 


72=1 


^ / 1 \72 

have ^ll + -jU , a divergent series 


72=1 


(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) there are no values for which the series converges conditionally 


24. lim 

72—>00 


< 1 => lim 

72—>00 


In (t 2 + 1 )x” 


x n In 72 


< 1 => x lim 

72—>00 




< 1 => x lim ) < 1 => x < 1 => -1 < x < 1; 

„^A*+i 1 


when x = -1 we have ^ (-1)" In n, a divergent series by the nth-Term Test since lim In n ^ 0; when x = 1 

n=1 "- >co 


00 

we have ^ In n, a divergent series 

72=1 

(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) there are no values for which the series converges conditionally 
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25. 


lim 

n —>oo 


< 1 : 


■ lim 

n —>oo 


(n+l) ,,+1 x” +1 


< 1 : 



x = 0 satisfies this inequality 

(a) the radius is 0; the series converges only for x = 0 

(b) the series converges absolutely only for x = 0 

(c) there are no values for which the series converges conditionally 


<l=>e x lim(«+l)<l=> only 

n —>oo 


26. 


lim 

ft—> oo 


< 1 => lim 

ft—> 00 


Q+l)!(.t-4)' ,+1 

«!(x-4)" 


<l=>|x-4| lim (« +1) < 1 => only 

ft—>00 


x = 4 


satisfies this inequality 


(a) the radius is 0; the series converges only for x = 4 

(b) the series converges absolutely only for x = 4 

(c) there are no values for which the series converges conditionally 


27. lim 

n —>00 


< 1 : 


lim 

ft—>00 


(x+2)" 


n 2" 


(n+ 1)2" +1 (x+2)" 


< 1 => lim < 1 => <1=>|* + 2|<2=>-2<x + 2<2 


00 00 W + 1 

=^> -4 < x < 0; when x = -4 we have ^ —. a divergent series; when x = 0 we have ^ —-—, the 

ft=l n= 1 

alternating harmonic series which converges conditionally 

(a) the radius is 2; the interval of convergence is —4 < x < 0 

(b) the interval of absolute convergence is -4 < x < 0 

(c) the series converges conditionally at x = 0 


28. 


lim 

n —>oo 


< 1 : 


lim 

ft—>00 


(-2)' ,+1 (»+2)(x-l)” +1 


(-2)"(«+l)(x—1)" 


< 1 => 2 lx —1| lim < 1 => 2 lx —1| < 1 => lx —1| ■ 


- 4 <x_ l < 9 ' => ?' <x< 4 i when x = 2- we have ^ (n +1), a divergent series; when x = 4 we have 


«=1 


00 

(-1)" (n + 1), a divergent series 
71=1 

(a) the radius is -h; the interval of convergence is j < x < ^ 

(b) the interval of absolute convergence is \ < x < -| 

(c) there are no values for which the series converges conditionally 


29. lim 

ft —>00 


r l(l) 


< 1 => lim 

ft—>00 


f (i) > 

lim 


ft(lnft) 2 


(ft+l)(ln (ft+1)) x n 


< 1 : 


lim -M lim 

„ ft +1 


In ft 

In (ft+1) 


<1 


■(=) 


< 1 : 


\ z . 

lim <l=>|x|<l=>-l<x<l; when x = -1 we have V 

. _ ft ii ’ ^ 


ft -1 


(-1)" 
ft(ln ft) 2 


00 

which converges absolutely; when x = 1 we have V —-—= which converges 

, »(ln n)~ 
n—\ 

(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) there are no values for which the series converges conditionally 
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30. lim 

n—>co 


< 1 => lim 

n —>oo 


x n+l n In (n ) 


(«+l)ln(w+l) x n 


< 1 => | x | f lim lim ln / 7 ^ 1 < 1 => |x|(l)(l) < 1 => lx I < 1 

77->00 W+1 A»->00 ln (« +1 ) ) ' |WW M 


-1 < x < 1; when x = -1 we have ^ , a convergent alternating series; when x = 1 we have ^ ^ 


77=2 


n=2 


In n 


which diverges by Exercise 56(a) Section 10.3 

(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) the series converges conditionally at x = -1 


31. lim 

71—>00 


< 1 => lim 

n—>oo 


(4*-5) 


2 n +3 3/2 


(n+ 1) 3/2 (4.v-5) 2 " +1 


\3/2 


<l^>(4x-5) 2 lim ^ < 1 => (4x-5) 2 < 1 => |4x-5|< 1 


77=1 


-l<4x-5<l=>l<x<-|; when x = 1 we have V ^ l \ l2 — = V —^r which is absolutely convergent; 

Z yf' 1/1 


n —>oo 
2n+l 


77=1 


when x = ^ we have ^ ^ 3/2 , a convergent p-series 


77=1 


(a) the radius is the interval of convergence is 1 < x < j 

(b) the interval of absolute convergence is 1 < x < 4 

(c) there are no values for which the series converges conditionally 


32. lim 

77—>00 


< 1 => lim 

77—>00 


(3x+l)' ,+2 2»+2 


2t7+4 


(3x+l) #l 


1 => |3x + l| lim (y i± f) < 1 => |3x +1| < 1 => -1 < 3x +1 < 1 


■ < x < 0; when x = we have ^ ( , a conditionally convergent series; when x = 0 

77=1 


\«+l 


we 


or 

2t7+1 2t7+1’ 

77=1 77=1 


have X W = Z 2771’ a diver 8 ent 


senes 


(a) the radius is y; the interval of convergence is —j < x < 0 

(b) the interval of absolute convergence is —| < x < 0 

(c) the series converges conditionally at x = 


33. lim 

H —>00 


«„ + l 


< 1 => lim 

77—>00 


2-4-6-(2t7) 


< 1 => | x | lim ( \ 7 J +2 j < 1 for all x 


2-4-6-(2»)(2(n+l)) x " 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


34. lim 

77—>00 


< 1 => lim 

77—>00 


3-5-7-(2;i+l)(2(n+l)+l)x" +2 „2 2 » 


(/!+l) 2 2" +1 


3-5-7-(2n+l)x 

=> only x = 0 satisfies this inequality 

(a) the radius is 0; the series converges only for x = 0 

(b) the series converges absolutely only for x = 0 

(c) there are no values for which the series converges conditionally 


<1 => x lim 


(2m+3K 


77—>00 y 2(77+1) 


<1 
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35. For the series V l+2+ "' +n x n , recall 1 + 2 + ■•• + « = ”9'+0 an( j i 2 + 2 2 h — + « 2 _ «(»+l)U»+D so th a t we 
^ l 2 +2 2 +•■■+,r 2 6 

f n(n+l ) \ 


71=1 


can rewrite the series as ^ 


«=l 


«(«+l)(2n+l) 

V 6 y 


x = 


then ,!™ 


72=1 


< 1 => lim 

72—>00 


3x' ,+1 (2»+l) 


(2(n+l)+l) 3x » 


<1 


x| lim 

72—>00 


(272+1) 


(272+3) 


00 

<1=>|x|<1=>-1<x< 1; when x = -1 we have ^ (^-j-)(-l)”, a conditionally 


72=1 


oo 

convergent series; when x = 1 we have ^ ( 2 !++)’ a divergent series. 


72=1 


(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) the series converges conditionally at x = -1 


36. For the series V (V« + l -Vh Vx- 3)", note that yfn + l-^fn = ^ 1— so that we 

“V / 1 V72+1+V72 V72+1+-N/72 


can 


72=1 


rewrite the series as V then lim 


72=1 

bt-3| lim 

72—>00 'V 72 + 2 +VW +1 


Vw+l+V^ 72—>00 


< 1 => lim 

72—>00 


(v—3 )' ?+1 <;;+! +77 


<1 


■V«+2+V»+l (x-3f 

1 , “ (-If 

< 1 => |x - 3| < 1 => 2 < x < 4; when x = 2 we have ^- 


n I 


yfn+i+Jn 


, a conditionally 


convergent series; when x = 4 we have V —j=^ — j=, a divergent series; 

, Vn+1+V« 

72=1 

(a) the radius is 1; the interval of convergence is 2 < x < 4 

(b) the interval of absolute convergence is 2 <x <4 

(c) the series converges conditionally at x = 2 


37. lim 

n —>00 


38. lim 


“„ + l 


< 1 => lim 

72—>00 


< 1 => lim 

n—><x> 


(n+l)!x' ,+1 3-6-9--0) 


< 1 => | x | lim 

72—>00 


3-6-9-(3«)(3(«+l)) „ !v - 

(2-4-6- • •(2n)(2(«+l))) 2 x' ,+1 (2-5-8- • <322-1)) 


(»+l) 


3(72+1) 


(2-5-8-• <3t2—1)(3(t2+1)—1)) (24-6---(2h)) x" 


<1=>V-<1=>x<3=>2?=3 


1 4 I X I 1 


< 1 => | x | lim 

(2«+2) 2 

72—>00 

(3h+2 ) 2 


^Ix|<| =*R=% 


39. lim 

n—> co 


»„+l 


< 1 => lim 

72—>00 


((»+l)!)V +1 2"(2n)! 


2" +1 (2(n+l))! („!)V 


< 1 : 


| x | lim 

n —>00 


(g+ir 


2(272+2X272+1) 


<1=>V<1=> X <8=>2f=i 


40. lim iiju^ < 1 => lim x " < 1 => x lim < 1 => x e 1 < 1 => x <e^> R-e 
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41. lim l-^^l < 1 => lim I-—-—I < 1 => \x\ lim 3<l=>U|<i=>-^<x<4; at a = we have 

77 O” II 11^ ^ ^ ’ i 

71—>00 | n I 77—>00 | 3 X | 77—>00 

°° / \77 °° °° / X77 °° 

^ 3” I —^ (-1)”, which diverges; at a = ^ we have ^ 3" 1-4 = ^ 1, which diverges. The series 

77=0 77=0 77=0 77=0 

00 00 

^ 3" x" = ^ (3 a)” , is a convergent geometric series when - j < x < j and the sum is ^-h-. 

77=0 77=0 


42. lim <1^> lim 

77—>00 U n 77—>00 


< 1 => e* -4 lim 1 < 1 => \e x -4 < 1 => 3 < e* < 5 In 3 < x < In 5; 


OO 77 OO 00 w 00 

at a = In 3 we have ^ le ln3 -4j = ^ (-1)”, which diverges; at a = In 5 we have ^ le ln5 -4j = ^ 1, 

77=0 77=0 77=0 77=0 

22^ ( V 1 ■ 

which diverges. The series V ( e x - 4 is a convergent geometric series when In 3 < a < In 5 and the sum is 


1 _ 1 




43. lim ^4- < 1 => lim {x 1) + 2 .” + " • 4 ", < 1: 

77—>00 U n 77—>00 4' ?+ (x—1) " 


(*=!r1: 


lim 111 < 1 => (x - 1) 2 <4 => x — 1 |< 2 =>— 2 <x-l <2 


-1 < x < 3; at x = -1 we have ^ \^ ^ 1, which diverges; at x = 3 we have ^ 

77=0 77=0 77=0 72=0 


00 00 

= ^ ^ ^ 1, a divergent series; the interval of convergence is -1 < x < 3; the series ^ 

77=0 77=0 77=0 


S (^) J ls a conver g ent geometric series when -1 < x < 3 and sum is —— 


( x-l \ 2 4—(jc— l) 2 

l 2 ) ^ 4 


44. lim ^ <1^> lim (x+lr ," + ~ —^ lim 11 1 < 1 => (x +1 ) 2 < 9 => |a + l| < 3 => -3 < a +1 < 3 

9' !+1 (a+1) 2 " 9 1 K J II 


77—>00 | n | 77—>00 


=> -4 < a < 2; when a = -4 we have 2_, — 7 ,— = 2^ 1 which diverges; at a = 2 we have 2_, „ = 24 

77=0 77=0 77=0 77=0 

oo 2 n oo / 2 \ n 

which also diverges; the interval of convergence is -4 < a < 2; the series ^ ^ 1 ^ ^ (^ 3 ^) * s a 

n =0 9 n= O' 2 

convergent geometric series when —4 < a < 2 and the sum is - - —7 = -— 1 —— =- 4 -=--—- 

!_(x±I) 2 r 9—(jc+ 1) 2 9-x‘-2x-l 8-2x-x 2 


(4-2)" 


45. lim 4+L < 1 => lim -- 1 --- < 1 => \yfx -2 < 2 => -2 < ~Jx -2 < 2 => 0 < ~Jx <4^>0<a<16; 

77 OW + l / /— \n 7 

w 2 (-n/x^ 1 1 

00 00 

when a = 0 we have ^ (- 1 )”, a divergent series; when a = 16 we have ^ ( 1 )”, a divergent series; the 
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interval of convergence is 0 < x < 16; the series ^ j ~ x r) 2 j is a convergent geometric series when 0 < x < 16 

and its sum is ———- = -——- = — 

( 2 ~^ +2 ) 


46. lim < 1 => lim 

n—> oo u n n— >oo 


< 1 => In x < 1 => —1 < In x < 1 => e <x <e; when x = e 1 or e we obtain the 


series ^ 1” and ^ (-1)” which both diverge; the interval of convergence is e 1 <x<e; ^ (In x) n = -yy 
n =0 ft=0 ft=0 

when e _1 < x < e 


47. lim ^ 2 ±L < i lim 

ft—»co u n ft—>00 


(^i) ,!+1 -(-^)" <l=>t^ lim 111 < 1 => < 1 => X 2 < 2 => | x | < V2 


-V2 < x < V2; at x = ±V2 we have ^ (1)” which diverges; the interval of convergence is 


00 / 2 \ ft 

-V2 < x < V2; the series ^ I i s a convergent geometric series when —Jl < x < V 2 and its sum is 


48. lim p2±t < 1 => lim 


— < 1 => x 2 -1 <2=> -V3 < x < V3; when x = ±V3 we have ^ 1", 


“ / •> . \« 


i divergent series; the interval of convergence is —7J < x < V3; the series ^ 1 is a convergent 


geometric series when —J?> < x < V3 and its sum is 


il f 2—| jc 2 —1 1 1 3 -r 


2 2 

49. Writing - - as -we see that it can be written as the power 

x 1 — [—(x — 1)] 

00 00 

series ^ 2[-(x -1)]” = ^ 2(-l)” (x -1)”. Since this is a geometric series with ratio -(x -1) it will converge 


— (x — 1) | < lorO < x <2. 


50. (a) f (x) = —— = ——= V—f—1 , which converges for — < 1 or I x I < 3. 
3-x 1 — (x / 3) “13^37 3 


(b) 8(X> = = 1 _ 1 ^ 2 ) = £ ~|(f) which converges for | < 1 or | x | < 2. 
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00 ( lY' n 

= ^ I — I (x -5) ,J , which converges for 


51. g(x) = 


x-5 


x-2 3-[-(x-5)] 


< 1 or 2 < x <8. 


1- 


x -5 


n =0 


1 « ( x \ n 

52. (a) We can write the given series as — ^ — which shows that the interval of convergence is -4 < x < 4. 


2 ,V4 

»=o 

2 

(b) The function represented by the series in (a) is - for -4 < x < 4. If we rewrite this function as 

4-x 

2 00 

--- we can represent it by the geometric series V 2(x - 3)” which will converge only for 

,s> 

|x-3|<lor2<x<4. 


53. lim 

>00 


(.v-3)' ,+1 2" 


(x-3)" 


<1=> x - 3 <2=>l<x<5; when x = 1 we have ^ (1)” which diverges; when x = 5 


n =0 


we have ^ (-1)" which also diverges; the interval of convergence is 1 < x < 5; the sum of this convergent 
^ = 7 ^- If/(x) = l-}(x-3)+i(x-3) 2 +... + (-!)" (x-3)”+...=^ I then 


n =1 

geometric series is 


1+ 


f'(x) = -4 + yC*-3) + ... + (-i! r ) n(x-3)” ! +... is convergent when 1 < x < 5, and diverges when x = 1 


= I or 


5. The sum for fix) is —Yr, the derivative of 

(x-1) 2 x ~ l 

54. If/(x) = l-i(x-3) + i(x-3) 2 +... + (4)”(x-3r+... = ^ r then 

J /(x) dx =x- (A + <A p > +... + ^-^-j (A ^ -f.... At x = 1 the series ^ diverges; at x = 5 the 


n =1 


senes 


n =1 


(— 1 )" 2 
n +1 


converges. Therefore the interval of convergence is 1 < x < 5 and the sum is 


2 In x-1 + (3-In 4), since fyy dx = 2 In x —1| +C, where C = 3-In4 when x = 3. 


t 2 ^4 1 ** q 8 ii 10 

55. (a) Differentiate the series for sin x to get cos x = 1 -y- + y- --y_ + y- -yy- +... 

2 4 6 8 10 

= l-y- + y-y- + y--yy + .... The series converges for all values of x since 


lim 

n —>oo 


2»+2 (2 „)! 
(2n+2 )\' x 2« 


= x z lim 


1 


(2m+1)(2h+2) 


= 0 < 1 for all x. 


(b) sin2x = 2x-^f + ^f-^ + ^--^- + ... = 2x-^ + ^-^+^^-2Mf^+... 


7! 


9! 


11 ! 


(c) 2sinxcosx = 2 


(0-l)+(0-0+l-l)x + (0~ + l-0+0-ljx 2 +(0-0-l-| + 0-0-l-2 [ )x 3 
)x 4 +(0-0+l-dy + 0-0+i-jy+0-0+l-^)x 5 


+ (0-i+l-0-0-i-0-^+0-l 
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+ (o-i+i-o+o-i+o-jj+o4+o-^+o-i) JC 6 +... 


)x 6 +...l 

= 2 

4* 3 , 16* 5 _ 


/ J 


3 ! 5 ! 



■ 2x-^ + ^ 
ZX 3 ! + 5 ! 


2V ,2V 

7! 9! 


2 x 
11 ! 


+ ... 


56. 


( a ) f(e x ) = l+%+^+^+^+... = l+x+^+^+£+...=e x ; 

(b) | e x dx = e x + C = x + y- + yy + yy + yy +... + C, which is the general antiderivative of 


thus the derivative of e x is e x itself 


(c) 


-I _ r , *_ + + 

X+ 2 ! 3 ! 4 ! 5 ! + ' 


e~ x -e x =ll + (bl-bl)x + (b±-bl + j r l)x 2 +(l-±-b± + j r l-±l)x 3 

+ l 4! 1 3! + 2! 2! 3! i + 4! 1 ) X + V 5! 1 4! + 2! 3! 3! 2! + 4! 1 5! 1 ) X + '" 


= l + 0 + 0 + 0+0 + 0 + ... 


57. (a) ln|secx| + C = Jtanx& = |(x+4 + 1^ + # + iJ + -)^=f+4 + 4 + ^ 


3 lx 


10 


2 4 6 i 8 10 

x = 0=>C = 0=>lnsecx = + 45 + 7520 + Mf75 + '"’ conver 8 es when -y < x <y 


(b ) S ec 2 x = ^-d 


_ U I v I A_I Z..\ I 1 / A ,62*1, I _ 1 , 2 , 2*_, 

dx\ X 3 15 315 2835 3 45 


2* 3 , 17*' 


4 17*1 + 62* 


14,175 
<21 

2 < 2 

315 +..., converges 


+... + C\ 


when —y < x <y 
(c) sec 2 x = (secx)(secx) = | 

-(MbM 


1 ^ I JX 1 0 1A j 

2 24 720 


5* 


6 lx_ 


24 720 


-) 


= l + (4 + ^|x‘ +l^7+4 + ^r)x 4 + + + +... = l+x z + ^ + - 


24 4 241 


1720 48 48 7201 


I WZ-A | 

45 315 ’ 


58. (a) ln|secx + tanx| +C = Jsecx dx = ||l+y- + ^- + y^- + ...j dx =x+y- + ^ + |^j + 222 * & + ...+C; 


x = 0=>C=0=> ln|secx + tanx = x + y- + + Ifey + 2 ~ 2 x , +..., converges when -y 


(b) secxtanx = 


d( sec*) _ d 


dx 


61*° 


5* ,61*1 ,277*1 


= -^\ l+2 T + 2 TT + ^ + --\= x+2 ^ + T^ +A ^ + ---’ converges when 


I _ I 1 I X 1 JX j 01 a j 

1 2 24 720 


„ , x 3 ,2*1 ,17*1 , 

3 15 315 


(c) (secx)(tanx) = | 

= X + (3 + 2) x3+ (ll + 6 + ^) x5 + (ii5 + l5 + ^ + 4()) X 


7 , _ , 5*1 ,61*1 + 277*1 4 . 

6 120 1008 ’ 


59. (a) If /(x) = ^ fl„x", then f' '(x) = ^ n(n-l)(n-2)---(«-(A:-l))a n x” and /’ A> (0) = 


77=0 
f{k) 

‘ a k =- *. 


n—k 


= J jj — ; likewise if /(x) = ^ b„x' ! , then b k = ^ (0) 

77=0 

r(*■)/ 


fc! 


■ a,,. = for every nonnegative integer £ 


(b) If /(x) = ^ a„x" = 0 for all x, then /* '(x) = 0 for all x => from part (a) that a k = 0 for every 

77=0 

nonnegative integer k 
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10.8 TAYLOR AND MACLAURIN SERIES 

1. fix) = e 2x , f\x) = 2e 2x , fix) = Ae 2x , fix) = 8 e 2v ; /(0) = e 2(0) = l,/'(0) = 2, /"(0) = 4, /'"(0) = 8 

7q (x) = 1, P\ (x) — 1 + 2x, (x) = 1 + 2.x 4- 2.x , P^ (x) — 1 + 2x 4 2x 4-yX 

2. f{x) = sinx, f\x) = cosx, /"(x) = -sinx, /'"(x) = -cosx; /(0) = sinO = 0, /'(0) = 1, /''(0) = 0, /"'(0) = - 
=^> io(x) = 0, E}(x) =x, P}ix) =x, Pfx) =x--^x 3 

3. fix) = In x, fix) = i fix) = -4, fix) = 4; /(l) = lnl = 0, /'(1) = 1, /"(l) = -1, /"(l) = 2 
=> Pq ix) = 0, -Pi ix) = ix - 1), P 2 ix) = (x -1) -f (x - l) 2 , P 3 (x) = (x -1) - j (x - l) 2 + i (x - i) 3 

4. fix) = ln(l + X), fix) = ff = (1+X)- 1 , fix) = -(1 + X)- 2 , fix) = 2(1 + x)~ 3 ; /(0) = In 1 = 0, /'(0) = \ = 1, 

/"(0) = —(1) 2 = -1, /'"(0) =2(1)“ 3 =2 =>P 0 (*) =0,il(x) =x,P 2 (x) =x-4, J P 3 (x) = x-4+4 

5. /(x) = 1 = x- 1 , /'(x) = -x- 2 , /"(x) = 2x~ 3 , /"'(x) = -6X- 4 ; /(2) = 1 /'(2) = -I /"(2) = 1 /'"(x) = - 

=>^o(*) =i> /(*) = 2 P 2W =|-i(^- 2 )+^(^-2) 2 > 

^ P 3 ix) = 1 -1 (X - 2) + I(x - 2) 2 - 4 (x - 2) 3 

6. /(x) = (x + 2)-\ /'(x) = -(x+2)- 2 , f"ix)=2ix + 2f\fix) = -6(x + 2)- 4 ; 

/(0) = (2)- 1 = /'(0) = —(2) —2 = -I /"(0) = 2(2) —3 = i, f’i 0) = —6(2) —4 = -f 
=> Pq i.X) = P, (.X) = j - f, P 2 (x) = \ - f + f , P 3 (x) = i - f + f - 

7. f(x) = sinx, f(x) = cosx, f"(x) = -sinx, /'"(x) = -cosx; /(f) = sinf = /'(f) = cosf = 

/"(f) = -sinf = -#,r(f) = -cosf = -#=>P 0 =#.^(x)=#+#(x-f), 

p 2w=# + #h-f)-#h-f) 2 ^«=# + #h-})-#h-f) 2 -#h-f) 3 

8. /(x) = tanx, /'(x) = sec 2 x, /"(x) = 2sec 2 xtanx, /'"(x) = 2 sec 4 x + 4sec 2 xtan 2 x; /(f) = tanf = 1, 

/'(f) = sec 2 (f) = 2, /"(f) = 2sec 2 (f )tan(f) = 4, /'"(f) = 2sec 4 (f ) + 4sec 2 (f )tan 2 (f) =16 
=> ^o(x) =1, ^i(x) = l + 2(x-f), P 2 (x) = l + 2(x-f ) + 2(x-f ) 2 , 

P 3 (x) = l + 2(x-f) + 2(x-f) 2 + |(x-f) 3 

9. fix) = 7/ =x 1/2 , fix) = (f )x~ 1/2 , fix) = (~\)x~ m , fix) = (|)x- 5/2 ;/(4) = 74 = 2, 

/'(4) = (})4“ 1/2 = 1 /"(4) = (-4)4“ 3/2 = -4, /'"(4) = (|)4“ 5/2 = P 0 (x) = 2, /(x) = 2 +f (x-4), 

P 2 (x) = 2+f(x-4)-4(x-4) 2 ,P 3 (x)=2+f(x-4)-4(x-4) 2 +54^- 4 ) 3 
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10. f(x) = i\-x) v \ fix) = -i(l-x)- 1/2 , f\x) = -i(l-x)- 3/2 , f\x) = -|(l-x)- 5/2 ; 

/(0) = (1) 1/2 = 1, /'(0) = -}(1)- 1/2 = /TO) = -i(l)- 3/2 = -i /"'(0) = -|(l)- 5/2 = -| 

^> p o( x ) =\,P x ix) = \-\x,P 2 ix) =1—|x-ix 2 ,P 3 (x) =l-|x-|x 2 -^x 3 

11. fix) = e~ x , f’ix)=-e- x , f"ix)=e- x , f"'ix) = -e- x ^ ...f (k \x)=i-\) k e- x - /(0)= e - (0) =l,/'(0) = -l, 

00 « 

/"(0) = 1, /'"(0) = -1,..., / w (0) =(-l)* => <T X = 1-x + ix 2 -}x 3 + ... = X 

72=0 

12. /(x) = x e x , /'(•/) = x e x +e x , /"(*) = * e A +2e x , / m (x) = x e x +3e x => ...f (k \x) =x e x +k e x ; 

00 

/(O) = (0)e (0) = 0, /'(0) = 1, /"(O) = 2, /"'(O) = 3,. ..,/<*>(0) = k =4> x +x 2 +}x 3 +... = £ ^x" 

72=0 

13. /(x) = (1 + x)-‘ => /'(x) = -(1 +x)~\ fix) = 2(1 +x)-\ fix) = -3K1+X)- 4 

^ ••■/ ( * ) (x) = (-ll^Kl+x)-*- 1 ; /(O) = 1, /'(0) = -1, /"(O) = 2, ./"TO) = -3!,... ,/<*>(0) = (-l)*Ar! 

00 00 

^l-x+x 2 -x 3 +...= X(-x)" = £(-1)"*" 

72=0 72=0 

14. /(*) = => /'(*) = -^-r, /"(x) = 6(1 -x)- 3 , fix) = 18(1 -x)- 4 ^...f {k \x) = 3(Ar!)(l -x)"^ 1 ; 

1 * (I - *) 

00 

/(O) = 2, /'(0) = 3, /TO) = 6, /'TO) =18,..., / (A) (0) = 3(*!) => 2 + 3x + 3x 2 + 3x 3 +... = 2 + £ 3x" 

72=1 


15. 


00 

sinx = ^ 

72=0 


(- l)"x 2n+1 
(2/i+l)! 


■ sin3x = ^ 

72=0 


(~l)”(3.r ) 2 ' ,+1 _ 


( 2 n+l)! 


= 1 

72=0 


(-1)"3 2 " +1 x 2 " +1 

(2/i+1)! 


= 3x- 


3V + 3V 


3! 


5! 


16. sinx = ^ 


72=0 


(_l)"x 2 " +1 

(2/i+l)! 


„.. x ^ (- oir 1 ^ 

' Sltl 2 X (2n+l)! X 2 


(-l)"x 2n+1 


72=0 


72=0 


1 (2/7+1)! 2 


~;-1 -- ;-K.. 

2 3 -3! 2 5 -5! 


17. 


7 cos(-x) = 7cosx = 7 ^ 

72=0 


7 7x 2 | 7x 4 

' 2! 4! 



since the cosine is an even function 


18. cos x = ^ ^ ^ * => 5 cos nx = 5 ^ 


; -l)”(^x) 2 ” _ g 5 i V,5A 4 5A 6 


72=0 


(2/i)! 


72=0 


( 2 «)! 


2! 4! 


6 ! 


+ ... 


19. coshx = -^ J /— = T 


( 1+x+ TT + il + lT + -- 


2 3 4 

+ (1 _v+3C_*_ + 2L. 

+ l X+ 2! 3! + 4! 


2 4 6 

: 1 + — —f- ——y — -(- 

2! 4! 6! 


■ V x 2 ” 

4L ( 2 n)! 
72=0 


20. sinh x = g / 


( 1+ x + il + TT + 17 + - 


2 3 4 

1 _ r + *_2^ + 2^. 

1 X+ 2! 3! 4! 


00 


2 71+1 


r 3 r 5 6 i 

- Y-\~— _U __L.i_l_ — > _ 

'3! ^ 5! ^ 6! ^ (272+1)! 

72=0 
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21. /(x) = . x 4 -2x 3 - 5x + 4 => f\x) = 4x 3 - 6x 2 -5, f"(x)= 12x 2 -12x, f"'(x) = 24x-12, f (4 \x) =24 
^ f (n Hx) = 0 if n > 5; /(0) = 4, /'(0) = -5, /"(0) = 0, / w (0) = -12, / (4) (0) = 24, /^(O) = 0 if n > 5 
= x 4 -2.x 3 - 5x + 4 = 4-5x-^-x 3 +^jx 4 =x 4 -2x 3 -5x +4 


22 . 


fw = -ki 


f'(x)=f¥j\f’(x) = 
(x+1 )- 


_ 2 


, 1N 3 5 y V-V . 1X 4 

(*+l) (x+1) 


>/ (n) w 


(x+l)" +1 ’ 


/(0) = 0, /'(0) = 0, /"(O) = 2, /'"(O) = -6, /*-”-*(0) = (-!)"«! if n > 2 =>x 2 -x 3 +x 4 -x 5 + ... 


S(-i)V 


71=2 


23. /(x) = x 3 -2x + 4 => /'(x) = 3x 2 -2, f\x) = 6x, /"(x) = 6 => f (n \x) = 0 if n > 4; 

/(2) = 8, /'(2) = 10, /”(2) = 12, f'"(2) = 6,/ (,! >(2) = 0 if n > 4 

= x 3 -2x + 4 = 8 + 10(x-2)+^(x-2) 2 +| [ (x-2) 3 =8+10(x-2)+6(x-2) 2 +(x-2) 3 

24. f(x) = 2x 3 +x 2 +3x -8 => fix) = 6x 2 +2x + 3, f"(x) = 12x +2, /'"(x) = 12 = / (, °(x) = 0 if n > 4; 

/(l) = -2, /'(l) = 11 /"(l) = 14, /'"(l) = 12, / (n) (l) = 0 if n > 4 

=> 2x 3 +x 2 + 3x-8 = -2+ll(x-l)+^(x-l) 2 +^-(x-l) 3 =-2+ll(x-l) + 7(x-l) 2 +2(x-l) 3 

25. /(x) = x 4 +x 2 +1 => /'(x) = 4x 3 +2x, /"(x) = 12x 2 +2, /'"(x) = 24x, / (4) (x) = 24, / (,i) (x) = 0 if n > 5; 
/(-2) =21, f'(—2) = -36,./"(—2) = 50, /"'(-2) = -48, / (4) (-2) = 24,y^>(-2) = 0 if n > 5 => x 4 +x 2 +1 
= 21-36(x+2)+^(x + 2) 2 -3|(x+2) 3 +^(x + 2) 4 = 21-36(x+2)+25(x+ 2) 2 -8(x + 2) 3 +(x + 2) 4 

26. f{x) = 3x 5 -x 4 +2x 3 +x 2 -2 => f'(x) =15x 4 -4x 3 +6x 2 +2x,/"(x) = 60x 3 -12x 2 +12x + 2, 
fix) = 180x 2 -24x + 12, f (4 \x) = 360x -24, / (5) (x) = 360, f {n \x) = 0 if n > 6; 

/(-l) = -7, /'(-l) = 23, /"(-l) = -82, /"'(-l) = 216, / (4) (-1) = -384, / (5) (-l) = 360, / (n) (-l) = 0 if n > 6 
=>3x 5 -x 4 +2x 3 +x 2 -2 = -7+23(x+l)-^-(x + l) 2 +^(x+l) 3 -^(x + 1) 4 +^(x+l) 5 
= -7 +23(x +1) -41(x +1) 2 +36(x +1) 3 -16(x +1) 4 +3(x +1) 5 


27. fix) = x“ 2 => f\x) = -2x“ 3 , fix) = 3!x“\ fix) = —4!x -5 => f {n \x) = (-1)"(» +l)!x-"- 2 ; 

/(l) = 1,/'(l) = -2, /"(l) = 3!, /"'(I) = -4!, / (,!) (1) = (-1 )"in +1)! 

00 

=> 4 = 1 - .2(.X -1) + 3(.x -1) 2 - 4(.x -1) 3 +... = V (-1)" in + l)(x -1)' ! 

A n=0 


28. fix) = -3-3- => fix) = 3(1 — x) -4 , fix) = 12(1 -x)~ 5 , fix) = 60(1 -x)“ 6 => f {n \x) = ^(1 -x)-"" 3 ; 


(l-x) 


/(0) = l,/'(0) = 3, fiO) = 12,/"'(0) = 60,..., f {n \ 0) = ^ 


=>—r = l+3x+6x 2 + 10x 3 +... = V 

p -*) 3 A 2 


(»+2)(n+l) t n 
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29. f(x) = e x ^> f\x) = e*, f"(x) = e* => f (n) (x) = e x ; /(2) = e 2 , /'(2) = e 2 ,... /« (2) = e 2 
_ „2 , ^2 . e 2 o\2 , e 3 o\3 ^ _ 

n-0 


^e x =e 2 +e 2 (x-2)+f(x-2) 2 + f^(x-2) 3 +...= £ £(x-2)' f 


30. f(x) = 2 X => f\x) = 2 X In 2, f\x) = 2*(ln2) 2 , f"\x) = 2 x (\n2) 3 ^ f {n \x) = 2 v (ln2)«; 
/(l) = 2, /'(l) = 2 In 2,/"(l) = 2(ln 2) 2 , /*( 1) = 2(ln 2) 3 ,..., f (n) (1) = 2(ln 2) n 

^2" = 2 + (2In2)(x- 1 ) + ^^i(x- 1 ) 2 + ^^(x- 1 ) 3 + ...= £ 


n =0 


31. y(x) = cos(2x + y), /'(jc) = -2sin(2x +y), / "(.r) = -4cos(2x + y), ./ ”(x) = 8sin(2x+y), 
y^ 4) (jr) = 2 4 cos(2x + y), / <5) (x) = -2 5 sin(2x+y),..; 

/(f ) = -1, /'(f) = 0, /"(f) = 4, /"' (f) = 0, / (4) (f ) = 2 4 , / 5 > (f) = 0,. .., f {2n) (f) = (-1)” 2 2 ” 
^cos(2x + f) = -l + 2(x-f)'-|(.r-f) 4 +...= X^g^(x-f) 2 " 


n=0 


32. /(X) = V/+T, /'(x) = i(x + ir 1/2 , /"(x) = -f (x +1)“ 3/2 , f"\x) = |(x +1)- 5/2 , / (4) (X) = - jf (x +1)- 7/2 ,...; 

/(0) =l,/'(0) =y, /"(0) =-i r(0) = |, / ( 4 ) (0) = -jf,...=> V^fT = l+|x-ix 2 +ix 3 -^x 4 +... 

33. The Maclaurin series generated by cosx is /, (0 f,x z ” which converges on (—oo, co) and the Maclaurin 


n =0 


series generated by -p_ is 2 ^ x ,! which converges on (-1,1). Thus the Maclaurin series generated by 


n=0 


f (x) = cosx — yyr isgivenby yX 2,i -2^x ,! = -l-2x-|-x 2 -.... which converges on the 

n-0 n =0 

intersection of (-co, co) and (-1,1), so the interval of convergence is (-1,1). 


34. The Maclaurin series generated by e x is f y which converges on (-oo,co). The Maclaurin series generated 

n=0 

by /(x) = (l-x+x 2 )e' r isgivenby (l-x+x 2 ) ^ yy = 1 + 4-x 2 + -|x 3 .... which converges on (- 00 , 00 ). 

n =0 


35. The Maclaurin series generated by sin x is f p.-M):* 2 ”^ which converges on (-co,co) and the Maclaurin 


n-0 


(2n+\)\ 


series generated by ln(l + x) is ^ -—y— x" which converges on (-1,1). Thus the Maclaurin series generated 


n =1 


by /(x) = sinx ln(l+x) isgivenby ^ 


(-D" x 2n+l 


\n =0 


(2n+\)\ 


z 

A«=i 


C-D" 


= x 2 -4-x 3 +/x 4 - .... which 

Z O 


converges on the intersection of (-co,co) and (-1,1), so the interval convergence is (-1,1). 
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36. The Maclaurin series generated by sinx is V ^-^yyx 2n+1 which converges on (- 00 , 00 ). The Maclaurin 


n -0 


series generated by /(x) = xs'm z x is given by x 


(-l)"_ x 2«+l 


\n =0 

= x 3 --|x 5 + ^-x 7 +■■■ which converges on (- 00 , 00 ). 


(2«+i) r 


= * I 


(-1)" _ x 2»+l 


v 


V 11=0 


(2/i+l)!' 


(- 1 )"_ x 2, ! +1 


J\n= 0 


(2/z+l)!' 


37. If e* = ^ - J a \ x-a)" and f(x) = e x , we have f^ n -(a) = e a for all n = 0,1,2,3,... 


n =0 


. x a 
=> e -e 


( x-af | (x-q) 1 | (.t-fl) 2 | 


0 ! 


2 ! 


= e a 11 + (x - a) + +... 


at x = a 


38. /(x) = e' r => f^ n \x)=e x for all « => /^ !> (l)=e forall «=0,1,2,... 
=oe r =e+e(x-l)+-|i(x-l) 2 +-^(x-l) 3 +... =e 


l + ( x -l) + ^# + ^# + ... 


39. /(x) = f(a) + f’(a){x-a) + l-4p-{x-a) 2 +^^-{x-af +... 


■ /'(x) = f\a ) + f\a){x-d) + ™3(x -a) 2 + ...=> /"(x) = /"(a) + />)(x-a) + ^^4 -3(x-a) 2 + 


4! 


• / (n) M = / ( " } («) + / ( ' ,+1) («)(*-«) + (x - a) 2 +... 


■ /(a) = /(a) +0, /'(a) = f'(a)+0,. ..,f (n \a) = / w ( 0 ) +0 


K«)i 


40. £(x) = f(x)-b 0 -b l (x-a)-b 2 (x-a) 2 -b 2 (x-a) 2 -...-b n (x-a) n ^>0 = E(a) = /(a)-b 0 =>Z> 0 =/(a); 


from condition (b), 

jj m f(x)~f(a) ~ h (x—a)-b 2 (x-af -b 3 (x-af . ,-b„ (x-af 
x—>a (x—a) n 


= 0 


, lim f'(x)-b l -2b 2 (x-a)-3b 3 (x-af-...-nb n (x-a) n 1 = Q , = ,,,, 
x^a n(x-a )- 1 ^ 

lim nx)-2b 2 ^b, { x-a)-...-n(n-\)b n{ x-a^ = Q ^ = i/" (a ) 
x->a n(n-\ )(x-a)" “ 2 


. /”(x)-3 !t >3 -.. -n(n-\)(n-2)b n {x-a) n 


■ lim 

x->a 


n{n—\){n—2)(x—a) n 


: 0 => =-Ef m (a) 


um 


= 0 => =± T / ( ' 0 (a); therefore, 


g(x) = /(a) + /'(a)(x-a)+A^(x-a) 2 + ... + / J a) (x-a) n = P„(x) 


2 ! 


41. f(x) = ln(cosx) /'(x) = -tanx and /"(x) = -sec 2 x;/(0) = 0, /'(0) = 0, /"(0) = -1 
=^> L(x) = 0 and Q(x) = -^r 


42. /(x) = e smx =>/'(*) = (cosx)e slnx and /'(x) = (-sinx)e sm * +(cosx) 2 e sinx ;/(0) = 1, f'(0) =1,/"(0) = 1 


■T(x)=l+x and g(x)=l+x+^- 
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43. /(x) = ( 1-x 2 ) 1/2 ^>/'(v)=x( 1-x 2 ) ^ and /*(x) = (l-x 2 ) 3 / 2 +3x 2 (l-x 2 ) 5/2 ; 

/( 0 ) = 1 , /'( 0 ) = 0 , /"( 0 ) = 1 => L(x) = 1 and g(x) = 1 

44. /(x) = coshx => f'(x) = sinhx and f"(x) = coshx; /(0) = 1, /'(0) = 0, /"(0) = 1 
^>l(x) = 1 and (7(x) = l + 4 r 

45. /(x) = sinx => f'(x) = cosx and /"(x) = -sinx; /(0) = 0, /'(0) = 1, /"(0) = 0 => L(x) = x and Q(x) = x 

46. /(x) = tanx => f'(x) = sec 2 x and /"(x) = 2 sec 2 xtanx; /(0) = 0, /'(0) = 1, /" =0 => L(x) = x and Q(x ) = x 


10.9 CONVERGENCE OF TAYLOR SERIES 


1 . e =l + x+4jy + ...= 


X^=.<.- 5 '=l + (-5*)+t|X 


2! 3! ^ n 


72=0 


(-1)”5V^ 

i 


72=0 


2. e x =l+x+^ + ...= f;^^ e - Jc/2 =l + (^)+y- + ... = l-f+^-^ + ...= X 


72=0 


72=0 


2 " n ! 


3! 


5! 


=x 

72=0 


(-l)''x 2 " +1 

(2»+l)! 


■ 5sin(-x) = 5 


( x) ■ 


(-*r , (-*r 


5! 


I 

72=0 


5(-l)" +1 x 2n+1 
( 2 //+ 1 )! 


„ • x 3 x 5 

4. sinx = x — 37 + 57 - 


= X 

72=0 


(-l)''x 2 " +1 

(2/7+1)! 


sin 4^ = 2 ^- 


M+M. _M+ 

3! 5! 7! 


: X 

72=0 


(-l)V 2 ” +1 x 2 " +l 
2 2 «+! (2/7+1)! 


5. cosx = Y 

72=0 


(-l)"x 2 '' 

(2/7)! 


• cos 5.v 2 X' 


5x 


72=0 


( 2 / 0 ! 


^ (-l)"5 2,, x 4n 
Zj ( 2 /i)! 

72=0 


- 1 25.x 4 ,625/ 

2! 4! 


15625x 12 , 
6 ! 


6. 


cosx = 


I 


72=0 


(-l)"x 2 " 

( 2 //)! 




X 


72=0 



( 2 / 1 )! 


X 


72=0 


(~l)”x 3 ” 
2 " ( 2 /;)! 


1 - 


2-2! 2 2 -4! 



7. 


8. 


ln(l + x) = Y 

72=1 


(- 1 )"-'*” 


■In 


72=1 


(- 1 rff 


= X 

72=1 


c-ir'x 2 " ..2 x 4 , x 6 
/i 2 + 3 


tan 1 x 


= x 


(-l)"x 2 " +1 


n-0 


2n+l 


■ tan 


-‘(3-v 4 )=i- 

72=0 


(-l)"(3x 4 ) 2 
2 / 1+1 


■=x 

72=0 


(—1)” 3 2,,+1 x 8 ” +4 



= 3x 4 -9x 12 +-=|^x 20 


2187 ..28 
7 X + 
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9. 


00 o° / \n 00 

it -1 (-o'*” (-«■ H - x (-»■ 

«=0 4 n =0 n=0 


3V i x 3, i=1 _r3 + ^ x 6_|I 9 
4 16 64 




72=0 


72=0 


72=0 


r» = I + i Y+ I x 2 +J_v 3 - 

x 2 + 4 x + g x + 16 .r 


11 e x = y/ 

Zj ,i! 


7" « > 


72=0 


I* -z- 

V 72 =0 y 72=0 


■ = x + x-+% + i r + f r + ... 


^ (-l)"x 2,,+1 _ 2 • 2 

12. sinx = 2 _, 7 ^— ix, =>x sinx=x 


7 


72=0 


(2t2+1)! 


00 7 i\n„2/j+l 


(-l)"x 


V 72 =0 


(2t2+1)! 


y (-l)".v 2 " +3 3 £ , c £ , 

/ J . ,\i — A o t ' n -7 1 ' • 


72=0 


( 272 + 1 )! 


3! 5! 7! 


13. cosx=X i ^^^f-l + c 0 sx=f-l + X 


(-l)"x 2 " ~ 2 . . _2 ..4 „6 „8 JO 


n~ 0 


_x_1,1 X , X_-V A' X 

2 (2m)! 2 2 4! 6! 8! 10! 

,i=0 


4 6 8 10 JL f_lV‘ r 2 « 

= X _ X_ _I X_ _ X _I _ V 1 n X _ 

4! 6! 8! 10! Z^ 


n =2 


(2,i)! 


” /_n" x 2n+1 

14. sinx = 2_, 1 ,1. . =>sinx-x + 47 = 


,i=0 


(2,i+l)! 


3! 


■3 ( ^ (~l)”x 2,,+1 ^ 


\ n =0 


(2,i+l)! 


3 3 5 7 9 11 

_ Y + — — y-3^ + 4^_^+ 3__,L + 
3! I 3! 5! 7! 9! 11! 


= Z_Z + Z_xli + = y 

5! 7! 9! 11! Zj 


72=2 


(- l )" x 2 " +1 

( 2 , 1 + 1 )! 


/_ ^2n 

15. COS X = 2_J ^r-T7— => x cos nx 


72 = 0 


(2,i)! 


® ,2 n 

y (-0 (gx) y 1 

A (2,i)! Zj 


(-l/W" 41 


72=0 


72=0 


(2,i)! 


2! 4! 6! 


i+ (-l)"x 2 '' _ 2 

16. cosx = 2_, => x cos 


,i=0 


(2,i)! 


/ \ 00 I 

X 2 =x 2 X- 

, 1=0 


(-1)" (x 2 ) 2 

-Jziiy— 


=x 


72=0 


(-l)"x 4 " +2 2 X 6 , .v 10 x 14 , 

(2,,)! 2! 4! 6! 


2 „ _ 1 , cos 2 x _ 1 , 1 V 1 (~l)"( 2 x) 2 " _ l l 

(2,i)! 2 2 

72=0 


17. cos" * = j + y + 7 X 


' (2x) 2 (2x) 4 (2.V) 6 (2 xf 

2! 4! 6! 8! 


= l_C£ll+C£l!._C£)! + <2£)l_ i | V (-t)”(2x) 2 ” . 

2-2! 24! 2-6! 2-8! Z^ 2(2,,)! Lu 


(-1 ) n 2 2 ’ , - l x 2n 


72=1 


72=1 


(2,,)! 


18. sin 2 x = (^2x) = l_l C os2x=i-^l-^- + ^--^- + ...j : 


(2.v) 2 (2x) 4 (2x) 6 
2-2! 24! 2-6! 


=x 


72=1 


(-l)" +1 (2x) 2 " 

2-(2,1)! 


=x 

72=1 


(-l)"2 2n - l x 2n 

(2,,)! 


19- ii-x 2 


OO OO 

j = x 2 X (2x)” = ^ 2 n x n+ - = x 2 + 2x 3 + 2“ x 4 + 2 3 x 5 +... 


72=0 


72=0 
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20. xln(l + 2x)=x^] 


(-l)”- 1 (2x)” y (-1 y- l 2"x" +l = 2 2 _2V 2V.2V 

« « 2 4 5 


21. —= V x n = l + x + x 2 

l-X 


00 CO 

= 77 ~ 2 " =T + 2* + 3 -r 2 + ... = Y j nx"~ l = (w + l)x n 


n= 1 n= 0 


(1—x; dx z 


dx ^ 1 ^ J = ^(l + 2 x + 3 x 2 + ...j = 2 + 6x + 12 x 2 +... = ^ n(n-l)x n 


= ^ (n +2)(n + \)x n 


23 . tan 


_1 x =x-yx 3 +yX 5 -yX 7 +...=>xtan 1 x 2 = xj^x 2 -y|x 2 j + y|x 2 j -y|x 2 j +...j 


3 1 7 . 1 11 1 15 . 'V 

= X — y X + yX — yX + ■ = / 




„ „ V 3 v 5 v 7 

24 . SinX=X-yj- + yy-yy + . 


1 . - 1 To (2x) 3 (2xf (lx) 1 

. => sin x - cos x = ysin2x = y 2x-3]“+51- j\ + ■ 


3 -> „5 A 7 


_ .. 4x 3 , 16x 64x , _ v _2xi, 2xl_4xy , 

' 3! 5! 7! 3 15 315 2/ 


(-l)"2 2, 'x 2n+1 

(2»+l)! 


25 . e x =l + x + ^- + "V + ... and -p—= l-x + x 2 -x 3 +. 
2! 3 l+x 


£ + — |l + X + + + X X —X +...j 


■ 2 +—x 2 -—x 3 +—x 4 ■ 
‘ Z + 2 X 6 X + 24 X 


00 / \ 

Zfen-i)")*" 


• r 3 r 5 7 2 4 6 

26 . sinx = x-4r + 47-T7 + ... and cosx = 1 -Tt + 4t-47 + ... 


3! 5! 7! ”• 

/ - Y 2 r 4 x 6 

=^> cos x-sin x = 1-47+47-5]-- 


_ yi f (-1)"* 2 " (~l)"x 2 " + ' 

“ 2J (2/i)! (2//+1)! 


2! 4! 6! 

_/ Y _Z,xl_Z 

\ X 3! + 5! 7!' 


I — 1 _ y _—_|_ X I X _X_ X I X I 

1 2! 3! 4! 5! 6! 7! 


27. ln(l + x) =X-yX 2 +yX 3 -yX 4 +...^>yln|l+X 2 j =y^X 2 -^X 2 j” +y^X 2 j -y|.X 2 j + ---j 


= Ix 3 -ix 5 + Ix 7 -iLx 9 + ... = Z 

n =1 


(- 1 )" 1 2//+1 
3// X 


28 . ln(l + x) =x-yx 2 +yX 3 -yX 4 +... and ln(l-x) =-x-^x 2 -^-x 3 -jx 4 +...=> ln(l+ x)-ln(l-x) 


2 3 4' 


x _i x 2 +ix 3 -ix 4 + ...)-(-. Y -i Y 2 -lx 3 -i Y 4 + ...) = 2x + |x 3 +fx 5 + ... = X 2 ifer- 


^x 2n+1 
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29. e=l + *+4r + 4r + --- and sin* =*-4r + 47-4r + --- 


2! 3! 


3! 5! 7! 


■ e x ■ sin * 


= (l+ * + 44 + 4 +■••'if*-4 + 4-4- + - ■■ 


2! 3! 


3! 5! 7! 


,2,13 15 

= X + X + 3 X -jo* 


30. ln(l + x) =x-jx 2 + -^x 3 “X 4 +... and = 1 + x + x 2 


+ x +... 


ln(l+x) 
1 —x 


- ln(l H-jc) - YZV = 1 x — 2 X ~ + 3 x ^ ~~ 4 X " + ■ • -)(l + * + * 2 + * 3 + • ■ J = * + 4*" +-|* 3 + 


7 4 

Y 2 X ■ 


2 

31. tan -1 *=*-j* 3 +j* 5 -y* 7 +...=> |tan _1 *j = ^tan -1 *j|tan _1 *j 

= (- T 4 x3 + 5- y5 ~\ X +~){ x -\J +I y5 - jx 7 +...) =* 2 -f* 4 -f * 6 -^ 8 +.... 


3 5 7 2 4 6 2 

32. sin* = *-47 + 47-47 + ... and cos* = 1-4 t + 4t-tt + ---=>cos *-sin* = cos*-cos*-sin* 

3! j! /! Z! 4! o! 


= cos*4sin2*=i(l-^- + ^--^- + ..Y2*-^ 


(2*) 3 . (~*) 5 (2*) 7 I... 7 3 61 5 1247 ,.7 

' + 5! 7! 6 X + 120 x 5040 X + ' 


33. sin* =*-4y + 4y-yy + ... and e =l + * + 47 + ^7 + --- 




Y 3 Y 5 Y 7 

'*-^7 • V -^7 ‘ ■■■ | 


= l+*+y * 2 -y * 4 + ■■■• 


34. sin* =*-yj- + yy-yy + ... and tan 1 * = *-y* +T * 5 -b" 1 


+ y* 5 -y* 7 +...=> sin^tan 1 *j 

(*-3* 3 + Y 5 ~ 1 X ' +-)-i(^-i* 3 +i* 5 -|* 7 +...) 3 + tY (- y - Y 3 +K ~ 1 x +-) 5 

5 oY( X - 3 r3+ Y 5 - 7 Y7+ -") 7+ ' 


-y_1y 3 +2 5 _J_ 7 

.-* 2 * + 8 * 16 * 


35. Since n=3, then / (4> (*) = sin*, 
Then |/? 3 (0.1)| < 1 ^° A ~^ =4.2x10 


/ (4) w 


<M on [0,0.1] =^> |sin*| <1 on [0,0.1] => M = 1. 


error < 4.2x10 


36. Since n = 4, then / ( 5 ) (*)=e x , 


/ (5) w 


<Mon [0,0.5]: 


<Ve on [0,0.5] => M = 2.7. 


Then |^ 4 (0.5)| < 2.7 1°' 5 g ,°l = 7.03xl0~ 4 => error <7.03xl0“ 4 


37. By the Alternating Series Estimation Theorem, the error is less than -y- |*| 5 <(5!)(5xl0 _4 j 


|*| 5 <600xl0“ 4 ^>|*|< 


^ 6 xl 0“ 2 


; 0.56968 
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38. If cos x = 1 — 4— and x <0.5, then the error is less than 


(■5; 


24 


= 0.0026, by Alternating Series Estimation 


Theorem; since the next term in the series is positive, the approximation 1 is too small, by the Alternating 
Series Estimation Theorem 


i i -3 r I -10 

39. lfsinx=x and|x|<10 , then the error is less than—pp-«l.67x10 , by Alternating Series Estimation 

3 

Theorem; The Alternating Series Estimation Theorem says R 2 (x) has the same sign as -4^-. Moreover, 

—3 

x < sinx => 0 < sinx —x = R 2 (x) => x < 0 => -10 < x < 0. 


40. Vl + * =l + f-^ + ^" 


-_By the Alternating Series Estimation Theorem the |error| < 


(o.orr 


= 1.25x10“ 


41. |i? 2 (x)| 

42. |i? 2 (x)| 


f 3 l) 3 —4 

-jj- < -jp—<1.87x10 , where c is between 0 and x 

,C 3 (q n 3 /] 

'-jj- < 3 , = 1.67 x 10 , where c is between 0 and x 


43. sin i = 


in 2 r 1 1-cos 2x 1 1 1 if, (2-r) 2 (2.V) 4 (2x) 6 ^ 2.v 2 2 3 .v 4 . 2 s x 6 

m 2 ) ~ 2 2 CO&ZX ~2 2^ 2! + 4! 6! + "'J- 2! 4! + 6! ' 


(sin 2 .v) = 4W -2# + 44 -.. 1 = 2* - + erf - &L 


dx\ 2! 4! 6! 


7! 


■ 2sinxcosx = 2x - +... = sin2x, which checks 


44. cos 


= 1 — 


2 x = cos2x + sin 2 x = (^i -^r+^r-^r+^r + ---y[ 2 rr- 2 ^+ 2 ^- 2 ^ + - 


2! 4! 


6 ! 


- ' ' ' 3 ' ' 45 ^ 315 


45. A special case of Taylor’s Theorem is f(b)=f(a) + f'(c)(b-a), where c is between a and 
b =4> f(b)-f(a) = f'(c)(b-a), the Mean Value Theorem. 


46. If /(x) is twice differentiable and at x = a there is a point of inflection, then f"(a) = 0. Therefore, 

Z(x) = Q(x) = f(a) + f\a)(x - a). 

47. (a) f"<0, f'(a) = 0 and x = a interior to the interval I => f (x) - / (a) = - - (x - a) 2 <0 throughout 1 

=> /(x) < /(a) throughout / => / has a local maximum at x = a 

f( C ) 2 

(b) similar reasoning gives f(x)- f(a)= — y^-(x-a) >0 throughout I =4> f(x) > f(a) throughout / 

=^> / has a local minimum at x = a 
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48. f(x) = (1 -x)- 1 => f'{x) = (1 -x)“ z => f\x) = 2(1 -x)- J => ,r\x) = 6(1 -x)~* ^ f'fx) = 24(1 -x)“ 5 ; 


therefore -r- « 1 + x + x 2 +x 3 . Ixl < 0.1 => tt < -r- < ^ => 


e 3 s 


\—x 


max / <4) (x)x 4 


11 1-x 9 


(l-xf 


ft 


(i -xY 


< x 


m 5 


the error 


4! 


:(0.1) 4 (^) 5 =0.00016935 <0.00017, si 


since 


/ <4) w 


1 

4! 


(1-x) 5 


49. (a) / (x) = (1 + x) k => fix) =k(\ + x)^ _1 => fix) = k(k - 1)(1 + x ) k ~ 2 ; /(0) = 1, f'(0) = k, and 


/"(0) =k(k-\)-Q(x)=\+kx + ^f^x 2 


(b) |* 2 (x)| = 


3-21 3 

/ 1 

3 

3! X 

< 100 ^ 



<Too ^ 0< x<■ 


100 ' 


or 0 < x < .21544 


50. (a) Let P = x + n => |x| = |P-7r| < .5 xlO " since P approximates n accurate to n decimals. Then, 

P + sinP = (n + x) + sin(7T +x) = (n + x) -sinx = ;r + (x-sinx) 

I P 

=> |(P + sinP)-^-| = | sinx-x | < < °-^ 5 xl0~ 3 ” < 0.5xlO -3 ” => P + s'mP gives an approximation to 

n correct to 3 n decimals. 


GO OO ^ 

51. If fix) = ^ a n x n , then f^ k \x) = ^ n(n-l)(n-2)---(n-k + l)a n x n ~ k and 0) = k\a k => a k = ^ ^ 

n=0 n=k 

for k a nonnegative integer. Therefore, the coefficients of /(x) are identical with the corresponding 
coefficients in the Maclaurin series of /(x) and the statement follows. 

52. Note: /even => /(-x) = /(x) => -f\-x) = f'{x) => f'(-x) = -fix) => f odd; 

/odd=> /(-*) = -fix) => -f'i-x) = -fix) => f'i-x) = fix) ^ f even; 

also, / odd => /(-0) = /(0) => 2/(0) = 0 /(0) = 0 

(a) If /(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. 

Therefore, aj = = a 5 = ... = 0; that is, the Maclaurin series for / contains only even powers. 

(b) If /(x) is odd, then any even-order derivative is odd and equal to 0 at x = 0. 

Therefore, a 0 =a 2 = a 4 = ... = 0; that is, the Maclaurin series for / contains only odd powers. 

53-58. Example CAS commands: 

Maple : 

f := x -> l/sqrt(l+x); 
xO := -3/4; 
xl := 3/4; 

# Step 1: 

plot( f(x), x=x0..xl, title="Step 1: #53 (Section 10.9)"); 

# Step 2: 

PI := unapply( TaylorApproximation(f(x), x = 0, order=l), x ); 

P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x ); 

P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x ); 
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# Step 3: 

D2f := D(D(f)); 

D3f := D(D(D(f))); 

D4f := D(D(D(D(f)))); 

plot( [D2f(x),D3f(x),D4f(x)], x=x0..xl, thickness =[0,2,4], color=[red,blue,green], title="Step 3: #57 
(Section 10.9)"); 
cl := xO; 

Ml := abs( D2f(cl)); 
c2 := xO; 

M2 := abs( D3f(c2)); 
c3 := xO; 

M3 := abs( D4f(c3)); 

# Step 4: 

R1 := unapply( abs(Ml/2!*(x-0) A 2), x ); 

R2 := unapply( abs(M2/3!*(x-0) A 3), x ); 

R3 := unapply( abs(M3/4!*(x-0) A 4), x ); 

plot) [Rl(x),R2(x),R3(x)], x=x0..xl, thickness=[0,2,4], color=[red,blue,green], title="Step 4: #53 
(Section 10.9)"); 

# Step 5: 

El := unapply( abs(f(x)-Pl(x)), x ); 

E2 := unapply( abs(f(x)-P2(x)), x ); 

E3 := unapply( abs(f(x)-P3(x)), x ); 

plot( [El(x),E2(x),E3(x),Rl(x),R2(x),R3(x)], x=x0..xl, thickness=[0,2,4], color=[red,blue,green], 
linestyle=[l,l,l,3,3,3], title="Step 5: #53 (Section 10.9)"); 

# Step 6: 

Taylor Approximation) f(x), view =[x0..xl,DEFAULT], x=0, output =animation, order=1..3 ); 

LI := fsolve( abs(f(x)-Pl(x))=0.01, x=x0/2 ); # (a) 

R1 := fsolve( abs(f(x)-Pl(x))=0.01, x=xl/2 ); 

L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 ); 

R2 := fsolve( abs(f(x)-P2(x))=0.01, x=xl/2 ); 

L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 ); 

R3 := fsolve( abs(f(x)-P3(x))=0.01, x=xl/2 ); 

plot) [El(x),E2(x),E3(x),0.01], x=min(Ll,L2,L3)..max(Rl,R2,R3), thickness=[0,2,4,0], linestyle=[0,0,0,2] 
color=[red,blue,green,black], view =[DEFAULT,0..0.01], title="#53(a) (Section 10.9)"); 
abs('f(x)'-'P'[l](x)) <= evalf( El (xO)); # (b) 

abs('f(x)'-'P'[2](x)) <= evalf( E2(x0)); 
abs('f(x)'-'P'[3](x)) <= evalf( E3(x0)); 
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Mathematic a : (assigned function and values for a, b, c, and n may vary) 

Clear[x, f, c] 

f[x_]=(l + x) 3/2 

{a, b}= {-1/2, 2}; 

pf=Plot[ f[x], {x, a, b}]; 

poly 1 [x_]=Series[f[x], {x,0,1}]//Normal 

poly2[x_]=Series[f[x], {x,0,2}]//Normal 

poly3[x_]=Series[f[x], {x,0,3}]//Normal 

Plot[{f[x], polyl[x], poly2[x], poly3[x]}, {x, a, b}, 

PlotStyle —> {RGBColor[l,0,0],RGBColor[0,l,0],RGBColor[0,0,l],RGBColor[0,.5,.5]}]; 

The above defines the approximations. The following analyzes the derivatives to determine their maximum 
values. 

f'[c] 

Plot[f’[x], {x, a, b}]; 

He] 

Plot[f"[x], {x, a, b}]; 
f'"[c] 

[f’"[x], {x, a, b}]; 

Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds ml, m2, and m3 
can be defined and bounds for remainders viewed as functions of x. 
ml=f'[a] 
m2=-f"[a] 
m3=f"'[a] 
rl[x_]=ml x 2 /2! 

Plot[rl[x], {x, a, b}]; 
r2[x_]=m2 x 3 /3! 

Plot[r2[x], {x, a, b}]; 
r3[x_]=m3 x 4 /4! 

Plot[r3[x], {x, a, b}]; 

A three dimensional look at the error functions, allowing both c and x to vary can also he viewed. Recall that c 
must be a value between 0 and x. so some points on the surfaces where c is not in that interval are meaningless. 

Plot3D[f'[c] x 2 /2!, {x, a, b}, {c, a, b}, PlotRange —» All] 

Plot3D[f"[c] x 3 /3!, {x, a, b}, {c, a, b}, PlotRange All] 

Plot3D[f'"[c] x 4 /4!, {x, a, b}, {c, a, b}, PlotRange All] 
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10.10 THE BINOMIAL SERIES AND APPLICATIONS OF TAYLOR SERIES 


l. (i+x) 1/2 =i + i x+ M^i + (i)H)HK 


3! 


= 1 + — r — i r 2 + — r 2 
. i + 2 x & x + i6 x 


2. (l + x) 1/3 =1 + -Lc+ ^„P A + ^ ^ +... = 1+1 x-±x 2 +4r* 3 -■■■ 


2\ 


3 9 81' 


3. (1 -x) -3 = 1 + (—3)( — jc) + ( 3)( 4 \ -x ) 2 + ( 3 )( 4 X 5 ) ( _ x )3 +... = l + 3x + 6x 2 + !Ojc 3 + ■ 


2 ! 


3! 


4. (\-2x) V2 =l + i(-2x) + -^ ^ 2X)2 ' f) ( 2x)3 


2 ! 


3! 


. =l-x-^-x 2 ~4- t3 


5. (. + r-- 2 ( 


(,- f ) 4 =1 + 4 (- f ) + 


(4)(3)(-j)~ (4K3)(2)(-f) J (4)(3)(2)(1)(-|) _ , _ 4 r , 2 2 _ j_ 3 + ± 4 

2! + 3! + 4! +0 + ...-1 3 X+ 3 X 27 X + 8{ X 




l x 3 + 3 6 _J. 9 
2 X + 8* 16 X + '" 




i 12,24 14 6 

,. = l-_ x +-x -gj* 


9 - 


(ilziXi) 

2 ! 


a)(4)H)a) 


=1+^-^+^ 
" 2x 8x 2 16x 3 


10 . 




.-i,3 _j. , n, , (-4)t-4)« 2 , (4)(-f)(-!)»’ 4 


= x(l+x) 1/3 = xfl+ - 


2 ! 


- + ... 


= * - 3* 2+ 9* 3- 81* 4+ - 


11. { l + x) *=l + 4x + ^ + m^ + mP^ = l + 4x + 6x 2 + 4xl + x 4 


2 ! 


3! 


4! 


(3)(2)(x 2 ) 2 (3)(2)(l)(x 2 


2 , , 4 , 6 


12. |l + x“j =l+ 3 .r"-i -^— !—^ -_2—2_ = i _|_ 2x~ + 3 x h + x° 


2 ! 


13. (1 -2jc) 3 = 1 + 3(-2x) + + ( 3 X 2 KO(~ 2x ) 3 = i_ 6 , + 12, 2 -8, 3 


3! 


14. (l-|) 4 =l + 4(-|) + 


(4)(3)(-f) (4)(3)(2)(—|) (4K3 X 2Xl)(-f) ,3 2 1 3 , l ,4 

2! 3! 4! 2 16 
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x 3 x 7 X 11 X 15 

15. Example 3 gives the indefinite integral as C 4- 1 - 

3 7-3! 11-5! 15-7! 


H—. Since the lower limit of 


integration is 0, the value of the definite integral will be the value of this series at the upper limit, with 
0 6 11 

C = 0. Since ^ | a 2.75 x 10 -6 and the preceding term is greater than 10 , the first two terms should give 

0 6 3 0 6 7 

the required accuracy, and the integral is approximated to within 10 _5 by —- ~j~Xl “0-0713335 


16. Using the series for e , we find 


e~ x — 1 x x z 

-x „„ -= -1 + —• Integrating term by term and noting that the 


2 3 

X X 

lower limit of integration is 0, the value of the definite integral from 0 to x is given by -x + ^ ^ ^ ^ H—. 


0 4 

Since — « 9.48 x 10 -7 and the preceding term is greater than 10 _ , the first five terms should give the 


6 - 6 ! 


required accuracy, and the integral is approximated to within 10 5 by 


-0.4- 


0.4 2 0.4 3 0.4 4 0.4 5 


2-2! 3-3! 4-4! 5-5! 


- —0.3633060. 


17. Using a binomial series we find 


1 


_ 1 x 4 | 3x 8 5x 12 | 

JT7‘ "2 + 8 " 16 + ' 


Integrating term by term and noting that 


the lower limit of integration is 0, the value of the definite integral from 0 to x is given by 
x 5 x 9 5x 13 5-0 5 13 

x — —— + ———— h—. Since ss 2.93 x 10~ 6 and the preceding term is greater than 10 _S , the first 


10 24 13-16 13-16 

three terms should give the required accuracy, and the integral is approximated to within 10 _s by 
0.5 5 0.5 9 


0.5 — 


10 


24 


; 0.4969564. 


3 /- 2 x 2 x 4 5x & 

18. Using a binomial series we find Hl + x z = l + : - 1 -h—^-. Integrating term by term and noting that the 

3 5 c 7 

X X DX 

lower limit of integration is 0, the value of the integral from 0 to x is given by x + — - — + -.Since 

5 • 0 35 7 

; 5.67 x 10 -6 and the preceding term is greater than 10 -5 , the first three terms should give the 


7-81 


required accuracy, and the integral is approximated to within 10 5 by 0.35 


0.35 3 0.35 5 


45 


; 0.3546472. 


19. f (U ^6/x= f 01 ( 

JO X Jo \ 


°' 1 / l_xi + xl_xi + \ dx = 

1 3! + 5! 7, + • • • I wx — 


y- X 3 , X 5 X 7 , 

3-3! 5-5! 7-7! 


nO.l 


Jo 


X-^+^ 
3-3! ^ 5-5! 


nO.l 


Jo 


iQ. 0999444611, 2.8 xl0“ 12 


7-7! 


20 . 


f 01 6 

Jo 


dx = 


n 




-)■ 




x 

' 42 


0.1 

0 


10 42 


0.1 

0 


i 0.0996676643, \E\ < * 4.6x10 


-12 
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21. (l + x 4 ) 1/2 = (1) 1/2 + iil(l)- 1/2 ( x 4 ) 2 + (l)H)H) (1) -5/2 ( 

■ ( 2 ) H) (~f) (~l) m -7/2 / 4 ) 4 _i , xl_Z + *!I_5x^ , 

+ 4! [X j +...-1+ 2 8 + 16 128 +... 


£(^1 *-£(*- 

1^1 -irWi “l^xlO -10 


2 4! 6! 8! 10! 


.j dx « ■ 


x x 3 , x 5 x 1 

2 3-4! 5-6! 7-8! 


7 x 9 l 1 

8! + 910! „ 


: 0.4863853764, 


fl 7 fl / ,4 ,8 ,12 \ f .5 .9 .13 

23 . J o cost dt = j o l-V+ii"V + -r= ? -To + ih-ITr 


10 94! 13 6! 


-il 

i + -Jo 


■| error | < ».00011 


1. J ( J COS ^ = J ( J(l-|+^-^+4----)^ = ^-T + TT-A + 4!---] 0 ^l error 

rX/ 9 ,6 ,10 ,14 \ r,3 J ,11 ,15 1 X 3 7 11 

5 F (= T (— -—i- -—i- I cit. — --—i— --- 1 - ~ — — —u— 

w Jo\ 3! 5! 71 / L 3 7-3! 11-5! 15-7! J 0 3 7-3! 11-5! 


|error| <y^y« 0.000013 


/•a/ 9 4 ,6 ,8 ,10 ,12 \ r,3 ,5 ,7 ,9 ,11 ,13 

5- *■(*) = Jo (f -t + 2 J - 3T + ^r _ ^r + ---j di = T _ T + T2! _ T3! + TT4! _ TT5! + "' 



4 


=> error ■ 

Jo 

„ X 3 

x 7 , x 11 

~ 3 

7-3! + 11-5! 

t n 

43 l x 

_ _L_L 

114! 

13 ' 5! Jo 


errorl < tttt ~ 0.000004960 


x 3 X 5 | x 7 x 9 | x 11 . 
3 5 + 7-2! 9-3! + 114! ' 


| error | < -jj^y « 0.00064 


(»fw=i;( 


.3 .5 .7 .2 .4 .6 

t -—+ dt = - + — + - - 

35 7 I 2 12 30 " 


.00052 


(b) |error| < 3334 ~ -00089 when F(x) * + ++ ^ 


rX / , ,2 ,3 \ r ,2 ,3 ,4 ,5 

(a) A(x) = J o (l4 + V-V + -)^=^-^ + i3-i4 + T5--J 


3.3 4.4 5.5 ’ ’ * j} 1 32 ^2 ^2 


| error | < «.00043 

6 2 


(b) | error | <^-*.00097 when F(x) ~ x-^- + ^--^- + ... + (-l) 31 


y X^_ ( i + x) ) = x|(i + x + Z + Z + ...)_i_ x j 


1 — v = _L + JL + xl + 

* 2 + 3! + 4! + '--' 


e x -(l+x) 
2 


= lim 1 — + — + — + 

T 2 3! 4! 


• i( eX ~ e ~ x ) = i\( 1+x+ i + ii + -A t + -)-( 1 -^ + 


. n 2x 2 1 2 x 4 1 2 x 6 . 
3! 5! 7! 


xi_xi , x^_ — 11 9 r _j_ 2 x 3 , 2 x 5 , 2 x 7 

'2! 3! + 4! xl 3! + 5! + 7! 


• lim £-=£- 

x->0 * 


■= lim 2 + 4^ + ^p + ^y 

x —>00 \ '■ 
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31 . J r ( 1 _cosr-4)=^[l-4-(l-4 + £-S + -) 


0 


= Um -4t + t7-4t + ... =-^r 


4! 6! 8! 


24 


1 r 2 t 4 

-—4-2 - 2 - 1- : 

4! 6! 8! 


• lim - 


1-COS t-\ | 




sin 0-0+ ^ 


■ lim - 

0->O 


= lim (J._+ =^_ 

0™l 5! ^ 9! ■■■) 120 


33 . ^(.V l:l " '.'-l- 'l • s ■■■) 


y_ 

5 


> lim ta ” 4 = lim f \ - 

y-> 0 y s y-+0V' i 


34. 



35. 


-1 + e 


- l/x 2 


= X 


■ 1 + 1 “^ + i 


- 1 +- 


= lim ( 

x—>oo\ 

36. (x + 1) sin(-^j) = (x +1) 


= -l 


= -l+- 

6x 6 I 


1 


* +1 3!(x+l) 3 5!(x+l) 

lim (x + l)sinl—M = lim 1- 1 

r— \X+IJ x^co ^ 


2x z 6x 


-... = 1 - 


l 


3!(x+l) 2 5!(x+l) 4 


3!(x+l) 

= 1 


lim x 2 I e 1/a 


1 


5!(x+l) 4 


37. 


ln|l+x 2 j 

1—COS X 


2 4 

J_x _|_*_ 


ln^l+x 2 j 


2 4 

i x _i_X_ 

2 3 


1 

•'3-^1 

-1 

! 

1 1 * 2 + 1 

x->0 

x^0 


1 21 4! "7 

v 2 ' 4! J 



l 2! 41 J 


= 2 ! =2 


38. 


(x-2)(x+2) 


ln(x-l) 


(x-2)- + ^L 


x+2 


i x-2 (-v-2) 
2 3 


lim 


= lim 


X+2 


x—>2 '“C-O x->2 


i x-2 ( x-2) z 

1 2 + 3 


39. sin3x z = 3x 2 - %x 6 +-|4x 10 -... and l-cos2x = 2x z -4-x* +4 fX° 


2 „4 4 „6 


■ lim 

x-»0 


40 

, i..2_9 6 SI 10 

sin3x~ _ 2 40 


3' 


1—cos2x 


= lim 


3-" x 4 +—x s 


x-»0 2x 2 -f x 4 +£x 6 -... ,->0 2-f x 2 +^x 4 - 


45" 

1 

2 


40. In 


(i + x 3 ) 


= x J -+- + + -+ L +... and xsinx z =x J -\x' +- r 477 ir 11 - 


15 


In i 


(l+x 3 ) 


• lim ■ 

x-+0 xsinx' 


3 


V 3_J7 , Jll_ 115, 

X->0 x 4 nn 1 wn x + -" 


120 " 


5040 " 


= lim 


3 6 9 

1 _ X _I X _ X _, 

2^3 4 =1 


1 l v 4, 1 8 1 J2 , 

X-+0 1 - +^X — 5040 X +•• 
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41 1 + 1 + —+ —+ —+ 

-fi. 2! 3! 4! 


,. = e = e 


«- (t 




1 1 _ 1 4 _ 1 


64 1 -1/4 64 3 48 




44. i- 1 


J_]_ 

2 2-2 2 ' 3-2 3 4-2 4 


TBlHKiHtH-"THS!) 


3 5 7 

4 c n n ■ n _ n 

3 3 3 3! 3 S 5! 3 7 7! 


n_ _ 1 _ 

3 3! 


(f ) 5 + ii(f) ! “ 71 (f ) 7 +••—sin(f) 




46. 


HHH + -HB(l)Ht)HH-Hi) 


47. x 3 + x 4 + x 5 + x 6 + ... = x 3 [\ + x + x 2 + x 3 + ...) = x 3 (B 7 ) =^ 


48. l ~ t ir +t ir- t ir + - = l -l H ) 2 + i (3x ) 4 - ± (3x ) 6 +... = cos(3x) 


2 !' 


4!' 


6 !' 


49. x 3 -x 5 


+ x 7 -x , + ... = x 1 (l-x 2 + (x 2 f-(x ! f + ... ) = * 3 (H 1+t . 


50. ^_2*WPPP-...-Al-2.* + P-<B + < 2 ‘> 4 


2! 3! 


4! 


2! 3! 


4! 


=xV 2 * 


51. 


-l + 2x-3x 2 + 4x 3 -5x 4 +... = -j-(l-x+x 2 -x 3 + x 4 -x 5 +...) =-4-(j^—) =—- 

ax\ ] dx\\+xl (1+x) 


52. l + f + T + ^ + 2 5 - + '- : 


x \ 2 3 4 5 


"') = Tv ln(l x) = ■ 


ln(l—*) 


53. In P = 


(|±|) = 1 n( 1 + x)- ln ( 1 -x)=(x-4 + 4-4 + ...)-( 


-x) = |x-P + P-P + ...|-|-x-4-4-4-...| = 2|x + P + P + 


2 3 4 




2 3 4 i-ll" -1 r" 1 1 

54. ln(l + x) =x-4 r + ^y-^- + ... + ^—+ ... => |error| = 

—— < —V => nlO” > 10 8 when n > 8 => 7 terms 
nlO" 10 8 


(-ty-V 


= —— when x = 0 . 1 ; 
« 10 " 


55. tan~ 1 x=x-^ + ^-^ i 


3 - 5 J> (-lp-'x 2 "- 1 | | 

3 1 5 7 + ir-- + 2 w-t + -^l error l = 


(-l)' , - 1 x 2 ”~ 1 


2«-l 


= Hr when x = 1 ; 
2n-\ 


1 ^ 1 


„ < -V => n > = 500.5 => the first term not used is the 501 bl => we must use 500 terms 

2n—\ jo 3 2 
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1 3 5 7 9 C-U" -1 v 2,,_1 

56. tan~ x=x-^- + ^--^ r + ^--... + ( - 

3 5 7 9 2«-l 


+... and lim 

n— >00 

(-0 


2n-\ 


2n+\ r 2n ~ x 


= x 2 lim 2^-4 = x 1 => tan 1 x 

n->oo 2n+l 


converges for \x\ < 1 ; when x = -1 we have ^ which is a convergent series; when x = 1 we have 


n =1 


^ which is a convergent series => the series representing tan 1 x diverges for |x| > 1 

n-\ 


i 3 5 7 9 ( \ yi-1 v 2#i-l 

57. tan- 1 x = x-^ + ^-^ r + ^-...+^V x 
3579 2 « 


c 2 "-! _i / , \ 

--h... and when the series representing 48 tan ly^T has an 


error 


less than 2-10 6 , then the series representing the sum 48 tan 1 + 32tan '(-jyj- 20 tan 1 ( 2 I 9 ) a ^ so 

n > 4 using a calculator => 4 


(if" 

has an error of magnitude less than 10 , thus lerrorl = 48—— < —i-r 

& ’ll 2n-l 3 . 10 6 

terms 


00 CO 00 

58. (a) f(x) = l + Y J [k)x k =>/'(*) = Yj[k) kxk ~ l ^( 1+ 4>-/'(*)=(l+*)Zl(r ) kxk ~ l 
k —1 &=1 k =1 

00 00 00 00 

=z (a ) k xk ~ l +* • z (a Y xk _1 =z ) k * k ~ x +z (r )■ k x k = 

k =1 A=1 k =1 A=1 

00 00 00 00 

(l')(D x ° + I (? * X*- 1 + Y(k)k x k =m + Y (l‘)k X*- 1 + £(j? * x* 
k=2 k =1 k=2 k =1 

Note that: £ (A )■ k x * _1 = Z (A+l) ^ + ! ) xA • 

A=2 A=1 

0 ° 00 °°/\ °°/\ 

Thus, (1 + x)-f'(x)=m+^^™^kx k 1 + X(a)^ x * = + X (a+ 1 )(^ + l) x * + ^ (a ■ 


k=2 


k =1 

+ X (a+i)^ + 1 ) xA + (a xA = w + X ((a”+i)(^ + 1) + (a 

A=1 A=1 l 


A=1 


A=1 




m (m— 1)- - (m— A +1) , 
H — A 


A! 


m-(ni—\)---(m—k) | m-(m—l)■ - -(m—k+1 ) ^ _ w(m—!)■ ■■(»!—A+l) 


A! 


A! 


A! 


-((»;-£)+£) = m 


m-{m— 1)- • *(m—&+1) 
A~! 


= m 


(")• 


Thus, 


= m 


, (1 +x)-f\x) = m + Y j (l k +lY k+r ) + (k )*) x * = m + X ( m (* )) x * =m+m H(k) 
A=1 L j A=1 l A—1 

1 + Z(a) xA = w/M =>/'(*) = if -1 <x < 1. 


v A=l y 

—m 


(b) Let g(x) = (1 +xT m f(x) => g'(x) = -m(l +x)-'”- 1 /(x) +(1 +x)-' w 

/'(*) = -w(l +x)“" i_ 1 /i(x) +(1 +x)~ m ■ = -w(l +x)“ m_ 1 /(x) +(1 +x )“" i_1 -m- f(x) = 0 . 


oo 

(c) g'(*) = 0 =>g(x) = c =>(1 +x)~ m f(x) =c =>/(x) = ——- = c(l+x) m . Since /(x) = 1 + ^(a ) x * 
00 

^ /(O) = 1 + X (A p* = 1 + 0 = 1 => c(l + or = 1 c = 1 => fix) = (1 +x) m . 
k =1 
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59 


. (a) (l-x 2 ) 1/2 «l+4 +^ + 


5x 6 —oin - ' v ~ v i -V 3 i 3x J i 5.X ? . 

16 ^ Sln 6 + 40 + 112’ 


Using the Ratio Test: lim 


l-3-5"-(2»-l)(2»+l)x / ”~ ki 24-6---(2»)(2»+l) 


12-4-6- • (2«)(2/j+2)(2/j+3) 1.3.5...(2 ;) -l)x 2 " +1 

|x| < 1 the radius convergence is 1. See Exercise 69. 

- 1/2 


2 

< 1 => x lim 


(2»+l)(2«+l) 


(2h+1)(2«+3) 


<1 


(b) 7^ cos 1 xj = -il-x 2 =>cos 1 


Y - JL — cin _l y ~ Z- — I y I X 3 1 3x 5 I 5x 7 I ~ 7T_ _ X 3 3x 5 5x ? 
x- 2 sin x~, 6 + 40 + 112 ~ 2 * 6 40 112 


-V2., ,u,-»».i'. HH)»m i HHHKVr 1 3,,. 


2 2 2 -2! 2 3 -3! 


60. (a) (l« 2 f »(i r .' 2 + H)(i r 3,2 (< 2 ) 

(b) sinh -1 » i _ _1_ + _1_ = 0.24746908; the error is less than the absolute value of the first unused 


2 ! 


r x 3 1 3x 5 5x 7 

6 40 112 


5 .7 1 5(7) 

term, yyy, evaluated at t = 7 since the series is alternating =4 | error < -77- ~ 2.725 


xlO 


-6 


61. 


62. 


1+x 1—(—x) 


1 1 , 2,3 

1 — = — 1 + x — x +x -... 


1- 


fy = 1 +X 2 +X 4 +X 6 + . . . : 


d_ | 


. 1 

dx 1 

U+xj 

(t+x) 2 


2x 

-d_t\ 

= ( 

1-x 2 ) 2 



7f|-l+x-x 2 +x 3 -.. 


. I = 1 - 2x + 3x 2 - 4x 3 +. 


+ x“ + x 4 + x 6 +... = 2x + 4x 3 + 6x 5 +. 


63. 


Wallis’ formula gives the approximation n « 4 


244-6-6-8---(2n-2)-(2n) 

3-3-5-5-7-7--(2n-l).(2»-l) 


to produce the table 


n 

~ n 

10 

3.221088998 

20 

3.181104886 

30 

3.167880758 

80 

3.151425420 

90 

3.150331383 

93 

3.150049112 

94 

3.149959030 

95 

3.149870848 

100 

3.149456425 


At « = 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. At n = 30.000 we still 
do not obtain accuracy to 4 decimals: 3.141617732, so the convergence to n is very slow. Here is a Maple 
CAS procedure to produce these approximations: 
pie := 

proc(n) 
local i,j; 

a(2) := evalf(8/9) 

for i from 3 to n do a(i) := evalf(2*(2*i -2)*i/(2*i -l) A 2*a(i-l))od; 

[[j,4*a(j)]$G = n-5..n)] 
end 
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64. (b) See Exercise 68 in Section 8.2 and the corresponding solution in this manual which shows how the 

formulas for definite integrals of powers of sine and of cosine can be derived from repeated application of 

1 9 

the reduction formulas 67 and 68. The given expression for K follows from substituting k" sin" 6 for x 
in the binomial series for 1 / -s/l -x and then using the formula for integrals of even powers of sine in 
Exercise 68 of Section 8.2. 


65 


. (i-* 2 p =(i+(-* 2 )p=d)->' 2 + (-i) ( i)- 3/ q-,q + 

x 2 . l-3x 4 . 1-3-5-t 1 
2 2 2 -2! 2 3 -3! 


- 1/2 


' -» i ■ ■ 


2 ! 


3! 


= i + Z + idZ + i^Z+,., = 1 + y 13S - ■■ 

2 r ) l . r )\ 9 3 .ii 2 n -n\ 

n =1 


“'-CM "-I; t + X 1 ' 3 ' 5 "^ 1 ^ dt = x + Y » where \x\<l 

V n =1 J n -1 


> sin 


f 

V n=\ 


66 . 


tan 1 1 




1+1 i I 


m 


“JT( 1_ 7 + 7“7 + -") 


dt 


: f ("7— 7 + "p—V + ---)^= lim 

Jx \t 2 t 4 t 6 t* I 6->oo 


' 3/ 3 5t s It 1 


~\ b 


= L-J_ + A _3_ + 

* 3x 3 5x 5 lx 1 


=7> tan 1 x = ——4—V—4- + -.., x>l; 

2 * 3x 3 5x 5 


tan 1 1 


= tan" 1 x + f = \ X -Ar 
2 J_oo l +r 2 


= lim 

6—>- CO 


-U-L-fL+Ar-... 


. , . . , .... =—-+—L—C- + --!—.=>tan 1 x = ——4- + ..., x <-1 

‘ 3« 3 5 1 5 It 1 \ b x 3x 3 5x s lx 1 2 x 3x 3 5x 5 


67. (a) e in = cos(-;r)+zsin(-7r) = -l+z'(0) = -1 

(b) z /4 = cos(f) + /sin(f) = ^ = (^)d + 0 

(c) e~ l7l/2 = cos(-yj + isin^-yj =0 + i(-l) = -i 

68. e lG = cos#+/sin6 , =>e _ " 9 = = cos(-#) + / sin(-#) = cos 6 - i sin #; 

e w +e = cos#+/sin6 , +cos6 , -/sin# = 2cos# => cos# = i -Zp—; 

e lG -e~ ,G = cos# + / sin # - (cos # - i sin#) = 2/sin# => sin 6 = - ~ e . — 


69. 


xi 

2 ! 


xi 

3! 


4! 


Z=l + /# + lff + lfl + i^ + ...and 


-w i , (-m 2 , (-ie? , c -w ) 4 , , , aef (wf , m 4 

e _t—-,6*+^- 


e w +e~ w _ 


1 + 10 - 


m 2 f m 3 , us) 4 


+... + 1 -/ 0 + 


(ig) 2 (W? , be) 4 


= 1 -!t + $-4 + -=cos#; 


6 ! 


1 +/ 0 + 


(W ) 2 t (W ) 3 t (iff ) 4 


+... - 1 -/ 0 + 


(W) 2 (/fl) 3 I (iff) 4 


= 0-^ + ^-^ + ... = &in6 


2 ! 


2 ! 
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70. e 10 = cos0+/sin6*=>e 10 =e l ^ : ^ = cos(- 6 *)+/sin(- 6 *) =cos0-/sin0 


(a) e l ° + e 10 = (cos 6* + i sin 9) + (cos 9 - i sin 9) = 2 cos 9 => cos 9 = — = cosh i9 

(b) e 10 - e~ 10 = (cos6*+/sin#)-(cos#-/sin6*) = 2/sin 6* n> ism9 = e ~ g = sinh \9 


71. e sinx= l+x+^- + ^- + ^j 




X 3 , X 5 X 1 , 

31 5! 7! 


-( 1 )* + ( 1)* 2 +(-|+ y )* 3 +(-| + |)^ 4 +( t 20 _ I 2 + u ) x5 +---- x+x1 +}* 3 

e x ■ e lx = e <2+, ' )A = e x (cos x + i sin x ) = e x cos x + i |e A sin x j => e x sin x is the series of the imaginary part 

of e^ 1+,)A which we calculate next; e ( 1 + 0 -r _ ^ =l + (x+ix) + *' x+ ™' > + * + ( * 4 '^ +■■■ 

n =0 

= 1 + x + ix + Y\ ^ 2 rx 2 j + jj ^ 2 a 3 - 2 v 3 j + ^ -4.v 4 j + yf ^ -4.v 5 - 4/.r 5 J + T |- 8 /.r 6 j +... => the imaginary part of 

e (1+ ' )A is X + ^fX~ + fj-X 3 — jjX 5 — jrX 6 + ... =X + X 2 +\x 3 — -^-X 5 —-^-X 6 + ... in agreement with our 
product calculation. The series for e x si 11 x converges for all values of x. 

(L^ e ( a + lb )^ = A_ e ax (cos+ /sin bx) = ae ax (cos bx + isin&r) +e ax (-b sin bx +bi cosbx) 

= ae ax (cos bx + i sin bx ) +bie ax (cos bx + i sin bx) = ae^ a+lb): ' +ibe' a+,b ^ x = (a +ib)e^ a+,b ^ x 


e i0] e‘° 2 = (cos 9\ +i sin 9 l )(cos 9 2 +i sin 9 2 ) 

= (cos 9\ cos 9 2 - sin 9 X sin 9 2 ) + i (sin 9\ cos # 2 + sin 6*2 cost^) = 005 ( 6 *! +9 2 ) + i sin(#i + 

e~ 10 = cos (-9)+i sin(-<9) = cos#-/ sin 9 = (cos 9-i sin 9)( cos0+is ' n0 '\ = — f = — 
v ' v ' V / (cos 9+i sin 9) cos 9+i sm 9 e < 


73. (a) e i0l e 102 = (cos 9y +i sin 6*1 )(cos 9 2 +i sin 9 2 ) 

= (cos 9\ cos 6*2 - sin 9 X sin 9 2 ) + / (sin 9 X cos 9 2 + sin 6* 2 cos 9 \) = cos 


; ( 9 X + 6*2 ) + / sin ( 6 *! + 9 2 ) = e^ 0 ' ^ 2 > 

iin /9 \ i i 


74. -e=hL e {a+bi)x + C, + iC 2 = ( e ax (cos bx + i sin bx) + C, + iC 2 

a 2 +b 2 \ a 2 +b 2 I V 71 / 

ax , . . 

= -%-— T (a cos bx+ia sin bx -ib cos bx + b sin bx ) 4- Ci +/C? 
a 2 +b 2 v J 1 z 

= % ^2 [(a cos bx+b sin bx) + (a sin bx-b cos Z?x)/] + Q + /C 2 

^(a cosbx+b sin bx) ie^^a sin bx-b cos bx) 

— -----h Ci H----h iCs') 1 

a 2 +b 2 1 a 2 +b 2 

e (a+bi)x _ £ ax e ibx _ £ a\ ^ CQS fo x+ j s j n ^ CQ& b x+ j e ax s i n j Jx ^ s0 th a t given 

[ )x dx = a ~ b \ e ( a+b 9- x +C + ic we conclude that f e ax cos bx dx = -— (‘' cosSln hx ) + q an( j 
J a 2 +b 2 1 7 J « 2 +* 2 1 

\e ax sm bx dx = em ' (aSmfa t COsfa ) + Co 
J n 2 +h 2 2 
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1. converges to 1, since lim a n = lim I 4-=1 


n—tcc n —>co 


2. converges to 0, since 0 < a n < lim 0 = 0, lim -j= = 0 using the Sandwich Theorem for Sequences 

v n 77—>oo >oo "v n 

3. converges to -1, since lim a n = lim = lim l-h-1 =-l 

4. converges to 1, since lim = lim l + (0.9)" =1 + 0 = 1 

77—>00 77—>00 L- 

5. diverges, since jsin-^j = {0,1, 0, -1, 0,1,...} 

6. converges to 0, since {sin mi) = {0, 0, 0,...} 


In n 2 4) 

7. converges to 0, since lim a n = lim -52L = 2 lim ^ = 0 

77—>00 77 —>00 77 77—>00 1 


converges to 0, since lim a n = lim ln( '' +1) = lim hull = o 

77—>00 77 —>00 U 77—>00 


9. converges to 1, since lim a n = lim ( /?+ln/? j = 

77—>00 77—>00 \ H ) 


1 +( 1 ) 

= lim —p = 1 

77—>00 1 


10. converges to 0, since lim = lim ■ 

77—>00 77—>00 


tl^277 3 +lj 


= lim - li m 1±IL - lim ^ = 0 

77—>00 77—>00 677 77—>00 U 


11. converges to e 5 , since lim a„ = lim 


77—>00 77 —>00 


im = lim ( 1 +—)" = e~ 5 by 

->00'' ” 1 n 


Theorem 5 


12. converges to since lim a n = lim (l+—] = lim —h_ = i by Theorem 5 

e 77—>00 77—>00 ' n ' 77—>00 ^ 


( n \1/^ 

— = lim = j = 3 by Theorem 5 

n J 77—>00 n 1 


( •2 \ 1/77 b -jl / w i 

— I = lim = | = 1 by Theorem 5 

n ' 11 =^ n 
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( \/n \ • 9 I/W 1 

2 -11 = lim -. -, = lim 

' n—^o 0 ( —I n— 


> 

1/,! ln2)~ 

_ 

„ 2 



i, 



= lim 2 I/h In 2 = 2°-In2 : 


16. converges to 1, since lim a n = lim yj2n +1 = lim exp [ ln( ” +1 * j = lim exp =e° =1 

n — ^00 72 —» 00 w —>00 \ n J n— >oo 


17. diverges, since lim a„ = lim p m +1^) = 00 

n— >« n— ><» ”• /;—»«> 


(-4)" 

18. converges to 0, since lim a„ = lim —— = 0 by Theorem 5 

11 —>co n—> 00 n ‘ 


19. 


20 . 


21 . 


if + 77i^^=(f + f) + (f + !) + - + (f + 77r) = -f + 77r^ ) ;™^= ) ;™(- 1+ 77r) = - 1 


22 . 


1 

(i) 

(2«-3)(2n-l) 

2n-3 

=ft> lim = 

- lim 

»-»co 

«— >00 

-2 _ -2 

+ ^_- 

72(72+1) 72 

n+1 

9 

_ 3 

(3«-l)(3»+2) 

3/7-1 

=> lim s n = 

- lim ( 

72—>00 

«— >00 ' 

—8 

-2 

(4h-3)(4h+1) 

4«-3 

=i> lim s n = 

- lim ( 

72—>00 

n— »°o' 


ft) ft) 

3 5 


ft) ft) 

5 7 


ft) ft) 


2/2—3 2 72—1 


a) ii 

3 2n-l 


i_iil 
6 2 / 2—1 




_ 3 3 


2 3«+2 


+ n) + (l7 + 2 t) + '" + ( 


+ ( —|- - —) = —— H- - — 

4«-3 T 4n+l/ 9 4 / 7+1 


00 00 


23. ^ e " = ^ -+, a convergent geometric series with r = j and a = 1 => the sum is 


72=0 72=0 


1 _ e 

Hi) e ~' 


24. X(-l) n -+ = y] a convergent geometric series with 

72=1 72=0 

(ft) _ , 


: — and a = -j- => the sum is 


HD 


25. diverges, a p-series with p = \ 

00 00 

26. ~ = ~5 y + diverges since it is a nonzero multiple of the divergent harmonic series 

72=1 72=1 


In 2 
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27. Since /(x) = => f'(x) = -h__ < 0 => f (x) is decreasing => a n+1 < a n , and lim a n = lim -j= = 0, the 

x 2x n—> oo 72 —>oo 


series ^-44- converges by the Alternating Series Test. Since ^-4 diverges, the given series converges 


-Jn 

72=1 

conditionally. 


72=1 


4 


28. converges absolutely by the Comparison Test since -4- < \ for n > 1, which is the «th term of a convergent 

2n n 

p -series 


29. The given series does not converge absolutely by the Direct Comparison Test since > -X, which is the 

«th term of a divergent series. Since f (x) = 1 => f'(x) =-4-< 0 => f(x) is decreasing 

ln( - r+ b ‘ (ln(x+l)) (x+1) 

=> a n+ 1 < a n , and lim a n = lim 1 = 0, the given series converges conditionally by the Alternating 

;?->«> »co 

Series Test. 


30. 


f —-—— dx — lim f^ 

•>2 x(lnx ) 2 »00^2 x(lnx ) 2 

absolutely by the Integral Test 


dx = lim 
Z>->co 


-(Inx) 


-1 


i b 


J 2 


Z)->°O 


U _ L) 

\ In b In 2 j 


= - lim = -^2 => the series converges 


31. converges absolutely by the Direct Comparison Test since < -y = -y, the nth term of a convergent 


p- series 


32. diverges by the Direct Comparison Test for e > n => In (e \>lnn=>n >\nn^>\nn > ln(ln n) 
^>n\n n > ln(ln n ): 


ln n >1, the «th term of the divergent harmonic series 


ln(ln 72) 72 5 


33. lim 


72— >00 _L 


= lim-f—=v/l=l=> converges absolutely by the Limit Comparison Test 


/?—>00 W +1 


3x 


34. Since /(x)=- 3 

X +1 


■/'« = 


3x(2-x 3 ) - 2 

—--A < 0 when x > 2 => a, I+1 < a n for n > 2 and lim 

72—>00 W +1 


(* 3+1 j 


= 0, the series 


converges by the Alternating Series Test. The series does not converge absolutely: By the Limit Comparison 

2 ' 


Test, lim 

72—>00 


= lim X— = 3. Therefore the convergence is conditional. 


(i) 


Jp+l 


35. 


converges absolutely by the Ratio Test since 


lim 

72—>00 


72+2 
(72 + 1)! 


72! 

72+1 


lim -XL. = 0 < 1 

n —>00 (n+ 1) 


(-l)"(n 2 +l) 

36. diverges since lim a„ = lim-^-- does not exist 

n —>00 n —>00 2n +n —1 
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37. converges absolutely by the Ratio Test since lim 

n —>00 


3" 


(n+1)! 3" 


= lim -^-r = 0 < 1 

«-> oo' ,+1 


38. converges absolutely by the Root Test since lim 'jj\a n \ = lim = lim = 0 < 1 


39. 


converges absolutely by the Limit Comparison Test since 


lim 

n —>00 



*Jn(n+l)(n+2) 



n(n+l)(n+2) 


= 1 


40. 


converges absolutely by the Limit Comparison Test since 



«-> CO _1_ 



= 1 


41. 


lim 

n—>oo 


< 1 : 


■ lim 

n —>oo 


(x+4)' ! 


rii" 


(;i+l)3” +l (x+4)” 


< 1 : 


• lim < 1 => —p' <l=>|x + 4|<3=>-3<x + 4<3 


=> -7 < x < -1; at v = -7 we 


00 

have 

72=1 


(— 1 )” 3 ” 


223 


M 



22=1 


the alternating harmonic series, which converges 


00 00 

conditionally; at x = -1 we have = , the divergent harmonic series 

22=1 22=1 

(a) the radius is 3; the interval of convergence is -7 < x < -1 

(b) the interval of absolute convergence is -7 < x < -1 

(c) the series converges conditionally at x = -7 


42. 


lim 

n —>oo 


< 1 : 


■ lim 

>oo 


(x-lL” (2n-l)! 


(2/j+l)! 


(x-ir 


< 1 => („r -1) lim 


1 


(2»)(2h+1) 


= 0 < 1, which holds for all x 


(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


43. lim 

22—>00 


< 1 => lim 
22—>00 


(3x-l)” 


(n+1) (3x-l)” 


< 1 => |3.v-l| lim " , < 1 => |3x -l| < 1 => -1 < 3x -1 < 1 

1 n —>00 (h+1) 2 1 1 


•0<3v<2=>0<x<-|; at x = 0 we have ^ 

22=1 


(-i)"-‘(-ir 


/ 1 \ Z/2—1 

= V -—- 2 — = —/ W, a nonzero constant 

22 22 

22=1 22=1 


multiple of a convergent ^-series which is absolutely convergent; at i = j we 


have ^ 
22=1 


(-lr'ar 


which converges absolutely 

(a) the radius is the interval of convergence is 0 < x < 

(b) the interval of absolute convergence is 0 < x < 

(c) there are no values for which the series converges conditionally 


X 

22=1 


(- 1 )” 
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44. 


lim 

n —>co 


u n +1 

< 1 => lim 

ft—>00 

n+2 (2x-l) ,,+1 2n+l 2" 

< 1 => 2x+1 lim 

ft+2 2ft+11 

»n 

2n+3 2 ,,+1 "+ 1 (2x+l)" 

Z ft—>001 

2«+3 ft+11 




> |2x +1| < 2 => -2 < 2x +1 < 2 => -3 < 2x < 1 => --| < x < y; at x = we have 


'Ti+T' ~ 2 H = S * ^»+i +1> W ^* C ^ diverges by the «th-Term Test for Divergence since lim 
n=l “ 2 n=l ” 


00 00 

at x = d- we have ^ 4^TT ~ = ^ 2 n+T’ w ^* c ^ diverges by the «th-Term Test 

n =l 2 n=l 

(a) the radius is 1; the interval of convergence is -4 < x < \ 

(b) the interval of absolute convergence is -4 < * < 4 

(c) there are no values for which the series converges conditionally 


1 

2 


*0; 


45. lim 

ft—> 00 


4 11 +1 
u„ 


< 1 : 


lim 

ft—>00 


(h+1) ,,+1 x" 


< 1 : 


| lim 

ft—>00 


V H+l / Vh+U 


< 1 => — lim l-^) < 1 => — • 0 < 1, which holds 


for all x 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


46. 


lim 

n— 


< 1 : 


■ lim 

ft—>00 


~Jn 


-Jn +1 


< 1 : 




< 1; when x = -1 we have ^ 


(-D" 


which 


converges by the Alternating Series Test; when x = 1 we have V -4, a divergent p-series 

\//? 


n =1 


(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) the series converges conditionally at x = -1 


47. lim 

n —>oo 


«n+l 

U„ 


< 1 => lim 

ft —>00 


(h+2)x 2 " +1 3 " 


3 ,,+1 (n+\)x 2nl 


: 1 V lim (-^±4) < 1 => -%/3 < x < y/3; 
3 ^U+i/ 


GO 00 _ 

the series V— an d obtained with x = ±V3, both diverge 

, v3 V3 

«=1 ft=l 

(a) the radius is V4; the interval of convergence is -V4 < x < V3 

(b) the interval of absolute convergence is -V3 < x < V4 

(c) there are no values for which the series converges conditionally 


48. lim 

n —>oo 


» B +l 


< 1 => lim 

ft—>00 


(x-l)x 2,,+3 2w+l 


2n+3 


(x-l)x 2 


1 => (x -1) 2 lim (f±i) < 1 =* (X - 1) 2 (1) < 1 => (x - 1) 2 < 1 

ft->00 ' Z ' n ~ rj ' 


00 (_\\ n (_\\2n+\ 00 /_i\3n+l 00 /_ i\ii-l 

=^>|x-l|<l=>-l<x-l<l=>0<x<2; at x = 0 we have ^ -— 2 n +i - = S 2 /?+i “S' 


n=l 


2«+l ^ 2ft+l 

ft=l ft=l 


which 


00 

converges conditionally by the Alternating Series Test and the fact that ^ ~ 2 n+\ diverges; a * x = 2 


we have 


y (-i)"d ) 2 " +1 

2n+l 

ft=l 


I 


ft=l 


(-D" 

2n+l ’ 


which also converges conditionally 


(a) the radius is 1; the interval of convergence is 0 < x < 2 

(b) the interval of absolute convergence is 0 < x < 2 

(c) the series converges conditionally at x = 0 and x = 2 
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49. lim < 1 => lim 


csch(«+l)x" 


«->-oo | csch (n)x 


< 1 => U lim 



,n+l_ e ~n-l J 


( 2 ) 



< 1 => |jc| lim 

n —>oo 


1 2„-l ^ X 


<1=^>L_L <1 
e 


=> -e < x < e; the series ^ (± e)' ! csch«, obtained with x = ± e, both diverge since lim (± e) ,! csch n * 0 

, n— >oo 

n =1 

(a) the radius is e; the interval of convergence is —e < x < e 

(b) the interval of absolute convergence is —e < x < e 

(c) there are no values for which the series converges conditionally 


50. lim ^±L <1=> lim v coth(n+1) <1=>U li m 1+e ~!"~" < 1 => \x\ < 1 => -1 < x < 1; 


n —^co X n coth(w) /i—>oo 11—^ 2 1+e | 


the series ^ (± 1)” coth n, obtained with x = ±1, both diverge since lim (± 1)” coth n ^ 0 

n=1 

(a) the radius is 1; the interval of convergence is -1 < x < 1 

(b) the interval of absolute convergence is -1 < x < 1 

(c) there are no values for which the series converges conditionally 

51. The given series has the form 1-x + x 2 -x 3 +... + (-x) n +... = -p—, where x = \', the sum is —tty = I- 

i+A 4 l+({) 5 


2 3 

52. The given series has the form x-V +V 


.+ (-!)” y- + ... = ln(l + x), where x =j, the sum is 


l(|)« 0.510825624 


3 5 

53. The given series has the form x-y- + y-- 


. + (-1) -j —— +... = sin x, where x = n\ the sum is sin n = 0 


54. The given series has the form l-^- + ^j-... + (-l) n ^yr + --- =cos x, where x = y; the sum is cosy = y 

55. The given series has the form l + x + y- + y- + ... + y- + ... = e A , where x = ln2; the sum is e ln(2) =2 


56. The given series has the form x -y- + y- -... + (-1)" * +... = tan 1 x, where x = -4=; the sum is 


1 \ _ 7T_ 

>/ 3 I 6 


57. Consider as the sum of a convergent geometric series with a = 1 and r = 2x 


= 1 + ( 2x ) + (2x) 2 + ( 2xy +... = ^ ( 2x) n = ^2 n x n where \2x\ < 1 => | 


n—0 n -0 


58. Consider —y- as the sum of a convergent geometric series with a = 1 and r = -x 3 


T^-y-l + (-x 3 ) + (-x 3 ) +(-x 3 ) ZV 1 )"^' 

l ) n =0 


1+x 1- - 


3 ” where -x 3 <1=> x 3 < 1 => I x I < 1 
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, 0 • v (-i)^ 2n+1 

59. sinx=^ (2;, + i)! ^ sm ttx 


^ {-\)’\nxf n+l v (-1 )V 2 " +1 x 2 " +1 
(2/i+1)! ^ (2ti+1)! 

22=0 22=0 


00 , ,yi 2n+l 00 

60 sinx = V 1—_ ^ sin 2 x_ y 3 u Uj 

sin* ^ (2/i+l)! sm 3 — 2—i ( 2 / 7 + 1 )! 

72=0 22=0 


( -1 )"(¥) 2 ” +1 _ y (—1)”2 2 ” +1 jc 2 ” +1 

(2/j+l)! “ 2 j 3 2 «+ 1 (2, i+ 1)! 

17=0 


£1 ^ (-l)"x 2 '' _ 

61. cos x = > n => cos 
(2/7)! 


/ 5/3 \ = £ ( - 1 )"(-^ /3 ) 2 " = £ (-l)"x'°" /3 
' „-n * 2 ”^ ,,-n 


^ ^ (-l)"x 2 " _ ( x 3 \ ^ ( 1) l75 

62 - C0SX =Lntjr^ C0S [^ =L^tj\ 

22=0 22=0 


y ( ~ 1:) "(+J y (-i)"-v 6 " 

+! OP y 5"(2//)! 

2=0 22=0 


63. e * = X 


4^ e (7Tx/2) = 

77 


00 / ,T-V (' 00 

_ y l 2 1 _ y a-V' 

Z-i n\ 2 "n 1 

77=0 77=0 


64. e* = V 4 : 

4—1 77! 


yHT y (-1)”* 2 " 

^ n\ ^ n\ 

22=0 22=0 


65. f(x) = ^3 + x 2 = ^3 + x 2 j ^>/'(-^) =-^^3+ x 2 j =>/”(•*) = ”* 2 (3+x 2 j +^3 + x 2 j 

=> /"'(*) = 3 x 3 (3 + * 2 )' 5/2 - 3 * (3 + * 2 )" 3/2 ; /(- 1 ) = 2, f'(-l) = -± /"(-l) = -£ + £ = !» 

fH)=-|44^i/W=2-M + ^>: + M + ... 

^ v 7 32 8 32 2-1! 2 3 -2! 2-3! 

66. /(x)=y^ = (l-x) _1 =>/'(*) = (l-x)“ 2 =7 /"(*) = 2(1 -x) -3 =2>/ m (x) = 6(l-x)^; 

/(2) = -1, /'(2) = 1, /*(2) = -2, f"'(2) = 6 ^ = -1 + (* - 2) - (x - 2) 2 + (x - 2) 3 -... 


67. /(x)=^ r = (x+l)- 1 ^/'(x) = -(x + l)- 2 ^/"(x)=2(x + l)- 3 ^>/ m (x) = -6(x + l)- 4 ; 


/(3)=i/'(3) = -i r(3)=^,r(2)=^^J T = l-i(x-3) + i(x-3) 2 -i(x-3) 3 + .. 


_L 7+_l'l 2 _1 


68. /(x) = i = x- 1 = 2 > /'(x) = -x- 2 = 2 > /'(x) = 2x~ 3 => /'"(x) = -6X- 4 ; 

/ (a) = 7 , /'(a) = - 4-7 /"(a) = =r, /'"(a) =^=>7 = 7 —V (- Y _ a ) + 4 (* - a ) 2 —7 (x - a) 3 +. 


™ ( 1/2 -X 3 , r t/2 /, 3 r 6 r 9 r 12 \ , r r 4 r 7 r 10 r 13 l 1 ' 

69 - Jo e_ dX = io ( 1_X + 2 !-t! + tr + -) fi? - T= ^-- + t^-to3! + B4!--"J 0 

® j-4- + V- kT^ +TT 2 -—i— « 0.484917143 

2 2 4 -4 2 7 -7-2! 2 10 10-3! 2 13 13-4! 2 16 16-5! 
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70. x s in (x 3 ) & = x (x 3 -- ^ + TT + • • ■) * = io ( 


Y 4 _+ + x^_+ x^_ \ dx 

0\ 3! + 5! 7! + 9! 


_x_ 

11-3! 


x 17 

17-5! 


x 23 , x 29 

23-7! 29-9! 


1 

- 0 


: 0.185330149 


r 1/2 * -l , r 1/2 /, v 2 v 4 v 6 v 8 v 10 \ , 

7L fi —^ dx = l ( l -T + f-T + f-TV + -j dx = 


_ x^_ xl _ C_ , £_ _ X 11 

9 + 25 49 + 81 ' 


" 121 ' 


1 I 

' 2 


_j_1_ , _j_1_ , ^_l_ 

• 3 ' - 2 -2 5 7 2 -2 7 9 2 -2 9 11 2 -2 u 13 2 -2 13 15 2 ,- 15 


- _ 1 — 

15 2 -2 15 17 2 -2 17 'o 2 '’ 19 


1 


1 1/2 
0 


72 


^-^r» 0 - 4872223583 

( V64 M±x dx = f‘ /64 1 ( Y _2d + Z_Z + .. \ dx = r 1/64 ( i/2-i 5/2 I _ t 9/2_I 13/2 + \ & 

Jo 71 Jo 77 \ 3 5 7 J Jo \ 3 5 7 ) 

To 3/2 2 7/2 2 11/2 2 15/2 1 1/64 / 2 2 2 2 0.0013020379 


T 2 r 3/2 

2 r 7/2 

_ 2 _ y 1 1/2 _ 

y^/2 

-] 1/64 

I 2 . 

2 

, 2 . 

2 + ) 

|_3 X ' 

'21 X 

+ 55 * 

105 X + " 

0 

\3-8 3 

21-8 7 

55-8 11 

105-8 15 ”7 


73. 


lim = lim 

x->0 e lx - 


( 3 

5 4 

( 2 4 

/ V ' + •' 

7 i_zi++___ 

1 3! 

5! J 

1 3! 5! J 

— lim ^ ' 


4 *->0 (2x+- 


2 / a / 




x->0 [ 2 + ^ r 2 y +... 


74. lim 

0->O 


0-sin 0 


■ = lim 

0->O 


1+0+ 4 + 4 + - )-( 1 - 0+ #-lT + - l- 2 ^ 


<h ^-4+4- 


= lim 

0->O 


2| 7L+7L+ 

1 3! 5! — 


= lim 


2| i+TL 

1 3! 5! 


0->O | 2_ ° _|- 

3! 5! 


= 2 


75 - lim (2Z27^7-i) = lim 


r-2+2 cos t 


11*11 I i. .. . 1 l — lull , — lim 

/->0+“ 2cosf t ) t->0 2/-(1-cos/) r->o 


2+2 

f ,2 ,4 

1—i—h-— 

ii 2 ' 4\ ”• 

) • 2 

_ — 2 1 nn — 

(r 4 ; 6 + 7 
\ 4! , 

1 2 
- — lim_ 

+ 

) , 

t- 

,2 ,4 A 

1+^--—h.. 

2 4! J 

t-> 0 | 

>-£+■■■) 

— mil 

t-> o j 


12 


,2 ,4 

1 -*-+*— 
31 51 


smAt-cos/i 

76. = lim -= lim 

h-> 0 h~ h^> 0 


a ^ 0 \2! 3! 5! 4+6! 7! j 3 


,2 ,4 

1 -*-+*— 
21 41 


- lim 

h-> 0 


77. lim ■ 


1—cos~z 


= lim 


l-l l-z ++-■■• 


= lim 


= lim 


i-4- 


f-z-P+^- ' 

- Hill /- „ N 

| Z->0 f - 2z 3 r 4 

— 11111 f 0 \ 

1 z—>0 _i_2+_z7_ 

^ 2 + 3 "J + ^ Z 31 + 5! 

) 2 3 4 "y 



■ = -2 


78. lim 


= lim 


y-+0 cos.V-cosli.v y ^f 


( 2 4 6 ^ 


^ 2 4 6 

l-2!_ + Z_-Z_ + „. 

2 4! 6! 

v y 


1+^+^+^+... 

2! 4! 6! 

^ y 


= lim 


y —>0 2 V 2 2 ): 6 

2 6 ! " 


= lim 7- - - 

v->0 i 2y 

6 ! •" 


= -l 


79. lim l^+^j+s) 

x—>0 \ x x / 


= lim 

x-+0 


3,._(J+ + (J+ 


+ -y + 5 

X 


= lim (j-_9 + 81x1 

x4o\x 2 2+ 40 


+ 

2 2 
X X 


— = 0 and 5 = 0 => r = -3 and s - % 


.. + -C + s =0 
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80. The approximation sin x : 


6 x 

6+x 2 


is better than 


sinx «x. 



81. lim 

n—>oo 


2-5-8-■■(3/i-1)(3/2+2)x” 


2-4-6---(2 n) 


2'4-6- • -(2n)(2n+2) 2-5-8- ■ {3n- l)x" 


< 1 : 


Ixl lim < 1 => |x| < 4 => the radius of convergence i; 
1 / 2—>-00 12 / 7 + 21 113 


is 


82. 


lim 

71—» 00 

is 4 


3-5-1 ■ ■ ■(2n+l)(2n+3)(x—l)” +l 4-9-14- • -(5/2-1) 


4-914- • -(5//-1 )(5/i+4) 3 . 5 . 7 .. .(2/i+l)x" 


< 1 : 


lim < 1 => x < 4 ; 

„ 5/2+4 2 


the radius of convergence 


n / v n r n 

83. ^ In (1 —V J = ln(l + -^-) + In (l — ^ [ ln( A: +1) — In A: + ln(A: — 1) — In 

k-2 ' " k=2~ J k-2 

= [in 3 - In 2 + In 1 - In 2] + [in4 - In3 + In 2 - In3] + [in 5 - In4 + In 3 - In 4] + [in 6 - In5 + In 4 - In 5] 
+... + [ln(« +1) - In 7 ? + ln(/? -1)- In n] = [in 1 - In2] + [ln(/? +1) - In «] after cancellation 


sum 


84. 


I b f 1 - f) = *n ftf) => £ ln f 1 - p-) = J™ ln (l?) = *4 is the 

k=2 k=2 

Zp L r4ite-4r)4[(H)4M)4H) + (H) + - + (A4)44i-4i); 


k=2 

4i 


k=2 


[I+i-I_L] 

4 

f 3 _l_Li 

4 

372(72+1)—2(72+1)—2ti 

_ 3n--n-2 V 1 - lim 1 

f 3 1 1 1 

U 2 n 22+lJ 

.2 72 72+1 ; 

272(72+1) 

4'4/2+1) ,+!+-! n —>oo 2 

,2 72 72+1 / 


85. (a) 


(b) 


lim 

71—>00 


1-4-7---(3i2-2)(32i+l)x 3 " +3 

(3/2)! 

< 1 => 

y 3 

lim (3 " +1> 

3 

(3/1+3)! 

l-4-7---(3/i-2)x 3 " 


„->oo(3«+l)(3»+2)(3/i+3) 

X 


• 0<1 


=> the radius of convergence is 00 


_ 1 , V 14 ' 7 "'(3»-2) „3/2 <ty_ _ V 14 -7---(3/2-2) „3/2-l 
(3n)! dx " (3ti-1)! 

72=1 72=1 


r , v 14 ' 7 " -(3/2-5) 3/1-2 
X+ L (3,2-3)! - T 

72=2 


= X 


1+1 

/ 2=1 


1-4-7- 


(311-2) ^3// 


(3»)! 


d 2 y + 1 1-4-7- ■ -( 3 / 2 - 2 ) 3n-2 

rfx 2 + (3/2-2)! X 

72=1 

xy + 0 => a = 1 and b = 0 


T-2 1:0 

86. (a) = = x~ +x“(-x) + x 2 (-x)“ + x 2 (-x) 3 + ... = x“ -x 3 +x 4 -x 5 +... = ^ (—1 )”jc” 

72=2 

which converges absolutely for |x| < 1 

00 00 

(b) x = 1 => ^ (-l)”x” = ^ (-1)” which diverges 

72=2 72=2 
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OO 00 

87. Yes, the series Z a n b n converges as we now show. Since ^ a n converges it follows that a n —> 0 => a n < 1 
n =1 n -1 

00 

for n > some index N => a n b n < b n for n> N => ^ a n b n converges by the Direct Comparison Test with 

n =1 

00 

Z /2 » 

n =1 


No, the series Z a n b n might diverge (as it would if 


72=1 


would if a n and b n both equaled — ) 


and b n both equaled n ) or it might converge (as it 


89 - Z ( X n +1 ~ x n)= lim Z ( x k +1 ~ x k)= lim { x n+l ~ x l)= lim ( x n +1 )“- Y l 

,.=1 "^°°fe=l 


both the series and sequence must 


n—o 


n—> oo 


either converge or diverge. 


90. It converges by the Limit Comparison Test since lim +a "' = lim = 1 because Z a « converges and 


72—>00 ft 72—>00 


72=1 


so a„ —> 0. 


oo 

9L l7 = fl i +T + T + l L + ---- a i + (2) a 2 + (i + |) a 4+(j + i + y + |)fl8 + (i + l^+Tr + -" + I7) a 16 + --- 

72=1 


> + <34 + + a l6 + • • •) which is a divergent 


senes 


92 ' a n -177 fOT n ^ 2 ^ a 2 — a 3 — a \ - •••’ afi d 172 + 174 + 178 + ----hl2 + 2l72 + 3lb + -"-172( 1+ 2 + 3 + ---) 

00 

which diverges so that 1 + Z ^ diverges by the Integral Test. 

72=2 

CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES 


1. converges since 


<- an( j ^-L_ converges by the Limit Comparison Test: 


(3n-2) (2n+1)/2 (3»-2) J,z ^ (3«—2) 


lim 

72—>00 | _I 

(3n-2) 3 ' 


= lim 

72—>00 


im =3 


3/2 


2. converges by the Integral Test: ^ ^tan 1 xj 


dx 


= lim 


x +1 b —>00 


(tan 1 


= lim 

0 


(tan 1 />) 

3 

V / 

71 


192 


— I 7T 3 7T 3 1 _ _7/lL 


24 192 / 192 
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3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 


diverges by the nth-Term Test since lim a n = lim (-1)" tanh n = lim (-1)” I 1 e _ 2/i = lim (—1)" 


ft—>co ft—> 00 


lim (-1) e _ 2n = lim (-1) does not 

b —>oo \ 1+c / /?—>oo 


converges by the Direct Comparison Test: 77 ! < n" => ln(n!) < n In (n) => < n => log,, (n!) < n 

log (ft!) , 

=> —' < -V, which is the nth-term of a convergent ^-series 


converges by the Direct Comparison Test: a^= 1 = 


12 _ _ 1-2 _ 12 

3Y21 2 ’ 2 34 ,2V4Y31 2 ’ 3 \4-5/\34/ 


(1X3X2) 


(2)(4)(3) 


(3)(5)(4)- 




- —— T ,...=> 1 + V-—- T represents the given series and 

(4)(6)(5) 2 ^ (n+l)(n+3Xn+2f 


-—- T < -if, which is the nth-term of a convergent n-series 

(«+l)(n+3)(«+2) 2 n 4 


converges by the Ratio Test: lim - 2± 1- = lim 


ft— >00 n ft— >00 


(ft-l)(ft+l) 


= 0<1 


diverges by the nth-Term Test since if a n —> L as n — > co, then L = yf- =^>C 2 +Z-1 = 0=>Z = ^ 0 


Split the given series into y and y/f; the first subseries is a convergent geometric series and the 

b= 1 3 ~ 7i=l 3 ~ 

nr _ npy nf~. | , , 

second converges by the Root Test: lim = lim v v ^ ^ < 1 

ft—>oo v 3 ft—>oo y y y 


fix ) = cosx with a=f=>f(f) = 0.5, /'(f) = -f, /"(f) = -0.5, /"'(f ) =#,/ W (f ) = 0.5; 
eos, = i-f(x-f)-l(x-f) 2 + f(.r-f) 3 + ... 


/(x) = sinx with a = 2;r => f(2n) = 0,/'(2>r) = \J\2n) = 0,/'"(2^) = -\,f w {2n) = 0,/ w (2>r) = 1, 
/ (6) (2tt) = 0 , / (7) (2>r) = -1; sin x = (x - 2>r) - (x ~** )3 + (x ~^ )S - (x ~^f + ... 


e = 1 + x + f - + fy +... with a = 0 


fix) = In x with a = 1 => /(l) = 0, /'(1) = 1, /"(l) = -1, /'"(l) = 2, / (4) (1) = -6; 

lnx = (x _ 1 ) _Cd/ + (^_(£d/ + ... 


/(x) = cosx with a = 22n => f(22n) = \,f'(22n) = 0 , f"(22n) = -1, f'"(22n) = 0 , f^(22n) =1, 
/ (5) ( 22n) = 0 , / (6) (22tt) = -1; cosx = 1 -f-(x-22^r) 2 +f (x-22;r) 4 -f (x-22;r) 6 + ... 
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14. /(x) = tan -1 x with a = 1 ^ /(l) = f, f'(\) = j, /"(l) = -1 = j; 

tan ~'x = f + ^-£f + £f + ... 


15. Yes, the sequence converges: c n = +b n j 


-b\[i +1 => lim c n =\nb+ lira -A- 


) Oln(-) 

= In b+ lim ——— = ln b + . , = ln b since 0 <a <b. Thus, lim c n - e tnh =b. 


16 i+A + ^ + A_ + ^+^ + ^ + = i + y 2 + y^_ + y az_ 

iu - 10 10 2 10 3 10 4 10 5 10 6 ^in 3 »- 2 A4|0 3 '-i ^ in 3 " 


= i + y^^+y 3 + y — 

Zj | a3h+1 t Zj I a3h+2 t Zj i a 
n= 0 n= 0 n=0 


(jo) , lio 2 J , U 3 J 

>-(y) 3 i-(iV) 3 i-a) : 


Z 7 i , Viol . Vio- 7 . UoV =1 , 200 . 30 , 7 _ 999+237 _ 412 

in 3 "+ 3 1_l ~, /, ^ “A /, X 3 "A /, v> + 999 + 999 + 999 999 333 


17. s„ = 


y f k+l -^j^>s n = f’^v+f 2 ^v 

“Jfc l+x* JO 1+x 2 J1 l+x 2 

k=0 

im s n = lim I tan -1 n - tan -1 0) = y 

—>00 /?—>00' t 


...+r -^^s n = r^j 

’n -1 1+x 2 JO 1+r 2 


18. lim = lim ( ” +1) ' T " + ‘ • C+l)(2.v+l)" = Um = UU <1 => U < |2x + l|; 

n— >oo u n „->oo (n+2)(2x+l)" +1 nx” „->» 2x+1 «(” +2 ) l 2x+1 l 111 1 

if x > 0, |x| < \2x + l| => x < 2x +1 => x > -1; 

if — < x < 0,|x| < \2x + l| => —x < 2x + 1 => 3x > -1 => x > -j; 

if x < -Y,|*| < |2 jc +1| => -x < -2x-l => x < -1. 

Therefore, the series converges absolutely for x < -1 and x > -y. 

19. (a) No, the limit does not appear to depend on the value of the constant a 
(b) Yes, the limit depends on the value of b 


(c) s=l- 


l cos (f) 


lim ln s = ■ 


YiMi) 


ft—>00 1 C0S ^' 


= ^ = -1 => lim s = e~ l « 0.3678794412; similarly, lim 1 - 


20. ^ a n converges => lim a n =0; lim / 1+Slna " j 

, ft— >00 ft —>00 \ / 

n —1 L 

=> the series converges by the «th-Root Test 


n lim a lt 

\n —>oo / 


1+sinO _ J_ 
2 2 


21. lim < 1 => lim - x ■ < 1 => |&c| <1=>—|-<x<J- = 5=>6 = ±-i- 

. . If.. . . ln(n+l) i," x " II h h 5 


U —>CO I "« I fl—>00 
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22. A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x. In x and 
e x have infinitely many nonzero terms in their Taylor expansions. 


23. lim = lim 

x^O x x->0 

if a - 2 = 0 => a = 2; lim 


= lim 

x->0 


a-2 cr , 1_ cr _M2 _i_ 

A 3! 3! 5! 5! 


is finite 


sin 2x—sin x-x _ _ 2_ , J_ _ _ 7. 
x—>0 x 3 “ 3! + 3!“ 6 


2 2 4 4 

,,, ,. COS ax-b ... 1 2 ^ 4! 1 

24. lim-=— = -1 => lim 


x-»0 2x 


x->0 


2x 


=-1 => lim + = —1 => 6=1 and a = ±2 

x^oUx 2 4 48 ) 


2 00 

25. (a) = 1 + — + -t=>C = 2>1 and V-y 

v 7 „ 2 n n 2 ^ n 2 


converges 


77=1 


(b) = — = l + - + -y=>C = l<l and V- diverges 

w„+i « « n 2 “« 

77=1 

26 = 2 ”< 2 »+l) _ 4>f+2n _ i | ( 4 ) | 5 _ 1 | ( 2 ) 


M n+1 (2 t7-1) 2 4t2 2 -4t2+1 n 4t2 2 -4t2+1 



5 n 2 


4n^-4n+l 


after long division => C = j > 1 and 


|/(«)|= 


5n 


4n-4n+\ [^ 4 ,1 

n 


— <5 converges by Raabe’s Test 


72=1 


27. (a) ^ a n = L => ^ = a n L => ^ converges by the Direct Comparison Test 

72=1 72=1 72=1 

(r^r) 00 

(b) converges by the Limit Comparison Test: lim - *"> - lim-j-^- = l since ^ a n converges and therefore 


72—>00 n 72—>00 n 


72=1 


lim a n = 0 

72—>00 


28. If 0 < a n <1 then | In (1 -a n )| = -ln(l -a n ) = a n +^- + ^- + ... < a n +ajj +aj, +... = j—a positive term of £ 
convergent series, by the Limit Comparison Test and Exercise 27b 


29. (1-x) l =l + Yx n where x < 1 => ^ 1 = J^(l-x) 1 = ^ nx n 1 and when x = j we have 


72=1 


(i -xY 


72=1 


4 = 


1+2 (i) +3 (l) +4 (t) + --- + "(t) 


72—1 

W I + • • • 


30. (a) £x n+1 = 

72 = 1 


fe^I> + l)x" = 1 


72=1 


72=1 


(1—xf 


^n(/? +l)x" = 


n _ 2x 


72=1 


(l-xf 


■z 

72=1 


»(»+!) T 2 x 2 111 

x" (i_i) 3 (x-1) 3 ’ 1 1 
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(b) * = X^ 


n(n+ 1) x _ 2x' 


( -3x 2 +x-l = 0^x = l + |l+^j 1/3 +|l-^j *2.769292, usinga 


n =1 

CAS or calculator 


\l/3 


31. (a) — = A(_i_) = A(i + x + x 2 +x 3 + ___) = i + 2x + 3x 2 +4x 3 +... = 

^ n -1 


n—l 


(b) from part (a) we have X n 


n =1 


~|2 


i- 


= 6 


(c) from part (a) we have X np n l q = —= JL = i 

«=1 (1 P) 


32. (a) = X 2 ~* = -^Ul and E{x) = ^kp k =^k2~ k = I^A'2 1 ^ = (I)- 

*=1 fe=l wj /t=l A-=l *=1 |t 

by Exercise 31 (a) 


= 2 


<») -& 

k =1 A’=l A=1 


1-4 


°0 0° 00 /, 1 

= 1 and E(x)=Y j kp k = Y, k hr = 1X^(1) 

A=1 A-=l A’=l 


'(lift 


= 6 


00 00 00 00 00,, 00 

(c) z ft = X Xc^T) = Z (i - jsr) = “fj 1 - *s) = 1 and £( -r) = X k Pk = X * *(jfel)) = X 771 ’ 

*=1 *=1 *=1 /t ^ 00 fc=l *=1 yfc=l 


*=1 k =1 ' ' *=1 A_>0 ° 

a divergent series so that E(x) does not exist 


u 'll, u C a e~ la ° (l-e~" kl ° 1 re -h 0 r 

33. (a) R n = C,e~ k, ° + C 0< f ^ +... + 0,^° =- ’ ^R = lim ft, = ^ 

1-e u n —>oo 1—e u c u -1 


(b) 




1-e 


ft = e -1 *0.36787944 and ft 0 = 


-K 10 ) 

l-e _1 


> 0.58195028; £ =J-* 0.58197671; 

e—l 


(C) R n = 


R-R 10 -0.00002643 

e V) i* 


ft-ft, 


22-<0.0001 


1-e' 1 ’ 2 2 




: 4.7541659; £_>f 


/t l-e~ 


> w 


It 1 


-i V2M e i_, 


=> 1-e 


-n/10 i 
2 


-n/10 

2 10 


t ■' 1,1 (i 1 — , 7 , >-'"(!) -»> 693 =>»- 7 


34 <»> - K+c »= c «^ / '“-4f s 'o=>(^-) 

(b) r o = ok lne = 20hrs 

(c) Give an initial dose that produces a concentration of 2 mg/ml followed every / 0 = -^C-ln * 69.31 hrs 

by a dose that raises the concentration by 1.5 mg/ml 

< d > 'o = o3 1 "(SH ln (TH hrs 
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CHAPTER 11 PARAMETRIC EQUATIONS AND POLAR 

COORDINATES 


11.1 PARAMETRIZATIONS OF PLANE CURVES 


2 2 
1. x = 3t,y = 9t ,-<x> <t <cc => y = x~ 



3. x = 2t -5, y = 4t-7, -oo < t < oo 
=> x + 5 = 2t => 2(x +5) =4 1 
=> y = 2(x + 5)-7 => y = 2x+3 



5. x = cos2t, y =sin 2t, 0 < t < n 

=> cos" 2 1+ sin" 2t = 1 => x 2 + y 2 = 1 



2. x = -yft, y = t, t > 0 =>* = -yfy 
2 

or y =x~,x <0 



4. x = 3-3t, y = 2t,0 <t <l=> ^ = t 
=> x = 3-3|4j => 2x = 6 —3y 
=> y = 2 ~jx, 0 <x <3 

y 



6 . x = cos(7T-f), y = sin(jr-f), 0 < t < n 
=> cos 2 (7T-t) + sin 2 (7r-t) =1 
^>x 2 +y 2 =l,y>0 


y 
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803 


15. x = sec 2 t -1, y = tan t,—j < t <y 

2 2 2 
=> sec" t -1 = tan t => x = y 


y 



17. x = -cosh t, y = sinh t, -oo <1 < oo 
=> cosh 2 t - sinh 2 1 = 1 => x 2 - y 2 = 1 



19. (a) x = a cos t,y = -a sin t, 0 < t < 2n 

(b) x = a cos t,y = a sin t, 0 < t < 2n 

(c) x = a cos t,y = —a sin t, 0 < t < 4 n 

(d) x = a cos t, y = a sin t, 0 < t < \n 


16. v = -sect,y = tant,-y<t<y 

sec 2 1 - tan^ t = 1 => x 2 - y 2 = 1 



18. x = 2 sinh t,y = 2 cosh t, -oo < t < oo 

=> 4 cosh 2 t — 4 sinh 't = 4 => y 2 -x~ = 4 



20. (a) x = a sin t,y =b cos t, y < t < 

(b) x = a cos t, y =b sin t, 0 < t < 2n 

(c) x = a sin t,y =b cos t, y < t < 

(d) x = a cos t, y =b sin t, 0 < t < 4n 


21. Using (-1,-3) we create the parametric equations x =-1 +at and y = -3+bt, representing a line which 
goes thi'ough (-1, -3) at t = 0. We determine a and b so that the line goes through (4,1) when t = 1. Since 
4 = -l + a=>a=5. Since 1 = -3 +b=>b = 4. Therefore, one possible parameterization is x = —\ + 5t, 

y = -3 + 4t, 0 < t < 1. 

22. Using (-1,3) we create the parametric equations x = -l + at and y =3 +bt, representing a line which goes 
through (-1, 3) at t = 0. We determine a and b so that the line goes through (3,-2) when t = 1. Since 

3 = -1 +a => a = 4. Since -2 = 3 +b => b = -5. Therefore, one possible parameterization is x = -1 + 4/, 

7 = 3-5/, 0 <t < 1. 

2 

23. The lower half of the parabola is given by x - y + 1 for v < 0. Substituting t for y, we obtain one possible 

9 

parameterization x = t +1, y =t, t < 0. 


24. 


2 

The vertex of the parabola is at (-1, -1), so the left half of the parabola is given by y = x~ +2x for x < -1. 

2 

Substituting / for x, we obtain one possible parameterization: x = t,y = t + 2t, t < -1. 
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25. 


26. 


27. 

28. 

29. 

30. 

31. 


32. 


33. 


34. 


For simplicity, we assume that .r and y are linear functions of t and that the point (x , y) starts at (2, 3) 
for t = 0 and passes through (-1, -1) at t = 1. Then x = /(t), where /(0) = 2 and /(1) = -1. 

Since slope = -^ = = -3, x = /( t) = -3 1 + 2 = 2-3 1. Also, y = g(t), where g(0) = 3 and g(l) = -1. 

Since slope = = = ^- = -4. y = g(t) = -41 +3=3-4+ One possible parameterization is: x = 2- 3 1, 

y = 3 -4 1, t > 0. 

For simplicity, we assume that .r and v are linear functions of t and that the point (x, y) starts 
at (-1, 2)for? = 0 and passes through (0,0) at t = 1. Then x = f(t), where /(0) =-1 and /(l) = 0. 

Since slope =y^ = “qzjp = h x = f (0 = E + (-1) = -1 + 1. Also, y = g{t), where g(0) = 2 and g(l) = 0. 

Since slope = = -2. y = g(t) = —2t + 2 = 2 -2t. One possible parameterization is: x =-1 + t, 

y = 2 — 2t, t > 0. 

Since we only want the top half of a circle, y > 0, so let x = 2 cos t,y = 2 |sin 1 1,0 < t < An 

Since we want x to stay between -3 and 3, let x = 3 sin t, then y = (3 sin t ) =9 sin" t, thus x = 3 sin t, 
y = 9 sin 2 t, 0 <t < oo 


x 2 +y 2 =a 2 =>2x + 2y^ = 0=>^ = ——; let t = ^ => —— =t x = -yt. Substitution yields 


2 . 2 , 2 2 

y t +y =a 


■ y = y?— and x = -4C,-oo <t < oo 

VI+7 


Vi+r 


In terms of 9, parametric equations for the circle are x = acos^,^ = a sin <9, 0 < 9 < 2n. Since 9 = —, the arc 
length parametrizations are: x = a cos y = a sin and 0<^-<2^-^>0<^< 2 na is the interval for s. 

Drop a vertical line from the point (x, y) to the x-axis, then 9 is an angle in a right triangle, and from 
trigonometry we know that tan 9 = 4- => y = x tan 9. The equation of the line through (0, 2) and (4, 0) 
is given by v = -^x + 2. Thus xtanff = -\x + 2 =>x = .. 4 „ , and v = ~ 4 , tan f. where 0<6><-^. 

Drop a vertical line from the point (x, y) to the x-axis, then 9 is an angle in a right triangle, and from 
trigonometry we know that tan 9 = ^ => y = x tan 9. Since y = yx => y~ = x=>(x tan 9) = x 
=> x = cot 2 9 => y = cot 9 where 0 < 9 < y. 

The equation of the circle is given by (x-2)“+> ,_ =1. Drop a vertical line from the point (x, j) on the circle 
to the x-axis, then 9 is an angle in a right triangle. So that we can start at (1, 0) and rotate in a clockwise 
direction, let x = 2-cos 9, y = sin9, Q<9<2n. 

Drop a vertical line from the point (x, y) to the x-axis, then 9 is an angle in a right triangle, whose height isj 
and whose base is x + 2. By trigonometry we have tan 9 = => y = (x + 2) tan 9. The equation of the circle 


Copyright © 2014 Pearson Education, Inc. 



Section 11.1 Parametrizations of Plane Curves 


805 


222 2 2 

is given by x + y = 1 => x~ + ((x + 2) tan 0) = 1 => x~ sec' 8 + Ax tan” 6 ) + 4tan i 8- 1 = 0. Solving forx we 

-4 tan 2 9±. (4 tan 2 d\ -4 sec 2 o(4 tan 2 9-1 1 4 tan 2 £+9 l\ Stan 2 9 o /- t-t— 

obtain x =- A ---- l = - 4tan g± 2 f~ 3tan 9 = _ 2 sin 2 8 ± cos 0Jcos 2 0-3 sin 2 0 

2 sec - 0 2 sec - 0 v 

= -2 + 2cos 4 * 8 ±cos 8^j 4cos 2 8-3 and y = f-2 + 2cos” 0±cos 0y/4cos 2 8-3 + 2 !tan 6 


= 2sin 0cos 0±sin0v/4cos 2 8-3. Since we only need to go from (1, 0) to (0,1), let 
x = —2 + 2cos 2 0 + cos 0 v/4cos 2 <9-3, y = 2 sin 0 cos 0 + sin 0v/4cos 2 <9-3,0 < 0 < tan 1 ( 7 ). To obtain the 
upper limit for 0 , note that x = 0 and y = 1 , using y = (x + 2) tan 8 => 1 = 2 tan 0 => 0 = tan -1 ( 7 ). 

35. Extend the vertical line through 2 to the x-axis and let C be the point of intersection. Then OC = AQ=x and 


tanf = 777 = - => x = = 2 cot f; sin t = 777 => <24 =^_; and ( AB)(OA ) = (AQ) 2 => 25 ( 

OC x tan t OA sin t \ \ x/ y 


—H 2 

sin t 


\ sin t J \ tan t j 


_ > ^ g = 2 siru Next y _ 2 _sin < => y = 2 — (—— 7 —) sin t —7. —ZMiiLl 
tarr t \ tarr t tarr t 


= 2 - 2 cos 2 t = 2 sin 2 t. Therefore let x-2 cot t and y = 2 sin t, 0 <t <n. 


36. Arc PF = Arc AF since each is the distance rolled and 


fZiZZL = ZFCP => Arc PF = b(ZFCP)', 

AeAIL = 8=> Arc AF = aO => ad = b(ZFCP) => ZFCP = |)0; j ^N. 

ZOCG = f-8 ; Z<9CG = Z<9CP + ZPC£ = Z<3C/ > + (f-a'). /* 

Now ZOCP = n-ZFCP = 7i-j-0. Thus ZOCG = n-%8 + ^-a / /\ 

b b 2 j S \ 

^4r-6 = 7T-$8 + Z-- a ^a = 7i-j-8 + 6 = 7r-(^8). - ^ P ‘ - ! E - J -x 

2 52 b \ b J 0 BGA 

Then x = OG-BG = OG-PE = (a -b)cos8-bcosa ^ a ’ 0 ^ 

= (a -b)cos8-bcos(n= (a -Z>)cos 0 + Z>cos(-^ 0 ). 

Also y = EG =CG-CE = (a -b)s'md-b sinar = (a-b)sin 6-bsinin 

= (a-Z>)sin 6 , -Z)sin(- s ^- 6 , j. Therefore x = (a -Z>)cos0 +bcos(^A-8^ and y = (a- 6 )sin<9- 6 sin5j. 

If 7i — tit v — ii n _L i (t) /n ) — 317 .... , /I i n rrtc 4/3 


B G A 

(a.0) 


= 77 cos <9 + 7 cos 30 
4 4 


If Z> = 7 , then x = (a - 7 ) cos 0 + 7 -cos , , 4 - 5 = cos 0 + 7 cos 30 

4 ' 4 ' 4 l (t) J 4 4 

= 7 ^-cos 0 + -|(cos 0 cos 20 -sin 0 sin 20 ) = ^ cos 0 + ^|(cos 0 ) |cos 2 0 -sin 2 0 j — (sin 0)(2 sin 0 cos 0 )j 

= ^-cos 0 + -|cos 3 0 --|cos 0 sin 2 0 -^ sin 2 0 cos 0 = ^-cos 0 +jcos 3 0 -^-(cos 0 )|l-cos 2 0 j 

( Q — A 

= acos 3 0; j = (a -j) sin 0-^-sin , _^ 4 - 0 = ^ sin 0--| sin 30 

V W ) 

= 7 ^- sin 0 -j(sin 0 cos 20 +cos 0 sin 20 ) sin 8-^ |(sin 0 ) |cos 2 0 -sin 2 0 ^ + (cos 0)(2 sin 0 cos 0)j 


= a cos J 0 ; 


= A- sin 0 --|(sin 0 cos 20 +cos 0 sin 20 ) =^-sin 0 --|l(sin 0 ) )cos 2 0 -sin 2 0 j + (cos 0 )(i 
= ^-sin 0 --|sin 0 cos 2 0 + -|sin 3 0 -^-cos 2 0 sin 0 =A- sin 0 -^-sin 0 cos 2 0 + jsin 3 0 


= sin 8-A- (sin 0 ) tl — sin 2 0 +-| sin 3 0 = a sin 3 0 . 
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37. Draw line AM in the figure and note that Z AMO is a right angle 
since it is an inscribed angle which spans the diameter of a circle. 

Then AN 2 = MN 2 + AM 2 . Now, OA = a, AIl = tan t, and 

a 

= s i n t . Next MN = OP 

a 

=> OP 2 = AN 2 - AM 2 = a 2 tan 2 t-a 2 sin 2 t 

=> OP = Ja " tan 2 t-a 2 sin - t = (a sin t)J sec 2 t — 1 = - sin 
» v '' cos i 

In triangle BPO, x = OP sin t = Q sin - = a sin 2 t tan ? and 

& ’ COS 1 

y = OP cos t = a sin" t => x = a sin t tan t and y = a sin" t. 


y 



38. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid (see the 
accompanying figure). 




Let ^denote the angle through which the wheel turns. Then h= aO and k = a. Next introduce x'y'-axes 
parallel to the xy-axes and having their origin at the center C of the wheel. Then x' = b cos a and 

y' = b sin a, where a = -^-<9. It follows that x' = b cos^dzL-g/j = s in 6 and y' =b sin^^-^j 
= —b cos 9 => x = h + x' = a6-b sin 9 and y = k+y' = a- b cos 9 are parametric equations of the trochoid. 


39. 


D=^(x-2) 2 +(y-±f => D 2 =(x-2) 2 +(y-i ) 2 = (t-2 ) 2 +(t 2 -±f ^ D 2 =t 4 -4t+^. 

db 2 ) 3 

=z> = 41 —4 = 0 => r = 1. The second derivative is always positive for t ^ 0 => t = 1 gives a local 

9 

minimum for D (and hence D) which is an absolute minimum since it is the only extremum => the closest 
point on the parabola is ( 1 , 1 ). 


/2 2 
40. D = J(2cost-|)'+(sint-0 ) 2 => D 2 = (2cost-|) 


+ sin" > t 


1 

dt 


= l(l cos t (-2 sin t ) + 2sin t cos t = (-2 sin t)(3 cos t -4) = 0 => -2 sint = 0 or 3 cos t-\ = 0 


■ t = 0, n or t = -f, Now 

J J dt 


(D 2 ) 


2 • 2 
= -6 cos" t + 3 cos t + 6 sin t so that 


rf 2 (z? 2 ) 

dt 2 


■ (0) = -3 => relative 


u 2 Id~\ “ I / \ Q 

maximum, — (n) = -9 => relative maximum, —^ 4 =x=> relative minimum, and 

dt 2 dt 2 2 
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45. 


47. 


48. 







Section 11.2 Calculus with Parametric Curves 


809 


(c) 


y 



x — 6 cos t + 5 cos 3<, y = 6 sin It — 5 sin 3 1 
0 < r < 2 n 


(d) 



Jt = 6 cos 2/ + 5 cos 6f. y = 6 sin it - 5 sin 6t, 
0<t <n 


11.2 CALCULUS WITH PARAMETRIC CURVES 


t = -f- => v = 2 cos = y/2, y = 2 sin ^ = y/2; ^ = -2 sin t, -f = 2 cos t => -/■ = 

4 4 4 ’ dt ’ dt dx dxtdt 


dy _ dy/dt _ 2 cos t 


-2 sin t 


= -COt t 


dy 

dx 


= -cot-^ = -l; tangent line is y-^2 = -\(x-^2 j or y = -x+2*j2; ~^ = 


2 

CSC t 


dry 
dx 2 


dy’!dt _ esc 2 f 
dxldt —2 sin t 


d 2 y 

dx 2 




t = — => x = sin 


in ( 2;r (4)) =sin (-f) = -#’ J = cos( 2 ^(—^)) = cos(—j) =■!■; f = 2nu*2nt. 


dv r. • ~ , rfv -27rsin2;rt . » . rfv 

— = - 2 n sin 2nt => -j- = —--— = -tan 2 nt => -f- 

dt dx 2 n C(.)s 2 7 / dx 


_,= "tan (2^(4)) =-tan (-f) = V3; 


tangent line is - C = 


-(-#)' 


or v = V3.r + 2; ^-= -2tt sqc 2 2nt ■ 

^ dt 


d 2 y _ -In sec 2 2^-r 


dx 1 


2n cos 2^r 


d 2 y 

-i-->^T 

cos 2nt dx~ 


1 


t=-± 


3. t = f=>x = 4sinf = 2 V 2 , j/ = 2cos^ = V2; ^ = 4 cos t, ^- = -2 sin t=>^ = 4rr = , 2sm/ = tan t 


dt 


dx dxldt 4 cos f 


dy 

dx 


= -jtanf = -j 


C tangent line is j-V 2 =-d-(x- 2 V 2 ) or y = -\x + 2->j2-. 


dy' 1 2 . 

1 = - 2 sec ' 


rf 2 y _ dy/dt _-jsec^t 


dx z 


dxldt 


4 cos t 


d 2 y 

dx 2 


= _£ 

4 


4 . t = 4 ^x = cos4 = 4, J = V3 cos 4 = -#; f = -sinf, $ = sin t =>f = ^4^ = V3 


dt 


dx 


-sin t 


dy 

dx 


= V3; tangent line is v-|-^j = V3 orj = V3x; ^ = 0 => = 0 


dyy_ 

dx 2 


= 0 
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< < _ 1 v _ 1 v _1. (&_i dy _ i dy _ dy/dt _ 1 dy _ 1 _ i. tanamt lino 

5. /-4=>jc-4» y~2> 7 *- 1 ’ n-TH * ’ tan g entlmeis 


'=1 2 ^ 


y~i =1 { x ~ i) or >’= x +|; 


i- d y' = 1 ^~ 3/2 -x d y = d y ,/dt = 1 3/2 


dt 


dx 


dx/dt 


d 2 y 

'7x 2 


= -2 


{ =-i- 


dy 

dx 


=> x = sec 
sec 2 1 

2 sec 2 t tan f 

1 v. 1 . 


(-f)-l = l, p = tan(--|) = -l; ^ = 2 sec 2 t tan t, ^ = sec 2 t 

yCOtt=>-^j =-jCOt^—|-j = —!•; tangent line is _y — (— 1 ) = -y(x-l) or 


2 tan t 2 
1 _ 2 


d 2 y 


y= 2 X 2 ' ~df = 2 CSC 


i esc 2 1 


dx z 


2 sec - < tan t 


= _i cot 3,^£| 


7 . r= |^ x = sec f = ^, J = tanf = -L; f = sec / tan t, $ = «*"*=>£ = 


tiy _ dyldt 


dy 

dx 


= CSC - 7 - = 


■^■ = 2 ; tangent line is 3 ;--^ = 

= -3^3 


sfcc dx/dt sec f tan t 
dy' 


= CSC t 


or j = 2x-V3; -J- = -esc t cot t 


rf 2 y _ dv'/dt _ -esc t cot t _ co ^3 ^ d 2 v 
flfj 2 dx/dt sec t tan f 


, = 3=.x = ^I = - 2 , r*V5w-3t f = -t«+r 1 ' 2 , 


dx 


*=3 


—3V3+T 
V^(3) 


= -2; tangent line is j-3 =-2 (x-(-2)) or y = -2x-l; 


dy' 

dt 


Ci(, + 1)- 1/2 ' 

~+3vm[f(3q- i/2 “ 

3 

2 ( 3 1 

\2tj3tjt+i) 

= _ 


3 1 

2.tyj3t 

dx 2 ~ /_Ll 

?V3t dx 2 




\ 271+1/ 



t =3 


>/3? 


9. 


t =-!=>* = 5, y = 1; ^ = 4r, 


dy _ . 3 dy _ dy/dt 
dt str dx/dt 


4f 3 f 2 dy 
At dx 


\t=-\ 


2 

= (- 1 )“ = 1 ; tangent line is 


y -1 


1 -(jc — 5) or y = x-4; 


dv’ _ ^ d 2 y _ dy'/dt 
dt dx 1 dx/dt 


21_ = \ 
At 2 


dry 

dx 1 


t =-1 


1 

2 


10. t = l: 


r _, __o. _ l d y ~ 1 d y - (‘) 

’ ’ dt E ’ dt t^ dx ( j 


= -^t' 


f=l 


= -l; tangent line is _y — (— 2 ) = -l(x-l) 


rf 2 .v 


, flV , ll K 

or 3 ; = -x- 1 ; -£- = -l=>—f = 

dt dx 1 


=K = t 2 =>^4 

1 | A 2 


= 1 


l/=l 
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t=f=*x= f-sinf = f- 4 , y = l- cosf = l-i = i; % = \- C oU, ± = sm t ^ % = - dy/dt 


dt 


dx dx/dt 


dy 

dx 


1 s in | 

(f 

) J 

;#) 

\t=Z- 1 — cos | 

f) 

1 

a) 


dy' 

dt 


( 1 -cos /)(cos f)-(sin t)( sin t) 
( 1 -cos t) 2 


= -^4y- = V3; tangent line is y—j = V3 |x-y + -y-j => y ~ V3 *-^^- + 2; 

, ( -i \ 

dy Idt _ \ l - cos t) 


-1 

1 -cos t 


d 2 y 

dx 2 


dxldt 


1 -cos t 


-i 

^d 2 y 

(l-cos t) 2 

dx 2 


- -4 


sin t 
1 -cos t 


12 . t = y => x = cos y = 0 , j = l + sin= 2 ; * = -sin t, ^ = cos t => ^ = c ° s/ . = -cot t 


dx —sin t 


dy 

dx 


= -cot -f- = 0 ; tangent line is y = 2 ; -C = esc 2 t => = csc f 

2 ° ^ at d x 2 -sin i 


= -CSC 3 t => 

dx 2 


= -l 


t — 9 —S V - 

_ 1 _ 

i v- 

2 _ o. dx _ —1 

dy _ -1 

dy 

0+1) _ 

- dy_ 

_ (2+1 ) 2 

L Z< — 7 X ■ 

2+1 

3’ ^ 

2-1“ ’ dt (t+l f’ 

dt 0-1) 2 

dx 

o-l ) 2 

dx 

(=2 (2-1) 2 

7 

* 

os 

II 

dy' 

40+1) _ 

0+ 4(r+l ) 3 rf 2 _y 

_ 4(2+l) 3 

= 108 




dt 

(t~ l) 3 

Ox 2 0-1) 3 dx 2 

f=2 “ ( 2 -'> 3 






9; tangent line is 


14. t = 0=>x = 0 + e° = 1, y = l—e° =0; f = W, f = = 


V = _iv+1- d t- 

} 2 ' 2 ’ dt ' 


dry 


M 


dy _ 6t _ t . thl ,„ * _ dy/dt 

dx ~ ^..2 “ ..2 ’ mus ^ - 


—e l 


M 3 

dx 2 

.2 ^ _ _ 
dt 

■At 

l 

W_ 

r(3x 2 ) 


Of 


r=0 


M 


dx i_|_ e ' rfx 

I 
8 


: - y ; tangent line is 


t =0 1 +e" 


15. v 3 + 2f 2 = 9 => 3x 2 + 4t = 0 => 3x 2 - = —4f => -^ = ; 2j 3 -3t 2 = 4 => 6y 2 $L-6t = 0 

dt dt dt 2>x 2 


dt 


dx dx/dt f _ 4 C y 2 (- 4 t) - 4 y 


6 / y' 


=> x = 1; t = 2 => 2 j 3 - 3(2)“ = 4 => 2j 3 = 16 => j 3 = 8 => j = 2; therefore ^ 


t = 2^>x 3 +2(2) 2 = 9^>x 3 +8=9^x 3 =1 


. 3(1)- 

1=2 —4(2) 2 


16 


16. x = V5TVT^>f- 2 , 


i( 5 _77) 1 / -(-ir 1/2 ) = - 4 ^_^. ; J ( ? -i) = V 7 ^>j+(t-i)f = ir 1/2 


l-2vVt 


—> (•/_n + __!_+ _ 2 ^~ ~ v _ l-2vVt . , Oy dt 2 tj- 2 j \- 2 y-Jt 4+x/5-y7 

1 ' dt - 2jt y dt~ (M) - 2t\[t-2\ft ’ * “ f “ 2>/?(M) ' -1 


* 


2(l-2^Vf)V5-Vt 


1-f 


; t = 4 => .x = V 5 - V4 = V3; t = 4 => j • 3 = V4 => j ^ therefore, 


"MMljEZ toy? 


/=4 


1-4 


17. v + 2x 3/2 =r+t^>-^ + 3x 1/2 ^ = 2t+l=4>|l + 3v 1 / 2 j^ = 2t+l=4>-^ = Y^ ± j 7 r ; >+t+l +2tjy =4 

=> i* + * ( 2 ) (r+1)_1/2 + 2 Jy+ 2t (\y~ V2 )% = 0 => ^^+1+' 


_ 2 ^ + UJ^-° 
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f /7~T . t_] dy _ -v ? r^dy_ { 2^1 2 _ -y^-AyJt+l . 
V Ji) dt 2^T + ^ 2^(t+D+2 tJTTl’ 


dy dy/dt 

( -yfi-4yfTi ) 

v 2 \[y(t + 1) + 2 tyjt +1 J 

dx dxldt 

^ 21 + 1 ^ 

V 1+3P«J 


t = 0 : 


■ x + 2x 3/ “ = 0 => x (l + 2x 1/ “ j = 0 => x = 0; f = 0 => y\l0 + 1 + 2(0 )Jy = 4 => j = 4; 




( -474-4(41^/0+1 1 

dy 


^274(0 + 1) + 2 ( 0)70 + 1 J 

dx 

1=0 

f 2(0)+1 i 



^l + SfO) 172 J 


= -6 


18. x sin t + 2 x = t => y^sin / +x cos f + 2 y- = 1 => (sin t + 2)&- = l-x cos t => A - 1 A cos / ; 

dt dt y dt dt sin 1+2 


. ■ . ~. . . , ~ rfv 7y sin 1 +1 cos 1 - 2 . - ,+ 

1 sin 1 - 2 f = y => sin t +t cos t -2 thus -y- = —71 -c—; t = 7 T=>xsin 2 T + 2 x = ;'r=>x=y; 

dt dx / 1 - * cos m 2 

\ sin t + 2 J 


therefore 


sin n + n cos n — 2 —An — £ 


t=n 


-(fH* 


2 + n 


= -A 


19. x = ?+t, y + 2t i = 2x + t 2 =>^ = 3t 2 +l, ^ + 6 t 2 =2^ + 2t ^^ = 2(lt 2 + l) + 2t-6t 2 =2t + 2 

_ 2(l)+2 


dy 21+2 

* 3l 2 +l dx 


t=1 3(1) +1 


= 1 


20. < = l»(x-<). X = «'^l=i(f-l) = x-, = f-l = f = x-, + l, $ = «'«•: 
1 = 0 => 0 = ln(x - 0 ) => x = 1 = 


dy_ _ le'+e' . 

£& JC—f+1 ’ 


?=0 


(0)e°+e° _ i 
1 - 0+1 “ 2 


21 . dx = | o a(l-cos t)a(l-cos t)dt = « 2 | 0 (l-cos t) 2 dt = « 2 | Q ^(l - 2 cos t +cos 2 t j 

dt =a 2 J’ ( 4-2 cos t +4 cos 2 f j dt - a 2 t -2 sin t sin 2 tj 


y r In ( 

= a J ll- 2 cost + 

= a 2 (3^-0 + 0) — 0 = 3 n a 2 


1+cos It 


dt 

In 

0 


22 . 


A = JgX dy = J o (?-t 2 j(-e ? jift m = t — t 2 => du = (1 — 2t) dt] dv = (-e 


dt : 


= e 


? (t-t 2 j _ { 0 e ? (l-2t)dt \^u = 1 — 2t: 


• du = -2 dt; dv = e , dt^>v = -e 1 


2e 1 dt I = 


[t-t 2 j + e ? (1 - 2 t) ■ 


■2e 


nl 


JO 


: e _1 (0) + e _1 (-1) - 2e -1 ) - (e° (0) + e°(1) - 2e°) = 1 


= 1 -3e -1 =1-^ 


i*U rU rn . 9 COS2/ fTT 

23. ^4 = 2 y dx = 2 (Z> sin r)(—« sin t) dt = 2ab\ sin“ t dt = 2ab\ —x— dt = ab I (l-cos2t)ift 
J n Jn JO JO ^ JO 

= ab [t ~4 sin 21J = aZ>((7T-0) -0) = ^ ab 
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1 . (a) x =t 2 ,y=t 6 , 0 <t <\^>A = ^ydx = j^(t 6 ) 2 r dt = ^2t 7 dt = =|- 0 =^ 

(b) x=t 2 ,y = t‘ ) , 0 <t <1=> A = j^y dx = J o (t 9 j3t 2 dt = ^3t n dt = 3-t 12 j = ^-0 = 


25. * = -sin t and =£■ = 1 + cos t => J(^) +(^) = a/(— sin t ) 2 +(1 + cos t ) 2 = ^2 + 2 cos t 


=> Length = 1^2 +2 cost dt = V2 J^(J=^)(1 + cos f) dt = dt = -s 

(since sin t > 0 on [ 0 , ;r]); [w = 1 -cos t => du = sin t dt; t = 0 => m = 0 , t = 7 T => w = 2 ] 

^fV i/ 2 ^=v^r2« l/ 2 T=4 

Jo L Jo 


(l + cos 0 * = >/2f J , sln - dt = V 2 [ . sinr dt 

Jo V 1-COS t Jo Jl-cosr 


26. ^ = 3r and ^ = 3t => ^3f 2 )" + (3t ) 2 = ^9t 4 +9t 2 = 3 t\lt 2 +1 (since t > 0 on [ 0 , V3 

=> Length = J^3t yjt 2 +1 dt; = t 2 +1 => 4 du = 3t dt', t = 0 => w = 1, t = V3 => u = 4 

r 4 3 1/2 , r 3/2 “I 4 , Q n _ 

—> -j m aw = |^m J = (8 -1) = 7 


27 - f =' and $ = ( 2 t +!) 1/2 ^ 0) + (t )“ = ^+( 2 t+D = • 
r 4 r ,2 i 4 

=> Length = f (t+\) dt = y- + t =(8 + 4) =12 
jo L 1 Jo 


j(t +1) = \t +1| = t +1 since 0 < t < 4 


28. f = ( 2 t + 3 ) 1/2 and f = 1 + *=>if f + ($ f = ^ + 3)+ (1+ t ) 2 =' 


/r +4J+4 = |t + 2| = t+ 2 


r 3 r,2 1 3 

0<t <3 => Length = (t + 2) dt = + 2t 

jo L 4 Jo 


since u < t < 


29. ^ = 8 t cos t and = 8 t sin t => j = -\/( 8 t cos t ) 2 + ( 8 f sin t ) 2 = - 

rut 2 r 9 “jtt /2 9 

= | 8 t|= 8 t since 0 <t<y=> Length = 8t dt = 41~ = /r 2 


641 2 cos 2 t + 64t 2 sin 2 t 


30. = ( - C — )(sec t tan t + sec 2 m-cos f = sec t-cos t and -=- = -g'in t . 

dt (sec f+tan t j\ ) dt 


'-I 2 +(-f 

idt) \dt] 


- y](sQC t — cos t) 2 + (-sin t) 2 - Vsec 2 1— 1 = \ tan 2 1 - 1 tan 1 1 = tan t since 0 < t <y 
=^> Length = tan t dt = dt = [-In |cos /1]^ /3 = -ln^- + In 1 = In 2 
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31. 


dx 

dt 


= -sin t and-i 7 = 


f = cost^(f) 2 +(f) =V(-sint) 2 +(cos 0 2 =1 


Area = j*2 ny ds = 2^(2+sin t)(l)dt = 2 n [2t-cos = 2 tt[( 4^r -1) -(0 -1)] =8 n 


32. f = t 1/2 and f=f 1/2 =>«im + m = 


= T dt; 


]/( ff+tf) = = \F¥ => ^ea = J 2 ^.r & = ^2* (f t 3/2 

u = t 2 +1 => 4 m = 2t dt;t = 0 =>u = l,t = V3 =>m = 4J 

-> f 4 ^4 M =r^M 3/2 T=^ 

Jl 3 L 9 Jl 9 

f >/3 / 9 3/9 \ i 

Note: 2zr -f-t ~ •w- L - ±i -4/ is an improper integral but lim /"(r) exists and is equal to 0, where 

JO \3 /V / ;->0 + 


y(?) = 27rljt 3/2 Thus the discontinuity is removable: define F(t) = f(t ) for t > 0 and 


73. 


F( 0 )= 0 =>J o F(t)dt 


28a- 
9 ' 


33. 4 = land^f = 


dt 


%-t + j2 =>^)“+(J-) -J l2 +( f + 'fe) -Vr+2V2t + : 


■ Area = j2/z\x 4s = J^27r(t + V2 +2^2.t +3 dt ; 

u =t~ + 2 9 / 2 t + 3 => 4 m = ^2t + 2 V 2 j dt; t = -V 2 => m = 1,t = V 2 => u = 9 


- J 7Ty[li dn 


2 3/2 

3™ 


l 9 


Jl 


= ^(27-1)=^ 


34. From Exercise 30, + (^~) = tan * ^ Area = J2^/^ <4^ = 2ttcos / tan t dt = 2;rj ( 
: 2 zr [-cos /]q /3 = 2 zr |^-T-(-l)J = ?r 


sin 


35. Jy- = 2 and ^ = 


f = 1 ^^(t) 2 + (f) =^2 2 + l 2 =V5^> Area = f2*,4, = £ 2 */ + l)>/5 


dt 


= 2^V5 


T + ' 


-|l 


JO 


= 3^V5. Check: slant height is V5 => Area is 7 r(l + 2)V5 -3tr^J~5. 


36. ^ = /? and = r => J(^| +|^r| = +r z => Area = 


MA 2 =7^ 

\ dt) \dt) v 


2 , 2 


J 2ny 4s = J 2 ^-rt ^h~ + T 2 dt 


= 2nr'lh~ +r~ | t dt — 2nr'\h~ +r 2 


L 2 JO 


= nr'lii 


2 , 2 
+ r . 


Check: slant height is 1 Jh 2 +r 2 => Area is nryjh 2 + r 2 . 
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37. Let the density be <5 = 1. Then x = cost + tsin t => f =t cost, and y = sin t-tcost =>f = tsint 


=> dm =l-ds = ^(f) + |f) dt =-J(t cos t ) 2 +(t sin t ) 2 = 1 1 1 c/t = t t/t since 0<t<-^. The curve’s mass is 

p pk !2 2 p rn!2, . v p7rl2 . p/r/2 7 

M = J dm = t at =-^-. Also M x = J j dm = (sin cos t at = t sin ? ^ £ cos t < 

= [sin t-t cost - t 2 sin t-2sin t + 2t cos tj = 3-f, where we integrated by parts. Therefore, 


- 


Next, M y = Jx dm = J Q (cos t + 1 sin t) t dt = J t cos t dt + j* " t 2 sin t 


r ~\7l 12 2 ^ ^ S 

= cost + tsint L " + -t cos t + 2 cos t + 2 t sin t = ^f-3, a 
l JU L Jo 1 

(^-3) _i2_24 Therefore < Y T7) = (i2_24 24 _ 2 1 

M (S') * * 2 • meretore (x, Tl ^ ^ ^ 


f -3, again integrating by parts. Hence, 


38. Let the density be <5 = 1. Then x = e cos t => f = e cos t -e ? sin t, and j = e sin t => f sin t + e cos t 


=^> dm =\-ds =^j^y + |f) dt = -y( e? cos tsin t j + sin t+e ? cos t) dt = ^2e 2> dt =42 e dt. 
The curve’s mass is M = J dm = 42 e dt = 42 e n -42. Also M x = jy dm = J q (V sin t )|V 2 j dt 


(e 2 * li - M x \ 5 V e 2;r +l 


= e 2/ sin t dt = 42 f- (2 sin t -cos t) = V 2 + => y = =— -^4 — —±4-. 

Jo L 5 V ; J 0 \ 5 5/ - M 5 (^_i) 

Next M y = Jx dm = J q (e* cos t^^Jle j dt = J q 42 e 2t cos t dt = 42 f (2 cos t +sin t) = -v /2 + 

_ - _ M y _ ('~ + 2 e 2 "+2 ry,,,- 2e 2n +2 e 2 "+l 1 


■j2e K -42 5 (^- 1 ) 


f4. Therefore (x, v) = 


2e ln +2 e 2n +\ 

5 (^- 1 )’ 5 (^- 1 ) 


39. Let the density be <5 = 1. Then x = cos t => f = -sin t, and y = t +sin t => f = 1 + cos t 

=> dm = 1 • <A = If ) 7 + dt = -Jc-shTtl^TllTcost ) 2 "dt = y/2 + 2 cos t dt. The curve’s mass is 
M = J dm = J Q ^ 2+2 cos t dt = v /2 ^/l + cos t dt = V 2 | Q ^2 cos 2 ^4) dt = 2 j Q |cos^y)| dt = 2 | q cos|t)^ 

^since 0 < t < ^ 0 < 2. < y) = 2 |^2 sin (y)J = 4. Also M x = dm = J^(t +sin t)^2 cos y)(/t 

= C 2r C 0 S (2)* + £ 2 S ‘ n ? C ° S (2) dt = 2 [ 4 C 0 S (i) + 2? Sin (2)]o + 2 [“J C0S ( 20 “ C ° S (W]q = 

=> j = -jf = ~— = ^ _ f' ^ ext M v = jx dm = (cos t )^2 cos y) dt = 2 j ^cos t cos |y) dt 


= 2 sin -£■ +- 


2-f = f^>x=^ = -^ = |. Therefore (x, j) = (|, n -fj. 
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40. Let the density be 5 = 1. Then x =P => = it 1 , and y = ^~ = 3t => dm = \-ds = + (*") ^ 

= dt = 3 |t| y/t 2 +1 dt = 3tylt 2 +1 dt since 0 < f < -Js. The curve’s mass is 

/j 

M = J dm = 3 t\lt 2 +1 dt = [r + 1 j =7. Also M x = J j dm = ^-^3 t\lt 2 +1 ^jdt 


9 


J o t 3 v/C +1 dt = -y- = 17.4 (by computer) => y = 


M v 17.4 
M 7 


: 2.49. Next = Jx dm 


= J^? 3 -3 t\jt 2 +1 dt = 3 t 4 \/t" +1 dt ~ 16.4849 (by computer) => x = 

Therefore, (3c, y) ~ (2.35, 2.49). 


M .V . 16.4849 
M 7 


41. (a) ^ =-2 sin 2t and= 2 cos 2t => = ^(-2 sin It) +(2 cos 2t) 2 =2 

=> Length = ~2 dt = [27]^" = n 

(b) ^ = n cos nt afi d ~dt = ~ 7r s * n Kt ^ J(^y) + (^r)"" = cos nt T +(-7T sin 7rt)~ = 

=> Length = J n dt = [7!t]^ 2 = ;r 


42. (a) x = g(_y) has the parametrization x = g(y) and y = y for c<y<d => -^- = g'(y) and ^ = 1; then 
Length - £* J(f f +(f) 4 - + (f) 4 - (? Ji+bWf 4 

(b) ,. A 2 , o* , *f =»# -fA 2 =-1 -[f!K>f]“ 


= _8_/4 A/2 8_ m 3/2 = 56 

27 V ' 27 V 7 27 


^o +Jf A r 


A 1 5*^»( /,3+1 ) 1 ' 2 (h"' 3 )^A'”.h'ih 2 ' 3+1 ) 3 

= 2^2-1 


= lim 

a—>0 + 


( 2 ) 3/ 2 _( a 2 / 3 +1 ) 3 


43. x = (1 + 2 sin 60 cos <?, y = (1 + 2 sin 0) sin 0 => 4^ = 2 cos 2 0 - sin 0(1 + 2 sin <?), 


■ = 2cos 8 sin 0 +cos0(1 + 2 sin#): 


dv _ 2cos0 sin# + cos0(l + 2 sin#) _ 4cos# sin# + cos# _ 2sin 2d + cos# 


dO dx 2 cos 2 9 -sin 0(1 + 2 sin 0) 2cos 2 9 -2sin 2 9 -sin# 2cos2#-sin 9 

(a) x = (l + 2sin(0))cos(0) = 1, y = (l + 2sin(0))sin(0) = 0; f 

(b) e: = (l + 2si„(f))co s (f)=0, j, = (l + 2sin(f))sin(f)_3; £| ,= ±b£,0 
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(c) x = ^1 + 2 sin(4^))cos(4p) =^r~, y = (l + 2 sin(4^)j sin(^j = 3 ^ ; 
2 sm( 2 (4f )) + cos (4f ) V3-1 2 ^ 3 _ t _ 


0=4,r/3 2cos(2(^))-sin(^) -1 + ^ ^3-2 


-(4 + 3V3) 


44. x = t, y = 1-cost, 0 < t < 2n => $£- = 1 - s i n f => = 1ELL = sint=> 4;[^f\ = cos t => 

y at at ax 1 dt\dx) 


dx z 


= COS 


The maximum and minimum slope will occur at points that maximize/minimize in other words, points 

where dJL = 0 => cos f = 0 => t =-f or t = => dJL = + + + L J t 9 + + 

rfx 2 2 2 dx 2 nil inti 


(a) the maximum slope is 


(b) the minimum slope is ^ 


dx 

dt 


,dy_ 

dt 


II 

> 1 * 

o 

II 

^> — 

1 

2 (/x 

- sin | 

f) = i, 

t=7T/2 

2 / 

= sin 

(t) = - 

t=37T/2 

dy dy/dt 

2 cos 2 / 


dx dx/dt cos t 


cos t 


then^ = 0 : 

dx 


2(2 cos 2 f-l) 


cos t 


= 0 


=> 2 cos 2 t -1 = 0 => cos t = ±-j= =>t=- ^In the 1 st quadrant: t = ^ => x = sin j = dd and 


y = sin 2= 1 => 1 is the point where the tangent line is horizontal. At the origin: x = 0 and v = 0 


=> sin t = 0 => t = 0 

or t = n 

and 

sin 2 t = 0 : 

=> t = 0 ,- 

7T 

2 ’ 

^ I*-- 

? 2 ? 

thus t - 

= 0 and t = 

origin. Tangents at origin: d. 

r =0 

= 2 =>y = 

2 x and 


t—K 

-2=>y 

= -2x 

dx _ 

2 cos 2 1 and d. 

= 3 cos 3t => 

dy dy/dt 

3 cos 3t 


3(cos 2/ 

cos t— sin 

2 t sin /) 

dt 

dt 



dx dx/dt 

2 cos 2 / 


2 I 

f 2 cos 2 1- 

') 

J 

^2 cos 2 t-lj(cos/)- 

2 sin t cos t 

sinZ 

(3 cos z)( 

2 cos 2 1 —1 

-2 sin 2 zj 

(3 cos i)| 

^4cos 2 f-3l 


2(2 cos 2 

t-i) 


2 

:(2 cos 2 1 - 

>) 


2(2 cos 2 t-l) 


then dL = 0 : 
dx 


(3 cos i)(4 cos 2 /-3l ~ , 

- , v . —-—- = 0 => 3cost = 0 or 4cos 2 1 - 3=0 : 3cost =0 => t = -f, and 

2(2 COS 2 r-ij 2 2 


4cos 2 t -3 = 0 => cost = ±dd =>t=- In the 1st quadrant: t = - 1- => x = sin = 2 y- and 
j = sin 3 |-|-j = 1 => lj is the point where the graph has a horizontal tangent. At the origin: x = 0 and 

y = 0 => sin2t = 0 and sin3t = 0 => t =0,-y, n, dr- and t = 0,^, n, ^=>t= 0 and t = n give the 


tangent lines at the origin. Tangents at the origin: ^-| 


3 cos Os 3 , 

= ~ i => y = d x, and 
\ t q 2cos0 2 y 2 


_ 3 cos (3^) _ 3 

t=JI 2 cos (2 jt) 2 


■y = -fx 


47. (a) x = a(t -sin t), y = a(l-cosi),0 <t < in => ^ = a(l-cosi), ^^asmt 


dy_ 

dt 


r2n / ( x\2 / . \2 r2;r / 2 2 2 2 2 2 

Length y^(l-cos£)J + (asnWJ dt = I -2(2 cos^ + a cos t + a sin ? 


dt 
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= «V2j o -yjl - cos t dt = a V2 J o ^2 sin" ( 4 ) dt = 2o| o sin {fydt- 
= -4u cos n + 4a cos(O) = 8 a 

(b) a = 1 => x = t—sint,y = 1-cos t, 0 <t <2n => ^ = 1-cos U~^ = sint 


-4a cos 


(C 


• Surface area 


= J *2^(1-cos t)yf( 1-cos t) 2 +(sin tY 


dt 


-- J~ 2^(1-cos t)^jl -2 cos t + cos 2 1 + sin 2 1 dt = 2^J ^(l-cos t)-j2-2 cos t dt 

- 2\[2tt^ ^(l-cos tf^dt - 2V2^| o ^l-cos(2 dt = 2-42n^ *[2 sin 2 dt 

- 8 tt J f ~ sin 3 ( 4 ) dt = => du = \dt => dt = 2 du\t = 0 => u = 0,t = 2;r => m = ;rj 

= 16^-|%in 3 u du =16^-|%in 2 m sin m c/m =16^|^1 -cos 2 m jsinzc c/m 

1 *^" 2 r 

= I 67 H sin m du - 16 n cos u sin u du = -16;r cos u + —■ cos J u 

Jo Jo L 3 J 0 


48. 


x = /-sint, y = l-cos/, 0 <t <2n\ Volume = j~ ny 2 dx = f 7t (\-cos /) 2 (l-cos t)dt 


I l+cos 21 \ 2 . . 1 j. 

1 '-cos f cos f1 dt 


= ^| o ^l-3cos / +3cos 2 /-cos 3 tjc// = ;rj~ |l-3cos/ + 3 
= Trj^ (4 _ 3 cos t +yCos 2f - 11 - sin 2 tjcos tjc/t = tt |4 _ 4 cos / + 4cos2/ + sin~ / cos t j dt 


= n I 4 1 -4sin t + 4sin 2/ +4sin 3 / 


-| 2 ;r 


= ?r(5;r -0 + 0 + 0) -0=5; 


49-52. Example CAS commands: 

Maple : 

with( plots); 
with( student); 
x := t -> t A 3/3; 
y := t -> t A 2 / 2 ; 
a := 0 ; 

b := 1 ; 

N := [ 2 , 4,8]; 
for n in N do 

tt := [seq( a+i*(b-a)/n, i= 0 ..n )]; 
pts :=[seq([x(t),y(t)],t=tt)]; 

L := simplify(add( student[distance](pts[i+l],pts[i], i=l..n )); # (b) 

T := sprintf("#49(a) (Section 11.2)\nn=%3d L=%8.5f\n", n, L); 

P[n] := plot( [[x(t),y(t),t=a..b],pts], title=T ): # (a) 

end do: 
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display! [seq(P[n],n=N)j, insequence=true ); 

ds := t ->sqrt( simplify(D(x)(t) A 2 + D(y)(t) A 2)); # (c) 

L := lnt( ds(t), t=a..b ): 

L = evalf(L); 


11.3 POLAR COORDINATES 

1. a, e; b, g; c, h; d,f 2. a,fi b, h; c, g; d, e 


3. (a) 

(b) 

[l, ^ + 2nn^ and ^-2, ^- + (2n + l);r), 77 an integer 
(2, 27 ?tt) and (-2, (2??+l)7r), 77 an integer 
(2,4f + 27?^j and (-2, ^ + (2 t? + 1)tt), 77 an integer 

J 

A 1 

t 

<*!) 

1 A > 


(c) 

(-2.0) 

(2.0) 


(d) 

(2, (2?? 4- V)7r ) and (-2, 2t?7t), n an integer 


^•1 

) 


4. (a) 

( 3 , -^ + 27?7r) and |-3,-^ + 2??^j, 77 an integer 


t 

1 

y 


(b) 

(~3,^ + 2nK^ and ^3,-^ + 2??;r), 77 an integer 

(-3.-H/4) 


(3,5/4) 

(c) 

(3, + 2??^j and (-3, ^ + 27?7rj, 77 an integer 



■ 


(d) 

(-3, --|- + 277^j and ^3, ^ + 27?7r), 77 an integer 

(-3,n/4)) 

• 

(3.-JI/4) 

• 


5. (a) x = /'cos# = 3cos0 = 3, y = rsin# = 3sin0 = 0 => Cartesian coordinates are (3,0) 

(b) x = r cos 9 = -3 cos 0 = -3, y = r sin 9 = -3 sin 0 = 0 => Cartesian coordinates are (-3, 0) 

(c) x = rcosO = 2cos-^- = -1, y =r sin# = 2sin^ = V3 => Cartesian coordinates are (-1, V 3 ) 

(d) x = r cos 6 = 2 cos = 1, y = r sin 9 = 2 sin = VJ => Cartesian coordinates are f 1, VJj 

(e) x = r cos 0 = -3 cos n = 3, y = r sin 6 = -3 sin n = 0 => Cartesian coordinates are (3, 0) 

(f) x = 7'cos# = 2cosy = 1, y = 7-sin# = 2siny = %/3 => Cartesian coordinates are (l, VJ j 

(g) x = 7 'cos(9 = -3cos27r = -3, y = 7-sin# = -3sin2^ = 0 => Cartesian coordinates are (-3,0) 

(h) x = 7 'cos# = -2cos (—’jj = -1, y = rsin# = -2sin^-yj = V3 => Cartesian coordinates are (-1, -J3 j 


6 . (a) x = V2 cos-^ = 1 ,y = V2 sin = 1 => Cartesian coordinates are (1,1) 

(b) x = lcos 0 = 1, y = 1 sin 0 = 0 => Cartesian coordinates are (1, 0) 

(c) x = Ocosy = 0, y = Osiny = 0 => Cartesian coordinates are (0, 0) 

(d) x = —v/2 cos(-^j = -1 ,y — -V2 sin|-^j = -1 => Cartesian coordinates are (-1, -1) 

(e) x = -3cos-^ =^Y~,y = -3sin^ = —| => Cartesian coordinates are — |j 

(f) x = 5cos|tan _1 = 3, y = 5 sin|tan _1 = 4 => Cartesian coordinates are (3,4) 

(g) x = -lcos In = 1 , y = -lsin 7k = 0 => Cartesian coordinates are (1, 0) 
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(h) x = 2V3 cos-=y = —s/3, y = 2^3 sin-^ = 3 => Cartesian coordinates are Jx 3) 


7. (a) (1,1 ) => r = Vl 2 +1 2 = y[2, sin 9 = -j= and cos# = -^^>#=-|=> Polar coordinates are y) 

(b) (-3, 0) => r = -\/(-3) 2 +0 2 = 3, sin 8 = 0 and cos# = -1 => 8 = n => Polar coordinates are (3, n) 

(c) - 1 j => r = \j{~Sy +(-l) 2 = 2, sin # = -^ and cos 8 = ^ => 9 = -yy => Polar coordinates 
are (2, 

(d) (-3, 4) => r = ^(-3) 2 + 4 2 = 5, sin # = j and cos 8 = => # = ;r - arctan (y) => Polar coordinates 

are ^5,7r- arctan^ 


(a) (-2, -2) => r = i/(-2) 2 +(-2) 2 = 2yj2, sin 9 = - and cos # = —=> # = —^ => Polar coordinates 


are (2^2,-^) 

(b) (0, 3) => r = Vo 2 +3 2 = 3, sin 9 = 1 and cos # = 0=>#=y=> Polar coordinates are ^3, yj 

(c) x/EI) => r = +1 2 = 2, sin # = i and cos 8 = => 0 = ^ => Polar coordinates are (2,-qp) 

(d) (5,-12) => r = ^5 2 +(-12) 2 = 13, sin 8 = and cos 8 = -y => # = -arctan^j => Polar coordinates 
are |l3, -arctan|yjj 


and cos 8 = —7= => 8 = => Polar coordinates 

■Jl 4 

are (-3^2, 

(b) (-1, 0) => r = -\](-\) 2 +0 2 = -l,sin # = 0 and cos # = 1=># = 0=> Polar coordinates are (-1, 0) 

(c) (-1, V3 j => r = -i|(-l) 2 +(>/3 j = -2, sin # = and cos # = y=># = -y=> Polar coordinates 
are (-2, 

(d) (4, -3) => r = -\]4 2 + (-3) 2 = -5, sin 8 = | and cos 8 = —| => 8- n -arctan=> Polar coordinates 
are |-5, n -arctan 

10. (a) (-2, 0) => r = — \j(-2) 2 +0 2 = -2, sin # = 0 and cos # = 1=># = 0=> Polar coordinates are (-2, 0) 

V 2 9 

1 +0 = -1, sin 9 = 0 and cos # = -l=># = 7 ror# = -7r=> Polar coordinates are 
(-1, 71 ) or ( -1, —n) 

(c) (0, -3) => r = — \Jo 2 +(-3) 2 = -3, sin 9 = 1 and cos # = 0=># = ^-=> Polar coordinates are (-3, 


9. (a) (3, 3) => r = -a/3 2 +3 2 = -3^2, sin # = 
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14. 



15. 


y 



16. 



17. 18. 19. 
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y 



27. r cos 6 = 2 => x = 2, vertical line through (2, 0) 28. r sin 6 = -1 => y = —1, horizontal line through (0, -1) 

29. r sin 9 = 0 => y = 0, the x-axis 30. r cos 9 = 0 => x = 0, the j-axis 

31. r = 4 esc 9 => r = =^> r sin 9 = 4 => y = 4, a horizontal line through (0, 4) 

32. r = -3 sec 9 => r = => r cos 0 = -3 => x = -3, a vertical line through (-3, 0) 

33. cos 9 + /'sin 6 = 1 => x + y = 1, line with slope m = -\ and intercept b = 1 

34. rs'md = rcos9 y = x, line with slope 77 ; = 1 and intercept b = 0 

2 2 2 

35. r -1 => x + y = 1, circle with center C = (0, 0) and radius 1 

36. 7' 2 = 4/-sin 0 => x 2 +y 2 = 4y=> x 2 + y 2 -4y + 4 = 4 => x 2 +(y-2) 2 = 4, circle with center C = (0,2) 

and radius 2 

37. r = . _ 5 , -- => r sin 9 — 2rcos9 = 5 => v —2 jc = 5, line with slope m = 2 and intercept b = 5 

sin 9-2 cos 6 if f 

2 . 2 • 

38. 7 " sin26* = 2 => 27'" sin 9cos9 = 2 => (/-sin(9)(7-cos#) = 1 => xy = 1, hyperbola with focal axis y = x 
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39. 

40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51. 


r = cot^csct? = => rsin 2 6 = cos 9 => r~ sin 2 9 = rcos 8 => y 2 = x, parabola with vertex (0, 0) 

which opens to the right 

r = 4 tan 8 sec 8 => r - 4 1 Sln ^ j ^ 7 ' C os 2 9 = 4 sin# => r 2 cos 2 8 = 4 r sin 8 => x 2 = 4y, parabola with 
vertex = ( 0 , 0 ) which opens upward 

r = (esc 9)e’ cos ^ => r sin 9 = e’ cosS => y - e x , graph of the natural exponential function 
r sin 8 = In r + In cos 9 = ln(r cos 9) => y - In x, graph of the natural exponential function 

r 2 + 2r 2 cos 8 sin 6 = 1 => x 2 + y 2 + 2 xy = 1 => x 2 + 2 xy +y 2 = 1 => (x + y) 2 = l=>x + y = ±l, two parallel 
straight lines of slope -1 and y-intercepts b = ±1 

7 .9 22 2-2 22 

cos” 9 = sin" 9 => r" cos" 9 = r~ sin" 9 => x~ = y =>\ x \=\ y \=> ±x = y, two perpendicular lines through the 
origin with slopes 1 and - 1 , respectively. 

r 2 = -4r cos 9 => x 1 + y 2 = —4x =>x 2 +4x+y 2 = 0 => x 2 + 4x + 4 + y 2 = 4 => (x + 2 ) 2 + y 2 =4, a circle with 
center C(— 2 , 0 ) and radius 2 

r 2 = -6 /-sin# => x 2 + y 2 = -6y => x 2 + y 2 +6y = 0 => x 2 + y 2 +6y + 9 = 9 => x 2 +(y + 3 ) 2 =9, a circle with 
center C(0, -3) and radius 3 

r = 8 sin# => r 2 = 8 rsin 9 => x" +y 2 =8 y => x 2 + y 2 —Sy = 0 => x 2 + y 2 -Sy + 16 = 16 => x 2 +(y — 4) 2 =16, 
a circle with center C(0, 4) and radius 4 

r = 3cos 9 => r 2 = 3rcos# => x" + y 2 = 3x => x" + j 2 —3x = 0 => x 2 —3x + ^ + y 2 = ^ => +j ^ 2 = 

a circle with center c(-|, oj and radius 4 

r = 2 cos 0 + 2 sin 9 => r 2 = 2rcos# + 2rsin # => x 2 + j 2 = 2x + 2y => x 2 -2x + r 2 -2y = 0 
=> (x -l) 2 + (y- 1) 2 = 2, a circle with center C( 1,1) and radius y/2 

2 -2 2 2 2 
r = 2 cos (9 -sin# => r" = 2rcos#-rsin# => x" + j = 2x-y=>x -2x + y +y = 0 

2 r ~ 

=> (x-l ) 2 + (y =j, a circle with center C^l,-^) and radius : y- 


sin(# + -|-) = 2 =^> r(sin#cos-|- + cos#sin-|-) = 2 => ^rsin# + |rcos# = 2 => + ^x = 2 




+ x = 4, line with slope m 


--j= and intercept b 


_ 4 _ 
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52. r sin(-“0) = 5 => r (sin^eos 0 -cos^sin = 5 => 4^-rcos0 + ^-rsin0 = 5 => ^x + ^y = 5 

=> V3 x+y = 10, line with slope m = -V3 and intercept b = 10 

53. x = 7=>reos0 = 7 54. y = l=>rsin0=l 

55. x = y => rcos0 = rsin0 => 6 =-j 56. x —y = 3 => r cos0 -r sin 9 = 3 

57. x~ + y~ = 4 => r 2 = 4 => r = 2 or r = -2 

58. x 2 -y 2 =1 => r 2 cos 2 9-r 2 sin 2 6 = 1 => r 2 |cos 2 0-sin 2 0^ =1 => r 2 cos20 =1 

2 2 

59. + y = 1 => 4,v 2 + 9y 2 = 36 4r 2 cos 2 0 + 9r 2 sin 2 0 = 36 

60. xy = 2 => (rcos0)(r sin0) =2 => r 2 cos 0 sin 0 = 2 => 2/' 2 cos 0sin 0 = 4 => r 2 sin 20 = 4 

61. y 2 = 4x => r 2 sin 2 0 = 4rcos0 => rsin~ 0 = 4cos0 

62. + = 1 => x z + _y z +xy = 1 => r z +r sin# cos# = 1 => r (l + sin# cos#) = 1 

63. x~ + (y -2y - 4 => x 2 + y 2 -4y + 4 = 4 => x 2 + y 2 = 4y => r 2 = 4r sin0 => r = 4sin 0 

64. (x — 5) 2 + y^ = 25 => x 2 -lOx + 25 +y 2 = 25 => x“ +y 2 = 10.x => r 2 = lOrcos0 => r = 1Ocos0 

65. (x-3) 2 +(y + 1) 2 = 4 => x 2 -6x + 9 + y 2 + 2y + 1 = 4 => x 2 + y 2 = 6x-2y-6 => r 2 = 6rcos0-2rsin0-6 

66. (x + 2) 2 + (y-5) 2 =16 =>x 2 +4x + 4 + y 2 -lOy + 25 = 16 =>x 2 + y 2 = ^lx+10y-13 
=> i' 2 =-4rcos0 + lOrsin0-13 

67. (0, 0) where 0 is any angle 

68. (a) x = a => rcos0 = a => r = — 1 2-= => r = a sec0 

v ' cos 0 

(b) y = b => r sin 0 = b => r = => r = b esc 0 
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11.4 GRAPHING POLAR COORDINATE EQUATIONS 


1. 1 + cos(—0) = 1 + cos 6 = r => symmetric about the x-axis; 

1 + cos(-$) * -r and 1 + cos (n - 0) = 1 - cos 6 r => not symmetric 
about the y-axis; therefore not symmetric about the origin 


y 



2. 2-2cos(-6>) = 2-2cos6> = r symmetric about the x-axis; 

2 — 2cos(—(9) ^ -r and 2 - 2cos (n-9) = 2 +2cos 6 
=^> not symmetric about the y-axis; therefore not symmetric 
about the origin 


3. l-sin(-0) = l + sin0 ^ r and 1 - sin {n-6) = l-sin# £ -r 
=> not symmetric about the x-axis; 1 - sin(;r - 6 ) = 1 - sin 9 = r 
=5 symmetric about the y-axis; therefore not symmetric 
about the origin 


4. 1 + sin(-6 l ) = 1 -sin(9 ^ r and 1 + sin(7T -6) = 1 +sin6 ^ —r 

=^> not symmetric about the x-axis; 1 + sin(7r - 9 ) = 1 + sin 6 = r 
=> symmetric about the y-axis; therefore not symmetric about the origin 


5. 2 + sin(-6 ) ) = 2-sin 9*r and 2 +sin(;r -6) = 2 +sin0 ^ —r => not 

symmetric about the x-axis; 2 + sin(7T - #) = 2 + sin (9 = r => symmetric 
about the y-axis; therefore not symmetric about the origin 


y 




y 
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6. 1 + 2 sinl-t?) = 1 - 2sin 9 & r and 1 + 2 sin(;r -9) = 1 + 2 sin 9 + —r => not 

symmetric about the x-axis; l + 2sin(7T -9) = 1 +2sin 9 = r => 
symmetric about the y-axis; therefore not symmetric about the origin 


7. sin(—= -sin^j = —r => symmetric about the y-axis; 

sin = s * n (4)’ so ^ le S ra ph is symmetric about the x-axis, and 

hence the origin. 


8. cos(—-f j = cos(-f) = r => symmetric about the x-axis; 

cos ( ln ~ e j = cos ^j, so the graph is symmetric about the y-axis, and 
hence the origin. 



9 

9. cos (-9) = cos 9 = r => (r, -0) and (-r, -0) are on the graph when 
( r, 9) is on the graph => symmetric about the x-axis and y-axis; 
therefore symmetric about the origin 


2 

10. sm(n-9) =sin6> =r => (r,n — 9 ) and (—r,n — 6) are on the graph 

when (/-, 9) is on the graph => symmetric about the y-axis and the 
x-axis; therefore symmetric about the origin 


y 



7 

11. -sin(7r-9) = -sint? = r~ => (r, 7T-9) and (—r,n — 9) are on the graph 

when (/-, 9) is on the graph => symmetric about the y-axis and the 
x-axis; therefore symmetric about the origin 


y 
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2 

12. —cos(—t?) = —cos 6 — v => (r, -6) and (-r, -0) are on the graph when 

(r, 6) is on the graph => symmetric about the x-axis and the j-axis; 
therefore symmetric about the origin 


13. Since (+ r, - 6) are on the graph when ( r,6) is on the graph, 

2 2 

(+ r ) = 4cos2(-6>) => r = 4 cos 26*, the graph is symmetric about 
the x-axis and the j-axis => the graph is symmetric about the origin 



14. Since (r, 9) on the graph => (-r, 6) is on the graph, 

(± r) = 4 sin 26 => r = 4 sin 26, the graph is symmetric about the 
origin. But 4sin2(-6>) = ^1 sin 26* ^ r 2 and 

4 sin 2(^r — 6 1 ) = 4 sin (2tt -26) = 4sin (-26) = -4 sin 26 ^ r~ the 
graph is not symmetric about the x-axis; therefore the graph is not 
symmetric about the j-axis 



15. Since (r, 6) on the graph => (-r, 6) is on the graph, 

(± r) = -sin 26 => r = -sin 26 , the graph is symmetric 
about the origin. But -sin 2 (-6) = -(-sin 26) = sin 26 * r and 

-sin 2(71-6) = -sin(27T — 26) = — sin(-2 6) = —(—sin26 1 ) = sin2 6 ^ r 2 
the graph is not symmetric about the x-axis; therefore the graph is 
not symmetric about the j-axis 

16. Since (±r,-6) are on the graph when (r, 6) is on the graph, 

(± r) = -cos2(-6 ) ) => r = -cos 26 , the graph is symmetric about 
the x-axis and the j-axis => the graph is symmetric about the origin. 
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17. 


0 = =>/- = —1=>(—l,y), and 9 = ~ => r = -1 => (-1,—|); 


r ' =-jg= -sin Slope = 


r'sinfl+r cos# . 


-sin Q+r cos 0 


Slope at (-hy) is — 


r'cos#—rsin# — sin# cos#—rsin# 

-sin 2 + (-1) cosy 


■ = — 1 : 


sin^cos^ - (-1) sin* 
-sin 2 (—+ (-l)cos(-f) 


Slopeat -1,-f is - . 2 . - 

' -sin(-|)cos(-|)-(-l)sin(— 


= 1 


y 



18. 9 = 0 => r = -1 => (-1,0), and 6 = n r = - 1=> (-1, n)\ 

r < _ dr_ _ cos q. gj _ /’’sing+rcosg cosffsing+rcosg cos# sin g+r cos# 
dO ’ " r'cosO-rsinO cos0cos0-/'sin<9 cos 2 0-rsinf? 

o, . , i A , • cosOsinO+(-l)cosO , 

=> Slope at (-1, 0) is - t --—--= -1; 

cos 2 0-(-l)sin0 

, , • cos n sin 7T+(-\) cos n , 

Slope at (-1, n) is -=- 5 -= 1 

cos - 7T—(—1) sin /r 


y 



19. 


0 = *=>r=l=*(l,f); 0 = -f=>r = -l=>(-l,-f); 

0 = ^=>r = -l=>(-l,^) ; 0 = ~2*=>r = l=>(l,-^); 


r ' = ^q= 2cos20; Slope = 


r f sin#+r cos# _ 2 cos 2# sin Q+r cos # 


r'cos#—rsin# 2 cos 2# cos 0—r sin # 

2cos(f)sin(i) + (l)cos(f) 


Slone at (\ A is 

Slope at ^1, 4 ) 2cos j f j cos ^_ (1)sin j f j 


= — 1 : 


2cos| 

(-f) 

|sin( 

-f) 

+ (—1) cos| 

i-f) 

2cos| 

(-f) 

|cosi 

K 

) — (—1) sin| 

( ;r\ 
l 4/ 


= 1 : 


2cos| 

(f) 

|sin( 

[x) + (-l)c°s(x) 

2cos| 

(¥) 

| cos 

(x) 

| - ( 1) sin) 

(?) 


Slope at (l, ~^A is 


2cos| 

(-¥) 

|sin( 


+ (l)cos( 

Hf) 

2cos( 

Hr) 

|cos 

i-r) 

| — (l)sin( 

(-x) 


= -i; 


20 . 


9 = 0 => r = 1 => (1,0); 9 = f => r = -1 => (-1, f); 

6 = —=> r = -1 => (-1,-y); 6 = n => r = 1 =>(1, ti)\ 


dr_ 

dO 


= -2sin26>; Slope = 


r'sinff+rcosff _ -2 sin 20 sin Q+r cos 6 
r' cos 9—r sin 9 -2 sin 29 cos 9—r sin 9 


, ,, • -2sin0sin0+cos0 , . , . , „ , 

Slope at (1,0) is 3^333—3 , which is undefined; 


-2 sin 0 cos 0-sin 0 
-2 sin 2^j sin^j + (-1) cos(f) 


Slone at (-1 A is 

P ‘ ’ 2) -2sin2(f)cos(f)-(-l)sin(fj 

Slope at is 


= 0 ; 


-2 sin 2| 

("I) 

|sin( 

-f) + (—t) cos(-f) 

-2sin2| 

(~f) 

|cos 

f-f) 

1 — (—1) sin| 

(-f) 


Slope at (1, tz) is 


-2sin27rsin;r+cos;r 
-2 sin 2 n cos ;r-sin n 


= 0 ; 


, which is undefined 


y 
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21. (a) 

y 




22. (a) 



23. (a) 




24. (a) 



(b) 



25. 
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26. r = 2 sec 0 => r = —2— => r cos 0 = 2 => x = 2 
cos# 


27. 

y 



y 


[ 2 / 1 , ir/4) 



[ 2 / 1 , -»/4) 



29. Note that (r, #) and (— r, 9 + tt) describe the same point in the plane. Then r = 1 -cos 6 <=> -1 -cos(6* + n) 
=-1-(cos<9cos7T-sin £?sin;r) =-1 + cost? =-(1-cost?) = —r\ therefore ( r,9 ) is on the graph of 
r = 1 - cos 9 o (—r, 9 + n) is on the graph of r = — 1 - cos 9 => the answer is (a). 



r = 1 - cos 9 


r = -1 - cos 6 


r = 1 +cose 


30. Note that [r, 9) and (-r, 9 + n) describe the same point in the plane. Then r = cos26 , cs>-sin^2(6 , + ;r)+-|- 
sin^20 + -^j =-sin(26 , )cos|^ L j-cos(26 , )sin|-^ L j =-COS26 1 =-r; therefore (r, 9) is on the graph of 
sin \29 +yj => the answer is (a). 


= -sm( 

r = -sin I 
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11.5 AREAS AND LENGTHS IN POLAR COORDINATES 

>■ - i =fo> 2 "KK]o='£ 

2. A = \ n “^(2 sin#) 2 dd = 2f 7/2 sin 2 d dO = 2F ?r/ ~' i-cos2g d g _ V 1 ~(\- cos 20)d0 = -2-sin 2#] 

Jff/4 2 V ' Jtt/4 Jjt-/ 4 2 J^r/4 v > L 2 J^/ 4 

=(f-°)-(f-i)=f + i 

3. ^ = J ( ^i(4 + 2cos6') 2 d# = J 27 i(l6+16cos# + 4cos 2 #)^# = J 27 [8 + 8cos# + 2(i±^4f^)]^ 

= J~ (9+8 cos# + cos 2#) dd = |^9# + 8sin# + 2-sin2#J = 18;r 

4. ^4 = J~ 7 2-[a(l+cos#)] 2 dd = ^ l a 2 |l + 2cos# + cos 2 #j dd = \a 2 j~ 27 (l + 2 cos # + 1+c ° s2<9 j dd 
= 4« 2 j"~ 7 (f + 2cos# + 2cos2#j^/# = \a 2 \^d + 2smd + 2-sin2#J~ =^ncT 

5. A = 2j 0 7r %os 2 26* dd = J o W4 1±^4£ dQ = + sMj * /4 = | 

*' - Cd<-^) 2 « =id > 2 oo=td^ oo 

= i sin 60]''^ = i( f + °)-X(_ t+0 ) = - ft 

7. 4Hsin2#)(7£ = U "2sin2# <7$ q-cos27?p“ = 2 

8. ^M6X2)Cd 2s ir l3 O)^ = 12C f ’ s i n 30<70 = i2[-2°|M]* /6 


= 2 J 7 (l + cos6#) dd 


= 4 
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9. 


10 . 


r = 2 cos 9 and r = 2 sin 9 => 2 cos 9 = 2 sin 9 
=> cos 9 = sin 9 => 9 = ■j; therefore 

^ = 2j o i(2sin0) 2 d0 = J q ^sin-^fi?# 

= j; 4 4(^) d9 = j*' 4 (2-2 cos 29) d9 

= [29-&m29]^ A =f-l 



r — 1 and r = 2 sin 0 => 2 sin 0 = 1 => sin 0 = ^ 

=> 9 = or 4^; therefore 

O O. 

+( = ,r(l) 2 - f 5 * /6 j[(2sin 9) 2 -\ 2 }d9 

J7TIO * 

= "-tie ( 2sin2 ^-i) de = de 

r5n/6 
= n -\ 

Jtt/6 


r =2 tin 9 


/ 1 

(4- — cos 'IQ 

dd-n \\9 sm20 l 

57T/6 

“1 

\2 

L2 2 J 

nit i 


isin^) + ( 

,2 




11. r = 2 and r = 2(1 - cos 0) => 2 = 2(1 - cos 0) => cos 9 = 0 
=^>0 = ±y; therefore 

A = 2 ^ [2(1 — cos (9)] 2 d9 + \ area of the circle 

= Jo 4^1-2cos0+cos 2 9^d9+ (^tt^{2) 2 
= Jo^ 2 4 (l -.2 cos 61 + 1+c ° s 2g ) d9 + 2^ 

= Jo (4 -8 cos 0 + 2 + 2cos 20)c/0 + 2n 
= [60 -8sin0 + sin20]i[ /2 + 2;r = 5 tt -8 

12. r = 2(1 -cost?) and r = 2(1 + cos 9) 

=> l-cos0 = l + cos0 => cos 9 = 0 => 9 = y or y 1 ; the graph also 
gives the point of intersection (0, 0); therefore 

A = 2\ K J 2 \[2(\-cos9)fd9 + 2^ n \_[2(l+cos9)f d9 
= \ n 4(l-2cos0 + cos 2 9) d9+ \ K 4(1+ 2cos <9 +cos 2 9) d9 

JO J/r/2 

= j; ~4(l-2cos0 + l+^Mj dQ + J ?r ^4(l + 2cos0 + 1+c ° s2 ^ j d9 

C 71 / 2 i»7T 

= [ (6-8cos0 + 2cos20) i/0 + 1 (6 + 8cos0 + 2cos20) d9 

JO J tt/2 

= [60-8sin0 + sin20]o ' + [60 + 8sin0 + sin20]^ /2 = 6 tt —16 


y 
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13. r = V3 and r 2 =6cos2#=>3 = 6cos2<9 => cos2<9 = 4 

=> 9 = (in the 1st quadrant); we use symmetry of the graph 


to find the area, so A = 4j* 6 4(6cos 2(9)-4(^3 j 


dO 


= 2| o ?r/6 (6cos 29- 3) dd = 2[3 sin 29 - 36>]^ /6 = 3^3 -n 


y 



14. r = 3acos0 and r = a(l + cos 6) => 3acos# = o(l + cos#) 

=> 3 cost? = 1 + cost? => cos 9 = 4-=># = ^- or-y; the graph 
also gives the point of intersection (0, 0); therefore 

4 = 2j o 4 (Sacost?)"-a 2 (l + cost?)" dd 
= J o ^9 a 2 cos 2 6-a 2 -2a 2 cos£?-fl 2 cos 2 6?j d6 
= 18a 2 cos 2 9-2a 2 cos# 


-a 2 jt/6* 
4a 2 (l + cos2t?)-2a 2 cost?-a' 


r/r/3 

>0 

C( 


dO 


3 a 2 +4 a 2 cos 29 -2a 2 cos 9\d6 




= I 3a 2 9 + 2a 2 s'm29 — 2a 2 sin 9 I 


jilh 


JO 


= na + 


2a 2 (±)-2a 2 \M=a 2 (n + \-^) 



15. r = 1 and r = -2cos0 => 1 = -2cos# =>cos6* = -4 => 9 = -y- in 
quadrant II; therefore 

A = C / 3 i [(- 2cOS0 ) 2 -! 2 ] dB = J 2 ^/ 3 ( 4c0s2 ^- 1 ) d ° 

+ cos2£?)-l] d9 = (l + 2cos2£?) d9 


= [<9 + sin 26>] 


I2jt/3 


= 4 - + 


V3 



16. 


r = 6 and r = 3csc<9 => 6sin 9 = 3 => sin 9 = 4 => 9 = -f 1 or 

z o o 

therefore 


A - CM 62 - 9csc2 ") ie - C 6 ( i 8 -l csc2 «) ^ 

= [l86» + |cot 6>] 5 ^ 6 = (l5;r V3) -(3^ +|V3) = 12^- -9V3 
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17. r = sect? and r = 4cos<9 => 4COS6 1 = sec# => cos 9 = ^ 

=> 6 = or therefore 

A = 2j^ -i-|l6cos 2 #-sec^ #j dd 

= ^8 + 8 cos 2#-sec 2 9^d9 = [86* + 4sin2#-tan#]y /3 

= (^ + 2V3-a/3)-(0 + 0-0)=^ + V3 

2 ^ 

18. r = 3csc9 and r = 4sin# => 4sin # = 3csc# => sin" # = 4 

4 

=> 9 = or therefore 

A = 4tt — 2J /3 y|l6sin~ #-9csc 2 #j dd 
= An- -8cos20-9esc 2 #j dd 

= 47r-[8#-4sin2# + 9cot#]^ 2 
= An — (4^--0 + 0)-(^-2V3+3V3)] = ^ + V3 



r - tan 0 


19. (a) r = tan 9 and r = j esc 9 => tan 9 = j esc 9 t ~ <b &>$ r _ tor 

=> sin 2 9 = |^-jcos# => 1 -cos 2 9 = ^^f-jcos# 'O 1 R 

=> cos 2 # + ^4f-jcos#-l = 0 => cos 9 = -%/2 or ^ - 

(use the quadratic formula) => 9 = -j (the solution in the 
first quadrant); therefore the area of R j is 

4 = \l‘ A i taa2 9 de =\ Iq /4 ( sec2 6 -*) dd =\ i tan9 - d To /4 = | ( tan f - f )=\ - f -; 

AO = (^lesc-r = ^r- and OB = l^-\csc^ = 1 => AB =, l 2 = ^p- => the area ofTL is 


^2 = i| 2 T"|| 2 T"| = 4 i therefore the area of the region shaded in the text is 2^--f + j) = -|—j. Note: 
The area must be found this way since no common interval generates the region. For example, the interval 
0 <9 <-j generates the arc OB of r = tan 0 but does not generate the segment AB of the liner = 4^csc 0. 

It. 

Instead the interval generates the half-line from B to +oo on the line r = 4pcsc#. 

(b) lim tan 9 = co and the line x = 1 is r = sec 9 in polar coordinates; then 


lim (tan#-sec#) = lim - = lim /sintfjl _ y m ( cos# ) = 0 => r = tan 9 approaches 

> -\cos9 cos 6J cos# / - sin#/ 


r = sec 9 as 9 —> |yj => r = sec #(or x = 1) is a vertical asymptote of r = tan 9. Similarly, 
r = -sec #(or .r = - 1 ) is a vertical asymptote of r = tan 9. 
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20. It is not because the circle is generated twice from 0 = 0 to 2 n. The area of the cardioid is 
A = 2j Q 7r -l-(cos6 , + l) 2 d6 = j;(cos 2 9 + 2cos6> + lj dO = | o ?r ( 1+c ° s26> + 2c°s6> + l) d6 

= |+ 2 sin 8 j = 4^-. The area of the circle is A = => the area requested 

is actually = 

21. r = 0 2 ,O<9<^^>-^ = 29; therefore Length = J^.j(i9 2 )“ + (26>) 2 d9 = jf^0 4 +49 2 d9 


\f\9\4e 2 +4d0 = + 4 d9; (since ^>0) 

i = 0 2 + 4 => j du = 9 d9\ 9 = 0 => u = 4,9 = yfE => u = S>J —» du = j 


2 3/2 7 _19 

3 _4 3 


22. r = -^=,0 <9 <n => = -^=; therefore 


V2 


=r 

Jo 


= fv ^=r/r 

L Jo 


de j2> 


= e*-l 


Length = \o + (it de =lo $?j de 


23. r = 1 + cos 9 


= -sin 9\ therefore Length = yj(l + co&9) 2 +(-sin6>) 2 dd 
2j*j2 + 2cos9 d9 = 2 J*^ 4 d±p^ dd = 4^^f^-d9 = 4^ cos (|)d6> = 4 [2 sin|] * = 8 


24. r = asin 2 4, 0 < 9 < n, a > 0 => -jtt = asin-^cos^; therefore 
2 dO 2 2 


Length = j"J sin + (asin-fcos-f) d9 

= ija 2 sin 4 4 + « 2 sin 2 d-cos 2 ^ d9 = a |sin4|^sin 2 + cos 2 ^ d9 = aj* sin|-y) d9 (since 0 < 9 < n) 


JO > 2sm4 f- 
= j^-2acos-yj 0 =2.a 


25. r = —^,0<6><f ^>-777 =- 

1+cos # 2 de (1+cos 9) 


— — K dl— — —6 s *n 0 —. thprpfnrp I pnath — f ( - — -1 4-f — 9 _— ] d0 

( 1 +cos 0) 2 ’ mereIOre Len 8 m Jo f 1 +cos e) + { (1+cos 0)2 J 


= f ;r/2 J^^ + ^ZZ^ = 6 r /2 |^| / 1+ _smi T _ d0 

Jo y (1+cos#) 2 (1+cos#) 4 Jo 11+cos01^ (1+cos 9) 2 

= 6r /2 ( 1 -L) h+^ose+oos 2 e± Mrr£ d0 ( since --L.> O onO<0<f) 
Jo \ 1+cos#/v (1+cos#) 2 1 1+cos# 2/ 


=6 r /2 (_L_> pn^4^ = 6^r /2 ^^- 3 . 

Jo V 1+COS #/y ( 1 +cos #) 2 Jo (l+cos#) 3/2 Jo ( 2cOS 2 0 




= 3 J, 


•;r/2 


sec 


.3 # 


d9 


\ 2J 

3jj /2 sec 3 y d9 = bj^sec 3 m du = 6 |j seci(tan» + 1 4 ®ecM rft/1 (use tables) 

f-J= + |j^ln | sect/+tanw |J o 1 = 3 V2+ln|l+V2j 
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26. r= 2 -^<0<;r=>-^ =—2smJL_ therefore Length = , ( 2 ) 

1 —cos 0 5 2 de ( 1 -cos 0) 2 J^/ 2 v\ 1 -cos 0) 


-2 sin 0 
(l-cos ef 


de 


Js 1 


^/2V (1-cos 9) 


1 + - 


(1-cos 6)' 


de=T 

J tt/2 1-COS 0 


(1-cos 60 2 +sin 2 0 
(1-cos 9) 2 


de 


=2r ( 1 i 

J tt/ 2 V1—cos / 


(1-COS0) - 

=2V2 J 


de (since 1-cos 0 >0 on y < 6> < n) 


2-2 cos 0 
(1-cos <9) 2 




?r/2 (1 -cos0) 3, 


-=2V2J 




/r/2 


(2,i„=f) 


= r c S c 3 4 de = r csc 3 ( 4 )<» 

J?r/2 2 Jji/2 \ 2 / 


(sincecsc-f > 0 on y < 6> < n) = esc 3 udu- 2^[- CSCM 2 C0tM J + yj* 4 cscw du j (use tables) 


= 2 


1 _riln 

V2 L2 ln 


esc u +cotw 


C 4 rii + H^ +l )]^ + H l+ ^) 


27. r = cos 3 => = -sin-|cos 2 therefore Length = ^cos 3 + |-sin-|cos 2 -|j~ d6 

= Jo " 4 V c ° s6 (f ) +si ° 2 (f ) c ° s4 (f) =rv 2 fW cos 2 (f) +sin 2 (i) d ° =r - 2 (D d ° 

28 r = Vl +sin 20,0 < 6> < W 2 => ^ = 4(l + sin2#) _1/2 (2cos26 l ) = (cos 20)(1 + sin 2#) _1/2 ; therefore 


rV2 


Len g th = JT f 1+sin2 ^ + (irfc^)^ = l ( 
= {^V^ = [V^]^=2^ 


r>/2 


1 + sin 2# 


"-i. 


7i'l2 1 2 + 2sin26> 
1 + sin 24* 


d<9 


29. Let r = /«9). Then x = /(6>) cos G => j| = /'(<9) cos <9 - /(6>) sin 6 =i> (j|) 2 = [/'(<?) cos (9 - f{6) sin 6>f 
= [nejf cos 2 e - 2f(6)f(9) sin 6 cos 9 + [/(0)f sin 2 0; j = f{6) sin e => ^ = /'((?) sin 0 + /(6») cos 6 

^/'(fiOsin^ + yXlSOcos^ = [/'(6 , )]“ sin 2 6 ) + 2/'(6 , )/(6')sin6 , cos6' + [/(6 , )]“ cos 2 9. Therefore 

(§) 2+ (^f =[m] 2 (cos 2 ^ + sin 2 ^) + [/(^)] 2 (cos 2 ^ + sin 2 ^i/'(^)] 2 +[/W] 2 = r 2 +(^) . 

Th “- z -1 JOf+W dB -\i | 2+ (sf<*»• 

30. (a) r = a => ^ = 0; Length = J 1 Ja 2 +0 2 d9 = | a \ d6 = [«#]“* = 2^a 

(b) r = a cos # => Jy = -a sin 9\ Length = -J(acos9) 2 +(-a sin#) 2 d9 = Ja 2 ^cos 2 9 + sin 2 9 j d 9 
= J o \a\d9 = \a9 ]y = na 

(c) r = a sin 9 => ^ = a cos 9\ Length = J Q (a cos 9) 2 + (a sin 9) 2 d9 = J Q Ja 2 |cos 2 <9 +sin 2 6>j d9 
= J Q \a\d9 = [«^]q = na 


Copyright © 2014 Pearson Education, Inc. 



838 Chapter 11 Parametric Equations and Polar Coordinates 

3L (a) r av = 2^=0 a (\-™sO) d o = ^[o-^e} 0 7! = a 

( b ) r av = 2hC ad0 = lb [ a0 t* = a 

(c) C/2 acos0d0 = H a Sin *]-W2 = V 

32. r = 2 m, a<9<p^f e = 2 f\6) - r 2 + (jfef = [2 f{0)f + [2 f\6)f 

=* Length = \ P a ^\mf +4\f'(6)f dB = l\ P J[f{6)f +[f'(9jf dB 
which is twice the length of the curve r = f(9) for a <9 < /?. 


11.6 CONIC SECTIONS 

2 

1 . ;c = Lt-=>4/? = 8 =>/>= 2 ; focus is ( 2 , 0 ), directrix is x =-2 

2 

2. x = --L- => 4/> = 4 => p = 1; focus is (-1,0), directrix is x = 1 

3. y ~ => 4p =6 => p =-|; focus is ^0,-4), directrix is j = 4 

4. j/ = -^-=>4p = 2=>p=-L; focus is ( 0 , 7 ), directrix is y = —L 

5. ^j--^L- = l=>c = x/4 +9 = Vl3 => foci are |±^/l3^ oj; vertices are (±2, 0); asymptotes are j = ±jX 

2 2 

6 . ^- + ^L_ = 1 =>c = V9 -4 = x/5 => foci are ( 0 , ± V? j; vertices are (0, ±3) 

7. r y + > , 2 =l=>c = x/2 -1 = 1 => foci are (±1, 0); vertices are |±V2, 0 j 

2 

8 . L--x 2 =l=>c=V l 4+i = x/5=> foci are ^0, ±VJj; vertices are (0,±2); asymptotes are 32 = ±2x 
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9. j 2 = 12x => x = => 4/> = 12 =>/> = 3; 

focus is (3, 0), directrix is x = -3 



11. x 2 = — 8j =>j=3^=>4/»=8=> p = 2; 
focus is (0, -2), directrix is y = 2 


y 



1 2 

10. x = 6y^>y=^-^>4p = 6=>p = 
focus is ^0, -|j, directrix is y = —| 



12. y 2 = — 2x => x = ^2 => 4p = 2 => p = 
focus is directrix is x=-j 
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25. Foci: (±V2,0), Vertices: (±2,0)=>a=2, c = j2^>b 2 =a 2 -c 2 = 4-(>/2) = 2^^ + ^ = l 

26. Foci: (0, ±4), Vertices: (0, ±5)=>a=5, c = 4 => b 2 = 25-16 = 9 => 4+25 = 1 


27. x 2 -y 2 =1 ^>c=yja 2 +b 2 =VT+1=V2; 
asymptotes are y = ±x 


y 



29. y 2 -x 2 = 8 => = 1 => c = y[a‘ +b 2 

= V8 + 8 = 4; asymptotes are y = ±x 



31. 8.x 2 -2y 2 =16=>4j--^-=l=>c = "\/fl“ +b 2 
= V2 +8 = VfO; asymptotes are y = ±2x 


y 



28. 9x 2 -16y 2 = 144 => = 1 => c = Va 2 +fo 2 

= >/l6 + 9 = 5; asymptotes are y = ±-|x 



30. y 2 -x 2 = 4 => = 1 => c = \[a^-b^ 

= V4 + 4 = 2V2; asymptotes are y = ±x 



32. y 2 -3x 2 = 3 => A^--x 2 = 1 c = '}a 2 +b 2 
= V3 + 1 = 2; asymptotes are y = ±V3x 
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33. 8y 2 - 2x 2 =16=>^--^ = 1 => c = VcC + b 2 
= yj2 +8 = VlO; asymptotes are y = ±j 



35. Foci: (o, +V 2 ), Asymptotes: y = +x=>c=V2 
=> b = 1 => y 2 -x 2 = 1 


34. 64x 2 -36y = 2304 = 1 => c = \ja 2 +b 2 

= V36 + 64 = 10; asymptotes are y = ± j 



and x = l => a = ft => (C =a" +b 2 = 2 a 2 => 2 = 2cC => a = 1 
b 


36. 


Foci: (+2, 0), Asymptotes: y = ±-^x=>c = 2 and ^ = 
=> 4 = => rC = 3 => a = x/3 =>Z>=l=>4j--y 2 =1 




b 


V3 


2 2 , ,2 2 
> c = a +o = a 



4 a 1 
3 


2 2 

37. Vertices: (±3,0), Asymptotes: y = ±-|x => a = 3 and ^ = j => b =j(3) = 4 => = 1 

2 2 

38. Vertices: (0,±2), Asymptotes: y = ±jx=>a = 2 and j = \ =>b = 2(2) = 4 =>= i 


39. (a) y 2 = 8x => 4p = 8 => p = 2 => directrix is (b) 
x = -2, focus is (2, 0), and vertex is (0, 0); 
therefore the new directrix is x = -1, the new 
focus is (3, -2), and the new vertex is (1, -2) 



40. (a) x 2 = -4y => 4p = 4 => p= 1 => directrix is 
y = 1, focus is (0, -1) and vertex is (0, 0); 
therefore the new directrix is y = 4, the new 
focus is (-1,2), and the new vertex is (-1,3) 


(b) 



2 2 

41. (a) y^ + ^- = 1 => center is (0, 0), vertices are (b) 

(-4, 0) and (4, 0); c = 'Ja 2 -b 2 = V7 => foci 
are , oj and (-V7, oj; therefore the new 
center is (4, 3), the new vertices are (0, 3) and 
(8, 3), and the new foci are ^4 ± -jl, 3j 


y 
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42. (a) 


= 1 => center is ( 0 , 0 ), vertices are 


(0, 5) and (0, -5); c = Va 2 - b 2 = Vl 6 = 4 
=^> foci are (0, 4) and (0, -4); 
therefore the new center is (-3, -2), the 
new vertices are (-3, 3) and (-3, -7), and 
the new foci are (-3, 2) and (-3, - 6 ) 


(b) 



ft T ftC 1 


43. 


(o'! * 2 _ / - 

(a) 16 


■ 1 => center is ( 0 , 0 ), vertices are 


(b) 


(-4,0) and (4,0), and the asymptotes are 


, 2 . , 2 
la +b 


V25 =5 


4 = ±3 °r y 
=> foci are (-5, 0) and (5, 0); therefore the 
new center is ( 2 , 0 ), the new vertices are 
(-2,0) and (6,0), the new foci are (-3,0) and 
(7, 0), and the new asymptotes are 




3(x-2) 


44. (a) ^--^- = 1 => center is (0,0), vertices are 
( 0 ,- 2 ) and ( 0 , 2 ), and the asymptotes are 


4 = or y = ±-^=; c = yla 2 +b 2 =^9 =3 

=^> foci are (0, 3) and (0, -3); therefore the 
new center is ( 0 , - 2 ), the new vertices are 
(0, -4) and (0, 0), the new foci are (0,1) and 
(0, -5), and the new asymptotes are 
y + 2 = ±^ 




45. y =4x=>4p=4=>p = l=> focus is (1, 0), directrix is x = -1 , and vertex is (0, 0); therefore the new 
vertex is (-2,-3) , the new focus is (-1, -3), and the new directrix is x = -3 ; the new equation is 

(y + 3 ) 2 =4(x+2) 

46. y = -12* ^>4/?=12=>/?=3=> focus is (-3, 0), directrix is x = 3, and vertex is (0, 0); therefore the new 
vertex is (4, 3), the new focus is (1, 3), and the new directrix is * = 7; the new equation is 

(j -3 ) 2 = - 12 (x -4) 

47. = 8 y => 4p = 8 => p = 2 => focus is (0, 2), directrix is y = -2 and vertex is (0, 0); therefore the new 
vertex is (1, -7), the new focus is (1, -5), and the new directrix is y = -9; the new equation is 


(x-l) 2 = 8 (j + 7) 
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48. x 2 = 6y => 4p = 6 => p = => focus is ^0, 4), directrix is y = -4, and vertex is (0, 0); therefore the new 

vertex is (-3,-2) , the new focus is (-3,-4), and the new directrix is y = the new equation is 

(x + 3) 2 = 6(y+2) 

49. ^■ + ^_ = 1=> center is (0,0), vertices are (0,3) and (0,-3); c = \lct 2 -b 2 = -79-6 =^3 => foci are 

(o, V 3 ) and ( 0 , —v/ 3 ); therefore the new center is (-2,-1), the new vertices are (-2,2) and (-2,-4), and 

the new foci are (-2, -1 ± -Js ); the new equation is ' X+2) - + • > ^ 1> = 1 

50. ^Y + y 2 =1=> center is (0,0), vertices are (V 2 , 0 ) and ^—s/2, 0 ); c = V« 2 -b 2 = 72 -1 =1 => foci are 
(-1, 0) and (1, 0); therefore the new center is (3, 4), the new vertices are (3 ±-72, 4 ), and the new foci are 

(2,4) and (4,4); the new equation is —p- + (y-4 ) 2 =1 

51. 4“ + 4 _ = l^ > center is (0,0), vertices are (VJ, 0 ) and (-V3,o); c ='ja 2 -b 2 = 73 - 2 = 1 => foci are 
(-1,0) and (1,0); therefore the new center is (2,3), the new vertices are (2 ±-73,3), and the new foci are 

(1,3) and (3,3); the new equation is — - + - - =1 

52. ^- + 4j = l=> center is (0,0), vertices are (0,5) and (0,-5); c = \ja 2 -b 2 = 725-16 = 3 => foci are (0,3) 
and (0, -3) ; therefore the new center is (-4, -5), the new vertices are (-4, 0) and (-4, -10), and the new 

foci are (-4,-2) and (-4,-8); the new equation is + (> ^ =1 


2 2 I - 

53. = center is (0,0), vertices are (2,0) and (-2,0); c = \a 2 +b 2 =\l 4+5 =3 => foci are (3,0) 

and (-3, 0); the asymptotes are ±j = => y = therefore the new center is (2, 2), the new vertices are 

(4,2) and (0,2), and the new foci are (5,2) and (-1,2); the new asymptotes are y — 2 = ± ; the new 


.. • (x-2) 2 (y-2) 2 . 

equation is : —-- 2 —— = 1 


54. jg-4p = l=> center is (0,0), vertices are (4,0) and (-4,0); c = \la 2 +b 2 =x/l6~+9 =5=> foci are (-5,0) 
and (5, 0); the asymptotes are ±j = 4 => y = ±4t; therefore the new center is (-5, -1), the new vertices are 
(-1,-1) and (-9,-1), and the new foci are (-10,-1) and (0,-1); the new asymptotes are y +1 = + 3( - r + 5 ) . 

., .. • (x + 5) 2 (y + 1) 2 . 

the new equation is ——-—— = 1 

55. y 2 -x 2 = 1 => center is (0, 0), vertices are (0,1) and (0, -1); c = \ja 2 +b 2 = x/l+T = -72 => foci are 

( 0 , + V 2 ); the asymptotes are y = ± x; therefore the new center is (-1,-1), the new vertices are (-1, 0) and 
(-1,-2), and the new foci are (-l,-l+>/2); the new asymptotes are y + l = +(x + l); the new equation is 

(y+ i) 2 -(x+i) 2 =i 
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56. "4--x 2 =1=> center is (0,0), vertices are (o, V3 j and ^0, —73 j; c = \la 2 +b 2 = ^3+1 


= 2 => foci are 


(0, 2) and (0,-2); the asymptotes are ±x = -j=- => y = +V3x; therefore the new center is (1, 3), the new 


vertices are 


(l, 3 ± ~J3 j, and the new foci are (1, 5) and (1,1); the new asymptotes are y -3 = ±V3(x -1); the 


new equation is 


0-3)- 


-(*-!)=! 


57. x 2 +4x +y 2 = 12 => x 2 +4x +4 +y 2 = 12 +4 => (x + 2) 2 +y 2 =16; this is a circle: center at C(-2, 0), a = 4 

58. 2x 2 +2y 2 -28x+12y+114=0^>x 2 -14x+49+y 2 +6y +9 = -57 +49 + 9 => (x-7) 2 + (y+3) 2 =1; this is 
a circle: center at C(7,-3),a = 1 


59. x 2 + 2x+4y-3 =0=>x 2 +2x+l = -4y+3+l=>(x+l) 2 = —4(_y — 1); this is a parabola: V(-l, 1), F(—l, 0) 

60. y 2 -4y-8x-12 =0 => y 2 -4y+4 =8x+12 +4 =>(_y-2) 2 = 8(x + 2); this is a parabola: V{-2,2),F{0,2) 

2 2 2 2 2 2 tx+2)^ o 

61. x +5 y +4x = l=>x + 4x+4+5y = 5 => (x + 2)“ +5y = 5=> il -y—by = 1; this is an ellipse: the center 

is (-2,0), the vertices are (-2+^,0); c = \la 2 -b 2 = V?--T = 2 => the foci are (-4, 0) and (0, 0) 

62. 9x 2 +6 y 2 +36 y = 0 => 9x 2 +6|y 2 + 6y + 9^ = 54 => 9x 2 + 6(y +3) 2 = 54 => + fy+2 * = 1; this is an ellipse: 

the center is (0,-3) the vertices are (0, 0) and (0,-6); c = 'Jci 2 -b 2 = V9-6 = V3 => the foci are 
(0, -3+V3) 

63. x 2 +2y^ -2x -4 y = -1 => x 2 -2x +1 +2 [y 2 —2y + lj = 2 => (x -l) 2 +2(y -l) 2 = 2 +(y — l ) 2 = 1; 

this is an ellipse: the center is (1,1), the vertices are (l±%/2,1 j; c = V a 2 - b 2 = >/2 — 1 = 1 => the foci are 
(2,1) and (0,1) 

64. 4x 2 +y 2 +8x — 2y = -1 => 4 |x 2 + 2x+l) + y 2 -2y +1 = 4 4(x +1) 2 + (y-l) 2 =4^>(x+l) 2 + ^- = 1; 

this is an ellipse: the center is (-1,1) the vertices are (-1, 3) and (-1,-1); c = \ja 2 -b 2 = v/4-1 = V3 => the 
foci are (-1,1 + ^3) 

65. x 2 -y 2 -2x + 4y = 4 => x 2 -2x + l - |y 2 -4y+ 4j = 1 => (x-1) 2 -(y -2) 2 = 1; this is a hyperbola: the center 

is (1,2), the vertices are (2,2) and (0,2); c = \la 2 ~+b 2 = yjl + l = V 2 => the foci are (l±v/2, 2 ); the 
asymptotes are y— 2 = +(x -1) 
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66. x 2 -y 2 +4x-6y = 6 =>x 2 +4x+4-^y 2 + 6y+9^ = 1 => (x +2) 2 —(y + 3) 2 = 1; this is a hyperbola: the center 

is (-2,-3), the vertices are (-1,-3) and (-3,-3); c = 'ja 2 + b 2 = x/l + l = v/2 => the foci are (-2+V2, -3j; 
the asymptotes are y + 3 = ±(x + 2) 

67. 2x 2 -y 2 + 6y = 3 => 2x 2 y 2 -6y + 9^ = -6 => & 3) = 1; this is a hyperbola: the center is (0,3), the 

vertices are ^0, 3+ x/6j; c = \la 2 +b 2 = -J 6+3 = 3 => the foci are (0, 6) and (0, 0); the asymptotes are 

= ±-j= => y = ±Vlx + 3 

68. y 2 -4x 2 +16x = 24 => y 2 -4^x 2 -4x +4j = 8 => (A ^ = 1; this is a hyperbola: the center is (2,0), 
the vertices are ^2, ±v/8 j; c = 1 Jci 2 +b 2 = >/8 +2 = v/l0 => the foci are ^2, +V10 j; the asymptotes are 

i = ± 7T^ y = ±2(x ~ 2) 

2 

69. (a) y = kx => x = j-; the volume of the solid 

formed by revolving R 1 about the y-axis is 



the volume of the right circular cylinder formed 
by revolving PQ about the y-axis is 

F 2 = 7ix 2 \[kx => the volume of the solid 


formed by revolving R^ about the y-axis is F 3 = F> - Fj = 4a ~ A . Therefore we can see the ratio of F 3 
to Fj is 4:1. 

(b) The volume of the solid formed by revolving R 2 about the x-axis is Fj = J* n (4kt j dt = nk J* t dt 
= . The volume of the right circular cylinder formed by revolving PS about the x-axis is 

F 2 = n(yjkx^ x = n kx 2 => the volume of the solid formed by revolving R l about the x-axis is 
F 3 = F 2 - Fj = nkx 2 -Therefore the ratio of F 3 to V\ is 1:1. 

70. y = \jjx dx=^[^ + C =^ + C\ y = 0 when x = 0 => 0 = ^~+ C => C = 0; therefore y = ^- is the 
equation of the cable’s curve 

2 2 2 

71. x~ = 4 py and y = p => x~ = 4p => x = ±2p. Therefore the line y = p cuts the parabola at points (-2 p,p) 
and (2p, p), and these points are ^j[2p-(-2p)] 2 +(p-p) 2 =4 p units apart. 
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72. lim 

X-»00 


im f— x- — six 2 -« 2 1 = — lim ( x-\lx 2 -a 2 1 
->oo\. a J a .r— V J 


= ^ lim 

a „ . 


| x-\lx 2 -a 2 ^x+ylx 2 -a 


h^x 2 —a 


= 4- lim 

a „ . 


! f v )' 


= £ lim 


= 0 


73. Let = Jl on the interval 0 < x < 2. The area of the inscribed rectangle is given by 


A(x) = 2x| 2Jl-Z- = 4xjl (since the length is 2x and the height is 2 y) A'(x) = 4Jl - f= 


Thus A'(x) = 0 => 4^1 - L _ = 0 =^> 4|l-^-j-x 2 = 0 => x 2 = 2 =>x = v/2 (only the positive square 

root lies in the interval). Since A( 0) = A(2) = 0 we have that a(^J 2 j = 4 is the maximum area when the length 
is 2 V 2 and the height is v/2 . 


22 2 o 2 / q 2 

74. (a) Around the x-axis: 9x +4y =36=>j =9-^x =>y = ±J 9-jX and we use the positive root 


V = 27tL9--|x 2 dx = 2j o ^9--|x 2 j dx = 27r|^9x -|-x 3 


= 24;r 


22 2 42 / 42 

(b) Around the y-axis: 9x +4y =36=>x =4-|-j; => x = ±J4and we use the positive root 
- = 2 JoM^F) ^ = 2 J"q ^ ( 4 — g'4’ 2 ) dy =2n 4y--^y 3 ^ = 16?r 


75. 9x 2 -4y 2 =36^>y 2 = ^ j = ±|v/x 2 -4 on the interval 2<x<4^>V = |Tf|Vx 2 -4 


£?X 


= t! 2 V- 4 )* = t 


i4 


f-4x 


J2 


9;r 1 
4 


if- 1 <’)-(!- 8 )] = x(f- 8 )'T< 5 ' s - 24 ) 


= 24;r 


76. Let fj (-/'.Ji) be any point on x = -p, and let P(x, j) be a point where a tangent intersects y 2 = 4px. 
Now y 2 = 4/?x => 2y^ = 4p => ^ then the slope of a tangent line from P l is ^ = ^- = ^d- 

=>.P 2 ~m =2 px + 2p 2 . Since x = |^, we have y 2 -yy 1 = 2p\X-\ + 2p 2 y 2 -yy t = jy 2 +2 p 2 


4 p 


_, 1 2 /■) 2 r» _. 

-yy\~ 2 P =° =^A = 


— ^ 4 ^’i~ +16 - p _ ^ + ^Jy^+~4p 2 . Therefore the slopes of the two tangents from 


P\ are m\ =■ 


2 P 


aWa"+4p“ 


and m 2 =- 


2 P 


A 


~^Vi+4p 2 


■ W|W 2 = 

A 


4^- 


-( A 2 +4/> 2 ) 


= -1 => the lines are perpendicular 


77. (x-2) 2 + (j-l) 2 =5^2(x-2) + 2(j-l)f = 0=>£ = -^f; j = 0 =* (x-2 ) 2 + (0-l ) 2 = 5 => (x-2 ) 2 = 4 

=> x = 4 orx = 0 => the circle crosses the x-axis at (4, 0) and (0,0); x = 0 =>(0-2)' +{y-\) 2 = 5 
=>(y’-l)~ = l=>>’= 2 or}’ = 0 => the circle crosses the j-axis at ( 0 , 2 ) and ( 0 , 0 ). 

At (4,0): ^7 = = 2 => the tangent line is y = 2(x-4) or y = 2x-8 
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At (0,0): ^ = -2 => the tangent line is y = -2x 

At (0,2): ^ = 2 => the tangent line is y-2 = 2x ory = 2x + 2 


78. x~-y = 1 => x = ±\]l + y on the interval -3 < y < 3 ; 
= 2x\l[\ + y 2 )dy = 2n y+^j- = 24;r 




79. Let y = J16-^-x z on the interval -3 < x < 3. Since the plate is symmetric about the j-axis, x = 0. 


For a vertical strip: (x, y) = x, 


Jl6-fx 2 


• mass = dm=SdA = SA\6-^-x 2 dx. 


, length =J16-^x , width = dx^> area = dA = Jl6-^-x z dx 


Moment of the strip about the x-axis: y dm = 


Jlt-P 2 


SA 16-^-x 2 | dx = S 


H* 2 ) 


dx so the moment of 


the plate about the x-axis is M x =^ydm=j 3 <^8-|-x 2 jc?x = 3 8x-hyx 3 ^ = 32£; also the mass of the 
plate is M = J ^ <5^16-^-x 2 dx = J ^ 45-Jl-^jx'jdx\ | u = j => 3 du = dx\ x = -3 => u = -l,x = 3 =>u = lj 

—» 4<?J ^3Vl — m 2 < du=l25\ du =125 1-w 2 " + sin _1 z/j = => y = 

Therefore the center of mass is ^0, -hr j. 



81. (a) 

(b) 

(c) 


tan fd = m L => tan ^ = f'(x 0 ) where /(x) = ^4 px ; 
/'W=i(4px)- 1/2 (4p)=^£= 

^■ r ^=Ak = ^ tan ^ = 2 A- 


tan tj> = mpp 


ro-° 

*o~P 


ro 

x 0 -p 


: tan ^-tan 3 

tan a = , , ,, C, 

1+tan tf tan /? 


/ ro 2/4 
\xp-p yo) 



yl- 2 P{ x a-p) _ 4px 0 -2px 0 +2p 2 _ 2p(x 0 +p) _ 2 p 
ro(x 0 -p+2p) ro(x 0 +p) ro(r 0 +p) ro 
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11.7 CONICS IN POLAR COORDINATES 

1. I6x^+25y" = 400 jj + jjr = l => c = \[a~--b" 

= V 25 -16 = 3=>e = 4 = |; F(±3,0); directrices are 

x = 0±^ = ± 7 | v = ±f 
e (!) 3 

2. 7x 2 +16 y 2 =112=>jg+^- = l=>c = Va 2 - b 2 

= >^7=3=>e = f = -|; F(±3,0); 

directrices are x = 0 ± — = ±t4t = ±-^r 
e (!) 3 


3. 2x" + y 2 = 2 => x 2 + = 1 => c = Vfl 2 -b 2 

= j2^\=\^e = ^ = -^- F( 0,±1); 

fi 

directrices are y = 0 ± — = ± = ±2 

e /j_\ 


4. 2x 2 + y 2 = 4=>4 i 1 + ^-=l=>c = -\/a 2 -6 2 

= V4^2=V2^e = ^ = 4; c(o, ±V 2 ); 

directrices are v = 0 ± — = ±ti=\ = ±2^2 
y e I y 2 \ 

\ 2 / 


5. 3x 2 + 2y 2 = 6=>4^- + 4^- = 1 =>c=V« 2 -6 2 

= V3^2=l=>e = ^ = ^; F(0,±1); 

/T 

directrices are y = 0 ± — = ±-t-t = ±3 

Ui 



y 




y 
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6. 9x 2 + 10y 2 =90=>yjj- + ^-=l=>c=Vfl 2 -ZC 
= VWT9=l^ e = ^ = -d F ; to(±l,0); 

directrices are x = 0 ±— = ± = ±10 

' to 


7. 


6x 2 + 9y 2 =54=>^ + ^- = l=>c = Vfl 2 -ft 2 

= V9to> =V3^>e=f = ^f; to(±V3,o); 


directrices are x = 0 ± — = ±=4— = ±373 

e / %/31 


I 

I 


I 

I 




169x 2 + 25y 2 =4225: 


—+ —= l=i>c 
25 169 


= Vl69 -25 = 12 => e = — = 

a 

directrices are v = 0 ± — = ± 

e 



+ 169 
_ 12 


VT ^ 2 


y 



9. 

10 . 

11 . 

12 . 

13 . 


2 2 

Foci: (0, ±3), e = 0.5^c = 3 and = = 6^.fe 2 = 36-9 = 27 ^>^- + |g =1 

Foci: (±8,0), e = 0.2 =>c = 8 and a = ^ ^ = 40 => b 2 = 1600-64 = 1536 -^r + to—= 1 

v 5 7 e 0.2 1600 1536 

Vertices: (0,±70), e = 0.1 => a = 70 and c = ae = 70(0.1) = 7 => b 2 =4900-49 = 4851^^ + 


Vertices: (±10,0), e = 0.24 => a = 10 and c = ae = 10(0.24) = 2.4 => b z =100-5.76 =94.24: 


Focus: (yfs, o), Directrix: x = -p=>c = ae = V5 and — = - 7 = => «£ = _!L => 2 /l = 2L =>e 2 

\ r 75 e 75 e 2 75 e 2 75 


Then PF = ^-PD => 


^(x-V?) +(±-0) 2 =^ x--J= =>(x-V5) +j 2 = ||x--|,j 


=> x 2 -2y[5x +5 +y 2 =-||x 2 -d=x + -yj => d 


x 2 +y 2 =4^>4 + ^ = l 
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14. Focus: (4, 0), Directrix: x = -^=>c=ae = 4 and ■2- = l|-=>-S| = l^=>4- = ^f^ > e 2 = 7 => e = ~T~- 

4 ^ J J p J i Z 


Then PC = ^PD ; 


• x z -8x + 16 + >> z =j[x z -^-x+2|£ 


.J(x-4) 2 +(y- 0) 2 = #|x-M|^_4 ) 2 + , 2 = |(x - f ) 2 


^i.T 2 +/=f : 


(f) + (f) 


15. Focus: (-4, 0), Directrix: x = -16 => c = ae = 4 and - = 16 => = 16 => Hr = 16 => e~ = 4=>e = ^. 

e e 2 e 2 4 2 


Then PF = j 


jPD => -^(x + 4) 2 +(j —0)“ = j\x + 16| => (x + 4) 2 + y 2 = 2-(x + 16)“ 


+ 8x + 16 +y" = -^x 2 +32x + 256j => -|x 2 + y 2 = 48 => ^- + 2^- = 1 


16. Focus: (-x/2, 0j , Directrix: x = -2^2 => c = ae = V2 and j = 2^2 =n = 2^2 => ^ = 2V2 => e 2 = y 
^>e = -L. Then PF = -^PD ^(x++(y-Q) 2 = -j=|x + 2^| ^>(x + ^) 2 +j 2 =i(x + 2V2) 2 
=> x 2 +2V2x + 2 +j 2 = y|x“ +4V2x + 8 j => -i-x 2 +_y 2 = 2=>^j- + ^- = l 


17. x 2 -y 2 = 1 => c = yJa 2 +b~ = Vl+T = -J2 => e = — 

y a 

= ^Y = J2; asymptotes are y = ±x; f(±-J2, oj; 

directrices are x = 0 ± — = ±-j= 

e V2 


2 2 /- 

18. 9x 2 -16y 2 = 144 = 1 => c = ya 2 +b~ 

= Vl6 + 9 = 5=>e = ^- = -|; asymptotes are y = ±- |x; 

P(±5, 0); directrices are x = 0±-j = ±y 


19. 


y 2 -x 2 = 8 = 1 =>c = Vo 2 +Z> 2 =x/8 + 8 =4 

=> e = ^ = V2; asymptotes are j = ±x; P(0,±4); 


directrices are 


j = 0 ± — = = ±2 

^ V2 
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20. y“ -x 2 = 4=>^j--^j- = l=>c=Va 2 +6“ = yj4 + 4 = 2V2 
=> e = ^ = V2; asymptotes are y = ±x; F^O, ±2 A j; 

directrices are v = 0 ±— = ±-3= = ±v2 

' e V2 



21 . 


8x 2 -2y 2 = 16=>4p-^- = l=>c = Va" + /j 2 

= V 2 T 8 = VlO^>e = ^ = ^ = V5; 

^ V2 

asymptotes are y = ±2x; C^tVlO, 0 ); 


directrices are x = 0 ± — = ± 

e 


A 

Vs 


± 


2 

V 10 




2 2 

23. 8y^-2x 2 = 16 => = 1 => c 




a +6 


= -\/2 +8 = VlO => e = j = V?; asymptotes are y = ±y; 
C^0,±Vl()j; directrices are y = 0 ±-j = ±^| = 


24. 


2 2 I - 

64x 2 -36y 2 = 2304 =>^-^ = l^c = -\la" + b 2 
= V36 + 64 =10=>e = — = ^- = 4; 

a 6 3 

asymptotes are y = ±-|x; C(±10,0); 


directrices are 


x = 0±^ L = ± 7 f v = ±^ 
e (!) 5 


25. Vertices (0, ±1) and e = 3 => a =1 and e = ^ = 3=>c = 3a=3=>b 



2 = c“ - a 2 = 9- l= 8=>y 2 -^|- = l 


x 
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26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 


38. 


2 2 

Vertices (±2,0) and e = 2 => a = 2 and e = — = 2=>c = 2a=4=>Zr =c 2 - a 2 = 16-4=12=> 2 j r -y^- = l 

v 7 a 4 12 

2 

Foci (±3,0) and e = 3 => c = 3 and e = ^ = 3 => c =3a => a =1 => b" =c 2 -a 2 = 9 -1 = 8 => x 2 = 1 
Foci (0,±5) and e = 1.25 =>c = 5 and e = — = 1.25=4=>c = 4a=>5=4a=>a=4 

v ’ ' a 4 4 4 

2 2 

=^>6 2 =c 2 -a 2 =25-16=9=>y^-^ = 1 

lo y 


e = l’ x = 2 ^^ = 2 ^'-= 17(1^ = 17^ 
e = 1’ ^ = 2 =» k = 2 => '' = I + 0)1 9 = uhe 


e = 5,y = -6=>k = 6=>r 


6(5) 

1 - 5 sin 9 


30 

1 - 5 sin 0 


e = 2,;t = 4=>£=4=>r = 


4(2) 


1 + 2COS0 l + 2cos0 


e = i,x = l=>A:=l=>r =—yy 

2 1 4.(1 


l + (±)cos<9 2 + cos0 

(i), 

e = -^,x = -2=>k=2=>r= 


J 

» 2 > 

1- 

a 

)cos£> 


(i)00) 


e = i>’=-10=>A:=10=>r = , . 

5 l-4)si 


10 


(±)sin6> 5 - sin 0 


e = ±y = 6^k = 6^r= } = 


J 

j)(6) 

1 + 

a 

)sin0 


1 


1 + cos 9 


• e =\,k =1=> x =1 


r = 6 = —-=> e = \-,k = 6 => x = 6: 

2+cos6> i+(i) C os<2 2 


\ 1 

to 

ft 

II 

1 

HE 


=>a = 4=>ea = 2 


y 



y 
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43 r — ---=> r = —-— 

2-2 sin 9 1-sin 9 

=^> e = \,k=A^> y = -A 
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. rcos(9-^\ = V2 => r(cos# cos-|- + sin# sin jj = V 2 

=>-j=rcos6 , +-l=rsin(9 =V2 =>-Cx + -Cy = V 2 

V2 72 V2 V2 

=>;t + y = 2=>y = 2- .x: 



46. rcos(f? + ^j =1 => r(cos0 cos sin <9 sin^j =1 
=> —7=rcos#-^-rsin# = 1 => x+ y = —Jl 

V2 2 

=> y = —x - V2 



47. rcos^d= 3 => r(cosd cos-y^ sin 6 sin^y) =3 
=> -j-rcos# + y-rsin# = 3=>-^x + ^-y=3 
=> —x + V3y =6 => y = y-x + 2-\/3 


48. rcos(<9 + y) = 2 => r^cos^cosy-sin^siny) = 2 
=> yrcos^-y-rsin# = 2 => \x-^-y = 2 
=> x - VJy = 4=>y = yX- yy 




49. ~Jlx + \f2y = 6 => >/2 rcos<9 + V 2 /'sin0 = 6 => r|^-cos# + ^y-sin#j = 3 => r^cosycostf + sin-^sin#) = 3 
=> rcos(<9-y) = 3 

50. yj3x-y = 1 => VJr cos 6 -r sin 6 = 1 => r|^-cos<9--|sin#j = j => r (coscos <9-sinsin#) = \ 

=> rcos(# + -|) = j 


51. y = —5 => r sin 0 = -5 => -r sin 0 = 5 => rsin(-#) = 5 => r cos -(-#)) = 5 => rcos(<9 + y) = 5 
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52. x = -4 => r cos# = -4 => -rcos# = 4 => rcos(6>-^) = 4 

53. 54. 




55. 56. 




57. (x-6) 2 +y 2 = 36 => C = (6,0), a = 6 
=> r = 12 cos 9 is the polar equation 



58. (x + 2)~ + y 1 = 4 => C = (-2,0), a = 2 
=> r = -4 cos 0 is the polar equation 

y 



59. 


x 2 +(.y-5) 2 = 25 => C = (0,5), a = 5 
=> r = 10 sin <9 is the polar equation 



60. x 1 +(y + 1) 2 = 49 => C = (0, -7), a =1 
=> r = -14 sin 9 is the polar equation 
y 
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61. x 2 + 2x+y 2 =0 => (x + l) 2 + y~ = l 
=>C = (-1,0), a = 1 => r = -2cos 8 
is the polar equation 




62. x 2 -16x + y 2 =0 =>(x-8) 2 +> ,2 = 64 
=>C = (8,0), a = 8 => r = 16cost? 
is the polar equation 
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75. (a) Perihelion =a-ae = a(l-e), Aphelion =ea+a=a( 1 + e) 


Planet 

Perihelion 

Aphelion 

Mercury 

0.3075 AU 

0.4667 AU 

Venus 

0.7184 AU 

0.7282 AU 

Earth 

0.9833 AU 

1.0167 AU 

Mars 

1.3817 AU 

1.6663 AU 

Jupiter 

4.9512 AU 

5.4548 AU 

Saturn 

9.0210 AU 

10.0570 AU 

Uranus 

18.2977 AU 

20.0623 AU 

Neptune 

29.8135 AU 

30.3065 AU 


76. Mercury: r = 


Venus: r = 


(0.3871)(l-0.2056 2 ) 


Mars: r = 


Saturn: r = 


Uranus: r = 


1+0.2056 cos 9 

1+0.2056 cos 9 

(0.7233)(l - 0.0068 2 

) 0.7233 

1+0.0068 cos 9 

1 + 0.0068 cos 9 

l(l-0.0167 2 ) 

0.9997 

1+0.0167 cos# 1 + 0.0617 cos# 

(1.524)(l - 0.0934 2 ) 

1.511 

1 + 0.0934 cos 9 

1 + 0.0934 cos 9 

(5.203)(l-0.0484 2 ) 

5.191 

1 + 0.0484 cos 6 

1 + 0.0484 cos 9 

(9.539)(l-0.0543 2 ) 

9.511 

1 + 0.0543 cos 9 

1 + 0.0543 cos 9 

(19.18)(l-0.0460 2 ) 

19.14 

1+0.0460 cos 9 

1+0.0460COS# 

(30.06)(l-0.0082 
r — — t-- 

) _ 30.06 
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CHAPTER 11 PRACTICE EXERCISES 

1. x = ^ and y = t +1 => 2x = t :=> y = 2x +1 



3. x = \ tan t and y = j sec t => x 1 = jtan 2 t and 
y 2 = Jj-sec 2 t => 4x 2 = tan 2 t and 4y 2 = sec 2 t 
=> 4x 2 +1 = 4y 2 => 4y 2 - 4x 2 = 1 



2. x = sft and y = 1- 4t => y = 1 -x 


y 

\ I y-i-x 



2 2 

4. x = -2 cos t and y - 2 sin t => x” =4 cos” t and 
j 2 = 4 sin 2 t => x 2 + j 2 =4 

y 


X 



7 7 7 

5. x = -cos t and j = cos” t => j = (-x) =x 



6 . 


7 7 

x = 4 cos t and y = 9 sin t => x” = 16cos” f and 

2 2 

j 2 =81sin 2 t^> j6+|]- = l 



7. 16x 2 +9jC = 144=>4r + ifi" = l =>a = 3 and b = 4=> x 


3 cos t and y = 4 sin t, 0 < t < In 


8. x 2 +y 2 = 4 => x = -2 cos t and y = 2 sin t, 0 < t < 6n 


1 , 1 . dy dv/dt 

x = -y tan t, y = 4 sec t => = —— 


sec t tan t t an t 


dx dx/dt i sec 2 1 


sec t 


■ = sin t : 




t = f => x =|tan^ =^~ and v =|secf =1 => y =^-x += 


■Ji d 2 y 


dx~ 


t-nl'h 

dy’/dt 
dx/dt ~ 1 sec 2 ? 


cos t 0 3 . 

= 2 COS t 


£_Z 

dr 2 


= 2 cos 4=1 


t=tr/3 


(fK 


Copyright © 2014 Pearson Education, Inc. 



Chapter 11 Practice Exercises 


861 


in v — 1 i 1 v-1 3 — dy _ dy/dt _ W) _ 3 f ^ dv _ 3 _ o. , _ o — Y _ i , 1 _ 5 nnr | 
10. x-l + - — ---{2)--3,t-2^x -I + -T -4 and 


y = l-± = -\^y = - 3 X + Il;i^ = ^l = (ll = l r 3 =|( 2 ) 3 =6 

2 2 ' 4 dx 2 dx/dt Q 4 dx i 4 K ’ 


on r r v 3/2 

11. (a) x = 4r,y=t 3 -l=>t = ±^y-=>y = ±^- -1 = ±^—-1 


(b) x = cos t, y = tan t => sec t = — => tan 2 1 +1 = sec z t => y^ = -4--1 = -Mp- => y = ± 


2 _ 1 ,_1- 


12. (a) The line through (1,-2) with slope 3 is y = 3x-5 => x =t, y = 3t-5, -oo <t < oo 

(b) (x-1 ) 2 +(y + 2 ) 2 = 9=>x-l = 3 cos t, y + 2 = 3sin/=>x = l+ 3 cos t, y = -2 +3 sin t, 0 < t < 2n 

(c) y = 4x 2 -x => x =t, y = 4t 2 -t,-<x <t <co 

2 2 

(d) 9x 2 + 4 v 2 = 36=>4— + 4^- = 1=>x = 2 cos t, y = 3 sin t, 0 < t < 2n 


13. y = x' 


. —- dy_ _ i —1/2 1_ r 1/2 —- (dy_\ = 1(1 

3 dx 2 2 \dx 4 \x 


~ l - j, 4 /t(I+2+*) * - !?(}( 

l[(4 + |.8)-(2 + f)] = l(2 + U) 


-1/2 , 1/2 


(I_ 2+x )^ Z= Jl yl+j( 7 - 2 +x) dx 

^(x- 1,z +x i,z ) <£t = J i 4 ^x _1/2 +x 1/2 j«ic= 7 2x 1/z +-|x 3/2 J i 


.,2/3 dx _ 2 -,—1/3 _. I dx\^ _ 4jy 


i4. f =^v-^^ui + f ^ 


*-r 


V /3 + 4 , 


= 3 " J ] 8 V 9 T ^ 2/3 +4 (t 1 / 3 )</y; [« = 9 j 2/3 + 4 => du = 6y 1/3 dy; y = l => u = 13, y = 8 => w = 4oJ 

-* I = X \ 4 °u l,2 du = y\h< 312 f = J ? f40 3/2 -13 3/2 1 « 7.634 
18 J 13 181_3 J 13 27 L J 


> w - h^-i^ =• %-l m -K 1 ' 5 - (£ f -lb 2 ' 5 - 2 « 2,s ) 

=31 - J i 32 1 |l + i (, 2 ' 5 -2 + .v- 2,! )* => L - J 22 ^i(.v 2,! + 2 + .v- 2 ' 5 ) * = j“ 1 |i (* 1 ' 5 + *- 1 ' 5 ’ 

= f lb 1 ' 5 4[E 6,5 .E 4,5 f =i[(i2 6 .f- 24 )-(M)]4(¥^) 


= i(1260 + 450)=™ = 2S 
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17. = -5sin t + 5sin 5? and % = 5cos t -5 cos 5?: 

at at 


dx_\ / dy_ 

dt I \dt , 


/ 2 2 / 2 2 2 2 

= J(-5sint +5sin5t) +(5 cost-5cos 5t) = S-^sin" 5t -2 sin t sin 5t + sin t+ cos t -2 cost cos 5/ +cos“ 5/ 
= 5^2 -2(sin t sin 5/ + cos t cos 5 1) = 5^2(1-cos 4/) = 5^4^j(l-cos 4/) = 10-^sin 2 2t = 10|sin 2t| 

= 10 sin 2t (since 0 < t <yj => Length = ^ 10 sin 2 1 dt = [-5 cos 2 ./]q /2 = (—5)(—1) — (—5)(1) =10 


18. ^ = 3t 2 —12? and ^ = 3t 2 +12= ^3t 2 -I2t )~+(3t 2 +12t) 2 = ^2SSt 2 +lSt 4 


= 3V2 1/1 => Length =jSV2|f|Vl6 + t 


^ dt = 3^2 ^tyl 6 +1 2 dt; 


2 3/2 
^rli 


V2((17) 3/2 -64] ® 8.617. 


2 
n!7 


2 1 

u = 16 +t => du =2t dt => j^du = t dt;t = 0 ^>u =16; t =l=> u =11 


Jl6 


= ^(|(17) 3/2 -|(16) 3/2 ) =^-|((17) 3/2 -64) 


19. -Il- = -3 sin 0 and = 
dO dO 


% = 3 cos 0 => + {j$) = \j(~ 3sin6») 2 + (3cos<9) 2 = ^3(sin 2 0 + cos 2 (9 

Length = “3 dd = dO = 3^^-oj = 


= 3 


20. x = C and j = '—-t,—ds < t < V3 => = 2t and = t 2 -1 => Length = J^J(2t)~ + (c -lj dt 

= \-^ {4+2(2+1 dt = Lj3}j( r +1 ) dt = 1-^3 ( r +1 )^ = f 


1>/3 


J-V3 


= 4^3 


21. x = y and y = 2t,0<t<'j5=> d ^ = t and = 2 => Surface Area = J Q 2^(2 t)Vt 2 +4 dt 


u =t~ + 4 => du =21 dt; t = 0 => u = 4, / = V? => ;< = 9 —;► J 2 nu Ll ~ > du = 2n 


'2„3/2l y _ 76 ^ 

.3 J 4 “ 3 


22 . x = t 2 + 7 an d L = 4-77, -j=<t<l=>^ = 2 t — 7 and ^ = - 7 = 
2? ' V2 dt 2 r dt J 


■ Surface Area = 


ltU 2 4 2+ i)\r“iri) + (i) dt= H 1 / J t2+ m( 2t+ id) dt 


;2 d7(' 2+ i)( 2 ' + /?)‘* = 2 ri7( 2 ' 3 riri r3 )‘*= 2 rii' 1 ri'4 r2 ]7 = 2 7-^ 1 
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23. rcos(# + y) = 2^3 => r (cos 8 cos y - sin 6 sin y j = 2^3 

y 

=^> cos 0-^-r sin# = 2^3 

x - V5y = 4v3 

=$ r cos 6-\[3 rsin# = 4>/3 => x-^3y =4V3 


^P=#-r- 4 



24. rcos^-^j = ^- => r(cos<9 cos^ + sin<9sin^) = 

=>-^- r cos d + ^r sin 9 = yp- => -x + y =1 
=> y = x +1 

25. r = 2 sec# => r =—^— => rcos# = 2 =>x - 2 

cosd 
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29. r = -4sin 9 => r 2 = -4 r sin 9 => x 2 + j 2 + 4j = 0 
=^x 2 + (y + 2) 2 =4; 
circle with center (0, -2) and radius 2. 


30. r = 3V3 sin <9 => r 2 = 3^3 r sin <9 

=> -r 2 +J 2 -3^3 j = 0 =>x 2 =^-; 

circle with center |o, ^- j and radius 

31. r = 2 V 2 cos 9 => r 2 = 2y[2 r cos 9 

=> x 2 + y 2 - 2 J 2 .X = 0 =>|x - V2 j~ + y 2 = 2; 
circle with center (V 2 , 0) and radius V 2 


32. r = -6 cos 0 => r 2 = -6r cos # => x 2 + j 2 + 6x = 0 

=^> (x + 3) 2 +y 2 =9; 

circle with center (-3,0) and radius 3 


33. x 2 +y 2 +5y = 0 => x 2 +(j+f)"" = ^ 
=^> C = ^0, —and a= 
r 2 + 5r sin 9 = 0 => r = -5 sin 9 




y 
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34. x~ + y 2 —2y = 0 => x~ + (y -l) 2 = 1 
=> C = (0,1) and a = 1; 
r 2 - 2r sin 0 = 0 => r = 2 sin 9 


35. x 2 +y 2 -3jc = 0=>(jc-|) 2 + y 2 = | 
=> C = (-|, Oj and a =|; 

2 

r - 3r cos 0 = 0 => r = 3 cos 9 


36. x 2 +y 2 +4x = 0^(x + 2) 2 +y 2 =4 
=> C = (-2,0) and a = 2; 
r 2 + 4r cos 9 = 0 => r = -4 cos 6* 


y 




37. 



38. 

y 



39. d 


40. e 


41. / 


42. / 


43. k 


44. h 


45. i 


46. j 


47. 


^4 = 2|^ \r 2 d9 = (2-cos(9) 2 d9 = ^4-4cos0 +cos 2 = 04 -4cos<9 + 1 + c ° s2g jrffl 

= J o 7r (|- 4 c o s^ + ^^)j6' = [|6'-4sin6'+^J =\n 


48. 



3, ) ) (i fl = j o " 3 (l^£)d( ? = i[tf-i sin6S] o " 3 


;T 

12 
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49. r = 1 +cos20 and r = 1 => 1 = 1 +cos20 => 0 = cos20 => 2d = y => 0 = y-; therefore 
A = 4j o + cos26^)“ — l 2 Jc/6 > = 2j o (l +2 cos 20 +cos" 2d-ljdd 

= 2 | Q ;r/ 4 ( 2 cos 20 + i + ^| 4 £)d 0 = 2 [sin 20 + i 0 + ri !^] ;r/4 = 2 (l + f+ o) = 2 +f 

50. The circle lies interior to the cardioid. Thus, 

A = 2 J^J 2 T[ 2 (l + sin0)] 2 dO - 7i (the integral is the area of the cardioid minus the area of the circle) 

= J ^4(1 + 2sin 0 +sin 2 d^dO-n - J ~ 2 (6 + 8sin0-2cos20) dd-n = [60-8cos0-sin20]^”, -n 
= [37T - (—3tt)] - n = 5 7t 

51. r = -1 + cos0 => -jg = -sin0; Length = J ^(-l + cos0)“ +(-sin d)~ dd = -^2 -2cos0 dd 

= jo* J 4(l ~™ s0 ) dd = 2sin |dO = [-4cosf = (—4)(-l) -(-4)(1) = 8 


52. r = 2sin0 + 2cos0, 0 < 0 <y => ^ = 2cos0-2sin0; r 2 + (-yy) = (2sin0 + 2cos0) + (2cos0-2sin0)" 
= 8(sin 2 0 + cos 2 0) = 8 => L = j*' 2 4%dd = [2V20]^ 2 = 2^2 (f) = tt^2 


53. r = 8 sin 3 (yj, O<0<-y=>-yy = 8 sin 2 (-|) cos(yj; r 2 + ( 


dr t 2 _ 
dO) 


8 sin 3 (yj + 8sin 2 (-|jcos(-yj 

dd 


= 64 sin [y-J 

r^/4r 


/ . A ( / 

i\ . f^/4 . 7 / , 

n\ rfl’M 

l-cos[2^) 

2 

/64sin 4 (| 

B^-lo 8sm i J 

oo 

_o 

II 

Q2> 

93 

Tsl m 


-a 


JO 


4-4 cos 


(?) 


dd = 


40- 


6si "(f)r= 4 (f)-« si ”(f)- 0 '^- 


54 . 


r = Vl + cos20 => % = i(l +cos 20)“ 1/2 (-2sin 20) = => (^f = 

2 /'rf L \ 2 1 ^ sin 2 20 (1 + cos2ff) 2 + sin 2 20 1 + 2cos26> + cos 2 20 + sin 2 2g 

W0/ 1 + COS20 l + cos2<? 1 + cos 20 


2+2cos2g 

l+cos20 


= 2 =>L = il'^fidd = >/2[f-(-f)] = >/2jr 


9 2 

55. x' = -4y => j = -^-=> 4/7 =4 => p =1; 
therefore Focus is (0, -1). Directrix is y = 1 



56. x 1 = 2y^>\ = y^Ap=2^> p=^\ 

therefore Focus is (o, -yj; Directrix is y = ~y 


y 
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61. 3x 2 -y~ = 3 => x 2 = 1 => c~ = 1 + 3 = 4 





63. 


2 2 

x' =-12j=>-yy = }’=>4/>=12=> p = 3 => focus is (0, -3), directrix is y = 3, vertex is (0, 0); therefore 

2 

new vertex is (2, 3), new focus is (2, 0), new directrix is y = 6, and the new equation is (x - 2) = -12(_y -3) 


64. y 2 = 10* =>^-=*^>4/?=10=> /? = -| => focus is 0 j, directrix is x = vertex is (0, 0); therefore 

new vertex is -l), new focus is (2, -1), new directrix is x = -3, and the new equation is 

(j + l) 2 =10(.r+i) 
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2 2 _ 

65. "|- + ^- = l=>a=5 and Z> = 3=>c=v25-9 = 4 => foci are (0, ±4), vertices are (0, ±5), center is (0, 0); 
therefore the new center is (-3, -5), new foci are (-3, -1) and (-3, -9), new vertices are (-3, -10) and 

(-3, 0), and the new equation is — ~^ 3) + = 1 

2 2 

66 . + -f ^4 =1 => a = 13 and & = 12 => c = v/l69-144 = 5 => foci are (±5,0), vertices are (±13,0), center is 
(0, 0); therefore the new center is (5,12), new foci are (10,12) and (0,12), new vertices are (18,12) and 

(- 8 , 12 ), and the new equation is = 1 

67. = 1 => « = 2v/2 and b = v/2 => c = v /8 + 2 = VlO => foci are (o, ±^/l0 j, vertices are ^0, ±2 a/ 2 j, 
center is ( 0 , 0 ), and the asymptotes are y = ± 2 x; therefore the new center is ( 2 , j, new foci are 

^2, 2a/ 2 ± VlO j, new vertices are ^2, 4 a/ 2 j and (2,0), the new asymptotes are y = 2x-4 + 2^2 and 

1— (y-2j2) (x-2) 2 

y = -2x + 4 + 2V2; the new equation is -g— - ~ = 1 

2 2 

68 . gj = 1 => a = 6 and b = 8 => c = V36 + 64 = 10 => foci are (±10, 0), vertices are (± 6 , 0), the center is 

(0, 0) and the asymptotes are j = ±-| or y = ±fx; therefore the new center is (-10, -3), the new foci are 

(-20,-3) and (0,-3), the new vertices are (-16,-3) and (-4,-3), the new asymptotes are y = jX+^- and 

4 49 • (x+10) 2 (v+3) 2 , 

y = -jX- 2 j-; the new equation is —^-— = 1 

69. x 2 -4x-4y 2 = 0 => x 2 -4x + 4-4y 2 = 4 => (x-2 ) 2 -4 y 2 = 4 =^> (A 4 " ) — y 2 = 1, a hyperbola; a = 2 and 

6 =l=>c = v/l + 4 = yj. 5the center is (2,0), the vertices are (0,0) and (4,0); the foci are ^2±V5,oj and the 

asymptotes are y = +^r 

70. 4x 2 - y 2 + 4y = 8 => 4x 2 - y 2 + 4 v - 4 = 4 => 4x 2 -(y- 2 ) 2 = 4 => x 2 - ( ' V 4 " ) = 1, a hyperbola; a = 1 and 

b = 2 => c = v/l + 4 =y/5; the center is (0, 2), the vertices are (1, 2) and (-1, 2), the foci are 5^ 2 j and the 

asymptotes are y = ± 2 x + 2 

71. y 2 -2_y + 16x = -49 => y 2 —2y + 1 = -16x-48 => (y-1) 2 = -16(x + 3), a parabola; the vertex is (-3,1); 
4j?=16=> p = 4 => the focus is (-7,1) and the directrix is x = 1 

72. x 2 - 2x + 8 >’ = -17 => x 2 -2x + l = - 87 -16 => (x-1 ) 2 = -8(y + 2), a parabola; the vertex is (1, -2); 
4j?=8=>p=2=> the focus is (1, -4) and the directrix is y = 0 
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73. 9x 2 +16 y 2 +54.r -64y = -1 =>9(x 2 +6.r) + 16^ 2 -4v) = -1 =>9^x 2 + 6x + 9) + 16(>’ 2 -4j + 4) = 144 

=> 9(x + 3) 2 + \6{y -2) 2 = 144 =^> (a | 2) + ^- v 9 " ) =1, an ellipse; the center is (-3, 2); a = 4 and b = 3 
=> c = Vl6 — 9 = -Jl\ the foci are f-3±V7,2j; the vertices are (1,2) and (-7,2) 

74. 25x 2 + 9y 2 -1 OOx + 54 y = 44 => 25 [x 2 - 4x) + 9 [y 2 + 6yj = 44 => 25 (x 2 - 4x + 4) + 9 (y 2 + 6y + 9 ) = 225 

=> <A ^ = 1, an ellipse; the center is (2, -3); a = 5 and b = 3 => c = V25 -9 = 4; the foci are (2,1) 

and (2, -7); the vertices are (2, 2) and (2, -8) 

75. x 2 + j 2 -2x-2j = 0 => x 2 -2x + l + >> 2 - 2j +1 =2 => (x-1) 2 +(j - l) 2 = 2, a circle with center (1,1) and 
radius = V 2 


76. x 2 + y 1 + 4x + 2y = 1 => x 2 + 4x + 4 + y 2 + 2y +1 = 6 => (x + 2) 2 + (y + 1) 2 =6, a circle with center (-2, -1) 
and radius = V6 



78. r = 8 => r = —--y-=> e = 7 => ellipse; 

2+cos0 l+(I)cos0 2 

ke = 4=>-Trk=4=>k=8;k= — -ea^>8 = 777 -4-a 

2 e (i) 2 

=> a = y- => ea = (y)(^) = f 1 therefore the center is 


GM ; 


vertices are 


(8, n) and (|,o) 



79. r = => e = 2 => hyperbola; ke = 6 => 2& = 6 

=> k = 3 => vertices are (2, n) and (6, ;r) 


80. 


r = 12 => r = - 7-7 -=> e = 7 ;ke = 4 

3+sin 9 l+(i)sin<2 3 

=> -^k = 4 => k = 12; a|l — e 2 j)4 => a 1-^j” =4 

=> a = ^=>ea = (j)(y) = yl therefore the center is 
( 4 ,^f-); vertices are (3, y) and ^ 6 ,-y) 
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=> r = 


=> r = 


1+2 cos 6 


1 -cos 9 


83. e =2 a °d rsin 9 = 2 => y = 2 is directrix => k = 2; the conic is an ellipse; r = y 

2 


=> r = 


2 +sin 9 


84. e = j and r sin 9 = -6 => y = -6 is directrix => k = 6; the conic is an ellipse; r = y 

6 _ 


r ke 

( 2 X 2 ) 

1 +ecos 0 

1+2 cos 9 

■ r - ke 

(4)(1) 

’ l-ecos 0 

1 -cos 9 

ke 

( 2 )(|) 

l + esin# 

l + (- 0 sin 6 > 

r - ke 

> r _ <«(i) 

l-esin 0 

l-^ijsin# 


=> r = 


3 -sin 9 


22 2 q 2 / o 2 

85. (a) Around the x-axis: 9x + 4 v = 36=>y = 9-jX =>y = ±J 9-jX and we use the positive root: 


V = 2 \l n (J 9 ~4 x2 ) dx = 2 Jo ” ( 9 -f* 2 ) d X = 2 tt [9.t- 1x 3 ] q 


= 24;r 


22 2 42 I A 2 

(b) Around the y-axis: 9x +4y =36=>x =4-|-j/ =>x = ±J4 —and we use the positive root: 


K = 2 Jo - 9' > ’ 2 ) ^= 2 j 0 ^( 4 -|/)^ = 2 ^ 4 >’“^'>’ 3 ] 0 =16?r 


86 . 


9x 2 - 4 v 2 =36,x = 4 : 


2 = 9 ,y 2 -36 

y a 




y —2 


_ jLf 
4 


n4 


f- 4 x 


J2 




-4; 

-f)=^(32)=24;r 




87. (a) r = 1+g ^ os g ^ r +er cos 9 = k => tJx 2 +j 2 + ex = k => ■sjx 2 + y 2 = k-ex => x 2 + y 2 = k 2 —2kex +e 2 x^ 
=> x 2 -e 2 x 2 +y 2 +2kex — k" = 0 => |l —e 2 jx 2 + j 2 +2 kex-k 2 = 0 
(b) e = 0 => x 2 +j 2 -k 2 = 0 => x 2 +y 2 = k 2 => circle; 

0 < e < 1 e 2 < 1 e 2 -1 < 0 ^ B 2 -4AC = 0 2 -4^1 -e 2 j(l) = 4(e 2 -lj < 0 ellipse; 
e = 1 => B 2 -4AC = 0 2 — 4(0)(1) = 0 parabola; 

e>l=>e 2 > 1 => .S 2 —4AC = 0 2 -4^1 - e 2 j(l) = 4e 2 -4 > 0 => hyperbola 


88. Let {r\, 9 \) be a point on the graph where i\ = a9\. Let (r 2 , 9 2 ) be on the graph where r 2 = a9 2 and 

9~, = #1 + 2n. Then r\ and r 2 lie on the same ray on consecutive turns of the spiral and the distance between 
the two points is r 2 -i\ = a9 2 - a9\ = a (9 2 - 9 \) = 2 na, which is constant. 
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CHAPTER 11 ADDITIONAL AND ADVANCED EXERCISES 

1. Directrix x=3 and focus (4, 0) => vertex is (y, oj 

1 1 . 7 y 2 

=^> p = j => the equation is x ~^~2 

0 

2. x 2 -6x -12y + 9 =0 => x 2 -6x+ 9 = 12 y =y => vertex is (3,0) and p = 3 => focus is (3,3) and 

the directrix is y = — 3 



3. x 2 = 4y => vertex is (0, 0) and p = 1 => focus is (0,1); thus the distance from P(x, y ) to the vertex is 

/2 2 /2 2 /2 2 /2 2 
^x +y and the distance from P to the focus is \Jx~ + (y -l) - => -\jx +y =2 yjx + (y-l) 


X 2 +y =4 x 2 +(y—\y 


■ x 2 +y 2 = 4x 2 +4y 2 -8y + 4=> 3x 2 +3 y 2 -8y + 4 = 0, which is a circle 


4. Let the segment a+b intersect the y-axis in point A and 
intersect the x-axis in point B so that PB = b and 
PA = a (see figure). Draw the horizontal line through P 
and let it intersect the y-axis in point C. Let ZPBO = 6 

=> ZAPC = 6. Then sin 6 = 2- and cos 9 = — 

b a 

2 2 

=> ^r + ^r = cos 2 0 + sin 2 6 = 1. 
a 2 b 2 


y 



5. Vertices are (0, ±2) => a = 2; e = — =>0.5=-^-=>c=l=> foci are (0, ±1) 


6. Let the center of the ellipse be (x, 0); directrix x = 2, focus (4, 0), and e = y=>y-c = 2=>y = 24-c 
=> a = j(2 + c). Also c = ae = ja => a = -|^2+-|aj=>a = y + y« => -|a = y => a = y=-; 


- 2 = 7—2 = (¥)(!) : 


18 

5 


• X = 


28 


the center is (-y, oj; x-4 = c => c = -y-4 = -| so that 


2 2 
c = a -b~ = 


= (^) “(f) = > therefore the equation 




IS 


/144 \ ( 80 

\ 25 / \25, 


= 1 or 


25 | 


f-f) ! 

144 


+ ^L = 1 
+ 16 


7. Let the center of the hyperbola be (0, y). 

(a) Directrix y = -1, focus (0, -7) and e = 2 => c -y = 6=>y = c- 6=>a=2c-12. Also c = ae = 2a 
=> a = 2(2a)-12 => a = 4 => c = 8 ; y-(-1) = y = 4 = 2 => y = 1 => the center is (0,1); 

c 2 = a 2 +b 2 =>6 2 =c 2 -a 2 = 64-16 =48; therefore the equation is yy—yy = 1 
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(b) e = 5 => c —— = 6=>j = c-6=>a = 5c -30. Also, c = ae = 5a => a = 5(5a) -30 => 24a = 30 => a = 


=>c = ^; J-(-l)=f = -^=j=>J = -|=> thecenteris (o, —|); c 2 =a 2 +b 2 =>b 

6 M)~ 


2 2 2 
= c -a 


= -y-J therefore the equation is ——— 


m m 


x 2 , 161 

— = 1 or 


25 


2x 

75 


= 1 


5. The center is (0, 0) and c = 2=>4 = a 2 +b 2 =>b 2 = 4 -a 2 . The equation is = 1 => =1 


49 144 . = 1 ^ 49 | 4 _ fl 2 j_ 144fl 2 =fl 2 


a 2 (4 V) 


( 4 -“ 2 ) : 


■196-49a 2 -144a 2 = 4a 2 -a 4 


-197a 2 + 196 = 0 => [a 2 -\96^a 2 -lj = 0 => a = 14 or a = 1; a=14^b 2 =4-(14) 2 <0 which is 


2 2 2 

impossible; a = 1 => = 4-1 = 3; therefore the equation is j = 1 


9. b 2 x 2 +a 2 y 2 = a 2 b 2 => = -Kf-\ at (x^jq) the tangent line is j-jq = j -- |(x-jq ) 


a y 

2 , , 2 , 2 2,2 2 2,2 ^ ,2 ,2 2,2 n 
■a qqq+o xxi~b X] +a jq —a b => b xxj+a yy^—a b =0 


10 . 


b 2 x 2 - a 2 y 2 = a 2 b 2 => =^- = 4^; at (x| ,jq) the tangent line is y — y\ =f (x-xj) 

a - }; v ' ^ cC Vj y ' 

2 2 222222 2 2 22 
=> b“xxj -a yqq =b x{ -a jq =a b =>b xxj - a j>jq - a b =0 
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15. (9x 2 +4y 2 -36^4.r 2 + 9y 2 -16) <0 

=> 9x 2 +4j’ 2 -36 < 0 and 4x 2 +9 y 2 -16 >0 or 
9x 2 + 4y 2 -36 > 0 and 4x 2 +9y 2 -16 < 0 



16. ^9x 2 +4j 2 -36)|4x 2 +9y 2 -16) >0, which is the 
complement of the set in Exercise 15 


9* 2 +4y 2 -36-0 

V >- 



17. (a) x = e 2t cos t and y = e Z! sin t => x z +y z = e 4 ' cos z t +e‘ XI sin z t = e m . Also — = 


2 1 


2 , .,2 At _2 . , At -2 , 


A1 


y _ e f sin t _ 


= tan t 


. . . -ii r i . 2 . 2 4 tan Vy/x) 

=> t = tan — => x + j = e u 7 


7 7 7 

is the Cartesian equation. Since r = x + y~ and 


8 = tan 1 1 — 


1 # 

^), the polar equation is r 2 = e 4 ^ or r = e 20 for r > 0 


(b) ds 2 = r~dO~ + dr 2 ; r = e 29 => dr = 2e 29 d8 

=> ds 2 = r 2 d6 2 + (2e 20 c/(9) 2 = (e 20 ) 2 t/<9 2 + 4e 49 d6 2 
= 5e 49 dd 2 => ds = sf5e 29 d6 
. L = | o 2?r 75 e 29 dd =\^f~Y = f (e 4 * -l) 



18. r = 2sin 3 |-|) => dr = 2sin 2 |-|) cos(-|) d6 => ds 2 = r 2 d0 2 +dr 2 

2 sin 3 (|)] 2 dO 2 + |7sin 2 (|)cos(f 2 = 4sin 6 (f)d8 2 +4sin 4 (f)cos 2 (| )d8 2 


4 sin 


in 4 |-|)J sin 2 (y) + cos 2 = 4sin 4 [^dO 2 => ds =2sin (^dd. 

Then Z=| o 37r 2sm 2 (|)^ = J o 37r [l-cos(f)]^ = [f?-fsin(f =ln 


ke 


19. e - 2 and r cos 8 = 2 => x = 2 is the directrix => k = 2; the conic is a hyperbola with r = — 

l + ecos0 

0(2) 4 


=> r = 


1+2 cos 9 1+2 cos 0 
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20. e = 1 and r cos 6 = -4 => x = -4 is the directrix => k = 4; the conic is a parabola with r = y— 


1 — cos 0 1 - cos 6 


21. e — j and r sin 6 = 2 => y = 2 is the directrix => k = 2; the conic is an ellipse with r = 1+ j^j n 

^ r = M -_2_ 

l + (i)sin6» 2 + smd 

22. e = y and r sin = -6 => >> = -6 is the directrix => k = 6; the conic is an ellipse with r = 

^ r - 6 (j) _ 6 

1 - sin 9 ^ sin 9 


23. Arc PF = Arc AF since each is the distance rolled; 
ZPCF = => Arc PF = b(ZPCF); 

d = =4> Arc AF = ad => ad = b(ZPCF) 



=> ZPCF = (l) d- ZOCB =\~d and 
ZOCB = ZPCF - ZPCF = ZPCF - (f - «) 

=>f-0 = (f)0-f + a=>a = tr-0-(f)0 
=>a = >r-(*±£)d. 

Now x = OB +BD =OB + EP = (a +b)cosd + bcosa = ( a +b)cosd + bcos ( 7r- (' S ^) 

= (a +Z>)cos6> + Z>cos7rcos + Z> sin^sin^-^j^j = (a +b)cosd-b cos^-^j#j and 

j = PD = Cfl - CC = (a +Z>)sin d -Z>sin a = (a +b)sind-bs'm 
= (a +b)sind-b sin^cos^-^j^j+ ^cos^sin^^^j^j = (a +b)s'md-b sin 
therefore x = (a +fc)cos6 ) -fecos^^^-j6 , j and y = {a+b)smd-bsm[i^Ak^6^ 


24. x = a(t -sint) => & = a(l-cost) and let 8 = 1 => dm = dA = ydx = y^j^jdt = a(l - cost)a(l - cost) dt 


= a 1 (l-cost)“ dt\ then A = j" Q ^ a 1 (l-cost) 2 dt = a 2 ^ [\ -2cost +cos 2 t^jdt 
- g 2 |~ 7r (l-2cost +^- + y-cos2tj<it - a 2 -2sint + si rc 2 ^ =3 no 2 ", x - x - a(t -sin t) and 
y = jy = 4«(l-cost) => M x = jydm = jy8dA = J ^a(l-cost) a 2 (l -cos?)“ dt = ^a 3 (l - cos 
= j 0 _7r (l-3cost + 3 cos 2 1 - cos 3 t'jdt = 4^-^l-3cost +-| + ^y^-|l-sin 2 t j (cos t)\dt 


= -3sinf + Js ™ 2? -sint + ^^-4 =^~. Therefore y = —f = - ~ / = -f t 

2 [2 4 3 J Q 2 s M 2 6 
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Also, M y = jxdm = jxSdA = J ^a(t -sin t)a 2 (l-cost)" dt 

T( 


3 »2n / 2 2 

= t -2tcost + tcos t - sin t + 2sin? cost -sin tcos 1 1 dt 


= a 3 C— 2cos t —2t sint + 4 - 1 ” + -|-cos2r+4sin2t + cost + sin 2 t+^-d- 


T | _ M v 3n 2 c? 

Thus X = —r- = — 

M 3™ 2 


= tra => |;ra, -|a j is the center of mass. 


25. P = wi-V\^> tan P = tan (^ 2 - Vx ) = ; 

the curves will be orthogonal when tan /? is 


undefined, or when tan y/ 2 = 


r 2 =-f\6)g\9) 


-l 


-l 


tan i^i g'(0) 




2;r 

Jo 


= 3n 2 a 2 . 



26. r = sin 4 (£) => ^ = sin 3 (f)cos(f) =* tan y, = = tan(f) 


• 4 
sin 

(!) 


sin 3 | 

(!) 

cos 

(!) 


27. r = 2a sin 39 =>-^r = 6a cos36> => tan <// =t 7 T= 2osin3 ^ =1 tan 30; when 0 = -f-, tantt/ = 1 tan-^ => tt/ = - 
dO r (dr_\ 6acos30 3 6 y 3 2 r 

\de) 


28. (a) 



(b) r6 = 1 => r = 0 _1 => ^ = -0“ 2 
/0 — 1 

=> tan y/ |^_j = _ 7 = -9 => lim tan y/ = —oo 

—9 ~ 0 —>oo 

=> y/ —> y from the right as the spiral winds in 
around the origin. 


29. tan (//. = ^_ cos6> = -cot <9 is —at 0 = -f-; tan y/~, = = tan <9 is V3 at 0 = since the product of these 

1 —73 sin 6* 73 3 cos<9 ^ F 

slopes is -1, the tangents are perpendicular 


30. t&ny/ 



a(l-cos0) 
a sin# 


is 1 at 0 = -|=>^ = -| 
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CHAPTER 12 VECTORS AND THE GEOMETRY OF 

SPACE 


12.1 THREE-DIMENSIONAL COORDINATE SYSTEMS 

1. The line through the point (2, 3, 0) parallel to the z-axis 

2. The line though the point (-1, 0, 0) parallel to the j-axis 

3. The x-axis 

4. The line through the point (1, 0, 0) parallel to the z-axis 

2 2 

5. The circle x + y =4 in the xy- plane 

6. The circle x~ +y~ = 4 in the plane z = -2 

7. The circle x~ +z~ = 4 in the xz-plane 

8. The circle y +z =1 in the yz- plane 

2 2 

9. The circle y + z = 1 in the yz- plane 

10. The circle x~ +z~ =9 in the plane y = -4 

11. The circle x +y =16 in the xj-plane 

12. The circle x 2 +z~ =3 in the xz-plane 

13. The ellipse formed by the intersection of the cylinder x +y = 4 and the plane z = y. 

14. The circle formed by the intersection of the sphere x +y +z = 4 and the plane y = x. 

15. The parabola y = x in the xj-plane. 

16. The parabola z=y in the plane x = l. 

17. (a) The first quadrant of the xj-plane (b) The fourth quadrant of the xj-plane 

18. (a) The slab bounded by the planes x = 0 and x = 1 

(b) The square column bounded by the planes x = 0, x = l, y = 0, y = 1 

(c) The unit cube in the first octant having one vertex at the origin 
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19. (a) The solid ball of radius 1 centered at the origin 

(b) The exterior of the sphere of radius 1 centered at the origin 

2 2 

20. (a) The circumference and interior of the circle x +y =1 in the xy-plane 

(b) The circumference and interior of the circle x +y = 1 in the plane z = 3 

(c) A solid cylindrical column of radius 1 whose axis is the z-axis 

21. (a) The solid enclosed between the sphere of radius 1 and radius 2 centered at the origin 
(b) The solid upper hemisphere of radius 1 centered at the origin 

22. (a) The line y = x in the xy-plane 

(b) The plane y = x consisting of all points of the form (x, x, z) 

2 

23. (a) The region on or inside the parabola y = x~ in the xy-plane and all points above this region. 

(b) The region on or to the left of the parabola x = y in the xy-plane and all points above it that are 2 units 

or less away from the xy-plane. 


24. (a) All the points the lie on the plane z = 1 —y. 

(b) All points that lie on the curve z = y in the plane x = -2. 


25. 

(a) 

x = 3 


(b) 

y = 

= -i 

(c) 

z =-2 


26. 

(a) 

x = 3 


(b) 

y = 

= -i 

(c) 

z = 2 


27. 

(a) 

z = 1 


(b) 

X = 

- 3 

(c) 

y = - 1 


28. 

(a) 

2 2 

= 4, z = 0 

(b) 

y 1 

+ z 2 = 4, x = 0 

(c) 

x 2 +z 2 

ii 

II 

O 

29. 

(a) 

* 2 +(y- 

-2) 2 =4,z = 0 

(b) 

{y 

-2) 2 + z 2 = 4, x = 0 

(c) 

x 2 +z 2 

<N 

II 

II 

30. 

(a) 

(* + 3) 2 

+ (y- 4) 2 =i,z=i 

(b) 

(y 

-4) 2 + (z -l) 2 = 1, x = -3 

(c) 

(x + 3) 2 

+ (z-l) 2 = 

31. 

(a) 

II 

N 

= -i 

(b) 

X = 

: 1, z = -1 

(c) 

x = l ,y 

= 3 


32. \]x 2 +y 2 + z 2 = \jx 2 +(y — 2) 2 +z“ => x 2 + y 2 +z“ = x 2 +(y — 2) 2 +z 2 => y 2 = y 2 —4y + 4 => y = 1 

33. x 2 +y 2 +z 2 =25, z = 3 => x 2 +y 2 =16 in the plane z = 3 

34. x 2 +y 2 +(z-l) 2 =4 and x 2 +y 2 +(z+l) 2 = 4 =>x 2 +y 2 +(z-l) 2 =x 2 +y 2 +(z+l) 2 => z = 0, x 2 +y 2 =3 

35. 0<z<l 36. 0<x<2,0<y<2,0<z<2 

37. z < 0 38. z = yjl-x 2 -y 2 
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39. 

40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

49. 

51. 

53. 

55. 

56. 

57. 


(a) (x-l) 2 +(y-l) 2 +(z-l) 2 <1 (b) (x-l) 2 + (y-l) 2 +(z-l) 2 >1 

1 <x 2 +y 2 +z 2 < 4 


\m I = V(3-!) 2 + (3 -l) 2 +(0 -l) 2 = V9 = 3 

l^l = V(2+l) 2 +(5-l) 2 +(0-5) 2 = V50 = 5V2 
l^l = Vi 4 ” 1 ) 2 +1-2-4) 2 +(7-5) 2 = V49 =7 


|P 1 P 2 | = V(2-3) 2 +(3-4) 2 +(4-5) 2 =V3 


\P X P 2 \ = V ( 2 - 0) 2 +(-2 - 0) 2 + (-2 - 0) 2 = VT 4 = 2 V 3 
\P X P 2 \ = V(°- 5 ) 2 +(0-3) 2 +( 0 + 2) 2 = V38 


center (-2, 0, 2), radius 2 V 2 


48. center (l, -3 j, radius 5 


center 


(y[2, V2, -V2 j, radius ~J2 


50. center 


(0, ~,j), radius 


(x-l) 2 + (y-2) 2 +(z-3) 2 =14 


52. x 2 +(y+ 1) 2 +(z-5) 2 =4 


(x+i) 2 +(y-^) 2 +(z+f) 2 


16 

81 


54. x 2 +(y + l) 2 +z 2 =A9 


+ y 2 +z 2 + 4x -4z = 0 => |x 2 + 4x + 4 j + y" + |z 2 -4z+4j=4 + 4=> (x + 2Y + (y — 0)" +(z -2) 2 = (V8 j 
■ the center is at (-2, 0, 2) and the radius is V8 


x 2 + y 2 +z“ -6y + 8z = 0 => x 2 + |y 2 -6y + 9^ + |z 2 +8z + 16j=9+16^> (x -0) 2 +(y -3) 2 +(z + 4)“ = 5 2 
=^> the center is at (0, 3, -4) and the radius is 5 

2x +2y +2 z +x + y + z = 9=>x +-JX + J + -jj + z +2 Z ~2 


^( x 2 + lx + I L) + (/ +l J+1 L) + (z 2 +|z +t L) 
=> the center is at (-2-, -2-, -2-j and the radius is 



5y/J 

4 
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58. 


3„r 2 +3 y 2 +3z 2 +2y-2z =9 x 2 +y 2 + jy + z 2 -jz = 3^>x 2 +(y 2 +|y+ij + |z 2 z + ^) = 3 + | 

=> (x-0) 2 + +^z-yj = => the center is at ^0, —j, ij and the radius is 


V 2 2 

y +z 

V 2 2 

X +z 

(c) the distance between (x, y, z) and (0, 0, z) is yjx 2 + y 2 


60. (a) the distance between (x, y, z) and (x, y, 0) is z 

(b) the distance between (x, y, z) and (0, y, z) is x 

(c) the distance between (x, y, z) and (x, 0, z) is y 


61. |^| = A /(l-(-l)) 2 + (—1 — 2) 2 +(3-l) 2 =^4+9 + 4 = VT7 

\BC\ = ^/(3-l) 2 +(4-(-l)) 2 +(5-3) 2 = V4 + 25 + 4 = V33 

\CA\ = V(- 1-3) 2 +(2-4) 2 +(l-5) 2 = V16 + 4+16 = V36 = 6 
Thus the perimeter of triangle ABC is Vl7 + ^33 + 6. 

62. \PA\ = V(2-3) 2 +(-l-l) 2 + (3 — 2) 2 = Vl + 4 + 1 = V6 

\PB\ = 7(4-3) 2 +(3-l) 2 + (1 — 2) 2 = Vr+4+I = V6 
Thus P is equidistant from A and B. 

63. ^(x-x) 2 +(y-(-l)) 2 +(z-z) 2 =7(x-x) 2 +(y-3) 2 +(z-z) 2 ^ (y+ 1) 2 = (y-3) 2 2y+ 1 =-6y+9 
^>T=1 

64. ^/(jc-0) 2 + (>--0) 2 + (^ — 2) 2 =sl(x-x) 2 +(y-y) 2 +(z- 0) 2 => x 2 +y 2 + (z-2) 2 =z 2 

2 2 

=>x 2 + y 2 -4z + 4 = 0=>z = ^ + ^- +1 


65. (a) Since the entire sphere is below the xy-plane, the point on the sphere closest to the xy-plane is the point 

2 7 7 

at the top of the sphere, which occurs when x = 0 and y = 3 => 0 +(3-3) + (z + 5)~ = 4 => z = -5 ± 2 
=> z = — 3 => (0, 3, —3). 

(b) Both the center (0, 3, -5) and the point (0, 7, -5) lie in the plane z = -5, so the point on the sphere 
closest to (0, 7, -5) should also be in the same plane. In fact it should lie on the line segment between 

(0, 3,-5) and (0, 7, -5), thus the point occurs when x = 0 and z = -5=>0~ +(y-3) 2 +(-5 + 5) 2 =4 
=>>’ = 3±2=>>’ = 5=>(0, 5, -5). 
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66. V(^-°) 2 +(v-0) 2 + (z-0) 2 =yl(x- 0) 2 +(y~ 4) 2 +(^-0) 2 =V(x-3) 2 + (p-0) 2 +(z-0) 2 
= 'J( X ~2)~ + (y-2) 2 + (z +3) 2 

=> x 2 +J" + z 2 = x 2 + p 2 -8y + 16 + z 2 = x 2 -6x+9 + >> 2 +z 2 = x 2 -4x + >’ 2 -4y + z 2 +6z+17 
Solve: x 2 + p 2 +z 2 =x 2 + y 2 -8y + 16+z 2 => 0 = -8y +16 => y = 2 
Solve: x 2 +y 2 +z“ = x 2 -6x + 9 + p" +z 2 => 0 = -6x + 9 => x = 4 

Solve: x 2 +y~ +z 2 = x 2 — 4x + y 2 —4y + z 2 +6z +17 =>0 = —4x-4v + 6z + 17 =^> 0 = -4^4) ~ 4(2) + 6z + 17 
^ Z = ~2 


12.2 VECTORS 

1. (a) (3(3), 3(-2)> = (9, -6) 

(b) ^9 2 +(-6) 2 =VTl7=3Vl3 

3. (a) (3 +(-2),-2+5) = (1,3) 

(b) Vl 2 +3 2 = VlO 

5. (a) 2u = (2(3), 2(-2)} = (6,-4) 

3v = (3(-2), 3(5)} = (-6,15) 

2u-3v = (6 -(-6), -4-15} = (12, -19} 

(b) \jl2 2 +(-19) 2 =V505 

7. (a) §» = (§<3),§(-2)) = (§,-§} 

|» = (|(-2),f(5)) = (-f,4) 
|» + |v=(f + (-f),-f + 4) = (IM) 

w 

9. <2-1, -1-3) = (1,-4) 


2. (a) (-2(-2),-2(5)} = (4,-10) 

(b) -^4 2 +(-10) 2 =^y^6=2V29 

4. (a) (3-(-2),-2-5) = (5,-7) 

(b) ^5 2 +(-7) 2 =V74 

6. (a) -2u = (-2(3), —2(—2)} = (-6,4} 

5v = (5(-2), 5(5)} = (-10, 25) 

-2u +5v = (-6 +(-10), 4 + 25) = (-16, 29} 

(b) V(-16) 2 +29 2 =Vl097 
8. (a) - 1 |u=(- 1 |(3),- 1 |(-2)) = (-j|,f) 

gv = (g<-2).g(5)) = (-f,§> 

»> 

10 . - 0 ,^- 0 ^ = <-!,!> 


11. (0-2, 0-3) = (-2,-3) 


12. T7? = (2 — 1,0 — (—1)> = (1,1), CD = (-2 -(-1), 2 - 3) = <—1, -1), dfi + CD = (0,0) 

13. (cos^,sin^) = (J-i 4} 14. (cos(-f),sin(-^)) = ^--L,--L^ 

15. This is the unit vector which makes an angle of 120° + 90° = 210° with the positive x-axis; 

(cos210°, sin 210°) = (-&, -^j 
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16. (cos 135°, sin 135°) = ^=, -j=J 

17. Wl = (2 - 5)i +(9 - 7) j + (-2 - (-l))k = -3i + 2 j -k 

18. ^ft=(-3-l)i+(0-2)j + (5-0)k =^i-2j+5k 

19. ~AB = (—10 — (—7)) i + (8 — (—8)) j + (1 — l)k = —3i +16 j 

20. AB = (-l-l)i + (4-0)j + (5-3)k = -2i +4j +2k 

21. 5u - v = 5(1,1, -1>-<2,0, 3) = <5, 5, -5)-<2, 0, 3) = <5 -2, 5-0, -5 -3) = <3, 5, -8) = 3i + 5j -8k 

22. -2u + 3v = —2<-l, 0, 2) + 3(1,1,1) = (2, 0, -4) + (3, 3, 3) = (5, 3, -1) = 5i + 3j - k 

23. The vector v is horizontal and 1 in. long. The vectors u and w are j-i- in. long, w is vertical and u makes 


a 45° angle with the horizontal. All vectors must be drawn to scale. 



24. The angle between the vectors is 120° and vector u is horizontal. They are all 1 in. long. Draw to scale. 


(a) (b) 



u + v + w = 0 
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25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 


length = |2i + j — 2k| = +1 2 +(-2) 2 = 3, the direction is -|i + |j--|k=>2i + j-2k = 3^-|i + yj--|k) 

length = |9i-2j +6k| = 781 + 4+36 =11, the direction is j + ^-k => 9i — 2j +6k = 1 l(yyi j + yj-k) 

length = 15k| = ^25 = 5, the direction is k => 5k = 5(k) 


length = J-i+jk = ^yy+y| =1, the direction is J-i + yk =>-|i+yk = l(-|i+yk) 


length = 


77 1 V6 J 77 


/ 3 (i) =V1’ the direction is ^i-^j-^k 


/I/_Lj_L:_L k ) 

77 77 J 77 V 2 \73 * 73 J V3 j 


length = 


4=i+4=j + 4=k 
77 77 77 



= 4 3I-t= =1, the direction is -Li + -j=i + -Lk 

'73 / 73 73 73 


10 ^ 77 i+ 77 j+ 77 k_1 (77 i+ 77 j+ 77 k ) 


(a) 2i 


(b) -V3k 


(°) ^i + fk 


(d) 6i-2j+3k 


(a) -7j 


(b) 


(c) ji-Tj-k 


4 3 J 


(d) t i + t j -* k 


|v| = Vl2 2 +5 2 =7l69 =13; jyj- = -jyV =-jy(12i-5k) => the desired vector is yy(12i — 5k) 


M = 7K + i=#; theteiredvectoris - 3 (-Li--Lj--Lk) 

= —s/3i + V3j + ^k 

(a) 3i + 4j-5k = 5a/2 +^=j--J=kj => the direction is j^=i + -^=j--j=-k 

(b) the midpoint is (y, 3, 4) 

(a) 3i-6j+2k =7(yi-yj + yk)=> the direction is yi-yj+yk 

(b) the midpoint is (y, 1, 6) 


(a) 1 j k 77 1 77 j 77 k 

(b) the midpoint is (f , §) 


the direction is —Vi —Vi —Vk 

73 73 73 


(a) 2i-2j-2k.2V3(-Li-Jjj-Jjk) S the direction is yi--Lj-J,k 


(b) the midpoint is (1, -1, -1) 
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39. AB = (5-tf )i + (l-Z>)j + (3 -c)k = i + 4j- 2k =>5-a=l, 1-ft = 4, and 3 -c = -2 => a = 4, b = -3, and 
c = 15 => A is the point (4, -3, 5) 


40. AB = (a + 2)i + (b + 3) j + (c - 6)k = -7i + 3 j + 8k => a + 2 = -7, b + 3 = 3, and c-6 = 8=>a=-9, Z> = 0, and 
c = 14 => i? is the point (-9,0,14) 


41. 2i + j = o(i + j) +b{i - j) = (a +b)i + (a -b)\ => a +b = 2 and a-6 = l=>2a=3=>a=-| and 6 = a -1 =4 

42. i — 2j = a(2i + 3j) +b(i + j) = (2a +Z>)i + (3a + b)\ => 2a +b = 1 and 3a +b = -2 => a = -3 and 
b = \-2a = 7 ^>Uj = a(2i + 3j) = —6i — 9j and u 2 = b(i + j) = 7i + 7j 


43. 25° west of north is 90° + 25° = 115° north of east. 800(cosll5°, sin 115°) » (-338.095, 725.046) 

44. Let u = (x, y) represent the velocity of the plane alone, v = (70 cos 60°, 70sin60°) = ^35, 35^3'j, and let the 
resultant u + v = (500, 0). Then (x, y) + ^35, 35^3^ = (500,0) => ^x+ 35, y+ 35V3^ = (500,0) 

=> x + 35 = 500 and y + 35%/3 = 0 => x = 465 and y - -35%/3 => u = ^465, -35^3^ 

=^> | u | = ^|465 2 +(-35^3 j « 468.9 mph, and tan 9 = =^> 9 « -7.4° => 7.4° south of east. 


45. F x = (-|Fj|cos30°, |F X |sin30°) = | Fl |, i, F 2 = (|F 2 |cos45°, |F 2 |sin45°) = ^=|F 2 |, -j=|F 2 |j, and 
w = (0, -100). Since Fj +F 2 = (0,100) => ^-^|F X | +^|F 2 |, 4| Fl |+-^|F 2 = (0,100) 

=^> —^-|F 1 |+-j=|F 2 | =0 and 4|F] | + -j=|F 2 | = 100. Solving the first equation for |F 2 | results in: 

|F 2 | = ^-|F| |. Substituting this result into the second equation gives us: 4 |Fj | + —Fj |j = 100 


•|Fi| = 


200 

l+%/3 


• 73.205 N => IFo I = 


100^6 
1 + V3 


: 89.658 N => F, * (-63.397, 36.603) and F 2 = « (63.397, 63.397) 


46. Fj = (-35 cos or, 35 sin a), F 2 = (|F 2 |cos 60°, |F 2 |sin 60°) = ^4|F 2 |, ^|F 2 |^, and w = (0,-50). 

Since Fj +F 2 = (0, 50) => ^-35 cosar + 4|F 2 |, 35 sin or +^~ |F 2 = (0, 50) =^> -35 coscr +4|F 2 | = 0 and 

35 sina+ ^|F 2 | = 50. Solving the first equation for |F 2 | results in: |F 2 | = 70cosa'. Substituting this result 
into the second equation gives us: 35 sin a + 35\[3 cos a = 50 => V3 cos a = -y -sin a 

=> 3 cos 2 a = 441-^ sin a + sin 2 a => 3^1 -sin 2 a j = h^-^sin a + sin 2 a => 196 sin 2 a -140 sin a -47 = 0 
=> sin a = ■ Since a > 0 => sin a > 0 => sincr = => a » 74.42°, and |F 2 | = 70cosor ® 18.81 N. 

47. Fj = (-|Fj | cos40°, |Fj | sin40°), F 2 = (l00cos35°, 100sin35°), and w = (0, -w). Since F, + F 2 = (0, vv) 

=> (-|F 1 |cos40°+100cos35°,|F 1 |sin40° + 100sin35°) = (0, w) => -|F 1 |cos40°+ 100cos35° = 0 and 
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|Fj |sin 40° +100sin 35° = w. Solving the first equation for |F 1 1 results in: |F| | = 10 c O c s 40 ° 5 ° ~ 106.933 N. 
Substituting this result into the second equation gives us: w ~ 126.093 N. 


48. Fj = |Fj|cosar, |Fj|sinar^ = (-75coscr, 75sinor), F 2 = ^|F 2 1cos/?, |F 2 1sin /?) = (75cosa, 75sina), and 
w = (0, -25). Since Fj +F 2 = (0, 25) => (-75coscr + 75coscr, 75sino' + 75sincr) = (0, 25) =>150sinci'=25 
=> or « 9.59°. 


49. (a) The tree is located at the tip of the vector OP = (5 cos 60°) i + (5 sin 60°) j 


5 ; 

2 



(b) 


The telephone pole is located at the point Q, which is the tip of the vector OP + PQ 

=(! i+ ¥j) + ( 10cos315 °) i+ ( 10sin315 1j=(f +1 #) i+ (¥- i #)j^2=( 1±1 l^’ M f^) 


50. Let t = —— and s = ——. Choose T on OP, so that TO is 

p+q p+q 1 * 

parallel to OP 2 , so that A TI\Q is similar to AOP\ P 2 ■ Then 
j^l = /=>Or = tOPi so that T =(txi,tyi,tz l ). Also, 

\ op i\ 


|LL = s - >T Q = sOP 2 = s(x 2 ,y 2 ,z 2 ). Letting Q = (x, y, z), 

we have that TQ = (x — tx\,y — tyi,z -tzj) =s(x 2 , y 2 ,z 2 ) 
Thus x = t Xi + sx 2 , y = ty\ + sy 2 , z =tz±+sz 2 



(Note that if Q is the midpoint, then = 1 and t - s = j so that v = \x\ +jx 2 = x ' + ^ 2 , y = )x+y2 ,z = ~ 1 *~ 2 

so that this result agrees with the midpoint formula.) 


51. (a) the midpoint of AB is and CM = (4 - l)i + (4“l) J + (0 — 3)k = + -yj -3k 

(b) the desired vector is CM =-|(5.i + -|j-3k) = i + j-2k 

(c) the vector whose sum is the vector from the origin to C and the result of part (b) will terminate at the 
centerofmass => the terminal point of (i +j + 3k) + (i +j-2k) = 2i + 2j + k is the point (2,2,1), which 
is the location of the center of mass 


52. The midpoint oiAB is and (-|) CM = ||^(4 + l)i +(0 — 2)j +|-| + l)k J = -|(4i -2j +^k j 

= -|i - j j + -jk. The vector from the origin to the point of intersection of the medians is 

(f i “3i + 3 k ) + ° ? = (fi-|i + 3 k ) + <-i +2 i“k) = t i+ lj + f k - 


53. Without loss of generality we identify the vertices of the quadrilateral such that A( 0, 0, 0), B(x b , 0, 0), 
C(x c , y c , 0) and D{x d , y d , z d ) =^> the midpoint of AB is M AB 0, oj, the midpoint of BC is 


M B c ®)’ the midpoint of CD is M CD | 

Mad (y, y, yj => the midpoint of M AB M CD is 


Xc+ * d , yc+ 2 '’ d , ^) and the midpoint of AD is 


x b , *c + x d 


L + y c +y d z d 


which is the same as the 


midpoint of M AD M BC = 


( x b + *c , x d ^ 

yc+Vd 

2 ’ 4 ’ 4 

V J 
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54. Let V\, V 2 , V 3 ,..., V„ be the vertices of a regular n-sided polygon and v,- denote the vector from the center to 

n i(2 s 

Vj for i = 1, 2,3,..., rt. If S = ^ v,- and the polygon is rotated through an angle of 1 —^— where 

i =1 

i = 1, 2, 3,..., n, then S would remain the same. Since the vector S does not change with these rotations we 
conclude that S = 0. 

55. Without loss of generality we can coordinatize the vertices of the triangle such that .4(0, 0), B(b, 0) and 

C(x c , y c ) => a is located at is at |-y ; -yj and c is at ||-,o). Therefore, Aa = + ji + |-yjj, 

Bb = (4^-&)i + (^)j, and Cc = [^- x c )i +(-y c ) j => Aa +Bb + Cc = 0. 

56. Let u be any unit vector in the plane. If u is positioned so that its initial point is at the origin and terminal point 
is at ( x , y), then u makes an angle 0 with i, measured in the counter-clockwise direction. Since |u| = 1, we 
have that x = cos 6 and y = sin 6. Thus u = cos 6 i + sin 9 j. Since u was assumed to be any unit vector in the 
plane, this holds for every unit vector in the plane. 

12.3 THE DOT PRODUCT 


NOTE : In Exercises 1-8 below we calculate proj v u as the vector 



v, so the scalar multiplier of v is the 


number in column 5 divided by the number in column 2. 



V u 

V 

u 

COS# 

u COS# 

proj v u 

1. 

-25 

5 

5 

-1 

-5 

-2i + 4j-V5k 

2. 

3 

1 

13 

3 

13 

3 

# + ! k ) 

3. 

25 

15 

5 

1 

3 

5 

3 

I(l0i + llj-2k) 

4. 

13 

15 

3 

13 

45 

13 

15 

^(2i+10j-llk) 

5. 

2 

V34 


2 

•J3y[34 

2 

J 34 

lV(5j-3k) 

6. 

V3-V2 

4~2 

3 

V3-V2 

3V2 

V3-V2 

V2 

VV-M) 

7. 

10 + Vl7 

V26 

V2I 

10+Vl7 

75^6 

10 +Vn 

l0 ;f(5i+i) 

8. 

1 

6 

^30 

6 

^30 

6 

1 

5 

1 

■M 
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11. 9 = COS ‘ AA ) = cos 1 


(73 )(V3) + (-7)(1) + (0)(-2) 


12 . 6 = cos 1 AA) = cos 


(V3) + (-7) 2 + 0 2 ^Jl) + (l) 2 + (-2) 2 

(lX-l)+(V2)(l)+(-V2)(l) 

(l) 2 +(V2 f +(-V2) 2 V(-l) 2 +(l) 2 +(l) 2 


= COS 


_cos 'Uh J1 


rad 


= cos 




13. Zfi = (3, l), BC = (-1, -3), and TC = (2,-2). A4= (-3,-1), C5= (1,3),C4 = (-2,2). 


Angle at T = cos 


-1 


Angle at B = cos 


-1 


Angle at C = cos 


-1 


ZC = \CB 

f ABAC 1 


\ab \\ac\ 

V 

II 1 J 

/ 

_ A 


BCBA 


BC \b! 

V 

II 1 J 

( 

_3 

. 

CB CA \ 


-1 


= cos 


3(2)+l(—2) 

(VTo)(2 VZ) 


= cos -1 ^ U 63.435° 


-1 


vPIMy 


= cos 


(—1)(—3)+(—3)(—1) 

(VTo) (VTo) 


Ij?) 

= cos -1 (|W 53.130°, and 


-l 


= cos 


1(——)+3(2) 

(vnj)(2vz) 


= cos -1 (-L 1* 63.435° 


14. AC = {l,A) and BD = (4, -2). AC BD = 2(4) + 4(-2) = 0, so the angle measures are all 90° 


15. (a) cosa = Zpi = 77 , ws>P = -r^-,= A, cos y = ,7777 = At and 

HM H IjIM M l k IM M 

2 


t t \ 2 ( A 
cos” ct + cos” p + cos” y — I - 77 1 + A + I-M 


a 


2 +b 2 +c 2 _ MM 


= 1 


V V V V 


(b) v = 1 => cos a = 77 = a, cos P = A = b and cos y = -fi = c are the direction cosines of v 
' ' v v v 


16. u = lOi + 2k is parallel to the pipe in the north direction and v = lOj + k is parallel to the pipe in the east 

uv 


17. The sum of two vectors of equal length is always orthogonal to their difference, as we can see from the 

2 1 ,2 

equation (vj + v 2 ) -(vj - v 2 ) = \\ ■ \\ + v 2 • \\ - Vj ■ v 2 - v 2 ■ v 2 = | v i| — |v 2 p =0 

18. CA CB = (—v + (-u)) -(-v + u) = v-v-v-u + u ■ v-u - u = v “ - u|" = 0 because |u| = v , since both equal 
the radius of the circle. Therefore, CA and CB are orthogonal. 

19. Let u and v be the sides of a rhombus => the diagonals are dj = u + v and d 2 = -u + v 

■ .2 I .2 1 1 1 1 

=> dj d 2 = (u + v) -(-ii + v) = -u u +u -v - v u + v • v = |v| -|u| = 0 because |u| = v , since a rhombus has 
equal sides. 


direction. The angle between the two pipes is 9 = cos 


-1 


-1 


= cos 


Pun Viol 


s 1.55 rad : 
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20. Suppose the diagonals of a rectangle are perpendicular, and let u and v be the sides of a rectangle 

=> the diagonals are dj = u + v and d 2 = -u + v. Since the diagonals are perpendicular we have dj d 2 =0 

(u + v) -(-ii + v) = -uu+uv-vu + vv = 0t> |v| 2 -|u | 2 = 0 <=> (| v| + |u|) (| v| — |u|) = 0 « (|v| + |u|) = 0 

which is not possible, or (|v| -|u|) = 0 which is equivalent to |v| = |u| =^> the rectangle is a square. 


21 . 


Clearly the diagonals of a rectangle are equal in length. What is not as obvious is the statement that equal 
diagonals happen only in a rectangle. We show this is true by letting the adjacent sides of a parallelogram be 
the vectors (vq i + v 2 j) and (zqi + M 2 j). The equal diagonals of the parallelogram are 


dj =(v 1 i+v 2 j) + (zqi+z< 2 j) and d 2 = (vp +v 2 j) -(up +M 2 j). Hence |d,| = |d 2 | = |(v L i + v 2 j) + (zqi +w 2 j)| 
= |( v li + v 2 j) - ("I 1 + u 2 \)\ ^ |( v l + M 1 ) * + ( v 2 + M 2 ) j| = |(vi -w,)i+ (v 2 - u 2 ) j| => >/( v l +u lf + ( v 2 +u 2 f 

/ 2 22 22 22 22 2 

= J(v 1 - U[ ) +(v 2 -M 2 )" =>vf +2vjM] +M[ +v 2 +2V 2 z< 2 +M 2 = Vf -2 vjM[ +Mf +v 2 -2V 2 M 2 +U 2 


=> 2(vjMj + v 2 m 2 ) = -2(v|W| + v 2 m 2 ) => VjMj + v 2 m 2 = 0 => (v'ji + v 2 j) -(wp + w 2 j) = 0 => the vectors (vji + v 2 j) 
and (Mji + w 2 j) are perpendicular and the parallelogram must be a rectangle. 


i i i i | .2 2 

22. If u = v and u + v is the indicated diagonal, then (u + v)-u = u- u + v- u = u +v-u = u-v+|v| 


= u- v+ v- v= (u+v)-v=> the angle cos 


-1 ( (u+v) u 
^ |u+v| |u| 


between the diagonal and u and the angle 


cos 


1 f (u+v)-v 


between the diagonal and v are equal because the inverse cosine function is one-to-one. 


Therefore, the diagonal bisects the angle between u and v. 

23. horizontal component: 1200 cos( 8 °) a 1188 ft/s; vertical component: 1200 sin( 8 °) a 167 ft/s 


24. |w|cos(33°-15°)=2.51b,so|w|=^ i ^. Then w = ■^j^(cos33°, sin33°) * (2.205,1.432} 

25. (a) Since |cosd?| < 1, we have |u-v| = |u| |v| |cos#| <|u| |v| (1) =|u| |v|. 

(b) We have equality precisely when Jcos^l = 1 or when one or both of u and v is 0. In the case of nonzero 
vectors, we have equality when 9 = 0 or n, i.e., when the vectors are parallel. 


26. (xi + vj)■ v = |.ri + yj| |v|cos 8 <0 when ^<9 <n. 
This means (x, y) has to be a point whose position 
vector makes an angle with v that is a right angle or 
bigger. 



2 2 

27. v-Uj = («U[ +bu 2 )-ui =aU] -Uj +bu 2 -U! =«|ui| +b(u 2 -U]) =«(!)“ +b(0) =a 
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28. No, Vj need not equal v 2 . For example, i + j # i + 2j but i-(i + j) = i-i + i j =1 + 0 = 1 and 
i (i + 2 j) =i i + 2 i • j = 1 + 2 -0 = 1. 


29. 


P ro Jv u =ff v 

v 


( 3 


( \ 


f 3 


( \ 

( \ 

u-^v 

• 

iLV v 

1 |2 

- u 



ff* • 


l M J 


U v l ) 


IH J 


IH J 

IM J 



(V-V) 



= 0 


30. F = 2i + j-3k and v = 3i - j => proj v F = -^yv =— — j-(3i-j) = -|i—yj, is the vector parallel to v. 

H (n/To) 

F -proj v F = ( 2 i + j - 3 k)-^i - F-jj = I-i + Tj _ 3 k i s the vector orthogonal to v. 


31. P(x\ y y{) = p(x^, f~f x i j and Q(x 2 , y 2 ) = Q( x 2> and any two points P and Q on the line with 

b±0^PQ = (x 2 -x ] )i + f(x ] -x 2 )]^>PQ-\ = \(x 1 -x,)i+|(.r 1 -x 2 )j]-(ai+fej) 

= a(x 2 -Xi) + b(j^\(x\ -x 2 ) - 0 => v is perpendicular to PQ for 6^0. If b = 0, then v = cA is 
perpendicular to the vertical line ax = c. Alternatively, the slope of v is T and the slope of the line ax + by =c 
is - j, so the slopes are negative reciprocals =^> the vector v and the line are perpendicular. 

32. The slope of v is ^ and the slope of bx—ay =c is —, provided that a * 0. If a = 0, then v = b\ is parallel to 
the vertical line bx = c. In either case, the vector v is parallel to the line bx—ay = c. 


33. v = i+2j is perpendicular to the line x + 2 y=c; 
P( 2,1) on the line =^>2+2=c=>x + 2>’=4 


34. v = -2i-j is perpendicular to the line -2 x-y=c; 
P(- 1,2) on the line => (—2)(—1) -2 = c 
=> —2x - y = 0 


y 



y 
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35. v = -2i + j is perpendicular to the line -2 x + y=c; 
P(— 2, -7) on the line => (—2)(—2) - 7 = c 
=> —lx + y = -3 


36. v = 2i-3j is perpendicular to the line 2x-3y = c; 
P(11,10) on the line => (2)(11) - (3)(10) = c 
=> 2x - 3y = -8 



y 



37. v = i - j is parallel to the line —x -y = c; 

P(-2, 1) on the line -(-2) -1 = c ^>-x-y = 1 
or x + y = -1. 


y 



38. v = 2i + 3j is parallel to the line 3x-2 y=c; 

P( 0,-2) on the line => 0 —2(—2) = c => 3x-2y - 4 


y 



39. v = -i - 2j is parallel to the line -2x + y =c; 

P( 1, 2) on the line => -2(1) + 2 = c => —2x -y = 0 
or 2x-y = 0. 
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40. v = 3i-2j is parallel to the line —2x—3y = c; 
P{ 1, 3) on the line => (—2)(1) - (3)(3) = c 
=> -2x — 3y - -11 or 2x + 3y = 11 


y 



41. P(0,0), 0(1,1) and F = 5j=>P0=i + j and W = F-P0=(5jHi + j) = 5N-m = 5J 


42. W=|F| (distance) cos 0 = (602,148 N)(605 km)(cos0) = 364,299,540 N-km = (3 64,299,540)(1000) N 
= 3.6429954xl0 U J 

43. W = |F| \PQ\ cos 9 = (200)(20)(cos30°) =2000^3 = 3464.10 N - m = 3464.10 J 

44. W = |F| |p0|cosi9 = (1000)(5280)(cos60°) = 2,640,000 ft -lb 


45. 

46. 

47. 

48. 

49. 

50. 


In Exercises 45-50 we use the fact that n = ai + b\ is normal to the line ax + by = c. 


iij = 3i + j and 


- 2 i - j =. 0 = cos " 1 (ig,) - cos " 1 y=L) - cos ' 1 (J 


— K. 

^r 4 


ni = -V3i + j and n 2 = ^3i + j => 8 = cos" 1 (gg,) = cos" 1 (^) = cos" 1 (4) = ^ 
ni = V3i - j and n 2 = i - V3j => 0 = cos" 1 (ggj) = cos" 1 = cos" 1 (^) = f 


iij = i + n/ 3j and n 2 = (l -^3 )i + (l + V3) j 9 = cos 1 [ ggj 


= cos 


-1 f 1 -V 3 +V 3+3 
v Vt+3 V 1 - 2 V 3 + 3 +I+ 2 V 3+3 


= cos 1 —= COS 1 (-)=)=-f 
V 2 V 8 ; \j2l 4 


n,=3i-4j and n 2 - i-j 3 D -cos '' 1 -cos -1 -cos " 1 »0J4 rad 


n, - 12i 4 5 j and n, - 2i - 2J 3 9 - cos " 1 (Jg,) = cos " 1 (- cos " 1 (Jlj) »1.18 


rad 


•m 
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12.4 THE CROSS PRODUCT 
> j k 

1. uxv=2 -2 -1 = 3 (2j + Ij +|-kj => length = 3 and the direction is yi + Ij + yk; 

10-1 

vxu =-(uxv) =-3^-|i + ij+-|kj => length =3 and the direction is — 

i j k 

2. uxv=2 3 0 =5(k)=> length =5 and the direction is k 

-1 1 0 

v xu = -(u x v) = —5(k) => length = 5 and the direction is -k 

i j k 

3. uxv=2 -2 4 =0=> length = 0 and has no direction 

-1 1 -2 

v xu = -(u x v) = 0 => length = 0 and has no direction 

i j k 

4. uxv = 1 1 -1 = 0 => length = 0 and has no direction 

0 0 0 

vxu = -(u x v) = 0 => length = 0 and has no direction 

i j k 

5. uxv=2 0 0 =- 6 (k)=> length =6 and the direction is -k 

0-3 0 

v xu = -(u x v) = 6 (k) => length = 6 and the direction is k 

i j k 

6 . uxv = (ixj)x(jxk)=kxi =0 0 1 = j => length = 1 and the direction is j 

1 0 0 

v xu = -(u x v) = -j => length = 1 and the direction is -j 


1 j k 

7. uxv= -8 -2 -4 =6i-12k=> length =6^5 and the direction is -j= i—-jLk 

2 2 1 

vxu = -(ux v) = —( 6 i — 12 k) => length =6^5 and the direction is --J=i+-J=k 


i j k 

uxv=-| 1 = - 2 i- 2 j+ 2 k=> length =2\[?> and the direction is —j + -j=k 

1 1 2 

vxu =-(uxv) =-(- 2 i- 2 j + 2 k) => length = 2V3 and the direction is -J=i + -j=j--i=k 
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16. (a) 

PQxPR = 

(b) 

PQxPR 
u = _ _ 

PQxPR 


j k 

1 0 2 
2-2 0 


= 4i + 4j-2k=> Area =4 


xPR =iV 16+16 + 4 =3 


17. (a) PQxPR = 

(b) u = 


i j k 

1 1 1 
1 1 0 
PQxPR _ j 


= -i + j => Area \JQxPR =iVT+T = ^ 


\pQxPr\ 


.M i+ j)^ JjO j) 


18. (a) PQxPR = 

(b) u = 


1 j k 

2 -1 -1 

1 0 -2 

POxPR _ 1 


\pqxPr\ -Ju 


= 2i + 3j +k => Area =±\PQxPR_\ =174 + 9+1 = ^ 
(2i+3j+k) 


19. 









a \ 

a 2 

«3 

If u = qi + a 2 j + a 3 k, v 

= +b 2 i + & 3 k, and 

W = 

qi + c 2 j+c 3 k, then (uxv)-w = 

h \ 

b 2 

63 








C 1 

c 2 

c 3 


h b 2 b 3 


C 1 

c 2 

c 3 





(vxw)-u = 

C 1 c 2 c 3 

and (wxu) ■ v = 

a \ 

a 2 

«3 

which all have the same absolute value, 


a 2 ^3 


h 

b 2 

h 






since interchanging two rows in a determinant does not change its absolute value 

|2 0 0 
0 2 0 =8 
0 0 2 


the volume is (u x v) • w = abs 


20 . 


|(ux v)-w| = abs 


1 

2 

-1 


-1 

1 

2 


1 

-2 

-1 


4 (for details about verification, see Exercise 19) 


21 . 


|(uxv) w = abs 


2 1 

2 -1 

1 0 


0 

1 

2 


= |-7| =7 (for details about verification, see Exercise 19) 


22 . 


|(uxv) w 


= abs 


1 

-1 

2 


1 

0 

4 


-2 

-1 

-2 


(for details about verification, see Exercise 19) 
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23. (a) u-v = -6, uw = -81, vw = 18 => none are perpendicular 


(b) u x v = 

i j k 

5 -1 1 

^ 0, uxw = 

i j k 

5 -1 1 

= 0, vxw = 

i j k 

0 1 -5 


0 1 -5 


-15 3 -3 


-15 3 -3 


* 0 => u and w are parallel 


24. (a) u v = 0,u w=0,u-r = -3j,v w=0,v r = 0,w r = 0=>uiv,uiw,vlw,vir and wir 


= 0 



i j 

k 


i 

j k 


i 

j 

k 

(b) u x v = 

1 2 

-1 

^ 0, uxw = 

1 

2 -1 

* 0, u x r = 

1 

2 

-1 


-1 1 

1 


1 

0 1 


n 

2 

—n 

n 

2 



i j 

k 


i 

j 

k 


i 

j 

k 

V xw = 

-1 1 

1 

9 s 0, vxr = 

-1 

1 

1 

* 0, w xr = 

1 

0 

1 


1 0 

1 


71 

2 

-*■ f 


n 

2 

-71 

n 

2 


^ 0 => u and r are parallel 


25. \PQ x F| = \PQ\ |F | sin(60°) = | • 30 • ^ft • lb = 10^3 ft • lb 

26. |p0xF| = |P0||F|sin(135°)=|-3O-^ft-lb=loV2 ft-lb 


/ 2 2 2 /- 

27. (a) true, |u| = -y/af+a7+«3 =Vu-u 

2 

(b) not always true, u • u = | u |~ 



i 

j 

k 


i 

j 

k 

(c) true, u x 0 = 

l, \ 

u 2 

m 3 

= 0i + 0j + 0k=0 and 0xu = 

0 

0 

0 


0 

0 

0 


U | 

u 2 

m 3 


= Oi + 0 j + Ok = 0 


(d) true, ux(-u) = 


= (— + m 2 m 3 ) i — (— m 1 m 3 +u \ u l) j + {~ u l u 2 +U\U2)k =0 


j k 

U j U 2 

-III ~ u 2 ~ u 3 1 

(e) not always true, i x j = k ^ -k = j x i for example 

(f) true, distributive property of the cross product 

(g) true, (u x v) • v = u • (v x v) = u • 0 = 0 

(h) true, the volume of a parallelepiped with u, v, and w along the three edges is the same whether the plane 
containing u and v or the plane containing v and w is used as the base plane, and the dot product is 
commutative. 

28. (a) true, u ■ v = Hi Vj + t/2 v 2 + M 3 V 3 = v \ u \ + V 2 M 2 + V 3 M 3 = v u 
(b) true, u x v = 


(c) true, (-u)xv = 


j 

k 



i 

j 

k 



m 2 

m 3 

= 

- 

v i 

v 2 

v 3 

= 

-(v> 

v 2 

v 3 



M i 

m 2 

m 3 



i 

j 


k 



i 

j 

k 

~ u \ 

—U-2 

- 

«3 

= - 

M i 

u 2 

«3 

v l 

v 2 


v 3 


v i 

v 2 

v 3 


= -(u x v) 
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(d) true, (cu)-v = (cmj)vj + {cu 2 )v 2 + (cu^Vj =!^(cvj) +t/ 2 ( cv 2 ) + M 3( CV 3) = u(cv) =c(// 1 v 1 + u 2 v 2 + M 3 V 3 ) 

= c(u • v) 

i j k i j k i j k 

(e) true, c(nxv)=c»i u 2 M 3 = chj CM 2 CM 3 =(cu)xv=mj u 2 M 3 = ux(cv) 

Vi V 2 V 3 Vj v 2 V 3 cvj CV 2 CV 3 

2 2 2 f I 2 2 2 ~ 2 

(f) true, u-u — Mj +Mo + M 3 = l -yMj +M 2 +M 3 = |u| 

(g) true, (uxu) u = 0 u =0 

(h) true, u x v _L u and uxv±v=>(uxv)-u=v-(uxv) = 0 

29. (a) proj v u = (^)v (b) (uxv) (c) ((uxv)xw) (d) |(uxv)-w| 

(e) (uxv)x(uxw) (f) |u|^ 

30. (i x j) x j = k x j = -i; i x (j x j) = i x 0 = 0. The cross product is not associative. 

31. (a) yes, uxv and w are both vectors (b) no, u is a vector but v-w is a scalar 

(c) yes, u and uxw are both vectors (d) no, u is a vector but v-w is a scalar 

32. (uxv)xw is perpendicular to uxv, and uxv is perpendicular to both u and v=>(uxv)xw is parallel to 
a vector in the plane of u and v which means it lies in the plane determined by u and v. The situation is 
degenerate if u and v are parallel so ux v = 0 and the vectors do not determine a plane. Similar reasoning 
shows that ux(vxw) lies in the plane of v and w provided v and w are nonparallel. 

33. No, v need not equal w. For example, i + j ^ -i + j, but ix(i + j) = ixi+ixj = 0 + k= k and 
ix(-i + j)=ix(-i) + ixj =0 + k=k. 

34. Yes. If uxv = uxw and u v = u w, then ux(v-w) = 0 and u - (v-w) = 0. Suppose now that v ^ w. 

Then u x (v -w) = 0 implies that v -w = Avi for some real number k ^ 0. This in turn implies that 

u -(v-w) = u -(/ru) = k |u| =0, which implies that u = 0. Since u ^ 0, it cannot be true that v ^ w, so v = w. 

i j k 

35. AB = -i + j and AD = -i - j => AB x AD - -1 1 0 = 2k => area =^AB xAD^ = 2 

-1-10 

1 j k 

36. AB = 7i + 3j and AD = 2i + 5j => AB x AD = 7 3 0 = 29k => area = |AB x AD^ = 29 

2 5 0 

i j k 

37. AB = 3i — 2 j and AD = 5i + j => ABxAD = 3 -2 0 = 13k => area = ^AB xAD^ = 13 

5 10 
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38. AB = 7i-4j and AD = 2i + 5j => AB xAD = 7 -4 0 = 43k => area = ^AB x4£>| = 43 

2 5 0 

39. AB = 3i + 2 j + 4k and DC = 3i + 2j + 4k => AB is parallel to DC,BC = 2i - j and AD = 2i - j => BC is 

_ _ 1 j k __ _ _ 

parallel to AD. ABxBC = 3 2 4 =4i+8j-7k=> area = ^ABxBc\ = ^J\29 

2-10 

40. AC = i + 4j and DB = i + 4j => AC is parallel to DB\ AD = -i + 3j + 3k and CB = -i + 3j + 3k => AD is 

_ _ _ i j k „ 

parallel to CB. AC xAD = 1 4 0 = 12i-3j + 7k => area = \AC x AD\ = V202 

-13 3 

__ _ _ i j k _ _ i 

41. AB = -2i + 3j and AC = 3i + j => ABxAC = —2 3 0 = -Ilk => area =±\ABxAc\ =±± 

3 10 

_i j k _ 

42. AB = 4i + 4j and AC = 3i + 2j => AB x AC = 4 4 0 = -4k => area = \\AB x4c| = 2 

3 2 0 

__ _ _ _ i j k 

43. AB = 6i — 5 j and AC = 1 li — 5 j => AB x AC = 6 -5 0 = 25k => area =±\ABxAc\ =^- 

11 -5 0 

i j k 

44. Z8=16i-5j and AC = 4i + 4j ABxAC = 16 -5 0 = 84k => area = \\AB x4c| = 42 

4 4 0 

i j k 

45. AB = -i + 2 j and AC = -i - k => AB x AC = -1 2 0 = -2i - j +2k => area = ||ZB x4c| = | 

-10-1 

i j k _ 

46. Zfi = -i + j-k and i4C = 3i +3k => ZSxTC = -1 1 -1 = 3i-3k => area = x Ac\ = ^ 

3 0 3 

_ i j k _ 

47. AB = —i + 2 j and AC = j - 2k => ABxAC = -1 2 0 = -4i-2j-k => area = \\AB x4c| = 

0 1-2 
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48. 


49. 


50. 


12.5 

1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 


9. 


Ze=i + 2j,lc = -3j+2k and AD = 3i -4j +5k => (AB x ]4C) AD ■■ 
=> volume = x^4c) -AD^ = 5 


1 2 0 
0-3 2 
3—4 5 


= 5 


If A = qi + « 2 j and B = Z>[i + b 2 \, then AxB = 


i j k 

a i a 2 0 

h| Z> 2 0 


a x a 2 

b \ b 2 


k and the triangle’s area is 


i|Ax B |=+i 


The applicable sign is (+) if the acute angle from A to B runs counterclockwise 


a\ 

h \ b 2 

the xy-plane, and (-) if it runs clockwise, because the area must be a nonnegative number. 


If A = a x i + fl 2 j, B = 6p + b 2 \, and C = qi+q>j, then the area of the triangle is ^-|aBx^4c| 
Now, ABxAC = 


j k 

b\ ~ a \ b 2 ~ a 2 0 
C 1 _ a \ c 2 ~ a 2 0 


b\ -a i b 2 —a 2 
C\ — ^1 c 2 — a 2 


k => ±\ABx.AC\ 


= j |( fe l - a \) ( c 2 “««2 ) - ( C 1 “« a \ ) (b 2 «2 )| : = j\ a l (P 2 ~ c 2 ) + a 2 (q -. b x ) + (V 2 - c x b 2 )| = ±\ 

The applicable sign ensures the area formula gives a nonnegative number. 

LINES AND PLANES IN SPACE 


a x a 2 1 

b x b 2 1 

q c 2 1 


The direction i + j + k and P{ 3, - 4, -1) => x = 3 + 1, y = -4 +t, z = -1 +t 

The direction PQ = —2i — 2j + 2k and P( 1, 2, -1) => x = 1 -2t, y = 2 -It, z = -1 +2t 

The direction PQ = 5i + 5 j - 5k and P(— 2, 0, 3) x = -2 + 5t, y = 5t, z = 3 - 5t 

The direction PQ = -j - k and P( 1, 2, 0) => x = 1, y = 2 - 1, z = -t 

The direction 2 j + k and P(0, 0, 0) => x = 0, y = 2t, z = t 

The direction 2i — j +3k and P(3, -2, 1) => x = 3 + 2t, y = -2 -t, z = 1 + 3t 

The direction k and P( 1,1,1) x = 1, y = 1, z = 1 +1 

The direction 3i + 7j -5k and P( 2, 4, 5) x = 2 +3t, y = 4 + It, z = 5 — 5t 

The direction i + 2j +2k and P(0, -7, 0) => x = t, y = -7 + 2t, z = 2t 
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10 . 


The direction is u x v = 


i J k 

1 2 3 
3 4 5 


-2i+4j-2k and P(2, 3, 0) => x = 2 -It, y = 3 + 4t,z = -It 


11. The direction i and P( 0, 0, 0) => x = t, y = 0, z = 0 


12. The direction k and P( 0, 0, 0) => x = 0, y = 0,z = t 


13. The direction PQ = i + j+-|k and P(0, 0, 0) 
=^> x =t,y =t, z = \t, where 0 < t < 1 


14. The direction PQ = i and P( 0,0,0) 
=^> x = t, y = 0,z = 0, where 0 < t < 1 



z 



y 


15. The direction PQ = j and P(l, 1,0) 

=> x = 1, y = 1 + 1, z = 0, where -1 < t < 0 


16. The direction PQ = k and P{ 1,1, 0) 
=> x = 1, y - l,z = t, where 0 < t < 1 


17. The direction PQ = -2j and P(0, 1,1) 

=> x = 0, y = 1 - 2t, z = 1, where 0 < t < 1 


Z 



2 



z 
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18. The direction PQ = 3i — 2j and P( 0, 2, 0) 
=> x = 3t, y = 2 - 2t, z = 0, where 0 < t < 1 


19. The direction PQ = -2i + 2j - 2k and P{ 2,0,2) 
=> x - 2-2t, y - 2t, z = 2 -2 1, where 0 < t < 1 


20. The direction PQ = -i + 3j + k and P(1, 0, -1) 
=> x - 1 - 1 , y = 3t, z = -1 + 1 , where 0 < t < 1 



21. 3(x - 0) + (-2 )(y -2) + (-l)(z +1) = 0 3x - 2y - z = -3 

22. 3(x - 1) + (l)(j; + 1) + (l)(z - 3) = 0 => 3x + y + z = 5 

i j k 

23. P{9 = i-j+3k, PS =-i-3j + 2k ^>PQxPS = 1 -1 3 = 7i — 5 j — 4k is normal to the plane 

-1 -3 2 

=> l(x - 2) + (-5 )(y - 0) + (-4)(z - 2) = 0 =^> lx - 5y - 4z = 6 

i j k 

24. PQ = -i + j + 2k, PS = -3i + 2j +3k PQxPS = -1 1 2 =-i-3j + k is normal to the plane 

-3 2 3 

=* (-1)(JC -1) +(-3 Xy -5) + (1)(Z -7) = 0=>x + 3y-z = 9 

25. n = i + 3j + 4k, P(2, 4, 5) => (1)(jc-2) + (3)(y -4) + (4)(z -5) = 0 * + 3y + 4z = 34 

26. n = i - 2 j + k, P( 1, - 2,1) (1)(jc -1) + (-2 )(y + 2) + (l)(z -l)=0^x-2y+z=6 
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27. 


x = 2t + \=s+2 \2t —s = 1 [At-2s = 2 

=> ( => 1 => 1 = 0 and ^ = -1; then z = At + 3 = -4.? -1 

y = ?>t + 2 =2s + A [3? -2s = 2 [3t-2s=2 

=^> 4(0) + 3 = (—4)(—1) -1 is satisfied => the lines intersect when t = 0 and s = -1 => the point of intersection 

is x = 1, y = 2, and z = 3 or P( 1, 2, 3). A vector normal to the plane determined by these lines is 

i j k 

n 1 xn 2 = 2 3 4 =-20i+12j+k, where nj and are directions of the lines =^> the plane containing the 

1 2 -A 

lines is represented by (—20 )(jc — 1) + (l2)(y -2) + (l)(z -3) = 0 => -20x +12y + z = 7. 


x = t =2s + 2 


t-2s =2 


28. \ => ^ =>s = -l and t = 0; then z = t + 1 = 5s +6 => 0 +1 = 5(—1) +6 is satisfied 

[j = -t + 2 = s + 3 \-t-s =1 

=> the lines do intersect when s = -1 and t = 0 the point of intersection is x = 0, y = 2 and z = 1 or 

1 j k 

P(Q, 2, 1). A vector normal to the plane determined by these lines is n 1 xn 2 = 1 -1 1 = — 6 i — 3j + 3k, 

2 1 5 

when n[ and n 2 are directions of the lines => the plane containing the lines is represented by 
(— 6 )(jc - 0) + (-3)0 - 2) + (3)(z -l)=0^>6x + 3>’-3z=3. 


29. The cross product of i + j - k and -4i + 2j - 2k has the same direction as the normal to the plane 

i j k 

=> n = 1 1 -1 = 6 j + 6 k. Select a point on either line, such as P(-l, 2,1). Since the lines are given to 

-4 2 -2 

intersect, the desired plane is 0(x +1) + 6(y - 2) + 6 (z -1)=0=>6 j + 6z=18=>>’ + z = 3. 


30. The cross product of i —3j-k and i + j + k has the same direction as the normal to the plane 

|i j k 

1 -3 -1 = -2i -2j + 4k. Select a point on either line, such as P( 0, 3, -2). Since the lines are 
1 1 1 

given to intersect, the desired plane is (-2)(x-0) + (-2)(y-3) + (4)(z + 2) = 0 => -2x-2y + Az = -14 
=> x + y — 2z = 7. 


31. nj xn 2 = 


= 3i - 3 j + 3k is a vector in the direction of the line of intersection of the planes 


1 j k 

2 1 - 1 | 

1 2 1 

=> 3(v - 2) + (-3)(y -1) + 3(z +1) = 0 => 3x -3y + 3z = 0 => x - y + z = 0 is the desired plane containing 

PoV> W) 


32. A vector normal to the desired plane is /jP) x n = 


= —2i — 12j — 2k; choosing /J(l, 2, 3) as a point 


1 j k 

2 0 -21 

4-12 

on the plane => (-2)(x-l) + (—12)(_y — 2) + (-2)(z -3) = 0 => —2x—12y -2z = -32 => x + 6y +z = 16 is the 
desired plane 
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33. 5(0, 0,12), P(0, 0, 0) and v = 4i-2j +2k => PS x v = 


i j k 

0 0 12 

4-2 2 


= 24i + 48j=24(i + 2j) 


■ d = -—n —- = — ^5-24 = 2-\/30 is the distance from 5 to the line 

M V16+4+4 V24 


34. 5(0,0, 0), P(5, 5, -3) and v = 3i + 4j-5k ^>P5xv 


i j 

-5 -5 
3 4 


k 

3 

-5 


= 13i — 16 j — 5k 


=> d = ——r— = 'l l 69 + 256 + M- = ^^2? = y /9 = 3 is the distance from 5 to the line 
M V9+I6+25 V50 


35. 5(2,1, 3), P(2, 1,3) and v = 2i + 6j => PS x v = 0 => d = J 
(i.e., the point 5 lies on the line) 


\PSxy\ 


■■ -p= = 0 is the distance from 5 to the line 
V40 


36. 5(2,1, -1), P(0,1, 0) and v = 2i + 2j + 2k => PS x v = 


1 j k 

2 0-1 
2 2 2 


= 2i-6j + 4k 


d = 


_ PSxv V4+36+16 V56 


=. P4- is the distance from 5 to the line 


|v| s/4+4+4 -Jn V 3 


37. 5(3, -1,4), P(4, 3, -5) and v = -i + 2j + 3k => PS x v = 


i j k 

-1 -4 9 
-12 3 


= —30i — 6 j — 6k 


■d = 


PSxy V900+36+36 s/972 ^486 s/8T6 9^42 • 


|v| 


V1+4+9 Vi4 V7 V7 


is the distance from 5 to the line 


38. 


5(—1, 4, 3),P(10, -3, 0) and v = 4i + 4k => PS x v = 


i j k 

-11 7 3 
4 0 4 


28i+56j-28k=28(i + 2j-k) 


=> d 


PSxy 


28s/l+4+l _ - 7^2 j s t }j e distance from 5 to the line 

4vm 


39. 5(2,-3, 4), x +2y + 2z = 13 and P(13, 0, 0) is on the plane => PS 


■d = 


PS ~ 

M 


- 11 - 6+8 


s/l+4+4 


= 3 


—1 li — 3j + 4k and n=i+2j+2k 


40. 5(0, 0, 0), 3.x + 2y+6z =6 and P( 2, 0, 0) is on the plane => PS = -2i and n = 3i + 2j + 6k 


=> d 



-6 

s/9+4+36 


6 6 

s/49 2 
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41. 5(0,1,1), 4y + 3z = -12 and P(0, -3, 0) is on the plane => PS = 4j +k and n = 4j + 3k 

=> d = I 


PS — 


16+3 

n 


•Jl 6+9 


_ 19 _ 
5 


42. 5(2, 2, 3), 2x + y + 2z = 4 and P(2, 0, 0) is on the plane => PS = 2j + 3k and n = 2i + j + 2k 

=> d = I 


PS ■ — 


2+6 

M 


n/4+1+4 


43. 5(0, -1,0), 2x + y + 2z = 4 and P( 2,0, 0) is on the plane => PS = —2i — j and n =2i + j + 2k 


■d = 


PS-n 

|n| 


-4-1+0 


V4+1+4 


44. 5(1, 0, -1), -4x + y + z = 4 and P(-l, 0, 0) is on the plane => PS = 2i -k and n = -4i + j + k 


■d = 


PS ~ 
M 


8-1 


•Jl 6+1+1 


9 = 3^2 

Vf 8 2 


45. The point P( 1,0, 0) is on the first plane and 5(10, 0, 0) is a point on the second plane => PS = 9i, 
and n = i + 2j + 6 k is normal to the first plane => the distance from 5 to the first plane is 
9 


d = 


PS 'P 


Vl+4+36 


= -^=, which is also the distance between the planes. 


46. The line is parallel to the plane since v-n = |i+j-d-kj-(i + 2j + 6 k)=l + 2- 3= 0. Also the point 5(1, 0, 0) 
when t = — 1 lies on the line, and the point P(10, 0, 0) lies on the plane => PS = -9i. The distance from 5 to 
the plane is d = I 


PS r\ 

n 


Vl+4+36 


= -j=, which is also the distance from the line to the plane. 


S -1 f = cos- 1 ( 2+1 ^ = cos- 1 (>1=I 


47. n, = i + j and n 7 = 2i + j - 2k => 0 = cos ‘I + I = cos * I A A I = cos , , - , 

1 J 2 J 1 NN J lV2^9 ) \J2] 4 


48. nj = 5i + j-k and n 2 =i-2j+ 3k : 


49. nj = 2i+2j+2k and n 2 = 2i-2j-k : 


e = 1 cos ~' te)■ cos ~' (Sfe) - “ s " 1(0) - f 
“ ’ c “ 1 (ffi)= cos ~‘ (S)= rar ' fe?) “ 


50. nj = i + j + k and n 2 = k => 6 = cos 1 ( -A^r I = cos 1 ( A/r 1 ~ 0.96 rad 


|n,||n,|)- C0S 1 ( V3 VI) 1 


51. 


= 2 i + 2 j - k and n 2 = i + 2 j + k=># = cos 


[I 1 11 2 


= COS 


-1 / 2+4-1 
\ y/9 y/6 , 


=C0S "W 


: 0.82 rad 


52. n 1 =4j+3k and n 2 


3i + 2j + 6 k =^> 0 =cos 1 


n l n 2 ) 

hlhlj 



= cos 1 w 0.73 rad 
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53. 2x -y + 3z = 6 => 2(1 — t) — (3?) + 3(1 + 1) = 6 => —2t + 5 = 6 => t = — => x = j, y = ~ and z = 4 
=> (|, - t) is the point 

54. 6x + 3y-4z = -12 => 6(2) + 3(3 + 2?) -4(-2 - 2t) = -12 => 14/ + 29 = -12 => t = => x = 2, y = 3 and 

z = -2 + y => ( 2 , --y,y-j is the point 

55. x + y +z - 2 => (1 + 2t) +(1 +5t) + (3t) = 2 => 10/ + 2 = 2 => t = 0 => x = 1, y = 1 and z = 0=> (1,1,0) is the 
point 

56. 2x -3z = 7 => 2(—1 + 3?) —3(5?) = 7 => —9t — 2 =7 ? = —1 => jc = —1 — 3, = —2 and z = -5 => (-4, -2, -5) is 

the point 

i j k 

57. iij = i + j+k and n 2 = i + j nj xn 2 = 1 1 1 = -i + j, the direction of the desired line; 

1 1 0 

( 1 , 1 , - 1 ) is on both planes => the desired line is x = 1 - 1 , y = 1 + 1 , z = -1 

1 j k 

58. iij = 3i — 6 j-2k and n 2 = 2i + j-2k => xn-j = 3 -6 -2 = 14i +2j + 15k, the direction of the desired 

2 1 -2 

line; ( 1 , 0 , 0 ) is on both planes => the desired line is x = 1 + 14?, y - 2t, z = 15? 

i j k 

59. iij =i-2j+4k and n 2 =i + j-2k =>nj xn 2 = 1 -2 4 = 6 j + 3k, the direction of the desired line; 

1 1 -2 

(4, 3,1) is on both planes => the desired line is x = 4, y = 3 + 6t, z = 1 + 3t 

i j k 

60. iij =5i-2j and n 2 =4j-5k =>n t xn 2 = 5 -2 0 = lOi+ 25j + 20k, the direction of the desired line; 

0 4-5 

(1, -3,1) is on both planes => the desired line is x = 1 +10?, y = -3 + 25 1, z = 1 + 20t 


61. LI & L2: 


Jx = 3 + 2t =1 + 4.? 
[7 = -1 +4? = 1 + 25 


[2? — 4.? = -2 ^ 
{ 4?-2^ =2 ^ 


f2?-4s =-2 

( => —3s = -3 => s = 1 and t = 1 

{ 2t—s = \ 


=> on LI, z = 1 and on L2, z = 1 => Z1 and L2 intersect at (5, 3,1). 


L2 & L3 : The direction ofZ2 is 4 (4i + 2 j + 4k) = i (2i + j + 2k ) which is the same as the direction 
4(2i + j + 2k) ofZ3; hence Z2 andZ3 are parallel. 
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LI & L3: 


[x = 3 + 2t = 3+2 r 

[ 2 t - 2 r = 0 f 

\ => 

i j 

= -1 + 4t = 2 + r 

| 4t - r = 3 | 


t-r = 0 
4t - r = 3 


=> 3t = 3 => t = 1 and r = 1 => on LI, z = 2 


while on L3, z = 0 => LI andL2 do not intersect. The direction of LI is -y=(2i + 4j-k) while the direction of 
L3 is j(2i + j + 2k) and neither is a multiple of the other; hence LI and L3 are skew. 


\x = \ + 2t=2-s \2t+s=l , a n 

62. LI &L2: •! => <! => -5s = 3 => s = -4 and t = 4 => on LI. z = -L- while on L2. 

- [y = -\-t=3s \-t-3s=l 5 5 5 

z = l—-| = j=> LI and L2 do not intersect. The direction of LI is -J=(2i-j+3k) while the direction of L2 is 


y/l4 

-^=(—i + 3j + k) and neither is a multiple of the other; hence, LI and L2 are skew. 

5s = 5 => s = 1 and r = -2 => on L2, z = 2 and on L3, 


5 5 

_ (_ 

vn 

L2 &L3: 


= 3s = 1 - r \ 3s + r = 1 

z = 2 => L2 and L3 intersect at (1, 3, 2). 


LI & L3 : LI andL3 have the same direction -2=(2i - j + 3k); henceLl andL3 are parallel. 


63. x = 2 + 2t, y = -4 -t, z = 7 +3t; x = -2 -t, y = -2 +yL z = 1 

64. l(x - 4) - 2( - 1) + l(z -5) = 0=>x-4-2y’+2+z-5 = 0^>x-2y + z= 7; 
—V2(jc - 3) + 2 V2 (j + 2) - V2 (z - 0) = 0 => -V2x + 2^2y ~^2z = -1^2 


65. x = 0=>? =-L,y = -l, z = —|=>(o,T = 0 => f = -1, x = -1, z = -3 => (-1,0, -3); 

z = 0 => t = 0 , x = 1 , = -1 => ( 1 , - 1 , 0 ) 

66 . The line contains (0, 0, 3) and {^J3, 1, 3 j because the projection of the line onto the xy-plane contains the 
origin and intersects the positive x-axis at a 30° angle. The direction of the line is VJi + j + 0k => the line in 
question is x = Vi t, y =t,z = 3. 


67. With substitution of the line into the plane we have 2(1 - 2 1) + (2 + 5 1) - (-3 1) = 8=>2-4? + 2 + 5t + 3t = 8 
=>4? + 4= 8 =>t=l=> the point (-1, 7, -3) is contained in both the line and plane, so they are not parallel. 

68 . The planes are parallel when either vector A\i + B\ j + Cjk or A 2 i + B 2 j + C 2 k is a multiple of the other or when 
(T|i + fi| j + Cjk) x(/l 2 i + B 2 \ + C 2 k] = 0. The planes are perpendicular when their normals are perpendicular, 
or (^4 1 i + 5 1 j + C 1 k)-(Ai+^ 2 j + C 2 k ) = 0 . 

69. There are many possible answers. One is found as follows: eliminate t to get t=x-\ = 2-y - 

=> x -1 = 2 - y and 2 -y = => x + y = 3 and 2y + z = 7 are two such planes. 
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70. Since the plane passes through the origin, its general equation is of the form Ax + By + Cz = 0. Since it meets 
the plane M at a right angle, their normal vectors are perpendicular => 2A + 3B + C = 0. One choice satisfying 
this equation is A = 1, B = -1 and C = 1 => x - y + z = 0. Any plane Ax + By + Cz = 0 with 2 A + 3B + C = 0 
will pass through the origin and be perpendicular to M. 

71. The points (a, 0, 0), (0, b, 0) and (0, 0, c) are the x, y, and z intercepts of the plane. Since a, b, and c are all 
nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin. Thus, 

^ ^ = 1 describes all planes except those through the origin or parallel to a coordinate axis. 

72. Yes. If Vj and are nonzero vectors parallel to the lines, then VjXV 2 ^ 0 is perpendicular to the lines. 


73. (a) EP = cEP\ => -x 0 i + yj + zk = c[(xj -Xp^ + jqj + zjk J => -x 0 =c(xj -* 0 ), y = cy 1 and z=czj, where c 
is a positive real number 

(b) At x 1 = 0 => c = 1 => y = y 1 and z = zj ; at xj = x 0 => x 0 = 0, y = 0, z = 0; lim c = lim 

x 0 ->°o x 0 ->°o X 1 x o 

= lim 5? = 1 => c —> 1 so that y —> yj and z —> zj 

X 0 —>00 ~ 


74. The plane which contains the triangular plane is x + y + z = 2. The line containing the endpoints of the line 
segment is x = 1 -t, y - 2t, z = 2t. The plane and the line intersect at j, jj. The visible section of the line 

segment is +(-f) + (f)” = 1 un * t ' n length. The length of the line segment is v/l 2 +2 2 +2 2 = 3 => j of 

the line segment is hidden from view. 

12.6 CYLINDERS AND QUADRIC SURFACES 


1. d, ellipsoid 2. i, hyperboloid 3. a, cylinder 

4. g, cone 5. /, hyperbolic paraboloid 6 . e, paraboloid 

7. b, cylinder 8 . j, hyperboloid 9. k, hyperbolic paraboloid 

10 . /paraboloid 11 . /?, cone 12 . c, ellipsoid 
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40. 16y 2 +9z 2 = 4x 2 



41. z = 


-(x 2 +y 2 j 



42. y 2 —x 2 — z 2 = 1 



43. 4y 2 +z 2 -4x 2 =4 


44. x 2 +y 2 =z 




45. (a) If x" + ■=- + 4 = 1 and z = c, then x 2 + ■=- = 2.X 


= ;r 



f 2^9^') 

2^( 9 -c 2 ) 

3 

3 

1 

9 


2^i9-z 2 ! . 3 - / t \ 

(b) From part (a), each slice has the area —— L ; where -3 < z < 3. Thus V = 2j ^19 — z 1 


9 -c- 
9~ 


= 1 => ^4 = ab7r 


(c) 


= flo( 9 - z2 ) & = f 


4 + 4 + 4 = i; 

a 2 6 2 c 2 


9z -4r 


= 4(27-9) = 87r 


Jo 




= 1 => A -n 






2nab 


_ 2nab |l c 3 j - 4nabc _ N ote t h at jf r = a - b - C; 


JO c 


then F = 4 . which is the volume of a sphere. 


46. The ellipsoid has the form 4 + + = ^ eterm ' ne c2 we note ^ lat P°* nt (0, r, h ) lies on the 


..2 ,.2 


surface of the barrel. Thus, il T + JQ = l=>c~ = - 


We calculate the volume by the disk method: 


F = n\ h _/dz. Now, J + 4 = 1 =* Y = R 1 (l ~jy) = R 2 


1 — 




h-R- 


= R 2 - 


rh 

=>F = ^f 

r* 2 -(* 2 /)z 2 i 

II 

Cl 

^3 

\r 2 z l(« 2 /)z 3 l 

h 

= 2n 

J-/i 

L \ h 2 1 J 


L 3 l h 2 ) 

-h 


R 2 h 


m 

4(* 2 -Q 


= 2 n 


2 R-h 


4 ) 
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4 ? 9 9 9 

= j nR h + j nr h, the volume of the barrel. If r = R, then V = 2 nR h which is the volume of a cylinder of 
radius R and height 2 h. If r = 0 and h = R, then V = ^nR? which is the volume of a sphere. 


2 2 

47. We calculate the volume by the slicing method, taking slices parallel to the xy-plane. For fixed z, -V- + = 

a" Zr 


gives the ellipse 


= 1. The area of this ellipse is nlaj— 


'«) 


n abz 


(see Exercise 45a). Hence 


f" 

the volume is given by V = 


- f l mhLdz = 


nabz 2 

2c 


-\h 


nabh 2 


Now the area of the elliptic base when z = h is 


A = , as determined previously. Thus, V 


nabh 2 
: 


_1 (base)(altitude), as claimed. 


2^2 

48. (a) For each fixed value ofz, the hyperboloid 2- + 21__^- = 1 results in a cross-sectional ellipse 


= 1. The area of the cross-sectional ellipse (see Exercise 45a) is 


X 2 


2 

y 

"4 2 +-- 2 )" 


b 2 (c 2 +z 2 ) 

c 2 

L 


c 2 

is 

II 

N 


sic 2 + z 2 J 


—Vc 2 + z 2 |=^(c 2 +z 2 


V = \l A ^ dz =\l M f{c 1+z2 ) dz - 


nab 

2 


2,13 

C Z+jZ 


j. The volume of the solid by the method of slices is 
= ^(c 2 /i+i/i 3 )=^(3c 2 +/i 2 


(b) Aq = A(0) = nab and A h = A(h) = ^-{c 2 +h 2 j, frompart (a) => V =^r^3c 2 + h 2 j 


7rabh 


2 + 1 + ^ = 


j = ncM_t 2 + > 


2 nab+^Y~[c~ + h 2 j = -|(2 Aq+A^ 


(c) A m = A (f ) = ?f(c 2 + 4) = (4c 2 + h 2 ) => A (A 0 + 4A m + A h ) 

nab+^(4c 2 +h 2 y^(c 2 +h 2 } 

-|3c 2 +/? 2 j = F from part (a) 


nabh l 


2 +4c 2 +h 2 +c 2 +h 2 j =^r^6c 2 +2h 2 


49. z — y 


50. z = 1 —y~ 
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53-58. Example CAS commands: 

Maple : 

with( plots); 

eq := x A 2/9 + y A 2/36 = 1 - z A 2/25; 

implicitplot3d( eq, x=-3..3, y=- 6 .. 6 , z=-5..5, scaling =constrained, 

shading=zhue, axes=boxed, title="#53 (Section 12.6)"); 

Mathematica : (functions and domains may vary): 

In the following chapter, you will consider contours or level curves for surfaces in three dimensions. For 
the purposes of plotting the functions of two variables expressed implicitly in this section, we will call 
upon the function ContourPlot3D. To insert the stated function, write all terms on the same side of the 
equal sign and the default contour equating that expression to zero will be plotted. 

This built-in function requires the loading of a special graphics package. 

«Graphics' ContourPlot3 D' 

Clear[x, y, z] 

ContourPlot3D[x 2 /9-y 2 /16-z 2 /2-l, {x, -9, 9}, {y, -12,12}, {z, -5, 5}, 

Axes —» True, AxesLabel —> {x, y, z}, Boxed —> False, 

PlotLabel —»"Elliptic Flyperboloid of Two Sheets"] 

Your identification of the plot may or may not be able to be done without considering the graph. 

CHAPTER 12 PRACTICE EXERCISES 

1. (a) 3(-3,4)-4(2,-5) = (-9-8,i: 

(b) Vl7 2 +32 2 = Vl3T3 

2. (a) (-3+2, 4-5} = (-1,-1) 

(b) V(-i) 2 +(-i ) 2 =V 2 

4. (a) (5(2), 5(-5)> = <10, -25) 

(b) A /l0 2 T(^25) 2 '= V725 = 5V29 

5. radians below the negative x-axis: /-=^-,-dA [assuming counterclockwise]. 


+ 20) = (-17, 32) 

3. (a) (-2(-3),-2(4)) = (6,-8) 
(b) ^6 2 +(-8) 2 =10 



7. 2 


r^) 4i vfv j ) 


\/V+ P 


-5 


(t) -(f) 


(f i + |j) = - 3i - 4 j 


9. length = |V2i + V2j| = yj2 + 2 = 2, V2i + Vfj = 2^-^i +-^ jj => the direction is -j^i + 
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■ the direction is —Cj __L j 

4l 72 J 


11. t = y => v = (-2 sin ^ji + ^2 cos yjj = -2i; length = |-2i| = %/4 + 0 = 2; -2i = 2(-i) => the direction is -i 

12 . t = In 2 => v = | e bl2 cos(ln 2 ) -e nl sin(ln 2 ) Ji +|e ln2 sin(ln 2 ) +e ln2 cos(ln 2 )jj 

= ( 2 cos(ln 2 )- 2 sin(ln 2 ))i+ ( 2 sin(ln 2 ) + 2 cos(ln 2 ))j = 2 [(cos(ln 2 )-(sin(ln 2 ))i + (sin(ln 2 )+cos(ln 2 ))j] 
length = | 2 [(cos(ln 2 ) -sin(ln 2 ))i + (sin(ln 2 ) +cos(ln 2 )) jj| = 2 Aj(cos(ln 2 )-sin(ln 2 ))~ +(cos(ln 2 ) +sin(ln 2 ))“ 
= 2^2 cos 2 (In 2 ) + 2 sin 2 (In 2 ) = 2 s/ 2 ; 2 [(cos(ln 2 ) -sin(ln 2 ))i + (sin(ln 2 ) + cos(ln 2 )) j] 

/rY(cos(ln2)-sin(ln2))i+(sin(ln2)+cos(ln2))C . (cos(ln2)-sin(ln2)) . (sin(ln2)+cos(ln2)) . 

= 2 V 2 -t= - => direction-7=-1+-7=-J 


13. length = |2i — 3j + 6 k| = V4 + 9 + 36 = 7, 2i — 3j + 6 k =7^yi -yj +ykj => the direction is yi -yj + -|k 

14. length = |i + 2 j-k| = Vl + 4 + 1 = V 6 , i + 2 j -k = -J6 |-Ci + -^L-j --j=-kj the direction is-j=i+-jLj--^=-k 


is ? v - o 4j-j+4k _ 0 4i-j+4k _ g ;_2 ; 8 . 

M J 4 2 +( _ 1) 2 +4 2 733 7^3 733 J V53 


4)i + C|k C)i + (f)k 

16. -5 A = -5 • -U = -5 ■ 5 l5i = -3i-4k 


_ i j k 

17. |v| = Vl + 1 = V 2 , |u| = ^4 +1 + 4 = 3, v u = 3, uv=3,vxu = 1 1 0 =- 2 i + 2 j-k, 

2 1 -2 

ux v = -(vxu) = 2i- 2j +k, |vxu| = %/4 + 4 + 1 =3, 0 = cos -1 fonj = cos -1 = y, 


u|cos<9 = -^,proj v u= v = |(i+j) 


18. |v| = Vl 2 +l 2 +2 2 = 76,| u |= V(-l) 2 +(-l) 2 = V2, v u = (1)(-1) +(1)(0) + (2)(—1) = -3, 

i j k 

uv = -3,vxu = 112 = -i - j + k, u xv = -(v xu) =i + j-k, 

-1 0 -1 

| v x„ | = s/(-l) 2 +(-l) 2 +l 2 = V3, 0 = cos- 1 (^) = cos- 1 = cos- 1 (y|) = cos- 1 (-4) = 

| u I cos<9 = V 2 proj v u = v =^(i + j +2k) = -y(i + j +2k) 


1 . proj v u = (j 7 j'y) v = y( 2 i+j+k) where v u = 8 and v-v = 6 
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20. proj v u=|y^ v = —|(i-2j) where v u = -1 and v-v = 3 



= (v\ +v\ + vf j - 4 (vjW’j + V 2 >i '2 + V 3 W 3 ) + 4 {wf + wf + wf j = I v| ’ -4v • w + 4 | w | 2 

| v | 2 -4 | v 11 w | cos 0 + 4 | w | 2 = 4-4(2)(3)^cos + 36 = 40-24(4.j = 40-12 = 28 => | v - 2w | = ^28 = 2^7 

i j k 

24. u and v areparallel when uxv =0 => 2 4 -5 = 0 => (4a — 40)i +(20-2«)j + (0)k = 0 

—4 —8 u 

=^> 4a -40 = 0 and 20 -2a => a =10 

1 j k __ 

25. (a) area = |uxv| = abs 1 1 -1 =|2i-3j-k|=V4 + 9+ l= >/l4 

2 1 1 

1 1 -1 

(b) volume = (u xv) -w = 2 11 = 1(3 + 2) —1(6 — (—1)) —1(—4 +1) =1 

-1 -2 3 

i j k 

26. (a) area = | u xv | = abs 1 1 0 = |k| — 1 

0 1 0 

1 1 0 

(b) volume = (u xv) -w = 0 1 0 = 1(1 — 0) —1(0 — 0) + 0 = 1 

1 1 1 
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27. The desired vector is nxvorvxn since nxv is perpendicular to both n and v and, therefore, also parallel to 
the plane. 

28. If a = 0 and b ^ 0, then the line by = c and i are parallel. If a ^ 0 and b = 0, then the line ax = c and j are 

parallel. If a and/; are both ^ 0 , then ax + by = c contains the points ^,oj and (o, => the vector 

ab(^i—^]\ = c(M-oj) and the line are parallel. Therefore, the vector bi-aj is parallel to the line 
ax + by =c in every case. 

29. The line L passes through the point P(0, 0, -1) parallel to v = -i+j + k. With PS = 2i + 2j +k and 

i j k _ 

PSx\ = 2 2 1 =(2-l)i-(2+l)j + (2 + 2)k =i-3j + 4k, we find the distance d = 

-1 11 

V26 n/78 

73 3 

30. The line L passes through the point P(2, 2, 0) parallel to v=i + j+k. With P5 = -2i + 2j+k and 

i j k _ 

PSx\=-2 2 1 = (2 — l)i — (—2 — 1) j + (—2 — 2 )k = i + 3 j — 4k, we find the distance d = = "^ypy-j ' 6 

111 

726 778 

73 3 

31. Parametric equations for the line are x = 1 -3t, y = 2, z = 3 + It. 

32. The line is parallel to PQ = Oi + j -k and contains the point P(l, 2, 0) => parametric equations are 
x = 1 , y = 2 + 1 , z = -t for 0 < t < 1 . 
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37. P(l, -1, 2), Q(2, 1,3) and i?(-1, 2, -1) => PQ = i + 2j + k, PR = -2i + 3j-3k and 

i j K 

PQxPR = 12 1 = -9i + j + 7k is normal to the plane => (-9)(x — 1) + (l)(jK +l) + (7)(z -2) = 0 

-2 3 -3 
=> -9 x+y + Iz = 4 

38. P{\, 0, 0), Q(0, 1, 0) and R(0, 0,1) => PQ = -i + j, PR = - i+k and PQxPR 
normal to the plane => (l)(x - 1 ) + (l)(y - 0 ) + (l)(z -0) = 0 => x + y + z - l 

39. (o, since t = -y, y = -j and z = —| when x = 0; (-1, 0, -3), since t = -1, x = -1 and z = -3 

when y = 0; (1, -1, 0), since t = 0, x = ] and y = -1 when z = 0 

40. x = 2t, y = -t, z = —t represents a line containing the origin and perpendicular to the plane 2x -y -z = 4; this 
line intersects the plane 3x - 5y + 2z = 6 when t is the solution of 3(2t) - 5(-t) +2(-t)=6=>t=-| 

=^> (j, is the point of intersection 

= cos " 1 (i) = f 

42. iij = i + j and n 2 = j + k => the desired angle is cos -1 j = cos -1 = y 

i j k 

43. The direction of the line is nj x no = 1 2 1 = 5i — j — 3k. Since the point (-5, 3, 0) is on both planes, the 

1 -1 2 

desired line is x = -5 + 5t, y = 3 - 1, z = -3 1. 


41. ni = i and no = i + j + V2k => the desired angle is cos 

\ l n j I l n 21 I 


i j k 

= -l 1 0 =i + j + kis 

-1 0 1 


i j k 

44. The direction of the intersection is iijXiit = 1 2 -2 = - 6 i — 9j-12k = —3 (2i +3j + 4k) and is the same as 

5 -2 -1 

the direction of the given line. 


45. 


(a) The corresponding normals are n[ = 3i + 6 k and n 2 = 2i + 2j - k and since 

n 2 n 2 = (3)(2) + (0)(2) + ( 6 )(—1) = 6 + 0- 6 = 0, we have that the plans are orthogonal 

1 j k 

(b) The line of intersection is parallel to nj X 119 = 3 0 6 = -12i +15 j + 6 k. Now to find a point in the 

2 2-1 

\3x + 6z =1 

intersection, solve 1 => 

[2x + 2 y—z =3 

=^> ( 0 , yy, -i-) is a point on the line we seek. Therefore, the line is x = -12/, y = yy + 15? and z=J- + 6t. 


3x + 6 z = 1 

\2x + \2y — 6z =18 


• 15x + 12y = 19 x = 0 and y = jy 
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46. A vector in the direction of the plane’s normal is n = u x v = 


1 j k 

2 3 1 

1 -1 2 

plane => 7(x- 1) -3(_y-2)-5(z-3) = 0 => lx-3y-5z = -14. 


= 7i — 3j — 5k and P( 1,2,3) on the 


47. Yes; v-n = (2i-4j + k)-(2i + j+0k) = 2-2-4-1 + 1-0 = 0 => the vector is orthogonal to the plane’s normal 
=> v is parallel to the plane 


48. n PP o > 0 represents the half-space of points lying on one side of the plane in the direction which the normal 
n points 


49. A normal to the plane is n = AB x AC = 


d = 


APn 


(l+4j)-(—i—2 j—2k) 

-1-8+0 

n 


%/l+4+4 

3 


1 j k 

2 0-1 
2-10 

= 3 


= —i — 2 j — 2k => the distance is 


50. P(0, 0, 0) lies on the plane 2x + 3y + 5z = 0, and PS =2i + 2j + 3k with n=2i + 3j+5k 

=> d = I 


n PS 


4+6+15 

|n| 


V4+9+25 


25 


51. n=2i-j-k is normal to the plane =>nxv = 
parallel to the plane 


1 j k 

2 -1 - 1 | 
1 1 1 


= 01 — 3j + 3k = -3 j + 3k is orthogonal to v and 


52. The vector B x C is normal to the plane of B and C^Ax(BxC) is orthogonal to A and parallel to the plane 
of B and C: 



i j 

k 


i j k 

BxC = 

1 2 

1 

= —5i + 3j — k and Ax(BxC) = 

2 -1 1 


1 1 

-2 


-5 3 -1 


= -2i - 3 j + k 

|Ax(BxC)| = V4 + 9+1 = -J\A and u = -^=(-2i-3j +k) is the desired unit vector. 


53. A vector parallel to the line of intersection is v = iij x n 2 = 
=>2^A|j=-^j(5i-j-3k) is the desired 


i j k 

1 2 1 
1 -1 2 


= 5i-j-3k=>|v| = V25+l+9 =V35 


1 vector. 


54. The line containing (0, 0, 0) normal to the plane is represented by x = 21, y = -t, and z = —t. This line 
intersects the plane 3x-5y + 2z = 6 when 3(2?) - 5(-t) + 2{-t) = 6 => t = j => the point is 
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55. The line is represented by x = 3 +2t,y = 2-t, and z=l + 2t. It meets the plane 2x-y + 2z = -2 when 
2(3 + 2?)-(2-?) + 2(l + 2?) = -2 => t = —| => the point is 

i j k 

56. The direction of the intersection is v = nj x no = 2 1 —1 = 3i — 5 j + k 

1 1 2 

^ 0 = cos " 1 (jtL) = cos"' (Jj) * 59.5” 

57. The intersection occurs when (3 + 2 1) + 3(2 t)—t = -4 => t = -1 => the point is (1, -2, -1). The required line 
must be perpendicular to both the given line and to the normal, and hence is parallel to 

1 j k 

2 2 1 = -5i + 3j + 4k => the line is represented by x = 1 - 5t, y = -2 + 3t, and z =-1 + 4?. 

1 3 -1 

58. If P(a,b,c) is a point on the line of intersection, then P lies in both planes => a —2b +c + 3 = 0 and 
2a-6-c + l = 0=> (a -2b + c + 3) + k(2a-b-c + l) = 0 for all k. 

i j k 

59. The vector AB x CD = 3-2 4 =-y(2i +7j + 2k) is normal to the plane and A( -2,0,-3) lies on the 

26 A _ 26 

5 5 

plane => 2(x + 2) +7(y -0) + 2(z -(-3)) = 0 => 2x + ly + 2z +10 = 0 is an equation of the plane. 

60. Yes; the line’s direction vector is 2i + 3j — 5k which is parallel to the line and also parallel to the normal 

—4i — 6 j + 10 k to the plane => the line is orthogonal to the plane. 

i j k 

61. The vector PQ x PR = 2-13 = —i — 11 j — 3k is normal to the plane. 

-3 0 1 

(a) No, the plane is not orthogonal to PQxPR. 

(b) No, these equations represent a line, not a plane. 

(c) No, the plane (x + 2)+ll(v-l)-3z =0 has normal i +11 j — 3k which is not parallel to PQxPR. 

(d) No, this vector equation is equivalent to the equations 3y + 3z = 3, 3x-2z = - 6 , and 3x + 2y = -4 

=> x = = t,z = 1 -t, which represents a line, not a plane. 

(e) yes, this is a plane containing the point R(-2, 1,0) with normal PQ x PR. 


62. (a) The line through A and B is x = 1 + t,y = —t,z = -1 + 5/; the line through C and D must be parallel and is 
: x = 1 + 1, y = 2 -1, z = 3 + 5?. The line through B and C is x = 1, y = 2 + 2s, z = 3 + 4s; the line through A 
and D must be parallel and is : x = 2, y = -1 + 2s, z = 4 + 4s. The lines and L 7 intersect at D(2, 1, 8) 
where t = 1 and s = 1 . 


(b) cos 6 


(—j+4k)(i—j+5k) 
V20V27 


3 

Vl5 
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(c) =^BC =-|(j + 2k) where &4 = i-j+5k and BC = 2j + 4k 
\ ]3 C ‘ 13 C J 

(d) area = |(2j +4k)x(i - j +5k)| = |l4i + 4j — 2k| = 6V6 

(e) Frompart(d), n = 14i + 4j-2k is normal to the plane => 14(.r-1) +4( y -0)-2(z + 1) = 0 
=> lx + 2y - z =8. 

(f) Frompart(d), n = 14i + 4 j — 2k => the area of the projection on the jz-plane is | n • i |= 14; the area of the 
projection on the xz-plane is | n • j |= 4; and the area of the projection on the xj-plane is | n • k | =2. 


63. AB = -2i + j + k,C£> =i+4j-k, and ^4C = 2i + j=>n 


i j k 

-2 1 1 
1 4 -1 


—5i - j - 9k => the distance is 


d = 


(2i+j)(—5i—j—9k) 
V25+1+81 


11 

Vl07 


64. AB = -2i + 4j - k, CD = i - j + 2k, and AC 


-3i +3j =>n 


i j k 

-2 4 -1 

1 -1 2 


7i + 3 j - 2k the distance is 


d = 


(-3i+3j)(7i+3j-2k) 

V49+9+4 


12 

•J62 
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CHAPTER 12 ADDITIONAL AND ADVANCED EXERCISES 

1. Information from ship A indicates the submarine is now on the line Z,p x = 4 + 2t,y = 3t,z = -if; information 
from ship B indicates the submarine is now on the line Z 2 : x = lS.py = 5 -6s,z = —s. The current position of 
the sub is (7). 3, -ij and occurs when the lines intersect at t = 1 and s = j. The straight line path of the 
submarine contains both point p{l, -1, — j and q(6, 3, —jj; the line representing this path is 
L: x - 2 + 4t,y = -1 + 4t,z - -i. The submarine traveled the distance between P and Q in 4 minutes => a 
speed of - yj 2 thousand ft/min. In 20 minutes the submarine will move 20\/2 thousand ft from Q 

along the line L => 20^2 = 2 + 4t-6 f + (-l + 4f-3) 2 +0 2 =>800 = 16(1 -l) 2 +16(1 -l) 2 = 32(1 -l) 2 

=> ( t -l) 2 = pp = 25 => t = 6 => the submarine will be located at ^26,23,-i) in 20 minutes. 


2. H 2 stops its flight when 6 +1 lOf = 446 =>t = 4 hours. After 6 hours, H t is at P(246,57,9) while H 2 is at 

(446,13,0). The distance between^ and Q is ^(246-446) 2 + (57-13) 2 +(9-0) 2 * 204.98 miles. At 150 
mph, it would take about 1.37 hours for H l to reach // 2 . 

3. Torque = |p0xF|^>15 ft-lb = |P£?||F|sin-| = | ft • |F| => |F| = 20 lb 
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4. 


Let a=i + j + k be the vector from O to A and b = i + 3j + 2k be the vector from O to B. The vector v 
orthogonal to a and b => v is parallel to b x a (since the rotation is clockwise). Now bxa = i + j-2k; 

proj a b = (■^ja = 2i + 2j + 2k => (2,2,2) is the center of the circular path (1,3,2) takes 

=>radius + (-1) 2 + 0 2 = yjl => arc length per second covered by the point is 2 units/sec = |v| 

(velocity is constant). A unit vector in the direction of v is •=—- = -M + -)=j —~r=k 

I* 5 x a l v 6 V6 V6 


=> V = V 


(|bxa|) 2 ^(v6 1 + V6 j ^ k ) ^ 1 + ^ j ^ 


5. (a) 


(b) 


i2 . c2 a2 -j a2 . c2 ■j2 a a 

By the Law of Cosines we have cos a = J ^ j and cos /? = = j => sin a = j and sin /? = 

=^Fi =(-|F 1 |cos«,|F 1 |sina) = ^-||F 1 |,^| F x |^, F 2 = (| F 2 | cos/?,| F 2 | sin/?} = (||F 2 |,||F 2 |^, and 
w = (0, -100). Since F l +F 2 = (0,100) => (-|| Fl | + J|F 2 |,^1 +f |F 2 |) = (0,100) => -||F 1 |+^-|F 2 | = 0 
and |-|F 1 | + ||F 2 | =100. Solving the first equation for |F 2 | results in: |F 2 |=-||F 1 |. Substituting this result 
into the second equation gives us: ■|-|F 1 |+^-|F 1 | = 100 => IF^ = 80 lb. |F 2 | = 60 lb. => Fj =(-48,64) and 
F 2 = (48,36), and a = tan -1 and /? = tan -1 

^ 2 . 1 2 2 _i r*2 c 1 ^2 . 1 2 2 _c2 1 -^ . 1 ^ 

By the Law of Cosines we have cos a = ~ 2 ^ (13 y = ]j and cos ft = = jy => sin a = jy and 

sin P = b => F't = (—l®il cos or, |F t | sin ar) = (-^IFjl, |F X |^, F 2 = (|F 2 |cos/7, |F,| sin/?) 

= (§|F 2 |4|F 2 |), and w = (0,-200). Since Fj +F 2 = (0, 200) => (-^|Fj| +jf|F 2 |, §1^1 +^|F 2 |) 

= (0, 200) => --j^lFjl + y=-|F 2 1 = 0 and -y^-IFj| + -j^-|F 2 1 = 200. Solving the first equation for |F 2 | results in: 

|F 2 | = p^lFjl. Substituting this result into the second equation gives us: jy|F|| + ^|Fj| = 200 

=> |Fj| = 2m ~ 184.615 lb. => |F 2 | = ^ * 76.923 lb. =>F, = (-* (-71.006,170.414) and 

F 2=(w’fii>-( 7L006 ’ 29 - 586 )- 


6 . 


(a) Tj = (-ITjIcosar, ITjIsina), T 2 = (|T 2 |cos/?, |T 2 |sin/?), and w = (0, -w). Since 1) + T 2 = (0, w) 

=> (—|Tj | cos or + |T 2 | cos /?, ITj | sin ar + |T 2 |sin /?) = (0, w) => —|Tj | cos or + |T 2 | cos /? = 0 and 
|T 1 |sino' + |T 2 1 sin =w. Solving the first equation for |T 2 | results in: |T 2 | = Substituting this 


cos oc sin (j 

result into the second equation gives us: |Tj| sin a H- COS/ g l^il = w 


wcos fS 


sin a cos /?+cos a sin /? sin (a+fi) 

d l wcos/3 \ 
da \sin(a +/?)) 


__wcos_B_ and , |=J vcos£_ 


sin (a+/3) 

W U T 1 1)-idigSi) - "’’IC;/" 1 • ^(IT,l) = 0^-»cos/Jc„ s (a + /!) = 0=.c„ s (a + /;) = 0 




d — wcos 


ficosja+p)'] wcos/?(cos 2 (q+/?)+l). 


sin 2 (a+/3) ) 


sin (a+p) 


JL 

da 2 


(I Til) 


«=f ~P 


wcos P > 0 => local minimum when a = -y- /? 
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w ^d T 2i)-^( 


sa 1 -wcosgcos (a+P)' d 


sin ( a+j3) j 


2 (a+fS) ’ d P 


; -j-(\ T 2 I) = 0 => -wcosorcos (or + /?) = 0 


■ C os(a + /3)=0^a + /3=f^/3=f-a- jM|T 2 |) = ^ 


d [ — wcos oc cos ( 


(a+/?)^l H'cosa(cos 2 (a+/?)+lj 


d P\ sin 2 (a+f}) 


sin 3 («+/?) 


-j-y(| T 2 I) p_n_ a = w cos a > 0 => local minimum when (5 = ^-a 


7. (a) If P(x, y, z) is a point in the plane determined by the three points P\(x\, y\, zj), P 2 (x 2j y 2 , z 2 ) and 

.P 3 (;r 3 , y 3 , z 3 ), then the vectors PP \, PP 2 and PP 3 all lie in the plane. Thus PPi (.PP 2 xPPj j = 0 
x i~ x yi~y q-- 

=^> xo -x y 2 —y z 2 -z = 0 by the determinant formula for the triple scalar product in Section 12.4. 
* 3 -* yi~y z 3-- 

(b) Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value as 
the given determinant) by cofactor expansion about column 4. This expansion is exactly the determinant 
in part (a) so we have all points P(x, y, z) in the plane determined by /j(x j, y\, zj), P 2 {x 2 , y 2 , z 2 ), and 

p 3( x 3> T3> z 3)- 

8. Let L^.x = + l\,y = a 2 s +b 2 , z = a 2 s + b 2 and L 2 :x = C]t + d^,y =c 2 t + d 2 ,z =c 2 t + d 2 . If Z[ | L 2 , then for 


a\ 

q 

b { -d l 


kci 

C 1 

bi - di 

a 2 

c 2 


= 

kc 2 

q> 

b^ — d-) 

a 3 

c 3 

h -d 3 


kc 3 

c 3 

bj ~d 2 


column is a multiple of the second column. The lines L\ and L 2 intersect if and only if the system 
ajs -C|f + (/>] -di ) = 0 

1 a 2 s-c 2 t +{b 2 —d 2 ) = 0 has a nontrivial solution the determinant of the coefficients is zero. 

^s-c 2> t + {b 2 ,-d 2> ) = 0 

9. (a) Place the tetrahedron so that A is at (0, 0, 0), the point P is on the y-axis, and A ABC lies in the 

xy-plane. Since A ABC is an equilateral triangle, all the angles in the triangle are 60° and since AP 
bisects BC => AABP is a 30°-60°-90° triangle. Thus the coordinates of P are ^0, V3, oj, the 

coordinates of.8 are (l, V3, oj, and the coordinates of Care (-1, V3, oj. Let the coordinates of£> be 
given by (a, b, c ). Since all of the faces are equilateral triangles => all the angles in each of the triangles 
are 60° =»cos (ZDAB) = cos(60°) = -=== = = | => a + W3=2 and cos{ZDAC) = cos(60°) 

= \ => -a +b\l3 = 2. Add the two equations to obtain: 28^3 = 4 => b = -?=. 

\AD\\AC\ (2X2) 2 v M S 

Substituting this value for b in the first equation gives us: a + •J?, - 2 => a = 0. Since 

| AD |= \la z -',-b 2 +c 2 = 2 => 0 2 + + c 2 = 4 => c = Thus the coordinates off) are |o, -j=, -^-j. 


cos 9 = cos (ZDAP) = —— = —: 

\AD\\AP\ 2V3 


9 = cos 


•57.74° 


(b) Since A ABC lies in the xy-plane => the normal to the face given by A ABC is n 3 = k. The face given by 
A BCD is an adjacent face. The vectors DB = i + -j= jand DC = —i + -j=j--^-k both lie in the 
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j 

k 

1 

2 J 2 

V3 

£ 

1 

2^2 




The angle 0 between two adjacent faces is given by cos 6 = cos (ZDAP) = 


n r n 2 2A/3 


KIM (1)(6/V3) 


• 6 = cos 


> 70.53°. 


10. Extend CD to CG so that CD = DG. Then CG = tCF = CB+BG and tCF = 3 CE + CA, since ACBG is a 
parallelogram. If tCF —3CE = CA = 0, then ? -3 -1 = 0 => t = 4, since F, E, and A are collinear. Therefore, 
CG = 4CF => CD = 2CF => F is the midpoint of CD. 


11. If Q(x, y) is a point on the line ax + by=c, then P^Q = [x -x l )i + (y -jq) j, and n = ai+Z>j is normal to the 
line. The distance is Uj„ jjgU , K«,)♦>(>'->',since c - ax+by. 

' ■ ,L 2 j_A 2 ,/c 2 j -h 1 ,L 2 il 2 


12. (a) Let Q(x, y, z) beanypointon Ax + By + Cz-D = 0. Let QP l = (x-jq )i + {y - jq) j + (z-zj )k, and 


4i+Bj+Ck 
■J A 2 +B 2 +C 2 


. The distance is proj n QP { = [(.r -x 1 )i + (y - qq) j +(z-zj)k] 


4i+Bj+Ck 

J A 2 +B 2 +C 2 


| Ax x +By l +Cz 1 -(Ax+By+Cz) | \Ax t +By\ +Cz x -D\ 

\Ja 2 +b 2 +c 2 V A 2 +B 2 +C 2 

(b) Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the 
sphere, i. e., r = \ J 2 ^ = V3 (see also Exercise 12a). Clearly, the points (1, 2, 3) and (-1, -2, -3) are 

on the line containing the sphere’s center. Hence, the line containing the center is x = 1 + 21, 
y = 2 + 4t, z = 3 + 6t. The distance from the plane x+y + z- 3=0 to the center is -J3 


|(l+20+(2+4f)+(3+60-3| _ /7 


from part (a) => t = 0 => the center is at (1, 2, 3). Therefore an equation of 


the sphere is (.r-1) 2 +(y-2) 2 +(z-3) 2 =3. 


13. (a) If (jq, jq, zj) isontheplane Ax + By + Cz = D^, then the distance d between the planes is 

d = \ a A+b+D c -i d i\ _ \ d i D i\ s j nce j x +Bv\ +Cz 1 = D|, by Exercise 12(a). 
Ja 2 +B 2 +C 2 |s4i+Sj+Ck| 1 - 1 1 U 

(b) d = 7m = ^4 


|2(3)+(-l)(2)+2(-l)+4| |2(3)+(—1 )(2)+2(—1)—Z>| 


■ D = 8 or -4 => the desired plane is 2x-y + 2x = I 


(d) Choose the point (2, 0,1) on the plane. Then = 5 D = 3 ±5v/6 => the desired planes are 
x-2y + z= 3 + 5^6 and x-2y + z = 3- 5V6. 
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14. Let n = AB x BC and D(x, y, z ) be any point in the plane determined by A, B and C. Then the point D lies in 
this plane if and only if AD • n = 0 ce> AD ■ (AB x BC j = 0. 


15. n = i +2j + 6k is normal to the plane x + 2y + 6z = 6; vxn = 


i j k 

1 1 1 
1 2 6 


= 4i - 5 j + k is parallel to the plane and 


perpendicular to the plane of v and n =>w=nx(vxn) = 


j k 

1 2 6 
4 -5 1 

plane x + 2y + 6z =6 in the direction of the projection vector projpV. Therefore, 


= 32i + 23j-13k is a vector parallel to the 


proj/>v = proj w v = v • 


(-r)4=( 


- XM. w - 32+23-13 ) _ 42 _ 1 _ 32; 23 ; 13 ■ 

|w| 2 J W “ U 2 + 23 2 + 13 2 I W “ 1722 W - 41 W - 41 1 + 41 J 4. R 


16. proj z w = -proj z v and w -proj z w = v -proj z v => w = (w -proj z w) + proj z w = (v -proj z v) + proj z w 
= v-2proj z v = v^f-^ylz 


17. (a) u x v = 2ix2j = 4k => (u x v)xw = 0;(u -w)v-(v-w)u = Ov - Ou = 0; vx w = 4i => ux(vxw) = 0; 
(u • w)v - (u v)w = 0v - Ow = 0 



i j 

k 


i j k 

(b) u x v = 

1 -1 

1 

= i + 4j + 3k => (u x v) x w = 

1 4 3 


2 1 

-2 


-1 2 -1 



i j k 


i 

j k 

VXW = 

2 1 -2 

= 3i + 4j + 5k => u x (v x w) = 

1 

-1 1 


-1 2 -1 


3 

4 5 


= -lOi -2j + 6k; 
(u -w)v -(v w)u = —4(2i + j -2k)-2(i- j +k) = -lOi -2j + 6k; 

= —9i — 2 j +7k; 

(u• w)v-(u v)w = —4(2i + j—2k) — (—1)(—i + 2j—k) = —9i — 2j + 7k 

= -4i-6j + 2k; 

(u -w)v -(v -w)u =2(2i - j + k)-4(2i + j) = -4i -6j + 2k; 

i 

I = i 2 j — 4k; 



i 

j 

k 


i j 

k 

(c) u x v = 

2 

1 

0 

= i - 2 j - 4k => (u x v) x w = 

1 -2 

-4 


2 

-1 

1 


1 0 

2 


vxw = 


(d) uxv = 


i j k 


i j k 

2 -1 1 

= -2i -3j + k=>ux(vxw) = 

2 1 0 

1 0 2 


-2 -3 1 

-(u-v)w : 

= 2(2i-j+k)-3(i + 2k)=i- 

2j-4k 

i j k 


i j k 

1 1 -2 

= -i+3j + k=>(uxv)xw = 

-13 1: 

-1 0 -1 


2 4-2 

-(v w)u = 

= 10(-i-k)-0(i + j-2k) = - 

lOi-10k; 


= -lOi-10k; 
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i j k 


i 

j 

k 

V xw = 

-1 0 -1 

= 4i - 4 j - 4k => u x (v x w) = 

1 

1 

-2 


2 4-2 


4 

-4 

-4 


(u -w)v -(u • v)w =10(-i-k)-l(2i + 4j-2k) = —12i — 4 j — 8k 

18. (a) u x(vxw) + vx(wxu) +w x(ux v) = (u -w)v-(u • v)w + (v -u)w -(v • w)u +(w -v)u -(w -u)v = 0 

(b) [u-(vxi)]i + [(u-(vxj)]j + [(u-(vxk)]k = [(uxv)-i]i+[(uxv)-j]j + [(uxv)-k]k=uxv 

u • w y • w 

(c) (nxv)-(wxr) = u fvx(wxr)l = u [(v-r)w-(v-w)rl = (u■ w)(v-r)-(u-r)(v• w) = 

u r v r 

19. The formula is always true; ux[u x(u x v)]-w = u x[(u • v)u-(u u)v] • w = [(u • v)u xu -(u u)u x v] • w 


? 7 

= — I u I - uxv-w = — I u I a-vxw 


20. If u = (cos B)i + (sin 2?) j and v = (cos^4)i + (sind)j, where A> B, then u x v = [| u j | v | sin (A - 5)]k 

i j k 

= cos B sin B 0 = (cos5sin A -sin.8cos^)k => sin(^4 -B) = cos5 sin^4 -sin5 cos ^4, since 
cos A sin .4 0 
| u | = 1 and | v| = 1 . 

21. If u = ai + b\ and v = ci+a(j, then u • v = |u|| vjcos^ => acCOS6 1 

=^> (ac +bd ) 2 = +b~ j|c 2 +d 2 jcos“ 6 => (ac +bd )” < |a" + Z>" j|c 2 +d" j, since cos" 6 < 1. 

2 2 2 

22. If u = ai +b\ +ck, then u u = a +b +c > 0 and u u = 0 iff a =b =c = 0. 


23. | u + v | 2 = (u + v)-(u + v) = u - u + 2u ■ v + v • v < |u| 2 + 2|u||v|+|v| 2 = (|u| + |v|) 2 ^|u + v|<|u| + |v| 

24. Let a denote the angle between w and u, and /? the angle between w and v. Let a = |u| and b = |v|. 

W11 (av+/>u)u (av-u+Miu) (avu+ftu-u) [ay-a+ba I , ..... „ „ v , 

Ttoi. r-nc ✓v — " U — V_ L _ — A_ L — 1 _ L — 1 _ L — V u+oa ~„A M-ounu r-n c R — 11 V + 


Then cosa = - ?5 j l T = —p-jpp , -, . . . 

|w| |u| |w||u| |w||u| |w||u| |w|a I" 1 ! |w| 

Since the angle between u and v is always < y and cos a = cos /?, we have that a = fd => w bisects the angle 

between u and v. 


and likewise, cos/? = i y 


25. (|u|v + |v|u) ■ (|v|u - |u|v) =|u|v-|v|u + |v|u-|v|u—|u|v-|u|v—|v|u-|u|v 
= I V I u-1 u I V+I v| 2 u-u-|u| 2 v-v-l vlu-lul V = I v | 2 | u I 2 -I U | 2 | V | 2 = 0 
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CHAPTER 13 VECTOR-VALUED FUNCTIONS AND 

MOTION IN SPACE 


13.1 CURVES IN SPACE AND THEIR TANGENTS 

1. x =t +1 and y = t 2 -1 => y = (x-1) 2 -1 = x 2 —2x; v = ^ = i + 2tj => a = = 2j => v = i + 2j and a = 2j at 

t = 1 


2 . 


: = ~~~r and y = j => x = - T — = j-!— => y - — - 1; v = ^r = 
t +1 t ± + l 1+y * x ’ dt 


(t+ir 


1 . rfv 

'-7 J ^ a= rfT = - 


(t+D 


3 i+ ii 


. v = 4i-4j and a = —16i —16j 


at t = -j- 


3. x = e / and y = ■|e 2f j = |-x 2 ; v = = e r i + -|e 2/ j => a = e ? i + -|e 2, j => v = 3i +4j and a = 3i + 8j at 

t = In 3 


4. x = cos2? and y =3sin2t =>x 2 +^>’ 2 =1; v = ^- = (-2sin2f)i + (6cos2f)j 
=> a = = (-4cos2t)i + (-12sin2t) j => v = 6j and a = -4i at t = 0 


5. v = = (cost)i-(sint)j and a =-^-=-(sint)i-(cosf)j 

^for/ = f,v(f)=4i-#i ^d = 

for ? = -f> v (-f) = -j and a|y j = -i 


6 - v = ^ = (- 2sin i) i + ( 2cos l)j and a =$ = (-cos^)i + (-sin^)j 
=> for t = n, v(7r) = -2i and a(;r) = -j; 

for t = ^,v(^) = -V2i-V2j anda(^f) = ^i-^f j 


y 




7. v = = (1 -cos t)i + (sin t)j and a = = (sin t)i +(cos t)j 

=> for t = n, x(n) = 2i and a(;r) = -j; 
for t =4f, v(4f) = i-j anda^4fj = -i 


8. v = = i + 2t j and a = -y = 2j => for t = -1,, v(-l) = i — 2j and 

a(-l) = 2j; for t = 0, v(0) = i and a(0) = 2j; 
for t = 1, v(l) = i + 2j and a(l) = 2j 
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9. r = (f +l)i + |t 2 -lj j + 2tk =>v=-^=i + 2tj+2k=>a = = 2j; Speed: | v (l) |= yjl 2 +(2(1)) 2 +2 2 =3 


Direction: 


. v(l) _ i+2(l)j+2k _ 1-2: ,2 


|v(l)| 


= ii + f j + fk^v(l) = 3(i| + fj + fk) 


10. r = (l+l)i + ^-j + 4k=-v = lJ = i+-|.j + rk=.a=ig; = -|.j + 21k; 


dt 




dt 2 V2 


Speed: I v(l)l - ^ +(l 2 f =2; 

2 i+ i j+ i k ^ v ( 1 )= 2 (i i+ ij + i k 


»% + (l 2 > 


Direction: ^ 


11. r = (2 cos t)i + (3 sin t)j + 4tk => v =^j- = (-2 sin r)i + (3 cost)j + 4k => a =i M- = (-2 cos r)i — (3 sin r)j; 

dt dt 


Speed: |v^yj| = y^-2sin-yj +^3cosyj + 4 2 =2yf5; 

) i+ fek 


v(i) 

Direction: . ; 2 ;, = — s ; n tr 
2 ^ 2 


^cosf)j + ^k=-^i + ^k^>v(f) = 2V5(-^i + ^k 


2^5 


V5 


12. r = (sec t)i + (tan i)j+ytk => v = ^ = (sect tan?)i + |sec 2 tjj + -|k 
=> a = ^ | sect tan 2 1 + sec 3 t Ji + ^2 sec 2 t tant J j; 



13. r = (2 ln(t +l))i + ? 2 j + yk => v = ^ = (^ji + 2tj + tk => a : 
Speed: |v(l)| = + (2(l)f +1 2 = Vd; 


dt 1 


(t+D 2 


i + 2j+k; 


Direction 


inn . v(l) (iu) l+2 d)j+d)k j_. _ 2 _. j_, rn _ ,_ 2 _. ,J _ k \ 

|v(l)r V6 _ V6 V6 J V6 k (1 )_a/ 6 IV6 V6 j V6 k J 


14. r = |e f Ji + (2 cos 3t)j + (2 sin 3t)k => v = ^ = |-e 1 Ji-(6 sin 3?) j + (6 cos 3t)k 
=> a =^y = ji — (18 cos 3t)j -(18 sin 3t)k; 

2 

Speed: |v(0)| = ,^-e 0 J + (-6 sin 3(0)) 2 +(6 cos 3(0)) 2 =VV7; 


v( m (-e°)i-6 sin 3(0)j+6 cos 3(0)k , ,— / , \ 


15. v = 3i + >/3j + 2^k and a = 2k => v(0) = 3i + V3j and a(0) = 2k => |v(0)| = ^3 2 +(a/ 3 j +0 2 = Vl2 and 
|a(0)| = = 2; v(0)-a(0) = 0 cos<9 = 0 6> = f 
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16. v = ^i+(^-32r)j and a = 32j => v(0) = +-y-j and a(0) = -32j =>|v(0)| = =1 and 

|a(0)| = yj(- 32) 2 = 32; v(0) a(0) = (^)(-32) = -16^2 => cos 9 = ^ => 8 = ^ 

1? - V ^(*) i+ (*) i -(^ i r kand - frf *" 7tV j+ TtV k ^ v (°) = jand 

\t +1/ +1/ V / b 2 +l| h 2 +lj b 2 + lj 

a(0) = 2i + k |v(0)| = 1 and |a(0)| = V 2 2 +1 2 = yf5; v(0) ■ a(0) = 0^cos6' = 0^>6' = f 

18. v = -|(l+t) 1/2 i--|(l-r) 1/2 j+|k and a = ^(1 +t) _1/2 i + -|(1 -/)~ 1/2 j => v(0) = -|ij + yk and 

.(0) - ii 4 j => |v(0)| - Jd) 2 + (-f ) 2 + (I) 2 -1 and -# ; v(0).,(0) = f-| = 0 

=> cos 8 = 0 => 9 = 

19. r(t) = (sin r )i +|/ 2 -cost j j +e\ => v(t) = (cos r)i + (2t + sin/)j +e^k; t 0 = 0=> v(t 0 ) =i + k and 
r(r 0 ) = P 0 = (0,-1,1) => v = 0 +t = t, y = -1, and z = l + t are parametric equations of the tangent line 

20. r(f) = t 2 i + (2t — 1)j + ? 3 k => \(t) = 2d + 2j +3t 2 k; t 0 = 2 => v(2) = 4i + 2j +12k and r(7 0 ) = P 0 = (4, 3, 8) 

=^> x = 4 + 4f, y = 3 +2t, and z = 8 +12? are parametric equations of the tangent line 

21. r(t) = (In t)i + j + (t Inr)k => v(t) = }i + —- ^ j + (In t + l)k; r 0 = 1 => v(l) = i +1 j + k and 

r(7 0 ) = P 0 = (0,0,0) => x = 0 + t = t, y = 0 + -jt = \>t, and z = 0 + t =t are parametric equations of the tangent 
line 

22. r(r) = (cos r)i + (sin t)\ +(sin 2r)k => v(t) = (-sin f)i + (cos t )j + (2 cos 2/)k ; t (i = y => v(t 0 ) = -i -2k and 
r(r 0 ) = Pq = (0,1, 0) => x = 0 -t = -t, y = 1, and z = 0 -2t = -21 are parametric equations of the tangent line 

23. (a) \(t) = -(sin t)i + (cos t) j => a(t) = -(cos t)i - (sin /) j; 

(i) |v(t)| = t) 2 +(cos t) 2 = 1 => constant speed; 

(ii) v a = (sin f )(cos t) - (cos t)(sin t) = 0 => yes, orthogonal; 

(iii) counterclockwise movement; 

(iv) yes, r(0) =i + 0j 

(b) v(t) = -(2 sin 2r)i + (2 cos 2t )j => a(t) = -(4 cos 2r)i - (4 sin 2t) j; 

(i) |v(0|^ sin 2^ + 4 cos 2 2t = 2 => constant speed; 

(ii) v • a = 8 sin 2f cos 2t - 8 cos 2t sin 2t = 0 => yes, orthogonal; 

(iii) counterclockwise movement; 

(iv) yes, r(0) = i + 0j 

(c) \(t) = -sin^t -yji +cos^t -yj j => a(t) = -cos(t-^)i-sin(t-^)j; 

(i) |v(t)| = ^sin 2 -yj + cos 2 -yj = 1 => constant speed; 

Copyright © 2014 Pearson Education, Inc. 



930 Chapter 13 Vector-Valued Functions and Motion in Space 

(ii) v a = sin^t -yj cos^?-^j-cos -yj sin --yj = 0 => yes, orthogonal; 

(iii) counterclockwise movement; 

(iv) no, r(0) = Oi — j instead of i + 0j 

(d) v(t) = -(sin t)i - (cos t)j => a (t) = -(cos r)i + (sin t )j; 

(i) |v(t)| = yj(- sin t ) 2 + (—cos t ) 2 = 1 => constant speed; 

(ii) v a = (sin ?)(cos t) - (cos t)(sin t) = 0 => yes, orthogonal; 

(iii) clockwise movement; 

(iv) yes, r(0) =i-0j 

(e) v(f) = -(2 1 sin ?)i + (2 1 cos f) j => a(f) = -(2 sin t + 2t cos t) i + (2 cos t - 2 1 sin f)j; 

(i) |v(/)| = -y/(—(2r sin ?)) 2 +(2 1 cos I) 2 = ^41~ |sin 2 1 +cos 2 tj = 2| t \=2t, t >0 ^variable speed; 

(ii) v -a = 4sin 2 t + t 2 sin t cos + A^t cos 2 t -t 2 cos t sin t j = At ^ 0 in general => not orthogonal in 
general; 

(iii) counterclockwise movement; 

(iv) yes, r(0) = i+0j 


24. Let p=2i+2j+k denote the position vector of the point (2,2,1) and let, u=-j=i--^=j and 

v = -^i + -C j +-L,k. Then r(f) = p +(cos ?) u +(sin t)v. Note that (2, 2,1) is a point on the plane and 

n = i + j - 2k is normal to the plane. Moreover, u and v are orthogonal unit vectors with u-n = v- n= 0=>u 
and v are parallel to the plane. Therefore, r (t) identifies a point that lies in the plane for each t. Also, for each 

t, (cos ?)u +(sin t)\ is a unit vector. Starting at the point |2+-j=, 2--J=, lj the vector r (t) traces out a circle 

of radius 1 and center (2, 2,1) in the plane x + y - 2z = 2. 


25. 


2 

The velocity vector is tangent to the graph of y = 
component. Now, y 2 = 2x^>2y^ = 2^>^\ 


2x at the point (2, 2), has length 5, and a positive i 
= => the tangent vector lies in the direction of the 


vector i +Fj => the velocity vector is v 



pj(i+}j)-2v/5i+V5j 


26. (a) 



■ .2 2-2 I |2 

(b) v = (1-cos t)i + (sin t)j and a = (sin t)i +(cos t)j ; v = (1 -cos t)~ +sin" t = 2-2 cos t => v is at a 

max when cos t = -1 => t = n. In, 5n, etc., and at these values of t, | v|“ = 4 => max |v| = V4 = 2; | v|“ is at 

■ ,2 11 

a min when cos t = 1 => t = 0, 2 n, 4n, etc., and at these values of /, v = 0 => min | v = 0; 

laF = sin“ t +cos 2 t = 1 for every t => maxlal = minlal = Vl = 1 
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27. -j-(r-r) = r •4- + -T' 1 '= 2r-4-= 2-0 = 0 r-r isaconstant 

at V / dt dt dt 


r =vr-r is constant 


28. (,) i(u vxw)-f 


d u , N Jv t/w 

= j'(v x w)+ u T xwtu.vx T 


dt 


dt 


^ f 


, rfr err 

r- ~17 x ~ 
dt dt 2 


dr (dr d 2 r d 2 r d 2 r dr dr r ) (dr d 5 r . . a / a r»\ a 

= —j 7 • -^-x— +r • —x— +r • -t-x— = r • -^-x — , since A-(AxB) = 0 

dt dt d ,2 d ,2 dt 2 dt df 3 dt d{ 3 I’ 


and A • (B x B) = 0 for any vectors A and B 


29. (a) u = /(t)i + g(0j +h(t)k => cu = cf(t )i + cg(/)j +c/?(t)k ^-(cu) = c^-i + c^j +c^-k 


+ * j + dfc k \ j 

(b) u = x(t)i+y{t)\+z(t)k =>/(t)u = f{t)x{t)\+f{t)y{t)}+f(t)z{t)\t 


d u 

dt 


i(m ") 


f *«+/«$ 




J + 




: f [x(t)\ + y(t)\ + z(t)k ] + f(t) 


dt 1 + dt J + dt K 




30. Let u = / 1 (t)i + / 2 (0j+/ 3 (t)k and v = gj(0i + g 2 (0j + g3(Ok. 
Then u + v = [/j (?) + g ( (0]i +[/ 2 (0 +g 2 (0] j +[/, (0 +g 3 (0]k 
=> -^-(u + v )=[//(o+?; (o ] i+[/; (o+?; (o ] j+[/; (o+g; (o ] k 

=[/;«i+/ 2 '(oj+/;(0k]+[g; «i+g; (oj +s' 3 m]=^+^-, 

u - v = [/, (0-g,(0]i + [/ 2 (0 - g 2 (o] j + [/ 3 (0 - g 3 (0] k 

10 f ( u - ■ v )=[/,'« - s[ (o]i+[/; (o - g;«] i+[/;(o- g;(o] * 

=[/;(0i+/; (o j+/; (Ok ] - [g; (Oi+ g ; (o j+g; (t )k ]=^ - 


31. Suppose r is continuous at t = t 0 . Then lim r(7) =r(t 0 ) o lim [/(t)i+g(f)j+A(f)k] 

t—>tft t—>tft 

= /(0)i + g(0) j+M r o) k <=> lim f(t)=f(t 0 ), lim g(t) = g(t 0 ), and lim h(t) = h(t 0 ) o /, g, and/? are 

t - t ->£q t ->?Q 

continuous at t = t 0 . 


32. 


lim [r 3 (r) x r 2 (r)] = lim 

t ->^Q t - 


flit) 

gi(0 


j k 

fiit) ,m 

Sl it) Slit) 


= AxB 


i j k 

lim fit) lim f 2 (t) lim f 3 (t) 

t — Hq t — Hq t — }tg 

lim S\ it) limg 2 (0 lim g 3 (t) 

t — >tft t — t — >tft 


lim T| ( t) x lim r 2 (0 

t —>^Q t — 


33. r'(t 0 ) exists=>/'(t 0 )i + g'(t 0 )j + /*'(t 0 )k exists => f'(t 0 ),g'(t 0 ),h'(to) all exist =>/,g,and/j are 

continuous at t = t 0 => r(Y) is continuous at t = t 0 
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34. u = C = ai + b\ +ck with a, b , c real constants => = ^j-i + ^j-\ +-^k = Oi + 0j + 0k = 0 

J ’ ’ dt dt dt J dt J 

35-38. Example CAS commands: 

Maple : 

> with( plots); 

r := t ->[sin(t)-t*cos(t),cos(t)+t*sin(t),t A 2]; 

tO := 3*Pi/2; 
lo := 0; 
hi := 6*Pi; 

PI := spacecurve( r(t), t=lo..hi, axes=boxed, thickness=3): 
display! PI, title="#35(a) (Section 13.1)"); 

Dr := unapply( diff(r(t),t), t); # (b) 

Dr(tO); # (c) 

ql := expand( r(t0) + Dr(t0)*(t-t0)); 

T := unapply( ql, t); 

P2 := spacecurve( T(t), t=lo..hi, axes=boxed, thickness=3, color=black ): 
display! [P1,P2], title="#35(d) (Section 13.1)"); 

39-40. Example CAS commands: 

Maple : 

a := 'a'; b := b'; 

r := (a,b,t) -> [cos(a*t),sin(a*t),b*t]; 

Dr := unapply! diff(r(a,b,t),t), (a,b,t)); 
tO := 3*Pi/2; 

ql := expand! r(a,b,t0) + Dr(a,b,t0)*(t-t0)); 

T := unapply! ql,(a,b,t)); 
lo := 0; 
hi := 4*Pi; 

P := NULL: 

for a in [ 1, 2, 4, 6 ] do 

PI := spacecurve! r(a,l,t), t=lo..hi, thickness=3 ): 

P2 := spacecurve! T(a,l,t), t=lo..hi, thickness=3, color=black ): 

P := P, display! [P1,P2], axes=boxed, title=sprintf("#39 (Section 13.1 )\n a=%a",a)); 
end do: 

display! [P], insequence=true); 
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35-40. Example CAS commands: 

Mathematica : (assigned functions, parameters, and intervals will vary) 

The x-y-z components for the curve are entered as a list of functions of t. The unit vectors i, j, k are not 
inserted. 

If a graph is too small, highlight it and drag out a comer or side to make it larger. 

Only the components of r[t] and values for tO, tmin, and tmax require alteration for each problem. 

Clcai'l r. v, t, x, y, z] 

r[t_]={ Sin[t] — t Cos[t], Cos[t] +1 Sin[t], 02} 
tO= 3 ji/ 2; tmin= 0; tmax= 67t; 

ParametricPlot3D[Evaluate[r[t]], {t, tmin, tmax}, AxesLabel —» {x, y, z}]; 
v[t—]= r'[t] 

tanline[t_]= v[tO] t + r[tO] 

ParametricPlot3D[Evaluate[{r[t], tanlineft]}], {t, tmin, tmax}, AxesLabel —> {x, y, z}]; 

For 39 and 40, the curve can be defined as a function of t, a, and b. Leave a space between a and t and b and t. 
Clcar[ r. v, t, x, y, z, a, b] 
r[t_,a_,b_]:={Cos[a t], Sin[a t], b t} 
t0= 3n/2; tmin= 0; tmax= 4n; 
v[t_,a_,b_]= D[r[t, a, b], t] 
tanline[t_,a_,b_]= v[tO, a, b] t + r[tO, a, b] 

pal=ParametricPlot3D[Evaluate[{r[t, 1,1], tanlineft, 1,1]}], {t,tmin, tmax}, AxesLabel —> {x, y, z}]; 
pa2=ParametricPlot3D[Evaluate[{r[t, 2,1], tanlineft, 2,1]}], {t,tmin, tmax}, AxesLabel —» {x, y, z}]; 
pa4=ParametricPlot3D[Evaluate[{r[t, 4,1], tanlineft, 4,1]}], {t,tmin, tmax}, AxesLabel —> {x, y, z}]; 
pa6=ParametricPlot3D[Evaluate[{r[t, 6,1], tanlineft, 6,1]}], {t,tmin, tmax}, AxesLabel —> {x, y, z}]; 
Show[GraphicsRow[{pal, pa2, pa4, pa6}]] 

13.2 INTEGRALS OF VECTOR FUNCTIONS; PROJECTILE MOTION 

1 - J Q ^ 3 i + 7j + (t+l)k dt = C. ^i + [7/] 0 j+ y + t ^k =ii + 7j+-|k 

2. Jj 2 (6-6t)i + 3V7j + ^Jk * = 6t-3r ^i+ 2t 3/2 |'j + Mf 1 k = -3i + (4V2-2)j +2k 

3 - j -^/4 (s in 0i + (l+cost)j + (see 2 t)k dt = [-cost]^ 4 /4 i + [t + sint]^ 4 /4 j + [tant]^ 4 /4 k = )j + 2k 

4. J n 3 [(secttant)i + (tant)j + (2sintcost)k}7t = j* [(secttant)i + (tant)j + (sin 2t)\i\dt 
= [sectjy 3 i + [-ln(cost)][[ /3 j +[-icos2t]^ 3 k =i + (In 2)j +|k 

5 ' Jj 4 ( r * + 577 j + 27 k )^ = t ln * + H n (5 “ •> + [ 2 ^ k = (ln 4)i + (ln 4) j + (ln 2)k 
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6. f f J: — i + -^-k|c/t= 2sin i+ V3tan l t k=M+-^-j^k 
J o l+t 2 J L Jo L Jo 4 


1. J* [te r i + e -' j + k) dt= \e‘ 2 ] i -[> ]‘ j + [t]' () k = 


= ^=M +—i + k 


8. j[ [tei + e } + \nt\t^dt = te -e ^ i- e J j + [t lnt-?][ n3 k 
= 3 (In 3 — l) i + (3 -e) j + (ln3(ln(ln 3) -l) + l)k 

9. (cost)i-(sin2t)j + |sin 2 tjk dt = j^(cost)i-(sin2t)j + [d--j-cos2t)kJe?t 
= [sin t]^ /2 i + [|cost J o ' 2 j + [if - |sin2t ]^“ k = i - j +|k 

10. (sect)i + ^tanMjj-(tsint)k (sect)i + |sec 2 t-ljj-(tsint)kj<it 

= [in(sect + tant)]^ /4 i + [tant -t]^ /4 j+ [tcost -sin/][ /4 k = ln[l+V2 + j + ^ 


X 1 

4^2 4ir 


11. r = J(-ti-tj -tk)<it = —yi-yj-yk+C; r(0) = Oi-Oj-Ok+ C = i + 2j+3k ^ C = i+ 2j+3k 
=^ r = (-y + l) i + (-T + 2 )j + (-y+3)k 

12. r = J^(180t)i + (l80t-16r)j dt =90ri + (90r -^t 3 )j + C; r(0) = 90(0) 2 i + ^90(0) 2 -y(0) 3 ]j+C = lOOj 
=> C = lOOj => r = 90ri +(90r -^t 3 +10o) j 

13. r = j|j|(t + l) 1/2 )i + e _f j+(4r) k dt = (t + \) m i - e~‘ \ +ln(t + l)k+C; 

r(0) = (0 + l) 3/2 i-e~°j + ln(0 +l)k + C = k=>C = -i + j + k^>r = (t+l) 3/2 -1 i+(l-<T r )j+[l + ln(? + l)]k 

14. r = j[(t 3 +4t))i + tj + 2t 2 k]^=(4 + 2t 2 )i+4j +2 r k + c ; r(0) =(^ + 2(0) 2 )i+^j+®k + C =i+j 
=^C=i + j^>r = (4 + 2t 2 +lji + |y + ljj+ 2 4k 


15. -4 = I (_32k) ^ =_32?k + C l ; ■4(°)=8i + 8j=>-32(0)k + C 1 =8i + 8j C x = 8i + 8j => y = 8i + 8j-32tk; 
r = J(8i + 8j-32tk)Jt = 8ti + 8t j -16rk +C 2 ; r(0) = 100k => 8(0)i + 8(0)j -16(0) 2 k + C 2 = 100k 
=> C 2 = 100k => r =8ti +8tj + ^100 -16t 2 jk 
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16. y = J-(i + j + k)<fc = -(d+fj + /k) + C 1 ; y (0) = 0 => - (0i + 0j + 0k) + Cj = 0 => Cj = 0 
=> y = -(/i + /j + /k); r = J-(/i +/j+/k)e?/ = -|yi + yj + ykj+C 2 ; r(0) = 1 Oi +10j +10k 

=> -(y-i + y-j+y-k) + c 2 = 101 + lOj + 10k => C 2 =10i + 10j+10k 
=>r =(-y + lo)i + (-y + lo)j + (-4 + lo)k 


dx 


17. y = a=3i-j + k=>v(/)=3/i-/j + /k + Cj; the particle travels in the direction of the vector 

(4 - l)i + (1 — 2)j + (4 — 3)k = 3i - j + k (since it travels in a straight line), and at time / = 0 it has speed 2 


v (0) = 


x/9+1+1 


( 3i j+k) v(o (v + ^ji ( ? + Jr)j + ( ? + i T ) 1 


^-(2 >2 + ^ t ) i ~(l t2 + ^ t ) i+ (i r + if) k + C2; r (°) - i + 2j + 3k - c 2 

(r) = (2 /2+ ^fi r + 1 ) i_ (2 r + ^ t ~ 2 ) i+ (2‘ 2 + ^T r+3 ) k= (2 r + ^Y r )( 3i -j +k ) + ( i - 2 j + 3k ) 


18. y = a = 2i + j + k => v(/) = 2d +1 j + /k + Cj; the particle travels in the direction of the vector 

(3 — l)i + (0 — (-1)) j + (3-2)k = 2i + j + k (since it travels in a straight line), and at time / = 0 ithasspeed2 

^ v(0)= 74STr< 21+J+k)=c '^^ =v( ' )= ( 2 ' + i) l+ (' + i) J+ (' + i) k 

^ r(t) = |r+-^-r)i+ |^-t 2 +-^-t)j+ (^-d +-±=rjk + C 2 ; r(0) = i - j+ 2k = C 2 

=> r (0 = | r + + ^)* + [^i t " + ^jb t j + [\ r + ^6 f + 2 ) k = [ 2 *' )( 2 * + J + k ) + (‘ “ J + 2k ) 

19. x = (v 0 cos«)t => (21km)(^^) = (840 m/s)(cos60°)t t = = 50 seconds 


20. R = —sin 2a and maximum R occurs when a = 45° =^> 24.5 km = 

g 


9.8m/s- 


(sin 90°) 


■ v 0 = yj (9.8)(24,500) m 2 /s 2 = 490 m/s 


21. (a) 

(b) 

(c) 


t = 2v ° Sma = 2(500 m/s)( T 45 ° ) « 72.2 seconds; R=$- sin 2ce = (500m/s 7 ) ' (sin 90°) ® 25,510.2 m 
g 9.8 m/s 2 g 9.8 m/s 2 

x = (v 0 cos a)/ => 5000 m = (500 m/s)(cos45 0 )/ => t = ~ 14 ' 14 S; thllS ’ 

y = (v 0 since)/ -|g/ 2 => y « (500 m/s)(sin45°)(14.14s) -±-(9.8 m/s 2 )(14.14s) 2 * 4020 m 

(v 0 sin a ) 2 ((500m/s)(sin45°)) 2 

Jmax = — 1 -= - 5 -— * 6378 m 

/max 2g 2(9.8 m/s 2 ) 


22. y = y 0 +(v 0 since)/ - \gt 2 => y = 32ft + (32ft/sec)(sin30°)/ --±(32 ft/sec 2 )/ 2 => y = 32 +16/ -16/ 2 ; 

2 

the ball hits the ground when y = 0 => 0 = 32 +16/ -16/ => tm -lor/ = 2 => / = 2sec since / > 0; thus, 
x = (v 0 cosce)/ => x = (32ft/sec)(cos30°)/ = 32(y J(2) ~ 55.4ft 
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23. (a) R = — sin2a => 10m = (——7 1(51090°) => vn = 98 m 2 /s 2 => v 0 « 9.9 m/s; 

g ^9.8m/s 2 J y u u 

(b) 6m « < 9 .9m/s ) ( s in2cir) => sin2or » 0.59999 => 2er » 36.87° or 143.12° => a ~ 18.4°or71.6° 

9.8m/s 2 

24. v 0 = 5xl0 6 m/s and x = 40cm = 0.4m; thus x = (v 0 cosarjt => 0.4 m = (5xl0 6 m/s)(cosO°)t 
=> t = 0.08x10 -6 s = 8x10 _8 s; also, y = go + (vq sinajt -\gt 2 

=^> y = (5xl0 6 m/s)(sin0°)(8 x10 -8 s) -^-(9.8m/s 2 )(8xl0 -8 s) 2 = -3.136xlO~ 14 m or -3.136 xl0“ 12 cm. 
Therefore, it drops 3.136xl0 -12 cm. 

25. R = ^-sin2or=> 16,000 m =-^^sin2a sin2cc = 0.98 => 2er « 78.5° or 2cc * 101.5° => or « 39.3° 

g 9.8m/s 2 

or 50.7° 


26. (a) R = ( 2v °) sin 2a = ^-sin 2a = 4 — siner or 4 times the original range. 


(b) Now, let the initial range be R = ^-sin2cr. Then we want the factor p so that pv 0 will double the range 


(pv 0 ) ■ 


sin2 a = 2 — sin2ar =^> p~ = 2 => p = V2 or about 141%. The same percentage will 


approximately double the height 


( pv 0 sin a) 2 _ 2(v 0 sin a) 2 


=> p 2 = 2 => p = -jl. 


27. The projectile reaches its maximum height when its vertical component of velocity is zero 


• “37 = v 0 sin or - gt = 0 => t = - 


■Tmax = (v 0 sin or) 


v 0 sina\ 1 /v 0 sina;\ 2 _(v 0 sina) 2 (v 0 sina) 2 


(i 0 sinor) y 0 |- |1( j (j me we f m( j (jjg ^j me w h en th e projectile lands: (vq sinorjt -jgt^ = 0 


• t^v’o sin or-ygt) = 0 => t = 0 or t = 


2v 0 snn« . gj nce { _ q j s tj me w h en the projectile is fired, then 


t = 2to ^ lng is the time when the projectile strikes the ground. The range is the value of the horizontal 


. 2v n sin a 

component when t = —^— => . 
largest when 2a = 1 => a = 45°. 


■ R=x = (v 0 cosa)( 2t ° sma =— (2sinacosor) =— sin2a. The range is 
\ & ) & & 


28. When marble A is located R units downrange, we have * = (v 0 cos a)t => i? = (v 0 cos a)t => t = ^ ^ sa - At that 
time the height of marble A is y = y 0 +(v 0 sinajt -±gt 2 = (v 0 sin a ) ( ~ a ) ~ j 8 ( Vq a ) 


■ y = Rtma-^g 


2 2 
v 0 cos a 


. The height of marble B at the same time t = —-— seconds is 

0 v 0 cos a 


1 2 1 

h = Rtana-\gt~ = R tan a-jg 
the initial velocity vq. 


. Since the heights are the same, the marbles collide regardless of 
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29 ■ ^7 = \(~g})dt =-gtj + Cj and -^(0) = (v 0 cosorji + (v 0 sinajj => -g(0)j-C t = (v 0 cos a)i + (v 0 sin a) j 
=> Cj = (v 0 cosorji +(v 0 sin or)j => ^ = (v 0 cosaji + (v 0 sincr-gOj; r = j"[( v o cosor)i + (v 0 sin«r-g?)j] dt 


= (votcosa)i + jv 0 tsinar-igr jj+C 2 and r(0) = x 0 i + p 0 j => [v 0 (0)cosor]i + v 0 (0)sinor-ig(0) 
= xqI + goj => C 2 = .rgi +goj => r = ( x o + vtf cosa)i + + VQtsina — \gt 2 j j => x =xq + v^tcosa t 


j+C 2 


y = yo +v 0 tsina-|gr 


30. The maximum height is y = 


(v 0 sin a)~ 


and this occurs for x = 7 ^-sin 2 a = 

2 g 


2 • 

v 0 sin a cos a 


. These equations 


2 g ±g g 

describe parametrically the points on a curve in the xv-plane associated with the maximum heights on the 
parabolic trajectories in terms of the parameter (launch angle) a. Eliminating the parameter a, we have 


2 v, 

X = 


■j sin 2 a cos 2 a _ ( v o s ' n a )(l s ' n a ) _ vj sin 2 a vjsin 4 a _ Vq 


g~ 


g 


= ^{2y)-(2yY ^x 1 +Ay z y = 0 


■x 2 +4 


2 \ 4 

2g V 16g 2 


A. 

4g 2 


■* 2 +4 U-i 


31. (a) At the time t when the projectile hits the line OR 
we have tan /? = —; x = [v 0 cos(a-/?)]t and 

>’ = [vosin(a-/?)]t--fg ? 2 <0 since R is 

below level ground. Therefore let 

\y\ = \gt 2 -[v 0 sm(a~P)\t > 0 so that 


4g 

A 


, where x > 0 . 


tan P = 


g/ 2 (v 0 sin (a-j3))t [igf-v 0 sin (a-/?)] 


2 


v 0 cos(a-/?)]t v 0 cos (or-/?) 

v 0 cos (or - P) tan P =\gt -v 0 sin (a-/?) 



=> t = 


2i’ 0 sin (a~P)+2v 0 cos ( a-p ) tan /? 
g 


which is the time when the projectile hits the downhill slope. Therefore, 


x = [vq cos (or-/?)] 


2v 0 sin(a-/?)+2v 0 cos (or-/?) tan p 


g 


2i ; n 


cos" (a - P) tan p + sin (a - P) cos (a - P) 


If x is maximized, then OR is maximized: = —^-[—sin2(a —/?) tan/? + cos2(ar -/?)] = 0 

=^> -sin2(o'-/?)tan /? + cos2(a- P) = 0 => tan p - cot2(or- P) => 2(«-/?) = 90°-/? 
=>a-/?=4( 90 ° _/?)^ a =1(90° + /?) = I of ZAOR. 

(b) At the time t when the projectile hits OR we have fa 

tan/? = ^; x = [v 0 cos(or + /?)]t and 

y = [v 0 sin (a + P)]t-±gt 2 

_ [v 0 sin(q+/?)]f-2-gf 2 _ [v 0 sin(ar+/7)-|g(] 

” [v 0 cos(a+/?)]f v 0 cos (a+P) 

=> vq cos (a + P) tan p = v 0 sin (a + /?) —\gt 

2v n sin (a+P)-2v n cos (a+P) tan P , . , . ,, 

=> t = ——-—-----—--—, which is the 

g 

time when the projectile hits the uphill slope. 



Copyright © 2014 Pearson Education, Inc. 






938 Chapter 13 Vector-Valued Functions and Motion in Space 


2v 0 sin(ar+/?)-2v 0 cos(a+/?) tan /? 


g 


Therefore, x = [v 0 cos (a + /?)] 

2 y 2 j - _ —i 

sin (a + /?)cos(ar + /?) - cos 2 (or + /?) tan/? . Ifx is maximized, then OR is maximized: 

2 


g 


= — [cos 2 (a + /?) + sin 2 {a + /?) tan /?] = 0 => cos 2 (cr + /?) + sin 2 (cr + /?) tan /? = 0 

uOC g 

=> cot 2 (a + /?) + tan/? = 0 => cot 2 (or + /?) = - tan /? = tan(-/?) => 2(a + /?) = 90° -(-/?) = 90° + /? 
=> or =d-(90°-/?) =^ of ZAOR. Therefore v 0 would bisect ZAOR for maximum range uphill. 


32. v 0 =116 ft/sec, a = 45°, and x = (v 0 cosur)t 
=> 369 = (116 cos 45°)t => t « 4.50 sec; 

I 9 

also y = (v 0 sina)t --^g( 

^j = (116sin45°)(4.50)-|(32)(4.50) 2 » 45.11 ft. 

It will take the ball 4.50 sec to travel 369 ft. At that time 
the ball will be 45.11 ft in the air and will hit the green 
past the pin. 



T 

15 ft 

i 


33. (a) (Assuming that "x " is zero at the point of impact:) 

r(t) = (x(t))i + (j(t))j; where x(t) = (35cos27°)t and y(t) = 4 + (35sin27°)t -16t 2 . 

(b) y max = +4= (35sl ” 4 27 ^ + 4 » 7.945 feet, which is reached at t = - 1()Slng - 35sin27 ° 


2g 

* 0.497 seconds. 


32 


2 

(c) For the time, solve v = 4+ (35 sin 21°)t -16 t =0 for t, using the quadratic formula 

35 sin 27°+^(-35 sin 27°) 2 +256 


t =- 


32 


,201sec. Then the range is about x(1.201) = (35cos27°)(1.201) 


* 37.453 feet. 

2 

(d) For the time, solve y = 4+ (35sin 27 °)t — 16 t =7 for t, using the quadratic formula 
35 sin 27°+^/(-35sin27°) 2 -l92 


32 


: 0.254 and 0.740 seconds. At those times the ball is about 


x(0.254) = (35cos27°)(0.254) « 7.921 feet and x(0.740) = (35cos27°)(0.740) * 23.077 feet from the 
impact point, or about 37.453-7.921* 29.532 feet and 37.453-23.077 *14.376 feet from the landing 
spot. 

(e) Yes. It changes things because the ball won’t clear the net (y max ~ 7.945). 


34. x = x 0 +(v 0 cosff)f = 0 + (v 0 cos40°)f * 0.766v 0 t and y = y^ + (vq sina)/--j gt~ = 6.5+ (vq sin 40°)f-16t 2 


6.5 + 0.643 v 0 t-16r ; now the shot went 73.833ft => 73.833 = 0.766 v 0 t => t 

2 


96.383 

Vo 


sec; the shot lands 


when y = 0 0 = 6.5 + (0.643)(96.383)-16(^^j~ ^>0*68. 

shot’s initial speed 


474- 


148,635 

v „ 2 


' v 0 


148,635 

68.474 


: 46.6 fit/sec, the 


35. Flight time =lsec and the measure of the angle of elevation is about 64° (using a protractor) so that 

2v 0 sin a 


t = - 


1 = 2, °!T 64 => v 0 » 17.80ft/sec. Then y max = ^ * 4.00ft and R~~~ sin2or 


32 
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H 7 RO') 2 

=^> 7? =— ; sin 128° a 7.80ft => the engine traveled about 7.80ftinlsec => the engine velocity was 
about 7.80 ft/sec 


36. (a) r(t) = (x(t))i + (T(O)j; where x(t) = (145cos23°-14)t and y(t) = 2.5+ (145sin23°)t-16r. 

(b) y max = + 2.5 = <145s ^" 3 - +2.5 »52.655feet, which is reached at t = - 145s^n23° 

a1.771 seconds. 

2 

(c) For the time, solve y = 2.5 + (145sin23°)t -16f~ = Ofort, using the quadratic formula 

145 sin 23°+,/( 145 sin 23°) 2 +160 

t =--~ 3.585sec. Then the range at t ~ 3.585 is about 

x = (145cos23°-141(3.585) a 428.311 feet. 

2 

(d) For the time, solve y = 2.5 + (145sin23°)t-16t~ =20 for t, using the quadratic formula 


145sin23°+ij(145 sin23°) 2 -l 120 


! 0.342 and 3.199seconds. At those times the ball is about 


x(0.342) = (145cos23°-14)(0.342) a 40.860feet from home plate and 
x(3.199) = (145cos23°-14)(3.199) » 382.195feet from home plate. 

(e) Yes. According to part (d), the ball is still 20 feet above the ground when it is 382 feet from home plate. 


37- ^; + k^ = -gj=>P(t) = k and Q(t) = -gj => jP(t)dt =kt => v(t) = J P(t)dt = e kt = 

= -ge~ kt ^e k1 \dt = -ge~ kt -^-j+Cj = -j] + Ce~ kt , where C = -gCj ; apply the initial condition: 
% | *=o = ( v 0 cos «)i + (■Vo sin a) j = - f j + C => C = (v 0 cos a)i + (f + v 0 sin a J j 


J v(t)Q(t)dt 


dr I -kt ) 

7* = ( v o e cos « 


-j + e kt lj + v 0 sinQ'j 


))j, r = J (v 0 e kt cosorJi + ^--|- + e kt (f+ v 0 sinajjj dt 


—j~e ' l 'cosa|i + (-y--- £ T-(y+ v 0 sina)|j+C 2 ; apply the initial condition: 


k k \k 


r(0) = 0= —pcosnr i+ — 

k \ k 2 


g 

v 0 sin a ^ 

, k 2 

k )■ 


C, =>C, = -£■ 


/ vo \. 

^cosaji + ■ 


g v o sm or 
k 2 k , 


• r(t) = (^-(l-e ^jcosnr i+ ^-{\-e kt +A^[\-kt 


-kt-e kt ) I j 


38. (a) r(t) = (x(t))i+(y(t))j; where x(t) = (^q|)(l-e ° 12f )(cos20°) and 

yl (0 = 3 + (ffi)(i ■- e ~° A2t ) 2 °7 + (^)t 1 - 12? - e “°- 12 ') 

(b) Solve graphically using a calculator or CAS: At t a 1.484 seconds the ball reaches a maximum height of 
about 40.435 feet. 

(c) Use a graphing calculator or CAS to find that y = 0 when the ball has traveled for a 3.126 seconds. The 
range is about x(3.126) = (^)(l-e' 012(3126) )(cos20°) a 372.311 feet. 

(d) Use a graphing calculator or CAS to find that y = 30 for / a 0.689 and 2.305 seconds, at which times 
the ball is about x(0.689) a 94.454 feet and x(2.305) a 287.621 feet from home plate. 

(e) Yes, the batter has hit a home run since a graph of the trajectory shows that the ball is more than 14 feet 
above the ground when it passes over the fence. 
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39. (a) kr(t)dt = [//(O' + kg(t)] + kh(t)k]dt = [kf (t)\dt i + ^ b [kg(tj\dt j+J*[//?(0]<itk 

= A^J f{t)dti + ^ b g{t)dt j + J h(t)dt k^j = /)" r (t)dt 

( b ) {* [ r i (0 ± 1-2 (tj\dt =J*([/| (O' + g! (0 j + h { (Ok] ± [f 2 (t)i + g 2 (0 j + h 2 (Ok]) dt 
= \ h a ([fi (0± f 2 (0]i + [ft(0±g 2 (0]j + [hi (0 ±h 2 (t)]k)dt 

= C [^1 W ± fz W ] dt i + f a U r i (0 ± g2 (0] dt j + j*[A](0 ± h 2 (0]*k 
= jVi(0*i±jV 2 (0^i + j*gi(0^j± J^g 2 (0^j + /?! (0 k ± J* h 2 {t)dtk 

= f r, (0 dt ± f r 9 (0 dt 
J a J a ~ 

(c) Let C = qi+c 2 j + c 3 k. Then |*C ■ r(t)dt = J [q/(0 + c 2 g(t) + c 2 h(tj\dt 
= Ci [ f{t)dt + c 2 \ g(t)dt + c->\ h(t)dt = C f r(t)dt\ 

J a' J a Ja J a 

J*Cxr(0<* = j b [c 2 h( o -c 3 g(0]i +[c 3 /(0 -c x h(t)] j + [qg(0 -c 2 /(0]kfifr 
= c 2 f g(t)dt i + Co f f(t)dt-C]\ h(t)dt j+ Ci f g(t)dt-c 2 \ b f(t)dt k 

Ja Ja Ja J a Ja Ja 

rb 

= Cx r(t)dt 

Ja 

40. (a) Let m and r be continuous on [a, b\ Then lim u(t)r(f) = lim [u(t)f(t)i + u(t)g(t)j+u(t)h(t)k] 

t - >tft t - 

= u(t 0 )f(t 0 )i + u (to)g(to)i + u(to)h(to)k = u(to)r(t 0 ) => z/r is continuous for every t 0 in [a,b], 

(b) Letu and r be differentiable. Then 4~(u r ) =4^\u{i)f{t)i+u(i)g{i)i + u(t)h{i)k] 

=(f/w + »«)f )‘ + (f «»+»«)* )i + (f/.«)+»(of ) k 

= [/<Oi + g«)j + /.«)k]f + »«)(fi + fj + fk) = r* + „f 

41. (a) If R|(0 and R 2 (t) have identical derivatives on/, then ^-=-^-i+ ~j+-^-k =-^-i+ -^-j+ ^-k 

= ^ ^ = ^^/l(0 = / 2 « + q, ft(0 = g 2 (0 + c 2 , A 1 (0 = * 2 (0 +c 3 

=> A (O' + gi (0 j + *1 (Ok = [/ 2 (t) + C| ] i + [g 2 (0 + C 2 ] j + [/?, (0 + c 3 ]k => Ri(0 - R 2 (0 + C, where 
C = qi +c 2 j +c 3 k. 

(b) Let R(0 be an antiderivative of r(0 on/. Then R'(0 = r(0- If U(0 is an antiderivative of r(0 on/, 
then U'(0 = r(0- Thus U'(0 = R '(0 on/=> U(0 = R(0+C. 

42 ' it r(r)t/r = i\' a y (T ^ + g (r ^j + /t(r)k ] d* = if a fA) dri +g(r) dr\ + f £ h(r)dTk 

= f(t)i + g(t) j + h(t)k = r(0- Since -j- f r(r) dr =r(t), we have that [ r (r)z/r is an antiderivative of r. 

at J a J a 
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rt r a 

IfR is any antidervative ofr, then R(t) = r(r)dr + C by Exercise 41(b). Then R(a) = r(r)t/r + C 

Ja Ja 

= 0 + C => C = R (a) => f / r(-r) dr = R (t) -C = R(t)-R(a) =i> ^(r) dr = R(b)-R(a). 

Ja Ja 


43. 


(a) r(r) = (x(0)i + (y(t))j; where x(t) = (o^3s)(l _e °' 08/ )( 152cos20 °- 17 - 6 ) and 

xo= 3 +(S)(i-^ l)! ‘ )< sin 20 °)+(^)(!-° m ‘ -‘~° M ) 

(b) Solve graphically using a calculator or CAS: At t » 1.527 seconds the ball reaches a maximum height of 
about 41.893 feet. 

(c) Use a graphing calculator or CAS to find that y = 0 when the ball has traveled for ~ 3.181 seconds. The 
range is about x(3.181) = (^g)(l-e' 008(3 181) )(152cos20°-17.6) «351.734 feet. 

(d) Use a graphing calculator or CAS to find that y = 35 for t « 0.877 and 2.190 seconds, at which times the 
ball is about x(0.877) » 106.028 feet and x(2. 190) « 251.530 feet from home plate. 

(e) No; the range is less than 380 feet. To find the wind needed for a home run, first use the method of part (d) 
to find that y = 20 at t * 0.376 and 2.716 seconds. Then define 

X ( M ;) = (^)(1 - e -° 08 ( 2 - 716 >) (152 cos 20° + w), and solve x(w)=380 to find 12.846 ft/sec. 


44 - Tmax = 


(v 0 sin or 

2i 


f^max = and T = (vosina)/-igt 2 =» 3(v °g 1 ” a) -(v 0 sin a)t-±gt 2 


2 • 2 2 2 2 • -2 
•3(v 0 sina) = (8gv 0 sinar)t-4g t => 4g“f -(8gv 0 sin a)t +3(v 0 sin a)~ = 0 => 2gt -3v 0 sinar = 0 or 


2gt-VQ sin a = 0 => t = or t = Vo ^” g . Since the time it takes to reach y max is t n 


2 g 


g 


then 


the time it takes the projectile to reach 4 0 f y max is the shorter time t = ■ 
reach the maximum height. 

13.3 ARC LENGTH IN SPACE 


2 g 


or half the time it takes to 


1. r = (2cost)i + (2sin/) j + x/5/k => v = (-2sinf)i +(2cost)j +x/5k => |v| = yj(-2sint)~ +(2cost)“ + (x/5 j 
= yj 4sin 2 t + 4cos 2 7+5 =3; T = A = |sin?ji + (-|cost)j +^k and Length = 3 dt 

= K=3. 


2. r = (6sin2?)i +(6cos2r)j +5tk => v = (l2cos2r)i +(-12sin2f)j +5k 

=> |v| = ^(l2cos2 1) 2 +(-12sin2r)“ +5 2 = Vl44cos 2 2t +144sin 2 2t + 25 = 13; 

T = pj = (j4 CO s2tji _^l=. s i n 2r j j + Lk an( j Length = | v | dt = j*13 dt = [l3t]y = 13;r 


3. r =d + -=rt 3 / 2 k=>v=i + t 1 / 2 k=>|v 



Length =[ yjl + t dt 
* o 


2 

3 


d+o 3/2 


8 

0 


52 

3 


-4=i+-^=k and 
yj\+t yj\+t 
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4. r -(2 + t)i-(t + l)j+tk => v - i-j + k => |v| - a/i 2 +(-l) 2 +1 2 - V3; T -+-^k and 
3 3 

Length = ~J3 dt = [V3t J o = 3V3 


5. r = 


|cos 3 tjj + |sin 3 tjk => v = |-3cos 2 tsint jj +|3sin 2 tcostjk 

v| = ^|-3cos 2 tsint j + ^3sin 2 tcost j = ^9cos 2 tsin 2 tj^cos 2 t +sin 2 tj = 3|costsint|; 
j + ^JZ S ,\ k = (-cost) j + (sint)k, if 0 < t < f, and 


'p _ _ -3 cos 2 tsint ■ . 3 sin 2 I cos I 

|v| 3|cosfsint| J 3|cos tsint] 

V2-, j,, fV2 


Length = 3|costsint| dt = 3costsint dt ~^-sin2t dt = --|cos2t / =-| 


t/2 


6. r = 6t 3 i - 2t 3 j - 3t 3 k => v = 18t 2 i - 6t 2 j - 9t 2 k => Iv| = 


^18 r)“ +(-6t 2 ) 2 + (-9t 2 )" =V44 It 4 =2 h 2 ; 


r r V 18 1 2 * _ 6t~ 

~ M _ 2 It 2 2\t 2 


j--^4k=|i-4j-4k and Length = f 2 21r^=("7t 3 T 
J 2 If 2 7 7 J 7 & Jl L Jl 


= 49 


7. r = (t cos t)i +(tsint)j + -=)pt 3 / 2 k => v = (cost-tsint)i + (sint + tcost) j + |V2t^ 2 jk 

=> |v| = ^(cost-tsint)" + (sint + tcost)“ i y2t j" = yjl+t 2 +21 = yj(t + 1) 2 = |t + l| = t+ 1, if t > 0; 

T = V = ( cos t-t Sin t j t + ( sin t +t cos t j j + ( j k and Length =^*( t + \)dt = 


4- 




8. r = (tsint + cost)i + (tcost -sint) j => v = (sint + tcost - sint)i + (cost - tsint-cost) j 
= (tcost)i-(tsint)j =^> |v| = -^(tcost) 2 + (-tsint) - = = |t| = t if V2 <t < 2; 

T = |^r = =(cost)i-(sint)j and Length = jj^-t dt ■ 


f£f 

L 2 Jv2 


=1 


9. Let F’(to) denote the point. Then v = (5cost)i-(5sint) j+ 12k and 26;r = j° y25cos r + 25sin" t +144 t/t 
= J^ 0 13 dt = 13t 0 => t 0 = 2n, and the point is P(ln ) = (5 sin In, 5 cos 2n, 247r) = (0, 5, 24;r) 


10. Let T’(to) denote the point. Then v = (l2cost)i+ (l2sint) j+ 5k and 

-\2>n = J^ 0 Vl44 cos 2 t +144sin 2 t + 25 dt = J 0 13 dt = 13t 0 => t 0 = -n, and the point is 
P(-n) = (l2sin (~n), -12cos (-;r),-5;r) = (0,12, -5 nj 

11. r = (4cost)i + (4sint) j + 3tk => v = (-4sint)i +(4cost)j +3k => |v| =-^(-4sint)" +(4cost) 2 +3 2 

= V25 = 5 => ^ (t) = 5 dr = 5t => Length = 5 ("fl = “f" 
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12. r = (cost + tsint)i + (sint -t cost)j =^> v = (-sint +sint +tcost)i + (cost - cost + tsint)j 

= (tcost)i + (tsint)j =^> |v| = ^(tcost) - +(tcost) 2 = y[t 2 = t, sinee-|-< t < tt => s(t) = tfr = y 

=> Length =s( 7 r)-s (^j = ^--^L = 4|l 

13. r = (e* cos tj i + ^e sin t jj +e f k => v = (e* cos t-e sin tji +[e f sin t +e cos t j j + e'k 

=> |v| = cos tsin t) +^e sin t +e cos tj +(e f j = \l3e 2t = %/3e* => s(t) = ~j3e r dr = \j3e r - -JS 
=> Length = s(0)-s(-ln 4) = 0-(V3e“ ln4 - S ) = ^ 

14. r = (1 + 2t)i + (1 + 3t)j + (6 - 6t)k => v = 2i + 3j - 6k => |v| = ^2 2 +3 2 +(-6) 2 = 7 => s(t) = J' 7 dr = It 
=> Length = j(0)-j(-1) = 0-(-7) = 7 

15. r = (V2t)i + (V2t)j + (l-r)k^>v=V2i + V2j-2tk=>|v|=^(V2) 2 +(V2)“ +(-2t) 2 =^4 2 +4t 

= 2\ll+t 2 => Length = J^Vl + t 2 dt = lUjl+t 2 + jlnft + Vl + t 2 11 =V2+ln(l + V2) 


16. Let the helix make one complete turn from t = 0 to 
t = 2n. Note that the radius of the cylinder is 1 
=> the circumference of the base is 2 n. When 
t = 2 n, the point P is 

(cos 2jt, sin 2 n, 2 k) = (l, 0, 2n) => the cylinder is 

2 n units high. Cut the cylinder along PQ and 
flatten. The resulting rectangle has a width equal to 
the circumference of the cylinder = 2n and a height 
equal to 2n, the height of the cylinder. Therefore, 
the rectangle is a square and the portion of the helix 
from t = 0 to t = 2n is its diagonal. 



17. (a) r = (cost)i + (sint) j + (l-cost)k, 0 < t < 2n => x =cos t, y = sint, z = 1-cost 
222-2 

=> x + y - cos" t + sin“ t = 1, a right circular cylinder with the z-axis as the axis and radius = 1. 
Therefore P(cost, sint, 1-cost) lies on the cylinder x 2 + y 2 = 1; f = 0 => P(l, 0, 0) is on the curve; 
t = y => Q (0,1, l) is on the curve; t = n => R (-1, 0, 2) is on the curve. Then PQ = -i + j + k and 

i j k 

PR = -2i + 2k => PQ x PR = -1 1 1 = 2i + 2k is a vector normal to the plane of P, Q, and R. Then 

-2 0 2 

the plane containing P, Q, and R has an equation 2x + 2z = 2(1) + 2(0) or x + z = 1. Any point on the 
curve will satisfy this equation since x + z = cos t + (1 - cos t) = 1. Therefore, any point on the curve lies on 
the intersection of the cylinder x +y =1 and the plane x + z = 1 => the curve is an ellipse. 
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(b) v = (-sin t)i + (cost) j + (sin t)k => |v| = Vsin 2 t 

-p v (-sinf)i+(cost)j+(sint)k 
l v l Vl+sin 2 1 

(c) a = (-cost)i-(sint) j+ (cost)k; n = i + k is 
normal to the plane x + z = 1 

=> n a = -cost + cost = 0 
=> a is orthogonal to n 
=> a is parallel to the plane; 

a(0) = -i + k, a(-|) = -j, a(;r) = i -k, a= j 


(d) |v| = Vl + sin 2 t (See part (b)) => L = J^y/l+sin 2 t 

(e) Z « 7.64 (by Mathematica) 


„2 * , „;_2 t 


+ cos t + sin“t 


+ sin 2 t 


T(0) = j, T(f) = T(tt) = -j, T(f) = 1 7 J- 



dt 


18. (a) r =(cos4t)i + (sin4t)j + 4tk => v =(-4sin4t)i + (4cos4t)j + 4k 

|v| = ^(-4sin4t)“ + (4cos4t)~ + 4 2 = V32 = 4V2 => Length = ^ 4-^2 dt = [JV2tJ ^ 


(b) r = (cosy)iH-(sin -C) j +yk =^> v = (-4 sin 4-ji + (i C os 4.) j +yk 


v l=vH sin i) + (i cos i) + (i)“ = ^/Fi=#^ Len g th =J ( 


An A dt = 
0 2 al 


A t 

2 ' 


-i4 n 


JO 


2 2 2 

(c) r = (cost)i - (sint) j -tk =^> v = (-sin t)i - (cost) j-k => v = -^(-sint) - +(-cost) +(-!)" 


■ V2 => Length = f V 2 dt = -Jit = 2x^2 
j—2tt L J—2 7C 


19. ZPQB = ZQOB = t and PQ = arc ( AQ) = t since 

PQ = length of the unwound string = length of arc (AQ); 
thus x = OB +BC = OB +DP =cos t + tsin t, and 
y = PC = QB - QD = sin t - 1 cos t 



20. r = (cost + tsint)i+(sint + tcost) j => v = (-sint + tcost + sin t)i + (cost -(t(-sint) + cost)) j 
= (tcost)i +(tsint)j => |v| = -J(tcost) - +(tsint) 2 = Vt 2 ” = |t|=t,t>0 


=^>T =|V = tcost | + tsrnt j = cos ?i+ s i n tj 


21 . 


y = ii { x 0 +tll \)i+j;(yo +^ 2 )j+i-( z o +tM 3 )k = M 1 i+M 2 j+M 3 k = u, so 
HO = J'|v|* = Jy|u|c/r = JJ dr = t 


- 2n~j2 

- 2ttH2 

= VT+T 
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22. r(t) = ti+1 2 j + t 2 k => v(t) = i + 2/ j + 3t 2 k => |v(t)| = .y (l) 2 + (2t) 2 + ^3t 2 j" = Vl+4t 2 +9 t 4 . (0,0,0)^t = 0 

and (2, 4, 8) => t = 2. Thus L = J |v(t)| dt = J Vl +4t 2 +9t 4 dt. Using Simpson’s rule with n = 10 and 
Ax=^ = 0.2 

=>Z,«^-flv(0)| + 4|v(0.2)|+2|v(0.4)|+4|v(0.6)|+2|v(0.8)|+4|v(l)|+2|v(1.2)| + 4|v(1.4)| + 2|v(1.6)| 

+ 4|v(1.8)|+|v(2)|) 

* ^(1 + 4(1.0837) +2(1.3676) +4(1.8991) +2(2.6919) + 4(3.7417) +2(5.0421) +4(6.5890) +2(8.3800) 

+ 4(10.4134) +12.6886) = ^-(143.5594) « 9.5706 

13.4 CURVATURE AND NORMAL VECTORS OF A CURVE 

1. r = d + ln(cost)j ^>v =i + (^y)j =i-(tant)j =>|v| =^l^+(-tan7) 2 ~ = Vsec 2 1 = |sect| = sec t, 
since -f <t<f ^T=^ = ( ii L)i-(^)j=(cost)i-(sint)j; ^ = (-sint)i-(cost)j 

I d T 

= !=- N =W 



) 


= (-sint)i-(cost)j; k=t4' 


d T 


dt 


sect 


-•1 = cost. 


2. 


r = ln(sect)i +tj => v = ( sec ~^ nf )i + j = (tant)i + j => |v| = <J(tantf + 1 2 = Vsec 2 t = |sect| = sect, 
since -f<t<f =>T=4. = (^i)i-(^ 7 )j=(sint)i+(cost)j; ^ = (cost)i-(sint)j 


d T 


dt 


I - (41) 

= V( c °st) 2 +(sint) 2 = 1 => N = = (cost)i - (sint)j; k = ^ 


d_T_ 

dt 


d T 


dt 


sect 


: ■ 1 — COS t. 



4. r = (cost +1sin t)i +(sint-tcost) j => v = (tcost)i +(tsint) j => |v| = -y(tcost) +(tsint)“ = 

since t > 0 => T = ^ = ( ?cos< ) 1 |( <slnf )j = (cost)i + (sint)j; = (-sint)i + (cost) j 

I - (41) 

^(-sint) 2 +(cost) 2 = 1 => N = = (-sint)i + (cost) j; k = A- 


r = t = t, 


-A-l- 1 

t t 
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5. (a) tc(x) = r-j—T ■ . Now, v = i + fix)\ => |v(x)| = yjl + [f'(x)f 


T - _X_ — 
' 1 “ Ivl - 


(l + [/'(*) f )~ 1/2 i + fix) (l + [/'(*) f 


j Thus -^-(x) = 


4T, , -/'(*)/*(*) : , /'(x) 


(i+[/'«f) (i+[/'(*)f)' 


r -|2 

d T(x) -/'(x)/'(x) 

r A2 

/*(x) 

[/"(x)] 2 (l+[/'(x)] 2 ) |y-' (jc) | 

* UH/'(x)ff 2 J 

J-I/'Wff. 

i (i+[/'(x)] 2 ) 3 _ Hf'Mf 


Thus k(x) = - 


1 |/'(x)| |/'(x)| 

.n2\V 2 ’ I, , r \1 2 1 /. r ... ,n2\ 3 / 2 


(l+[/'(*)f) ‘ | 1+ [/Tx)] | (l+[/'(x)f) 

(b) y = In (cos.r) => -^ = ^-^T_j(-sinx) = -tanx => - -sec 2 x => /r : 


= —— = cosx, since -^-<x<^- 
secx 2 2 

(c) Note that fix) = 0 at an inflection point. 


|l+(-tanx) 2 


i 3 / 2 I 3 I 
sec x 


6. (a) r = /(t)i + g(t)j =xi + jj=>v=xi + jj=> |v| = -\/x 2 + j 2 => T = A = , x i+ , y j 

rl V-x +r v *+y 

r i 2 F i 2 " ^ 

rfT _ >>(>x-xy) . x(xv-vx) . IrfTl _ y(yx-xy) x(xv-vx) _ (y 2 +x 2 )(>!x-xy ) |_vjc—wv| 


(x 2 +r 2 r (x 2 +.v 2 ) 


3/ 2 J \dt 


( . 2 -2 / . 2 -2 

(* +/) J |_r +y ) 


(x 2 +r 2 ) 


</T _ i |vx-xi’| _ |xv-vx| 

k “H’ * ~4^f '\ i2+ y 2 \~(x 2 +y 2 f 


(b) r(7) = ti + ln (sint)j, 0 < t < n => x = t and y = In (sin t) => x = 1, x = 0; y = = cott, y = -esc 2 t 

- CSC 2 1-0 2 . 

=> k = J-77T = csc , = sin t 

(l + cotV) ‘ csc ~> 

(c) r(t) = tan -1 (sinht)i + ln (cosh t)j => x = tan -1 (sinht) and y = In (cosht) => x = ^ cos ^ 2 - 

. 2 sedr\+sech t tanh 2 r 

= sech t, x = -sech t tanh t: y = S1 , = tanh t'v = secfCt => ft = — --- —f = I sech 1 1 = sech t 


= sech t'x = -sech t tanh t;y = Sln ! 1? = tanh t, y = sech V 

coshf 


^sech 2 r + tanh 2 t j 


7. (a) r(0 = /(0i + g(0j=>v = /V)i + g'(0j is tangent to the curve at the point (ft), g(t)); 

n • v = [-g'(t)i + fit), j] • [f\t) i + g\t) j] = -g'it)fit) + f\t)g'it) = 0; -n v = -(n • v) = 0; thus, n and 
-n are both normal to the curve at the point 

(b) r(t) = ti +e 2t j => v = i + 2e 2, j => n = -2e 2, i + j points toward the concave side of the curve; N = ^ and 

Ini = V 4e 4f +1 N = , ~ 2g2 ' i+ . 1 j 

Vl+4e 4 ' Vl+4e 4 ' 

(c) r(t) = V4-t 2 i + ?j => v = i + j => n = -i — J -— j points toward the concave side of the curve; 


N = IS and \ n \ = yl l+ if = j=i^ = -i[' l4 - tZi+t * 


1 Ja ,2. 
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1 3 2 2 

(a) r(/)=/i+?/ j => v = i + /~j => n = / i-j points toward the concave side of the curve when /<0 and 


-n = -/ 2 i + j points toward the concave side when / > 0 => N = ^— [t 1 i-jj for t < 0 and 
for ' >0 

(b) From part (a), |v|=v/lT7'=>T = 




d T 

4 J ^ dt 


-If 


Hf K) 


i+- 


2? 


3/2 . 


rfT 


4? +4r 

( 1+f4 ) 3 


= i!i. N = M = i±ti 

l+d ’ \il\ 2|/| 


-2d 


(l + df (l + d) 


i +- 


2f 


3/2 ■ 


-f 


t 


the curve has a point of inflection; 


d T 

= 0 so the curvature k = 

d T 

_ 

d T 

dt 

dt 

t=0 

ds 


ds 

ds 


j; / 0. N does not exist at t = 0, where 


= 0 at 


r = 


t = 0 => N = yjyyy is undefined. Since x = t and y = 7-t 3 => y = |-x 3 , the curve is the cubic power curve 
which is concave down for x = t < 0 and concave up for x = / > 0. 

(3sin/)i + (3cos/) j + 4/k => v = (3cos/)i + (-3sin/)j +4k => |v| = ^(3cos/)~ + (-3sin/)“ +4~ = V25 = 5 

(-f smf)i - (f cost) j => |^| = V(-f sin 0 2 + (-|cos ~tf = I 


=n = (4 

V 


(|cos/)i-(|sin/)j+4k=>^ = (-4s 


(f) 


■ N =w = (" sin 0 i -Wi;«=i-f=4 


5 “ dt 

-i 


10. r = 


= (cos / + /sin/)i +(sin/ - /cos/) j + 3k => v = (/cos/)i + (/sin/) j => |v| = -^(/cos/)“ + (/sin/)“ = V/ 2 " 
= |/| = /, if / > 0 => T = j^j = (cos/)i-(sin/)j, t >0=>^- =(-sin/)i + (cos/)j 

ffl 


^ =v( _sin 0" +(cos/)“ = 1 => N = Vj-7- = (-sin/)i +(cos/)j; K = \-\=\ 


11. r = cos/ji +[e t sin/j j + 2k => v = |e ? cos t-e‘ sin/ji + |e ? sin t + e* cos/j j 


=> v =« e 


d T 
dt 

■N = 


?*cosf-e*sinfj + sint + e* cosfj =yjle 2t =e t yjl\ T = = | cos ^ sin/ )i 

i --- - 

n4-cosf I; , / cosf-sinf I; 

V2 j I + l 77 j J 


dt 


( -sin/-cos t \ | / cosf-sinf ^ _ j 

77 / \ 77 j 


cosf-sinf i • , / sinf+cosf , 

45 11 45 IJ 


(zi 

dT_ 

dt 


( -cosf-sinf h , / -sinf+cosf i 

77 H 77 ) J ’ 


rfT 


dt 


,•1 = 


77 e'77 


12. r = (6sin2/)i + (6cos2/)j + 5/k => v =(l2cos2/)i -(12sin2/) j + 5k => |v| = -^(l2cos2/)~ + (-12sin2/) 2 + 5 2 
= Vi69=13^>T=^ = (jfcos2/)i-(ifsin2/)j +1 |k=>^ = (-fsin2/)i-(fcos2/)j 


dT 

dt 


24 

13 


sin2/j + (--|jCOs2/j = yr => N = = (-sin2^)i-(cos2^) j; k =4 




d T 


dt 


J_ 24 24 

13 13 169' 
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13. r = |yji + |v]Ft >0 => v = t 2 i + tj =>|v| = v/t 4 +t 2 = t^Jt 2 +1, since i >0=>T =-22 = -^=i+-^==j 


d T 1 t d T 

dt / 2 3 / 2 1 / -) ,\ 3 / 2 ^ dt 

( r+1 ) ( r+1 ) 


J_ + =L 

\ 3/2 / , , 3/2 


1+r 1 

|(r+l) 3 ' 2 + 


N _ ( * ) _ l ;_ t_ j. „ _ jlfdl __1_!_ __L 

" utI _ n — 1 n — J’ K ~ u /7/ n — . 2 ., _ , „ - 


d j\ ^ M I dt I tyfci i 2 * 1 ^ 2 + l) 3/ 


14. r = |cos 3 tji + |sin 3 tjj, 0 < t < y => v = |-3cos 2 tsintji + ^3sin“ tcostj j 

=> |v| = J|-3cos 2 tsintj + ^3 sin 2 t cost j = v/9cos 4 isin 2 t +9sin 4 tcos 2 t = 3cosisini, since 0<i<y 


=> T =4t = (-cosi)i + (sinr) j => = (sin t)i + (cost) j => pr- = Vsin 2 t + cos 2 t =1 


,_UT / • 2._2. 


N = Vvf = ( sin 0* + ( cos 0j; « = =3i^7- 1 = 3WW7- 


r = ti + coshy) j, a > 0 => v = i + ^sinhy) j => |v| = Jl +sinh 2 ^y) = ^cosh 2 (^-j = coshy 
=> T =-4, = (sech4)i + (tanh4) j => tCL = (_l S ech —tanh4)i + (l se ch 2 4) j 

v \ a) V a) dt \ a a a) \a a) J 

/rfT\ 

l i\= ^ sech2 (f) tanh2 (i) + ^ sech4 fe) 4 sech (i) => N =w = (^ tanh t) i + ( sech i) j; 

I dt \ 

pr- -sech(-) =-sech 2 (-). 

v dt cosh2- a \a) a \a / 

1 1 a 


K ~ I..I A* ~ .... . t r. 


16. r = (cosht)i-(sinht)j+tk => v =(sinht)i-(cosht)j + k => |v| =^sinh 2 t + (-cosht)“ +1 = V2cosh? 
=> T = p| = |-)=tanhtji --)= j + |-)=sech tjk => = ^-)=sech 2 ?ji ~|-)=sech t tanhtjk 


^ T= R = l^ tanh ? j+ li sech T^~dT = l^ sech Tii sech?tanh? J 

/rfT\ 

=> yy- = ^ysech 4 i+d-sech 2 ttanh 2 t = -jysech t => N = Tpjr = (sech t)i- (tanht)k; 

I ^ | 

k - • pp- = p=-!-j=sech t = psech 2 t. 

v dt V2cosh t V2 2 


17. y = ax 2 => y' = 2ax => y” = 2a; from Exercise 5(a), k(x ) =- 3 „ = \2a\( 

(l+4 a¥) v 


2 2 \ 
1 + 4aV 


=> k'(^) = --||2fl|(l + 4fl 2 x 2 j ~|8a 2 .rj; thus, k'(x) = 0 x = 0. Now, k'(^) > 0 for x < 0 and k'(^) < 0 for 

x > 0 so that jc(x) has an absolute maximum at x = 0 which is the vertex of the parabola. Since x = 0 is the 
only critical point for /c(x), the curvature has no minimum value. 
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18. r = (acost)i + (&sin/)j => v = (-asin/)i + (Z>cos?) j => a = (-acost)i -(fesinr)j 

J k l 

J Ivxal 

= abk => |vxa| = \ab\ =ab, since a >b >0; K(t) =-—4 


■ vxa = 


-a sin/ boost 0 
-a cost -bsint 0 
-3/2 


a sin £+Z? cos n ; /c'(0 = _ 2 ( a ^)( a s ^ n ^ + ^ cos 0 12a shU cos £ - 2Z? shU cos n 

: —|(a/>)|a 2 -b 2 j (sint) [a 2 sin 2 t +b 2 cos 2 t j ^ ; thus, <c'(f) = 0 => sin2t = 0 => t = 0, n identifying points 


• — k Ik. 

2 ’ 2 

IK- v*(+ \ \ n fXr K. s' + s' 'rr a A 3 71 


on the major axis, or t — y, -=y- identifying points on the minor axis. Furthermore, /c'(0 <0 for 0 < t < y and 


for 7i <t < 2 ~l /c '(0 >0 for y < t < n and ^-<t < In. Therefore, the points associated with t - 0 and t = n 
on the major axis give absolute maximum curvature and the points associated with t = y and t = -y on the 
minor axis give absolute minimum curvature. 


19. 


- ,-;4^ = 0 => -a 2 + A = 0=>a=±Z>^>a=Z> since a, Z> > 0. Now, ^ > 0 if a <Z> 

a 2 +Z, 2 rfa / ^ ,2\ 2 da da 


dn 


(, i 2 +b 2 ) 


and ^ < 0 if a > Z> => ft is at a maximum for a = b and k(Z>) = is the maximum value of k 


da 


b 2 +b 2 2 b 


20. (a) From Example 5, the curvature of the helix r(7) = (acost)i + (asint) j +btk, a, b > 0 is k = 2 a ^ ; also 


| = v/a 2 +b 2 . For the helix r(t) = (3cos?)i + (3sin/)j +?k, 0 < t < 4tt, a = 3 and b = 1 => /c = 


3 3 

3 2 +l 2 10 


and v = VlO => K = J ^-^VlO dt = 


yio 


-|4?r 


Jo 


. 12a- 

■M 


(b) y = x z => x = t and _y = / z ,-co</<co=> r(t) = ri + r j => v = i + 2tj => |v| = Vl + 4t z ; 

-4/ : . 


-4 


1 2t • dT 


u 

, 


Vl+4/ 2 Vl+4/ 2 dt (l+4r) 3/ ‘ (l+4? 2 ) 

-. Then K = f ” - Vl + 

J-oo / /—T \ 3 


= lim 

a—»—oo 


tan~~‘ 2/ + lim 

-a oo 


-|0 


- 1 , 




Jo 



rfT 

_ r 

j 2 / 2 J ’ 

dt 

V( 

jfifr = 

/•OO 

2 

J -00 l+4 ^ 2 

|-tan * 2 aj + 


16? +4 
(l + 4? 2 ) 3 


r. Thus k = 


2 ? 


Vl+4? 2 1+41 2 


= lim j" 2 , dt+ lim f 


a 1+4 ? 2 *_> oo 1+4 ? 2 


■dt 


b ->«' 


2 2 


= ;r 


21. r = d +(sint)j => v =i + (cos?) j => |v| = -^l 2 +(cost) 2 = Vl +cos 2 t => |v(y| = ^ 1 + cos 2 (y) =1; 


_ v _ i+(c°st)j _ sin?cos? : , -sin? : . 

1 - i i - '- ^ _ 1 + 3/2 J ■ 


£ 


+COS 2 ? dt 


(l+cos 2 ?f (l+cos 2 ?j 


d T 


dt 


sin? 


d T 

dt . 



sinf 


1+cos 2 ( 

4 ) 


=4 = 1. Thus 


22. r = 


2 

(yj = y -1 =1 => p=Y = l and the center is (y ,oj (x-yj +J 2 = 1 
(21„,)t-( I + l)j^v.(/)i-(l--L)j S |v|. 1 |A + ( 1 _2 


T — _v_ _ 2/ » t —1 
|v| , 2 +l ? 2 +l J ’ 


rfT _ _2 ( ?2_I ) . 

4? : 

dT 


4(? 2 -l)'+16? 2 

dt / 9 \2 , 

- 2 t 2j ^ 

dt 

4 I 

t 1 

(? 2 +!) ( 

? 2 +l) 


(?-+!) 


it—. Thus ft - A 


d T 

= _ 2 _ _ _ 

It 2 

dt 

? 2 +l ? 2 +l 1 
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=^> k(1) = = ■!■ => p =-F = 2. The circle of curvature is tangent to the curve at P(0, — 2)=> circle has same 

tangent as the curve => v(l) = 2i is tangent to the circle => the center lies on the j-axis. If t * \{t > 0), then 
(t-l) 2 > 0 => t 2 —2t +1 > 0 => t 2 +1 > 2t => > 2 since t>0=>f + j>2=>-(f+i)<-2=>j<-2 on 

both sides of (0, -2) => the curve is concave down => center of circle of curvature is (0, -4) 

=> x z + (j + 4) =4 is an equation of the circle of curvature 


23. 


2 


y = x 


=> ft = 


=> f'(x) - 2x and f”(x) = 2 
| 2 | 2 
(l+(2x) 2 ) V ‘ (l+4V) V2 


24. 



=> K = 


=> f'(x) = X 3 

|3x 2 | 


and f"(x) = 3x 2 

3x 2 



25. y = sinx => f'(x) = cosx and f"(x) = -sinx 


( 2 Y 
1+cos x\ 


3/2 


Isinxl 

(l+cos 2 x ^ ^ 


26. y = e x => f'(x) = e x and f"(x) = e x 





y 



27. We will use the formula k = ■ 


| v(a)| 

By Example 4 in Section 13.4, 

• dT 


d T 

dt 


(a) 


to find the curvature at the 


point [a, a 2 j. 


v(0 = 


L + 4 1 and 


dt 


At t = a this gives k = 


|v(fl)| 


(l + 4t 2 ) (-2d+j). 

2 (l + 4a 2 )~ 3/2 Vl + 4fl 2 =-— 

’ (l + 4r/ 2 ) 


dT 

Y/T (fl) 


. Thus the radius of 
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1 / 

the osculating circle is r = — |l + 4a“j . To show that the given formulas for center and radius are correct we 


must first show that the distance between 


a 2 j and ^-4a 3 ,3a 2 +^j is r. This distance is 

^-4a 3 -aj +|^3 a 2 +^--a 2 j~ = ^16a 6 +12 a 4 +3 a 2 +^- = ^J^l + 4a 2 'j as required. Finally we must show 
that the line containing the points ^^la 3 ,3a 2 +^j and a 2 j is perpendicular to the tangent line at [a, rcj, 


, 2,1 2 

3a H-a , 

1 1 

which has slope 2a. This requires that - f -= ——, which is correct. 


-4a - a 


2 a 


5^/5 

28. By Exercise 27, for a = 1, the center of the osculating circle is at | -4, — | and its radius is —. A 
parametrization of this circle is x(8) = -4 +^^-cos9, y{9) =’~^+ —^~ sin ft 


29-36. Example CAS commands: 

Maple : 

with( plots); 

r := t -> [3*cos(t),5*sin(t)]; 
lo := 0; 
hi := 2*Pi; 
tO := Pi/4; 

PI := plot( [r(t)[], t=lo..hi]): 

display! PI, scaling=constrained, title="#29(a) (Section 13.4)"); 

CURVATURE := (x,y,t) -> simplify(abs(diff(x,t)*diff(y,t,t)-diff(y,t)*diff(x,t,t))/ 

(diff(x,t) A 2+diff(y,t) A 2) A (3/2)); 
kappa := eval(CURVATURE(r(t)[],t),t=tO); 

UnitNormal := (x,y,t) ->expand( [-diff(y,t),diff(x,t)]/sqrt(diff(x,t) A 2+diff(y,t) A 2)); 

N := eval( UnitNormal(r(t)[],t), t=t0 ); 

C := expand( r(t0) + N/kappa ); 

OscCircle := (x-C[l] A 2+(y-C[2]) A 2 = l/kappa A 2; 
evalf( OscCircle); 

P2 := implicitplot( (x-C[l]) A 2+(y-C[2]) A 2 = l/kappa A 2, x=-7..4, y=- 4..6, color=blue ): 
display! [P1,P2], scaling=constrained, title="#27(e) (Section 13.4)"); 

Mathematica : (assigned functions and parameters may vary) 

In Mathematica, the dot product can be applied either with a period or with the word, "Dot". 

Similarly, the cross product can be applied either with a very small "x" (in the palette next to the arrow) or with 
the word, "Cross". However, the Cross command assumes the vectors are in three dimensions. 

For the purposes of applying the cross product command, we will define the position vector r as a three 
dimensional vector with zero for its z-component. For graphing, we will use only the first two components. 
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Clear[r, t, x, y] 

r[t_]={3 Cos[t], 5 Sin[t]} 

t0= jt/4; tmin= 0; tmax= 2n; 

r2[t_]={r[t][[l]],r[t][[2]]} 

pp=ParametricPlot[r2[t], {t, tmin, tmax}]; 

mag[v_]=Sqrt[v.v] 

vel[t_]= r'[t] 

speed[t_]=mag[vel[t]] 

acc[t_]= vel'[t] 

curv[t_]= mag[Cross[vel[t],acc[t]]]/speed[t] //Simplify 
unittan[t_]= vel[t]/speed[t]//Simplify 
unitnorm[t_]= unittan'[t]/ mag[unittan'[t]] 
ctr= r[t0] + (1 / curv[t0]) unitnorm[tO] //Simplify 
{a,b}= {ctr[[ 1]], ctr[[2]]} 

To plot the osculating circle, load a graphics package and then plot it, and show it together with the original 
curve. 

« GraphicsTmplicitPlof 

pc=ImplicitPlot[(x -a) A 2 + (y-b) A 2 == l/curv[t0] 2 , {x, -8, 8}, {y, -8, 8}] 
radius=Graphics[Line[{{a, b}, r2[tO]}]] 

Show[pp, pc, radius, AspectRatio —> 1] 

13.5 TANGENTIAL AND NORMAL COMPONENTS OF ACCELERATION 


II// \2 2 

1. r = (acos?)i +(asint)j +b?k v = (-asint)i +(acost)j +bk => |v| = J(-asin t) + (acost)*' +b 
= yja 2 + b 2 =>a T = jUv| =0; a = (-acost)i + (-asin?)j => |a| = ^(-acost)“ + (-asin?)~ = yfa 2 =| 
=> a N =J a " -a 2 =J a 2 -0 2 = lal = lal => a = (0)T + |a|N = |a|N 


2. r = (1 +3/)i + (t -2) j -3/k => v = 3i + j -3k => |v| = ^3 2 +1 2 +(-3) 2 =yfl9^a T = j- f |v| = 0; 


,|2 2 


a = 0 => a^f = -W |a| — cij = 0 => a = (0)T + (0)N = 0 


3. r = (/ + l)i + 2/j +/ 2 k => v = i + 2 j + 2/k =>|v| = -y/l 2 +2 2 +(2/) 2 =-Js+4t 2 => a T =^5 + 4/ 2 ) (8r) 


_i I'y 

= 4t(5 + 4rj ^a T ( l)=-^ = -i; a = 2k => a(l) = 2k => |a(l)| = 2 


=¥-(j ) 2 = 1 /?=¥= > « i >=! t+ ¥ N 
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4. r = (tcost)i + (tsint) j + t 2 k => v = (cost -tsint)i + (sin t + tcost)j + 2tk 

=> |v| = ^(cost -tsint) 2 + (sint + tcost)" +(21) 2 = V>t 2 +1 => aj =^5t 2 +lj ^ (lOt) = 

=> a r (0) =0; a = (-2sint - tcost)i + (2cost - tsint) j + 2k => a(0) = 2j +2k => |a(0)| = V 

=> a N = J a 2 —a 2 = -0 2 = 2^2 => a(0) = (0)T + 2 a/2N = 2 V 2 N 


^5t 2 +l 


= 2V2 


5. r = 


r = ri + (t + ^t 3 j j + (t --|t 3 jk => v = 2ti + ^l + 1 2 j j + |l-t 2 jk => |v| = J(2t) + |l + t 2 j + |l-t 2 j 
= /2(t 4 +2t 2 +l) = V2 (l +1 2 ) => a r = 2tV2 => a r (0) =0; a = 2i + 2tj-2tk => a(0) = 2i => |a(0)| = 2 


=: >a N = -y|a| 2 - a 2 =^2 2 -0 2 =2 =^> a(0) =(0)T + 2N =2N 

6. r = [e* cost ji + ^e ? sint j j + yjlek => v = [e* cos t-e sin tj i +[e ( sint +e costj j + -J2e'k 

=> |v| = cost -e sint) +(e' sint + e / costj +{^Jle j" =']4e~ l =2e f a T =2e f => a T (0) =2; 
a = cos t-e sin t-e sin t-e costji +sin t+e cos t+e cost -e sint j j + V2e ? k 

= |-2e r sint ji + ^2e t cost j j + V2e'k => a(0) = 2j + V2k => |a(0)| = J 2 2 +(V2) = V6 


I 2 2 _ 

' a tV — V a — a T — ' 


-2 2 = V 2 => a(0) = 2T + V2N 


7. r = (cost)i + (sint)j -k => v = (-sint)i + (cost)j => |v| = -y(-sint) + (cost) 2 =1 
=> T = |^| = (-sint)i + (cost)j => t(-|) = -^i +^j; ^ = (-cost)i — (sint)j 

^ H J^cosif +(-sint) 2 = 1 => N = y = (-cost)i-(sint) j => N(f) = 


j k 


B = T x N = |-sin/ cos? 0| = k => B(-j) = k, the normal to the osculating plane; r (-jl = -v~- j-k 


7r\_42-^j2 - 


-cost -sint 0 


z = -1 is the 


=> P = -l) lies on the osculating plane => ojx--^j + o|>’-^y-j + (z-(-1)) = 0 => z = -1 is the 

osculating plane; T is normal to the normal plane => |-^-j|x-^-j + |^-j|>’-^-j + 0(z-(-l)) = 0 

[2 A 

=> + 2 ? = Q^>- x + y = ® is the normal plane; N is normal to the rectifying plane 

=> ( -2 T"j (' Y_ ^’) + ( _: ^’)('' V + 0(z-(-l)) = 0 => ~^r x ~^-y = -1 => x + y = V2 is the rectifying 
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r = (cost)i + (sint)j + tk => v = (-sint)i + (cost)j + k => |v| = Vsin 2 t + cos 2 t +1 = V2 


rfT 


dt 


= Jj cos 2 t + d-sin t = A= => N = 44)7 = (-cost)i -(sint) j; thus T(0) = -4= j +-Uk and N(0) = -i 


(?) 


•5 


dT 

dt 


74 J 74' 


‘ B(0) = 


i j k 

0 _L J_ 

74 74 

-10 0 


j +-^=k, the normal to the osculating plane; r(0) = i => P(l, 0, 0) lies on the 


osculating plane => 0(.r -l) _ 0) + -j=(z _ 0) = 0 => y -z = 0 is the osculating plane; T is normal to the 

normal plane => 0(x -l) + -^=(jt — 0) + -j=(z —0) = 0=>>> + z = 0 is the normal plane; N is normal to the 
rectifying plane => -l(x-l) + 0(y -0) + 0(z -0) = 0 => x = 1 is the rectifying plane. 

9. By Exercise 9 in Section 13.4, T = Q-cost ji + (-■|sint j j +jk and N = (-sint)i-(cost) j so that 

j k| 

= (-jCOStji-(-jsintjj--|k. Also v = (3cost)i+ (-3sint) j+ 4k 


B = TxN = 


lycost —|sint 4 
-sint -cost 0 


a = (-3sint)i + (-3cost)j => = (-3cost)i + (3sint)j and vxa = 


i j k 

3 cos t -3 sin t 4 
-3sint -3 cost 0 


= (l2cost)i-(l2sint)j -9k =>| v xa |" = (l2cost)~ + (-12sint)“ +(-9) 2 = 225. Thus 
I 3 cos t -3 sin t 4| 


-3 sin t -3 cos t 0 
1-3 cost 3 sin/ 0 


4(-9sin 2 /-9cos 2 /) 


225 


225 


-36 4_ 

225 25 


10. By Exercise 10 in Section 13.4, T = (cost)i+(sint) j and N = (-sint)i + (cost)j; thus 

j k | 

: |cos 2 1+sin 2 tjk =k. Also v = (tcost)i+ (tsint)j 


B = TxN = 


cost sint 0 
-sint cost 0 


= (t(-sint) +cost)i + (tcost + sint) j => = (-tcost-sint - sint)i +(-tsint + cost + cost) j 

i j k| 


= (-tcost-2sint)i+ (2cost-tsint)j. Thus vxa = 

= [(tcost)(tcost + sint)-(tsint)(-tsint + cost)]k = rk => |vxa| 2 = |t 2 j = t 4 . 


tcost tsint 0 

-t sin t + cos t t cos t + sin t 0 
2 


Thus r = 


tcost tsint 0| 

cost—tsint sinf+cosf 0 
1-2 sin t-t cos t Icost-sint 0 
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11. By Exercise 11 in Section 13.4, T = ( cosf J in/ i+ sml +c° sl and N = ( cosf Sln/ i + smt+cos/ j. j| )us 

\ V2 V2 / \ V2 V2 


g _ 'p x _ cosf-sirO sin<+cosi q _ 
-12 

— cos?—sin t — sin?+cos? a 

V2 


sm(-n j + | l+sm(-0 j k-k Also, v = [e* cos t-e sintji + [e l sin t + e costjj 

>a= e (-sint-cost) +e' (cost-sint)J i + e' (cost-sint)+ e ? (sint+cost) j 
2e sintj i + ^2e f cost j j => ^ = -2e (cost + sin t) i + 2e (-sint +cost)j. 


Thus vxa = e (cost-sint) e (sint +cost) 0 = 2e 2? k => |vxa| 2 = ^2e 2 ' j” = 4<? 4/ . 


—2e sin t 


2e cost 0 


e* (cost— sin?) e*(sin?+cos?) 0 
-2e l sint 2e* cost 0 

—2eTcos?+sin?) 2eT-sin?+cos?) 0 

Thus r =-----— = 0 


l. By Exercise 12 in Section 13.4, T = |j|cos2t)i-|||sin2t)j+^k and N = (—sin2t)i — (cos2t)j Thus 

i j k 

B = TxN=]fcos2t _ |f sin 2t ± C os2t)i-(^sin2/) j-|fk. 

-sin2t -cos2t 0 

Also, v = (l2cos2t)i-(I2sin2t)j+5k => a = (-24sin2t)i-(24cos2t) j and ^ = (-48cos2t)i + (48sin2t)j 

i j k 

vxa= 12cos2t -12sin2t 5 = (l20cos2t)i-(l20sin2t)j-288k 
-24sin2t -24cos2t 0 

=^|vxa| 2 =(l20cos2t) 2 +(-120sin2t) 2 +(-288) 2 = 120 2 (cos 2 2f+sin 2 2tj+288 2 =97344. Thus 

12cos2? -12sin2? 5 

-24sin2? -24cos2? 0 
-48 cos 2? 48 sin 2? 0 5<-24-48) io 

r = 97344 = 97344 = “169 


13. By Exercise 13 in Section 13.4, T = 


yjt 2 + 1 i/r+1 


j and N = ■ 


1 : t 


- j so that 


j k 


B = TxN = 


Jt +1 vt“+1 


r t 0 

^ // o 

: -k. Also, v = t'i + tj => a = 2ti + j => = 2i so that 21 1 0 = 0 => r = 0 

2 0 0 


Vt 2 +1 Vt 2 +1 
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14. By Exercise 14 in Section 13.4, T = (-cost)i + (sint) j and N = (sint)i+ (cost) j so that 

i j k 

B=TxN=-cost sint 0 = -k. Also, v = |-3cos 2 t sin tji + |3sin~ tcostjj 


sint cost 0 


j 9 

■ a = 3 - -3 cos t sin 
dt . 


intji+J^3sin 2 tcostjj 


— = A. 

^ dt dt dt 


|-3cos 2 tsint j i + Jr- ^-^sin 2 tcostj j 


2 

-3 cos” t sint 


2 

3sm“tcost 0 


J^-3cos 2 tsintj -J^3sin 2 tcostj 0=0=>r = 0 
_i(-3cos 2 tsint)] f[|(3sin 2 tcost)] 0 


15. By Exercise 15 in Section 13.4, T = -V = ^sech-^ji + (tanh-^-jj and N = (-tanh-^-ji + (sech^-j j so that 


i j k 

B=TxN= sech^j tanh^j 0 = k. Also, v = i + (sinh-jjj =>a = ^cosh-^-jj =>= -ysinh^jj so 
-tanh^j sech^j 0 
1 si nil (^j 0 

that 0 — cosh(-) 0 = 0 =>r = 0 

a \a> 

0 -Fsinh(—) 0 

a 2 W 

16. By Exercise 16 in Section 13.4, T = ^-j^tanhtji--j^j+ |-j^sech tjk and N = (sech t)i-(tanht)k so that 

i j k 

B = T x N = -j= tanh t -j^secht = |-j=tanht ji+-j=j+|-j=sech tjk. Also, v = (sinht)i-(cosh t) j+k 

sech t 0 -tanht 

i j k 

a = (cosht)i-(sinht)j =>-^-= (sinht)i-(cosht)j and vxa= sinht -cosht 1 

cosht -sinht 0 

( 2 ^ \ 2 2 2 

cosn /-sinh z nk = (sinhf)i + (cosh/) j + k => v xa = sinli t +cosh z t + 1. Thus 

sinh t — cosh t 1 
cosh? -sinh? 0 

sinh? -cosh? 0 _j _j 

sinh 2 ?+cosh 2 ?+l sinh 2 ?+cosh 2 ?+l 2cosh 2 ? 

17. Yes. If the car is moving along a curved path, then k ^ 0 and a N =k | v | ^0=>a = a T T + a N N ^ 0. 

18. | v| constant => a T = -^-|v|=0^>a = a^N is orthogonal to T the acceleration is normal to the path 


19. a_Lv=>alT=>a r =0=>-j|-v=0=>v is constant 
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20. a (t) = a T T + a N N, where a T = ^ v = ^-(10) = 0 and a N = k, \ ~ = 100k => a = 0T +100k N. Now, from 


dt 


Exercise 5(a) Section 13.4, we find for y = f (x) = x z that k = - 


|rw| 


r (t) - ti + t 2 j is the position vector of the moving mass v = i + 2tj => Ivl = Vl + 4/ 


(l+I/'Wf)' [l+(2w) 2 ] / (l+4x 2 ) 

-4 


,3/2 > a l so > 


Vl+4r 


r (i + 2 tj). 


At (0, 0): T(0) = i, N(0) = j and k( 0) = 2 F = ma = »i(100k)N = 200m j; 


At (V2, 2): T(V2) = }(i + 2V2j) = ±i j, N(V2 ) = 

=> F = ma = w(100/c)N = + ± j) = - 


23/2 j ^ 1 j 


, and k(V 2 j : 


27 


400V2 , 


81 


21. r = (x 0 +At) i + (j ; o +Bt) j +(z 0 + Ct)k =>v = Ti + . 8 j + Ck=>a = 0=>vxa=0=>fc = 0. Since the curve is a 
plane curve, r = 0. 

1 |2 

22 . = 0 => k v = 0 => k = 0 (since the particle is moving, we cannot have zero speed) => the curvature is 
zero so the particle is moving along a straight line 


23. From Example 1, |v| = t and a N =t so that a N = re|v | 2 =>K = -^- = -|- = y,t^0=>/? = ^ = t 


24. If a plane curve is sufficiently differentiable the torsion is zero as the following argument shows: 

AO AO 0 
/'(O g'(0 0 
/"(0 g”(0 0 


rfa 


r = f(t) i + g(f)j =* v = f'(t) i + g'(0j => a = /"(t)i + g'(0j => ^ = /"'(0i + g'(*)j => t = 


= 0 


25. r(t) = f(t)i + g(7)j + h(t)k => v = + g'(t)\ + h'(t)k- v - k = 0 => h'(t) = 0 => h(t) = C 

=> r (t) = f (t)i + g(t )j + Ck and r(a) = /(a)i + g(a )j + Ck = 0 => f(a) = 0, g(a) = 0 and C = 0 =>/?(/) = 0. 


la 2 +b~ 


26. From Example 2, v = -(asint)i + (acost) j + Z>k => |v| = 'fa 

^ >T =T 3 = ; 1 [-(flsint)i+(flcost)j+fek]; , 1 [-(acost)i-(asint) j] 

l v l \la~+b~ \la~+b~ 


(—) 

N= w =- ( cos 0 i -( sin 0i; b=txn = 


dT 

dt 


1 J 

-a sin t a cost 


k 

b 


777 777? 777 

—cost -sint 0 


&sin? 


2 +& 2 


7 


boost j | a |. 


777 777 


^f = 7s77tt bcost> ) i+ ( bsint> )^f' N = ~4 l 

which is consistent with the result in Example 2. 


a 2 +b 2 


■ T = -fr 




Ja +b 


777 ) a 2 +b 2 
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27-30. Example CAS commands: 

Maple : 

with( LinearAlgebra ); 
r := <t*cos(t) | t*sin(t) 11 >; 
tO := sqrt(3); 
rr := eval( r, t=t0 ); 
v := map( diff, r, t); 
w := eval( v, t=t0 ); 
a := map( diff, v, t); 
aa := eval( a, t=t0 ); 

s := simplify(Norm( v, 2 )) assuming t::real; 
ss := eval( s, t=t0); 

T := v/s; 

TT := w/ss; 

ql := map( diff, simplify(T), t ): 

NN := simplify(eval( ql/Norm(ql,2), t=t0 )); 

BB := CrossProduct( TT, NN ); 

kappa := Norm(CrossProduct(vv,aa),2)/ss A 3; 

tau := simplify! Determinant^ w, aa, eval(map(diff,a,t),t=tO) >)/Norm(CrossProduct(w,aa),2) A 3 ); 
a_t := eval( diff( s,t), t=t0 ); 
a_n := evalf[4]( kappa*ss A 2 ); 

Mathematica : (assigned functions and value for tO will vary) 

Clearft, v, a, t] 

mag[vector_]:=Sqrt[ vector, vector] 

Printf'The position vector is",r[t_]={tCos[t], tSin[t],t}] 

Print["The velocity vector is", v[t_]=r'[t]] 

Print["The acceleration vector is", a[t_]=v'[t]] 

Print["The speed is",speed[t_]= mag[v[t]]//Simplify] 

Print["The unit tangent vector is", utan[t_]= v[t]/speed[t]//Simplify] 

Printf'The curvature is", curv[t_]= mag[Cross[v[t],a[t]]] / speedft] //Simplify] 

Print["The torsion is",torsion[t_]= Det[{v[t], a[t], a'[t]}] / mag[Cross[v[t],a[t]]] 2 //Simplify] 
Printf'The unit normal vector is",unorm[t_]= utan'ft] / mag[utan'[t]//Simplify] 

Printf'The unit binormal vector is",ubinorm[t_]= Cross[utan[t],unorm[t]]//Simplify] 

Print["The tangential component of the acceleration is",at[t_]=a[t].utan[t]//Simplify] 

Printf'The normal component of the acceleration is ",an[t_]=a[t].unorm[t]//Simplify] 

You can evaluate any of these functions at a specified value of t. 
t0= Sqrt[3] 

(utanftO], unorm[t0], ubinorm[t0]} 

N[{utan[t0], unorm[t0], ubinormftO]}] 

{curv[t0], torsionftO]} 
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N[{curv[tO], torsion[tO]}] 

{at[tO], an[tO]} 

N[{at[tO], an[tO]}] 

To verify that the tangential and normal components of the acceleration agree with the formulas in the book: 
at[t]== speed'[t]//Simplify 

an[t]==curv [t] speed[t] //Simplify 

13.6 VELOCITY AND ACCELERATION IN POLAR COORDINATES 

1. ^- = 3 = 9=>9 = 0, r = a (l - cost?) => r = asint?-^ = 3a sin 0 => r = 3a cos 9^- = 9a cos 9 
v = (3a sin 9) u ; . +(a(l-cos6 l ))(3)u 6 , = (3a sin 0)u ; . +3a(l-cos6 ) )u 6 , 

a = (9acos0-a(l -cos0)(3) 2 ju r + (a(l-cos0)-O + 2(3asin6 , )(3))u 0 
= (9a cos 9a +90 008 0) u,. + (I8asin6 1 )u 6 i = 9a(2cos0-l)u r + (I8asin0)u 0 

2. ^-21 = 8 => 6 = 2, r = a sin 20 => r - a cos 29 -2^ = 4ta cos 26 => r = 4?a(-sin20-2-^j + 4a cos20 
= -16? 2 asin20 + 4acos20; v = (4tacos20)u ; . + (asin20)(2t)u£ = (4?acos20)u r + (2ta sin 20) 

a = (-16t 2 asin20 + 4acos20j-(asin20)(2/) 2 u r + [(a sin20)(2) + 2(4ta cos20)(2t)]u (? 

= -16Casin20 + 4acos20-4rasin20 u r + 2asin20 + 16t 2 acos20 
= -2OCasin20 + 4acos20ju r + 2asin20 + 16racos20ju^ 

= 4a(cos20-5C sin20ju ; . + 2a(sin20 + 8r cos20ju^ 

3. = 2 = 6 6 = 0, r = e aS => r = e a ® -a^j- = 2a e a ® => r = 2a e a() -a^- = 4cCe ae 

at at at 

v = (2a e a6 )u r + [e a0 )(2)u* = (2a e a0) ju r +(2e ad )u* 

a = (4aV 0 )-(e a0 j(2) 2 u r + (e a6, |(0)+2(2a e a0 )(2) u d = 4a 2 e ad -4e ad u,. + O + %ae a0l \u e 
= 4e ad [a 2 -l)u r +(8a 

4. 6 = l-e -f => 6 = e~ f => 9 = -e~ l , r = a(l + sint) => r = acos/ => r = -asint 
v = (acost)u,. +(a(l + sint))(e _, jug, = (acost)u r +a e~ l (l + sint)u^ 

a= (-asinf)-(a(l+sint))(e _? u r + (a(l+ sint))(-e _/ j + 2(acost)(e _/ j n 0 

= -asinf-a e~ 2t (l + sint)Ju r + -a e~' (l + sint) + 2a e~‘ cost u e 
= -a(sint +e~ 2t (l + sint)ju,. + a e _/ (-(l + sint) + 2cost)u 6 , 

= -a(sint +e~ 2t (l + sint)ju,. + a e _/ (2cost-l -sint)u^ 
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5. # = 2t=># = 2=><9 = 0, r - 2cos4t => r = -8sin4t => r = -32cos4t 

v = (-8sin4t)u r + (2008 4^(2)110 = -8(sin4t)u r +4(cos4t)u 6/ 

a = ^(-32cos4t)-(2cos4t)(2) 2 ju,. + ((2cos4t)-O + 2(-8sin4t)(2))ii0 

= (-32cos4t -8cos4t)u,. + (0 -32sin4t)u^ = -40 (cos 4?)u r -32(sin4t)ii0 


6 - r M. i^y 2 t?M( e + lGM(e+ 1), 

GM 0 r„ 


•V 0 = 


Circle: e = 0 => v 0 = piM. 


Ellipse: 0 < e < 1 => < v 0 < 


2 GM 

r 0 


Parabola: e = 1 => v 0 = 
Hyperbola: e > 1 => v 0 > 


_ 2GM 


2 GM 


7. r = v 2 = CM. => v = ./diM_ which is constant since G, M, and r (the radius of orbit) are constant 


AH = i|r(t + At) x r(t)| =^> = d- 


r(r+At) 

— xr W 


r0+A0-r(0+r(0 


At 


xr(t) 


r(t+At)-r(t) 


At 


xr ( 0 +^ 7 r ( 0 xr (0 


r(?+At)-r(t) 


At 


xr(t) 


^>^4 = lim d. 

dt At-»0 2 


r(^+AO-r(0 


A? 


xr(t) 


$xr(0 




=tl rxr l 


9. T = 


I Ina 1 \-l\ 
\ r o v o ) V 


2 ^2 
e => r = 


(>-4 


l- 


,2 

0_ 

GM 


r o v o _j 


(from Equation 5) 


4ttV 


-^4 + 21 


f r o v o ^ 

f 4* 2 a*) 

2GMr 0 VQ-rgVQ 

1 GM J 

1 Vvo 2 J 

G 2 M 2 


(44a 4 )(2GM-r 0 i|) 

r 0 G 2 M 2 


^V) 


4 2GM-r 0 v„ 2 ^ 


){ 2r 0 GM J 

11 GM} 


= ( 4 4a 4 )(^-)(-J 7 ) (from Equation 10) => T 2 = 
10. For each of the planets listed we form the ratio 


GM 


T 2 /a 3 


GM 


(4tt z )/(GM) 


-. The values we obtain are 


Mercury 

1.00225 

Venus 

1.00288 

Mars 

1.00252 

Saturn 

1.00019 


These values are all close to 1, so they support Kepler’s third law. 


11. Solve Kepler’s third law for a and double this result: 


( (365.256 days) 2 V /3 
~ l (4?r 2 )/ (GM) ) 


« 29.925 xio 10 m 


12 . 


Solve Kepler’s third law for a and double this result: 


/ , \ 1/3 

j (84 years) “ j 

1(4 7r 2 )/(GM)J 


* 573.95 xlO 10 m 
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13. Assuming Earth has a circular orbit with radius 150 x 10 6 km, the rate of change of area is 
7r(l50 x 10 6 km) 

—\ -L_ ~ 2.24 x 10 9 km“ /sec. 

365.256 days 


14. Solving Kepler’s third law for T we find T = A -^—(77.8 x 10 10 m) « 11.857 years. 

V GM V / 


15. Solving Kepler’s third law for the mass M of the body around which lo is orbiting we find 

„ (o.042 x 10 10 m ) 3 

M = 4;r 2 — = 47T 2 -- T~^~' e7fi -' n 7 

T 2 G (1.769 days) 2 G 


L, 


876 xlO 27 kg. 


16. To solve this we need a value for the mass of Earth, which is approximately M = 5.972 x l(r 4 kg. Solving 
Kepler’s third law for the orbital radius we get 


a=f4v 2 ) 1/3 (r 2 GM) 1/3 =(4 ;t 2 ) 


2.36055 x 10 sec G 5.972 x 10 


= 3.831 xlO 3 km. 


Since Earth’s radius is about 6371, the orbit of the moon is about 383,143 - 6371 = 376.772 km from 
the surface, assuming a circular orbit for the moon. 
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CHAPTER 13 PRACTICE EXERCISES 
1. r(7) = (4cos?)i + (\/2 sin j 

2 2 

=> x = 4 cos f and y = V2 sin t => + -y- = 1; 


-V*— 


v = (-4sinf)i +(v/2 costj j and 
a = (Mcosf)i-(V2sinf jj; 
r(0) = 4 i, v(0) = V2j, a(0) = -4i; 


r (f) = 2%/2i + j, v (-|j = -2 V2i + j, a j = -2 V2i - j; | v| = VI6 sin 2 1 + 2 cos 2 t 

=> a r =^-|v| = 14smrcosr =; at r = 0:a r =0, = ^|a| 2 -0 = 4, a = 0T+ 4N = 4N, 

V16 sin" f + 2 cos 2 t 


„ _ A _ ?• o+ / = 2T- <7 =_2= —In = 1 Q _ 49 _ 4\/2 „ 2t i 4n/ 2 N x- = - 4%/2 

| v |2 2 2 ’ w 4' ^71 3 ’ a N V 9 9 3 ’ 3 1+ 3 N ’ | v |2 27 


2?v_ _ 4^/2 
U 2 “ 27 


2. r(7) = (^3 sectji + ^J3 tantjj => x = \J?> sect and y = \J3 tan t \ 
v = (V3sec?tanfji + |V3sec 2 fjj and 
a = |V3 sect tan 2 t + V3 sec 3 t ji -^2-73 sec 2 t tanf j j; 

r(0) = V3i, v(0)=V3j,a(0)=V3i; 


4-— -4- = sec 2 t -tan t = 1=> .r 2 -y 1 = 3; 


Ivl =y3sec 2 ttan 2 t + 3sec 4 1 


_x „ u usct tian frioset. iiaiit. 

=>ar ~ 777 | v | - — / 4 ’ 

2 V 3 sec 2 1 tan 2 1 +3 sec 4 1 


at t — 0; — 0, — ■Jjaj — 0 — v/3, 

a = 0T + V3N = V3N, K =-^ = 2 £ = _L 

Ivl 2 3 V3 


i 

/ K : -y 2 

/ 

v(0) 

' “(0) . 

l 



3. r= J— i+ J— j => v = -f(l + f 2 | i+fl + t 2 ) 


i=> v =A H 


f(l^r)" 3/2 \ (l + t 2 )" 


We want to maximize Ivl : ^ = —=^- and ^ = 0 => —^—r = 0 => t = 0. For t < 0, — ^ > Q; for t > 0, 
' ' dt (t+i 2 ) 2 dt (l+r) (l+r 2 ) 2 


— <0=>v occurs when t = 0 => v =1 
\2 I I max i I max 


4. r = 


| e costji +(e' sin r j j => v =(e* cos t-e sinf ji +|e ? sin t +e cost j j 

i = ^ e cos t-e sin t-e sin t-e cost ji +(e l sin t +e cos t+e cos t-e sinf j j = |-2e f sint ji + ^2e f costj j. 


J(e‘costJ +|e'sin/j J^-le'sinr'j +|2e'cosz) 


Let 8 be the angle between r and a. Then 8 = cos 1 tttt = cos 1 

U r ll a U 

= cos -1 = cos -1 0 = y for all t 
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5. v = 3i + 4j and a = 5i +15j => vxa = 


i j k 

3 4 0 
5 15 0 


= 25k => vxa = 25; v 


= V3 I 77 = 5^ K =^ 


_ 25 = I 
S 3 5 


6. K = 


I/I 




,3/2 


[ 1+ (V') 2 ] 

(l + e 2 - r )" 3/2 -3 e 3x 


-3/2 


(l + e 2x ) 5/2 (2e 2v 


(l + e 2x ) V2 =e x {\ + e 2x ) ^ [(l + e 2x ) 


\-5/2 


e x (l + e 2x ) 5/2 (l-2e 2x ); 
^l-2e 2x j = 0 => e 2x = \ => 2x = -In2 => x = “In 2 = -lns/2 => y = -4^; therefore k is at; 


^ = 0 => 11 - 
ax 


maximum at the point |-ln V2, -j= 


7. r = xi + vj => v = + -=^-j and v i = y => = y. Since the particle moves around the unit circle 

x 2 +j 2 =l,2xf + 2y% = = -*f = -f(y) = -x Since f = j and $ = -x, 


dt 


we 


have v = yi -xj => at (l, 0), v = -j and the motion is clockwise. 


8. 9y = x 3 => 9^ = 3x 2 ^ =^> ^ = |-x 2 If r = xi + vj, where x and y are differentiable functions of t, 

then v = + ^-j- Hence v i = 4 => ^ = 4 and v j = ^ = \x 2 ^ = |(3) 2 (4) =12 at (3, 3). 

Also, a =-^fi+^4-j and + [\x 2 \^-. Hence a i = -2 =>-*4^ = -2 and 

dr dt 2 3 dt 2 V 3 V3 / dt 2 dt 2 

a • j = -pr = "§■ (3)(4-) 2 +i(3) 2 (-2) =26 atthe point (x, j) = (3, 3). 

at J J 


9. orthogonal to r ^ 0 =-r = 4-^r-r +4r ^ J 7 ( r ’ r ) => r ' r = ^, a constant. If r = xi + vj, where x 

2 2 2 2 

and v are differentiable functions of/, then r-r = x +y z^>x~+y = K, which is the equation of a circle 
centered at the origin. 


10 . 


(a) 


r(r) = (nr — sin 7rr)i + (I - cos 7rt)j 



second, the center moves n ft parallel to the x-axis 


v = {n -;rcos;zr)i +(^sin 7Tt) j 
=^> a = |;r 2 sin^/ ji +^tt 2 cosTrfjj; 

v(0) = 0 and a(0) = 7r 2 j; 
v(l) = 2;ri and a(l) = -;r 2 j; 
v(2) = 0 and a(2) = ;r 2 j; 
v(3) = 2;ri; and a(3) =-7r 2 j 

-2n ft/sec; since the circle makes 4 revolution per 
each second => the forward speed of C is n ft/sec. 
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11. y = y 0 +(v 0 sina)t -\gt 2 => y = 6.5 + (44 ft/sec)(sin 45°)(3sec) -^32 ft/sec 2 j (3 sec)" = 6.5 + 66x/2-144 

« -44.16 ft => the shot put is on the ground. Now, y = 0 => 6.5 +22^j2t -16C = 0 => t w 2.13sec (the positive 
root) => x * (44 ft/sec)(cos45°)(2.13sec) ~ 66.27 ft or about 66 ft, 3 in. from the stopboard 


( v sina) 2 „„ (80 ft/sec)(sin 45 ) 

12. Tmax = To " - = ?ft+--x—— ~ 57 ft 


2g 


(2)(32 ft/sec ) 


,, / \ t A i • \. 1 .2 , y (r 0 sin a)t-± gt 2 (v 0 sin a)-±g t 

13. x = (v 0 cosa)/ and y = (v 0 sina)/ -jgt => tan <p = — = ------— 


2 s r x (v 0 cosor)? v 0 cosa 

=> v 0 cos or tan </) = v 0 sin a -j gt => t = - v o slng ^-U) cos a tan w | 1 j c | 1 j s t | le t j me w | len th e golf ball hits the 

upward slope. At this time x = (v 0 cosa)( 


2 - g 

(2v 0 sin a-2 v 0 cos a tan (f) 


g 


= (j)(v 0 2 sin a cos a - Vq cos 2 a tan Now 


OR = ^h:- 

COS (p 

=> OR = ( 

f 2 vq cos a 

I [ sin or _ 

i * : 

j \ COS (f) 

[ 2vq cos a 

| [sin(a - 

g cos 2 </> y 

is maximized: = 

da 


/ 2_) 
\gj 


Vq sin a cos ch-Vq cos 2 a tan ij> 


H 


cos tj> 

2 vq cos 
g 


cos 2 4> 


[sin(a -<f>)\ The distance OR is maximized when. 



=> (cos 2a + sin 2 a tan 0) = 0 => cot 2a + tan^ = 0 => cot 2a = tan (-0) =>2a=-y + ^^>a=-^ + ^ 

14. (a) x - v 0 |cos40° jt and y = 6.5 +v 0 |sin40° j/ -d-g? 2 = 6.5 +v 0 |sin40° j/-16/ 2 ; x = 262-^- ft and 


y = 0 ft => 262 fr = v 0 (cos 40° )t or v 0 = 262.4167 
u v ' I cos 40 1? 


and 0 = 6.5 + 


262.4167 
(cos 40 j/ 


| sin 40° i 


/-16r 


t 2 = 14.1684 3.764sec. Therefore, 262.4167 « v 0 (cos40 G j(3.764sec) 

v 0 » 91 ft/sec 


■v 0 


262.4167 

(cos 40 )(3.764 sec) 


/u\ , (v 0 since) 2 ^ c ((91)(sin40 )) 

(b) Tmax — TO 2 g ~6..'+ (2)(32) 


: 60 ft 


15. r = (2cos/)i + (2sin/)j +t 2 k => v = (-2sin/)i + (2cost)j +2/k => |v| = -^(-2sin/)" +(2cost)“ +(2f)“ 

= 2\]l +t 2 => Length =| o 2^1+t 2 idt = tyfl + t 2 +ln t + ^Jl+t 2 = -j^jl + + In ^ + ^1 + -j— j 

2 

16. r = (3cost)i +(3sint) j + 2t 3//2 k => v = (-3sint)i + (3cost) j + 3t^ 2 k => |v| = y(-3sin t)~ +(3cos 'f*(**r 


= V9 + 9 1 = 3x/l+7 => Length = J 3x/l + t dt = 2 (l +1) 


x3/2 


~|3 


= 14 


Jo 
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17. r=|(l + t) 3/2 i+|(l-t) 3/2 j+Itk^v=|(l + t) 1/ -i-f(l-t) 1/ -j+Ik 

H v l=||( 1+ 0 1/2 ] 2 + [-f( 1 -0 1/2 ] 2 +(i) 2 =l=>T=f(l+0 I/2 i-t(l-0 V2 j4k 

^T(0)=fi-fj + Ik; f = i(l + 0" V2 i+i(l-0" V2 j=>f(O)=ii4j= > |?(O)| = # 


=> N(0) =-j=i + -j=j; B(0) =T(0)xN(0) =1 \ { =--±=i + -±=j + -^k; 


'>/2 V2 


3 3 3 3^2 3V2 J 3V2 

_L _L 0 


= t(! + 0 1/2 i+T(!-t) 1/2 j=>a(0)=|i+ij and v(0) = |ij+|k v(0) xa(0) = 


-?■ + 9 j + l k => I' v x a l= ^ => *(0) = ttt=-4^=t-; 


a = -l(!+t) 3/2i + i(l~0 3/2 j =>a(0) =--+ => -r(O) =• 


2 _2 I 

3 3 3 

1 3 0 

-i i 0 


I.R\ 2 6 


2 _2 i 

3 3 3 

I i 0 

3 3 


18. r = (e* sin2tji + [e 1 cos2t j j + 2^ =>\ =^e‘ sin2t + 2e cos2t|i +|e f cos2t -2e sin2f j j + 2e f k 


v = J e sin2t +2e cos2 1 +{e cos2t -2e l sin2 1 


f+M 2 


^T = |^ = (isin2t+|cos2t)i + (icos2t-|sin2t)j+|k =>T(0) =|i + |j+|k; 
§ = (fco S 2,-|sm2,)i + (-f s i„2,-|cos2,)j=.f<0)-fi-p^|f(0)|.fV5 


■ N(0) = 


(3 1 3j) _ 1 j 2 j. 


(*Ji\ y /5 45 


-^j ; B(0)=T(0)xN(0) = f | j 

W “A ° 


a = ^47 cos2t -3e f sin2t ji + |-3e f cos2t -Ae sin2t j j + 2e*k => a(0) = 4i — 3j +2k and 

i j k 

v(0) = 2i + j + 2k => v(0)xa(0) = 2 1 2 = 8i+4j-10k |vxa| = V64+T6+T00 = 67? and 

4-3 2 

|v(0)|=3^k(0)=^ = ^; 

a = 1 Ae 1 cos2t-8e f sin2t -3e f sin2t -6e cos2tji + {^-3e cos2t +6e sin 2t -Ae sin2t-8e f cos2tjj + 2e f k 
= |-2e / cos2t -lie sin 2f ji +|-lle ? cos2t + 2e f sin2t j j +2e ? k => a(0) = -2i — 11 j + 2k 


■ r(0) = 


2 1 2 
4-3 2 
-2 -112 
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19. r = ti+^e 1 '\ => v =i + e 2, j => |v| = yll + e 4t => T = ^JL-i => T(ln2) = ^j; 

d T _7 e 4 ' . 2e 2 ‘ • rfT,, -30 . 8 . XT/1 ,, 4 . 1 . 

— 7 — — — — Tfi 1 + — V1 1 =>-r-(ln2) =—^= 1 +— 1 => N(ln2) = —+ 

dt ( 1+e4 ') ( 1+<?4, ) / ^ 1? ^ Vl7 17 J 

i j k 

B(ln2) =T(ln2)xN(ln2) =-d= 0 =k; a = 2e 2? j => a(ln2) = 8j and v(ln2) = i+4j 


Vl7 7+7 


i j k 


• v(ln2)xa(ln2) = 1 4 0 = 8k => vxa = 8 and |v(ln2)| = ^/^7 => K(ln2) = 


| 0 8 0 | 

1 4 0 
0 8 0 

a = 4e 2 'j => a (In 2) = 16j => r(ln 2) = ° 16 2 ° = 0 

Ivxal - 


17x/t7 ’ 


20. r = (3cosh2t)i + (3sinh2t) j + 6tk => v = (6sinh2t)i + (6cosh2t) j + 6k 

=>|v| = V36sinh 2 2t + 36 cosh 2 2t +36 = 6V2cosh2t =>T =-j^ = |-Vtanh2t ji+-j^j+ |-j^ sech 2tjk 

3T(in2) = +75 i+ 75 i+ I7ff k; "=(^s«l> 2 2')i-(^s=li2/B„h2r)k 


' * ,ln 2 ) -(^3) (17) 1 (^)(l 7 )(l 7 ) k ~ 28971 1 2S»l/2 k ^ <bl 25 _ V( 289^2 


tA-At 


N(ln2) = jyi—|yk; B(ln2) = T(ln2)xN(ln2) = jj * =-* i+ jfi-* k ^ 

£ 0 -{? 

= (l2cosh2t)i + (l2sinh2t) j => a(ln2) = 12(y)i + 12^y) j = yi +4pj and v(ln2) = 6(y)i + 6^-y) j +6k 


i j k 


= J + ^k => v(ln2)xa(ln2) = 4^ 6 = —135i + 153j-72k => |v xa| = 153^2 and |v(ln2)| =-^-V2 


51 45 r, 
2 2 


■ 7c(ln2) = 153 ^ 2 3 a = (24sinh2f)i + (24cosh2t) j => a(ln2) = 45i + 51j => r(ln2) = 

(f^ 2 ) 


f £ 6 

4 4 

£t f o 

2 2 

45 51 0 


_I _ 32 

J 2 867 


21. r = ^2 + 3t +3t 2 ji + ^4t + 4t 2 j j -(6cost)k => v = (3 + 6t)i + (4 + 8t)j + (6sint)k 


v|=^(3 + 6t) + (4 + 8t) + (6sint) = V25+100t+100C + 36sin-t 

rfivl i _ _7 . 7 \ -1 / 2 /_ _ — . X 


’ ~d^ = 2^(25 + 100t + 100t 2 +36sin 2 t 


j (100 + 200t + 72sintcost) =^> a r (0) = ^(0) = 10; 
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a = 6i + 8j +(6cost)k => |a| = ^6 + 8 2 + (6cost) - = VlOO + 36cos 2 t => |a(0)| = Vl36 
=> a N = -\/|a| 2 -cif =Vl36-10 2 = ^36 = 6 => a(0) = 10T + 6N 

22. r = (2 + t)i + ^t+ 2t 2 j j + |l+t 2 jk => v = i + (l + 4t)j + 2tk => |v| = ^ 1 2 + (l + 4t) 2 + (2t) 2 = ^2 + 8t + 20t 2 
^^M = i(2+8t + 20t 2 ) 1/2 (8 + 40t)^>a r =-^(0) = 2V2; a = 4j + 2k => |a| = ^4 2 +2 2 =yf20 
=> a N = -\/|a| 2 -of = ^20-(2>/2 ) 2 = Vl2 = 2^3 => a(0) = 2 V 2 T +2^3N 


23. r = (sint)i + ^V2 cost) j + (sint)k => v = (cost)i -{y[l sintjj + (cost)k 

: ^(cost)“ +^—yj2 sint) + (cost)“ = V 2 => T = = |-)^costji-(sint)j + |-J=costjk; 

^sintji -(cost) j -(-^sin t)k => \f\ = ^(-^sint) + (-cost) 2 + (-^sint) = 1 
^ -^-^sint)i-(cost)j-^sint)k; 


=> v = . 


dr _ 

dt \ V 2 


■ N = ■ 


B = TxN = 


-4=cost -sint —Ccost 


4~2 




—1= sin r -cost —!= sin t 

42 42 


4~2 42 ’ 


a = 


(-sint)i- (yj2 costjj-(sint)k 


■ vxa = 


i j k 

cost -V2 sint cost 
-sint -V2cost -sint 


= V2i-V2k 


Ivxal =y[4 =2 =^> k =Jl^l = — 2 __ 1 . ^ = (-cos/)i+(V2sin/)j-(cos/)k 

|v| (V 2 ) V ’ 


=> T = 


cos t —s/2 sin t cos t 
—sin t —yjl cos t —sin t 
—cos t yfl sin t —cos t 


(cos t)^j2 sin /^ (0)+(cos t)(-y/2 j 


= 0 


vxa 


24. r = i + (5 cos /)j + (3 sin /)k => y = (-5sin /)j + (3cos/)k => a = (-5 cos /)j - (3 sin /)k 

=> v a = 25sin/cos/ -9 sin/cos/ = 16 sin/cos/; v a = 0 => 16 sin/cos/ = 0 => sin / = 0 or cos / = 0 
=^> / = 0, y or n 


25. r = 2i + (4sin^) j +(3 -^)k => 0 = r (i - j) = 2(1) + (4sin-|)(-l) ^>0 = 2 -4sin-| => sin 


2 2 


4 = => f = tf- (for the first time) 


26. r(t) = 


(t) = ?i + t 2 j +t 3 k => v = i + 2tj +3t 2 k => |v| =-\/l + 4t 2 +9t 4 => |v(l)| = -J\A => T(l) = +-^=j +-^==k, 


which is normal to the normal plane => -^= (x - 1) + -j= (y -1) + -^= (z -1) = 0 or x + 2y + 3z = 6 is an equation 
of the normal plane. Next we calculate N(l) which is normal to the rectifying plane. Now, a = 2j + 6tk 
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• a(l) = 2j + 6k => v(l) x a(l) = 


i j k 

1 2 3 
0 2 6 
rV 2 


= 6i - 6j + 2k => |v(l) x a(l)| = -Jl6 => k(1) = 


V76 = Vl9 . 

(Vi4) 3 ^ 


Hv(0H^ =i 4(i+ 4 r+ 9 t 4 ) ( 8?+ 36^)| f=i =^, so a=^T + K (f) N 

> 2 * +6k = + N =■ N ' wFt‘ "I i V k ) 


. 11 , 


7 L (x-l)-y(v-l)+-y(z-l) = 0 or or 11X + 8J-9Z =10 is an equation of the rectifying plane. Finally, 

i j k 

1 2 3 

-11 -8 9 

3.r -3 y + z - 1 is an equation of the osculating plane. 


B(>, = T(l)xN(l)=(3§)(^)(t) 


= ^y=(3i 3 j + k) => 3(x-l) -3(y -1) + (z -1) = 0 


or 


27. r = e\ + (sint)j +ln(l-t)k => v = e‘i + (cost)j-(-j-h-)k => v(0) =i + j-k; r(0) = i => (1, 0, 0) isontheline 
=> x = 1 + t, y =t, and z = —t are parametric equations of the line 


28. r = costji + [^2 sintjj +?k => v = (-V2 sinrji + [y/2 cost) j 


+ k 


v(^) = (-V2 sin^)i+ (V2 cos-^) j-tk =-i + j-tk is a vector tangent to the helix when t=- 1-=> the 
tangent line is parallel to v^-j); also r [^j = cos-|-)i + (^2 sin-|-) j + -|-k => the point ^1,1,-|-) is on the 
line => x = 1 - 1, y = 1 + 1, and z = -j +1 are parametric equations of the line 


29. x z = 


2 2 \ 2 1 2 \ / 2 • 2 \ 2 2 \ 2 \ 22 

vq cos ajt~ andiy + -jgt~ = ^vosin“ajt => x + y gt ~ v o { 


30. s=%fe+y* = 


2-2 xx+yy ..2 , -2 -2 -2 , -2 

1 ” - ~^x +y -S =X +y 


(xx+yy) 2 _ (* 2 + y 2 )(* 2 +y 2 )~(x 2 x 2 +2xxyy+y 2 y 2 ) 


■Jx 2 +y‘ 


•2 -2 
x+y 


■2 ■2 
x+y 


x 2 y 2 +y 2 x 2 -2xxy y _ (x y-y x) 


■ 2 ■2 
x +y 


• 2 -2 
x +y 


■ \[x 


2 , -2 -2 xy-yx 

x +y —s = , 


x 2 +j 2 

Cv’-V V 


3/2 


(i 2 +y 2 ) 
|i y-yx| 


= t = P 


31. s = a#=>6>=-=>^ = - + -f=>-^ = -=>jc = |-|= - since a > 0 

a T a 2 as a \a\ a 

DO _ OT 


32. (1) ASOT-ATOD 


OT SO 


6380 


6380- 


6380 6380+437 ^'^° "6817 

=> Jo ® 5971 km; 

(2) vA --c^4 + ^i dy 

f 6817 / 3 

rf -06380“ —y 
J5971 v 


= 2n 


6380 


^6380 2 -y 

(•6817 r T 

2^-J 597i 6380 dy = 2n [6380y] 


dy 


6817 

5971 


= 16,395,469 km 2 * 1.639xl0 7 km 2 ; 


(3) percentage visible 


16,395,469 km- 
4^(6380 km) 2 


; 3.21% 
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CHAPTER 13 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) r(0) = (acos69i + (asin 6)] + b9k => ^ = [(-asint/i + (acos6 | )j +/?k] 


v — - 


= f .77T?f=,f: 


2 g- 


2 gb 0 , de I 


dt dt \ a 2 +b 2 \ a 2 +b 2 dt \9=2 jt \ a 2 +b 2 


4 ?rgb _ 2 / 


(h) f = 


2 de_ 

a 2 +b 2 4d 


2gb 


dt => 20 1/2 = ,+ C; t = 0=># = 0=>C=0=> 26> 1/2 = 


2g6 


■ 6 > = - 


gt>r 




; z = bd => z = ■ 


-(/+/) 


(c) v(t) = ^ = [(-asin<9)i + (acos<9)j + bk\^ = [(-asin 9)i + (a cos 6) j +frk]| f^ 2 j, from part (b) 
=> v(t) = 


(-a sin 0 )i+( a cos 9) j+i>k 

f 8bt \ 

\la 2 +b 2 

W« 2 +* 2 J 


gbt 

4a7,b 2 


dt 


gbt 


a 2 +b 


2 

[(-a cos 6>)i - (a sin 6 | )j]('^p) + [(-a sin #)i + (« cos #)j + Ak ] 
j" [(-a cos 9)i - (a sin 6>)j] + [(—a sin ^?)i + (a cos 6) j + Z>k] | 

' (-4^) [(-co s - (sin 69j] : 


dr 

gb 

a 2 +b 2 


(-a sin 9)i+(a cos60j+Z>k 

7744 


gb 


'J a 2 +b 2 


gb T+af^-rl N (there is 


\la 2 +b 2 


no component in the direction of B). 


2. (a) r(6>) = (a# cos 6*) i + (a6 , sin6 , )j +b6k => cos #-a<9 sin 6*)i + (asin 6 + ad cos 6) j +6k]-^-; 

\V2 / da\ Ja >/2 gbd 


V = • 


(b) s = ^\x\dt = ^a 2 +a 2 9 2 +b 2 ^ ^jj-dt = J^o 2 +a 2 0 2 +b 2 ^' d6=\^{^ 
= J o aj a +u 2 du =aj 0 a7c 2 +u 2 <du, where 

-f [*!■ 


jc 2 +9 2 + c 2 In 


0 + 7c 2 +9 2 


3. r = 


c = 

-c z Inc j 

(l+e)r 0 (esin 9) 


7747 


■ s = a 


0 < 2 , 2 2, r 2 t 1 / 2 j 

a +a w +o | du 

l 


W777 + 4ln 


2 2 
u + V c + 


(l+g)r 0 d,. _ (l+e)>- 0 (esing) . Q _ 

1+ecos# (1+ ecos#) 2 ’ dd (l+ecos<?) 2 


= 0 => (l + e)r 0 (esin (9) = 0 => sin£? = 0 


9 = 0 or n. Note that > 0 when sin 9 > 0 and 7=<0 when sin 9 < 0. Since sin 9 < 0 on -n <9 < 0 

du du 


and sin 9 > 0 on 0 < 9 < n, r is a minimum when 9 = 0 and r(0) = 


(l+g)'o 

1+ecosO 


= '0 


4 (a) f(x) = x — 1—d-sinx = 0 => /(0) = -1 and /(2) = 2-1-d-sin2 >d- since |sin2| < 1; since/is continuous 
on [0, 2], the Intermediate Value Theorem implies there is a root between 0 and 2 
(b) Root «1.4987011335179 

5. (a) v = x i + y j and v = r u r + r9 u 9 = (r) [(cos 9) i + (sin 9) j] + (r6) [( -sint?)i + (cos#)j] => v i = x and 
v i = r cos 9-r9 sin 0 => x = rcosfi'-rtjsint?; v j = y and 
v • j = rsin 9+ r6 cos 9 => y = r sin 9 + r0 cos 0 
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(b) u r = (cos #)i + (sin #)j => v u r = icos# + ysin# = (fcos#-r#sin#j (cos#) +(f sin# + r#cos#) (sin#) 
by part (a), =>vu r =r; therefore, r =icos# + ysin#; u# = -(sin #)i + (cos 6) j 
=> v -vlq = -xsin 6 + ycos# = [r cos#-/'# sin#) (-sin#) + (f sin # + r# cos#) (cos#) by part (a) 

=> v • = r#; therefore, r# = -x sin # + y cos # 




=■ v = 


«• r - m =• £ - /■(«)£ =• £f - rm(f) * 

)u,. + r^u 0 =(cos#^-rsin#^)i + (sin#^ + rcos#^)j 

') 2+, ' 2 (^) 2 = iff + f 2 / (^) ; |v*a| = |iy-yx|, 

where x = rco&0 and y = r sin#. Then -^ = (-rsin#)-^- + (cos#)-^ 
^^ f , ( _ 2 s i„e)££-( rc „ s (,,(£) 2 -(„ 1 „(,)A +(cos<9) ii ; £ = ( r» s 9)f + (s i n»)£ 

=> = (2cos#)-^4 1 -(rsin#) + (r cos#)+ (sin#). Then, after much algebra Ivx: 

dr dt dt V dt > dr dt " ~ " 1 


- r 2 (f) Sf +2 f (f) =(f) (/ 2 -/-/’ + 2 </') 


2\ . |vxa| f--f. r+ 2(f) 

Ivl “ r, ., 1 / 


V 


[iff+f 2 ]' 


7. (a) Let r = 2 -t and # = 3t =^> = -1 and ^ = 3 => = 0. The halfway point is (1, 3) => t = 1; 

dt dt dr dr 


dt 


y = '7h u i- +ri f n d =>v(l) = -u r + 3u 0 ; a = 


. de. 


d^r 

(d9\ 2 


—— r i 

dt 2 

\dt) J 

+ 


r d~9 +2— ^9 

^f 2 dt dt 


=^> a(l) = -9u ; . -6u e 

(b) It takes the beetle 2 min to crawl to the origin => the rod has revolved 6 radians 


=> L = 


1, 


J><«f *[nmfde - j o 6 V( 2 -f) 2 +(-y) 2 ‘ de - = J„‘ ^-f+f+l ^ 

6 hi-ne+e 1 


d <>=\ 


C'l ^ 2 


+ 1 ## = } 


( 0 - 6 ) 


V(#^6? 


+ 1 +^ln 


# -6 + 


V (^- 6 ) 2 


+ 1 


l 6 

-0 


= V37-J-ln(V37 -6) « 6.5 in. 


8. (a) v = rcos# => dx = cos#fi/r-rsin# d9; y = r sin# => dy = sin 0dr + r cos# d0\ thus 

2 2 2 2*2 2 

dx" = cos Odr" -2rsin#cos#fi/r dO + r sin ^ 9 d8~ and 

Jy 2 = sin“ # dr 2 + 2r sin #cos 8dr d9 + r 2 cos 2 9d # 2 => ofa 2 = fi?.r 2 + Jy 2 + g/z 2 = c?r 2 + r 2 d # 2 + g/z" 


(c) r = e® => dr = e®d9 


=^> Z, = J" V dr 2 + r 2 dd 2 +dz 2 


f^e W + e 2d + e le d9 

f ln8 V3e^# = te 

*0 L 


nln8 


= 8V3-V3 =7V3 


(b) 



Copyright © 2014 Pearson Education, Inc. 



Chapter 13 Additional and Advanced Exercises 


971 


9. (a) u,.xu 0 


* j k 

cos 6 sin 6 0 

-sin<9 cost? 0 


k => a right-handed frame of unit vectors 


( b ) = (-sin 6)i + (cos <9)j = u^, and = (-cos0)i-(sin0)j = -u r 

(c) From Eq. (7), v = fu,. +r0 +zk => a = v = (fu,. + fu,. ) + (f#u^ +r6\ig +r6xig\ + zV. 
= |r -r# 2 ju r +[i-6 + 2i-6 }x\q +z k 


10 . 


L(t) = r(()xmv(/) => x rn\ j + |r x m yf-j: 


F = ma => —^-r = mu =^> = r x ma = r x 

u 3 * 


7 


—Vr 

r 3 


^ = (vx mv) + (rxma) = rx ma; 

= —^(r x r) = 0 => L = constant vector 

u 3 


Copyright © 2014 Pearson Education, Inc. 



972 Chapter 13 Vector-Valued Functions and Motion in Space 


Copyright © 2014 Pearson Education, Inc. 



CHAPTER 14 PARTIAL DERIVATIVES 


14.1 FUNCTIONS OF SEVERAL VARIABLES 


1. 

(a) 

m o)=o 


(b) 

/(-l, 1) - 0 


(c) 

/(2, 3) =58 


(d) 

/(- 3,-2) =33 







2. 

(a) 

/(2.f) = 4 


(b) 


1 

■J2 

(c) 



(d) 

1 

1 

^1 

II 

1 







3. 

(a) 

/(3, —1,2) = j 


(b) 

/('•h-i) 

_ 8 

5 

(c) 

/(°,-I °) = 3 


(d) 

/(2, 2,100) = 0 







4. 

(a) 

/(0,0,0) = 7 


(b) 

/(2, -3, 6) = 

= 0 

(C) 

/(-l, 2,3)=V35 


(d) 


n 







5. Domain: all points ( x, y ) on or above the line 
y = x + 2 



7. Domain: all points (x, y) not lying on the graph of 
y = x or y = x 3 



/V 

/ ✓ V = v 

✓ ' 
/ y 

M.-u 

s / 



6. Domain: all points (x, y) outside the circle 

x 2 + y 2 = 4 



8. Domain: all points (x, y) not lying on the graph 
of x 2 +y 2 = 25 


y 


6 

... V+y J = 25 

S 4 

/ 

/ 2 
/ 

s 

\ 

\ 

\ 

CT \ 

•L 

to 

* 1 1 * 

2 4 | 6 

\ -2 

\ 

V -4 

/ 

/ 

/ 



-6 
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9. Domain: all points ( x, y) satisfying 


10. Domain: all points (x, y ) satisfying 


x 2 -1 < y < x 1 +1 


(x -l)(y + 1) > 0 




11. Domain: all points (x, y) satisfying 


12. Domain: all points (x, y) inside the circle 


(x - 2)(x + 2)(y - 3)(y + 3) > 0 


x 2 + y 1 =4 such that x 2 + y 2 ^3 



3 






v = 3 

_2 



>' = -3 


-3 





13. 14. 




15. 16. 
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17. (a) Domain: all points in the xy-plane 

(b) Range: all real numbers 

(c) level curves are straight lines y —x = c parallel to the line y = x 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

18. (a) Domain: set of all (x, y) so that y-x>0=>y>x 

(b) Range: z > 0 

(c) level curves are straight lines of the form y -x = c where c > 0 

(d) boundary is -Jy — x = 0 => y = x, a straight line 

(e) closed 

(f) unbounded 


19. (a) Domain: all points in the xy- plane 

(b) Range: z > 0 

(c) level curves: for f(x, y) = 0 , the origin; for f(x, y) = c > 0 , ellipses with center (0, 0) and major and 
minor axes along the x- and y-axes, respectively 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

20. (a) Domain: all points in the xy-plane 

(b) Range: all real numbers 

(c) level curves: for f (x, y) = 0, the union of the lines y = ±x; for f(x, y) = c * 0, hyperbolas centered at 
(0, 0) with foci on the x-axis if c > 0 and on the y-axis if c < 0 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

21. (a) Domain: all points in the xy-plane 

(b) Range: all real numbers 

(c) level curves are hyperbolas with the x- and y-axes as asymptotes when / (x, y) * 0, and the x- and 
y-axes when / (x, y) = 0 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

22. (a) Domain: all (x, y) ^ (0, y) 

(b) Range: all real numbers 

2 

(c) level curves: for /(x, y) = 0, the x-axis minus the origin; for /(x, y) = c 0, the parabolas y = cx~ 
minus the origin 

(d) boundary is the line x = 0 

(e) open 

(f) unbounded 
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23. (a) Domain: all (x, y) satisfying x + y <16 

(b) Range: z>j 

(c) level curves are circles centered at the origin with radii r <4 

2 2 

(d) boundary is the circle x +y =16 

(e) open 

(f) bounded 

7 7 

24. (a) Domain: all (x, y) satisfying x +y <9 

(b) Range: 0 < z < 3 

(c) level curves are circles centered at the origin with radii r < 3 

2 2 

(d) boundary is the circle x" +y =9 

(e) closed 

(f) bounded 

25. (a) Domain: (x, y) * (0, 0) 

(b) Range: all real numbers 

(c) level curves are circles with center (0, 0) and radii r > 0 

(d) boundary is the single point (0, 0) 

(e) open 

(f) unbounded 

26. (a) Domain: all points in the .n -plane 

(b) Range: 0 < z < 1 

(c) level curves are the origin itself and the circles with center (0, 0) and radii r > 0 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

27. (a) Domain: all (x, y) satisfying -\<y-x <1 

(b) Range: ~<z<^- 

(c) level curves are straight lines of the form y-x = c where — 1 < c < 1 

(d) boundary is the two straight lines y = 1 + x and y = -1 +x 

(e) closed 

(f) unbounded 

28. (a) Domain: all (x, y), x ^ 0 

(b) Range: -f < z <f 

(c) level curves are the straight lines of the form y = cx, c any real number and x ^ 0 

(d) boundary is the line x = 0 

(e) open 

(f) unbounded 

7 7 

29. (a) Domain: all points (x, y) outside the circle x +y =1 

(b) Range: all reals 

(c) Circles centered at the origin with radii r > 1 

2 2 

(d) Boundary: the circle x +y =1 

(e) open 

(f) unbounded 
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7 7 

30. (a) Domain: all points ( x, y ) inside the circle x~ +y~ =9 

(b) Range: z<ln9 

(c) Circles centered at the origin with radii r <9 

2 2 

(d) Boundary: the circle x +y =9 

(e) open 

(f) bounded 

31. f 32. e 33. a 


34. c 35. d 

37. (a) 


38. (a) 




36. b 


(b) 



y « ii ii n ii 
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41. (a) (b) 
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44. (a) 


Z 



45. (a) 




47. (a) 



(b) 



(b) 



’ = -! 


2 = 0 

1 

2 = 1 

0 

2 = 0 


2 = —1 

_2 




(b) 
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61. f(x, y, z) = sjx-y - In z at (3, -1,1) => w = *Jx-y - In z; at (3, -1,1) => w = ^/3 — (—1) - In 1 = 2 
=> -yjx-y - In z = 2 

62. f(x, y, z) = In ^ x 2 +y + z 2 j at (-1, 2,1) => w = ln^x 2 +y + z 2 j; at (-1, 2,1) => w = ln(l + 2 + 1) = In 4 

In 4 = In ( x 1 + y + z 1 ] => x 1 +y +z 2 =4 


63. 


g{x, F) z ) — V* - + (b — 1, V2 j => w — \]x~ +y~ +z 2 ; at ^1, —1, a/ 2 j => w — -Jl 2 + (—l) 2 + ^a/2 - 2 

=> 2 = yjx 2 +y 2 +z 2 => x 2 ++ 2 +z 2 =4 


64. 


g(*,J,z)=^ 7 at (1.0>-2)^w^; at (1, 0, -2) => w 
=> 2x - + + z = 0 


l-0+(-2) 
2(1 )+ 0 —(— 2 ) 


I 

4 


1 _ x—y+z 
4 2x+y—z 


65. A x ,y)=X{f 

n =0 



x_ 

y 


<1 


=^> Domain: all points (x, y) satisfying |jc|<|j/|; 
at (1, 2) =^> since |^j < 1 => z = - 2 


y 

y-x 


2 => y = 2x 
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66 . g(x, y, z) = V ^ A+ - v ^ = e^ x+y ^ z => Domain: all points (x, y, z) satisfying z =£ 0; 

n=0 " !z 

at (In4, In9, 2) => w = <4 ln4+ln9 ) /2 = e (ln36)/2 = g ln 6 = 6 ^ 6 = e (*+r)/z £±Z = ln6 

67. f{x, y) = ^= sm~ l y-sin' 1 x 

=> Domain: all points (x, y) satisfying —1 < x < 1 and 

-1 < y < 1 ; 

at ( 0 , 1 ) => sin - 1 l-sin -1 0 =y => sin - 1 y-sin -1 x =y. 1 

Since -y<sin - 1 y<y and -y<sin - 1 x<y, in order 
for sin -1 y -sin -1 x to equal y, 0 <sin - 1 y<y and 
-y<sin - 1 x<0; that is 0<y<l and -l<x<0. Thus 
y = sin ij + sin -1 x j = yjl-x 2 , x < 0 

68 . g(x, y, z) = + f 4^— = tan -1 y-tan -1 x + sin -1 (- 7 ) => Domain: all points (x, y, z) satisfying 

' Jx t+r J o y/ 4 - 0 2 ' v 2 ' 

-2 < z < 2; at ( 0 , 1, V3 j => tan -1 1 - tan -1 0 +sin -1 = ^ => tan -1 y - tan -1 x+ sin -1 = 2y. Since 
-y < sin -1 |-|j <y, -y < tan -1 y-tan -1 x < => z = 2sin^2y-tan -1 y + tan -1 xj, 

-jy < tan -1 y - tan -1 x < yy 

69-72. Example CAS commands: 

Maple : 

with( plots); 

f := (x,y) -> x*sin(y/ 2 ) + y*sin( 2 *x); 
xdomain:= x=0..5*Pi; 
ydomain:= y=0..5*Pi; 
x 0 ,y 0 := 3*Pi,3*Pi; 

plot3d(f(x,y), xdomain, ydomain, axes=boxed, style=patch, shading^hue, title="#69(a) (Section 14.1)"); 

plot3d( f(x,y), xdomain, ydomain, grid=[50,50],axes=boxed, shading=zhue, style=patchcontour, 
orientation =[-90,0], title="# 69(b) (Section 14.1)") # (b) 

L:=evalf(f(xO,yO)); # (c) 

plot3d( f(x,y), xdomain, ydomain, grid=[50,50],axes=boxed, shading =zhue, style=patchcontour, 
contours=[L], orientation=[-90,0], title="#69(c)(Section 14.1)"); 

73-76. Example CAS commands: 

Maple : 

eq := 4 *ln(x A 2+y A 2+z A 2) =1; 
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implicitplot3d( eq, x=-2..2,y= -2..2,z=-2..2,grid=[30,30,30],axes=boxed, title="#73 (Section 14.1)"); 

77-80. Example CAS commands: 

Maple : 

x:= (u,v) -> u*cos(v); 
y:= (u,v) -> u*sin(v); 
z:= (u,v) -> u; 

plot3d( [x(u,v),y(u,v),z(u,v)],u=0..2,v=0..2*Pi, axes=boxed, style =patchcontour, contours=[($0..4)/2], 
shading=zhue, title="#77(Section 14.1)"); 

69-80. Example CAS commands: 

Mathematica : (assigned functions and bounds will vary) 

For 69 - 72, the command ContourPlot draws 2-dimensional contours that are z-level curves of surfaces 
z = f(x,y). 

Clear[x, y,f] 

f[x_,yj:= x Sin[y/2] + y Sin[2x] 

xmin=0;xmax= 5;r;ymin=0;ymax= 5 n\ {x0,y0}={3zr,3 tt}; 

cp= ContourPlot[f]x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading —>■ False]; 

cp0= ContourPlot[{f[x,y], {x,xmin,xmax}, {y, ymin, ymax}. Contours —> [f[x0,y0]}, 

ContourShading —> False, PlotStyle —» {RGBColor} 1,0,0]}]; 

Show[cp, cpO] 

For 73 - 76, the command ContourPlot3D will be used. Write the function f[x, y, z] so that when it is equated 
to zero, it represents the level surface given. 

0 0 0 ] /A 

For 73, the problem associated with Log[0] can be avoided by rewriting the function as x +y +z -e 
Clear[x, y, z, f| 

f[x_, y_,z_]:=x 2 +y 2 +z 2 -Exp[l/4] 

ContourPlot3D[f]x, y, z], {x,-5,5}, {y,-5,5}, {z,-5,5}, PlotPoints ->(7,7)]; 

For 77 - 80, the command ParametricPlot3D will be used. To get the z-level curves here, we solve x and y in 
terms of z and either u or v (v here), create a table of level curves, then plot that table. 

Clear[x, y, z, u, v] 

ParametricPlot3D[{u Cos[v], u Sin[v], u}, {u, 0, 2}, {v, 0, 2Pi}]; 
zlevel=Table[{z Cos[v], z sin[v]}, {z, 0, 2, .1}]; 

ParametricPlot[Evaluate[zlevel],{v, 0, 2zr) ]; 
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14.2 LIMITS AND CONTINUITY IN HIGHER DIMENSIONS 

1 l irT1 3.v 2 -y 2 +5 3( 0 ) 2 —0 2 +5 5 

' (x,y)—»( 0 , 0 ) x 2 +y 2 +2 0 2 + 0 2 +2 2 


2. lira = 0 

O, +)-K0,4) vr 44 


3. lim Jx 2 + y 2 -1 =^3 2 +4 2 -1 =V24 =2^6 
(x,D-K3,4) v 


4. 


lim 

(x, r)->(2, -3) 


(x + i) "(i + fi)) -(e) 


36 


5. lim sec x tan v = (sec 0) (tan -f-1 = (1)(1) = 1 
(x,D->(o,f) ' v ' 


lim cos 
(x, y)-»(0,0) 


x 2 +y 3 ] 

x+.v+l I 


= COS 


( n ~ n ° i ~ cos Q =1 
1 0 + 0+1 


7. 


lim e x y 
(x, +)—»(0, In 2) 


0-ln2 

e 



1 

2 


lim In 

(a, v)—>(1, 1) 


1,22 

l + x y 


= In 


1 + ( 1 ) 2 ( 1) 2 


= In 2 


9 Hm *li = lim ( e rVsinx\ = e 0 . j^/sinxl M=1 

(a,+)->(0,0) x (x, v) —>( 0 , 0 ) ' /V x / x -»0 ' x ' 


10. lim cosx/vy = cos^/(i 7 =-W 3 =cos 

(x, _y)—>(1/27, k 3 ) V ■ VU7/ 


11 . 


lim 


.xsmjy 


(x, >>)—>(1, 7Z-/6) A +1 


lsin (f) 1/2 1 

1 2 +1 2 4 


12 . 


lim 

(x, r)-»(f, 0) 


cos v+1 
v—sin x 


(cos0)+l 

0-sin(f) 


1+1 

-1 


= -2 


13. lim 4— 2xv+v _ jj m (a v) _ y m (x-y) =(1_1) =0 

(x,r)->(14) x “ v (a.D-K 1,1) x ~y (x,D-KU) 

x^y 


14. lim 4—i— = li m (-'+i)(-' 3> _ jj m (x + j) = (1 + 1) = 2 

(x, j')—>(1,1) x “- v (a, +) >(1,1) x ~y (x, D->(1.1) 

X++ 
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15. iim *y-y-2*+2 

(x,jO-KU) x ~ l 

X^\ 


lira (x 1)( y 2) = lira (y-2 ) = (1-2) = —1 
(*,jO-XU) X_1 1 , 1 ) 

x+1 


16. 


Iim —t - y+4 

(x,y)->( 2,-4) x-y-xv+ 4x - 

_y+-4,x+x 2 


Ax 


lim 

(*.jO-X 2,-4) 
yz- 4,x+x 2 


v+4 

x(x-l)(y+4) 


lim 

(x,y)->(2,-4) 

2 

x+x 


1 

x(x-l) 


1 

2 ( 2 - 1 ) 


1 

2 


x-y+2s[x-2-Jy 


17. lim r r 

(jc, >( 0 , 0 ) v^-yv 

x^y 


lim 

(x,vE+(0,0) 

x+v 


(4x-Jy^ (Vx+ 7 y+ 2 ) 

4x-yfy 


lim 

(x,yf+(0,0) 


(Vx+Vv+2) = (V0+V0+2) 


+ 2=2 


Note: (x, y) must approach (0, 0) through the first quadrant only with x*y. 


18. lim 


x+y-4 


lim 


{yjx+y+l^^x+y-l'j 


lim 


(x, y)—>(2, 2) yfx+y-2 ( x ,y)^>(2, 2) *J*+y~ 2 (x, y)-K 2,2) 

x+y+4 x+y+4 x+y+4 


x + y + 2 j — ^ V2 + 2 + 2 j —2+2 


= 4 


19. lim 


^2x-y-2 


lim 


^2x-y-2 


lim 


1 _ 1 


(x, _v)—>(2,0) 2 *-y-4 (x,y)->(2,0) U2x-y+2)U2x-y-2) (x,y)-+(2,0) px-y+2 2 4 

2x-v+4 2x-y+4 


20 . 


lim 


V-y—V ++1 _ 


lim 


'Jx-^[yy^ 


lim 


1 _ 1 


(x, v)->(4,3) (x, y)-+(4,3) (%/I+Vv+i)(s/x--/y+i) (x, y)->(4,3) V*+x/++i -74+^3 4+ 

x— v+1 x-y+1 


21 . 


lim 


in(x 2 +y 2 ) sin(r 2 ) 2rcos(r 2 ) / 

— -— = lim —-x—— = lim- ^—L = ij m CO s f r j = 1 


(x, y) -> (0,0) x 2 +y 2 r—>0 r 2 r^+0 lr r ^>0 


22 . lim 


l-cos(xy) _ j- m 1—cos if 


(x,y)-»(0,0) ^ u->0 


= lim = 0 

l <->0 1 


23. 


lim 


x 3 +y 3 


lim 


(x, >-)—>(!, -1) x+ t ; (x, y )—>(1, —1) x+ y 


'" V|( :7 V) ■ lim (+-W)-(i 2 -(1X-1) + H) 2 ) 

x+ >> (x, y)-+(l, -1)' > 1 ) 


= 3 


24. 


lim 


lim 


*-.v 


lim 


(x, y)—>(2,2) x -y 4 (x, v)—>(2, 2) (x+y)(x-y)|x 2 +y 2 J (x,^)->(2,2) (x+y)(x 2 +y 2 J (2+2)(2 2 +2 2 j 


32 


25. 


lim fi + i + l) 

p—>(i, 3 , 4 ) \ x y 2 1 


=i+i+i 

13 4 


12+4+3 19 

12 12 


26. 


lim 


2xy+yz _ 2(1)(-1)+(-!)(-1) _ _ 2+ l _ 1 


J°—>(1, —1, —1) x 2 +z 2 


l 2 +(-l) 2 


1+1 


27. 


( 2 2 2 \ l 2 2 2 \ 2 

sin"x + cos y + sec z j = ^sin" 3 + cos~ 3 +sec“ Oj = 1 + 1” = 2 


P->(3,3,0) 


28. 


lim tan l (xyz) = tan 1 (-\~-2\ = tan *(--4 

P^(-if,2) 4 2 l 4 
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29. lim ze 2y cos2x = 3e 2 ^ cos 2n = (3)(1)(1) = 3 
P->U, 0,3) 


30. 

1 

lim 

In, 

Jx 2 +y 

2 + z 2 = In yj 

2 2 +(-3) 2 +6 2 

= lnV49 

= In 7 



P—>(2, - 

3,6) 






31. 

(a) 

All 

(x, y) 




(b) 

All 

(x, y) 

except (0,0) 

32. 

(a) 

All 

(x, y) 

so that 

xYy 


(b) 

All 

(x, y) 


33. 

(a) 

All 

(x, y) 

except 

where x = 0 

o 

II 

O 

(b) 

All 

(x, y) 


34. 

(a) 

All 

(x, y) 

so that 

x 2 - 3x + 2 ; 

t 0 => (x-2)(x- 

-1)* 

:0^> 

■ x Y 2 

and x ^1 


(b) 

All 

(x, y) 

so that 

2 

y ^ x 






35. 

(a) 

All 

(x, y,. 

z) 



(b) 

All 

(x, y, 

z) except the 


36. (a) All (x, y, z) so that xyz > 0 

37. (a) All (x, y, z) with z * 0 


2 , 2 , 
v +y =1 


(b) All (x, y, z) 


(b) All (x, y, z) with x 2 + z 2 ^ 1 


38. (a) All (x, y, z) except (x, 0, 0) 

39. (a) All (x,y,z) such that z > x 2 +y 2 +1 

40. (a) All (x, y, z) such that x 2 + y 2 +z 2 <4 


(b) All (x, y, z ) except (0, y, 0) or (x, 0, 0) 

(b) All (x, y, z ) such that z ^ \Jx 2 + y 2 

(b) All (x, y, z) such that x~ +y~ + z~ >9 except when 
x 2 +y 2 +z 2 =25 


41. lim — , * = lim - . x = lim = lim --=^= lim -4= 

(x, y)->(0,0) yjx 2 +y 2 x->0 + v x 2 +x 2 x-»0 + ^ 2 M x->0 + ^ 2x v _>o + V2 
along y=x 
x>0 


lim — . * = lim —p - - hm —— = bm "7= = - 7 = 

(x, v)“>(0,0) \]x 2 +v 2 x— »0 - v2|x| V2(-x) v _>.(r V2 

along v=x 
x<0 


1 . 

J2’ 


42. 


lim 

(x, >’)->(0, 0) 

along >>=0 


c 4 + y 2 


lim - 

x—>0 x 



2 


= i; 


lim 

(x, y) —>(0, 0) x 4 +y 
2 

along y=x 


2 


lim * , 


= lim -22- 
x-»0 2x 


1 

2 


x 4 - 2 x 4 —(fa: 2 1 

43. lim • = lim-- —— 

(x, r)->(0,0) x +y x->0 x 4 + t/a 2 Y 
along y=kx 2 ' ' 


4_i2 4 i — L.2 

lim K 4 = different limits for different values of k 

v->0 x +k x 1 +k 
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44. 


lim t- 4 = lim = lim -^-t = lim if k > 0 , the limit is 1 ; but if k < 0 , the limits is -1 

(*,D-K0,0) M x^ 0 F(fa)| x^0\kx 2 \ x-»0 n 

along y=kx 
k*0 


45. lim = lim 7 ^ = -j-p => different limits for different values of k,k*-\ 

(x, j 0-K0, 0) x+y x^0 x+kx 1+k 

along y=kx 
k *-1 


2 2 

46. lim -—- = lim v ~ kx = lim => different limits for different values of k, k # 1 

(x, >>)->(0, 0) x ~y x-»0 x_kx x-»0 X ~ k l ~ k 
along y = be 
k* 1 


2 ^ 2 2 

47. lim - + ' V = lim r +k ? = bji => different limits for different values of k, k ± 0 
(x, y) — ►( 0, 0) y x->0 kx- k 

along y = kx 2 

k* 0 


48. lim j - v 7 = lim , kx ^ => different limits for different values of k 

(x,.y)->(0,0) V +y x->0 x +£ x I+£ 

along 7 = kx 2 


49 . lim 4fi_! 
(x, r)->(h i) - v “‘ 

along x = 1 


lim^—p = lim(v +1) = 2; lim — , 1 = lim 4—1 = lim (y 2 +v +l) = 3 

y->l y- 1 y->l (x,y)->(l,l) y- 1 ^1 H y ->l V ' I 

along y=x 


50. 


lim 


xv+1 


= lim 


-x+1 


(x,j0-Xi,-i)* 

along y=-\ 


x->l x - -1 x->l 


= lim —r = -4- 


X+1 


lim 

(x, _>>)->( 1, 


xy+l 


= lim 


-x J +1 


along y =—x 


1) x" 

,2 


X->1 X 2 -X 4 


lim 

X-»l 


X 2 +X+1 
(x+l)(x 2 +l) 


3 

2 


1 if y>x 4 
51. f(x,y) = < 1 ify <0 

0 otherwise 


(a) lim f(x,y)= 1 since any path through ( 0 , 1 ) that is close to ( 0 , 1 ) satisfies y>x 4 

(x,y)-M 04) 

(b) lim f(x,y) = 0 since any path through (2,3) that is close to (2,3) does not satisfy either 

(v.n ><2.3. 

y > x 4 or y < 0 

(c) lim f(x,y)~ 1 and lim f(x, y) = 0 => lim f(x,y) does not exist 

(x,^)—>(0,0) (x,D->(0,0) (x,y)->(0,0) 

along ,i=° along y=x 2 


52. f(x,y) = 

(a) 

(b) 


Jx~ if jc > 0 
[x 3 if x < 0 

lim f(x,y) = 3 =9 since any path through (3,-2) that is close to (3,-2) satisfies x>0 
(v.n >('. 2 ) 


lim f(x,y) = (- 2 ) =-8 since any path through (- 2 , 1 ) that is close to (- 2 , 1 ) satisfies x <0 
(x, _v)—>(— 2 , 1 ) 

(c) lim f(x,y) = 0 since the limit is 0 along any path through ( 0 , 0 ) with x < 0 and the limit is also 

(x,j9-»(0.0) 

zero along any path through ( 0 , 0 ) with x > 0 
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2jc^ 2(0r 

53. First consider the vertical line x = 0 => lim " A - 1 = lim ^ = lim 0 = 0. Now consider any 

(x,>>)-»(o,o)* +y y->o (0) +y o 

along x=0 

nonvertical line through (0,0). The equation of any line through (0,0) is of the form y = mx 


=> lim f(x,y) = lim 2a - v , = lim " A (mx \ 
(x, y )— >( 0 , 0 ) (x,D-K0 ,0) * +/ x ->0 x 4 +(mx)‘ 

along y=mx along y=mx 

Thus lim 2a y = 0. 

(x, v)->(0,0) x 4 +/ 
any line through (0,0) 


2 mx 5 


lim 

x->0 x +m x 


= lim 


2 mx 5 


x ^0 x x 


a = lim 

"I x-> 0 lx“+m' 


= 0. 


54. If/is continuous at (x 0 ,j ; o)- then lim f(x,y) must equal f(xQ,y 0 ) = 3. If/is not continuous at 

(x, v)—>(x 0 ,_v 0 ) 

(x 0 ,y 0 ), the limit could have any value different from 3, and need not even exist. 

55. lim fl 


(x.D-KO.O) 


2 2 
x y 


= 1 and lim 1 = 1 => lim ——— = 1 by the Sandwich Theorem 


56. lfxv>0, lim -—— 

(x,D->( 0 , 0 ) 1^1 


(x,j9-»(0,0) (x,y)->(0,0) W 

2 xv-f 

lim 


lim 

(x, y) -> (0, 0) W (x, v) -> (0, 0) 


( 2 -f) 


= 2 and lim 


(x, y) -> ( 0 , 0 ) 


2 |xv| 


2 2 \ (22 
2|-wl I —=— \ -2xyX2fe 


lim 2 = 2 ; if xy < 0 , lim — 

(x, >0—>(0,0) (*,>>)-» (0,0) W' 


lim 


lim 


(x,y)->(0,0) (x, y) -> (0,0) 


M) 


=2 and 


lim = 2 => lim 4 4cos^j\^ _ ^ t | )e Sandwich Theorem 

(x,y)->(0,0) W I 


(x,y)-»(0,0) ™ 

57. The limit is 0 since |sin(Xj| < 1 => -1 < sin^Xj < 1 => —y < jsin^Xj < y forj^O, and —y > y sin |Xj > y for 
y<0. Thus as (x,y) —> (0,0), both -y and y approach 0 => y sin |Xj —» 0, by the Sandwich Theorem. 


58. The limit is 0 since 


cos^X < 1 => -1 < cos^xj 


‘(f) 


< 1 => -1 < cos (— I < 1 -x < x cos — < x and -x > x cos — > x for x < 0 


ay 


Thus as (x,y) —> (0,0), both -xandx approach 0=>xcos(X —> 0, by the Sandwich Theorem. 

v y i 


59. (a) f(x,y )I _ 2 rang = s j n 26. The value of f{x,y) = sin2# varies with 9 , which is the line’s 

1 y-mx \ +m z l+tan 9 

angle of inclination. 

(b) Since f(x,y)\ v=mx =sin2 0 and since -1 < sin 29 <1 for every 9 , lim f(x,y) varies from -1 to 

' lx.r) >( 0 , 0 ) 


60. 


1 along y = mx. 
xy[x 2 -y 2 j =\xy\ x 2 -/ 


: (x 2 +y 2 ) 



/2 2\ 

) 2 =. 

xy[x - y j 

2 2 
x+y 

/ 


<\x\ 

. (*M 


2 , 2 
x +y 


= V-r 2 VT 2 


2 , 2 
x +y 


2 , 2 

2 2 =x +y 

x +y 


i^x 2 +y 2 ■sjx 2 +y 2 

(* 2 V) 


2 , 2 
x +y 


-(x 2 + y 2 )<_^n<_(x 2 + y 2 ) 


=> lim \xy - , 

(x,y)-»(0,0)'v x z +y z 

f( 0 , 0 ) =0 


2 2 
x-y 


■ = 0 by the Sandwich Theorem, since lim ± (x 2 + y 2 ) = 0; 

) (x.d-K o,o) v " > 


= 0 ; thus, define 


Copyright © 2014 Pearson Education, Inc. 



Section 14.2 Limits and Continuity in Higher Dimensions 


989 


61. 


x 3 -xy 2 

(x,+)->(0,0) * 2 +y 2 


lim 


r 3 cos 3 0 -(rcos 0 )(r 2 sin 2 o\ 

lim-r---- 

r —>0 r A 


;-(cos 3 0 -cos 0 sin 2 d\ 

lim -4--- i = 0 

/■-»0 1 


62. lim cos 

(x,D-K0,0) 


X 3 -/ 

x 2 +y 2 


= lim cos 
0 


= lim cos 
r -»0 


r^cos 3 0 -sin 3 6 j 
1 


= COS 0=1 


v" • 2 • 2 /l •• •• O 

63. lim — f —- = lim - S1 ” 62 = lim sin” 8 = sin” 0; the limit does not exist since sin” 8 is between 0 and 

(x,D-K 0,0 )*■+/ r —>0 r- r-> 0 ' ' 

1 depending on 6 


64. lim 2x = lim 2rcos61 = lim 2cos ^ = 2 cos / f ; the limit does not exist for cos 8 = 0 
(x,+)+>( 0 , 0 ) x 2 +x+/ ,.=>0 < +r cos 6 ,-_>o r+cos9 cosd 


65. lim tan 1 

" M+M 1 

= lim tan 1 

|rcos0|+|r sin 9\ 

= lim tan 1 

|r|(|cos 0 |+sin 0 |) 

(x,y)-K 0 , 0 ) 

x 2 + v 2 

r —>0 

r 2 

r —>0 

r 2 


lim tan 1 

|r|(|cos 0 |+|sin 0 |) 

9 

- lim tan 1 

|cos 0 |+|sin 0 | 

= 4; if r —> 0 . 

, then lim tan 1 

|r|(|cos 0 |+|sin 0 |) 

9 

r-> 0 + 

r 2 

>•— > 0 + 

r 

Z 

r->0~ 

r 2 


= lim tan 

r-»0” 


|cos 0 j+|sin 0 | 
—r 


= y => the limit is y 


66 . lim y n = lim - cos & r sm — = lim (cos 2 6 *-sin 2 t?) = lim (cos2 6) which ranges between -1 and 

(x,D-K 0 , 0 ) * +/ r— >0 r L r-> 0 ' > r-> 0 

1 depending on (9 => the limit does not exist 


67. 


lim lnf 3 -"-^> 2 l=hmln 
(x,y)-»(0,0) V x +y ) r—>0 


= lim In (3-r 2 cos 2 0sin 2 8 

r —>0 ' 


= In 3 


=> define /(0, 0) = In 3 


68 . lim 3a ~ v 
(x,D->( 0 . 0 )x-+/ 


(3rcos0)(r 2 sin 2 d\ 
lim- \ -- 

r —>0 r~ 


lim 3r cos#sin 2 8 = 0 => define /(0,0) = 0 

r ->0 


69. 


Let (5 = 0.1. Then yjx 2 +y 2 < 5 => ^x 2 + >> 2 < 0.1 => x 2 + y 2 
=> |/(X T) -/(0,0)1 < 0.01 =6. 


< 0 . 01 : 


-y 2 — 0 


< 0.01 


70. Let (5 = 0.05. Then|x|<<5 and | y |< 5 => \f(x,y) -/(0,0)| 


--0 


y 

x 2 +l 


-I T l< 0-05 


= e. 


71. Let 8 = 0.005. Then | x\< 8 and | y\< 8 =>\f(x,y) -/(0,0)| 


<0.005 + 0.005 =0.01 = 6 . 


X±L _ 0 

x 2 +l 


x+y 
X 2 +1 


<\x + y\<\x\ + \y\ 


72. Let (5 = 0.01. Since -1 <cosx < 1 => 1 < 2 + cosx <3 =>\ < =-^—<L 

3 2+cosjc 


|x+.v| 


x+y 


2 +cosx 


Z\x + y\£\x\ + \y\. 


Then \x\<8 and | y\< 8 => \f(x,y) -/(0,0)| = 


x+.v 


2 +cosx 


x+y 


2 +cosx 


<| x | + 1 y | < 0.01 + 0.01 = 0.02 = e. 
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73. Let (5 = 0.04. Since y <x +y 


2 ^ .2 2 ^ r 


M.V 

xW ^ ^ x 2 +/ 


< 1 : 


<| X I = Jx 2 < y]x 2 +y 2 <8=> |/(x, y ) - /(0,0)| 


xy 


2 2 
x+y 


< 0.04 = e. 


74. Let 8 = 0.01. If | y \< 1, then j 2 <| y |= i/y 2 " < i/x 2 +y 2 , so | x \=\[x 2 < *Jx^ +y 2 =>| x \ +y 2 < 2 <Jx 2 +y 2 


Since x 2 <x 2 +y 2 - 


2 2 
x+y 


ill x+y j 2 

< 1 and y <x +y => / 0 < 1. Then ——-< 


2 2 
x'+y 


X I J_ X. _ y 2 

x 2 +.v 2 1 x 2 +/ y 


<\x\+y 2 <2S=> \f (x, y) - /(0,0)| = 


x 3 +/ 


2 2 
x+y 


<2(0.01) = 0.002 =e. 


75. Let (5 = VO.015. Then tJx 2 +y 2 +z 2 < 8 => |/(x, j, z) -/(0, 0, 0)|= 
= ^x 2 +y 2 +z 2 j <(V0.015) 2 = 0.015 = e. 


x 2 + j 2 +z 2 -0 


2 2 2 
x +J +z 


76. Let (5 = 0.2. Then | x |< S,\y |< 8, and | z |< 8 => |/(x,j,z)-/(0,0,0)| =| xyz-0 |=| x>z |=| x || y || z |< (0.2) 3 
= 0.008 =e. 


77. Let (5 = 0.005. Then | x |< 8,\ y \< 8, and | z |< 8 => |/(x,_y,z)-/(0,0,0)| = 
< |x +y + z| < | x | +1 y | +1 zi| < 0.005 + 0.005 + 0.005 = 0.015 = e. 


x+y+z 


x 2 +v 2 +z 2 +1 


x+v+r 


x 2 +>> 2 +r 2 +l 


78. Let (5 = tan *(0.1). Then | x |< (5,| j |< 8, and | z |< 8 =>|/(x,_y,z)-/(0,0,0) = 


tan" x + tan” j + tan” z 


< I tan 1 x + tan” y + tan z = tan 2 x + tan 1 y + tan 2 z < tan 1 8 + tan” 5 + tan 8 = 0.01 + 0.01 + 0.01 = 0.03 = e. 


79. lim f(x,y,z) = lim (x + y -z) = x 0 + y 0 +z 0 = /(x 0 ,Jo- z o) ^ / * s continuous at 

(x, +, z)—>(x 0 , v 0 , z 0 ) ' (x,y,z)—>(x 0 ,y 0 ,z 0 ) 


every (x 0 ,j/ 0 ,z 0 ) 


80. lim f(x,y,z) = lim (x 2 + j 2 +z 2 ) = x\ +y$ +z\ = /(x 0 , j 0 ,z 0 ) =>/ is 

(x,y,z)-y(x 0 ,v 0 ,z 0 ) (x,y,z)->(x 0 ,y 0 ,z 0 )V ' 

continuous at every point (xq.^zq) 

14.3 PARTIAL DERIVATIVES 


L f = 4x,f- = -3 

ox dy 


i d f i d f 

2 - -k = 2 x -y’t = ~ x+2y 


f = 2 ^ + 2 ).| = +-l 


4. J^ = 5>’-14x + 3,J^- = 5x-2>’-6 


5 - = 2y(xy -1), -^ = 2x(xy -1) 


6 - = 6(2x - 3y) 2 , = -9(2x - 3 j) 2 
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7. 


M 

dx 


9. 


M 

dx 


x m y 

- ^r"jr(x + y) -■— Tn %r 

(. x+y) 2 dx (x+y) 2 & 


8 . 


M = 

dx 



-2 -&(x+y) = 

(x+y) 2 3y 


1 

(x+y) 2 


8f (*W)(l)-- 42 x) df (x 2 +y 2 )(0)-x(2y) 2xy 

8X (. x 2 +y 2 f pV) 2 ’ ^ (. x 2 +y 2 f (x 2 +y 2 f 

df _ (jcy-l)(l)-(.Y+v)(v) _ — v" —1 df (:*y—1)(!)—(-v+y)(-v) -x 2 -l 

(xy- 1) 2 (xy- 1) 2 ’ (xv-1) 2 (xy-l) 2 


12 . 


M- i a /zi_ 

dx i+lzl 2 5x \ v / 



v sf i a / rl 
x 2 +.v 2 ’ ^ 1+ M 2 M- r / 



2 

JC 


2 


13. 


£ 

ctr 


gO+J'+t) -^(jC+JM-1) =e ( JC +J'+ 1 ) ; 


5y 


e (x+>,+1) -^(x + j + l) = e (x+ - v+1) 


14. J£- = -e * sin(x + 7 ) +e * cos(x + j), J£ = e * cos(x + 7 ) 


15 - f = + f = ^-| ( - T + ^ )= ^7 

16 ' & =e ’^ ■^(-rr)-ln y = ye xj In y, = e xy ■j y (xy)-\ny + e xy ~ = xe xy In y+^~ 

17. & = 2 sin (x — 3^) ■ ^ sin (x — 3j^) =2sin(x-3y)cos(x-3y)--^(x-3y) = 2sin(x-3y)cos(x-3y), 

= 2 sin (x -3y) ■ J^sin (x -3y) = 2 sin (x -3y) cos (x -3y)~(x- 3 y) = -6 sin (x - 3 y) cos (x -3y) 


18. % = 2<cos ( 3x - y2 )' & cos(3.r - y 1 j = - 2 cos [3x -y 1 jsin ^3.r - y 2 j • ^3x -y 1 j 

= -6cos^3x-j 2 jsin^x-j 2 j, 

f£ = 2 cos (lx - y 1 ) • -|jCOS [3x - y 2 j = -2 cos [l>x - y 2 j sin (?>x - y 2 ) • ^3x - j 2 ) 
= 4ycos^3x-y 2 jsin^.r-y 2 j 


21 ■ f =-su>, §=*w 


20 . f(x,y) 


Inx 
In y 


df 1 , df -tax 

= -f— and -f- =- T 

dx x In y dy y(\ny) 
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22. f(x,y)=J j (xy) n , |xy|< 1 => f(x,y) => f = (1 -xy) = -Z— 

n =0 v . / k . j 


¥ = _ 

dy (l-xy) 2 dy 


2 /5v^ Vr „.->2 


(l-xy)“ 


23. f x = y ,f v = 2xy,f z = -4z 


24- f x =y + z,f v = x +z,f z 


25. f x =l,f v = —rJ=, f z = - T ^ T 

vr+2 Vt' +z 


26. 


/x =-v(x 2 + y 2 +z 2 ) , f y = -y(x: 2 + y 2 +z 2 ) , / r =-z(xr 2 +y 2 +z 2 ) 


27. f x = L * 22 ’ fy = 


r- 


■x y z 




. /z = 


xy 




28. / r = 


^ /y = 


. fz=- 


|x+yz|-y/(x+yz) 2 -1 ' |x+yz| yj(x+yz) 2 -1 |x+yz|-^(x+yz) 2 -1 


29 f =- - - f = -^- f - -3- 

•' x x+2y+3z’ y x+2y+3z’ ~' z x+2y+3z 


30. f x= yz-±.%to)=W- = 2-, f y =zln(xy) + yz-^\n(xy)= Z \n(xy)+^-i 


xy dx K ' ' xy x 

f z = y In (xy) + yz • In (xy) = v In (xy) 


xy 5\ 


—(xW+z 2 ) -tx 2 +v 2 +z 2 ) -(x 2 +y 2 +z 2 ) 

31- ,/x = ~2xe 1 ' >,f y =-2ye\ ’ >,f z =-2ze' ' > 


32- /* =-jze A:vr , f Y =-xze xyz , f z =-xye xyz 


33. f x = sech 2 (x; + 2y+ 3z), f v = 2 sech 2 (.r + 2y + 3z), f z = 3 sech 2 (x + 2y + 3z) 


34 


. f x = ycosh(xy-z 2 j, f y = xrcoshfxy-z 2 j, / z = -2zcosh(xy-z 1 j 


35. ^- = -2^-sin(2 nt—a), J^- = sin(2 nt — a) 


36. = V 2 e (2«/v) = 2ve (2«/v) = 2ve (2«/v) + V 2 e (2»/v) = 2v e (2 " /v ) 

ou ou \ V ) ov ov \ V J 


37. = sin^cos^, = p cos ^ cost?, ^ y = -p&\n<f>&inO 


dtj> 


38. |p = l-cos#, -f|r = rsm#, = -1 

Or Sfc' Oz 


and 


= y+x 


-3/2 


(xy) = z In (xy) 


-2 ue {2ulv) 
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39 . W B =V, W v =P+^~, Wg=*£~, W v =^ = ^, W=- 


Vv A 


2 VSv VSv 


VSV 


'P ' ’ "v - 1 2g ’ ' y S 2g ’ ”v 2g g ’ "g 2g~ 


40 M — m SA_ 3_ dA — m. SA k , r 8A bn . h 
5c ’ 8h 2’ 8k q’ 8m q ’ dq q 2 2 


4i #= i + v V =l+X aV =0 sV =0 aV = aV 

8x y ’ 8y ’ Bx 2 8y 2 8ydx 8x8y 


= 1 


S 2 f _ 8 2 f 


df 8f 8 2 f 2 • a 2 / 2 • u J u J 

42. -j- = y cos xy, -^ = xcosxy, -^r = —y sin xy, -j- = -x sin xy, -^^ = -^^ = cosxy-xysmxy 


dydx dxdv 


AS. -f- 

8x 


44. f- = e y , f = xe y +l, &- = 0, ^4 = xe y , |^- = |^ = e - v 

OX 8v Bx 2 Bv 2 8ydx 8x8y 


45 ar _ _J_ 8r_ _ _j_ afr _ -1 d 2 r _ -1 a 2 r _ d 2 r _ -1 

3x x+.v ’ 8y x+y ’ d x 2 (x+y) 2 ’ dy 2 (x+y) 2 ’ SySx dxdv (x+.v) 2 


46. & = 

OX 


dx z 


1 

,d_\ 



1 

-r 

as _ 

1 

1 

(N 

_i 

dx ] 


_ 

X 2 ) 


2 2 
X +J7 

’ 8y 

1 

+ 

y(2x) 


2 xv 

82 

s -x (2 y) 

2 xy 

d 2 s 

(xW) 

T ~ ' 


| 2 ’ 8y 

2 “ ( xwr 

(x 2 V)' 

2 ’ 3v3x 




i+^ 


2 2 ’ 
Jt+y 


(x 2 +r 2 

)(-i)+r(2y) 

2 2 

(- 

x 2 +y 2 ] 

1 1 

(* 2 vf 


47. = 2x tan(xr) + x 2 sec 2 ( xy) ■ y = 2x tan(xy) +x 2 y sec 2 (xy), = x 2 sec 2 (xy) ■ x = x 3 sec 2 (xy), 

Y~y = 2 tan(xr) + 2x sec 2 (xy) ■ y + 2 xy sec 2 (xy) + x 2 y (2 sec(xy) sec(j^) tan (xy) ■ y) 

= 2 tan(x>9 + 4xy sec (xy) +2 x y sec (xy) tan (xy), ^2 = x (2 sec(j^) sec(xy) tan (xy) ■ x ) 

= 2x 4 sec 2 (xy) tan (xy), = 3x 2 sec 2 (xy) + x 3 (2 sec(xy) sec(xy) tan (xy) ■y ) 

2 2 3 2 

= 3x sec (xj;)+* jsec (xr)tan(xr) 


48. ^ = je x2 ->’-2x = 2xj e x2 -- v , ^ = (\)e x2 ~ y + ye* 1 ~ y ■ (~\) = e* 2 ~ y (l -y), 

^ = 2ye x2 ~ y + 2xy (/~ y • 2x) = 2(l + 2x 2 ), = 

49. ■^- = sin^x 2 >’j + xcos|x 2 >’j-2x>’=sin|x 2 > , j + 2x 2 >’COs|.r 2 >’j, 4^- = xcos|x 2 j’j-x 2 = x 3 cos|x 2 >’j, 
Y~y = cos|x 2 >’j-2x>’ +4xycos^x 2 .yj-2x 2 }’sin|x 2 ^j-2x); = 6x> , cos|x 2 >’j-4 x 3 j 2 sin|x 2 jj, 


[f~ y ■(-l) ] j(l-y)+e x2 - y (-l) = e x2 - y (y-2), 
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8y 


-- -x 3 sin(x 2 j;) -x 2 = -x 5 sin (x 2 y), f^ = J^ = 3x 2 cos(x 2 >’| -x 3 sin|x 2 y)-2xy 


= 3x 2 cos|x 2 yj 

- 2 x 4 ysin^x 2 yj 



aw (^• 2 +>’)-(x-.v)( 2 x) —x 2 + 2 xv+y 

dw 

(x 2 + v)(-l) i-(x-y) _ x 2 _ v 

dx / 2 , ' 

i 2 / 2 , \ 2 ’ 

dy ~ 

/ 2 , \ 2 / 2 . V 

1 X +J; i 

1 [ x +y) 

+^j +J') 


g 2 w _ (x 2 +.v) (-2x+2_y)-^-x 2 +2xy+y)j2[x 2 +y)(2x) 2(.x 3 -3x 2 y-3xy+y 2 ) a 2 w _ (x 2 +y) 0-(-x 2 -x)2(x 2 + y)l 


dx 1 


(x 2 + ,f 


( X M 


Sr 2 


(.x 2 + ,) 2 


2 x 2 + 2 x a 2 w _ a 2 w _ ! 

(x 2 +y) 

M2x+1)- 

-^-x 2 +2xy+yj; 

>(x 2 + y)4 

(.x 2 + .y) 

3 ’ dvdw dxdy p 

i 

( x2+ - v f 1 

2 


( x M 


51. ^ 


gw 2 gw _ 3 g 2 w _ —6 „j. j a 2 w _ —6 

dx 2x+3y ’ gy 2x+3y ’ gyax “ (2x+3y ) 2 ’ Sxgy ~ (2x+3y ) 2 


52. 4p = e x +lny+—, ^ = —+ lnx, = i + ±, and = 4 + 1 

ox ' x ay y dydx y x dxdy y x 


53. ^r = y +2 xy +3 x y , ^ = 2xy + 3x z y z + 4x*y , -^^ = 2y + 6xy + 12x y , and 


dx 

£i = 2y + 6xy 2 + 12x 2 y 3 


dydx 


54. 4^ = sinj/ + j/cosx+}’, ^ = xcosy + sinx + x, = cosy + cosx +1, and = cosy + cosx + 1 


55. (a) x first (b) y first (c)x first (d) x first (e) y first (f) y first 

56. (a) y first three times (b) y first three times (c) y first twice (d) x first twice 


57 . 2 ) = lim ismitmi, , im = lim , lim ^ 

X /;—>0 h /j—>0 h h —yO /! /i^O /! 

- Iim(—13 — 6 A) =—13. , | im [l-' t (2rt)-3(2 t «]-l2-6} _ , im ( 2 - 6 - 2 .H 2 - 6 ) 


h-> 0 

= lim (- 2 ) = -2 
/!-> 0 


/?+0 


A+0 


58. /x(~2,l) = lim -^- 2 +^’h-/(-2,l) 

/y(- 2 ,l) = lim fC 2 -l+ft)-/(- 2 ,l) 

/?+0 h 

= lim (1 + 2 /?) = 1 
/!-> 0 


Hm [4+2(—2+/?)—3—(—2+/?)]—(—3+2) _ (2/,-l-/,) + i 

h —yO h ~ h ->0 


lim 1 = 1 , 
/j+0 


4-4-3(1+/?)+2(1+/i) 2 ]-(-3+2) (-3-3/?+2+4/!+2/i 2 ')+1 , _, 2 

lim -- ; -J-= limi- 7 -lim h±=hl. 

h—>0 * h —y0 h h-> 0 h 
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59. / (-2,3) = lim /(-W)-/(-2,3) = ljm = ^ -^2 = lim (^2^2] 

Jxy ' “ ■ “ * . - h h ^ o y h -jlh+A+2) 


= lim 


h->0 
2__ 1 


..... ,- = 2-, / v (-2, 3) = lim 

/j—>0 %/2A+4+2 2’ a_> 0 


/;^0 

/ (-2,3+A)-/(-2,3) 


A->0 


h 


= lim 
A->0 


V—4+3(3+/;)—1 —%/—4+9—1 _ .. 73/i+4-2 

/i “ ! n * 


= lim (^±1=2 S±2 ) = lim = 1 

h->0\ h JSM+2) h ^ 0 M^4+2 4 


60. f x (0, 0) = lim 


0 


f y ( 0, 0) = lim 

/i^O 


/(0 +h, 0)-/(0,0) 

— lim 

li 2 +0 

,. sin /r 

— lim 

= 1, 

h 

h —>0 

h 

util ^ 

/z —>0 /r 



sin|o+/t^ j 

—0 • 7 4 

,. sin h 

/ 

/(0,0+A)-/(0,0) 

— 11 m - 

0+A 2 

= lim h 
h^0\ 

i h 

— mil 

0 

h 

— mu - 

h->0 A 


sin /r 


= 0.1 = 0 


61. (a) In the plane x = 2 => f y {x, y) = 3 => f y {2, -1) = 3 => in = 3 

(b) In the plane y = -1 => f x (x, y) = 2 => / v (2, + 1) = 2 => m = 2 

62. (a) In the plane v = -1 => f y (x, y ) = 3j 2 => / y (-l, 1) = 3(1) 2 = 3=> in =3 

(b) In the plane y = 1 => f x (x, y) = 2x=> f y (— 1,1) = 2(-l) = -2 => ?n = -2 


63. /-(x 0 , j 0 ,z 0 )= lim 

A-» 0 


/(*o > +0 > z 0 +h ) -/(*„, ro. z o). 


/ z(1 , 2, 3) = lim /(U,3+*)-/P,2,3) = lim 2(3 + *) a -2(9) = Um 12*±2/r 


/?—>0 


/i->0 


/?->0 


lim (12 + 2/?) =12 
/!->0 


64. / y (v 0 , j 0 ,z 0 )= lim 


• /(*o. +0 • + h , ?o ) ~/(*o. Vp, zp). 


/?->0 


/? 


y. , , n /(-I,A,3) - /(-l>0,3) r (2/r+9/i)-0 

/v(-l> 0> 3) = lim 2-!—- -L2 -- = hm 2- 


h-> 0 


h-> 0 


lim (2/?+ 9) =9 
A->0 


65. , + ( 3 + f ).v + + - 2, f - 0 =• (3,+ - 2>)f - - v - =>at (1,1,1) we have (3-2)|| = -1-1 or J|- = -2 


66. (|i)z + x + (-)f—2x|^ = 0^>(z+^-2.r)|i = -.r: 

V&/ \X J OZ OZ \ X / dz 


>at (1, -1, -3) we have (-3 -1 -2)|§ = -1 or fj = J- 


67. a 2 = Z> 2 +c 2 -2bccosA => 2a = (2/>c sin ,4)=> = -3— 1 ?—also 0 = 2b-2ccosA + (2/>csin^4) ^ 

da da bcsmA K ' db 

=+ 2ccosy4 -2b = (2bcsin +1) f£ => f£ = C , C ° S ' 4 ? 

v 7 ob ob be sin ^4 


68 . 


a 

sin ,4 


(sin ^4) cos A 


sin B 


= 0 : 


■ (sin A)^--a cos A = 0 =^> = 

dx 8A 


da _ OCOS +. 


sin + 


; also (A —:) = b(-cscB cot B) 

\sin A) 5B v 7 


• = -bcscB cot B sin,4 

oB 
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69. Differentiating each equation implicitly gives 1 = v x In u +{ u x and 0 = u x In v + v x or 
{\nu)v x +(l)u x =\\ Q J v lnv 


(v) v x+(ln v)u x =0| 

|^ V X =■ 

In u 21 

U 

(In w)(ln v)— 1 

\ y / j 


^ lnv 

V 



70. 


Differentiating each equation implicitly gives 1 = (2x)x u -(2y)y u and 0 = (2x)x u - y u or 


(2x)x u -(2 y)y u = ll 

1 => x, 

(2x)x u - y u = 0j 


i 

-2 y 


0 

-l 

-l 

2x 

-2y 

-2x+4xy 

2x 

-l 



2^ and y» 


2x 1 
2x 0 
—2x+4 xy 


-2.v 

—2x+4 xy 


2x 

2x-4 xy 


next s = 


2 , 2 
s = v + y 


= 2xf^ + 2yf^ 

ou y ou 


: (2x-4xy) ^y\l—2y 


J- + JL. 

-2 y 1-2 y 


l+2y 

l-2v 


1 . 

1-2 y’ 


71. / x (*, 4) = j! 1 °=> /*(*> J 2 ) = 0 for a11 P oints (x, y)\ at y = 0, f (x, 0) = lim 7< A - 0+/ 0 /(A - 0) 
[0 if y < 0 • A—>0 " 

= lim ° = lim = 0 because lim — (x ’^ = lim = 0 and lim = Hm 4- = 0 

*->0 * /i->0 h h-*0~ h i-»0- h h-+ 0 + /! A—>0 + h 

=> f y (x, y) = J 3 ' V lf > “ °; f yx (x, y) = f (x, y) = 0 for all points (x, y) 

l-2y ify<0 


72. At x = 0, / (0, y) = lim 7(°.-D _ p m C^- >) ° _ |j m 7Cu.i) w | 1 j c | 1 does not ex j st became 

x A >0 h A->0 /! A—>0 h 

lim l (h ' y ' ) = Hm ^- = 0 and lim = lim ^ = lim -j= = +oo => f (x, y) = j 2 4x ■ 

h^0~ h 0- * A->0 + h A->0 + h h^0 + ^ [ 2x if * < 0 

[0 if x > 0 

/y(*, j) = 1 „ .. „ => / y (X y) = o for all points (x, y); f (x, y) = 0 for all points (x, y), while 

[0 if x < 0 * 

fxy (v, y) = 0 for all points (x, y) such that x =£ 0. 


73 ^ = 2x ^ = 2v — = —4z => = 2 ^-2 ^ = -4 => + + - 2 +2 + M) = 0 

/j - ax ay & 4 z ^ax 2 ’ ay 2 ’ az 2 ax 2 ay 2 a . 2 " { > 


74 . f = -6xz, § = -6yz, f = 6z 2 -3(x 2 +y 2 ), ^f = -6z, |f = -6z, ^f = 12z 
_ 5 2 / ^ 5 2 / ^ 5 2/ 


clxr 


- + - 


ay 2 


-+2 


az 2 


■ = —6z — 6z +12z = 0 


75. 


%- = -2e 2 - v sin 2x, %- = -2e 2 v cos 2x, = -4e 2y cos 2x, = -4e 2y cos 2x 

fa Sy dx 2 Qyl 

=> = -4e~ 2y cos 2x + 4e~ y cos 2x = 0 

8x 2 8y 2 


76 . 


dx 


X v 

x 2 +y 2 ’ & 


2 2 ’ 
x+y 


d 2 f v 2 -x 2 a 2 / _ x 2 -y 2 8 2 f a 2 / y 2 -x 2 x 2 -,y 2 

3* 2 (x 2 +y 2 ) 2 r ^ (x 2 + y 2 ) 2 dx 2 ay 2 ( x 2 + ^ 2 ^ 2 +y 2 ^ 2 
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77. 


78. 


44 = 

3 44- 

2 , ^ 

= 0 , 

444- 

O^p 

+ 

1 01 
>K" 

= 0 + 0 = 

0 


dx 

’ 8y 

dx 2 


5y 2 

dx 2 

8y 




44 = 

Vy _ 


44: 

-x/y 2 

—X 

d 2 f 

(y 2 +x 2 

J- 0 ->>- 2 x 

-2xy 

dx 

i+ (tf 

2 2 ’ 
JT+X 


l+ (4 

2 2 
y+x 

’ dx 2 

(y«-f 

(r+x 2 

8 2 f 

(y 2 +*/ 

) 0 -(-x)- 2 v 

2 xy 

_^4V 

+ lL 

—2 xy 

2 xy 

_- o 

dy 2 

(•- 

: +p 


(y 2 +x 2 ) 

2 ax 2 

dy 2 


1 (v 2 « 2 

r 


79 44 — __L 


= -l(x 2 + / + z 2 ) _3/2 (2x) = -x (x 2 + / + z 2 Y'\ 
\[x 2 +y 2 +z 2 ) (2>’) = ->’(v 2 +>’ 2 +z 2 j 

^x 2 +j 2 +z 2 j (2z) = -z (x 2 +J 2 +z 2 j 


-3/2 


dx 

<¥ 

dv 

<¥ 

dz 


-3/2 


^-(x 2 +y 2 + z 2 Y' Z + 3 x 2 (x 2 + / + z 2 p, 


v—3/2 


-5/2 


8x“ 




,-5/2 


3/ 

a^ 

3z 2 


/ 2 , 2 , 2 \ 3/2 , o 2 / 2 , 2 , 2 V 

— — lx + j +z I +3z lx + y +z I 


-5/2 


8 z f d 2 f d 2 f 
dx 2 dy 2 dz 2 


|x 2 + y 2 + z 2 j + 3x 2 |x 2 + j 2 + z 2 j 


-5/2 


= -3 


2 , 2,2 

x +_>’ + z 


(x 2 +>’ 2 +z 2 j + p 2 +3y 2 + 3z 2 p 2 +y 2 +z 2 j =0 


)“ 3 / 2 + 3 j 2 (x 2 +/+z 2 )" 5/2 + -(x 2 +/ + z 2 p Z + 3 z 2 (x 2 + / + z 2 ' 


-3/2 


-5/2 


80. = 3e 3v+4 - v cos5z, |4 = 4e 3 ' +4> cos5z, J4 = -5e 3 ' T+4; sin5z; 4=4 = 9e ix+4y cos5z, 

dx dy dz ax 2 

P = 1 6e 3x+4y cos 5z, P = -25e 3x+4y cos 5z 

a+ 2 az 2 

^ P P P = 9e 3x+4 v cos 5z +16e 3x+4>> cos 5z - 25e 3x+4y cos 5z = 0 

ax 2 a.v 2 dz 2 


81. 4^ = cos (x + ct), 4^ = c cos (x +cZ); =-sin (x + ct), = -c 2 sin (x + ct) 

=> = c 2 [-sin (x + ct)l = c 2 

at 2 L J ax 2 

82. 44- = -2sin (2x + 2ct), = -2c sin (2x + 2ct); = -4cos (2x + 2ct), ^4r = -4c 2 cos (2x + 2ct) 

m ot <9x dt 

=> ^ = c 2 [-4 cos (2x + 2ct)] = C 2 p 


-5/2 
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83. 4^ = cos (x + ct) -2sin (2x + 2ct), = c cos (x + ct) -2c sin (2x +ct); yyr = -sin (x + ct)-4 cos (2x + 2ct), 


dw 

dx 

d 2 w 


dx z 


= - c 2 sin (x+ct)-Ac 2 cos (2x + 2 ct) => = c 2 [-sin (x + ct)-4 cos (2x + 2ct)l = c 2 

dr dr dx z 


84. — 


dw __ 1 


dw _ c . d_w _ _ 


dx x+ct ’ dt x+ct ’ 3*2 ( X + Ct f ’ gt 2 


(x+ct) 


dj = c 2 

dt 2 


(x+cty 


= c 2 ^f 

dx 2 


85. 


dx : = 2 see 2 (2x - 2 ct), 4^- = -2c sec z (2x - 2ct); = 8 sec z (2x - 2 ct) tan (2x -2 ct), 

S w - = 8c 2 sec 2 (2x-2ct)tan (2x—2ct) => ux^y = c 2 jjlsec 2 (2x-2ct) tan (2x-2cf)J = 


dr 


dr 


n 2 d 2 w 
dx 2 


86. = -15sin (3x + 3c?) + e' l+L ‘, ^ = -15csin (3x + 3ct) + ce XXL ‘; = -45cos (3x + 3ct) +e 


„x+ct dw 


x+ct. 8~w 


x+ct 


dx 

a2 


dt 


dx A 


^-y- = -45c 2 cos (3x +3 ct) + c 2 e x+ct => = c 2 -45cos (3x +3ct) + e x+ct = c 2 

dt 2 dt 2 L J dx 2 


87- % = %% = Z(ac)^yf = (ac)\^\(ac)= a ^^; £ = ££ = £-«=>f? = l 


dt du dt du 


= a 


2 d 2 f 
du 2 


dr 


= a c 


dr 


2 2 SV 


3 2 / 


_ 2 2 a / . dw _ df du _ df 


d 2 w _ ( d / 


a«- 


= c a 


.2 a 2 / 

au 2 


dir 


dx du dx du 


dx~ 


du~ 


= c 


dx 


88. If the first partial derivatives are continuous throughout an open region R, then by Theorem 3 in this section of 
the text, f(x,y)=f(x 0 ,y 0 )+f x (x 0 ,y 0 )Ax+f y (x 0 ,y 0 )Ay+e l Ax+e 2 Ay, where e 1; e 2 -» 0 as Ax, Ay -+■ 0. 

Then as (x, y) —> (x 0 , y 0 ), Ax —> 0 and Ay -> 0 => lim f(x, y) = f (x 0 , y () ) => f is continuous at 

(.v.v) >(.v 0 .r 0 ) 

every point (x 0 , y 0 ) in R. 

89. Yes, since f xx fyy, f xy , and f yx are all continuous on R, use the same reasoning as in Exercise 88 with 
fx (X y) = fx ( x 0 , To) + fxx (*0 , TO) Ax + fxy Do, y 0 ) Ay + e l Ax + e 2 Ay and 

fy (X, y) = fy (x 0 , y 0 ) + fyx (*o> To) Ax + fyy (*o > To ) Af + ^Ax + e 2 Ay. Then 

lim f x (x, y) = f x (x 0 , y 0 ) and lim f (x, y) = f (x 0 , y 0 ). 

(x,y)-^(x 0 ,y 0 ) (x, y)->(x 0 ,y 0 ) 


90. To find a and j} so that u t = u xx => u t =-fisin(a x)e ^ and u x =acos(ax)e ^ 

^>u xx = —a 2 sin(ax)e - ^; then u, = u xx => ~/3sm(a x)e~^‘ = -a 2 sin(cr x)e~^, thus u t =u xx only if 

P-a 1 


91. f x (0, 0) = lim 


/(0+/i, 0)-/(0, 0) 


-—0 


h-+ 0 


= lim - 

h-> 0 


■= lim f = 0; / (0, 0) = lim 


/(0,0+A)-/(0,0) 


: -0 




h-+ 0 


= lim^±f 
h-+ 0 h 


= lim 4 = 0; lim f (x, v) = lim ^ j' — = lim x k) . , = lim —T = —y— => different limits for 

a—» o 1 (x,v)->( o,0) y->otfy 2 \ 2 +y 4 v->or/+/ hoi-+i C+i 

along x=ky 2 

different values of k => lim f(x,y) does not exist => f(x,y) is not continuous at (0, 0) => by Theorem 
(x, v)—>(0,0) 

4, /(x, y) is not differentiable at (0, 0). 
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92. f x (0, 0) = lim /(0+M>-m0) = ^ 4MH = Um M = 0; f v (0, 0) = lim 


/(0,0 + *)-/( 0,0) 
lm —- , 

vf, h 


= lim 1 = lim = 0; lim f ( x, y ) = lim 0 = 0 but lim f (x, y ) = lim 1=1 

0 * h^>0 (x,y)-K0,0) y->0 (x,y)->(0,0) ' " y->0 


along y =x~ 


along y =1,5x 2 


=> lim f(x,y ) does not exist =4> f(x,y) is not continuous at (0, 0) by Theorem 4, f(x,y) is not 
(x, v)—>(0, 0) 

differentiable at (0, 0). 

14.4 THE CHAIN RULE 

1. (a) = 2x, | ^- = 2y, ^ = -sin t, ^ = cost => ^ = -2x sin ? + 2jcos? = -2cos?sin? + 2sin?cost = 0; 

w = x 2 +y 2 = cos 2 ? + sin 2 ? = 1 => -yp = 0 

y at 

(b) ^(*) = 0 

2. (a) = 2x, |^ = 2 y, ^| =-sin?+cos?, ^ =-sin?-cos? 

=>-^r = (2x)(-sin? +cos?) +(2y)(-sin? -cos?) = 2(cos? +sin?)(cos? -sin?) -2(cos? -sin?)(sin? +cos?) 
= |2cos 2 ? - 2sin“ ?j-|2cos 2 ? -2sin 2 ?j = 0; w = x 2 + y 2 = (cos? + sin?) 2 + (cos? - sin?) 2 
= 2 cos 2 ? + 2 sin 2 ? = 2 => -^ = 0 

at 

(b) f+0) = 0 


3. (a) 


dw _ J_ dw _ J_ dw _ ~( X +J ; ) dx 
dx z ’ dy z ’ dz z 2 ’ dt 


= -2cos^siiU, = 2 sin f cos f, 


Jz _ 1 


^ = -1 cos ? sin ? + ^sin ? cos? + = T \ +si " 2 ? = 1; *+Z = co^? + sh£? 

z z f+V) z z (1) (1) 


= ?^>^ = 1 
dt 


(b) %3)=1 


4- (a) ff 


ax x 2 + v 2 +z 2 ’ dy x 2 + v 2 +z 2 ’ 8z x 2 + v 2 +z 2 ’ dt 


x +y +z 


x +y +z 


, ^ = -sin ?, —= = cos ?, + = 2 f 


dw _ -2.X sin t 2y cos t 4rf~ 1/2 

dt ~ x 2 +y 2 +z 2 + x 2 +y 2 +z 2 + x 2 +y 2 + z 2 


-2 cos t sin t + 2 sin t cos t + 4^4r* 2 j/ 
cos 2 ; + sin 2 t + 16; t 


16 . 
1 + 16 ’ 


w= ln|;t 2 +y 2 +z 2 = ln|cos^ ? +sin ?+16? =ln(l+16?): 


dw 16 
dt 1 + 16/ 


(b) —(3) = — 
1 ; dt K > 49 


c dw _ o x 3 vv _ 9 x 3w _ _ J_ _ 2 ; + _ 1 dz. _ t dw_ _ 4yte 2e x e‘ 

dx y ’ By ’ dz z’ dt t 2 + i’ dt t 2 +l ’ dt dt t 2 +\ t 2 +\ - 

(4f)(tan _1 ;Vf 2 +l) 2(/ 2 +l) , , / , \ / + \ 

=--—= 4? tan r + 1; w = 2ye x -In z = ^2 tan rj^+lj-? 


3 f-(+)(' 2+1 ) + ( 2 “ r '') (2,) - 

(b) $0) = (4)0) (f)+ 1=^ + 1 


1 = 4 1 tan / + 1 
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zc / \ (Hv dw i dx i dy ] /Yz t—1 dw % cos xy t— 

6. (a) f = -y cos xy, f = -xcos xy, % = 1, f = 1, -f = }, f = e ^^- = -ycosxy -—+ e 

= -(In t)[cos (t In r)] — ' cos j ln — + e~ l = -(In t)[cos ( t In t)]-cos ( t In t) +e t_1 ; 

w = z- sin xy = e~ X - sin (t ln /) => = e~ X - [cos (r ln r)] ln t+t (j) J = e ,_1 -(1 + In t) cos (t ln t) 

(b) ^(i) = i-(i+o)C) = o 


x cos xy t -1 


4e x ln y 4e x sin v 
u y 


4e x u cos v 


7. (a) |L = |£|L + |z|i = f 4e . v ln /VLI (sinv) = 4 £ lln Z+ 4 £ ^nv 

v 7 ou ox ou oy Ou \ )\ u cos v )\y] u y 

4(u cos v) ln (u sin v) 4(u cos v)(sin v) /A \ -t / \ a 

= —- : 4 - —-—-= (4 cos v) In (w sin v) + 4 cos v; 

u u sin v v 7 v 7 

I=11+f I=K>" "(t-)"' cos v) - - K >” 4 ( “ v) ♦ ^ 

r , , • ,i,, s 4(iicos v)(u cosv) , . . , , , • , 4«cos 2 v 

= [-4(z/ cos v) ln (u sin v)J(tan v) +- - sin -= (-Au sin v) ln (u sin v) 4— 

z = 4<? A ln y = 4(z/ cos v) ln (u sin v) => = (4 cos v) ln (u sin v) + 4(zz cos v) 

= (4 cos v) ln (u sin v) + 4 cos v; also J| = (-4 11 sin v) ln (u sin v) + 4(w cos v) ( 77 “] 


= (—4z/ sin v) ln (u sin v) 


4»cos~ v 


(b) At ^2,-|-j := 4cos-|-ln |2sin-jj + 4cos-|-= 2 V 2 ln V2+ 2 V 2 = V2(ln 2+2); 

|f = (—4)(2) sin ln (2 sin ^ j 4 -—^——— = -4V2 ln -v/2 + 4 V 2 = -2-sfl ln 2 + 4 V 2 

A" 4 V 4/ (sin^i 


i. (a) |f = , cos v + yy J sinv = ycosy — xsm ^ 


ycosv jsinv _ (wsinv)(cosv)-(wcosv)(smv) n 

— 2 2 2 2" — 2 — 


f= (-w sin v) 4- -^4- 

( 7 ) ( 7 ) *■ 


.yw sin v xu cos v _ -(u sin v)(m sin v) - (u cos v){u cos v) 

2 2 2 2 ~ ~ 2 
x+jr x '+y u 


= -sirr v-cos z v = -1; z = tan 1 — = tan 1 (cot v) => = 0 and - 


\ l+cot 2 1 


O) A '( L3 4) : f=°” d l=- 1 


«• W f = ft+f|+ft = (7 + 4(l)+(*+4a) + (7+*)M=» + 7 + 2z + v(2. +1 :) 

= (m 4-v)4 -(m- v) + 2 mv + v(2m) = 2 U + 4uv; = + 

2 

= (y4-z)(l) 4 -(jc 4-z)(-l) +(y+x)(u) = y-x + (y + x)u = -2v + (2u)u = -2v + 2u ; w = xy + yz + xz 
= [ii~ - v 2 j + |z/ 2 v -vzz 2 j + [iCv + uv~ j = u 2 -v 2 +2u 2 v => = 2u +4uv and ^ = ;—2v + 2u 2 

(b) A, (1,1):^:.2(i) + 4 (i)(l).3 and g--2(1) +2 (4) 2 = -§ 
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10. (a) yy- = 2x —y (e sin u + ue v cos u ) + ~ y —y (e v cosu -ue v sinz/) + 2z —— (e 

l x 2 +y 2 +z 2 )\ I l x 2 +y 2 +z 2 J\ / \x 2 +y 2 +z 2 )\ 


2ue v sin u 


\e sin u+ue cos w + 


2 ue v cos u 


\e cos u-ue smw I 


+ __i ( e v i = 2 ■ 

\u 2 e 2v sin 2 u+u 2 e 2v cos 2 u+u 2 e 2v )\ / 

s =sinw ))K c H + (^w)M 

= ( u 2 e 2 " sin 2 ,JfV 11+11 V v ) ("*’ Sm “) + ( „ sin 2 i^VW «+* 

+ ( » V” sin 2 « 4*V v cos 2 «+« V* ) ) = 2 ’ 

w = In [ii~ e 2 ' sin 2 u + w 2 e 2v cos 2 m + zz 2 e 2v j = ln^2w 2 e 2v j = In 2 + 2 In m +2v => ^ = Z and 4^ = 
(b) At (-2,0):^ = ^ = -! and ^ = 2 


11. (a) 


■ + ^T" T" + 


■ + ^“ ^T“ + 


(2z-2^ 


du dr 

_ 1 + 

, P-9 


q-r+r-p+p- 

li-O- 




dr 8x 

(q—r) 2 

(q~r? 


( q-p) 2 





du dr 

1 r-p 

. p-q 


q-r-r+p+p- 

-q _ 2 p- 

-2 r 



dr 8y 

(</-r) 2 

(q-r) 2 


(q-rf 

(q~ 

rf 



—2z) 

z du 

_du_dp_. 

du 

,du_ dr_ 


r- 

-p 

p-q 


(z-yf ’ 3z 

dp dz 

dq 

dz dr dz 

~ q-r + 


-rf 

(q-rf 


= O-iO-yC-i) = 

4K (z-y) 2 (: 

(b) At (V3,2,l):§ = 0. 


2q-2p 

-4 y 

y . - 

_ p-q _ 2 y 

— y —S 

(q-r) 2 

(2z-2yf 

(z-y) 

q—r 2z—2y 

z—_y dx 

_ Z 

and f^ = 

(z—v)(0)—_r(i) 

y 


” (=-y) 2 ’ 

dz 

(z-y) 2 

(z-y) 2 



yy- = —^—y = 1, and ^ = ^^ = -2 
oy ( 1 — 2) n ^ 1 


12 - (a) %=-j=( cosx )+( 

&- = -fi=(0)+( re q ' 

& Ji^p 2 ' 


re ql sin 1 


t)(0) +[qe qr sin 1 p)(0)=^ 


_ e q ' cosx _ e zlny cosx _ z •«? _n_ n_. 

~ o /- — -v- — s 11 n ^ o ’ 


n i 


sm p — + ^ sm 


in 1 p](0): 


yl-p v 1-sin x 

z 2 re qr sin -1 p z (7) K x z-1 

-— = ——-= xzy ; 


f=T 0) +(re ?r sin 1 /?j(2zln y) + (qe qr sin —yj = {lzre qr sin '/^(lnv) 

1 1 l„ ,.l (~ ln> )( 2 ) >A _- I- ,, _ „zlny • -1. • s-z 


qe qr sin 1 p 


= (2z) |j z xln yj-± - £ ; = xy z In y; u = e zlny 

|y = xzy z ~\ and ^ = xy~ \ny from direct calculations 


= xy z In y; zz=e rln> ’ sin 1 (sin x) = xy : if-f<x<f ^>% = y Z , 


(» A '(f-t--M=(l) S=(«)(" 1)(1) 


n/if 1 / 2 )- 1 . W 2 




7T\[2 In 2 
4 
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13 dz _ dz dx . dz dy 
dt dx dt dy dt 


14. 


dz _ dz_ du_ _|_ dz_ dy_ _|_ dx_ dw 
dt du dt dv dt dw dt 


u 


1S dw 

' du 


dw dx_ , dw_ dy_ dw dz_ 
dx du dy du dz du 


dw _ dw_ dr_ , dw ds_.dw_ dt_ 
dx dr dx ds dx dt dx 


dw _ dw dx dw dy dw dz 
dv dx dv dy dv dz dv 



V 


dw _ dw dr_ , dw ds_ , dw dt_ 
dy dr dy ds dy dt dy 







17. 


dw 

du 


dw dx_,dw dy_ 
dx du dy du 


dw _ dw dx_ , dw dy_ 
dv dx dv dy dv 
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18. 


dw 

dx 


dw du , dw dv 
du dx dv dx 


w 



dw _ dw du_ , dw dy_ 
dy du dy dv dy 


w 



y 


IQ dz _ dz dx . dz dy 
dt dx dt dy dt 



20 dy_ = dy_du. 

dr du dr 


y 

&. 

du 


u 

3uJ 

dr I 


dw _ dw dx , dw , dw dz , dw dv 
dp dx dp dy dp dz dp dv dp 


w 



dz _ dz dx ■ dz dy 
ds dx ds dy ds 



21 . 


dw dw du 
ds du ds 


dw 

du 


dw 

du 


u u 


du du 

ds dt 


dw dw du 
dt du dt 


23 . 


dw _ dw dx_ , dw _ dw dx „; n( . P _ a 

dr dx dr dy dr dx dr dr 


dw _ dw dx_ , 3w dy_ _ d\y dy • dx _ a 
ds dx ds dy ds dy ds ds 
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24. 


dw _ 3vv 3r , 3w 4r 
3s 3x 3s 3y 8s 


w 



25. 


Let 

C(x, y) = x 3 
and F y (x,y) 


-2 y 2 


= -4 V 


+ xy = 0=>,F. ( .(x, j)=3x 2 + j 

, ^ _ __C _ 3x 2 +y 

dx F y {-^y+x) 


dy 

dx 


a, i) 


4 

3 


26. Let F{x, y)=xy +y 2 -3x -3 = 0 ^>F x {x, y)=y -3 and F y (x, y) = x +2y ^ = - 3^7 

^f(-U) = 2 


27. Let F(x, j) = x 2 + xj + j 2 - 7 = 0 => C v (x, j) = 2x + j and F y (x, j) = x + 2j => -^ 


■to- 2 ) 


4 

5 



2x+y 

x+2y 


28. Let F(x, y) = xe y + sin xy + y - In 2 = 0 => F x (x, y) = e y + y cos xy and F v (x, y) = xe y + x sin xy +1 


dy _ F x 
dx F v 


-4^4L => f (0, In 2) = -(2 + In 2) 

xe' +xsin.ry+l “ x 


29. 


Let F(x, z) = z 3 -xy + yz + j 3 -2 = 0 => F x (x, y, z) = -y, F y (x, y, z) = -x + z +3y 2 , 


F-_ (x, y, z) = 3z 2 + y => J| = 

=> &.fl 1 L = -1 
3y' ’ ’ ; 4 


_ r r ^ jz/i 1 n 1 . dz _ C 

3 z 2 +y 3z 2 + y ^ ’ ’ 4’ 8y F z 


-x+z+3v 2 
3 z 2 +y 


x—:—3v 2 
3r 2 +y 


30. Let F{x,y,z) = ^ + ^ + ^-\=0=>F x ix,y,z) = -± : , F (x, y, z) = —y, F z (x,y,z) = --^ 


x y z ■*' ' x 2 ’ 


3z _ _ Cl _ 
3x F_ " ' 


r c 



l , 2 J 

■ = -4= > f-(2.3,6) = -9; |r = -4 = -- 

x 2 & F z 

l ,v 2 J 

b) 

b) 


3z , 


31. Let C(x, j, z) = sin (x + j) + sin (_y + z) + sin (x + z) = 0 => F x (x, _y, z) = cos (x + y) + cos (x 4- z), 

F y (x, y, z) = cos (x + y) + cos (y + z), F z (x, y, z) = cos (y + z) + cos (x + z) 

_ 3r _ C_ cos (x+>9+cos (x+z) — ,_3z _ F y _ cos (x+>>)+cos (y+z) ,__ , 

3x F z cosCv+z)+cos(x+z) dx K ’ ’ ’ ’ dy F z cos(y+z)+cos(x+z) dy K ’ ’ J 
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32. Let F(x, y, z) = xe y +ye~ + 21nx-2 - 31n2 = 0 => F x (x, y, z) =e y +—, F (x, y, z) = xe y +e z . 


F.(x, y, z) = ye 


z _ dz_ _ __C 
8x F. 


L 7 ) 


dz 


^(Un2,ln3) = -3^; £ = -% 


ye 


ye 


^|(Un2,ln3) = -3^ 


33. t" = & f + f f + f § = 2(* + L + z )« + 2(^ + 4 + Z)[-Sin(r + s)] + 2 (x + y + z)[cos(r + s)] 

= 2(x + y + z)[l -sin(r + s) + cos(r + 5 )] = 2[r -s +cos(r + s) +sin(r +s)][l -sin(r + s) +cos(r + s)] 


dw 

Sr r=l,s=-l 


= 2(3)(2) = 12 


34 dvr dw dx . dw . dw dz 
dv dx dv dv 5v dz d\> 


35 


4f)«o) + (t)(°)=(« + v)(f) 

• f-ff + fl=( 2 -7)<- 2 ) + (i)m4 2< “' 2v+1) - 


v_ dw_ 

« 8v u=- 1, v=2 




2u+v-2 


(u-2v+\y 


(- 2 ) + 


1 


dw\ 


U- 2v+l dv \ u =0, v=0 


36. fl = % &7 + % du = (y cosx y + sin ,v)(2m) + (xcosx>> +xcos y)(v) 


3 3\ 

uv cos I zz v + uv | + sin uv 


(2m) ■ 


7 9 2 \ / 3 3 \ / 2 2 

+ v“ Jcos (m v + zzv~J + |zz + v~jcoszzv 


(V) 


J=- = 0 + (cos0 + cos0)(l) = 2 

w=0, v=l 


21 ^2L — | 1 I p- = 

du dx du y \+x 2 


5 

e u _^dz\ _ 

5 

_l+(e“+lnv) 2 J 

lw=ln 2, v=l 

_l+(2) 2 _ 


)(L\- 

5 


5 

jlvj 

_l+(e"+lnv) 2 _ 

\v/ d v \u=\n2, v=l 

_l+(2) 2 _ 


( 2 ) = 2 ; 

( 1 ) =1 


38. 


dz _ dz _ 1 1 \( Vv+3 ^ _ /_1 


Vv+3 \ __ 


5z 


dq du \qj\ i + m 2 / \>/v+3 tan -1 u ] \ \+u 2 ) (tan' 1 w)(l+w 2 ) ^\u=l,v=-2 (tan" 1 l)(l+l 2 ) 


/ -1 
| tan u 

-/ 1 

/ _i 

/ tan w 

_ 1 ^ dz 

[2^3} 

\ y/v+3 tan -1 u , 

\2-J^3) 

2(v+3) dv „ 


39. Let x = s 3 +t 2 ^>w = f[s 3 +t 2) ) = f(x)=$^ = ^^ = f'(x)-3s 2 =3 s 2 e s 


& = &.& = f\ x )-2t=2t e s3+t2 
dt dx dt J v 7 


40. Let x=ts 2 and y = j => w = f(ts 2 , yj = f(x,y ) 

■ + ^a = ^ x -x> y+ M x ’y>f = ( ,s2 )(7)' s2+ ^2-(-f) : 


dw dw dx_ 
dt dx dt 


s _ s 
' 2 2 
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41. F = ZK => = R and % = /; = % %- + %■ = R % + I §■ => -0.01 volts/sec 

dl oR at dl at oR at at at ' 

= (600 ohms) 4L+ (0.04 amps)(0.5 ohms/sec) => ^|- = -0.00005 amps/sec 


42. V = abc^% = ff + ff + ff = (^)f + (ac)f + (aZ>)f 

=> = (2 m )(3 m)( 1 m/ sec) + (1 ?n)(3 »;)(1 m/ sec) + (1 m)(2 m )(-3 m/ sec) = 3 m 3 /sec and the 

la=l, 6=2, c=3 

volume is increasing; 5 = lab + 2ac + 2bc = + + 2(6 + c)-^- + 2 (a +c)-^- + 2 (a +b)^ 

I 2 

=> = 2(5 m)(l w / sec) + 2(4 w)(1 »; / sec) + 2(3 m)(-3 m / sec) = 0 m / sec and the surface area is 

“* la=l, 6=2, c=3 


not changing; D = 4a 


dD 

dt a=l, 6=2, c=3 


2 ,2 2 dD_dDda,dDdb,dDdc_ _ 

dt da dt db dt dc dt ^ 


1 


■(«$+*£«§) 


-^=—j [(1 m)(l m / sec) + (2 w)(l m / sec) + (3 w)(-3 m / sec)] = --^=/« / sec < 0 => the 
diagonals are decreasing in length 


AT. ¥ = d f du . ¥ dv . Of dw = ¥ n\ . ¥ fry, , ¥ i i\ = ¥__¥_ 

dx du dx dv dx dw dx du ^ dv ^ ' dw ^ du dw 9 

df df du > df dv Of dw df / t\ df n\ df df df , 

~x~ — -z —+ ~zr ~zr + —t - — ~z~ ( — 1) + ~z~ (1) + ~z~ (0) — — -z —I- -r—, and 

dy du dy dv dy dw dy du dv v 7 dw v 7 du dv 

¥_ = ¥_ 3u .¥_ dv .¥_ dw = ¥_ ,¥_ /i-, ,¥_ = _¥_ + ¥_^¥_+ ¥_ + ¥_ = n 

dz du dz dv dz dw dz du^ dv ^ dw ^ dv dw dx dy dz 


44. (a) 

(b) 


^ = f x § + fy % = fx cos 9 + f y sin (9 and H = f x (-/-sin 9) + f y (r cos 9) 
=>}§% = ~fx sin<9 + / v cosi9 


-sin 9 = f x sin 9 cos 9 + f y sin 2 9 and = -f x sin #cos 9 + f y cos 2 9 

^/ v =(sin 6 ?)f + (^)§; then & = f x cos9+ [ ( sm 0 )f + (M) J|] ( sin 0 ) 
^./ xC os 6 > = ^-(sin 2 6 <)|^-( s ' n ^ cos6, )|^ = (l-sin 2 6 >)|^-( s ' n °y s 9 ) || 
^/ x =(cos0)f-(^)§£ 

(0 (A) 2 =(cos 2 S)(f) 2 -(M^)(f H) + (™il)(H ) 2 and 


(/,) 2 =(si„ 2 «)(f f + ( 2 ^)(f ||) + (^)(§) 2 =(/,) 2 + (/,) ! =(f ) 2 + i( 


1 / dw\ 


4 .S u , — dw _ dw du , dw dv _ dw , cw 

X Py /-)»/ /Pv Ph/ •' 


dw . 




_5_ / 5w t , _5_ 16w\ 

dx V du ) y dx \ dv ) 




^M + y^cf\ = M + x l x ^ +v l^\ +v ( x j£AL + 

c J du 


+y- 


+y\* 


l x d^ + ydyA 

\ dudv +y sJ 


_ dw_ , „ [ 9hv 8u_ , g 2 w dv 
du ( 3 [ ( 2 dx dvdu dx 

_ dw , 2 d 2 w . o _. d 2 w . 2 d 2 w . 

- 8u +x du 2 +zxy dvdu +y a,, 2 ’ 

dw dw du . dw dv _ .. dw , dw ^ dw ..I d 2 w du , d 2 iv dv*) , ..I d 2 w du , d 2 w dv 

- — - — — + — — --y^ + x^^Wyy + 


y dy du dy dv dy * du dv yy du 7 \ q u 2 dy dvdu dy) dudv dy q v 2 dy 
- _5w_ y/_ v lfw + r d 2 w \.j d 2 w _ _ M + v 2 ^w_ _ 2xv d 2 w . 2 dhv. 

du J \ y 8u 2 + x dvdu) +x \ y dudv x 5^) du +y 8u 2 Ax y dvdu +x mus 

W XX + Wyy = (y + y 2 ) yf + { x2 + y 2 ) yf = (* 2 + ) ( w »» + w vv ) = 0, since w uu + w w = 0 
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46. % = /'(h)( 1) + g'(v)(l) = /'(«) + g'(v) => w xx = /"(h)( 1) + g"(v)(l) = /"(«) + g"(v); 

^7 = /'(«)(*) + g'(v)(-i) => = /"(h) (t 2 j + g"(v) (t 2 j = -/"(h) - g"(v) => w xx +w yy =0 

41. f x (x, y, z) = cos t, f y (x, y, z) = sin t, and / z (x, y, z) = t 2 +t -2 => f = f- § + J f + f f 

= (cos/(-sint) + (sin/(cost) + |t 2 + t-2j(l) = t 2 +t-2; ^ = 0 => t 2 + t -2 = 0 => t = -2 or t = 1; 

t = -2 => x = cos (-2), y = sin (-2), z = -2 for the point (cos (-2), sin (-2), -2); 
t = 1 => x = cos 1, y = sin 1, z = 1 for the point (cos 1, sin 1,1) 


«■ f ; -ft + ff + ft-( 2 ” 2rcos3z ) ( - sin ' )+ ( 2j:Vr “ s3z )(42) + (- 3A2y ™ 3 4 (1) 

= -2xe ly cos3zsint + 2x e -3x 2 e 2y sin3z; at the point on the curve z=0=>t=z=0 

=o + 2( 1 ) 2 (4)(1) _o = 4 

dt 1(1, In 2,0) 2 


49 - (a) ^ = 8x-4>> and ^ = 8j-4x^ |r + f^^ = (8x-4j;)(-sint) + (8y -4x)(cost) 

2 2 j 2 j- 

= (8cost-4sint)(-sint) + (8sint - 4cost)(cost) = 4sin t -4cos t => = 16sintcost; 

^f- = 0 => 4sin 2 t-4cos 2 t = 0 => sin 2 t = cos 2 t => sint = cost or sint = -cost => t = f, If- on 

dt 4 ’ 4 ’ 4 ’ 4 


the interval 0 < t < 2 tt; 


d A T 
dt 2 


rf/ 2 




rf/ 2 




_/77 £\. 
2 


= lbsin^cos 2 ^ < 0 => T has a maximum at (x, j) = (-4/, 4/1 


?= 


= 16sin^/cos^/ > 0 => T has a minimum at 
s* 4 4 


(*, y) = | 


= 16 sin 7/cos< 0 => T has a maximum i 

_Tjl 4 4 


’ 2 1 

1 ? 

' 77 

77). 

2 z 

2 j’ 

77 

77 

2 ’ 

2 

(77 . 

_77) 

1 2 ’ 

2 ) 


(b) T = 4x 2 - 4xy + 4y 2 


dT 


dx = 8x - 4 y, and 4^ = 8^ - 4x so the extreme values occur at the four points 


found in part (a): t[~^, = r (4’ "#) = 4 (i) “ 4 (“i) + 4 (1) = 6 ’ 

l V2 | _ jr | -y/2 V2 ^ _ /| ( 1 


= 6, the maximum and 


r(¥ . ¥ ), r( -^.- ¥ ), 4 (i)_ 4 (i) + 4(l) = 2 , ,hem,ni 


minimum 


50. (a) &£- - y and = x : 

2 5x 2 9y 


ar 


dJi = 8L ch + dZ dy_ 
dt dx dt dy dt 


- y{-2-j2 sintj + x(V2 costj 


= (V 2 sin tj (- 2 V 2 sintj + ( 2 V 2 costj {^[2 costj 


= -4sin 2 t + 4cos 2 t = -4sin 2 t +4^1-sin 2 tj 


= 4 - 8sin 2 t => = -16sintcost; ^ = 0 => 4-8sin 2 t = 0 => sin 2 t = \ => sint = ± 


dt 

■ t = f, ^f, $f, If- on the interval 0 < t < 2 n\ 
4 ’ 4 ’ 4 ’ 4 ’ 


f~2 


dt- 


-8 sin 2 j = -8 T has a maximum at (x, y) = (2,1); 


Copyright © 2014 Pearson Education, Inc. 



dt- 


d A T 
dt 2 


1008 Chapter 14 Partial Derivatives 

= -8sin2^^pj = 8 => T has a minimum at (x, y) = (-2,1); 
= -8 sin 2 (^- j = -8 => T has a maximum at (x, y) = (-2, - 
= -8 sin 2 = 8 => T has a minimum at (x, y) = (2, -1) 


y- = y and 

ox y dy 

T{ 2,1) = T (-2, -1) =0, the maximum and T(— 2,1) = T(2, -1) = -4, the minimum 


(b) T = xy -2 => 4^- = y and ^ = x so the extreme values occur at the four points found in part (a): 


rU 

51. G(u , x) = g(t, x) dt where u = fix) - 

J a 


dG _ dG du _|_ dG dx _ 
dx du dx dx dx 


g(U, x)f'(x) + J“ g x (t, x) dt, thus 


F(x) = Jo Vt 4 +x^dt => -F'(x) = }J(x 2 j +x 3 (2x) + | o +x^dt = 2 xv/x 8 + x 3 + J ( 


3x 2 


0 


dt 


52. Using the result in Exercise 51, F(x) = J 2 Vc + x 2 dt = -J v/t 3 +x 2 dt 


-F\x) = 


“V(x 2 ) 3 + x 2 x 2 -Ji' 


= -x 2 v/x 6 + x 2 + f 2 , dt 


l 


r r 3 , 2 

Vt +x 


14.5 DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS 


1. 


f — 1 - |-l=-v/-i + j; /(2.1)—1 

=> -1 = 32 -x is the level curve 


? £_ 

Sx „2 , „2 


2x 


l)=l- ^ = ^21 

3x V ’ ' ’ Bv „ 2,„2 


x^+y* ox ■ dy x~+y 

V/=i + j; /(l, 1) = In 2 => In 2 = In 

? 9 

2 = x" + j*’ is the level curve 


(x 2 +j 2 j 
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3 - §-y 2 =>f(2.-0-i; 

£-2*y=>§<2.-l)—l=>vg=i-4J; 

g( 2, -1) = 2 => x = \ is the level curve 

y 


<• f—f(^>)-^ 

g(v/2, lj = y=> y = 4p-4- or 1 = x 2 -j 2 is the level 
curve 



5. 


£ 

3x 


1 

yj2x+3 y 


¥ 

5x 


(- 1 , 2 ) 


1. 

2 ’ 


¥ 3 

9r 2yj2x+3y 


— (-1 21 = — => V/* = —i + — i • 
n z t 4 •' 2 4 J ’ 


/(-1, 2) = 2 => 4 = 2x + 3y is the level curve 


6 . 


¥ - y ^ ¥(4 _ 2 1 =_*_• 

Sx 2y 2 ^+2x 3 / 2 ^ 16’ 


¥ 

dy 


yfx 


¥ 


2 y 2 +x 


(4,-2)=. 


■ V/ = ■ 


16 


/(4, -2) = ■ 


5v v ’ ' 4 J 16 4 

=> _y = -v/v is the level curve 


j; 



y 



7 ' I" 2 *V s fO- 1 -!) -3; f-2y=>f(l.l.l)-2; f .^z + l„,=.f(l,l,l)=^ thus 

V/ = 3i+2j-4k 


8 - £=- 6xz+ 7^r^>£( 1 ’ 1 ’ 1 )=-^ ; £=- 6 > ;z ^£( 1 ’ 1 ’ 1 )=- 6 ; £ =6z2 - 3 ( x2+ > ;2 ) + - 


f(l,l,l)=}; thus V/ = -^i-6j+ik 


Q ¥ = . 

dx 


¥ 

8z 


(x 2 +y 2 +z 2 ) 


3/2 


-1 =>S.(_i 2 - 2 )=-—- ¥- = - 
X dx K ’ ’ ; 27 ’ dy 


(x 2 +/+z 2 )' 


1-1 2 - 2 ) =—• 
A, v ’ ’ ' 54 ’ 


(x 2 +y 2 +z 2 ) 


±=>f(-l,2,-2)=-ff; thus V/ = - 


26 ; . 23 ; 23 1 


3/2 1 z ^ Sz v 54 ’ v 27 1 + 54 J ' 


54 
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10. ‘f = e x+ y. 

ox 


C0SZ + ^ £(°’ °’ 6 ) = # +1; f = ^ cos z + sin- 1 X => f (o, 0, f ) = 




df x+y • . df 

-4~ = -e - sin:^f 

oz oz 


(0,°,f) = 4; ,h usV/ = (4i) i + fj-! 1 


11. u = ,4i = 4l+3j . =4i+|j; /*(*, y) = 2y f x (5, 5) = 10; f v (x, y) = 2x - 6y => (5, 5) = -20 


2 +3 2 5 5- 


l A l ” V+ 

V/-10i- 20j => (D u f)p o = V/ • u = 10 (f) - 20 (f) 


4 =-4 


12. u "]a[ = ^ 3 2~ +( " J 4) 2 = 5 i ~5'j ; f x (x,y)=4x^>f x (-l,l) = ^, Mx,y) = 2y^f y (-l,l) = 2 

12 8 


=> V/ = —4i + 2j => (D u f) Pn = V/-u = -f-f = -4 


13. u= 1 4 = 4=j = jfi + j|j; g A .(v,>>)=-f-tl-^>g v (l,-1)=3; g y (x,j;) = 


x z +2 


-Jn^+5 


=> Vg = 3i 3 j => (D u g) ?n =V g-u = f3 _ y| = i 3 


(*y+2r 

_ 36 15 _ 21 


(xv+2)- 


•g v (l, -1) = -3 


i /i A 3i—2 j 

14. u=A =- 1 


V3 2 +(-2) 2 Vl3 
l 1 ) (f)43 


ZZ 

j; h x ( x ,y) = ±4L+ U 


(i) +i 


K(\, 1)=}; 


K ) +1 


■ hy (1, 1) 2 ^ V/? 2 1 + 2 j ^ W)i> 0 V/? ' u 2 Jij 2^13 


2Vl3 


15 ' u = IaI = TT=T=T = 7 i + 7 j-f k ; f x ( x ’ y> z ) = y + z /*(!> -h 2) =1; 

l A l V3 2 +6 2 +(-2) 2 7 7 

/ v (v, j, z) = x + z .4,(1, -1, 2) = 3; f z (x, y,z) = y + x^> f z ( 1, — 1, 2) = 0 => V/ - = i + 3j 
^(D u f)p o = V/'-u =f+ y =3 


16 - U= ^ = 7^=T = ^ i+ ^ j+ ^ k; fx( x ’ y * z ) = 2x => f x (l, 1,1) = 2; fy{x, y, z) = 4y=> f y (l, 1,1) = 4; 

fz (*, y > *) = -6^ => /z (1,1,1) = -6 => V/ = 2i + 4 j - 6k (D u /) p o =V/ ■ u = 2 (-L) + 4 (-j=) - 6 (-j=) = 0 

17 • u = |f[= I ; l+ r 2k , = 3 i + 3i~3 k; gv(*> P> z ) = 3e v cos yz^>g x (0,0,0) =3; 
l A l V 2 2 +l 2 +(-2) 2 J j j 

gy (x, y, Z ) = -3ze x sin vz g y (0, 0, 0) = 0; g z (x, y, z) = -3 ye x sin vz => g z (0, 0, 0) = 0 => Vg = 3i 
=>(D u g) Pn = Vg -u = 2 


18 ' u = = 3 i+ fj + 3 k; A(*.3'.^) = -J'sin^+i=>A(i.o4) = i; 

h y (x, y, z) = -xsin xy + ze yz => h y [ 1,0, ^) = |; ^ z (*> j, z) = ge- vr => h z (l, 0, = 2 => V/? =i + ^j + 2k 

=>( D u h) P =v/7-u=i + } + | = 2 
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19. V/ = (2x+y)i + (x + 2y)j^V/(-l,l) = -i + j=>u=|^| = -^=L= = --Di+-Dj; / increases most 

rapidly in the direction u = —Ui +-U j and decreases most rapidly in the direction -u = -Ui —Uj; 

v 2 v 2 V2 V 2 

(A./)/- 0 =V/-u = |V/| = V2 and (D_ u /) Pfl = -Jl 


20. Vf = (lxy + ye xy sin v) i + ( x 2 + xe xy sin y + e XJ ’ cos y j j => V/( 1, 0) = 2 j => u = ^ 


= -p4- = j; / increases most 


rapidly in the direction u = j and decreases most rapidly in the direction -u = -j; 
(D u f) Po =V/-u=|v/|=2 and (D_ u f) Po =-2 


21. vf = M-\ -y + z |j->»k=>V/(4,l,l)=i-5j-k=>u = |^ r = 


i-5j-k 


-,/T* i /V J /V k ’ f 


|V/| 3^3 3V3 3^3 


increases most rapidly in the direction of u = i - -^j= j -^4=k and decreases most rapidly in the direction 
-u =-^ji+^j+^k; (D u f)p o =v/-u=|v/|=3V3 and (D_ u f)p o = -3^3 


22. Vg = e v i + xe- v j + 2zk =^>Vg (l, In 2, ^j = 2i + 2 j + k => u : 


vg 


2 i+2j+k 


N V2 2 +2 2 +l 2 3 3 3 


= |-i+-|j+yk; g increases most 


rapidly in the direction u=yi+-|j+jk and decreases most rapidly in the direction -u=-^-i--|j-^k; 


(D u g)p Q =Vg-u=|vg|=3 and ( D_ u g) Po =-3 


21 V / = fe + x) i + (y + y)j + (7 + 7) k ^ V ^ 1 ’ 1 ’ 1 ) = 2i + 2 j +2k ^ U= ^ = ^ i+ ^j + ^ k; f mCreaSeS 

most rapidly in the direction u=-^i+-^j+-^k and decreases most rapidly in the direction 
-« = -^i-^j-^MAiAp 0 =V/-u = |v/|=2a/J and (. D_ u f)p Q =-2^3 


24. Vh = 


2x 


x 2 +_v 2 -l 


27 


x 2 V-l 


-1 |j + 6k=>vA(l,l,0)=2i + 3i + 6k=>u=|^i = -^== = |i+|i + |k; h 


increases most rapidly in the direction u = yi + y j +yk and decreases most rapidly in the direction 


-u =-|i-|j-|k -,{D u h)p 0 =V/? u = |v/?| = 7 and (. D_ u h)p o =-7 


25. V/ = 2xi + 2yj => v/ ( -jl, V2) = 2V2i + 2^2 j 
=> Tangent line: 2^2 - V2 j +2y[2 [y - \[2 j = 0 

=> VZx + y[2y = 4 
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26. V/ = 2.ri-j=>V/(V2,l) = 2V2i-j 

=> Tangent line: 2^2 (x - -jl ) -(y -1) = 0 
=> y = 2\[2x - 3 


27. V/ = yi +x\ => V/(2, -2) = -2i + 2j 

=> Tangent line: -2(x-2)+2(j+2) = 0 
=>>> = x-4 


28. V/ = (2x -y)i+(2y-x )j =3- V/(-1, 2) = -4i + 5 j 
=> Tangent line: -4(x +1) + 5{y - 2) = 0 
=> -4x + 5 j -14 = 0 


y 







29. V/ = (2x-y)i+(-x + 2y-l)j 

(a) V/(1, -1) = 3i -4j |V/(1, -1)| = 5 => D u f (1, -1) = 5 in the direction of u = |i - j j 

(b) -V/( 1, -1) = -3i +4j => |v f (1, -1)| = 5 D u /(1, -1) = -5 in the direction of u = -|i + y j 

(c) D u /(1, -1) = 0 in the direction of u = yi + -|j or u = -yi-y j 

(d) Let u = M|i +w 2 j =>|u| = ^/z/ 2 +wf = 1 => uf + z/ 2 =1; D u f(l, -1) =V/(1,-1) u = (3i-4j)-(wp +w 2 j) 

2 

= 3w| -4z/ 2 = 4 => = yW| -1 =>w 2 +('| M i _ l) = 1 => _ 4 M l = 0 =>Mj =0 or 

M| = ; «i =0 =>w 2 =-l^>u=-j, or m, = |f ^>zz 2 = -^^>u=^i-^-j 

(e) Let u =w 1 i+w 2 j => |ii| =^f + wj =l=>!/f +w 2 =1; £>„/( 1, -1) =V/(1, -l)-u =(3i-4j)-(M 1 i+« 2 j) 

2 

= 3z^ -4m 2 = -3 => z/j = y-zz 2 -1 =i> (y« 2 -lj +w 2 = 1 => y^-w 2 — y w 2 = 0 => zz 2 = 0 or 1 z 2 = 2y; 

M 2 = 0 => W[ = -1 => u = -i, or w 2 = |y => w 2 = yy => U = yyi +|y j 


30 . 


V/ = —^-yi- 

• (x+y) 2 (x+y) 2 

(a) V/(-i |) = 3i + j =3 |v/(-y, || = VlO => D u f |) = VlO in the direction of u = -^= i +-^j 

(b) -V/(—y, y) = —3i — j => |v/(-y, -|)| = VlO =>£>„/(!,-1) = -VlO in the direction of u = --^i--^ 
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(c) A. f(~\, 4) =0 in the direction of u = -d=i — j or u = —J=i h —\ 

“■ V 2 2 ) VTo VIo VIo VTo 

(d) Let u = u l i + u 2 \ => |u| = +wf = 1 => u 2 + w 2 =1; Ai/( _ 2 ’ |) = V/(-|, |)-u = (3i +j) -(t/ji +u 2 j) 


= 3u\ +U 2 = -2 => u 2 = -3m| -2 => Mj + (—-2)" = 1 => 10z/f + 12zzj +3 = 0 => U\ = 

_-6+V6 . _ -2-3V6 . „ _ -6+V6 ; , -2-3V6 ; _ -6-V6 . _ -2+3V6 


_ —6+V6 


j, or mj = ■ 


-6-V6 • -2+3V6 • 

in 1_1 ~ in J 


(e) Let u = u l i + u 2 j => |u| = yju[+u% = 1 => zz 2 + z/ 2 = 1; Ai/(“}> f) = v /(“T- 4 ) ' u = ( 3i + j) '( M i‘ +«2J') 
= 3 z/i+zz2 =1=>z/ 2 = 1 — 3z/j => U\ +(1-3mj) 2 = 1=>10m 2 -6wi = 0 =^> z/ 1 =0 or zzj =-|; 
z/j = 0 => u 2 =1 => u = j, or iii =j =^> zz 2 = —| =>u =-|i-4 j 


31. V/ = yi+(x + 2y)j => V/"(3, 2) = 2i + 7j; a vector orthogonal to V/ is v = 7i-2j =>u =-pr = , 2l 


./ S \ •/" / «P \ ' / «» ' ^ «l I - , I / -1 -> 

M V 7 +(-2) 

= -p= i —A j and -u = ——i + -p= j are the directions where the derivative is zero 

V53 V53 V53 V53 

32. V/ = y, , i - p, j => V/(l, 1) = i - j; a vector orthogonal to V/ is v = i + j u = ^ = -^= 

(x-+r) (x+y) M V 1 2 + 1 2 

= -4=i +-!=■ j and -u = — Ui —\= j are the directions where the derivative is zero 
V2 v 2 v2 V2 

33. V/ = (2x-3j)i +(-3x +8j)j => V/(l, 2) = -4i+13j => |V/(1, 2)| = ^J(-4) 2 +(13) 2 = Vl85; no, the maximum 
rate of change is Vl85 <14 

34. V T = 2yi + (2x -z)j - vk => V Ah -1,1) = -2i + j +k => |'V T(l, -l, 1)| = <J(-2) 2 +1 2 +1 2 = ^6; no, the 
minimum rate of change is ->/6 > -3 


35. V/' = ./ x (l, 2)i +4,(1, 2)j and „t = 4^= = ^ j => (A./)(l> 2) = f x {\, 2)(-^j + / y (l, 2)(^j = 2^2 
=* fx a 2)+/,(h 2) = 4; u 2 = -j => (JX /XI, 2) = / x (l, 2)(0) + A(l, 2)(-l) = -3 => - A(l, 2) = -3 


■ fy (h 2) = 3; then f (1, 2) + 3 = 4 =0- / x (l, 2) = 1; thus V/( 1, 2) = i +3j and u = A = - 


/(-l;+(-2r 


' '/s 1 s'-''’"'I';. v/u J? j? J; 


36. (,) (D u f)p = 2 V 3 |v/~| = 2 V 3 ; » = <= *» 


71 +!+(-!) 


v /= 275 (i l+ A-i k )- 2l+2i - 2k 


(b) ’ = = - Vf -“- 2 (-L) +2 (-L)- 2 <°>= 277 
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37. The directional derivative is the scalar component. With V/ evaluated at P (j , the scalar component of V/ in 
the direction of u is V/' u = ( D u f) Pg . 


38. D i f = V/-i=(f x i+f y j+f z k)-i=f x ; similarly, D j f = Vf-j=f y and D k f = Vf-k=f z 

39. If (x, y) is a point on the line, then T(x, y) = (x -x 0 )i +(y - Jolj is a vector parallel to the line 
=^> T - N = 0 => 4(x-x 0 ) +B(y-yo) = 0, as claimed. 


40. (,) V W =^i + ^j + iflk = t(|)i + t(|)j + t(f)k=t(fi4.|i + fk) = W/ 

(b) V(/ + g )=^ i + ^ j+ ^k=(f + |) i+ (| + |) j+ (f + f)k 

= ^ i + 5£ i+ ^j + %.j + ^ k+ ^: k = /'^ i+ ^j + ^ k 'l + /'5£ i+ ^.j + ^£ k 'l =v /' + Ve 

&c 5x 1 + dy i + dy i+ dz K+ 3z K ^ dx 1 + dy i + dz K j dx 1 + dy J + dz K ) W J +y £ 

(c) V(/-g) = V/’-Vg (Substitute -g for g in part (b) above) 

(d> vc&) = ^l i+ Ml j+ Ml k =(f* + f/) i+ (|* + f/)j + (f* + f/)k 

= (fs)-(|/)‘+(| S )i+(|/)j + (| S )k + (|/)k=/(|i + | J+ |k) + g (f, + | j + 
= /Vg+gV/ 


(e) V 


//i_£)£ s (ik s (i ) 1 

UJ dx 


i H —~ j H — "k —k — 

cy J & 


( e sL.fM> 

s dx J dx 


( gV-f^ 

6 Sv J dy 


J + 


s 8z J dz 


f g v i+g v- s+g v^ 

* a * 3>' J * a 
? 




£(a a> J a ] •'U a j _ gV/ /Vg _ gV/-/Vg 


14.6 TANGENT PLANES AND DIFFERENTIALS 

1. (a) V/ = 2xi + 2yj + 2zk => Vf (1,1,1) = 2i + 2j + 2k 

=^> Tangent plane: 2(x -1) + 2(y -1) +2(z -1) = 0=>x + g + z=3; 

(b) Normal line: x = \ + 2t, y = \ + 2t, z = \+2t 

2. (a) V/ = 2xi + 2yj -2zk => V/"(3, 5, -4) = 6i +10j +8k 

=^> Tangent plane: 6(x -3) + 10(y-5) + 8(z + 4) = 0 => 3x +5y + 4z = 18; 

(b) Normal line: x = 3 + 6t, y = 5 +10t, z = -4 + 8t 

3. (a) V/ = -2xi + 2k ^ V/( 2,0, 2) = -4i + 2k 

=> Tangent plane: -4(x-2) + 2(z-2) = 0 => -4x + 2z + 4 = 0 => -2x + z + 2 = 0; 
(b) Normal line: x = 2-4t, y = 0, z = 2 + 2t 

4. (a) V/ = (2x + 2g)i + (2x - 2y)j + 2zk => Vf (1, -1, 3) = 4j + 6k 

=> Tangent plane: 4(y + 1) + 6(z-3) = 0 => 2y + 3z = 7; 

(b) Normal line: x = 1, y = -1 + 4t, z = 3 + 6f 
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5. (a) yf = ^-7rs'm.7rx-2xy + ze xz )i + |-x 2 + zjj + {xe x ~ + jjk => V/XO, 1, 2) = 2i + 2j + k 

=^> Tangent plane: 2(x-0) + 2(y -1) + l(z-2) = 0 => 2x + 2y + z-4 = 0; 

(b) Normal line: x = 2t,y = l + 2t,z = 2 + t 

6. (a) V/ = (2x-y)i-(x + 2y)j-k => V/(l, 1, -1) =i-3j-k 

=> Tangent plane: l(.r-1)-3(y-1)-l(z + 1) = 0 =>x -3y-z = -1; 

(b) Normal line: x = \ + t, y =\-3t, z = \-t 

7. (a) V/= i+ j+ k for all points Vf(0,1, 0) = i+ j+ k 

=> Tangent plane: l(x-0) +\{y -1) +l(z-0) = 0 => x +y +z -1 = 0; 

(b) Normal line: x =t, y =\+t,z =t 

8. (a) V/ = (2x-2j-l)i + (2y -2x + 3)j -k => V/X2, -3,18) = 9i — 7j — k 

=> Tangent plane: 9(x-2)-7(j + 3)-l(z-18) = 0 => 9x-ly-z = 21; 

(b) Normal line: x = 2 + 9t, y = -3-lt, z =\%-t 

9. z = f(x,y) = \nlx 2 +y 2 )^f x (x,y) = -^r and f (x, y) = ~A~r => f x (l 0) = 2 and f (l, 0) = 0 

\ / x +y x +v 

=^> from Eq. (4) the tangent plane at (1,0,0) is 2(x-l)-z=0 or 2x — z — 2 = 0 


10 . 


A* 2+y2 ) 


-(x 2 + y 2 ) 


-(x 2 V) 


z =f(x,y)=e ' ' ' =^>/ r (x, y) = -2xe v ' ' and / v (x, j) = -2je 

f y (0, 0) = 0 => from Eq. (4) the tangent plane at (0,0,1) is z -1 = 0 or z = 1 


' f x (0, 0) = 0 and 


11. z = f{x, y) = yjy -x => f x (x, y) = -±(y -x) 1/2 and f y (x, y) = -\(y-x) 1/2 / x (l, 2) =-| and 

f y (\, 2) = j => from Eq. (4) the tangent plane at (1,2,1) is -\(x -l) + ^(y-2)-(z -1) = 0 
=>x-> , + 2z-l = 0 


12. z = f{x, y) = 4x 2 +y 2 => f x (x, y) = 8x and f y (x, y)=2y^> f x (1,1) = 8 and f y (1,1) = 2 => from Eq. (4) 
the tangent plane at (1,1, 5) is 8(x-l) + 2(y-l)-(z-5) = 0 or 8x + 2j-z-5 =0 


13. V/ = i + 2y\ + 2k => V/(l, 1,1) = i + 2j + 2k and Vg = i for all points; v = V/ x Vg => v = 
=> Tangent line: x = 1, y = 1 + 2t, z = l-2t 


i j k 

1 2 2 
1 0 0 


= 2j-2k 


14. V/ = gzi + xzj + xyk => V/(l, 1 , 1 ) = i + j + k; Vg = 2xi + 4 vj + 6zk => Vg(l, 1,1) = 2i + 4j + 6k; 

|i j k 

= 2i - 4j + 2k => Tangent line: x = 1 + 2t, y = 1 -4f, z = 1 + 2t 


■ v = V/ x Vg : 


1 1 1 
2 4 6 
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15. Vf = 2xi + 2j + 2k => V/( 1,1, = 2i + 2j + 2k and Vg = j for all points ; 


v = Y f xVg^>v 


1 j k 

2 2 2 
0 1 0 


-2i +2k => Tangent line: x = l-2t,y = l,z =j + 2t 


16. 


17. 


V/" = i + 2 yj + k => V/^4-, 1, -y) = i + 2j + k and Vg = j for all points; v = Vf x Vg => v 
=> Tangent line: x = \-t, y =\, z = ^+t 

Vf = (3x 2 + 6 xy 2 + 4y ) i + ( 6x 2 y + 3y 2 + 4x) j - 2zk =i> V/( 1,1, 3) = 13i +13j - 6k; 


i j 

1 2 
0 1 


k 

1 

0 


= -i + k 


Vg = 2xi + 2yj + 2zk => Vg(l, 1, 3) = 2i + 2j + 6k; 
=> Tangent line: x = 1 + 90t, y = 1 -90t, z = 3 
V/ = 2xi + 2 yj => VfU:2, >/2, 4) = 2y/2i + 2^2y 


v = Vf x Vg => v 


1 j 

13 13 

2 2 


k 

-6 

6 


= 90i — 90 j 


Vg = 2xi + 2yj -k => Vg^V2, a/ 2, 4j = 2y/2i + 2yf2j -k; 


v = VfxVg^>v 


i j k 

2 a/2 2V2 0 

2 a /2 2 a /2 -1 


-2a/21 + 2a/2 j => Tangent line: x = a/2 — 2a/2t, T = a/2 +2\[2t, z = 4 


19. V/ = 


2 2 2 
JC +JT +Z 


2 2 2 IJ 

X +y +Z 


^fcrjk =* V/(3, 4,12) = ^ j + ^k; 


1 


3i+6j-2k 

3 2 +6 2 +(-2) 2 


= |i+fj-|k^>V/-u = I ^3 and <// = (Vf • u) ds = )(0.1)« 0.0008 


20 . 


V/ = |e A cos jzji-|ze' r sinjzj jsinjzjk => V/'(0, 0, 0) = i; u = ^ = 
= -Ci+-Lj--Ck^>Vf-u=-L and df = (Vfu) ds = -j^(O.l) « 0.0577 


2i+2j-2k 

a/2 2 +2 2 +(-2) 2 


21. Vg = (l + cosz)i + (l-sinz)j + (-xsinz - jcosz)k => Vg(2, -1, 0) = 2i + j +k; A = PqP\ = -2i + 2j +2k 


=> 11 = 7^7 = 


==^= = --Li+^j+-Lk^Vg-u=0 and dg = (Vgu) ds = (0)(0.2) = 0 


a/c2) 


2 +2 2 +2 2 


22 


. Vh = -nys\n{7Txy) + z 2 i-[^xsin (ttxj)] j + 2xzk => Vh(-l, -1,-1) = (tt sin+ l)i + (zrsin zr)j + 2k 


= i + 2k; v = = i + j + k where P\ = (0, 0, 0) => u = A = 


i+j+k 


v| ^ I + ^ J+ '^ 


Vh-u=-^ = V3 and dh = (Vh u) ds = a/3(0.1) * 0.1732 
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23. (a) The unit tangent vector at in the direction of motion is u = : y-l-yj; 

V T = (sin 2_y)i + (2xcos2y)j => V W ^f\ = (sin VJJi + (cos S) j => D u t[\_, |j = VT-u 


= ^sinV3-}cosV3 ®0.935°C/ft 

(b) r (t) = (sin 2t)i + (cos 2t) j => \(t) = (2 cos 2f)i - (2 sin 2t)j and |v| = 2; 

f = f f + f f = vr • v = ( vr ' r)| v I = (Z) « r) M> where u = H ; at (i’ #) we have u = ■#*4j 

from part (a) => ^ = ^4 s * n V3-^cosVJ j-2 = ^3 sin VJ - cos V3 ®1.87° C/sec 

24. (a) V T = (4x-jz)i-xzj-xjk => VT(8, 6,-4) = 56i + 32j-48k; r(t) = 2t 2 i+ 3tj-t 2 k => the particle is 
at the point P(8, 6, -4) when t = 2; v(t) = 44 + 3j -2tk => v(2) = 8i +3j -4k => u = ^j- 

= i i+ ^ j -^ k ^ Z) » m6 ^ 4)=Vr ' U= i[ 56 * 8+32 ' 3 - 48 * ( -4)]=S° C/in 


V89 l 


V89 


W f = §i + ff = V7 '* = < VI '-“>M + f = 0.7 


,,2V(2).(^|)V89 . 736“ C/sec 


25. (a) /(0,0) = 1, f x (x, y) = 2x =>/ v (0,0) = 0, f y (x,y) = 2y ^>f y (0,0) =0 

=>Z,(x,jO=1 + 0(x-0)+00>-0) =1 

(b) /(1,1) = 3, f x { 1,1) = 2, /y(l, 1) = 2 => Z,(jc, _y) = 3 + 2(x -1) + 2(_y -1) = 2x + 2_y -1 

26. (a) /(0,0) = 4, 4(x,jO = 2(x+jm-2)=>£(0,0) = 4, f y (x,y) = 2(x + y + 2)^ f y (0, 0) = 4 

=> L(x, j) = 4 + 4(x - 0) + 4(_y - 0) = 4x + 4y + 4 

(b) /(1,2) = 25, £(1,2) = 10, £(1, 2) = 10 => L(x, y) = 25 + 10(x-l) +10fy-2) = lOx + lOy-5 

27. (a) /(0, 0) = 5, f x (x,y) = 3 for all (x, y), f y (x, y) = -4 for all (x, y) => L(x, y) = 5 + 3(x-0) -4(y -0) 

= 3x — 4y + 5 

(b) /(1,1) = 4, f x (1,1) = 3, f y (1,1) = -4 => L(x, y)= 4 + 3(x -1) -4(y -1) = 3x-4v + 5 


28. (a) /(l, 1) = 1, f x (x, y) = 3x 2 / => f x ( 1,1) = 3, /^(x, j>) = 4x 3 y 3 => f y ( 1,1) = 4 
=> Z(x, _y) = 1 + 3(x -1) + 4( v -1) = 3x + 4r -6 
(b) /(0, 0) = 0, £(0, 0) = 0, 4(0, 0) = 0 => L(x, j) = 0 


29. (a) /(0, 0) = 1,4 (x, j) = 4 cosj = 4(0, 0) =1, f y (x, y) = -4 sin y => f y (0, 0) = 0 

=> L(x, y) =1 + 1 (x — 0) + 0(jx — 0) = x +1 

(b) / (o, f ) = o, 4 (o, f) = o, 4 (o, f) = -l => 4x, 4 = o+ 0 (x - 0 ) - 1 ( y - f) = - y +f 

30. (a) / (0,0) = 1, 4 (x, p) = -e 2y ~ x => f x (0,0) = -1 £(x, 4 = 2e 2 ^ => f y (0, 0) = 2 

=> L(x, y) = 1 — l(x -0) + 2[y -0) = -x + 2y + 1 

(b) /(l, 2) = e 3 , 4 (1, 2) = -e 3 , f y (1, 2) = 2e 3 => L(x, y) = e 3 - e 3 (x -1) + 2e 3 (y - 2) = -e 3 x + 2e 3 y - 2e 3 
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31. (a) IV(20,25)=H°F;W(30, -10) =-39°F; 1F(15,15) = 0°F 

(b) W( 10, -40) = -65.5 °F; W( 50,-40) = -88 °F; If (60, 30) = 10.2°F; 

(c) W{ 25, 5) = -17.4088°F;|^ = -p- + |C(25, 5) = -0.36; = 0.6215 + 0.4275v 016 

=> |^( 25, 5) =1.3370 7(F, T ) = -17.4088 -0.36(F -25) +1.337(7-5) = 1.3377" -0.36F -15.0938 

(d) i) W(24, 6) « 7(24, 6) = -15.7118 « -15.7°F 

ii) If (27, 2) « 7(27, 2) = -22.1398 « -22.1°F 

iii) W(5, -10) ~ 7(5, -10) = -30.2638 ~ -30.2°F This value is very different because the point (5, -10) 
is not close to the point (25, 5). 

32. W( 50, -20) = -59.5298 °F; | f- = + §y(50, -20) = -0.2651; = 0.6215 + 0.4275v 016 

=> |^(50, -20) =1.4209 => L(V, T) = -59.5298 -0.2651(F -50) +1.4209(7’ + 20) 

= 1.42097-0.265 IF-17.8568 

(a) If (49, -22) ~ 7,(49, -22) = -62.1065 ® -62.1°F 

(b) If (53, -19) « 7(53, -19) = -58.9042 « -58 ,9°F 

(c) If (60, -30) ® 7(60, -30) = -76.3898 * -16A°F 

33. /(2,1) = 3, f x (x, y) = 2x-3 y^ f x ( 2,1) = 1, f y (x, y) = -3x => f y { 2,1) =-6 => L(x, y) = 3 + l(x-2) -6 (y -1) 
= 7 + x - 6 y; f xx (x, y) = 2, f yy (x, y) = 0, f xy (x, y) = -3 => M = 3; thus | E(x, y)\ < (|) (3) (|x - 2| +1 y - 1|) 2 

<(j)(0.1 + 0.1) 2 =0.06 


34. f(2, 2) = 11, /, (x, y) = x + y + 3 => f x (2, 2) = 7, f y (x, y) = x +1 - 3 => f y (2, 2) = 0 

=> 7(x, y) = 11 + 7(x - 2) + 0(y - 2) = 7x - 3; f xx (x, y) = 1, f yy (x, y) = /^,(x, y) = 1 => M = 1; thus 

|£(x, f )| < ({) (1) (|* - 2| + [y - 2|) 2 < (1) (0. 1 + 0. 1) 2 = 0.02 

35. /(0, 0) = 1, f x (x, y) = cosy- =^> / r (0, 0) = 1, f y {x, y) = 1-x siny => / v (0, 0) = 1 

=> 7(x, y) = 1 + l(x - 0) + l(y - 0) = x + y +1; f xx (x, y) = 0, f yy (x, y) = -x cos y, f xy (x, y) = -sin y 

=>M=1; thus \E(x, y)| < (y)(l)(|x| + |y|) 2 <(})(0.2+ 0.2) 2 =0.08 

36. /(1, 2) = 6, / X (x, y) = y 2 -y sin(x -1) => f x ( 1, 2) = 4, / v (x, y) = 2xy +cos(x -1) / v (l, 2) = 5 

=> 7(x, y) = 6 + 4(x -1) + 5(y - 2) = 4x + 5y - 8; ./„ (x, y) = -y cos(x -1), f yy (x, y) = 2x, 

fxyix, y) = 2y-sin(x-l); |x-l] < 0.1 => 0.9 <x <1.1 and \y -2| < 0.1 => 1.9 <y < 2.1; thus the max of 

|/ vx (x,y)| on 7? is 2.1, the max of / >:l ,(x, y)| on 7? is 2.2, and the max of |/ a> ,(x, j)| on7is 

2(2.1) -sin(0.9 -1) < 4.3 => M = 4.3; thus |7(x, y)| < (|)(4.3)(|x -1| + \y-2\f < (2.15)(0.1 +0.1) 2 = 0.086 

37. /(0, 0) = 1, f x (x, y) = e' v cosy => f x ( 0, 0) = 1, f y (x, y) = -e x sin y => f y ( 0, 0) = 0 

=> 7(x, y) = 1 + l(x - 0) + 0(y - 0) = 1 + x; f xx (x, y) = e* cos y, f yy (x, y) = -e r cos y, f xy (x, y) = -e x sin y; 
|x| < 0.1 => -0.1 < x < 0.1 and | y\ < 0.1 => -0.1 < y < 0.1; thus the max of | f xx (x, y) on R is 
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e 01 cos(O.l) < 1.11, the max of | f v (x, y) \ on 7? is e 01 cos(O.l) < 1.11, and the max of | f xv (x,y) on 7? is 
e 01 sin(O.l) <0.12 =>M =1.11; thus \E(x,y)\ <(^)(1.11)(W + M) 2 <(0.555)(0.1 + 0.1) 2 =0.0222 


38. 


39. 


40. 


/(1,1) = 0, f x (x, y) = ± => f x (1,1) = 1, f y (x, y) = i => f y (1,1) = 1 => L(x, y) = 0 + l(x -1) + l(y - 1) 

= x + y- 2; f xx (x, y) = -jj,f yy (x, y) = -\,f xy (x, y) = 0; |x-l| <0.2 =>0.98 <x <1.2 so the max of 
\f xx (x, y)\ on R is , <1.04; |y — 1 | < 0.2 => 0.98 < y < 1.2 so the max of \f yy (x,y)\ on R is 
< 1.04 =>M =1.04; thus E(x,y)\ < (|)(1.04) (^c-1| + \y -1|) 2 <(0.52)(0.2 + 0.2) 2 =0.0832 

(a) /(1,1,1) = 3, / x (l, l,l)=y + z| (lj u 1} = 2, f y (l, 1,1) =x + z| (1> U) = 2, f z ( 1, 1,1)= y + x| (1 , 1>1} =2 
=> L(x, y,z)= 3 + 2(x -1) +2(y—l) + 2(z —l) = 2x+2y + 2z — 3 

(b) f(l, 0,0) = 0, f x (1, 0,0) = 0, f y (1, 0,0) = 1, f z (1, 0, 0) = 1 

=> L(x, y, z) = 0 + 0(.r -1) + (y - 0) + (z - 0) = y + z 

(c) /(0, 0, 0) = 0, .4(0, 0, 0) = 0, fy (0, 0, 0) = 0, f z (0, 0, 0) = 0 L(x, y,z) = 0 

(a) /(l,U) = 3,.4(l,l,l) = 2x| (lu) =2 fy(l, 1,1) = 2y| (1)11) = 2, / z (l, 1,1) = 2z| (1>1> 1} = 2 
=^> L(x, y, z) = 3 + 2(x -1) +2(y -1) + 2(z -1) = 2x + 2y + 2z -3 

(b) 4(0,1,0) = 1,4(0,1,01 = 0, fy (0,1,0) = 2, /_(0,1, 0) = 0 

=> Ux, y, z) = 1 + 0(jc - 0) + 2(y -1) + 0(z - 0) = 2y -1 

(c) /(1, 0, 0) = 1, / x (1, 0, 0) = 2, fy (1, 0, 0) = 0, f z (1, 0, 0) = 0 
=> L(x, y, z) = 1 + 2(x -1) + 0(y -0) + 0(z -0) = 2x—l 


41. (a) /(1,0, 0)= l,/ r (1,0,0) = 


^x 2 +y 2 +z 2 


= 1, fy (l,0,0) = 


( 1 , 0 , 0 ) 


i Jx 2 + v 2 +z 2 


= 0 , 


( 1 , 0 , 0 ) 


,4(f o, o) = 


J x 2 +y 2 +z 2 


= 0 => L(x, y, z) -1 + 1(jc — 1) + 0(y-0) +0(z -0) = x 


( 1 , 0 , 0 ) 


(b) 4(1,1, 0) = a/2, .4(1,1, 0) = -L, fy( 1,1,0) = 4 Z (1,1,0) = 0 

=>£(*, y, z) =a/2 +-L(x-l) + -^(y-l) + 0(z-0) =-^x+-^y 

(c) 4(1, 2, 2) = 3, .4(1, 2, 2) = i, .4(1, 2, 2) = §, f z { 1, 2, 2) = | 
=>L(x, y,z)=3+i(x-l) + |(y-2)+|(z-2) =ix + |y+|z 


42 . 


(») -ft /r ( ftU )-i=2 -ft 


/|-(f.u) = ^. =-l3l(»,J,z) = ltO(,-f)tO(,-l)-l(z-l) = 2-. 

( 2 ,l,lj 


(b) 4(2, 0,1) = 0, .4 (2, 0,1) = 0, f y (2, 0,1) = 2, .4 (2, 0,1) = 0 
=> L(x, y, z) = 0 + 0(x - 2) + 2(y - 0) + 0(z -1) = 2 y 
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43. (a) /(0,0,0) = 2, f x (0,0,0) = e 
/z(0, 0, 0) = -sin(>< + z)| (0j0;0) 


= 1, f y (0, 0, 0) = -sin(j+z)| 


= 0, 


( 0 , 0 , 0 ) - -S' - - ' “ -'( 0 , 0 , 0 ) 

= 0 => L(x, y, z) = 2 + l(x - 0) + 0 (y - 0) + 0(z - 0) = 2 + x 


(b) /(0,f,0)=l,/ x (0,f,0)=l, fy(0, y, 0) = - 1 , / z (0, y, 0) = - 1 , 

=>£(*, J, z) = l + l(x-0)-l^-^)-l(z-0) =x-y-z + ^ + l 

(c) /(O, f, f) = 1, f x (0, f, f) = 1 , fy (0, f, f) = - 1 , f z ( 0, f, f) = - 1 , 

^>L(x, y, z) = l + l(x-0)-l(7--|)-l(z--|) =x-y-z +-| + 1 


r 2 


44. (a) /(1,0, 0) = 0, f x (l, 0,0) = 

(xyz) +1 


= 0, fy (1,0,0) = 

(1,0,0) ' C? 2 ) +1 


xz I _ o 

( 1 , 0 , 0 ) 


xy 


^ (1 ’ 0 ’ 0) = (W + . 


= 0 L(x, 7, z) = 0 


1 ( 1 , 0 , 0 ) 

(b) /(1,1, 0) = 0, / x (1,1, 0) = 0, f y (1,1, 0) = 0, f z (1,1, 0) = 1 
=> L(x, y, z) = 0 + 0(x -1) + 0(7 -1) + l(z - 0) = z 
(C) /(l,l,l)=f,/ X (l,U)=i f y (U,l) (l,U)=} 

^>L(x, y,z)=-f + ±(x-l)+±(y-l)+±(z-l)=±x + ±y + ±z + f-% 


4 2 


45. f(x, y, z) = xz — 3yz + 2 at P 0 (1,1, 2) => /(l, 1, 2) = -2; f x = z, f y = -3z, f z = x-3y 

=> L(x, y,z) = - 2 + 2(x -1) - 6(y - 1) - 2(z - 2) = 2x - 6 y - 2z + 6; f xx =0,fyy= 0, f zz = 0, f xy = 0, f yz = -3 

=>M =3; thus, |li(x, y, z)( < |4)(3)(0.01 + 0.01 + 0.02) 2 =0.0024 


46. /(x, 7, z) =x 2 +X7+7z+^-z 2 at P 0 (l, 1, 2)=>/(l, 1, 2) =5; / x = 2x + y, f y = x + z, f z - y +j-z 

=> L(x, y, z) = 5 +3(x -1) + 3(j -1) +2(z -2) = 3x + 3j +2z -5; f„= 2, f yy = 0 ,f zz =\, f xy = 1, /« = 0, 
/ vz =l =^M= 2; thus, |£(x,7,z)|<(l)(2)(0.01 + 0.01 + 0.08) 2 =0.01 


47. /(x, 7, z) = xy + 2yz - 3xz at P 0 (1,1, 0) =>/(l, 1, 0) = 1; f x = y-2>z, f y = x + 2z, f z = 2y-2>x 

=> C(x, 7, z) = 1 + (x-l) + (7 -1) - (z - 0) = x + 7 - z -1; f xx =0,f yy =0,f zz =0, f xy =\f xz =- 3 / vz = 2 
=>M = 3; thus, |£(x,7, z)|<(|)(3)(0.01 + 0.01 + 0.01) 2 =0.00135 

48. /(x, 7, z) = V2 cosxsin(7 +z) at P 0 (°, °, f) =>/(°, °, f) = h A = -v/2 sinxsin(7 + z), 

/y = V2 cos x cos(7 + z), /_ = V2 cos x cos(7 + z) => L(x, 7, z) = 1 - 0(x - 0) + (7 - 0) + (z - = 7 +z —| +1; 

= -V2 cosxsin(7 + z), f = -yjl cosxsin(v + z), f zz = —jl cosxsin(7 + z), 
f xy =-V2sinxcos (y + z),f xz =-V2sinxcos(7 + z), f =-V2 cosxsin(7+ z). The absolute value of each 
of these second partial derivatives is bounded above by V2 => M = V2; thus 
| E(x, 7, z)| < (i)(V2 )(0.01 +0.01 + 0.01) 2 =0.000636. 
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49. T x (x, y ) = e y +e y and T y (x, y ) = x[e y —e y j => t/T = T x (x, y) dx +T v (x, y) dy 

= [e y +e~ y j dx + x(e y -e~ y j dy => dT |^ 2 ^ 2 ) = 2.5 dx + 3.0dy. If |c/„v| <0.1 and |<iv|<0.02, then the 
maximum possible error in the computed value of T is (2.5)(0.1) + (3.0)(0.02) = 0.31 in magnitude. 

50. V r =2 nrh and V h = nr 2 =>JF =V r dr+ V h dh =^> 4JL. = 2nlh d ' dh = ^dr +\dh; now \— • 10o| < 1 and 

V jrrh r " I r I 

■ 100| < 1 => \4f • 100| < |(2 (100) + (100)| < 2• 100| + • 10o| < 2(1) +1 = 3 3% 

51. — < 0.02, — < 0.03 

x y 

(a) S = 2x 2 +4xy => dS = (4x + 4y)dx + 4x dy = |4x^ +4xy^^ + 4 xy-y < [4x 2 +4xy j(0.02) + (4xy)(0.03) 
= 0.04(2x 2 ) + 0.05(4xy) < 0.05 (2x 2 ) + 0.05(4xy) = (0.05)^2x 2 + 4xy ) = 0.055 

(b) F = x 2 y => dV = 2xy dx + x 2 dy = 2x 2 y^-+x"y^- < ^2x 2 jj(0.02) +i x 2 jj(0.03) = 0.07 (x~ = 0.07F 

52. F = 4^r 3 +7ir 2 h =>dF =[4nr 2 +2n rh^dr + 7ir 2 dh; r = 10, h= 15, dr = j and dh = 0 
=> JF = (4^(10) 2 +2^r(10)(15))(i)+ tt(10) 2 (0) = 350tt cm 3 

53. V r =2 7irh and V h = nr 2 => dV =V r dr+V h dh => dV = 2nrh dr + nr 2 dh => dV\^ ^ = 120tt dr +25 n dh; 

It/rl^O.lcm and \dh\ < 0.1 cm => dV < (120tt)(0. 1) + (25tt)(0.1) = 14.5tt cm 3 ; F(5,12) = 300;r cm 3 
=> maximum percentage error is ±^^xl00 = ±4.83% 

54. (a) i = ^- + ^-=>-^-dR=-^t-^-dR 2 =>dR=(f) ^i+(f) dR 2 

(b) dR=R 2 f-J^+U-1 dR 2 

=> R will be more sensitive to a variation in R, since —= 

1 (100) 2 (400) 2 

(c) From part (a), dR = dR\ +j dR 2 so that Rj changing from 20 to 20.1 ohms 

=> dR^ =0.1 ohm and R 2 changing from 25 to 24.9 ohms => dR 2 = -0.1 ohms; -f = -2- + -d- 

tioo\ 2 tioo \ 2 

=> R = ^ ohms => dR\( 2 0> 25 ) = 7 ^r(°-!) + 7^4 ( _0 -!) * 0 011 ohms 

=> percentage change is =>-^1 xl00 = -24111xl00 » 0.1% 

R 1(20,25) (iS») 

55. A = xy => dA = x dy + y dx; if x > y then a 1-unit change in y gives a greater change in dA than a 1-unit 
change in x. Thus, pay more attention to y which is the smaller of the two dimensions. 
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56. (a) f x (x, y) = 2x(j; + 1) => f x (l, 0) = 2 and /^(x, j) = x 2 => /^(l, 0) => 1 =±> df = 2 dx + l dy 

=> d/4s more sensitive to changes inx 
(b) d/ = 0^2dt + dy =0=>2^ + l=0=>^ = -| 

57. (a) r 2 = x 2 +y 2 => 2r dr = 2x dx + 2y dy => dr = ^dx + jdy => dr|( 3 ^ = (-|j(±0.01) + (-|)(±0.01) 

= ±^ = ±0.014 => I—xtool = |± 12JCL4 x iool = 0.28%; dO = ^-^~dx + -^)—dy 

5 ' ' 5 ' (f) + l (*)* 

= 2 y 2 dx+ 2 X 2 dy => d ^|(3 4 ) =|^j(±0.01) + ^j(±0.01) = :j: ^ 4 + ± ^ 3 => maximum change in d8 
occurs when dx and dy have opposite signs (dr = 0.01 and dy = -0.01 or vice versa) 

=> d6 =^ L ~ ±0.0028; 9 = tan -1 (j) ® 0.927255218 => |^xl00| = | 0 xl00| ~ 0.30% 

(b) the radius r is more sensitive to changes in y, and the angle 6 is more sensitive to changes in x 

58. (a) V = nr h => dV = 2nrh dr + nr~ dh => at r = 1 and h = 5 we have dV = 10;r dr + n dh => the 

volume is about 10 times more sensitive to a change in r 

2 1 

(b) dV = 0 => 0 = 2nrh dr + nr dh =2h dr + r dh =10 dr + dh =±> dr = -j^dh; choose 
dh = 1.5 => dr = -0.15 => /? = 6.5 in. and r = 0.85 in. is one solution for AV ~ dV = 0 

a b 

59. f (a, b , c, d) = = ad -be => f a = d, = —c , f c = - b , /j = a => df = d da -c db —b dc + a dd; 

c d 

since |a| is much greater than \b\,\c\, and \d\, the function/is most sensitive to a change in d. 

60. n x = e y ,u v =xe y +sin z,u z = ycosz => du =e y dx + (xe y ±sinz) dy + (> , cosz) dz 

=> du\^ 2 ln3 = 3 dx + 7 dy + 0 dz =3 dr + 7 dy => magnitude of the maximum possible error 

<3(0.2)+ 7(0.6) = 4.8 



= (0.0125)(800 dK +80 dM -32,000 dh) => Q is most sensitive to changes in h 


62. A = 2. ab sinC => A a =^bs'mC,A h =-^asmC,A c =\abcosC 

=> dA = (2-fesinCjda + ^asinCjd6 + ^aZ>cosCjdC; dC = |2°| = |0.0349| radians, da = |0.5| ft, dZ? = |0.5| ft; 

at a = 150 ft, b = 200 ft, and C = 60°, we that the change is approximately 

dA = -y(200)(sin60°)|0.5| +y(150)(sin60°)|0.5| + y(200)(150)(cos60°) |0.0349| = ±338 ft 2 
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63. z = f{x, y) => g(x, y, z)=f(x,y)-z = 0 ^ g x (x, y, z) = f x (x, y), g y (x, y, z) = f y (x, y) and 
g z (x, y, z) = -1 => g x (x 0 , y 0 , f(x 0 , y 0 )) = f x (x 0 , y 0 ), g y (x 0 , y 0 , f(x 0 , y 0 )) = f y (x 0 , y 0 ) and 
g z (x 0 , y 0 , /(x 0 , Jo)) = -1 => the tangent plane at the point P 0 is 

fx ( x 0 > TO X* - ■*0 ) + fy (*0 > To )(T - To ) - V z - f( x 0 > To )1 = 0 ° r 
z = fx ( x 0 , TO )( x ~ x 0 ) + fy (*0> TO )(y ~ TO ) + /(*0, J ; 0 ) 

64. V/ = 2xi + 2jj = 2(cost + tsint)i + 2(sint-fcost)j and v = (tcost)i + (tsint)j => u =-^ = Pg pst)i+(rsinr )j^ 

|v| a/(/ cost) 2 +(f sin /) 2 

= (cost)i + (sint)j since t > 0 => (D n f)p o = Vfu = 2(cost+ tsint)(cost) + 2(sint-tcost)(sint) =2 

65. V/ - = 2xi + 2jj + 2zk = 2(cost)i + 2(sint)j + 2tk and v = (-sint)i + (cosr)j +k => u =^-r = -j= sln O'+(cosOj+k 

|v| yl(-smt) 2 +(cost) 2 +l 2 

-(lf) l+ te) i+ i k3<Z) “ /) '-»- Wu - <2c ' :,s ' ) (ll I ) +(2si ”' ) ( £ f) +(2 ' ) te)-t 

^(D„/)(-f)--^,(O u /)(0)-0 and ID„/)(;|- 

66. r = yfti + ft] ~^{t + 3)k => v = |-t _1/2 i +^-t _1/2 j-^k; t = 1 => x = 1, y = 1, z = -1 => /q = (1,1,-1) and 
v(l) = |i + T j - ^k; fix, J, z) = x 2 + j 2 - z - 3 = 0 => Vf = 2xi + 2yj - k => V/( 1,1, -1) = 2i + 2 j - k; 
therefore v = ^(Vf) => the curve is normal to the surface 

67. r = Vti + Vtj + (2t-l)k^>v=ir 1/2 i+}r 1/2 j + 2k; t = 1 => x = 1, j = 1, z = 1 => P 0 = (1,1,1) and 

v(l) = ji +1 j + 2k; fix, y, z) = x 2 + j 2 - z -1 = 0 => Vf = 2xi + 2 yj -k => V/(l, 1,1) = 2i + 2 j -k; 
now v(l) • V/ (1,1,1) = 0, thus the curve is tangent to the surface when t = 1 


Copyright © 2014 Pearson Education, Inc. 



1024 


Chapter 14 Partial Derivatives 


14.7 EXTREME VALUES AND SADDLE POINTS 

1. f x (x, y) = 2x + y + 3 = 0 and f y (x, y) = x + 2y - 3 = 0 => x = -3 and y = 3 => critical point is (-3, 3); 
fxx (- 3 > 3 ) = 2 , fyy (- 3 > 3) = 2 , fxy(~ 3 ’ 3 ) = 1 f xx f yy ~ fl y = 3 > 0 and f xx > 0 local minimum of 

/(-3, 3 )=-5 

2. f x (x, y) = 2y-10x + 4 = 0 and / v (x, j) = 2x-4j+ 4 = 0 => x =-| and _y = j=> critical point is 

fxx (f > I) = -10, fyy (f, |) = -4, f xy (|, |) = 2 => fxxfvy-.fly = 36 > 0 and f xx < 0 local maximum 

3. f x (x, y) = 2x + y + 3 = 0 and f v (x,y) = x + 2=0=>x = -2 and y= 1 => critical point is (-2,1); 

fxx (-2,1) = 2, /vv (-2,1) = 0, 4 (-2,1) = 1 => fxxfyy - /£ = -1 < 0 => saddle point 

4. f x (x, y) = 5>>-14x + 3 = 0 and f y (x, y) = 5x -6 = 0 => x = j and y = || => critical point is ||j; 
fxx (f» ff) = - 14 ’ fyy (I’ ff ) = 0, fxy (f, §) = 5 => fxxfyy ~ fly = -25 < 0 => saddle point 

5. f x (x, y) = 2y -2x + 3 = 0 and f y {x, y) = 2x-4y = 0 => x =3 and y = - 1=> critical point is (3,-|j; 
fxx ( 3 - f) = -2> fyy ( 3 - |) = -4, fxy ( 3 - f) = 2 => fxxfyy ~ fly = 4 > 0 and fxx < 0 => local maximum of 

/(4K 

6. f x (x ,y) = 2x-4y =0 and f (x , y) = -4x + 2j + 6= 0=>x = 2 and y = 1 => critical point is (2,1); 
4(2,1) = 2, fyy (2,1) = 2, fxy(2, 1) = -4 => fxxfyy -/£ = -12 < 0 => saddle point 

7. f x (x, y) = 4x+3j; -5 = 0 and f y (x, y) = 3x + 8jy +2 = 0 => x = 2 and j = -1 => critical point is (2,-1); 

fxxi 2 ’ -1) = 4, fyy(2, -1) = 8, f xy (2, -1) = 3 => fxxfyy -fly = 23 > 0 and 4 > 0 => local minimum of 
/( 2 , -1) = -6 

8. / x (x, y) = 2x - 2y - 2 = 0 and /,, (x, j) = -2x + 4 v + 2= 0=>x=l and j = 0 critical point is (1, 0); 
4(1, 0) = 2 , / >y (l, 0) = 4, / X>1 (1, 0) = -2 => fxxfyy - fly = -4 > 0 and f xx > 0 => local minimum of 

/(l, 0) = 0 

9. f x (x , y) = 2x - 2 = 0 and f \,(x , y) = —2y + 4 = 0 => x = 1 and j = 2 => critical point is (1, 2); 

4(1. 2) = 2 , 4-a, 2) = -2, A/l, 2 ) = 0 => fxxfyy -fly =^< 0 ^ saddle point 

10. / x (x , j) = 2x + 2y = 0 and f (x ,y) = 2x = 0 => x = 0 and j = 0 => critical point is (0,0); 

fxx (0, 0) = 2, 4,(0, 0) = 0, 4,(0, 0) = 2 fxxfyy -fly,=-4< 0 saddle point 
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11- fx(x,y)= I 2 112 * 8 * ~ 8 = Q and fv( x ’y)= I , T =Q=> epical point is (y, o); 

y56x 2 -8.v 2 -16x-31 ' y 56 x“ -8_v 2 -16x-31 v ' ' 

fxx (y, o) = - 1 |, / vv (y, o) = - j|, / xv (^, o) = 0 .4,4, - fxy =^->° and /„ < 0 local maximum 

of/(f, o) = -f 

12. f x (x, y ) =- ~ 2x 2/3 = 0 and f y (x, y ) =- 2-V 2/3 = 0 => there are no solutions to the system f x (x, y) = 0 

-'(v • v 2 ) * ' 3(x 2 y 2 ) 

and f y (x, y) = 0, however, we must also consider where the partials are undefined, and this occurs when 
x = 0 and v = 0 => critical point is (0, 0). Note that the partial derivatives are defined at every other point 
other than (0, 0). We cannot use the second derivative test, but this is the only possible local maximum, local 
minimum, or saddle point. f(x,y ) has a local maximum of /(0, 0) = 1 at (0,0) since 

f(x, y) = 1 - yjx 2 + y 2 < 1 for all (x, y) other than (0, 0) 

2 2 7 7 

13. f x {x, y) = 3x“ - 2y = 0 and f y (x, y) = -3 y -2x=0=>x = 0 and y = 0, or x = -j and y - j => critical 

points are (0,0) and (-|, |); for (0, 0): f xx (0, 0) = 6x| (0>0) =0,f yy (0,0) = -6j;| (0)0) = 0, f xy (0, 0) = -2 
=> fxxfyy -fxy = ~ 4 < 0 => saddle point; for (-J, J): f xx (-j, j) = -4, f yy (-§, |) = -4, f xy (-|, |) = -2 

=> fxxfyy - fly = 12 > 0 an d .f xx < 0 => local maximum of / (-|, f ) = yf 

2 2 

14. f x (x, y) = 3x +3y = 0 and f y (x,y ) = 3x + 3y = 0 => x = 0 and y = 0, or x = -1 and y = -1 => critical 
points are (0, 0) and (-1,-1); for (0, 0): f xx (0, 0) = 6x| (0> 0) = 0, f yy (0, 0) = 6j| (0j 0) = 0, f xy (0, 0) = 3 

=> fxxfyy -fxy = ~ 9 < 0 => saddle point; for (-1, -1): f xx (- 1, -1) = -6, f yy (~1, -1) = -6, f xy (~1, -1) = 3 

=> fxxfyy -fxy = 27 > 0 and f xx < 0 local maximum of /(-1,-1) = 1 

J 

15. f x (x,y)= \2x-6x +6y= 0 and f y (x,y) = 6y + 6x = 0 => x = 0 and y = 0, or x = 1 and y = -1 => critical 
points are (0,0) and (1,-1); for (0,0): / xx (0, 0) = 12 1 2x\ ((y f)) = 12,/^(O, 0) = 6,/^(O, 0) = 6 

=> fxxfyy -fxy = 36 > 0 and f xx > 0 => local minimum of / (0, 0) = 0; for (1, -1): f xx { 1, -1) = 0, 
fyy(f -1) = 6, fxy (l, -1) = 6 => f xx f yy -fly = -36 <0 => saddle point 

2 2 

16. f x (x, y) = 3x~ + 6x = 0 => x = 0 or x = -2; f y (x, y) = 3x -6y = 0 => y = 0 or y = 2 => the critical points 
are (0, 0), (0, 2), (-2,0), and (-2,2); for (0, 0): / vx (0, 0) = 6x + 6| (0 0) = 6, /^(O, 0) = 6y -6| (0 0) =-6, 

fxy (0, 0) = 0 f xx f yy -fly = -36 < 0 saddle point; for (0, 2): f xx ( 0, 2) = 6, f yy ( 0, 2) = 6, f xy (0, 2) = 0 
=> fxxfyy -fxy = 36 > 0 and f xx > 0 => local minimum of / (0, 2) = -12; for (-2, 0): f xx (- 2, 0) = -6, 
fyy (-2, 0) = -6, f xy (-2, 0) = 0 => f^fyy - fly =36 > 0 and f xx < 0 => local maximum of /(-2, 0) = -4; for 
(-2, 2): .4,(-2, 2) = -6, f yy (-2, 2) = 6, f xy (-2, 2) = 0 f xx f yy -f%=- 36 < 0 saddle point 
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17. / X (x, y) = 3x 2 + 3y 2 -15 = 0 and f y (x, y) = 6xy + 3y 2 -15 = 0 => critical points are (2,1), (-2,-1), ^0, 75), 
and (0,-Vs); for (2,1): 4(2,1) = 6x | (2> 1} = 12, 4(2,1) = (6* + 6 j 0| (2>1) = 18, 4(2,1) = 6y| (2>1) = 6 

= 5 - f xx f yy - f xy = 180 > 0 and f xx > 0 => local minimum of /(2,1) = -30; for (-2, -1): 
fxx(-2, -1) = 6 jc| ( _ 2> _ 1) = -12, fyy (-2, -1) = (6x+ 6 jOI(-2,-1)= - 18 , 4 (- 2 , - 1 ) = 6 y\ ( _ 2 ,-i)= ~6 
=> fxxfyy ~ fly =180 >0 and f xx < 0 => local maximum of /(-2,-1) =30; for (0,-75): 
fxx (o, - V?) = 6x fo« = 0, fyy (o. Vs) = (6x + 6 y )fo ^ = 6^5, f xy (o, 75 ) = 6 y fo ^ = 6^5 

=> fxxfyy -fxy 2 =-180 < 0 ^ saddle point; for (o, -75): f xx (o, -75) = 6x\^ _^= 0 

fyy ( 0 , -75) = ( 6 x + 6 y) L _^= -675, f xy ( 0 , -75 ) = 6 yL _^ = -675 => fxxfyy -fxy 1 = -180 < 0 
=0 saddle point. 

18. / X (x, j) = 6x 2 -18x = 0 => 6x(x -3) = 0=>x = 0ori = 3; f y (x, y) = 6 y~ + 6y-12 = 0=> 6(y + 2)(y -1) = 0 
=> y = -2 or y =1 => the critical points are (0, -2), (0,1), (3, -2), and (3,1); f xx (x, y) = 1 2jc —18, 
fyy(x,y) = l2y + 6, and 4(x,j) = 0; for (0,-2): 4(0, -2) = -18, 4(0,-2) = -18, 4(0,-2) = 0 

=> fxxfyy -fxy 2 = 324 > 0 and 4 < 0 => local maximum of /(0, -2) = 20; for (0,1): f xx ( 0,1) = -18, 
fyy( 0,1) = 18, fxy (0, 1) =0 => fxxfyy ~ fx y = -324 < 0 => saddle point; for (3, -2) : f xx { 3, -2) = 18, 

4,(3, -2) = -18, 4(3, -2) = 0 => 44 -fl = -324 < 0 => saddle point; for (3,1): 4(3,1) = 18, 

4(3,1) = 18, fxy (3,1) =0 => fxxfyy ~ fxf = 324 > 0 and f xx > 0 local minimum of /(3,1) = -34 

19. f x (x, y) = 4y-4x 3 = 0 and f y (x, y) = 4x-4y? = 0 => x - y => x|l -x 2 ) = 0 => x = 0,1, -1 => the critical 
points are (0, 0), (1,1), and (-1,-1); for (0, 0): 4(0, 0) =-12x 2 | (0>0 ) = 0, 4(0, 0) =-12 j7|(0,0) = °> 

4(0, 0) = 4 => fxxfyy -fly = -16 < 0 => saddle point; for (l, l): 4(1, l) = -12, 4(1, l) = -12, 4(1, l) = 4 
=>44 ~fxy = l 28 >° and 4 <0=> local maximum of /(l, l) = 2 ; for (- 1 ,-l): 4 (-l,-l) = - 12 , 
4(-i,-1) =-12, 4(-l,-1)=4=> 44-/4128>0 and 4<0=> local maximum of/(-l,-1) = 2 

20. f x (x, y) = 4x 3 + 4 v = 0 and f y (x, y) = 4y 3 +4x=0 =^> x = -j => -x 3 + x = 0=>x|l-x“) = 0^>x = 0,1, -1 
=> the critical points are (0, 0), (1, -1), and (-1,1); f xx (x, y) = 12x 2 , f yy (x, y) = 12y 2 , and 4(x, y) = 4; 
for (0, 0): 4(0, 0) = 0, 4(0, 0) = 0, 4(0, 0) = 4 => 44 -/ x 2 = -16 < 0 => saddle point; for (1, -1): 
4 ( 14 ) = 12 , 4 ^ 4 ) = 12 , 4 ( 1 ,- 1 ) =4 ^ 44 -/^ =128>0 and 4 > 0 => local minimum of 

/(l, -1) = -2; for (-1,1): 4(-l, 1) = 12, 4(-l, 1) = 12, 4(-l, 1) = 4 => 44 -fly = 128 > 0 and 
4 > 0 => local minimum of /(-1,1) = -2 
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21 . f x (x,y) = -——r = 0 and f y (x,y) = -——^ = 0 =>x = 0 and y = 0 => the critical points is ( 0 , 0 ); 

pV-i) (V+/-1) 


4x 2 -2y 2 +2 


-2x 2 +4y 2 +2 


8xv 


/ 2 , 2 4 

3 ’ Jyv 

/ 2 , 2 

3 ’ J xy 

/ 2 , 2 i\ : 

\ x +y _1 J 

1 

(x +r -ij 


(* +y -i) 


; f xx ( 0, 0) = -2, 4,(0, 0) = -2, 4,(0, 0) = 0 


xy\ 


fxxfyy ~ fxy = 4 > 0 and fxx < 0 => local maximum of /( 0 , 0 ) - -1 


22 . f x (x, y ) = —y + j = 0 and f v (x, 7 ) = x - -y = 0 => x = 1 => and 7=1 the critical point is ( 1 , 1 ); 

x y y 

fxx = fyy - 4- /vr = t 4 + 1) = 2, 40,1) = 2, 4(1,1) = 1 => 44 ~ flv = 3 > 0 and 4 > 2 


local minimum of /(1,1) = 3 


23. f x (x, y) = ycosx = 0 and f y (x, y) = sinx = 0 => x = nn, n an integer, and y = 0 => the critical points are 
(«tt, 0), « an integer (Note: cos* and sinx cannot both be 0 for the same x, so sinx must be 0 and y = 0 ); 
fxx = -ysinx, fyy = o, 4 = cosx; ,f xx (nn, 0 ) = 0 , f yy (nn, 0 ) = 0 , f xy (n7r, 0 ) = 1 if n is even and 

fxyinn, 0 ) = -1 if n is odd => 44 -f 2 , = -1 < 0 saddle point. 


xx J yy J xy 


24. f x (x, y) = 2e 2x cosj = 0 and f y (x, y) = -e 2x siny = 0 => no solution since e 2x =£ 0 for any x and the 

functions cos y and sin y cannot equal 0 for the same y => no critical points =^> no extrema and no saddle 
points 


25. f x (x,y) = (2x-4)e x +v 4x =0 and / (x, y) = 2ye x +>; 4x = 0 => critical point is (2, 0); 4(2, 0) = +, 

J e 

fxy ( 2 , 0 ) = 0 , 4 ( 2 , 0 ) = 4 => 44 - fxv = 4 > 0 and fxx > 0 => local minimum of /( 2 , 0 ) = + 


26. f x (x,y) = -ye x =0 and / v (x, y) = e y -e x = 0 =J> critical point is ( 0 , 0 ); 4 ( 2 , 0 ) = 0 , 4 ( 2 , 0 ) =- 1 , 


fyy ( 2 , 0 ) = 1 => 44 - 4 = -1 < o => saddle point 


/ xx J yy J xy 


27. f x (x, y) = 2xe y =0 and f y (x, y) = 2 ye y —e y (x 2 + y 2 j = 0 => critical points are (0,0) and (0,2); 

for ( 0 , 0 ): 4 ( 0 , 0 ) = 24 = 2 , 4 ( 0 , 0 ) = (24 -4ye~ y + 4 (x 2 + y 2 )) = 2 , 

(0,0) ■" V ' ;/ (0,0) 

fxy ( 0 , 0 ) = -2x4 1 ( 0 , 0 ) = 0 , => fxxfyy ~ fxy = 4 > 0 => and 4 > 0 => local minimum of /( 0 , 0 ) = 0 ; 
for ( 0 , 2 ): 4 ( 0 , 2 ) = 24 1 


(0,2) 


= 4,4(0, 2 ) = [2e y -4ye y +e y (x 2 +y 2 


( 0 , 2 ) 


_ 2 _ 

2 ’ 


4 ( 0 , 2 ) = -2x4 


= 0 => fxxfyy “4 = 4 < 0 => saddle P oint 

( 0 , 2 ) € 


28. 


f x {x, y) = e x (x 2 - 2 x + y 2 j = 0 and f y (x, y) = -2ye x = 0 => critical points are ( 0 , 0 ) and (- 2 , 0 ); 

( 0 , 0 ): fxx ( 0 , 0 ) = e x (x 2 + 4x + 2 - y 2 ) 


= 2 , 4 ( 0 , 0 ) = -2e x 


= - 2 , 4 ( 0 , 0 )=- 2 ye* 


for 


= 0 


fxxfyy -fxy = ~ 4 < 0 and fxx > 0 => saddle P° int ; for (" 2 , 0): 
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/„(- 2 , 0 )= e '(, 2 + 4 .v + 2 -/)| ( 2 o | =- 4 ,/,,(- 2 , 0 ) = - 2 e '| ( _ 2 o | =- i ,/ I > ,(- 2 , 0 ) = - 2^| ( _ 2 ^=0 


' fxxfyy ~ fly = 4 > 0 and fxx < 0 => local maximum of / (-2, 0) = 4 


29. f x (x,y) = - 4+f = 0 and /,,(x, j>) = -1 + ^ = 0 => critical point is ({, l); /** (}, l) = -8, (|, l) = -1, 

fxy (b i) = 0 ^ fxxfyy -/^ = 8 > 0 and ./« < 0 => local maximum of /(i, l) =-3-2 ln2 


30. / X (x,j;) = 2x + ^L = 0 and //x, j) =-1 + ^L = 0 => critical point is (-±-, f); (-±-, |) = i, 

fyy (-}, f) = -1, fxy (“|> !) = -!=> /xx/^ = -2 < 0 => saddle point 


31. (i) On 04, f(x, y) = f (fi, y) = y 2 -Ay+ \ on 
0<j<2;/'(0, y) = 2>> - 4 = 0 => j = 2; 

/(0, 0) = 1 and /(0,2) =-3 

(ii) On 449, f(x,y) = /(x, 2) = 2x 2 -4x-3 on 
0 < x < 1; f'(x, 2) = 4x - 4 = 0 => x = 1; 

/'(0,2) = -3 and /(l, 2) =-5 

(iii) On OB, f(x,y) = f(x,2x)=6x-\2x + l on 0<x<l; endpoint values have been found above; 
f'(x, 2x) = 12x-12=0=>x=l and y = 2, but (1, 2) is not an interior point of OB 

(iv) For interior points of the triangular region, f x (x, y) = 4x -4 = 0 and f\, (x, j) = 2>’-4 = 0=>x = l and 
y = 2, but (1, 2) is not an interior point of the region. Therefore, the absolute maximum is 1 at (0, 0) 
and the absolute minimum is -5 at (1, 2). 



32. (i) On OA,D(x, y) = D(0, y) = y 2 +1 on 0<>-<4; 

D'( 0, y) = 2y = 0 => y = 0;49(0,0) = 1 and 
49(0, 4) = 17 

(ii) On AB, D(x, y) = D(x, 4) = x 2 -4x + 17 on 
0 < x < 4;49'(x, 4) = 2x-4 = 0 => x = 2 and 
(2, 4) is an interior point of 449; 49(2, 4) =13 and 
49(4, 4) =49(0, 4) =17 

(iii) On OB, 49(x, y) = 49(x, x) = x +1 on 0 < x < 4; 49'(x, x) = 2x = 0=>x = 0 and y = 0, which is not an 
interior point of OB', endpoint values have been found above 

(iv) For interior points of the triangular region, f x {x, y) = 2x -y = 0 and f y (x, y) = -x +2y = 0 => x = 0 and 

y = 0, which is not an interior point of the region. Therefore, the absolute maximum is 17 at (0, 4) and 
(4, 4), and the absolute minimum is 1 at (0, 0). 
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33. (i) On OA,f(x, y) = f(0,y)=y 2 on 0<y<2; 

/'(0, y) = 2y = 0=>y = 0 and x = 0;/(0,0) = 0 
and /(0, 2) = 4 

(ii) On OB, f (x, y) = f (x, 0) = x 2 on 0 < x < 1; 
f'(x, 0)=2x = 0=>x = 0 and y = 0; / (0, 0) = 0 
and /(1, 0) = 1 

(iii) On AB, f(x, y) = f(x, -2x + 2) = 5x 2 —8jc + 4 on 0 < x < 1; f'(x, -2x + 2) = 10x-8=0=>x=-| and 
y = j; /( j, -jj = y; endpoint values have been found above. 

(iv) For interior points of the triangular region, f x (x, y) = 2x = 0 and / (x, y) = 2y = 0=>x = 0 and y = 0, 
but (0, 0) is not an interior point of the region. Therefore the absolute maximum is 4 at (0, 2) and the 
absolute minimum is 0 at (0, 0). 

y 

34. (i) On AB,T{x,y) = T(0,y)=y 2 on -3<j<3; 

T'( 0, y) = 2y = 0=>y = 0 and x = 0; T(0, 0) = 0, 

770, -3) =9, and 7’(0,3)=9 

(ii) On BC,T(x, y) = T(x, 3) = x 2 -3x + 9 on 
0 < x < 5; T\x, 3)=2x-3=0=>x= 4 and 
y = 3; ^(f,3) = f and T(5,3) = 19 

(iii) On CD,T{x,y) = T{5,y) = y‘ +5j-5 on -3 <y <3;T'(5, y) = 2y + 5 = 0 =>y = and x = 5; 

T (5, -f) = -f, 775, -3) = -11 and T( 5, 3) = 19 

(iv) On AD, T(x, y) =T(x, -3) =x 2 -9x+9 on 0 < x < 5; T'(x, -3) =2x-9=0^>x=-| and y = -3; 

T (\., -3) = -f, T(0, -3) = 9 and T(5, -3) = -11 

(v) For interior points of the rectangular region, T x (x, y) = 2x + y - 6 = 0 and 77 (x, y) = x + 2y = 0 => x = 4 
and y = — 2 => (4, -2) is an interior critical point with T(4, -2) = -12. Therefore the absolute maximum 
is 19 at (5, 3) and the absolute minimum is -12 at (4, -2). 

35. (i) On OC,r(x,j') = 7(r,0)=i 2 -6.it+2 on 

0 < x < 5; T'(x, 0)=2x-6 = 0=>x=3 and y = 0; 

773, 0) = -7, 770,0) = 2, and T(5, 0) = -3 

(ii) On CB, T(x, y) = T(5, y) = y 2 + 5 y - 3 on 
-3<y<0;T'(5,y) = 2y + 5 = 0^>y = -\ and 
x = 5;r(5,-f) = -f and 775,-3) =-9 

(iii) On AB,T(x, y) = T(x, -3) =x 2 -9x + ll on 0 < x < 5; T\x, -3) = 2x-9 = 0^>x = -| and y = -3; 

r (f’- 3 )=-T and m-3)=n 

(iv) On AO,T(x, y) = T(0, y) = y 2 +2 on -3 < y < 0; T\0, y) = 2y=0=>y = 0 and x = 0, but (0, 0) is not 
an interior point of AO 
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(v) For interior points of the rectangular region, T x (x, y) = 2x + y - 6 = 0 and T v (x, y) = x + 2y = 0 => x = 4 
and y = -2, an interior critical point with 7'(4. -2) = -10. Therefore the absolute maximum is 11 at 
(0, -3) and the absolute minimum is -10 at (4, -2). 


36. (i) On 04, f{x, y) = /(0, y) = -24j 2 on 0 < y < 1; 
/'('0, y) = -48 y = 0 => y = 0 and x = 0, but 
(0, 0) is not an interior point of 04; /(0, 0) = 0 
and /(0,1) = -24 

(ii) On AB, f(x, y) = fix, 1) = 48x-32x 3 -24 on 
0 < x < 1; fix, 1) = 48 -96x^ = 0 => x = -4= and 


fl 

/a i) = -s 

(iii) On BC, fix, y ) = /(l, y) = 48v -32 -24 y 2 on 0 < y < 1; f\\, y) = 48 -48j = 0 => y = 1 and x = 1, but 
(1,1) is not an interior point of BC; f (1, 0) = -32 and /(1,1) = -8 

(iv) On OC, f (x, y)= f (x, 0) = -32x 3 on 0 < x < 1; fix, 0) = -96x 2 = 0 => x = 0 and y = 0, but (0, 0) is 
not an interior point of OC; /(0, 0) = 0 and /(1, 0) = -32 

2 

(v) For interior points of the rectangular region, ffx, y ) = 48p -96x = 0 and f y (x, y) = 48x -48p = 0 
=> x = 0 and y = 0, or x = \ and y = y, but (0, 0) is not an interior point of the region; / {^, -!■) = 2. 
Therefore the absolute maximum is 2 at ^ 4) an( ^ the absolute minimum is -32 at (1, 0). 


,1 =16^2-24 and 


y = 1, or x = »—-j= and y = 1, but lj is not in the interior of AB; f 



37. (i) On AB, fix, y) = /(1, y) = 3cos y on 

-f<y<f; fi\, j) = -3sinj = 0 =>j = 0 and 

x = 1; /(l,0) = 3,/(l,-f)=^, and 

/(>.*)=¥ 

(ii) On CD, /(x,j) = /(3, y) = 3 cos y on ~^<y<^; /'(3, y) = -Ssinj = 0 => y = 0 and x = 3; 

/(3, 0) = 3, /(3, -f) = ^ and /(3, f) = ^ 

(iii) On BC,fix, j) =/(x,-|) =^4x-x 2 j on 1 < x < 3;/'(x, = ^2(2-x) = 0 => x = 2 and y=f; 

/(2, f) = 2V2, /(l, f) = and /(3, f) = if 

(iv) On AD,/(x, j) =/(x,-f =f |4x-x 2 j on 1 < x < 3; f'{x, = V2(2-x) = 0 => x = 2 and 

T = -f; /(2,-f) = 2V2,/(l,-f) = if, and/(3,-f) = if 

(v) For interior points of the region, fix, y) = (4-2x)cosp = 0 and f y ix,y) = -^4x-x 2 jsinj = 0 

=> x = 2 and v = 0. which is an interior critical point with /(2, 0) = 4. Therefore the absolute maximum 
is 4 at (2, 0) and the absolute minimum is if at f -f, ( 3 , f, (l, —f, and (l, f. 
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38. (i) On OA,f(x,y) = f(0, y) = 2y + l on 0< y<l; 

/'(0, y) = 2 => no interior critical points; 

/(0, 0) = 1 and /(0,1) = 3 

(ii) On OB, f (a, y) = f(x, 0) = 4x +1 on 0<i< 1; 
f\x, 0) = 4 => no interior critical points; 

/(l, 0) =5 

(iii) On AB, f(x, y) = f(x,-x + 1) = 8a 2 -6a + 3 on 0 < x < 1; f\x, -x +1) = 16a -6 = 0 => x = | and 
y = fi/ff. I) = f, m 1) = 3, and /(1, 0) = 5 

(iv) For interior points of the triangular region, f x (x, y) = 4 - 8 y = 0 and f y (a, y) = -8a + 2 = 0 => y = 2- and 
x = 3- which is an interior critical point with f (^- 4) = 2. Therefore the absolute maximum is 5 at (1,0) 
and the absolute minimum is 1 at (0, 0). 



39. Let F(a, b ) = J [b-x-x 2 j dx where a < b. The boundary of the domain ofE is the line a = b in the ab- 
plane, and F(a, a) = 0, so F is identically 0 on the boundary of its domain. For interior critical points we have: 

= -^6-a -a 2 j = 0 => a = -3, 2 and = ^6 -b-b 2 j = 0 => b = -3, 2. Since a <b, there is only one 

interior critical point (-3,2) and F(-3, 2) = j" ^6 -a-a 2 \dx gives the area under the parabola 
y = 6 -a' - a' 2 that is above the .r-axis. Therefore, a = -3 and h = 2. 

rb / o \ 1/3 

40. Let F(a, b) = J |24 - 2x - x I dx where a < b. The boundary of the domain of F is the line a = b and on 

/ 2 \E3 

this line F is identically 0. For interior critical points we have: ^- = -124-2 a-a I = 0 => a = 4, -6 and 

,r. / \ 1/3 

= 124 -lb-b I = 0 => b = 4, -6. Since a < b, there is only one critical point (-6, 4) and 

-4 / \l/3 / j \L3 

E(-6,4)=J I24-2a-a“I dx gives the area under the curve y = 124- 2x-x I that is above the 

x-axis. Therefore, a = -6 and b = 4. 

41. T x (x, y) = 2x-1 = 0 and T y (x, y) = Ay = 0 => x = 2- and y = 0 with r(-j,oj = --2; on the boundaiy 
x 2 +y 2 = 1: T(x, y) = -a 2 - a + 2 for -1 < a < 1 => T\x, y) = -2a -1 = 0 => a = -2- and y = ±=^-; 
r (-2’4) = 4’ r (-2’-4) = 4’ r( - 1 ’°) =2 ’ andr(l,0) = 0=> the hottest is (2±)° at(-± -^J) and 

thecoldestis (-y) at (|,°)- 


42. f x (x,y) = y+ 2-1 = 0 and f y (x, y) = x= 0 a = ± and y = 2; f xx {1, 2): 


(r 2 ) 


fyy (2 , 2 ) = -T = 4 ’ fxy ( 7 , 2 ) = 1 = 4 > f xx fyy -f 2 = 1 > 0 and f xx > 0 a local minimum of 


r % 2 ) 
1 


f(\, 2 ) = 2 -ln^ = 2 + ln 2 
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43. (a) f x {x,y) = 2x-4y =0 and f y {x, y) = 2y-4x = 0 => x = 0 and y = 0;f xx (0,0) = 2,f yy (0,0)=2, 

fxy (0, 0) = -4 => f xx f yy -fl y = -12 < 0 => saddle point at (0, 0) 

(b) f x (x,y) = 2x-2 = 0 and f y (x, y) = 2y-4 = 0 => x = 1 and y = 2; 4(1, 2) = 2; 4(1, 2) = 2, 

./xy(1, 2) = 0 => f xx f yy -fly = 4 > 0 and f xx > 0 => local minimum at (1, 2) 

(c) f x (x,y) = 9 x 2 -9=0 and f y (x, y) = 2y + 4 = 0 => x = ±1 and j =-2; / xx (l,-2) = 18.r| ( i,- 2) = 1^ 

.fyyO-, -2) = 2, / X> .(1, -2) = 0 => f xx f yy ~ fly, = 36 > 0 and / xx > 0 => local minimum at (1, -2); 

/»(-!, -2) = -18, 44-1, -2) = 2, 4(-l, -2) = 0 => 44 -4 = -36 < 0 => saddle point at (-1, -2) 

44. (a) Minimum at (0,0) Since f(x,y)> 0 for all other (x, y) 

(b) Maximum of 1 at (0, 0) since f(x, y) < 1 for all other (x, y) 

(c) Neither since f(x, y) < 0 for x < 0 and f(x, y) > 0 for x > 0 

(d) Neither since f(x, y) < 0 for x < 0 and f(x, y) > 0 for x > 0 

(e) Neither since f(x, y) < 0 for x < 0 and y > 0, but f(x, y) > 0 for x > 0 and y > 0 

(f) Minimum at (0, 0) since f(x, y) > 0 for all other (x, y) 

45. If k = 0, then f(x, y) —x 2 +y 2 f x {x, y) = 2x = 0 and f y (x, y) = 2y=0=>x = 0 and y = 0 => (0, 0) is 
the only critical point. If k ^ 0, f x (x, y) = 2x + ky = 0 => y = -jx; f y (x, y) = kx + 2y = 0 

kx + 2^—I*) = 0=>fcc--^ = 0=>^--|-jjc=0=>x=0 or k = ±2 y = (—f)(0) = 0 or y = ±x; in any 

case (0, 0) is a critical point. 

46. (See Exercise 45 above): f xx (x, y) = 2, f yy (x, y) = 2, and f xy (x, y)=k^> f xx f w -fly, = 4-k 2 \f will have 

a saddle point at (0, 0) if 4 —k < 0 => k > 2 or k < -2 ;/ will have a local minimum at (0, 0) if 4 -k >0 

=> -2 < k < 2; the test is inconclusive if 4 = 0 => £ = ±2. 

47. No; for example f(x, y) = xy has a saddle point at (a, b) = (0, 0) where f x = f y = 0. 

48 - l f 4(«- b ) and 4(«, *) differ in si g n ^ the n f xx (a, b)fyy(a, b) < 0 so 44 ~ fl y <0. The surface must 

therefore have a saddle point at (a, Z>) by the second derivative test. 


49. 


2 2 

We want the point on z = 10 —x -y where the tangent plane is parallel to the plane x + 2y + 3z = 0. To find 

2 2 2 2 

a normal vector to z = 10 —x~ -y~ let w = z + x +y -10. Then Vw = 2xi+2_yj + k is normal to 
z=10—* —y at (x, y). The vector Vvc is parallel to i + 2j + 3k which is normal to the plane 
x + 2y + 3z = 0 if 6.ri + 6y] + 3k = i + 2j +3k or r= d and y = j. Thus the point is (-^, 2., 10-^_i) or 


(i i 355\ 
16 ’ 3 ’ 36 /' 


50. 


2 2 

We want the point on z = x +y +10 where the tangent plane is parallel to the plane x + 2y-z=0. Let 

2 2 *22 
w-z-x —y— 10, then Vvv = -2xi-2yj + k is normal to z = x +y +10 at (x,y). The vector Vvv is 
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parallel to i + 2j-k which is normal to the plane if x = \ and y = 1. Thus the point 1, d- + l+10j or 

|d., 1 , is the point on the surface z = x 2 +y 2 +10 nearest the plane x + 2y-z = 0 . 

51. d{x, y, z)=yj(x- 0 ) 2 +(y- 0 ) 2 +(z- 0 ) 2 => we can minimize d(x,y,z) by minimizing 

D(x, y, z) = x 2 + y 2 + z 2 ; 3x +2y +z = 6 => z = 6 —3x —2y => D(x, y) =x^ + y 2 + ^6 — 3x -2 y 2 j 

=> D x (x, y) =2x-6(6-3x-2y) =0 and D y (x, y) = 2y -4(6 -3x — 2y) = 0 => critical point is 

(f f) => z = 1; D xx (f f) = 20, (f, f) = 10, Z) rv (f, f) = 12 => D xx D yy -D%= 56 > 0 and > 0 

=> local minimum of di y, y, yj = 

/2 2 2 

52. d(x, y, z) = ^(x - 2) + (y+l) + (z -1)~ => we can minimize <i(x, y, z) by minimizing 
Z>(x, _y, z) =(x-2 ) 2 + (y + 1 ) 2 +(z -l) 2 ; * + y - z = 2 => z = x + y -2 

=> Z)(x, y) = (x-2 ) 2 + (y + 1 ) 2 + (x + y-3 ) 2 => D x (x, y) = 2(x-2) + 2(x + y -3) = 0 and 

D y (x, y) = 2(y +1) + 2(x +y — 3) = 0 => critical point is (|,-|)^ > z=i; (|, -|) = 4, D w (|,-i) =4, 

D xy ^|, -d) = 2 => D XX D VV -D 2 y = 12 > 0 and D xx > 0 => local minimum of d |-|, - 3 ) = ^ 

2 2 2 2 2 2 

53. ,S'(x, y, z) = x +y +z ; x + y + z = 9 => z = 9-x -y => 5(x, y) = x~ +y + {9 -x — y) 

=> 5 x (x, y) = 2x-2(9-x-y) = 0 and 5 ^(x, 3 ;) = 2y -2(9-x-y) = 0 => critical point is (3,3)=>z=3; 

2 

5^(3,3) = 4, 5 (3, 3) = 4, 5 X> ,(3, 3) = 2 => s xx s n , -s xy = 12 > 0 and > 0 => local minimum of 
^(3, 3, 3) = 27 

2 2 

54. p(x, y, z) = xyz; x + y + z = 3 => z = 3 -x — y => £>(x, y) =xy(3-x-y) = 3xy-x~y-xy 

=> p x (x, y) = 3y -2xy -y =0 and p y (x, y) = 3x-x -2xy = 0=> critical points are (0, 0), (0, 3), (3, 0), 
and (1,1); for (0, 0) z = 3; p xx (0, 0) = 0, Pyy (0, 0) = 0, p xy (0, 0) = 3 p xx Pyy - p xy = -9 < 0 => saddle 
point; for (0, 3) => z = 0; p xx (0, 3) = - 6 , p yy (0, 3) = 0, p xy (0, 3) = -3 => p xx p yy - p xy = -9 < 0 saddle 
point; for (3, 0) z = 0; p xx (3, 0) = 0, p yy (3, 0) = -6, Pxy (3, 0) = -3 => p xx Pyy - p xy = -9 < 0 => saddle 

point; for (1,1) => z = 1; (1,1) = -2, p yy (1,1) = -2, p xy (1,1) = -1 => P xx P yy -p 2 xy =3>0 and p xx < 0 

=> local maximum of p{ 1 , 1 , 1 ) = 1 

55. s(x, y, z) = xy + yz + xz; x + y + z = 6 =>z= 6 -x-> , => 5 (x, y) = xy + y(6 - x -y) +x (6 — x — y) 

2 2 

= 6x + 6y-xy-x —y => s x (x, y) = 6 - 2 x- y = 0 and s y {x, y) = 6 -x — 2y = 0 => critical point is ( 2 , 2 ) 

2 

=> z = 2; s xx {2, 2) = -2, s (2, 2) = -2, 5 X> ,( 2 , 2) = —1 => s xx s yy -s xy = 3 > 0 and s xx < 0 => local maximum 
of 5(2, 2, 2) = 12 

56. d(x, y, z ) =^j(x + 6y +(y — 4 ) 2 +(z—0)^ => we can minimize d(x, y, z ) by minimizing 
D(x, y, z) = (x + 6) 2 + (y-4) 2 +z 2 ; z = -\x 2 +y 2 => Z>(x, y) = (x + 6) 2 +(y-4 ) 2 +x 2 + y 2 
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= 2x 2 + 2y 2 + 12x-8y + 52 => D x (x, y) = 4x + 12 =0 and D v (x, y) = 4y -8 = 0 => critical point is (-3,2) 
=> z = Vl3; D xx (-3,2)=4,D yy (-3,2)=4,D xy (-3,2)=0^>D xx D yy -D% y = 16 > 0 and D xx > 0 => local 
minimum of d(— 3, 2, ~Jl3) = V26 


57. V(x, y, z) = (2x)(2y)(2z) = 8xyz; x 2 + y~ + z 2 = 4 => z = -^4 - x~ - y 2 => V (x, y ) = 8 xyyj 4 - x 2 - y 1 , x>0 
and y > 0 => V x (x, y) = 32 > 164 ;L jZ_ = o and V v (x, y) = 32t 16vv J jg_ = 0 => critical points are (0, 0), 




P7 


” d (-£•-£)• ° nly (0 - 0) and {■%•$) sa,isfy - ,2 ° and y -° 

F(0, 0) = 0 and = 0m = 0,0<y<2^ F(0, y) = 8(0) j^4 -0 2 -/ = 0, no critical points, 

F(0, 0) = 0, F(0, 2) = 0; On j = 0, 0 < x < 2 => F(x, 0) = 8x(0)V4-x 2 -0 2 = 0, no critical points, 

F(0, 0) = 0, F(0, 2) = 0; On y = xj4-x 2 , 0 <x < 2 => F^x, v/d — x 2 ^ = 8xV4 — x 2 ^4 — x 2 -^4 -x~j~ = 0 

no critical points, F(0, 2) = 0, F(2, 0) = 0. Thus, there is a maximum volume of if the box is 


58. 5(x, j, z) = 2xj + 2jz + 2xz; xyz = 27 => z = ^ => 5(x, y, z) = 2xj + 2y + 2x (^j = 2xj + ^ + y , 
x>0, j>0; 5 x (x, y) = 2y= 0 and S v (x, y) = 2x -= 0 => Critical point is (3, 3) => z = 3; 

x 2 • y z 

5^(3, 3) = 4, 5^,(3, 3) = 4, 0^(3, 3) = 2 => D XX D VV - D xy = 12 > 0 and D^ > 0 => local minimum of 
5(3,3, 3) = 54 


59. Let x = height of the box, y = width, and z = length, 
cut out squares of length x from corner of the material 
See diagram at right. Fold along the dashed lines to 
form the box. From the diagram we see that the length 
of the material is 2 x + y and the width is 2x + z. Thus 

2(6— 2x 2 +xy\ 

(2x + y)(2x + z) = 12 => z = v —— —-. Since 

2xj.’( 6-2x 2 +xy) 

V(x,y,z) = x y z => F(x, y) = v 2x+y , where 
4(3 v’ 2 -4x 3 >’—4 x 2 y 2 —xv 3 ) 

X > 0, y > 0. V x (x, y) = — -^-— = 0 and V y (x, y) = 


2^12x 2 —4x 4 -4x 3 v-x 2 v 2 j 


(2 x+y) 


(2 x+yY 


= 0 => critical points 


are (V3, 0 ), (-^3, 0 ), |-j=r, and Only (■&, 0 ) and satisfy x > 0 and y > 0. 

For (V3, 0): z = 0; V xx (>/3, o) = 0, V yy (■&, o) = -2^3, (>/3, 0 ) = -4^3 => V xx V yy - V 2 -48 < 0 

^ saddle point. For (-j=, : z = V„ (^, V yy -|) = V xy (-L 

=> ^xx^vy ~ V xy=Y >0 and < 0 => local maximum of F (^,^ 
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60. (a) (i) On x = 0, f{x, y) = f(0, y) =y 2 -y+\ for 0 < j <l;/'(0, j) = -1 = 0 => j =| and x = 0; 

/(o,d) = l /( 0 ,0)=1, and /(0,1) = 1 

(ii) On y = 1, f(x, y) = f(x, 1) = x 2 +x +1 for 0 < x < 1; f'(x, 1) = 2x +1 = 0 => x = -d and y = 1, but 
(-d, 1 j is outside the domain; /(0,1) = 1 and /(1,1) = 3 

(iii) On x = l,f(x,y) = f(l,y)=y 2 +y+l for 0 < y < 1; f'(l, y) = 2y + l =0 => y-j and x=l, but 

(l, -dj is outside the domain; /(1, 0) = 1 and /(1,1) = 3 

(iv) On y = 0, f(x, y) = /(x, 0) =x 2 -x + 1 for 0 <x < 1; f'(x, 0) = 2x -1 = 0 => x = d and y = 0; 

/(d °) = |; /(0, 0) = 1, and /(1,0) si 

(v) On the interior of the square, f x (x, y) = 2x + 2y -1 = 0 and f y (x, j) = + 2x -1 = 0 => 2x + = 1 

I 2 2 2 a 

=> {x + y) = O Then f(x, y) = x +y +2xy-x -y +1 = (x+y) ~{x+y )+1 =-| is the absolute 
minimum value when 2x + 2y = 1. 

(b) The absolute maximum is /(1,1) = 3. 

61. (a) 4- = + = ^r + 4- = -2sint + 2cost = 0 =^> cost = sint =^> x = y 

at ox at ov at at dt y 

(i) On the semicircle x 2 +y 2 = 4, y > 0, we have t = y and x = y = a/2 => f(^12, a/ 2 j = 2 a/ 2. At the 
endpoints, /(-2, 0) = -2 and /(2, 0) = 2. Therefore the absolute minimum is /(-2, 0) = -2 when 
t = n\ the absolute maximum is / (xj 2 , a/ 2 j = 2 a/ 2 when t = y . 

2 2 

(ii) On the quartercircle x +y = 4, x>0 and y > 0, the endpoints give /(0, 2) = 2 and /(2, 0) = 2. 
Therefore the absolute minimum is /(2, 0) = 2 and /(0, 2) = 2 when t = 0, y respectively; the 

absolute maximum is / ^a/2, a/2 ) = 2 a/ 2 when t = y. 

(b) ^4 ~ir^r + ^r^T = j'T + I T = -4sin 2 t +4cos 2 t = 0 => cost = ±sint => x = ±y. 

v 7 at ox dt oy dt y dt dt y 

(i) On the semicircle x 2 +y 2 = 4, y > 0, we obtain x = y = a/ 2 at t = y and x = -a/2, y = a/ 2 at 
t = yV Then g(^j2, a/ 2 j = 2 and g|- a/2, a/ 2 j = -2. At the endpoints, g(-2, 0) = g(2, 0) = 0. 
Therefore the absolute minimum is g|— a/2, a/ 2 j = -2 when t = -y4 the absolute maximum is 

g(j2,j2) = 2 when t = 

2 2 

(ii) On the quartercircle x+y = 4, x > 0 and j > 0, the endpoints give g(0, 2) = 0 and g(2, 0) = 0. 
Therefore the absolute minimum is g(2, 0) = 0 and g(0, 2) = 0 when t = 0,-f respectively; the 

absolute maximum is g^ a/2, a/2 j = 2 when t = y. 

(c) = %+ §;$ = 4* § + 2 y % = (8<cos 0(-2 sin t) + (4 sin 0(2 cos t) = -8 cos t sin t = 0 
=^> t = 0, y, 7i yielding the points (2, 0), (0, 2) for 0 < t < ;r. 

(i) On the semicircle x 2 + y 2 = 4, y > 0 we have /?(2, 0) = 8, /?(0, 2) = 4, and /?(-2, 0) = 8. Therefore, 
the absolute minimum is /?(0, 2) = 4 when t = y; the absolute maximum is /?(2, 0) = 8 and 
/?(-2, 0) = 8 when t = 0,7r respectively. 
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(ii) On the quartercircle x + y =4, x>0 and y> 0 the absolute minimum is /?(0, 2) = 4 when t= y; 
the absolute maximum is h(2, 0) = 8 when / = 0. 

62. (a) = ir^f + ir^r = 2^f + 3^y- = -6sin t + 6cos t = 0 => sinf = cost => t = -f- for 0 < t < n. 

dt ox dt ov dt dt dr 4 

(i) On the semi-ellipse, -y + = 1, y > 0, f(x, y) = 2x + 3y = 6 cos t + 6 sin t = 6j + 6j = 6^2 at 

t = -j- At the endpoints, /(-3, 0) = -6 and /(3, 0) = 6. The absolute minimum is /(-3, 0) = -6 
when t = n\ the absolute maximum is /V2 j = 6>/2 when t = y. 

(ii) On the quarter ellipse, at the endpoints /(0, 2) = 6 and /(3, 0) = 6. The absolute minimum is 
/(3, 0) = 6 and /(0, 2) = 6 when t = 0, y respectively; the absolute maximum is 

2 j = 6V2 when t = ^. 

(b) ^ = y^t + x % = (2 sin r)(—3 sin t) + (3 cos t)(2cos t) = 6|cos 2 t - sin 2 = 6cos2t = 0 

^>t for 0 <t<n. 

(i) On the semi-ellipse, g(x, y) = xy = 6sin t cos t. Then g|yy-,V2"j = 3 when f = y, and 

g|--2^"’ = w ^ en { = “f- At the endpoints, g(-3,0) = g(3, 0) = 0. The absolute minimum is 

g(—^2^’ V 2 ") = -3 when t = the absolute maximum is g|y^-, V 2 j = 3 when t = 

(ii) On the quarter ellipse, at the endpoints g(0, 2) = 0 and g(3, 0) = 0. The absolute minimum is 
g(3, 0) = 0 and g(0, 2) = 0 at t = 0, y respectively; the absolute maximum is g|-^)p, x[2 j = 3 
when t = y. 

(c) = % jfr + JyS = 2.x ^ + 6y J = (6 cos f)(-3 sin t) + (12 sin t)( 2cos t) = 6 sin t cos t = 0 

=> t = 0, y, n for 0 < t < 7T, yielding the points (3, 0), (0, 2), and (-3, 0). 

(i) On the semi-ellipse, y > 0 so that /?(3, 0) = 9, /?(0, 2) = 12, and /?(-3, 0) = 9. The absolute minimum 
is /?(3, 0) = 9 and /?(-3, 0) = 9 when t = 0,7r respectively; the absolute maximum is h( 0, 2) =12 
when t = y. 

(ii) On the quarter ellipse, the absolute minimum is /?(3, 0) = 9 when t = 0; the absolute maximum is 
/?(0, 2) = 12 when t = y. 

fir dx+^L 4h = v dx + r ^y. 

dt dx dr dy dt y dt dt 

(i) x = 2t and y = t+ l=i>-y- = (t +1)(2) + (2t)(l) = 4t +2 = 0 t = x = -l and y = -y with 

/(-1,4) = ~y- The absolute minimum is /(-l, = -y when t = there is no absolute maximum. 

(ii) For the endpoints: t = -1 => v = -2 and y = 0 with / (-2,0) = 0;f = 0=>x = 0 and y = 1 with 

/( 0, 1) = 0. The absolute minimum is /(-1, = -y when t = -y; the absolute maximum is 

/(0,1) = 0 and /(-2, 0) = 0 when t = -1,0 respectively. 
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(iii) There are no interior critical points. For the endpoints: t = 0 =^> x = 0 and y - 1 with /(0,1) = 0; 

t = 1 => x = 2 and y = 2 with f (2, 2) = 4. The absolute minimum is /(0,1) = 0 when t = 0; the absolute 
maximum is /(2, 2) = 4 when t = 1. 


64 - QLdx+SLdy. -2x— + 2v— 

04 ’ W dt dx dt + dy dt dt dt 

(i) x =t and y = 2-2i=>-^- = (2i)(l) + 2(2 — 2?)(—2) = 10t-8=0=>t=-|=>x = -j and y = j with 

/(j,j) = + ~ 2 $~ "f- The absolute minimum is /^j,yj = y w hen t = j; there is no absolute 

maximum along the line 

(ii) For the endpoints: t = 0=>x = 0 and y = 2 with /(0, 2)= 4;t = 1 => x = 1 and y = 0 with 

/(1, 0) = 1. The absolute minimum is fiyj, j) = y at the interior critical point when t - y; the 
absolute maximum is /(0, 2) = 4 at the endpoint when t = 0. 


dg_ _ 8g_dx + dg_dy_ 

dt dx dt dy dt 


(x 2 V) 2 * I (*W) 


2 . „2\ 2 dt 


-/ =5t -8t + 4 => -^ = - 5r -8t +4 


(i) x = t and y = 2-2t^x 2 +y 2 =5t 2 -%t+ 4 ^ ^ = ~[5t 2 -8t+4) [(-2t)(l)+(-2)(2-2t)(-2)] 

= -^5r -8t + 4) (— 10/ + 8) = 0 =>t=y=>.r=4 and y = j with g(y„ 2j = _I_ = A. The absolu 

maximum is g(y, ■=■) = when t = y; there is no absolute minimum along the line since x and y 
can be as large as we please. 

(ii) For the endpoints: t = 0 => x = 0 and y = 2 with g(0, 2)=T;r = l=>x = l and y = 0 with 
g(l, 0) = 1. The absolute minimum is g(0, 2) = y when t = 0; the absolute maximum is 

s(MH wheiw= f 


65. w = (mxj +b—y j) 2 + ( mx 2 +^- 72 )"" +--- + (»?x„ +b-y n ) 2 

^l^ = 2 ( wx i + fo -Ti)(^i) + 2(»;x 2 + &-y 2 )(* 2 ) + --- + 2(mx ;! + fo -T, ! )(v ) ) = ° 

=> 2 [(mx, + 6 - )(jq) + (mx 2 + b - y 2 ) (x 2 ) + ■ ■ • + (mx n + b -y n )(x n )] = 0 

=^> mxj + -xiyi + mx 2 + bx 2 -x 2 y 2 + • • • + + foe,, -= 0 

, . n n n 

=> m(x] +x 2 +---+X 2 n \+b(x x +x 2 +---+x n )-(x l y l +x 2 y2+---+x n y n ) = mY i lxl)+bY J Xk-'Z l ( x kyk) = 0 

k= l *=i *=i 

=>|^ = 2 ( ,wx l +b-y x ){\) + 2(mx 2 +b-y 2 ){l) + --- + 2(mx n +b-y n )( 1) =0 
=> 2[(mxj + /) -_f|) + («tx 2 +b-y 2 )h— + {mx n + b-y n )] = 0 
^>mxi +b—y\ +mx 2 + b-y 2 +--- + mx n +b-y n =0 

n n 

=>w(*l +x 2 +--- + x n ) + (b + b + --- + b)-(y l + y 2 + ■■■ + y„) = + bn ~H,yk =° 

k =1 *=1 

( n n ^ 

=> b = T '^ j yk~ m ^ J x k ■ Substituting for b in the equation obtained for we get 

"U=l A-=l J 
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n \ n n 


^ ixl ) + — ^ y k -m y Xf- ^ x*. - (x^y^) = 0. Multiply both sides by n to obtain 

VA=1 k =1 J k =1 k=\ 


k=\ 


n ( n n \ n n n ( n \( n 

7 Z( x i) + Z-^- -> n Y, x k Y, x k~ n ll{ x kyk)= mn Yj{ x k) + Z x * X 

A=1 U=1 k= 1 Ja-=1 A=1 A=1 U=1 yU=l 

2 



^ n N 

r n ^ 


^ n 'N 

y 

Z-ht 

X>’* 

— m 

Z X A- 


U=i y 



\k =1 y 


A=1 


n f n v 

Z(*f)- Z x a 

va=i y 


*=i 


n f n n ^ 

= «Z( x A->’*)- Z X A- Z-^ 

&=1 V^=l JU =1 y 


« V n 


n V n 


2 >* I>* X>* 2 >* -»Z(^) 

m _ *=i _ u=i A*=i y _ U=i A*=i y *=i 

ft**] -«£(**) 

*=1 7 V/t=l y/ U=1 y <t=l 

To show that these values for m and b minimize the sum of the squares of the distances, use second derivative 
t6St ' ^dn? =2X ^ +2 ^ + "' + 2x n = 2 X( X i)’ ~§^db =2x l +2x 2 +-” + 2x ,! = 2 X x A-; = 2 + 2 + ■ ■ • + 2 = 2,1 


The discriminant is 


, S : (j 


k=l 


d_w\ld_w\ I d_w 


dm 1 )\ db 2 I \dmdb 
( n \ 


f= 2S(4) 

k=\ 


(2 »)- 


i2 


2 Xx, 


A=1 


= 4 


w A 


<Z(4)- Z 

A=1 U=1 


u=i ; 


Now. 


- , 7 Z( x f)- Z*A =n[xl + x 2 +---+xl^-(x x +x 2 + - + x n )(x x +x 2 + ••■ + *„) 


k =l U=l J 
2 , 2 , , 2 2 


= (/? -l)x 2 + (7? -l)x 2 "*- 1 - (w -1 )x 2 - 2 x ^2 - 2 xjV 3 - 2 xjx„ - 2 x 3 X 3 - 2 x 2 X„- 2 x„_ix„ 


= Xl 


X] — 2x| a" 3 + X3 1 + • ■ ■ + 1 -V p — 2x|X„ + x n + X2 


+ jA '2 1 x 2 x n + x„ ) + ••• +1x /7 _j 2x ;j _]X n 4- x fl j 
= (xi-x 2 ) 2 +(x 1 -x 3 ) 2 +--- + (x 1 -x„) 2 + (x 2 -X3) 2 + -" + (x 2 -x „) 2 + "- + (x „_ 1 -x „) 2 >0. 


Thus we have: 


dm' 


: )($H 


dm db 


= 4 


f n \ 


<Z(4)- Z 

k =1 U=1 


x k 

U=1 ; 


> 4(0) =0. If xj = x 2 = • • • = x„ then 


&)&) "(&) = °- Als0 ’ & = 2 X (^ 2 ) ^ 0. If Xj = XJ = - = x„ = 0, then = 0. Provided that at 

A=1 

least one x,- is nonzero and different from the rest of x ; , j^i, then -P 1 >0 and 

1 J \ dm 2 J\ db 2 ) \ dm db J 


> 0 => the values given above for m and b minimize w. 

dm 1 


_ (0)(5)—3(6) 
(0) 2 —3(8) 


= 4 and 
4 




5 

3 


= > y=4 x+ 3>y\*=4 =1 3 


k 

x k 

yk 

2 

x k 

x kyk 

1 

-2 

0 

4 

0 

2 

0 

2 

0 

0 

3 

2 

3 

4 

6 

1 

0 

5 

8 

6 
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67. 


m = ( 2 )(-p-3(- 14 ) _ _ jjl and 


b = 1 
3 


(2) -3(10) 


(-«)«>; 


_ 9 _ 

13 


=> 4 = “TT* + n i V l.v=4 = -TT 


9 . . 


71 


68 . 


m = 


(3)(5)—3(8) 
(3) 2 —3(5) 


= 4 and 




j= l x+ l ;j | x= 4=^ 


-37 
6 


k 

x k 

yk 

4 

x kyk 

i 

-1 

2 

i 

-2 

2 

0 

l 

0 

0 

3 

3 

-4 

9 

-12 

I 

2 

-1 

10 

-14 


k 

x k 

yk 

r 2 

x k 

x kyk 

i 

0 

0 

0 

0 

2 

1 

2 

1 

2 

3 

2 

3 

4 

6 

I 

3 

5 

5 

8 


69-74. Example CAS commands: 

Maple : 

f := (x,y) -> x A 2+y A 3-3*x*y; 
x0,xl := -5,5; 
y0,yl := -5,5; 

plot3d( f(x,y), x=x0..xl, y=y0..yl, axes=boxed, shading=zhue, title="#69(a) (Section 14.7)"); 
plot3d( f(x,y), x=x0..xl, y=y0..yl, grid=[40,40], axes=boxed, shading=zhue, style =patchcontour, 
title="#69(b) (Section 14.7)"); 
fx := D[l](f); #(c) 

fy := D[2](f); 

crit_pts := solve( (fx(x,y) = 0,fy(x,y)=0}, {x,y}); 
fxx := D[l](fx); # (d) 

fxy := D[2](fx); 
fyy:=D[2](fy); 

discr := unapply( fxx(x,y)*fyy(x,y)-fxy(x,y) A 2, (x,y)); 
for CP in { crit_pts} do # (e) 

eval( [x,y,fxx(x,y),discr(x,y)], CP); 
end do; 

# (0,0) is a saddle point 

# ( 9/4, 3/2) is a local minimum 

Mathematica: (assigned functions and bounds will vary) 

Clear[x,y,f] 

flx_,y_]:=x 2 +y 3 -3x y 

xmin= -5; xmax= 5; ymin= -5; ymax= 5; 

Plot3D[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, AxesLabel —> {x, y, z}] 

ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading —> False, Contours —> 40] 
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fx= D[f[x,y], x]; 
fy= D[f[x,y], y]; 

critical=Solve[{fx==0, fy==0},{x, y}] 
fxx= D[fx, x]; 
fxy= D[fx, y]; 
fyy=D[fy, y]; 

2 

discriminant= fxx fyy -fxy 

{{x, y}, f^x, y], discriminant, fxx} /.critical 


14.8 LAGRANGE MULTIPLIERS 

1. V/ = yi + xj and Vg = 2xi + 4yj so that V/ = XVg => yi + xj = \(2xi + 4 vj) => y = 2x\ and x = 4 y\ 

=> x = 8x\ 2 => X = ±^- or x = 0. 

CASE 1: If x = 0, then v = 0. But (0, 0) is not on the ellipse so x * 0. 

CASE 2: x*0^>\ = ±^=>x = ±V2y +2y 2 = 1=>j; = ±± 

Therefore/takes on its extreme values at |±^, yj and |+-^, -4-j. The extreme values of/on the ellipse 
are ±^. 

2. V/ = yi + xj and Vg = 2xi + 2y\ so that V/ = XVg => yi + xj = \(2xi + 2yj) => y = 2x\ and x = 2 y\ 

=> x = 4xX 2 => x = 0 or X = ±4-. 

CASE 1: If x = 0, then y = 0. But (0, 0) is not on the circle x 2 +y 2 -10 = 0 so x ^ 0. 

CASE 2: x ^ 0 => X = ±4- => y = 2 x(±|) = ± x => x 2 + (±x) 2 -10 = 0^>x = ±75^>>’ = ±7^ 

Therefore/takes on its extreme values at (±75, 75 j and (±75, -75 j. The extreme values of/on the circle 
are 5 and -5. 

3. V/ = -2xi -2j/j and Vg=i + 3j so that V/ = XVg => -2xi-2yj = X(i + 3j) => x = ~ and y = -44 

=> (-yj + 3(--y-j =10 => X =-2 => x = 1 and y = 3 => /takes on its extreme value at (1,3) on the line. The 
extreme value is /(1,3) = 49-1-9 =39. 

4. V/ = 2xy\ +x 2 j and Vg = i + j so that V/ = XVg => 2xyi +x 2 j = X(i + j) => 2 xy = X and x 2 = X 

2 

=> 2xg = x => x = 0 or 2 y = x. 

CASE 1: If x = 0, then x + y = 3=>> , =3. 

CASE 2: If x * 0, then 2y = x so that x + y= 3=>2y + >’ = 3=> i }’=l=>x = 2. 

Therefore/takes on its extreme values at (0, 3) and (2,1). The extreme values off are /(0, 3) = 0 and 
/(2,1) = 4. 
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5. We optimize /(x, y) = x + y , the square of the distance to the origin, subject to the constraint 
g(x, y) = xy 2 -54 = 0. Thus V/ = 2xi + 2yj and Vg = y 2 i + 2xyj so that V/ = Wg => 2xi + 2yj 
= X^y 2 i + 2xyjj =>2x = \y 2 and 2y = 2Xxy. 

2 

CASE 1: If y = 0, then x = 0. But (0, 0) does not satisfy the constraint xy = 54 so y + 0. 

CASE 2: If y*0, then 2 = 2Xx => x = j- => 2^ = \y 2 y 2 = ^. Then xy 2 = 54 => (i)(^-) = 54 

=>\ 2 = ^j=>\ = ^=>x = 3 and y 2 = 18 => x = 3 and y = ±3V2. 

Therefore ^3, ±3%/2 j are the points on the curve xy 2 = 54 nearest the origin (since xy 2 = 54 has points 
increasingly far away asy gets close to 0, no points are farthest away). 


1 7 

6. We optimize /(x, y) = x +y , the square of the distance to the origin, subject to the constraint 

g(x, y) = x 2 y-2 = 0. Thus V/ = 2xi + 2yj and Vg=2xyi + x 2 j so that Wf = XVg => 2x = 2xyX and 
2y = x 2 X => X = since x = 0 => y = 0 (but g(0, 0) + 0 ). Thus x 0 and 2x = 2xy| r yj => x 2 = 2y 2 

=>(2y 2 ) y-2=0=>y=l (since y > 0 ) => x = ± V2. Therefore {±yf2 ,1 j are the points on the curve 

x y = 2 nearest the origin (since x y = 2 has points increasingly far away as x gets close to 0, no points are 
farthest away). 


7. (a) Vf = i + j and Vg = yi + xj so that V/ = XVg => i + j = X(yi + xj) => 1 = Xy and 1 = Xx => y = -b and 

x = t-=>-V = 16=>X = ±4-. Use X = 4 since x > 0 and y > 0. Then x = 4 and y = 4 => the minimum 

X x 2 4 4 

value is 8 at the point (4, 4). Now, xy = 16, x > 0, y > 0 is a branch of a hyperbola in the first quadrant 
with the x- and y-axes as asymptotes. The equations x + y=c give a family of parallel lines with 
m = -1. As these lines move away from the origin, the number c increases. Thus the minimum value of c 
occurs where x + y = c is tangent to the hyperbola’s branch. 

(b) V/ = yi + xj and Vg=i + j so that.? Vf = XVg =>yi + xj=X(i + j)=>y=X=x=>y + y=16=>y=8 
=> x = 8 => /(8, 8) = 64 is the maximum value. The equations xy = c (x > 0 and y > 0 or x < 0 and 
y < 0 to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- 
and y-axes as asymptotes. The maximum value of c occurs where the hyperbola xy -c is tangent to the 
line x + y =16. 


2 2 

8. Let /(x, y)=x +y be the square of the distance from the origin. Then V/ - =2xi + 2yj and 
Vg =(2x+y)i + (2y+x)j so that V/ = XVg => 2x = X(2x + y) and 2y = X(2y + x) => = X 

=> 2x = (2y+x)(^x + y) => x(2y + x) = y(2x + y) =>x 2 = y 2 =>y = ±x. 


CASE 1: y 


-x(x) + x z —l = 0 =>x = ±-j^ and y 


= x. 


CASE 2: y = -x => x 2 +x(-x) + (-x) 2 -l=0=>x = ±l and 
and /(l, -1) = 2 = /(-l, 1). 

Therefore the points (1,-1) and (-1,1) are the farthest away; 
points to the origin. 


, = Thus/(-L -L] = 


J_L 

43 ’ 43 


j and |- 


_L _J_ 

43 ’ 43 



J_L) 

43 ’ 43 / 


are the closest 
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9. V =nr h => 16;r = ;rr“/? => 16 = r h => g(r, /?) = r h- 16; S = 2nrh+2jir => VS = (2;r/j + 4^r)i + 2;zrj and 
Vg = 2r/ri + r 2 j so that VS = Wg => (2nrh + 4^r)i + 2nr\ = X ^2rM + r 2 j j => 2nrh + 4/rr = 2 rh\ and 
2 nr = Xr 2 => r = 0 or X = But r = 0 gives no physical can, so r ^ 0=>X=^=> 27 t/? + 4;zr = 2 rh 
=> 2r = h => 16 = r (2r) => r = 2 => h = 4; thus r = 2 cm and h = 4 cm give the only extreme surface area of 
24;r cm". Since r = 4 cm and h = 1 cm => F = 16 n cm and S = 40 n cm", which is a larger surface area, 

9 

then 24;r cm - must be the minimum surface area. 


10 . 


For a cylinder of radius r and height h we want to maximize the surface area S = 2nrli subject to the constraint 

2 

g(r, h) = r 2 -a 2 =0. Thus VS = 2nh\ + 2nr\ and Vg = 2ri + -|j so that VS = XVg => 2nh = 2 Xr and 

2nr=^-^>^ = \ and 2^r = (^)(f) => 4r 2 = h 2 => A = 2r => r 2 +^ = a 2 ^ 2r 2 = a 2 =>r=-^ 


■ /? = «V2 => S = 2n -^=j(a\/2 j 


= 2 7i a 1 . 


2 2 2 

11. 4 = (2x)(2y) = 4xy subject to g(x, y) = ^ + ^--1 = 0; V4 = 4yi + 4xj and Vg = -|i+^-j so that 
V4 = XVg=>4yi+4xj = x(|i+^j)=>4y =(|)x and 4x = ^)x=>X=^ and 4x = (% L )(^§ Z ) 

, 2 (±-|x) 9 /— <— 

=> y = ±|-x => |g+ 9 ; = 1 => jc =8=>x = ±2V2. We use x = 2V2 since x represents distance. Then 

y = j^2V2 j = ^ 2 ^-, so the length is 2x = 4>/2 and the width is 2y = 3>/2. 


2 2 ~ 

12. P = 4x + 4y subjectto g(x, y) = \ -1 = 0; VP = 4i + 4j and Vg = ^fi + ^-j so that VP = XVg 

a b a b 


=> 4 = 


2x 


X and 4 = 


(2 y) 

U 2 / 


x => x = 


2a 2 


and 4 = 


(2y)( 


•|a 2 + Z> 2 ) 


2 4 

x = a 


since x > 0 => y = 


height = 2y = 


2b~ 


\la 2 +b 2 


y[a 2 +b 

perimeter is P = 4x + 4y = 


■y=K 

\a z 


, = i^Z+i>V = i 

1 ^ 2 ' 4 1 

a a 


~ . x =■ . 

2 I / 2 ,,2 


& 


width = 2x = ■ 


2a~ 


+P 


Ja~+b 


and 


_ 4a 2 +4fe 2 =4 ^ 
y/a 2 +b 2 


a 2 +b 2 


13. V/ = 2xi + 2yj and Vg =(2x-2)i + (2y-4)j so that V/ = XVg = 2xi + 2yj = X[(2x-2)i + (2y — 4)j] 

=>2x = X(2x-2) and 2y = X(2y-4) => x = and y = X =£ 1 => y = 2x 
2 2 

=> x - 2x + (2x)“ - 4(2x) = 0 => x = 0 and y = 0, or x = 2 and y = 4. /(0,0) = 0 is the minimum value and 
/(2,4) = 20 is the maximum value. (Note that X = 1 gives 2x = 2x -2 or 0 = -2, which is impossible.) 


14. V/ = 3i- j and Vg = 2xi + 2yj so that V/ = XVg => 3 = 2Xx and -1 = 2Xy => X = ^ and -1 = 2^-4-j y 
=> y = -j => x 2 +(—f) = 4 => 10x 2 = 36 => x = ± -j= => x = -y= and X = - 7 =, or x = —-j= and 
y = -l=. Therefore 

Vio 

= -2^10 +6 *-0.325 is the minimum value. 




42.325 is the maximum value, and f I —4=, -4= 

Vio’ Vio J 
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15. vr = (8x - 4v)i + (-Ax + 2y)j and g(x, y) = x 2 +y 2 -25 = 0 => Vg = 2xi + 2gj so that VT = XVg 

=> (8x — 4_y)i +(-4x +2y)j = X(2xi +2yj) => 8x-4y = 2Xx and -4x + 2y = 2\y => y = X ^ 1 

=> 8.r-4|^jj = 2Xx => x = 0, or \ = 0, or X = 5. 

CASE 1: x = 0 => g = 0; but (0, 0) is not on x 2 +y 2 =25 so x ^ 0. 

CASE 2: X = 0=>j = 2x=>x 2 + (2x) 2 = 25 => x = ± 45 and y = 2x. 

CASE 3: X = 5 => y = ~ => x 2 = 25 => x = ± 2^5 => x = 2^5 and v = -45, or x = -2^/5 

and y = 45. 

Therefore T{45, 2^5 j = 0° = T{-45, -2%/5 j is the minimum value and T[2.45, —s/5 j = 125° = T{-245, 4$ j 
is the maximum value. (Note: X = 1 => x = 0 from the equation -Ax + 2y = 2Xy; but we found x ^ 0 in 
CASE 1.) 

16. The surface area is given by S = 4nr 2 + 2nrh subject to the constraint V(r, h) = ^nr 2 + nr 2 h = 8000. Thus 
VS = (8^r + 2;z7*)i + 2^rj and VF ={ 4 nr 2 +2nrh ji + 27rr 2 j so that VS = XVF = (%7ir + 2nh)i + 2nr\ 

=> %nr +2nh = \{4nr 2 +2nrh{ and 2 nr = \nr 2 => r = 0 or 2 = rX. But r * 0 
so 2 = rX => X = -^ => 4r + /? = 2 { 2 r 2 + rh j => h = 0 => the tank is a sphere (there is no cylindrical part) and 
= 8000 => r = 10^j 13 . 


= X 


4 nr +2 nrh i + 


2 . 

-nr j 


1 2 

17. Let f(x, y, z) = (x-1) +(y-l) +(z-l) be the square of the distance from (1,1,1). Then 
V f = 2(x-l)i+2(y-l)j + 2(z-l)k and Vg=i + 2j+3k so that V/~ = XVg 
=> 2 (jc— l)i + 2 (y -1)j + 2(z -l)k = X(i + 2j + 3k) => 2(x -1) = X, 2{y-l) = 2X, 2(z -1) = 3X 

=> 2(y - 1) = 2[2(x-l)] and 2(z -1) = 3[2(x-l)] => x = 4^- => z + 2 =3^^-j or z =thus 

^- + 2y + 3^^y-!-j-13 = 0=>y = 2=>x=4 and z = -|. Therefore the point Q-, 2, -|j is closest (since no 
point on the plane is farthest from the point (1,1,1)). 


18. 


Let f (x, y, z) = (x - 1) + (y + 1) + (z -1) - be the square of the distance from (1, -1,1). Then 

V/ = 2(zc —l)i +2(y +l)j +2(z — l)k and Vg = 2xi + 2yj + 2zk so that 5/f = XVg => x - 1 = Xx, y +1 = Xy and 


z-l = Xz=>^= r L,y = - T L, andz=i for X * 1 => {^) +{j±) +{j^) 


=4: 


1-X 


■ = + 




■ x = -Jp y = —z = °r x = --Jp T = z ~ The l ar S est value of/ occurs where x < 0, y > 0, 


and z < 0 or at the point 


__2 _ 2 __ 2 _ 

>/3 ’ V3 ’ >/3 


on the sphere. 


7 7 7 

19. Let f(x, y,z) = x~ +y~ +z be the square of the distance from the origin. Then V/ = 2xi + 2yj + 2zk and 
Vg = 2xi - 2yj - 2zk so that Vf = XVg => 2xi + 2yj + 2zk = X(2xi - 2yj - 2zk) => 2x = 2x\, 2y = -2y\, and 
2z = -2zX ^>x = 0 or X = 1. 

CASE 1: X = l=>2y = -2 y => y = 0; 2z = -2 z ^>z = 0^>x 2 -l = 0=>x 2 -l = 0^>x = ±l and y = z = 0. 
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CASE 2: x = 0 => y -z =1, which has no solution. 

Therefore the points on the unit circle x~ + y = 1, are the points on the surface x +y -z = 1 closest to the 
origin. The minimum distance is 1. 

2 2 2 

20. Let f(x, y, z) = x~ + y~ + z be the square of the distance to the origin. Then V/ = 2xi + 2y\ + 2zk and 
Vg = yi + xj - k so that V/ = XVg => 2xi + 2y\ + 2zk = X(ji + xj - k) => 2x = \y, 2 y = Xx, and 2z = -X 

=^>x=-4-=>2_y = X |-4-j j = 0 orX = ±2. 

CASE 1: y = 0=>x = 0=>-z+l = 0=>z=l. 

CASE 2: X = 2 => x = j and z = -1 => x 2 - (-1) +1 = 0 => x 2 + 2 = 0, so no solution. 

CASE 3: X = -2 => x = -j and z = 1 => (-y)y -l + l= 0=>_y=0, again. 

Therefore (0, 0,1) is the point on the surface closest to the origin since this point gives the only extreme value 
and there is no maximum distance from the surface to the origin. 

2 2 2 

21. Let f(x, y, z) = x~ + y~ + z~ be the square of the distance to the origin. Then V/= 2xi+ 2>j+ 2zk and 
Vg = -yi - xj + 2zk so that yf = XVg => 2xi + 2y\ + 2zk = X(-yi -xj + 2zk) => 2x = -_yX, 2 y = -xX, and 
2z = 2zX => X = 1 or z = 0. 

CASE 1: X = 1 => 2 x = -y and 2_y = -x => y = 0 and x = 0=>z 2 -4 = 0=>z=±2 and x = y = 0. 

CASE 2: z = 0 => -xy — 4 = 0 => y = --4. Then 2x = 4-X => X = and ~ = -xX => ~ = -x|4pj 

=> x 4 = 16 =>x = + 2. Thus, x = 2 and y = -2, or x = -2 and y -2. 

Therefore we get four points: (2, -2, 0), (-2, 2, 0), (0, 0, -2). and (0, 0, -2) But the points (0, 0, 2) and 
(0, 0, -2) are closest to the origin since they are 2 units away and the others are 2^2 units away. 

2 2 2 

22. Let /(x, y, z) = x~ + y~ + z be the square of the distance to the origin. Then V/ = 2xi + 2y\ + 2zk and 

2 2 

Vg = yzi + xzj + xyk so that yf = XVg => 2x = \yz, 2y = Xxz, and 2z = Xxy => 2x = Xxyz and 2 y = \yxz 

=>x 2 = y 2 =>j = ±x=>z = ±x=> x(± x)(± x)=l=>x = ±l=> the points are (1,1,1), (1, -1, -1), (-1, -1,1), 
and (-1,1, -1). 


23. yf = i-2j + 5k and Vg =2xi + 2vj + 2zk so that V/ = XVg => i-2j + 5k = X(2xi + 2y] + 2zk) => 1 = 2xX, 
-2 = 2y\ and 5 = 2zX => x = -4^, y = -4- = -2x, and z = ^- = 5x => x 2 + (-2x) 2 + (5x) 2 = 30 => x = ±1. 
Thus, x = 1, y = -2, z = 5 or x = -1, y = 2, z = -5. Therefore /(1, -2, 5) = 30 is the maximum value and 
/(-1, 2, -5) = -30 is the minimum value. 


24. V/ = i + 2j + 3k and Vg = 2xi + 2yj + 2zk so that V/ = XVg => i + 2j + 3k = X(2xi + 2yj + 2zk) => 1 = 2xX, 

2 = 2 y\, and 3 = 2zX => x = ^, j = 4- = 2x, and z = ^- = 3x => x 2 + (2x) 2 + (3x) 2 = 25 => x = ± -f=. Thus, 


2X 


Vt4 ' 


X = 


-4=, y = -4L, z = -42= or x = —2=, y = —42-, z = —y2=. Therefore /(-2=, 42=, 42=) = 5v/l4 is the 
44 ^ -Ju -Ju 44 44 44 J \44 44 44/ 


maximum value and /(—= -5 Vi4 is the minimum value. 

V Vl4 44 44 
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25. f(x, y, z) = x~ + y~ + z and g(x, y, z)=x + y + z- 9= 0=>V/ = 2xi + 2yj + 2zk and Vg = i + j +k so that 
V/ = Wg => 2xi + 2yj + 2zk = X(i + j + k) => 2x = X, 2y = X, and 2z = X=>x=y=z=>x+x+x-9=0 
=> x = 3, y = 3, and z = 3. 


26. f(x,y,z) = xyz and g(x, y, z) = x + y + z~-16 = 0 => V/ - = yzi + xzj + xyk and Vg=i + j + 2zk so that 

V f = XV g => yz i + xzj + xyk = \(i + j + 2zk) => yz = X, xz = X, and xy = 2 zX => yz = xz => z = 0 or y = x. 

2 2 2 
But z > 0 so that y = x => * = 2zX and xz = X. Then x = 2z(xz) x = 0 or x = 2z . But x > 0 so that 

32 


x = 2z~ => y = 2 z z => 2z z +2z z +z z = 16 => z = ± -4L. We use z = -4L since z > 0. Then x = ^ and y = ^f- 


which yields f[^j, y-, -J? j = 




S 


4096 
25c/5 ' 


2 2 2 

27. F = xyz and g(x, y, z) = x +y +z -1 = 0 => V F = yzi + xzj + xyk and V g = 2xi + 2yj + 2zk so that 

2 2 

V F = XVg => yz = Xx, xz = \y, and xy = Xz => xyz = Xx and xyz = Xy => y = ±x => z = ±x 

2 2 2 1 , ill 

=> x~ + x~ + x~ = 1 => x =-L since x > 0 => the dimensions of the box are -4= by -4= by -4= for maximum 
V3 V3 V3 V3 

volume. (Note that there is no minimum volume since the box could be made arbitrarily thin.) 


28. F = xyz with x,y,z all positive and ^- + -i- + -| = 1; thus F = xyz and g(x,y,z)= bcx + acy +abz- abc = 0 

=> V F = yzi + xzj + xyk and V g = bci + acj + abk so that V F = XVg => yz = \bc, xz = \ac, and xy = \ab 

=> xyz = Xbcx, xyz = \acy, and xyz = \abz => X ^ 0. Also, XZ>cx = Xacy = Xafe bx = ay, cy = bz, and 

cx = az^>y=-x and z = —x. Then - + ^ + £ = 1 =>- + x)+ -(—*) = 1 => — = 1 =>x = f- 
y a a a b z a b\a ) c\a ) a 3 

=> y = (-|)(j) = j and z = (^-)(-|) = y => F = LP 2 = (f )(f)(f) = lyF * s max i mum volume. 

(Note that there is no minimum volume since the box could be made arbitrarily thin.) 

29. VF =16xi + 4zj+(4y-16)k and Vg =8xi + 2yj+8zk so that VF = XVg => 16xi + 4zj + (4y -16)k 
= X(8xi + 2yj + 8zk) => 16x = 8xX, 4z = 2yX, and 4y -16 = 8zX => X = 2 or x = 0. 

CASE 1: X = 2 => 4z = 2y(2) => z = y. Then 4z —16 = 16z => z = — y => y = —y. Then 

4 * 2 + (_|) 2 +4 (_|) 2 = 1 6= , x = ± |. 

CASE 2: x = 0^\=2z.^4y-l6=8zbA^y 2 -4y = 4z 2 i4 4(0) 2 + y 2 -(c - 4x | -16 - 0 

=> y 2 — 2y-8 = 0 => (y -4)(y + 2) = 0 => y = 4 or y = -2. Now y = 4 => 4z 2 = 4 2 -4(4) => z = 0 
and y = -2 =4> 4z 2 = (-2) 2 -4(-2) =^> z = ± V3. 

The temperatures are f(± j, - j, -fj = (642 |)°, F(0, 4, 0) = 600°, f(o, -2, x/3) = (600 -24V3)°, and 
f(o, -2, —s/3 ^ =(600 + 24^3 j »641.6°. Therefore (±y,——|) are the hottest points on the space probe. 


30. VF = 400yz 2 i + 400xz 2 j+800xyzk and Vg = 2xi + 2yj + 2zk so that VF = XVg 

=> 400yz 2 i + 400xz 2 j + 800xyzk = X(2xi + 2yj + 2zk) => 400yz 2 = 2xX, 400xz 2 = 2yX, and 800xyz = 2zX. 
Solving this system yields the points (0, ±1, 0), (±1, 0, 0), and |±y, ±y, ±^j. The corresponding 
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temperatures are T^O, ±1, 0) = 0, T{±\, 0, 0) = 0, and T |±i, ±\, ±^y-| = ±50. Therefore 50 is the maximum 
temperature at |-h,-h,±^j an ^ _ 2"’is the minimum temperature at ±^j and 


1 1 + V2 
2 ’ 2 ’- 2 


31. (a) If we replace x by 2x and y by 2 v in the formula for P, P changes by a factor of 2 a -2 1 “ = 2. 

(b) For the given information, the production timet ion is P(x, y ) = 120x 3/4 y 1/4 and the constraint is 
G{x, y) = 250x +400y -100,000 = 0. VP = AVG implies 

( v 1/4 

90|^-J =2504 

( 4 3/4 

30 |^-J =4004 

x 24 

Eliminating A yields — = — or 5x = 24 y. Now we solve the system 

y 5 

5x - 24y = 0 
250x + 400v = 100,000 

and find x = 300, y = 62.5. P(300,62.5) « 24,322 units. 


32. We can omit k since it affects the value but not the location of the maximum. We then have 
P(x, y) = x a y X ~ a and G(x, y) = qx±c 2 ± -B = 0. VP = AVG implies 


or-l 


a\ — = 4 c\ 

-y 

\ a-l , 

d-a)C =4^ 

y) 


Eliminating 4 yields — = —-. Now we solve the system 

y q 1 - a 


q(l-a)x = c 2 ay 
C\X+c 2 y = B 


and find x = 


aB 

•> 

c \ 


(1 -a)B 
c 2 


33. VU = (±±2)i +xj and V g = 2i + j so that VU = XVg => (g±2)i±xj = X(2i + j) =±> y +2 = 2X and x = X 
=±> y +2 = 2x => y = 2x-2 => 2x±(2x -2) = 30 => x =8 and y = 14. Therefore 17(8,14) = $128 is the 
maximum value of U under the constraint. 
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34. Q(p,q,r) = 2(pq +pr + qr) and G(p, q, r) = p + q + r -1 = 0. S/Q = AVG implies 

2 (q + r) = A 
2 (p + r) = A 
2 (p + q) = A 


which is true only when p = q = r. p + q + r = 1 then implies that p = q = r = 4. Thus the maximum of Q is 

nil 1 1) = 2 4 + 1 + i) = 2 
^\3 ’ 3 ’ 3 / \9 + 9 + 9 / 3 ' 


35. The following diagram shows L, h , and k . We also name the lengths u and v as shown; we assume all named 

2 2 

lengths are positive. We will minimize the square of L , which is equal to (u + k)~ +(v +h) . 



equation is G(u,v ) = uv - hk =0. S/S = AVG implies 

2(u + k) = Av 
2(v + /?) = Am 


v 

k 


so our constraint 

M 


Eliminating A by dividing the first equation by the second yields — + — = —. We combine this with the 

v + h u 

constraint equation and solve the system 

(u+k)-u =(v + h)-v 
hk = uv 

Substituting hk/v for u in the first equation, expanding, and moving all variables to the left side yields the 
equation u +ku —h ku-h k =0. Factoring by grouping we get « —h k\[u+k) = 0. Since no lengths 

\ 1/3 


/ 2 \ I/J 

are negative this gives us the solution u = \h k\ . Substituting this value lor u in hk = uv we find 
/ ? \ 1/3 

v = \hk . (Note that throughout this calculation interchanging h and k has the ellect ol interchanging 

u and v. This must be true, since if we rotate the diagram 90 degrees clockwise we don’t change the solution 
to the minimization problem, but now h and v are the horizontal distances and k and u are the vertical 
distances. All of our equations reflect this symmetry, and we could exploit it to save some computation.) 

Now I? ={u+k ) 2 +(v + /?) 2 = 

= /W /3 +2 h m k m + k 2 + h m k m +2 h 4/ h m + h 2 
= (h 2,i + k 2/3 ) 3 

( 2/3 2 / 3\ 3 ^ 2 

h +k 


r/ , \ 1/3 i 

2 

r/ o \ 1/3 i 

Urk\ +k 

+ 

[hk-\ +h 
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36. VM = (6 + z)i -2yj +xk and Vg = 2xi + 2yj + 2zk so that VM = XVg => (6 + z)i-2yj+„rk 
= \( 2 xi + 2yj + 2 zk) => 6 + z = 2x\, -2y = 2y\, x = 2 z\ => \ = -1 or y = 0 . 

CASE 1: X = -l =>6 + z= —2x and x = -2 z => 6 + z = -2(-2z) => z = 2 and x = -4. Then 
(-4) 2 +y 2 +2 2 -36 = 0 => y = ± 4. 

CASE 2: y = 0, 6 + z = 2x\, and x = 2 z\ =>X=^j =>6 + z=2.x: => 6 z + z 2 = x 2 ( 6 z + z“ j + 0" + z 2 

= 36=>z = -6 or z=3. Now z =-6 => x 2 = 0 => x =0; z = 3 => x 2 = 27 => x = ± 3 V3. 

Therefore we have the points (±3^, 0, 3j, (0, 0, - 6 ), and (-4, ±4, 2). Then M ^3 ^3, 0, 3 j = 27^3 + 60 

« 106.8, M (-3^3, 0, 3) = 60 -27V3 ~ 13.2, A7(0, 0, - 6 ) = 60, and M(-4, 4, 2) = 12 = M(-4, -4, 2). 
Therefore, the weakest field is at (-4, ±4, 2). 

37. Let g 1 (x,y,z) = 2x-y = 0 and g 2 (x, y, z) = y + z = 0 => Vg t =2i-j, Vg 2 =j+k, and V/ = 2xi + 2j-2zk 
so that Wf = XVgj + /yVg 2 => 2xi + 2 j - 2zk = X(2i - j) + [i( j + k) => 2xi + 2 j - 2zk = 2Xi + (ju- X)j + [ik 

=> 2x =2X, 2 = ju-\, and -2z = [i => x = X. Then 2 = -2z-x => x = -2z-2 so that 2x -y = 0 
=> 2(-2z-2)-_y = 0 => —4z - 4-j = 0. This equation coupled with y + z = 0 implies z = —| and 3 ; = j. 

2 2 

Then x = -| so that (j, _l) is the point that gives the maximum value /(-|, j,-j) = (-|) +2^jj-(—jj 

_ 4 
3' 

38. Let gj(x, j, z) = x + 2j + 3z -6 = 0 and g 2 (x, y, z) = x + 3y +9z -9 = 0 => Vgj = i + 2j +3k, 

Vg 2 = i + 3j + 9k, and V/ = 2xi + 2yj + 2zk so that V/ = XVgj + /^Vg 2 => 2xi + 2y j + 2zk 

= X(i + 2j +3k) + /y(i + 3j +9k) => 2x = X + ju, 2y = 2X + 3[i, and 2z = 3\ + 9/u. Then 0 = x +2y +3z -6 

= |(X + //)+(2X + 3//)+(|X+^-//)-6=>7X+17// = 6 ; 0 = v + 3y + 9z-9 

=>4(^ + A)+(3^+tA)+('T'^+t'a) _ 9 =>34X + 91/i =18. Solving these two equations for X and [i gives 
X = ^ and [i = —=> x = = ^,y = 2X ^ 3| ° = and z = 3X + 9| ° = The minimum value is 

/= 2 * ,2 2 71 = (Note that there is no maximum value of/subject to the constraints because at 
least one of the variables x, y, or z can be made arbitrary and assume a value as large as we please.) 

39. Let f(x, y, z) = x + y~ + z be the square of the distance from the origin. We want to minimize f(x, y, z) 
subject to the constraints gi(x, y, z) = y + 2z-\2 = 0 and g 2 (x, y, z) = x + y -6 = 0. Thus 

V/ = 2xi + 2yj + 2zk, Vgj = j + 2k, and Vg 2 = i + j so that V/ = XVgj + [Ng 2 => 2x = [i, 2y = X + [i, and 

2z = 2X. Then 0 = y + 2z -12 = (t + t) + 2X-12 => |X +±[i = 12 => 5X + [i = 24; 

9 - x+y -6 = ^ + ^ + ^-6 ^ \ \ + [i = 6 ^>\ + 2[i = \2. Solving these two equations for X and /j gives 

X = 4 and [i = 4 => x = 4^- = 2, y = = 4 , anc j z = X = 4. The point (2, 4, 4) on the line of intersection is 

closest to the origin. (There is no maximum distance from the origin since points on the line can be arbitrarily 
far away.) 

40. The maximum value is f = j from Exercise 33 above. 
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41. Let gj(x, y, z) = z -1 = 0 and g 2 (x, y, z) = x 2 +y 2 +z 2 -10 = 0 => Vgj = k, Vg 2 = 2xi + 2yj + 2zk, and 

V f = 2xyzi + x 2 zj + x 2 yk so that Vf = X Vgj + /j Vg 2 => 2xyz\ + x 2 zj + x 2 yk = \(k) + ^(2x1 + 2yj + 2zk) 

2 2 

=> 2 xyz = 2xfi, x z = 2 y//, and x y = 2z/r + X =>xyz = x/t => x = 0 or yz = ju^> ju = y since z = 1. 

CASE 1: x = 0 and z =1=> y 2 -9 =0 (from g 2 ) => y = ± 3 yielding the points (0, ± 3,1). 

CASE 2: /u = y => x 2 z = 2y 2 => x" = 2y 2 (since z = 1) => 2 y 2 +y 2 +1-10=0 (from g 2 ) => 3 y 2 - 9 = 0 

2 

=±> y = ± 7 3 => x 2 = 2(±73 j => x = ±76 yielding the points (± 76 , ±73, lj. 

Now /(0, ±3,1) = 1 and /(±7<5, ±73, lj = 6(±73j+l =1±6 a/ 3. Therefore the maximum of/is 1 + 673 at 
(±76, -v/J, lj, and the minimum of/is 1-6-73 at (±76, -73, lj. 


42. (a) Let g x (x, y, z) = x+y + z - 40 = 0 and g 2 (x, y, z) = x + j-z = 0 Vg t = i + j+k, Vg 2 = i + j-k, and 
Vw- yzi + xzj + xyk so that V w = X Vgj + /u Vg 2 yzi + xzj + xyk = X(i + j + k) + /j(i + j — k) 

=^> yz = X + n, xz = X + /u, and xy = X - /u yz = xz => z = 0 or y = x. 

CASE 1: z = 0=>x + > , = 40 and x + y = 0 => no solution. 

CASE 2: x = > , =>2x + z-40 = 0 and 2x-z = 0=>z=20=>x = 10 and y = 10 => w = (10)(10)(20) 

= 2000 


(b) n 


i j k 

1 1 1 
1 1 -1 


- 2 i + 2 j is parallel to the line of intersection => the line is x = - 2 t + 10 , y = 2 t + 10 , 


z = 20. Since z = 20, we see that w = xyz = (—2t + 10)(2? +10)(20) = [-4t 2 +100 j(20) which has its 
maximum when t = 0 => x = 10 , y = 10 , and z = 20 . 


43. Let g/x, y, z) = y-x = 0 and g 2 (x, y, z) = x +y +z -4 = 0. Then V/ = yi + xj + 2zk, Vgj = -i + j, and 
Vg 2 = 2xi + 2yj + 2zk so that V/ = XVgj + juVg 2 =^> yi + xj + 2zk = X(-i + j) + ju{ 2xi + 2yj + 2zk) 

=^> y = -X + 2 xju, x = \ + 2y/j, and 2z = 2 z/u => z = 0 or /u = 1. 

CASE 1: z = 0=>x 2 +> , ' ; '-4 = 0=> 2x 2 - 4 = 0 (since x= y) => x = ±V2 and y = ±V2 yielding the points 

(± 72 , ± 72 , o). 

CASE 2: /j = 1 => y = -X + 2x and x = X + 2 y => x + y = 2(x + y) => 2x = 2(2x) since x = y=>x=0^y=0 
=>z 2 -4=0=>z = ±2 yielding the points (0, 0, ±2). 

Now, /(0, 0, ±2) = 4 and f{± 72, ±72, 0j = 2. Therefore the maximum value of/is 4 at (0, 0, ±2) and the 
minimum value of/is 2 at /(± 72 , ± 72 , oj. 

2 2 2 

44. Let /(x, y, z) =x~ +y~ + z be the square of the distance from the origin. We want to minimize /(x, y, z) 
subject to the constraints g/x, y, z) = 2y + 4z -5 = 0 and g 2 (x, y, z) = 4x + 4y -z =0. Thus 

Vf = 2xi + 2yj + 2zk, Vg| =2j+4k, and Vg 2 = 8 xi + 8yj-2zk so that Vf = Wg 1 + / uVg 2 

=> 2xi + 2yj ± 2zk = X(2j +4k) + //( 8 xi +8yj-2zk) =^> 2x = 8 x/j, 2y = 2X + 8 yju, and 2z = 4\ -2zju x = 0 

or H=\. 

CASE 1: x = 0 => 4(0 ) 2 +4 y 2 —z 2 = 0=>z = ±2y=>2y + 4(2 y) - 5 = 0 => y = y, or 2y + 4(—2y) — 5 = 0 
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=> g = —| yielding the points ^ 0 , ^,lj and ^ 0 , — 1 ,|). 

CASE 2: /i = Jj-=>y=\ + >’=>\ = 0=>2z = 4(0) -2z^i) => z = 0 => 2y + 4(0) = 5 ^ y = j and 

2 

(0 ) 2 = 4x 2 +4^4) => no solution. 

Then /(o,-^,l) = f and /(o,|) = || + -y = ^ => the point ( 0 ,-|,l) is closest to the origin. 

45. V/ = i + j and Vg = yi + xj so that V/ = XVg => i + j = A(yi + xj) => 1 = and 1 = xX => y = x => y 2 =16 
=> y = ± 4 => (4, 4) and (-4, -4) are candidates for the location of extreme values. But as x —> co, y —» go 
and /(x, y) —» 00 ; as x —> -<x>, y —» 0 and /(x, y) —» - 00 . Therefore no maximum or minimum value exists 
subject to the constraint. 

4 

46. Let f (A, B, C) = I (Ax k +By k +C-z k f =C 2 +(B + C -l ) 2 +(A+B +C -l ) 2 +(A + C +1) 2 . We want to 

k=\ 

minimize/ Then f A (A, B, C) = 4A+2B + 4C, f B (A, B, C) = 2A + 4B + 4C - 4, and 

fc(A, B,C) = 4A + 4B+%C-2. Set each partial derivative equal to 0 and solve the system to get A=-j, 

5=4, and C = -i or the critical point of/is ( - 4 ’Hi)' 

47. (a) Maximize f(a,b,c) = a 2 b 2 c 2 subject to a 2 +b 2 +c 2 =r 2 . Thus V/ = 2aZ> 2 c 2 i + 2a 2 6c 2 j + 2fl 2 & 2 ck 

and Vg = 2ai + 2b\ +2ck so that V/ = XVg => 2ab 2 c 2 = 2«X, 2a 2 bc 2 = 2b\, and 2 a 2 b 2 c = 2c\ 

=> 2a 2 b 2 c 2 = 2a 2 \ = 2b 2 \ = 2c 2 \ => X = 0 or a 2 = b 2 = c 2 . 

CASE 1: X = 0 => a 2 b 2 c 2 =0. 

•5 

222 222 22 / 2 X* 5 

CASE 2: a =b = c =>/(a, 6 , c) = a a a and 3a =r =>f (a, b,c) = l-y) is the maximum value. 

(b) The point (Va, ~Jb, yfc j is on the sphere if a + b + c = r 2 . Moreover, by part (a), 
abc = f (4a, yfb, Vc j < |-yj => (aZ?c ) 1/3 < -y = , as claimed. 


48. Let /(x 1? x 2 ,...,x w ) = =a\X^ +« 2 X 2 + and g(x 1? x 2 ,...,x w ) = + x 2 + ... + x^ -1. Then 

i=l 


we 


want V/ = XVg => aj = X(2xj), a 2 = X(2x 2 a n = X(2x„), X # 0 => x,- = -^r => —V + -^- + ... +—\ = 1 


n 


1/2 

n 

n 

/ \ w 

^ n ^ 

^a 2 => 2X = 


^/(•4A2v 

■■’ X n) = Y, a i X i 

11 

M 

a 

/ic| = iy a 2 = 

12X1 2\zL"/ 


i=1 

c=l J 


i= 1 

1=1 

1=1 

\i=l 7 


4X 

1/2 


is the 


maximum value. 
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49-54. Example CAS commands: 

Maple : 

f := (x,y,z) -> x*y+y*z; 
gl := (x,y,z) -> x A 2+y A 2-2; 
g2 := (x,y,z) -> x A 2+z A 2-2; 

h := unapply( f(x,y,z)-lambda[l]*gl(x,y,z)-lambda[2]*g2(x,y,z), (x,y,z,lambda[l]dambda[2])); # (a) 

hx := diff( h(x,y,z,lambda[l],lambda[2]), x ); # (b) 

hy := diff( h(x,y,z,lambda[l],lambda[2]), y); 

hz := diff( h(x,y,z,lambda[l],lambda[2]), z); 

hi 1 := diff( h(x,y,z,lambda[l]Jambda[2]), lambda[l]); 

hl2 := diff( h(x,y,z,lambda[l],lambda[2]), lambda[2]); 

sys := { hx=0, hy=0, hz=0, hi 1=0, hi2=0 }; 

ql := solve( sys, {x,y,z,lambda[l],lambda[2]}); # (c) 

q2 := map(allvalues,{ql}); # (d) 

for p in q2 do 
eval( [x,y,z,f(x,y,z)], p); 

' '=evalf(eval( [x,y,z,f(x,y,z)], p)); 
end do; 

Mathematic a : (assigned functions will vary) 

Clear[x, y, z, lambdal, lambda2] 
flx_, y_, z_]:=x y + y z 
gl[x_, y_, z_]:=x 2 + y 2 -2 
g2[x_, y_, z_]:= x 2 + z 2 - 2 

h = f]x, y, z] - lambdal gl[x, y, z]-lambda2 g2[x, y, z]; 

hx= D[h, x]; hy= D[h, y]; hz= D[h,z]; hLl=D[h, lambdal]; hL2= D[h, lambda2]; 
critical=Solve[{hx==0, hy==0, hz==0, hLl==0, hL2==0, gl[x,y,z]==0, g2[x,y,z]==0}, 

{x, y, z, lambdal, Iambda2}]//N 
{{x, y, z},f[x, y, z](/.critical 
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Chapter 14 Partial Derivatives 


14.9 TAYLOR’S FORMULA FOR TWO VARIABLES 


1 . fix, y) = xe y ^>f x = e y , f = xe y , f xx = 0 ,f= e y , f = xe- v 


> f(x, y ) - /( 0 , 0 ) + xf x (0,0)+yf y (0, 0 ) + ±[x 2 f xx ( 0 , 0 ) +2xyf xy (0, 0) + y 2 f yy (0, 0 )] 
= 0 + x-l +y -0 + 2 -|x 2 -0 + 2xy-l + y 2 -oj = x + xy quadratic approximation; 


f =0 f = 0 f = p y f = xp y 
J xxx "> J xxy J xyy ’ J yyy 


=> fix, y) ~ quadratic +|[.v 3 / xxx (0, 0) + 3x 2 yf xxy ( 0,0) + 3xy 2 f xyy (0, 0) + r 3 / l ,. v (0. 0)] 

l/ 3 2 2 3 \ l 2 

= x+xy+j-lx -0 + 3x y-0 + 3xy~ -l+y -01 = x + xy + jxy , cubic approximation 


2 . f(x, y) = e x cos y => f x = e x cos y, f y = -e x sin y, f xx = e x cos y, f xy = -e x sin y, = -e x cos y 
=> fix, y) « /( 0 , 0)+xf x (0,0)+yf y (0, 0 ) + \[x 2 f xx { 0 , 0)+2xyf xy (0, 0) + y 2 f yy (0, 0) 

= l+x-\ + y-Q + \\^x 2 ■ 1 + 2xy - 0 + y 2 • (— 1 )J = \+x + ^(x 2 -y 2 j, quadratic approximation; 

fxxx = f COS y> fxxy = sin y> fxyy = cos P, fyyy = e * sin V 

=> .fix, y) ~ quadratic + \\ [ x 3 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + r 3 / l ,. v (0. 0)J 

= 1 + x +\(x 2 -y 2 j + g'ljr 3 • 1 + 3x 2 y ■ 0 + 3xy 2 • (—1) + j^ 3 -oj 
= l+x+\(x 2 -y 2 j + -^x 3 -3 xy 2 j, cubic approximation 


3. fix, y)=y sin x^>f x =y cos x, f y = sin x, f xx = -y sin x, f xy = cos x, f yy = 0 

=> fix, y) * /(0, 0 ) +xf x ( 0, 0 ) +yf y ( 0 , 0 ) + \[x 2 f xx { 0 , 0 ) + 2xyf xy (0, 0)+y 2 f yv i0, 0 ) 
= 0 +x- 0 +j- 0 + 2 -|x 2 -0 + 2xy-l+y 2 -oj =xy, quadratic approximation; 
fxxx = ~y cos x, f xxy = - sin x, f xyy = 0 , f yyy = 0 

=> fix, y) ~ quadratic + j x 3 f xxx ( 0, 0) + 3 x 2 yf xxy (0, 0) + 3 xy 2 f xyy (0, 0) + y 3 f m (0, 0) 

1 r 3 2 2 3 1 

= xy+j.\x -0 + 3x y-0+3xy -0 +y -0 \=xy, cubic approximation 


4. /(x, y) = sin x cos y => f x = cos x cos y, f y = -sin x sin y, f xx = -sin x cos y, f xy = -cos x sin y, 

= -sin x cos y => f(x, y) * /( 0 , 0 ) +xf x { 0 , 0)+yf y (0, 0 ) + j x 2 f xx (0, 0 ) +2xyf xy (0, 0)+y 2 f yy {0, 0 ) 

= 0 +x-l+y- 0 + 4 |x 2 • 0 + 2xy-0 + y 2 -oj =x, quadratic approximation; 

fxxx = -cos x cos y, f xxy = sin x sin y, f xyy = - cos x cos y, f yyy = sin x sin y 

=> fix, y) ~ quadratic + j x 3 f xxx ( 0, 0) + 3 x 2 yf xxy (0, 0) + 3 xy 2 f xyy (0, 0) + y 3 f m (0, 0) 

1r 3 2 2 3 n 1/3 2 \ 

= x + jr x -(—1) +3x y-0+3xy -(-l)+j -0 =x-4x + 3xy" I, cubic approximation 
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5. f(x,y) = e x In (1 + y) => f x =e A In (1 + y), f y = -^,f xx =e x ln(l + y),f xy = j^,fyy = 
=* fix, y) « /( 0 , 0 ) +x/ x .( 0 , 0 )+y/;,( 0 , 0 ) + i[x 2 / xx ( 0 , 0)+2xyf xy (0, 0 ) + y 2 / KV ( 0 , 0 )] 

= 0 + x-0 + J -1 + -^x 2 - 0 + 2xr - l + y 2 -(-1)J = y + y^2xy -y 2 j, quadratic approximation; 
/rxx = e 1 Q (1 + T)> /uy = 7^7 > fxyy = _ (1+v) 2 > Ayy = (1 

=> /(*> y) * quadratic + ^x 3 / xxx (0, 0) + 3x 2 yf xxy {0, 0)+ 3xy 2 f xyy {0, 0) + } 3 f m i^, 0)] 

= y + ^2xy-y 2 ) + | x 3 -0+ 3x 2 y-1+3xy 2 -(-l) + y 3 -2^ 

= y + ^(lxy-y 2 \ + ^(3x 2 y-3xy 2 + 2y 3 j, cubic approximation 


6- f(x,y ) In (2x + y +1) => f x 2 x + y+ i’fy 2 xly+V^ xx { 2 xTy +\) 2 ’ ^ (2x+y+l) 2 ’ ^ 
=> fix, y) - /(0,0) +x/ x .(0, 0 )+yf y ( 0 , 0) + i[x 2 / ;Q .(0, 0 )+ 2 xyf xy ( 0 , 0) + y 2 f yy i 0 , 0)] 

= 0+ x-2+y-1 + 3 - x 2 • (— 4 ) + 2 xy • (—2 ) +y~ • (— 1 ) = 2x + y + ^-4x 2 -4xy-y 2 j 
1 2 

= (2x + y) - j (2x + y) , quadratic approximation; 

fxxx = ( 2 xll + \f ,fxx y = (2 x+y+lf’ fx yy = (2.r+y+l) 3 ’ fyyy = (2x+y+l) 3 

=> fix, y) * quadratic + j x 3 f xxx ( 0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0) 

= (2x + y) ~j(2x + y) 2 + jr(x 3 -l6 + 3x 2 y-8 + 3xy 2 -4 +y 3 ■ 2 j 
= ( 2 x + y) — j ( 2 x + y) 2 - j ^ 8 x 3 + 12 x 2 y+ 6 xy 2 +y 2 j 

i 2 l 3 

= (2x + y)-f (2x + y)~ +y(2x + y) , cubic approximation 


-1 _ 

(2x+y+l) 2 


7. fix,y) = sin(x 2 +y 2 j^/ x = 2xcos|x 2 + y 2 ),/ v = 2ycos(x 2 + .y 2 ), 

fxx = 2cos|x 2 +y 2 )-4x 2 sin|x 2 + >’ 2 ),/ xv = -4xysin(x 2 +y 2 ),/ xy =2cos(x 2 +/)-4y 2 sin(x 2 + y 2 ) 
=> fix, y ) * /(0,0) +x/ x .(0, 0)+yf y (0, 0) + |[x 2 / ;q .(0, 0)+2xyf xy (0, 0) + y 2 f yy i0, 0)] 

= 0 + x-0+y-0 + ^lx •2 + 2xy-0 +y~ -2 I =x +y , quadratic approximation; 

fxxx = -12xsin|x 2 +y 2 j-8x 3 cos(x 2 +y 2 ^,f xxy = -4ysin(x 2 +y 2 )-8x 2 ycos(x 2 +y 2 j, 

.4>y = -4xsin|x 2 +y 2 j-8xy 2 cos(x + y 2 ), f m = -12ysin(x 2 +y 2 j-8y 3 cos|x 2 +y 2 j 

=> /(x, y) * quadratic + j x 3 f xxx ( 0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0) 

2 2 1 r 3 2 2 3 n 2 2 

= x + y + V x • 0 + 3x y■0 + 3xy • 0 + y ■ 0 = x +y , cubic approximation 
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8 . f(x,y)= cos(x 2 +j 2 j=>/ v = - 2 xsin(x 2 + y 2 ^, f y = - 2 >>sin(x 2 +y 2 ), 

fxx = -2sin^x 2 + p 2 )-4x 2 cos(x 2 + y 2 ^,f xy = ^xycos(x 2 +y 1 ^,f yy = -2sin(x 2 +y 2 )-4y 2 cos(x 2 +j 2 j 

=> /(.*, j) * /(O, 0 ) +xf x (0,0)+yf y (0, 0 ) + \[x 2 f xx { 0 , 0)+2xyf xy (0, 0) + y 2 f yy (0, 0 )] 

1 2 2 

= l+x- 0+}’-0 + -^[x • 0 + 2 x >’-0 + >’ • 0 ] = 1 , quadratic approximation; 

fxxx ~ - 12 xcos|x 2 +y 2 j + 8 x 3 sin|x 2 + y 2 j, f xxy = -4jcos|x“ +y 2 j + 8 x 2 ysin|x 2 +y 2 j, 

=—4xcos(x 2 +y 2 ) + 8xy 2 sin(x 2 + J 2 ), f m = -12>-cos(x 2 +y 2 ) + 8j 3 sin(x 2 + y 2 j 
=> fix, y) ~ quadratic+ ^[V/ XXX (0, 0) + 3x 2 yf xxy (0,0) + 3xy 2 f xyy (0, 0) + y 2 .f yyy ( 0, 0)] 

i r 3 2 2 3 n 

= 1 + ^ x • 0 + 3x y ■ 0 + 3 xy~ ■ 0 + y -0=1, cubic approximation 

9- f(x, y) = X _ x _ y => f x = (i _ x _ v ) 2 = fy’ fxx = (i _ x _ v ) 3 = fxy = fyy 

^ .fix, y) * /( 0 , 0 ) +x/ x .( 0 , 0)+yf y (0, 0 ) + i[x 2 / xx ( 0 , 0 ) +2xyf xy (0, 0) + y 2 f yy (0, 0 )] 

= l + x-l + y-l + \ |x 2 -2 +2xy -2 +y 2 -2^ = 1 +(x+y) + |x 2 +2 xy + y 2 j 
= 1 + (x + y) + (x + y) 2 , quadratic approximation; f xxx = = fxxy = fxyy = fyyy 

=> f(x, y) ~ quadratic + j x 3 / xxx (0,0) + 3x 1 yf xx) ,(0, 0) + 3xy 2 f xyy (0, 0) + j 3 /^ (0, 0)] 

= 1 + (x + j) + (x + y) 2 + jr |^x 3 • 6 + 3x 2 y ■ 6 + 3 xy 2 ■ 6 + y 2 ■ 6 J 

= l + (x + > , )+(x + i }’)~ +lx +3x y + 3xy +y I = l + (x + y) +(x +y) +(x +y) , cubic approximation 

n ,V) 1 -x-y+xy^J* (l _ x _ y+xy f’Jy (X - x _ y+xy f’ J ™ v , 7AT (1-x-y+xyf ’ 

fyy = (1 ^‘^ v)3 => fa, y ) * /( 0 , 0 ) + x/ x ( 0 , 0)+yf y (0, 0 ) + |[x 2 / xx ( 0 , 0)+2xyf xy (0, 0)+y 2 f yy (0, 0 )] 

l/2 2 \ 2 2 

= l-x-l + >’-l+^lx ‘•2 + 2 x>’-l + >’ • 2 l=l+x+>’+x +xy + y~, quadratic approximation; 

r _ 6(1— y ) 3 r _ [-M3-x-y+xy) +6(l-y)(l-x)](l-y) . _ [-4(l-x->>+xy) +6(l-x)(l-v)](l-.v) 

Jxxx- {l _ x _ y+xy) 4,Jxxy- (1-x-y+xyf ,Jx W~ (1-x-y+xyf 

fyyy = ()4 => /(*> JO “ quadratic + i X 3 / XXX (0, 0) + 3x 1 yf xxy (0, 0) + 3xy 2 f xyy (0,0) + y 2 f m (0, 0) 

= l + x + y+x 2 + xy + y 2 + 2-|^x 3 -6 +3x 2 y-2 + 3xj 2 -2 + y 2 ■ 6J 

7 7 3 7 7 3 

= \ + x + y + x~ + xy + y~ + x +x y+xy~ + y , cubic approximation 

11 . /(x, y) = cos x cos y => f x = -sin x cos y, f y = -cos x sin y, f xx = -cos x cos y, f xy = sin x sin y, 

fyy = -cos x cos y ■=> /(x, y) ~ /( 0 , 0 ) + xf x ( 0 , 0 ) + yf y ( 0 , 0 ) + |[x 2 / xx ( 0 , 0 ) + 2xyf xy ( 0 , 0 ) + y 2 f yy ( 0 , 0 )J 

= 1+x -0 + y •O + ^f.x 2 - (-I) +2xy -0 + y 2 • (—1)1 = l-4p-4p, quadratic approximation. Since all partial 
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derivatives off are products of sines and cosines, the absolute value of these derivatives is less than or equal 
to 1 => E(x, y) <|[(0.1 ) 3 +3(0.1 ) 3 +3(0.1 ) 3 +(0.1) 3 ] <0.00134. 

12 . f(x, y) = e x sin y => f x = e x sin y, f y = e x cos y, f xx = e x sin y, f xy = e x cos y, fyy = -e x sin y 
=> /(*, y ) « m 0) + xf x (0, 0 ) +y/ v ( 0 , 0 ) + \[x 2 f xx { 0 , 0 ) + 2xyf xy {0, 0)+y 2 f yy (0, 0 )] 

= 0 + x-0 + y -1 +4 [x 1 -0 +2xy -1 +y 2 - oj = y +xy, quadratic approximation. 

Now, f xxx = e x sin y, f xxy = e* cos y, f xyy = -e x sin y, and f yyy = -e x cos y. 

Since | x \ < 0.1, | e x siny | <e 01 sin 0.11 « 0.11 and \e x cosy| < | e 0A cos 0.11 «1.11. 

Therefore, E(x, y) < j [(0.11)(0.1 ) 3 +3(1.11)(0.1 ) 3 +3(0.11)(0.1 ) 3 + (1.11)(0.1 ) 3 ] < 0.000814. 


14.10 PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES 


9 7 7 7 7 

1 . w = x~+y +z~ and z = x~ +y~ : 


f x = x(y, z)) 


(a) 


-> 


y -y 

Z = Z 


—> W : 


/ dw \ 

\^y)z 


# = 0 and %L = 2x^ + 2y^- 
ox oy oy oy oz oy oy oy oy y oy 


= 2*| + 2y=>O=2,f + 2y=>0 = -f=>(^) = (2x) (-^) + (2y)(l) + (2z)(0) = -2y + 2 y = 0 


(b) 


( x = x > 

y = y(x, z) 

Z = Z 


—> W : 


if) 


x 8x 8z + dy 8z + 8z dz’ dz 0 3nd dz 8: + ~ y dz 


J 


■1 = 2 y 


8y 8y 


= l + 2 z 


(c) 




a a - £=•(£), =(2*X0)+(2j.)(u r ) + (2zXl) 

f x = x(y, z)) 

^ _ 8w 8x i 8w fy , 8w dz . Sy „ , g z _ 9 fit , 9 

^ w ^\-&) y -■& aF + ^aF + aF“° and & - 2x aF + 2 ^ 


t =y 

Z = Z 


J 


■l = 2x&=>& 

OZ OZ 


= 4 = (§) = (2+(i) + (2t)(») + <2z)(D = 1 + 2; 


2. w = xr +y-Z + sint and x+y =t: 




(a) 






T = T 
z = z 
t =x+yj 


—> w - 


I 

\ 8 y)x 


8w_&c_,8w_^y_,8w_8z_,dw_dt_. fit _ a 8z_ _ a j 8t_ _ i 
fit fiv fiy fiy fiz fiy fi« fiy ’ cy ’ 


= ( 2 x)( 0 ) + ( 1 )( 1 ) + (— 1 )( 0 ) + (cos t)(l) = 1 + cos t = 1 + cos (x + y) 

°y 'x.t 
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OA 


(b) 


v r j 


( x = t-y 4 

y -y 

Z —Z 


v t = t J 


’ \ % )z,t 


_v | Div | _ dw dx , dw ,dwdz , 3w' 3/ . 3z _ a „,,,i 3t _ a 

- a6^ + ^¥ + 3^ + 36aA and 


dx = dL_dy_ 
dy 5v dy 


6x4 


(c) 


—» w => 


(d) 


(e) 


(f) 


0 ^ 


\* ) 


6x4 


A y 


6j4 


V r J 


= - 1 =* (f) _ ? = (2 A(-i) + 0X1) + (-1X0) + (cos 0(0) = 1 - 20 - y) = 1 + 2y - 2t 

(^) + + ^ + |* = 0 and f^ = 0 

\ dz J x , ^ fix fiz dy dz dz dz dt dz dz dz 

(§) y y = (2x)(0) + (1)(0) + (-1)0) + (cos0(0) = -1 

... ( 3h’) _ dw dx , dw 4v , dw 8z , dw dt . 4r _ a j dt _ a 

w=> V&J V i , —& 3F + ^raF + 3F fe+’sTaF’ aF“ u and aF“ u 

(§) r t =(2xX0) + 0)(0)+(-l)0)+(cos0(0) = -l 

(dw\ _dw^_,Bw_^_,dw_Bz_,Bwdl. Bx_ _ a „ nr ) 3z a 

l 3/ ) x>z Bxdt dydt 5z dt Bt BU dt dt 

(f) v _ =(2x)(0)+OXl) + (-l)(0) + (cosOO)=l + cos/ 

i¥) =¥% + ^% + ¥% + %%> f = ° and § = 0 

V ct / y^ z ox ot oy ot oz ot ot ot ot ot 

(Ar) = (2x)(l) + (1)(0) + (-l)(0) + (cost)(l) = cost + 2x = cost + 2(t -y) 

\ Ot )y^z 


6x = x 4 


y = y 

Z = Z 

\t = x+y) 


' x,y 

6x = t-j4 

y = y 

Z = Z 


yt = t j 


>y,t 
6x = x 4 
y = t -x 

z = z 

v t = t J 


— y m ; zz> 


>x,z 

6 


x = t-y 

y = y 

z = z 


v t = t J 


—> M ; zi> 


3 . U = f(P, V, T ) and PF = «PP 


(a) 


(b) 



P = P 


A 


-» 


V = V 


V=^) 


->t/ => 



5UdP. dUdV .dUdT .3U.l8U\ ( o.-.,l3U\( V ) .... dU . (dU\( 
dP dP dV dP BT BP BP \BVr’ \BT)\nR) BP \3T )\ 



(p=*F) 


V = v 


T = T 


-*U => 



V J 


_ dU 8P 
dP BT 


5U_8}^ + 8U_5T_ _ 
BV BT BT BT 


(dU) 

( nK\ _ 

JdU\ 

\ BP) 

\v) 

Xdv) 


5U 

BT 


(8U\(nR\ . BU 
\BP )\V ) BT 
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w = x~ +y~ +z~ and y sin z + z sin x = 0 


(a) 


n 

\y) 


(X = X 




y=y 

y z = z(x, y) 


■(fO = + + $: = 0 and 

\ dx) y ox ox dy dx dz ox ox 


(jcosz)| i + (sinxll^ + zcosx = 0 => =- rC0S Y —. At (0,1, tt), % = —\ - n 

^ 7 ox v 7 ox ox >> cos z+sin % v 7 ox -1 


. dz 


dz 


dz _ —71 


(f) = (2x)(l) + (2j)(0) + (2z)(zr )| 


(0,1,2-) 


(0,1,2) 


= 2 n 


( x = x(y, zD 


(b) 


-> 


y=y 

z = z 

,dy 


-> 


“■ =■ (f )„ - f f + f I + f t - < 2 *>g+(2/K0) + (2zXl) - (2x)f 


+ 2 z. 


J 


Now (sinz)-|b +jcosz+ sinx + (zcosx )-|7 = 0 and ^ = 0 => jcosz +sinx + (zcosx )|7 = 0 


dx . 
dz 


dz 

-y cos z-sin x 
z cos * 


dz 


dz 


dz 


At 


<»■ V*>, i■ tAy- y =• (f ) v - 2 <°>(4) + 1 "- 2 ’ 


( 0 , 1 , n) 


2 2 3 2 2 2 

5. w = x">’ + yz — z and x~ + y + z~ = 6 


(a) 


n 


( 


X = X 

y=y 


= Ax, y)) 


I dw) _ dw dx ■ dw . dw dz _ 

\ dy ) x dx dy dy dy dz dy 


[ixy 2 j (0) + (2 x 2 j + zj(l) + [y - 


-3z 2 ^ 


jay 


: 2x 2 >’ + z + (>’-3z 2 )J. Now (2x) J + 2j(2z) J = 0 and J = 0 =} 2y + (2z) g- = 0 g = -X. 


At (w, x, y, z) = (4, 2,1, -1), g = = 1; 

Cx = x(y, zD 


( 4 , 2 , 1 ,- 1 ) 


(2)(2) i (l) + (-l) 


l-3(-l) 2 


(1) = 5 


(b) 


y=y 

z = z 


^“•^(fi-ft + fl + ft=( 2 V)f+( 2 - v2 - v +4a)4i'-3x 2 )(0) 


(2x 2 j) g + 2x 2 y+z. Now (2x) g + 2y + (2z) g = 0 and g = 0 => (2x) g + 2j = 0 => g = -g 

(2)(2)(1) 2 (-i) + (2)(2) 2 (1) + (-1) = 5 


At (w, x, y, z) = (4, 2,1, -1), § = -£=> 


( 4 , 2 , 1 ,- 1 ) 


6. j=Mv^l=vf- + M |^; x = m 2 +v 2 jE = 0=>0 = 2Hft + 2vJ*=>|)C 
qy oy dy dy dy dy 


t-t) 


=>l=v|^ + «f-^| = 

dy v dy 


-■ At (m,v) = (V2Ti), 


w 


- = -!=> 


= -l 


7. 



-> 


x = rcos# 
y = rsin<9 


•(—) 
lax A 


g 2 +/ 


8. If x, j, and z are independent, then 
= (2x)(l) + (-2j)(0) + (4)(0) + (1) ( 


/ 5w \ _ dw dx ■ dw dy . dw dz . dw dt 
\ dx )y, z dx dx dy dx dz dx dt dx 

|g = 2x+|V Thus x + 2z + t+25=>l + 0+g = 0^>-g = -l 

dx / dx dx dx 
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=> = 2x -1. On the other hand, ifx, y, and t are independent, then 

(f) w -SS + ff + ff + ft-( 2 «l)+(-2«0) + 4 t + (lX0) = 2, + 4^ 
Thus, x + 2z+t = 25=>l + 2|| + 0=0=>|| = -i=>(|^) ^ = 2x +4(-i) = 2x -2. 


9. If x is a differentiable function of v and z, then f(x, y,z) = 0^> + + = 0 => + = 0 

J v ' ox ox oy ox oz ox ox oy ox 


Similarly, if y is a differentiable function ofx and z, (-§£ =- 

\3y! z Sfldz ■” ' \8z J 


df/e z 
5f I8x 


and if z is a 


differentiable function ofx andy, |J|-j 


8f /8x 


Then 


/axl /&) / ffVdy W 8//& W 8//ax \ 

^ Z \&LIsxL \ a//azj\ a//axj\ a/%J' 


10. z = z + /'(w) and u = xu => I 5 - = l + -tf-|n = 1 + yyf; also I 2 - = 0 + f-^ L = xf- so that 

ox du dx du oy du oy du 


y az 
ax 




11. Ifx and y are independent, then g(x, y, z) = 0 + + = 0 and lr = 0=>|£ + |^-^- = 0 

^ r ° v ^ 7 ox oy oy oy oz oy oy oy oz oy 


•[%\ =—as claimed. 

\3y/ x a^/az’ 


12 . 


Let x and v be independent. Then /(x, y, z, w) = 0, g(x, y, z, w) = 0 and - 0 

and 

XX ow ox 

8g_8x + 8g_Sy_ + 8g_8z_ + 8g_8w = dg_ + 8g_8z_ + dg_dw _ q 
dx dx dy dx dz dx dw dx dx dz dx dw dx 


. ^Ldx + QLdy_ + X_8^ + X_8w = Qf_ + fy_dz_ + ^_8w_ _ q 
dx dx dy dx dz dx dw dx dx dz dx dw dx 


imply 


§f_dz_ . df dw . 
dz dx dw dx 

8g_dz_ + Sg_dw . 
dz dx dw dx 


.X_ 

dx 

_3g_ 

dx 


\dxjy 


m 

ML 

Sr 

dw 

dg 

8g_ 

dx 

dw 

df 

ML 

dz 

dw 

dg 

8g_ 

dz 

dw 


-MLLl+LLlML 

dx dw dx dw 


SfSg 
dz dw 


8gSf 

dz dw 


drag 

df Bg 

dx dw 

dw dx 

SfSg 

afdg 

dz dw 

dw dz 


as claimed. 


Likewise, /(x, y, z, w) = 0, g(x, y, z, w) = 0, and 

= 0 


dx 


^_dx_ + ^_^y_ + ^_dz_,^_8w . 
dx dy <5 y 8v dz dy dw dy 


Qf_ + QLdz_ 


dy dz dy dw dy 


^LM. = o and (similarly) 


dg , dg dz . dg dw _ r, 
8y dz 8v dw dy 


imply 


§f_dz_ ,0[_8w _. 
dz dy dw dy 

8g_dz_,Sg_dw . 
[ dz dy dw dy 


dy 

dg_ 

dy 


1 dw \ 

U/x 


df 

df 

dz 

dy 

dg 

dg 

dz 

dy 

df 

ML 

dz 

dw 

dg 

dg 

dz 

dw 


_ML % , Ml <y 

dz dy dz dy 


_M ml+ML^ 

dz dy dy dz 


<r _ 

dz dw 


8g 8f 
dz dw 


^_8g__ 
dz dw 


ML<% 

dw dz 


as claimed. 
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1. Domain: All points in the xy -plane 
Range: z > 0 

Level curves are ellipses with major axis along the 
j-axis. and minor axis along the x-axis. 


y 



-L+X 


2. Domain: All point in the xj-plane 
Range: 0 < z < oo 

Level curves are the straight lines x + y = In z with 
slope -1, and z > 0. 


3. Domain: All (x, y) so that x ^ 0 and y ^ 0 
Range: z ^ 0 

Level curves are hyperbolas with the x- and v-axes 
as asymptotes. 


y 

4. Domain: All (x, y) so that x~ -y > 0 
Range: z > 0 

Level curves are the parabolas y = x~ -c, c > 0. 


5. Domain: All points (x, y, z) in space 
Range: All real numbers 

Level surfaces are paraboloids of revolution with 
the z-axis as axis. 





Z 
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6. Domain: All points (x, y, z) in space 
Range: Nonnegative real numbers 

Level surfaces are ellipsoids with center (0, 0, 0). 


7. Domain: All (x, y, z) such that ( x, y, z) * (0, 0, 0) 
Range: Positive real numbers 

Level surfaces are spheres with center (0, 0, 0) and 
radius r > 0. 


8. Domain: All points (x, y, z) in space 
Range: (0,1] 

Level surfaces are spheres with center (0, 0, 0) and 
radius r > 0. 




z 

1 

■5 - 5 -!- 

x +y +z +1 

2 2 2 
cr x +y +z «i 


y 




9. lim e y cos x = e ln 2 cos n = (2)(—1) = -2 

(x, In 2) 


10. lim 2+ ' — 

(x,y)-K0, 0) * +cos >' 


2+0 
0+cos 0 


11 . 


lim 


x-y 


(x,y)^a,\)x--y 

x± + y 


lim 

R)’H(U) 


x-y 

(x-y)(x+y) 


x * + y 


lim -i- 

(x, >-)—>(!, i) x+ y 


i 

i+i 


1 

2 


12 . 


lim 


3 3 
x y - 


(x, y) —>(1,1) W-y 


lim 

(x,y)^(l,l) 


(xy~l)(x 2 y 2 


+xy+lj 


xy —1 


lim 

(x,y)-+(l,l) 


|' x“y 2 +vy+lj = l 2 -l 2 +l-l + l = 3 


13. lim In lx + y + z\ = In |l +(—1) +e\ = In e = 1 
P->( 1,-1, e) 


14. lim tan *(x+v+z) = tan 1 (l+ (-l)+ (-1)1 = tan 1 (-l) = -4 
/’-»(!, -l, -1) 4 
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15. Let y = kx ", k ^ 1. Then lim —4—= lim —- = —which gives different limits for 

(x,D->(0,0) X -y (x, fa; 2 ) ->(0,0) * -far- l-£ 

7 

different values of k => the limit does not exist. 

16. Let y = kx, k ^ 0. Then lim - + ~ v = lim A which gives different limits for 

(x, y) -»(0,0) ^ (x, kx) ->(0,0) k 

XV 0 

different values of k => the limit does not exist. 

2 2 2 2 2 2 

17. Let j = kx. Then lim 4L_J_ - A ~ k * which gives different limits for different values of 

(x, y) -> (0,0) * +/ x^ +k-.x- 1+i' 

k => the limit does not exist so /(0, 0) cannot be defined in a way that makes/continuous at the origin. 


18. Along the x-axis, v = 0 and lim , , , 

(x, y) -> (0,0) l- v M- v l x-»0 M [-1, x<0 

not continuous at (0, 0). 


sin(x v) _ |j m smx _ ,j , so the limit fails to exist => / is 


19. = cos^ + sin#, Sr = -rsin^ + rcos# 

dr 89 


3x 2 r 2 , v 2 


20. i = i[^| + ' J 


x * r) ' + ({) 


..2 , 2 ..2 , .2 2 . .2 ’ 


f 2 y ) 

i + J 

:±) 

V . X *+r 

U 2 vJ 

i+ 


\ 2 x 2 +y 2 x 2 +y 2 x 2 +y 2 


d/ __j_ JC = _L JC __L 

■ SR, «2’a« 2 fl 2 ’ 8R 3 S 2 

22. A v (x, y, z) = 2;rcos(2;rx — 3z), h y (x, y, z) - cos ( 2 kx +y - 3 z), h z (x, y, z) = -3cos(2;rx + y -3z) 


TX 3P _ RT dP = nT 8P = 8P_ = _nRT_ 

3n V ’ SR V ’ 8T V ’ dF F 2 


24. / T, nr) = i, T, w) = f T (r, i, T, nr) = (^) (^=) (^) = 4 W 

-,/ w (r, i,T,w) = (~ 2 k)^(~i w ~ 3/2 ) 


1 

4r^r V 7TW 


_L 

4rfw V /rw 


5g = l 5g = i_x d 2 g _ n g 2 g _ 2x a 2 g _ 5 2 g __1_ 

ax y’dy y 2 dx 2 8y 2 SySx 8x8y / 

26. gx 0> t) = + T COS x, g y {x,y)= sin x => g xx (x, y)=e x -y sin x, g yy (x, y) = 0, 

gxy( X ’ y ) = ?xv(^ L) = cosx 


27. J^ = l + .y-15x 2 +- 


2x 


, , = x => = -30x + , , 

-+1 3y fa 2 (x 2 +1) 2 


2-2x1 


a 2 / _ n a 2 / _ d 2 f _, 

’ a/ a^ax axav 
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28. f x (x, y ) = -3 y, f y (x, y) = 2y-3x -sin y+ 7e y => f xx (x, y) = 0, f yy (x, y) = 2-cosy + le y , 
fxy( x ’ y) = fyx( x ’ y) = “ 3 


29 ■ ^ = y cos = * 1 c°s (xy + n), ^ = e f , ^ ^ => ^ = [+ cos(xy + ;r)]e f + [xcos(xy + +)] ( 7 ^-); 

t = 0^>x=l and J' = 0=>^_ 0 =0-1+[1.(-1)](^ T ) = -1 

30. = e y ,4y = xe y + sinz, ^ = jcosz + sinz, ^ = t -1 / 2 ^ = l + i, ^- = n 

ox dy dz y at at t at 

=> ^ = e y t~ V ~ +{xe y + sinzj|l +j j + (_ycosz + sinz);r; 
t = l=>x=2, j;=0, and z = n ^^| = 1-1+(2-1-0)(2)+ (0+ 0);r = 5 

3L ^ = 2 cos (2 x-y), = -cos ( 2 x-j+ §( = l,f) = cos s, § = s, § = r 

^ f = [2 cos (2x- j 0 ]d) + [-cos (2x—y)](s); 

r = n and s = 0=>x = ;r and y = 0 =>4H = (2 cos2^) -(cos2tt)(0) = 2; 

° r 10 , 0 ) 

4^ = [2cos (2x-+)](coss) + [-cos (2x-v)]( r ) => = (2 cos 2;r)(cos 0) — (cos2 tt)(zt) =2 -n 


32. 


dw _ dw dx_ _ / x 
dw 0X \ 1+^ 2 


+r)( 2e “ cosv ) ; 


2e cosvI; u = v = 0 =>x = 2 


dw 

3v (0,0) 


= (W)<°> = ° 


dw 

du 


( 0 , 0 ) 


(H)< 2 > 


2 . 

5’ 


33. £ = P + z > ft = * + z > £ = P + *> £ = “ sin ^ = cos? > tl = “ 2sin 2? 


dt 


dt 


■ = -(+ +z)(sint) + (x +z)(cost) - 2 (+ + x)(sin 2 t); t = 1 => x = cosl, y = sinl, and z = cos 2 


dt 


t=1 


= -(sin 1 + cos 2 )(sin 1 ) + (cos 1 + cos 2 )(cos 1 ) - 2 (sin 1 + cos l)(sin 2 ) 


34. 


dw _ dw ds _ dw dw_ _ dw ds _ m dw _ dw 

dx ds dx ' ds dy ds dy ' ds ds 


dw _ c dw_ c dw _ c dw a 

dx dy ds ds 


35. F(x,y) = l—x — y -sinxy => F x = -1 — ycosxy and F y = -2y-xcosxy 

1 + 1 


1 +> cos xy _^ at ( x J _ (Q J-J we Jjayg + 
-2^-xcosxy v y y v 7 dx 


(0,1) 


-2 


= -l 


dy _ F x _ -1- vcosxy 

dx F v -2y-xcosxy 


36. F{x, y) = 2xy + e x+y -2^>F x =2y + e x+y and F y =2x + e x+y => ^ 


■ at (x, y) = ( 0 , In 2 ) we have ^ 


(0,ln2) 


_ 2 In 2+2 

0+2 


-(In 2 + 1 ) 


F x 2 v + e x+} ' 

F y 2x + e x+:y 
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37. V/ = (-sin x cosy )i- 


y)i-(cosxsiny)j^ V/|^ ^ 


C-V2. 

2 ’ 


_ V/ _ V2. V2 ; 


|V/| 


j => /increases most rapidly in the direction u = 


_ V2 j >/2 • 


in the direction -u=/fi+^j; (£> u /)p o = | v /|= 2 and (D_ u f)p Q =-\\ u t = A = - 7 == = /i + /j 


(«u 1 /v„=/»i=HKl) + HHt)=-i7r 


j and decreases most rapidly 
- V - 31 +4j _ 3 ; , 4 ; 


VI 


2 +4 2 5 


38. V/ = 2xe~ ly i -2x 2 e~ 2y \ => V/| 0> Q) = 2i -2j |v/| = ^2 2 +(-2) 2 =2^2- u = ^ = -j-i --j-j => / 


|V/| a/2 a/2 J 


increases most rapidly in the direction u = -^-i --j= j and decreases most rapidly in the direction 
-»=-^ i+ -^j; ( D uf)p 0 =|v/| = 2a/2 and ( D_ u f) Pg =- 2 V 2 ; u. 


i+ j -J-j + J-j 

a/P^ a^ I + a^ J 


V/ _ 2i+3j+6k 


• v / = (5/Tfc) 1 + (s/T57)j + (&/T5l) k ^ v 4-l,-U) =21 + 3i+<Sk: u = 

= yi + yj + -|k => / increases most rapidly in the direction u = yi + yj +-|k and decreases most rapidly in 
the direction -u =-|i-|j-|k; (D u f) Po = |v/| = 7, {D_„ f)p Q =-7; Uj = ^ = |i+|j+ |k 
^(D Ut f) Po = (D u f)p 0 =7 


M a/2 2 +3 2 +6 2 


40. V/ = (2x + 3>>)i + (3x + 2)j + (l-2z)k V/| (OAO) =2j+k; u = |^y| = ^j + ^k => / increases most 
rapidly in the direction u = -=Lj + -^=k and decreases most rapidly in the direction -u = —-JL j -^jk; 


(A./)/ =|V/|=V5 and ( D_ u f) P =-y[5; Uj =-^ = 


■+j+k 


" 1 + ,/7 •> + k ^ (D «|/)/ 


=7 ■“!' (o' (/) + f 2 ) (i) + (i) (/) ■ / ■ ^ 


v| a/i 2 +1 2 +1 2 a/3 a/3 J a/3 


41. r = (cos3r)i + (sin3r)j + 3rk => v(t) = (—3 sin 3r)i + (3cos3t)j +3k => = -3j +3k => 

/(x, j, z) = xyz => V/ = yzi + xzj + xyk; t = y yields the point on the helix (-1, 0, n) 

^ ^ ' u = (_7rj) '(“if ■ j + ^ k ) = ^ 


—j= j +-j=k; 

a/2 J a/2 


42. /(x, j, z) = xyz => V/ = yzi +xzj + xyk; at (1,1,1) we get V/ = i + j+k=> the maximum value of 

M ( i,U)=|v/| = V3 

43. (a) Let V/ = a\ +b\ at (1,2). The direction toward (2,2) is determined by Vj = (2 — l)i + (2 — 2)j = i = u so 

that V/ ■ u = 2 a = 2. The direction toward (1,1) is determined by v 2 = (1 - l)i + (1 - 2) j = -j = u so 
that V/ ■ u = -2 => -b = -2 => b = 2. Therefore V/ = 2i + 2j; f x (1, 2) = f y (1, 2) = 2. 
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(b) 


The direction toward (4, 6) is determined by V3 = (4-l)i + (6 — 2)j =3i + 4j => u = J-i+yj 

=> V/ U = -y.. 


44. (a) True (b) False (c) True (d) True 


45. V/ = 2xi +j + 2zk => 

V /|(0,-1 ; -1) =_ j _2k ’ 
V /|(0,0.0) = j’ 

v/| ( o,_ U) =j + 2k 



46. V/ = 2yj + 2zk => 
1(2,2,0) = 4j '’ 
V -^l(2 ,-2,0) = _4 J’ 
V -^l(2,0,2) = 4k ’ 
V /|(2,0,-2)=- 4k 



y 


47. V/ = 2xi - j-5k => V /| (1 _j ^ = 4i - j-5k => Tangent Plane: 4(x -2) —(y + 1)-5(z-1) = 0 
=> 4x-_y-5z = 4; Normal Line: x = 2 +4t, y = -1 -t, z = 1 -5t 


48. V/= 2xi + 2_yj + k => V/jj-j j = 2i+ 2j+k => Tangent Plane: 2{x -1) + 2(y -1) + (z-2) = 0 
=> 2x + 2y + z - 6 = 0; Normal Line: x = \ + 2t,y=\+2t,z=2t,z=2+t 


49. = 2x => |§| = 0 and ^ ^ , => = 2; thus the tangent plane is 2(v -1) -(z -0) = 0 or 

8x x 2 +y 2 & 1 ( 0 , 1 , 0 ) 8y x 2 +y 2 8y (0h0) 

2y — z — 2 = 0 


50. 

ox 


thus the tangent plane is 


-|(.r-l)-|(>’-l)-(z-4) = 0orx + >’ + 2z- 


■3=0 
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51. VC = (-cosx)i +j => V/Li) = i + j => the tangent 
line is (x -7i) + (y-1) = 0 => x + y = n + 1; the normal 
line is y-1 = l(x -n) => y = x-n +1 

52. V f = -xi + yj => V/1 ^ = -i + 2j => the tangent line 

is -(x-l) + 2(y-2) =0 => y = -A-x + -|; the normal 
line is y- 2 = -2(x - 1) => y = -2x + 4 

53. Let /"(-T, T, z ) =* 2 +2y+ 2z-4 and g(x, y, z) = y-1. Then Vf = 2xi+ 2j+2k | =2i + 2j + 2kand 

N) 

i j k 

Vg=j=>V/’xVg=2 2 2 = -2i + 2k => the line is x = 1 - 2t, y = 1, z = \ + 2t 
0 1 0 

54. Let /(x,y,z) =x+y 2 +z-2 and g(x,y,z)=y-1. Then V/ = i + 2yj +k l(i I; i) = i + 2 j +k and 

i j k 

Vg=j=>V/xVg=l 2 l=-i + k=>the line is x = j-t, y = l, z = ^+t 
0 1 0 

55 - f(i >f) = i> /v(f" f) = cosxcosg |(^4 ^/ 4 ) = |, f y (f, f) = -sinxsiny | (jr/4>jr/4) = -± 

=> Z(x, T) =} + |(- Y -f + fxx( x ’ y ) = - sin x cosy, 4 v (x, y) = -sinxcosy, and 

fxy (*> y) = -cosxsiny. Thus an upper bound for E depends on the bound M used for \ f xx |, \f xy \, and |/ vr |. 

With M=^~ we have |£(x, y)| <||^j(|x-|| + |y-||)“ <^(0.2) 2 < 0.0142; 

2 

with M = 1, |C(X, y)| < i(l)(|x- f | + |y -f |)“ =^(0.2) 2 = 0.02. 

56. /(1,1) = 0, f x (1,1) = y | (1> |j = 1, f y (1,1) = x - 6y | (U) = -5 => L(x, y) = (x -1) -5(y -1) = x -5y + 4; 
fxx( x ’ y) = °> fyy ( x > y) = - 6 ’ and fxy ( x , P) = 1 => maximum of \f xx \, \f yy \, and \f xy \ is 6 => M = 6 

=> I E(x, y)| < }(6)(|x -1| + |y -1|) 2 = }(6)(0.1 + 0.2) 2 = 0.27 

57. /(1, 0, 0) = 0, / v (l, 0, 0) = y -3z | (lj0 , 0 )= 0, f y (h 0, 0) = x + 2z | (1 , 0 , 0 ) = h 4(1, 0, 0) = 2y-3x | (1>0>0 )= -3 
=* L(x, y, z) = 0(x -1) + (y -0) -3(z -0) = y - 3z; /(1,1, 0) = 1, 4(1,1, 0) = 1, f y ( 1,1, 0) = 1, f z (1,1, 0) = -1 
^>Z(x, y, z) = 1 + (x — 1) + (y — 1) — l(z — 0) =x + y-z-l 

58. /(0, 0, = 1, 4 (0, 0, = -72 sin xsin (y + z) l^ 0 ^ = 0, f y (o, 0, = 72 cos xcos (y + z) |^ Q ^ = 1, 

fz (°, °>f) = 72cosxcos (y + z) ^ Q ^ = 1 L(x,y, z) = 1 + l(y-0)+l(z—|) = l + y + z— 
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f l 7JL 7t_ a \ _ A f (n_ n_ a \ _ _A f ( 7T_ 7T_ ()\ — A f (lL 2L o\ 
J W’4’ U J 2’ J x\4’4’ yJ ) 2’ J y\4’4’ KJ ) 2 ’ \4 ’ 4 ’ 


A 

2 

A A t 


z(v,j,z)=4-#(-^-f)+#(j-f)+#(-—o)=4-#-^+#^+# z 


7T_ 

4 ' 

A, 


.A 

2 


A A „ , A , A. 


59. V = 7iAh => dV = 2 7irhdr + 7ir 2 dh => dV |(i .5,5280) = 2/r(1.5)(5280) <7r + ^r(1.5) 2 dli = 15,840/rt/r + 2.25 7rdh. 
You should be more careful with the diameter since it has a greater effect on dV. 

60. df = (2x-y) dx +(-x + 2y) dy => df ^1(1,2) = 3 dy => / is more sensitive to changes in v; in fact, near the point 
(1, 2) a change in x does not change/ 


61 . dI = ,L dV - JL dR ^ j/| (24 10()) = _I_.jp --2A- dR d 1 \ dv= -i, c /R = -20 = -0.01 + (480)(.0001) = 0.038, or 

increases by 0.038 amps; % change in V = (100)(—~ -4.17%; % change in ^ = (-]§) (100) = - 20%; 

/ = ^4. = 0.24 =4> estimated % change in I =-y-xl00 =-2p^xl00 *15.83% => more sensitive to voltage 
change. 

62. A = nab => dA = nb da +na db dA\^ 0 16 ) = \6n da +\tin db; da = ± 0.1 and db = ± 0.1 

=>dA = ± 26tt(0.1) = ± 2.6 n and A = tt(10)(16) = 160tt =i> I^xl00| = |^|^x!00| « 1.625% 


63. (a) y = uv => dy =v du + u dv, percentage change in u < 2% => \du\ < 0.02, and percentage change in v < 3% 


=> |<Yv| < 0.03; — = YAAlA. = diL + dy_ 
11 y uv u v 

<2%+ 3% =5% 

dz _ du+dv 


— xl00 


= F^xlOO+^xlOOl <|^-xl00|+|^xl00| 


dv 


du . 


I dv , 


(b) Z = U + V : 


u+v 


+ <diL + d 2 L (since u > 0, v > 0) 


I—xlOOl < I—xlOO + —xlOOl = 


du 


. du 
u+v u+v 

dv , 


) = 

— xlOO 


y 


64 C 7 -tC ( ~ 0 - 425)(7) and C (-°- 725 )( 7 > 

' 71 . 84 W 0 - 425 /, 0 - 725 w 71 . 84 w L42 / a725 h 71 . 84 iv °« V ' 725 

dC =- ~ 2 :VJ n „, dw + - dh ; thus when w = 70 and h =180 we have 

71 , 841 V 1 ' 425 /! 0 ' 725 71 . 84 w 0 ' 425 /! 1 725 

c?C|( 7 o i 80 ) ~ -(0.00000225) rfw- (0.00000149) dh => 1 kg error in weight has more effect 


65. / x (x, j) = 2x -y + 2 = 0 and f (x, j) = -x + 2j + 2 = 0 => x = -2 and y = -2 => (-2, -2) is the critical 

point; f xx (- 2, -2) = 2, / vv (-2, -2) = 2, 4 (-2, -2) = -1 => f xx f yv f xy = 3 > 0 and f xx > 0 => local minimum 
value of /(-2, -2) = -8 


66 . f x (x, y) = 10x + 4y-r4 = 0 and f y (x, y) = 4x-4y-4 = 0 => x = 0 and y = -1 => (0,-1) is the critical point; 
/«(0, -1) = 10, 4,(0, -1) = -4, 4(0, -1) = 4 => 44 -4 = -56 < 0 => saddle point with /(0, -1) = 2 

67. f x (x, y) = 6x 2 + 3y = 0 and f y (x, y) = 3x + 6y 2 = 0 => y = -2x~ and 3x + 6 ^4x 4 j = 0 => x |l + 8x 3 j = 0 

=> x = 0 and y = 0, or x = and y = => the critical points are (0, 0) and h, —^-j. For (0, 0): 
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fxx(°’ °) = 12 *l(0,0) = °> fyy (0, 0) = 12y| (0j0) = 0, 4,(0, 0) = 3 f xx f yy -f*=- 9 < 0 saddle point width 
/(0, 0) = 0. For (-1 -i): /„ = -6, / vv = -6, /^ = 3 => f xx f yy -f* = 27 > 0 and 4, < 0 => local 
maximum value of /-d.) = i 

68. fix, y ) = 3x 2 -3_y = 0 and /,,(x, j) = 3j 2 -3x = 0 => j = x 2 and x 4 -x = 0 => x (x 3 -1) = 0 => the critical 
points are (0, 0) and (1,1). For (0, 0): 4,(0, 0) = 6x| (0 0) = 0, /^(O, 0) = 6j>| (0j o) = 0, f xy (0, 0) = -3 

=> fxxfyy -fxy = ~9 < 0 => saddle point with /(0, 0) = 15. For (1,1): f xx ( 1,1) = 6, 4,(1, 1) = 6, 
fxx(h 1) = —3 => fxxfyy ~ f% = 27 > 0 and f xx > 0 => local minimum value of /(1,1) = 14 

2 2 

69. fix, y) = 3x +6x = 0 and / (x, y) = 3y~ -6y = 0 => x(x + 2) = 0 and y(y — 2) = 0 => x = 0 orx = -2 and 
y = 0 or y = 2 => the critical points are (0, 0), (0, 2), (-2, 0), and (-2, 2). For (0, 0): 

fxx (°> 0) = 6x + 6|(o,0) = 6 -4,(0, 0)=6y-6| (00) =-6, f xy (0,0)=0^> f^fyy-f^, = -36 < 0 => saddle 
point with /(0, 0) = 0. For (0, 2): .4,(0, 2) = 6, /^(O, 2) = 6, 4,(0, 2) = 0 => f xx fyy -f* = 36 > 0 and 
f xx > 0 => local minimum value of /(0, 2) = -4. For (-2, 0): f xx (-2, 0) = -6, f yy (-2,0) = -6 

f xy (-2, 0) = 0 => f^f^ ~ f xy = 36 > 0 and f xx < 0 => local maximum value of /(-2, 0) = 4. For (-2, 2): 
fxx (-2, 2) = -6, (-2, 2) = 6, 4,(-2,2) = 0 f xx f yy - j% = -36 < 0 => saddle point with /(-2, 2) = 0. 

70. 4(x, _y) = 4x 3 -16x = 0 => 4x(x” -4) = 0 => x = 0, 2, -2; f y (x, >0 = 6y -6 = 0 => y = 1. Therefore the 
critical points are (0, 1), (2, 1), and (-2,1). For(0, 1): f xx (0, 1) =12x 2 -16|( 0>1 ) = -16, f yy (0, 1) = 6, 

4,(0,1) = 0 => fxxfyy -fl = -96 < 0 => saddle point with /(0,1) = -3. For (2,1): 4,(2,1) = 32, 

fyy (2, 1) = 6, 4,(2,1) = 0 => fxxfyy -fxy = 192 > 0 and f xx > 0 => local minimum value of /(2,1) = -19. 

For (-2,1): 4,(-2,1) = 32, 4,(-2,1) = 6, 4, (-2,1) = 0 => f xx fyy - ff = 192 > 0 and 4*>0=> local 
minimum value of /(-2,1) = -19. 


71. (i) On OA f{x, y) = /(0, j) = y 2 +3y for 0 < y < 4 
=>/'(0, y)=2y+3=0=>y = -|. But (o, -|) 
is not in the region. 

Endpoints: /(0, 0) = 0 and /(0,4) = 28. 

(ii) On AB, f(x, y) = fix, -x + 4) =x 2 -10x + 28 
for 0 < x < 4 => f\x, - x + 4) = 2x -10 = 0 
=> x = 5, y = — 1. But (5, -1) is not in the region. 
Endpoints: / (4, 0)=4 and /(0,4) = 28. 


y 



(iii) On OB, fix, y) = /(x, 0) =x 2 -3x for 0 <x < 4 => fix, 0)=2x-3=>x=4 and y = 0 => o) is a 
critical point with f 0) = —|. Endpoints: /(0, 0) = 0 and /(4, 0) = 4. 
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(iv) For the interior of the triangular region, f x (x, y) = 2x + y - 3 = 0 and f y (x, y) = x + 2y + 3 = 0 => x = 3 
and y = -3. But (3, -3) is not in the region. Therefore the absolute maximum is 28 at (0, 4) and the 
absolute minimum is ~ at oj. 

72. (i) On 04, f(x, y) = /(0, y) = -y 2 + 4y +1 for 

0 < y < 2 => /'(0, y) = -2y + 4 = 0 => y = 2 and 
x = 0. But (0, 2) is not in the interior of 04. 

Endpoints: /(0, 0) = 1 and /(0, 2) = 5. 

(ii) On AB, f(x, y) = f(x, 2) = x 2 - 2x + 5 for 
0 <x <4 => f'{x, 2) = 2x -2 = 0 => v = 1 and 
y = 2 =>(1,2) is an interior critical point of AB 
with /(1,2) = 4. 

Endpoints: /(4, 2) = 13 and /(0, 2) = 5. 

(iii) On BC, f(x, y) = /(4, v) = -y 1 + 4 y +9 for 0<y<2^> /'(4, j) = -2 j + 4 = 0 => j = 2 and x = 4. 

But (4, 2) is not in the interior of , 8 C. Endpoints: /(4, 0) = 9 and /(4, 2) = 13. 

(iv) On OC, fix, y) = f(x, 0) = x 2 —2x +1 for 0 < x < 4 f'(x, 0)=2x-2 = 0=>v=l and y = 0 => (1, 0) 

is an interior critical point of OC with /(1,0) = 0. Endpoints: /(0, 0) = 1 and /(4, 0) = 9. 

(v) For the interior of the rectangular region, f x (x, y) = 2x - 2 = 0 and f y (x, y) = -2 y + 4 = 0 => x = 1 and 
y = 2. But (1, 2) is not in the interior of the region. Therefore the absolute maximum is 13 at (4, 2) and 
the absolute minimum is 0 at ( 1 , 0 ). 

73. (i) On AB, f(x,y) = f(-2,y) = y 2 -y — 4 for 

-2 < y < 2 => /'(- 2 , T) = 2 y-l => j ^ and 
x = -2 => |- 2 , is an interior critical point in 
with /(- 2 ,i) = -^. 

Endpoints: /(-2,-2) =2 and /(2, 2) =-2. 

(ii) On BC, f (x, y) = f (x, 2) = -2 for -2 < x < 2 
=i> f\x, 2 ) = 0 => no critical points in the interior 
of BC. 

Endpoints: /(-2, 2) = -2 and /(2, 2) = -2. 

(iii) On CD, /(jc, y) = /(2, j) = j 2 -5y + 4 for -2 < j < 2 /'(2, j) = 2j -5 = 0 => y = | and v = 2. But 

^2,4) is not in the region. Endpoints: /(2, -2) = 18 and /(2, 2) = -2. 

(iv) 0n4D, f(x, y) =f(x, -2) =4x + 10 for -2 < x < 2 => f'(x, -2) = 4 => no critical points in the interior 
of4D. Endpoints: /(-2,-2) =2 and /(2,-2) = 18. 

(v) For the interior of the square, /(. (x, y) = -y + 2 = 0 and /,, (x, 7 ) = 2j - x - 3 = 0 => y = 2 and x = 1 

=> (1, 2) is an interior critical point of the square with /(1, 2) = -2. Therefore the absolute maximum is 
18 at ( 2 , - 2 ) and the absolute minimum is at ^- 2 , 4j- 
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74. (i) On 04, /(x, y)=f(0, y) = 2y-y 2 for 

0 < y < 2 => /'(0, y)=2-2y = 0=>y=l and 
x = 0 => (0,1) is an interior critical point of OA 
with /(0,1) = 1. 

Endpoints: /(0, 0) = 0 and /(0, 2) = 0. 

(ii) On AB, f(x, y) = f(x, 2) = 2x-x 2 for 0 < x < 2 
=>/'(x, 2) = 2 — 2 jc = 0 => jc = 1 and 
y = 2 => (1, 2) is an interior critical point of4.fi 
with /(1, 2) = 1. 

Endpoints: /(0, 2) = 0 and /(2, 2) = 0. 

(iii) On fiC, f{x,y)=f{2,y)=2y-y 2 for 0<y<2 => f'{2, y) = 2 -2y = 0 => y = 1 and x = 2 => (2,1) is 
an interior critical point of fiC with / (2,1) = 1. Endpoints: / (2, 0) = 0 and / (2, 2) = 0. 

(iv) On OC, f(x,y) = f(x, 0) =2x-x 2 for 0 < x < 2 => f'{x, 0) = 2 - 2x = 0 => x = 1 and y = 0 => (1, 0) is 

an interior critical point of OC with /(1, 0) = 1. Endpoints: /(0, 0) = 0 and /(0, 2) = 0. 

(v) For the interior of the rectangular region, f x (x, y) = 2 - 2x = 0 and f y (x, y) = 2 - 2y = 0 => x = 1 and 

y = 1 => (1,1) is an interior critical point of the square with /(1,1) = 2. Therefore the absolute maximum 
is 2 at (1, 1) and the absolute minimum is 0 at the corners (0, 0), (0, 2), (2, 2), and (2, 0). 

75. (i) 0n4fi, /(x, y) = /(x, x + 2) =-2x + 4 for 

-2 < x < 2 => f'(x, x + 2) = -2 = 0 => no critical 
points in the interior of4fi. 

Endpoints: /(-2, 0) = 8 and /(2, 4) = 0. 

(ii) On fiC, /(x, y) = /(2, j) = -y 2 + 4y for 

0 < y < 4 f'(2, y) = —2y + 4= 0=>y=2 and 

x = 2 =>(2,2) is and interior critical point of fiC 
with /(2, 2) = 4. 

Endpoints: /(2, 0) = 0 and /(2, 4) = 0. 

(iii) 0n4C, f(x, y) = f(x, 0) = x 2 -2x for -2 < x < 2 /'(x, 0) = 2x-2 => x =1 and y = 0 (1, 0) is an 

interior critical point of AC with /(l, 0) = -l. Endpoints: /(-2, 0) = 8 and /(2, 0) = 0. 

(iv) For the interior of the triangular region, f x (x, y) = 2x - 2 = 0 and f\, (x, y) = -2 y + 4 = 0 => x = 1 and 

y = 2 => (1, 2) is an interior critical point of the region with /(1, 2) = 3. Therefore the absolute maximum 
is 8 at (-2, 0) and the absolute minimum is -1 at (1, 0). 

76. (i) 0n4fi, /(x, y) = /(x, x) =4x 2 -2x 4 +16 for 

-2 < x < 2 => f\x, x) = 8x -8x 3 = 0 => x = 0 and 
y = 0, or x = 1 and y = 1, or x = -1 and y = -1 
=> (0, 0), (1,1), (-1,-1) are all interior points of 
AB with /(0, 0) = 16, /(1,1) = 18, and 

/(-l) -1) -18. 

Endpoints: /(-2,-2)=0 and /(2, 2) = 0. 


y 
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(ii) On BC, f(x, y) = /(2, y) = 8y-y 4 for -2 < y < 2 => /'(2, j) = 8-4 y 3 = 0 => >> = ^/2 and x = 2 
=> ^2, \[2 j is an interior critical point of BC with f { 2 , yjl j = 6^2. 

Endpoints: /(2,-2) = -32 and /(2, 2) = 0. 

(iii) 0n4C, fix, y) = f(x, -2) = -8x-x 4 for -2 < x < 2 => f\x, -2) = -8-4x 3 = 0 => x = yf-2. and 
y — 2 =^> (^2, -2 j is an interior critical point ofriC with 2, —2 j = 6^/2. 

Endpoints: /(-2, -2) = 0 and /(2, -2) = -32. 

(iv) For the interior of the triangular region, f x (x, y) ~ 4y - 4x =0 and /,, (x, 3;) = 4x - 4y =0=>x = 0 
and j = 0, or x = 1 and y = 1 or x = -1 and y = -1. But neither of the points (0, 0) and (1,1), or (-1, -1) 
are interior to the region. Therefore the absolute maximum is 18 at (1,1), and (-1, -1), the absolute 
minimum is -32 at (2, -2). 

77. (i) On AB, f(x,y) = f(-l,y)=y 3 -3y 2 +2 for 

-1 <1 => /'(-1, y) = 3y 2 - 6y = 0 => y = 0 

and x = -1, or y = 2 and x = -1 => (-1, 0) is an 
interior critical point of AB with /(-1, 0) = 

2; (-1,2) is outside the boundary. 

Endpoints: /(-1, -1) = -2 and /(-1,1) = 0. 

(ii) On BC, f (x, y) = f (x, 1) = x 3 +3x 2 -2 for -1 < x < 1 => f'(x, 1) = 3x 2 + 6x = 0 => x = 0 and y = 1, or 

x = -2 and y = 1 => (0,1) is an interior critical point of .SC with /(0,1) = -2; (-2,1) is outside the 

boundary. Endpoints: /(-l, 1) = 0 and /(1,1) =2. 

(iii) On CD, /(x, y) = /(1, y) = y 3 -3y 2 +4 for -1 < y < 1 => f'(\ y) = 3y 2 -6y = 0 y = 0 and x = 1, or 
y — 2 and x = 1 => (1, 0) is an interior critical point of CD with /(1, 0) = 4;(1, 2) is outside the boundary. 
Endpoints: /(1,1) = 2 and /(l,-1) = 0. 

(iv) On AD, f (x, y) = f (x, -1) = x 3 + 3x 2 - 4 for -1 < x < 1 => f\x, -1) = 3x 2 + 6x = 0 => x = 0 and 

y = — 1, or x = -2 and y = -1 => (0, -1) is an interior critical point ofriD with /(0, -1) = -4;(-2, -1) is 

outside the boundary. Endpoints: /(-1, -1) = -2 and /(1, -1) = 0. 

2 2 

(v) For the interior of the square, f x (x, y) = 3x + 6x = 0 and / (x, y) = 3y~ - 6y = 0 => x = 0 or x = -2, 
and y = 0 or y = 2 => (0, 0) is an interior critical point of the square region with /(0, 0) = 0; the points 
(0, 2), (-2, 0), and (-2, 2) are outside the region. Therefore the absolute maximum is 4 at (1, 0) and the 
absolute minimum is -4 at (0, -1). 

78. (i) On AB, f {x, y) = f{-\, y) = y 3 -3y for 

-1 < < 1 => f\~\ y) = 3y 2 -3 = 0 => = ± 1 

and x = —1 yielding the corner points (-1,-1) and 
(-1,1) with /(—1, -1) = 2 and /(-1,1) =-2. 

(ii) On BC, f (x, y) = /(x, 1) = x 3 + 3x + 2 for 

-1 < x < 1 => /'(x, 1) = 3x 2 +3 = 0 => no solution. 

Endpoints: /(-1,1) = -2 and /(1,1) = 6. 
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(iii) On CD, f(x,y) = /(l, y) = y 3 + 3y + 2 for -1 <j< 1 => /'(1, >) = 3>- 2 +3 = 0 no solution. 
Endpoints: /(l, 1) = 6 and /(1,-1) =-2. 

(iv) OnAD, f(x, y) = f (x, -1) = x 3 —3x for -1 < x < 1 => f\x, -1) = 3x 2 -3 = 0 => x = ±1 and y = -1 

yielding the comer points (-1,-1) and ( 1 ,- 1 ) with /(-l, - 1)=2 and /( 1 , — 1 ) = —2 

2 2 2 

(v) For the interior of the square, f x (x, y) = 3x + 3y = 0 and f (x, y) = 3y + 3x = 0 => y = -x and 

x 4 +x=0=>x = 0 or x = -1 => y = 0 or y = -1 => ( 0 , 0 ) is an interior critical point of the square region 
with /(0, 0) = 1; (—1, -1) is on the boundary. Therefore the absolute maximum is 6 at (1,1) and the 
absolute minimum is -2 at ( 1 ,- 1 ) and (— 1 , 1 ). 

79. V / = 3v 2 i + 2y\ and V g = 2xi + 2y\ so that V / = 4. V g => 3x 2 i + 2yj = A(2xi + 2y\) => 3x 2 = 2xA and 
2 y = 2 yA A = 1 or y = 0. 

CASE 1: A = 1 => 3v 2 = 2v => x = 0 or x = -|;x = 0=>}’ = ±1 yielding the points (0,1) and (0, -1); 

x = j => y = ± 2 y- yielding the points |-|, and -y-j. 

CASE 2: _y = 0=>x 2 -l = 0=>x = ±l yielding the points (1, 0) and (-1, 0). 

Evaluations give /(0, ± 1) = 1,/|-|, ± y-j = ||,/(l, 0) = 1, and /(-1,0) = -1. Therefore the absolute 
maximum is 1 at ( 0 , ± 1 ) and ( 1 , 0 ), and the absolute minimum is -1 at (- 1 , 0 ). 


80. V/ = yi + .rj and Vg = 2xi + 2yj so that Vf = Wg => yi + .rj = X(2xi + 2yj) => y = 2Xx and xy = 2 \y 
=> x = 2X(2Xx) = 4\ 2 x => x = 0 or 4X 2 = 1. 

CASE 1: x = 0 => j = 0 but (0, 0) does not lie on the circle, so no solution. 


CASE 2: 4 \ 2 =1=>\=4 or X = For X = - j, y -x => 1 = x 2 +y 2 = 2x 2 => x = y = ± yielding the 


points 


fe’ 72) and ("7T “i)- For X = -b y = -* => 1 = * 2 +y 2 = 2 x 2 ^ X = ± -1 


and 


y = ~x yielding the points and 

Evaluations give the absolute maximum value /|-j=, = 4 


= j and the absolute minimum 


value / 


h’h) • / (^’ ji) 2- 


81 . (i) f (x, y) = x 2 + 3 y 2 +2y onr + y 2 = 1 =>Vf = 2xi + (6 y + 2)j and Vg = 2xi + 2yj so that 
V f = XVg => 2xi + ( 6 y + 2)j = X(2xi + 2yj) => 2x = 2xX and 6y + 2 = 2y\ => X = 1 or x = 0. 

CASE 1: X = l=> 6 y + 2 = 2>’=>>’ = -i and x = ± 4^- yielding the points |±y, 

CASE 2: x = 0=>j> 2 =1=>j> = ±1 yielding the points (0, ± 1). 

Evaluations give /|+y, -yj = j, /(0,1) = 5, and /(0,-l) = l. Therefore 7 and 5 are the extreme 
values on the boundary of the disk. 
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(ii) For the interior of the disk, f x (x, y) = 2x = 0 and f y (x, y) = 6y + 2 = 0 => x = 0 and y = -4 => (o, -4j 
is an interior critical point with / (o, —4j = -4. Therefore the absolute maximum of/on the disk is 5 at 
( 0 , 1 ) and the absolute minimum of/on the disk is -4 at ^ 0 , -4j. 


82. (i) f(x,y) =x 2 +y 2 -3x-xy on x 2 +y 2 =9 => V/ = (2x-3-y)i + (2y-x)j and Vg = 2xi + 2yj so that 
V/ = XVg => (2x -3 —y)i + (2y-x)j = X(2xi + 2 vj) =>2x — 3 —y= 2x\ and 2 y—x = 2 y\ 

=> 2x(l - X) - y = 3 and —x + 2y(l -X)=0=>l-X=-^y and (2x) j - y = 3 => x^ — y 2 =3 y 


83. 


=> x~ =y 1 + 3y. Thus, 9 = x 2 +y 2 =y 2 +3y + y 2 => 2y 2 +3y-9 = 0 => (2y-3)(y + 3) = 0 

=> y = -3 or y =2 - F° r y =-3, x +y = 9 => x = 0 yielding the point (0, -3). For y = x +y =9 

x 2 + | = 9 =>x 2 =4Z.^>x = ± Evaluations give /(0, -3) = 9, /(-4^4, §) = 9 + 4^4 * 20.691, 
and /(^4 f) = 9-^»-2.691. 

(ii) For the interior of the disk, f x (x,y) = 2x-3-y = 0 and f \, (x, y) = 2y - x = 0 => x = 2 and 

y = 1 => (2,1) is an interior critical point of the disk with /(2,1) = -3. Therefore, the absolute maximum 
of/on the disk is 9 + at ^-4^4, 4-j alK j the absolute minimum of/on the disk is -3 at (2,1). 

V/ = i-j+k and Vg =2xi + 2yj + 2zk so that V/ = XVg => i*j +k = X(2xi + 2yj + 2zk) => 1 = 2x\, 

I 2 2 2 2 I 

-1 = 2y\ 1 = 2zX => x = -y = z = /. Thus x~ + y + z~ = 1 => 3x~ = 1 => x = ± -4= yielding the points 

x ' J 3 


, --C, and Evaluations give the absolute maximum value of 

f [fi' 75 an<1 ,heabsoll,,eminimumval,leof / (~75'/■ /?)'-^ 


V3’ 


2 2 2 • . o 

84. Let /(x, y, z) = x~ + y + z be the square of the distance to the origin and g(x, y,z)=x —zy-4. Then 
V/ = 2xi + 2yj + 2zk and Vg = 2xi - zj - yk so that V/ = XVg => 2x = 2Xx, 2y = -Xz, and 2z = -Xy 
=> x = 0 or X = 1. 

CASE 1: x = 0=>zy=-4=>z = -4 and y = => 2^-4j = -TX and 2^--4j = -Xz => -| = y 2 and 

o 2 2 2 2 • 2 

j = z~=>y =z => y = ± z. But y = x => z = -4 leads to no solution, so y = -z^>z =4 
=> z = ± 2 yielding the points ( 0 , - 2 , 2 ) and ( 0 , 2 , - 2 ). 

CASE 2: X = 1 => 2z = -y and 2y = -z => 2y = -|-4-j =>4y=y=>y = 0=>z=0:=>x 2 -4=0 
=> x = ± 2 yielding the points (- 2 , 0 , 0 ) and ( 2 , 0 , 0 ). 

Evaluations give /(0, -2, 2) = /(0, 2, -2) = 8 and /(-2, 0, 0) = /(2, 0, 0) = 4. Thus the points (-2, 0, 0) and 
( 2 , 0 , 0 ) on the surface are closest to the origin. 


85. The cost is /(x, y, z) = 2axy + 2bxz + 2cyz subject to the constraint xyz = V. Then V/ = XVg 

=> 2ay + 2 bz = Xyz, 2ax + 2cz = Xxz, and 2bx + 2cy = Xxy => 2 axy + 2bxz = Xxyz, 2 axy + 2cyz = Xxyz, and 
2bxz + 2cyz = Xxyz => 2axy + 2bxz = 2axy + 2cyz => y = j x. Also 2axy + 2bxz = 2bxz + 2cyz => z = j x. 
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Then = V => x 3 = => width 



, Depth = y 



, and 


Height 



86 . The volume of the pyramid in the first octant formed by the plane is V (a, b, c) = ab^c = jr abc. The point 

(2,1,2) on the plane => ■=- + l + 2 = p Wewantto minimize V subject to the constraint 2bc + ac + 2ab = abc. 

Thus, VV =+ -^j+-^k and Vg = (c + 2b-bc)i + (2c + 2a-ac)j + (2b + a-ab)k so that VF = XVg 

=> = \(c + 2b -be ),^T = \(2c + 2a-ac), and ^ = X (2 b + a-ab) => = \(ac+ 2cib-abc), 

= X(2 be + 2ab -abc), and ^ = X(2 be + ac-abc) => \ac = 2\bc and 2 \ab = 2\bc. Now X ^ 0 since 

a * 0, b * 0, and c ^ 0 => ac = 2be and ab = bc => a =2b = c. Substituting into the constraint equation gives 

— + -=- + -=- = l=>a=6=>b=3 and c = 6 . Therefore the desired plane is 4 + -t + t = 1 or x + 2y +z = 6 . 
a a a r 6 3 6 ^ 


87. V/ = (y + z)i + xj + xk, Vg = 2xi + 2yj, and Vh = zi + xk so that V/ = XVg + /iV/? => (y + z)i + .rj + xk 
= X(2xi + 2yj) + fi(A + xk) => y + z = 2Xx + juz, x = 2Xy, x = jux => x = 0 or // = 1. 

CASE1: x = 0 which is impossible since xz = l. 

CASE 2: ( u=l=>y + z = 2Xx + z => y = 2Xx and x = 2Xy => y = (2\)(2\y) => y = 0 or 4X 2 =1. If y = 0, 

2 2 

then x = 1 => x = ±1 so with xz = 1 we obtain the points (1, 0,1) and (-1, 0, -1). If 4X = 1, 

then X = ±^. For X = y = -x so x 2 +y 2 = 1 => x 2 = ^ => x = ±-^= with xz = 1 => z = ±V2, 
and we obtain the points -j=, V2 j and ^=, -j=,-j2 j. For X=^-,y=x 


2 l 
•X 


■ x = ±-r= with xz : 

V 2 


• = 1 => z = ±V 2 , and we obtain the points |-j=, -j^, V 2 j and 

("i 

Evaluations give /(1, 0,1) = 1, /(-l, 0,-1) = 1, /|-j=,v/2 j = j, /1--^, -jj,j = ±, 
■ / (^’72’^) = 2’ and = 


and ( h’ h’ 


—)=,—(=,-V2 | = 4- Therefore the absolute maximum is ^ at | A=. -4=, 

l/ii ' ■ 

and the absolute minimum is 4 at —!=,-!=,— 


(jr 


1S 2 at ( VI’ VI’ and (jr VI’^)' 


2 2 2 

88 . Let /(x, y, z) = x~ + y~ + z be the square of the distance to the origin. Then V/ - = 2xi + 2yj + 2zk, 

Vg = i + j + kj an d V/? = 4xi + 4yj - 2zk so that V/ = XVg + fNh => 2x = X + 4x/r, 2y = X + 4y/r, and 
2z = \-2zfj. => X = 2x(l-2/y) =2y(l-2/y) = 2z(l + 2/r) => x = y or ^=4- 
2 2 

CASE 1: x = y => z = 4x~ => z = ±2x so that x + y + z= l=>x+x + 2x = l or x + x-2x = 1 (impossible and 
^x={^y={andz=j yielding the point (-L, 

CASE 2: /i = 4=>X = 0=>0 =2z(l + l) => z = 0 so that 2x 2 +2y 2 = 0=>x=y=0. But the origin (0, 0, 0) 
fails to satisfy the first constraint x + y + z = 1 . 

Therefore, the point (j, j, y) on the curve of intersection is closest to the origin. 
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89. Note that x = rcos,9 and y = rsmd => r = x]x 2 +y 2 and 9 = tan Thus, 


dw _ dw dr . dw dO _ i uw 
dx dr dx dO dx ° 


dw _ dw dr . dw dO 
dy dr dy dO Oy 


| dw 
' dO 


90. z, =/ M § + / v f = af u +af v , and z_ v = f u | + / v f = bf u -bf v 


dy 


91. fs. = b and f- = a=>fr = ^|» =a ^£ and ^ => ± f i = ^ and 1^ = 4* 

qy ox ox au ox au dy du dy du a dx du b dy du 

1 dw _ 1 dw . u dw _ dw 
a dx b dy dx dy 


92 dw _ 2x _ 2(r+s) _ 2(r+s) _ _J_ dw _ 2>> ____ 

x 2 +y 2 + 2z (r+sf+(r-s) 2 +4rs 2(r 2 +2rs+s 2 ) r+.s ’ Py x 2 +.v 2 +2- 2(;-+s) 2 (,-+s) 2 


, and 


dw . 


1 


dw _ dw dx + dw_dy_ dw dz _ 1 ^ r—,v _|_ 


5z x 2 +_y 2 +2r (r+s) 2 9r & 8r dv 8r 8z 8r r+s ( r+s) 2 


1 


C+s ) 2 


(2s) = 


2r+2s 

(;-+^) 2 


and 


dw _ 3w 3»: _j_ 5w dy_ _^_dw_5z_ _ _1_ r—s 

5s dx 8s dy 8s dz 8s r+s (r-s) 2 


(r+sY 


(2r)=-J- 


93. e u cosv-x = 0 => [e“ cosvj|^-^e“ sin vjly = 1; e u sin v-y = 0 => [e u sin vj^- + |e" cosvjjd = 0. Solving 


this system yields |y = e cos v and = -e sinv. Similarly, e cosv-x = 0 


= 0 and e u sin v 


^(e“cosv)j-(e w sinv)j = 0 
system yields +r- = e~ u sin v and dr = < 


dy 


dy 


1 —u \. / — u • \ . 


/ —u 

\— w \ . 

le cosvli + (e sinvlj 


l(- e 

sinvli + le cosvlj 


y = 0 => (e u sin vj|y+ |e" cosr’jy; = 1. Solving this second 

I du. i + / dv : , 8v_ :1 

\dx 8y i )\dx 8y*] 

= 0 => the vectors are orthogonal => the angle 


between the vectors is the constant y. 


94 ^S. = dL &L + QL _§L _ (_ rs [ n g\<!L + ( r cos a\dL 

89 ~ dx 86 + dy 80 ( ' Smt ^ 8x +V C0S U> 8y 


s 2 g 


80- 


d 2 f dx S 2 f dy 


Sf 


^ = (-rsin*)| | —(rcos0)£+(rcos0)| + Hrsinff)^ 


dx 


S 2 f dx ^ d 2 f Sy 


dxdv 89 dy 2 8 ® 


df 


dy 


= (-r sin + cos 9) + (r cos 9) (J| + J| j - (r sin 9) 

= (-rsin6 , + rcos^)(-rsin6' + rcos6 , )-(rcos^ + rsin^) = (—2)(—2) — (0 + 2) =4-2=2 at ( r,9 ) = (2,y). 


95. (y + z) 2 + (z-x) 2 =16=> V/ = -2(z—x)i + 2(y + z)j + 2(y + 2z-x)k; if the normal line is parallel to the 
yz-plane, then.r is constant => = 0 => -2 (z-x) = 0 => z = x => (y + z) 2 +(z -z) 2 = 16 => y +z = ±4. 

Let x = t=>z = t^>y = -t± 4. Therefore the points are (t, -t ± 4, t), t a real number. 
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96. Let f(x, y,z)=xy + yz + zx-x-z =0. If the tangent plane is to be parallel to the xy- plane, then V/ is 
perpendicular to the xy-plane => Vf • i = 0 and V/ • j = 0. Now Vf = (y + z - l)i + (x + z) j + (y + x - 2z)k 
so that Vf • i = y + z-l=0 => y +z = 1 => y = 1 - z, and Vf •j=x + z = 0=>x = -z. Then 
—z(l — z) + (1 — z)z + z(—z) — (—z) — z~ = 0 => z -2z 2 = 0 => z =^- or z = 0. Now z = j => x = -j and 
y = \=> lj is one desired point; z = 0 => x = 0 and y = 1 => ( 0 , 1 , 0 ) is a second desired point. 


97. Vf = \(.ri + y\ + zk) => ^ = Xx: f(x, y, z) = }\x 2 + g(y, z) for some function g^>\y =fr = Jf 

=> g(y,z) =\\y 2 +h(z) for some function h => \z = ^ ^ = h'(z) => /?(z) = yXz 2 + C for some arbitrary 

constant C => g(y,z)=±\y 2 +(|Xz 2 + c) =J> f(x, y, z) =^Xx 2 +^\y 2 + y\z 2 +C 

=> /(0, 0, a) =\\a 2 + C and /(0, 0, -a) =\\{-a) 2 +C => /(0, 0, a) = /(0, 0, -a) for any constant a, as 
claimed. 


98. 


/4f) = /(Q+.v»i ,o+su 2 '°+™ 3 )-/(Q,Q-Q) 

V ds /u,( 0 , 0 , 0 ) 0 s 


yjs 2 U?+S 2 uj+S 2 Ui -0 

5™ * 


5 > 0 


r~2 2 2" 

j. SyJU^ +U 2 +W3 


lim | u | = 1 ; 

. s ->0 


however, Vf = , x ^ — i + - p; ' o ^ j + , z —k fails to exist at the origin (0,0,0) 

•Jx 2 +y 2 +z 2 yjx 2 +v 2 +z 2 y x 2 +y 2 +z 2 


99. Let f(x,y,z) = xy + z — 2=>Vf = yi + xj + k. At (1,1,1), we have Vf = i + j+k=> the normal line is 
x=\+t, y =\+t, z=\ + t, so at f = -l=>jc = 0 ,j>= 0 ,z =0 and the normal line passes through the origin. 


100. (b) f(x,y,z) = x 2 -y 2 + z 2 =4 =>V/=2xi-2yj + 2zk 
=> at (2, -3, 3) the gradient is Vf = 4i + 6j + 6k 
which is normal to the surface 
(c) Tangent plane: 4x + 6y + 6 z = 8 or 
2x + 3y + 3z = 4 

Normal line: x = 2 + At, y = -3 + 6t, z = 3 + 6t 



101 . (a) y, z are independent with w = x 2 e yz and z=x 2 -y 2 = |^Jy + f 7 a 7 + |h 

= (2xe>' z )j + (zxV z )(l)+(yxV-')(0); z = x 2 -y 2 0 = 2v|-2y^> | = ^; therefore, 


Copyright © 2014 Pearson Education, Inc. 



1076 


Chapter 14 Partial Derivatives 


(b) z,xare independent with w = x 2 e y: and z =x 2 -y 2 = + + 

r y oz ox oz oy oz oz oz 

= {2xe yz j( 0 ) +[zx 2 e y ‘‘ ^^p + (yx 2 e yz j(l); z = x 2 -y 2 => 1 = 0 - 2 j-| 5 : => fr = therefore, 

(c) z, y are independent with w = x 2 e yz and z = x 2 -y 2 => + + 

= | Ixe^ j |^ + (zx 2 e yz j( 0 ) + ^yx 2 e yz j( 1 ); z = x 2 -y 2 => 1 = 2 x ^-0 => & =±; therefore, 

(f) ,-{ 2 ’^Uh^ 


102 


(a) T, P are independent with U =f(P,V,T ) and PV = nRT => |C = |CJ£ + |C.|lt + .|C|T 




■ Pf£ = nR ; 
81 


BV 

8T 


nR . 
P ’ 


therefore, 


(W.) - 

/at/1 

(nR) 

\ ST Ip 

\av) 

\ P I 


(b) F, Tare independent with U = f(P,V,T) and PF = n*r =* §r + + f^f£ 

=(S(f ) + d^)w +(§)«»> p r= nRT ^ V w +P =(«*)(§■)= 0 ^ f=-f; therefore ’ 

/3t/\ . /at/W p\ , at/ 

Uf/j V a/ 3 / V vJ bv 


CHAPTER 14 ADDITIONAL AND ADVANCED EXERCISES 


1. By definition, /^(O, 0) = lim so we need to calculate the first partial derivatives in the 

//—>0 


r:‘ n h 

numerator. For (x, y) * (0, 0) we calculate f x (x, y) by applying the differentiation rules to the formula for 

/' (0.h)=^ 

(W) 

(x, y) = (0, 0) we apply the definition: / (0, 0) = lim ph ' °> ^ (0,0 ^ = lim = 0. Then by definition 

h >l) h h >0 " 


r , \ r t \ X 2 v-v 3 , , ( x + y )C- r ) { x y )Cd x 2 v-v 3 4x 2 y 3 f . /,- , r 

f(x, y): f x (x, y) = ; +{xy)~ ---^— -= j f (0,/?) = -/?. For 

1 x 2 + v 2 X 2 +V h 2 


(x 2 +y 2 ) 


/ w (0, 0) = lim = -1. Similarly, f { 0, 0) = lim 


/,(M)-/,( 0,0) 


> xy 


/*-> 0 

3 2 

X -Ay 


yx v 


/?->() 


fy(x,y)= 2 T , 

y x +y (x 2 +.v 2 ) 

0-0 


, so for {x, y) ^ ( 0 , 0 ) we have 

/(0, h)-f(0, 0) 


—— f y (h, 0)=K = h- for (x, y) = ( 0 , 0 ) we obtain / ( 0 , 0 ) = lim 

y h- y /,-> 0 


= lim ~T“ = 0. Then by definition f vx ( 0, 0) = lim = 1. Note that /„,(0, 0) ^ f vx { 0, 0) in this case 


/!H> 0 


> yx 


h —^0 


xy\ 


> yx v 


2 . |*f = 1 + e* cos y => w = v + e x cos y + g(j); ^ = -e x sin y + g\y) = 2y- e x sin y => g '(y) = 2y 

=> glj) = y 2 + C; w = In 2 when x = In 2 and j = 0 => In 2 = In 2 +e ln2 cosO + 0 2 + C=>0 = 2 + C 
=>C = - 2. Thus, w = v + e' r cosj + g(j) = v + e x cosj +J 2 -2. 
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3. Substitution of u+u(x) and v = v(x) in g(u, v) gives g(u(x), v(v)) which is a function of the independent 



^i(/') = H)/'> where /' = f ^jr = ~^ L => ln /' = - 2 ^ '- + In C^/' = Cr“ 2 , or 

j-j-f _2 z'' 1 

-j- = Cr => f (r) = -y + b =^ + b for some constants a and b (setting a = -C) 


(a) Let u = tx, v = ty, and w = f {u, v) = /( u(t, x), v(t, y )) = / (tx, ty) = t n f (x, y), where t, x, and y are 


independent variables. Then nt n ~ l f(x, y) = = & f- + ^ = x + y ft. Now, T = + 

r J x y ' Ot OU Ot OV Ot OU y OV OX OU OX OV OX 


= (fr)v>♦(£)<»> 


dw _, dw 


= (?)(& )• likewise, 


dw _ dw du_ , dw dv_ _ / dw 
dy du dy dv dy \du . 




Therefore. M^/Wy) = = (f)(f )+(f )(f )• When ,-l.„ v-y, 

and iv = f(x,y)=>-^-=%- and ^ = | -^>nf(x,y) = x^- + y^~, as claimed. 

J y ' dx dx dy dx J v ^ 7 cot ' 

(b) Frompart(a), nt n ~ l f(x,y) =x^ + y^. Differentiating with respect to t again we obtain 

n(n -l)t' ! “ 2 f{x, y)=x^f%L + xj£f^ + y-^^ + y^f%- = x 2 ^f + 2xy-ff + y 2 ^f. Also from 

v 7 J \ J J q u 2 dt dvdu dt J dudv dt J ft, 2 dt q u 2 ' dudv J q v 2 

part (a) d 2 w = S (dw\ = 8 If dwt _ ^ d 2 w du ^ f d 2 w dv _ ^2 d 2 w d 2 w _ d/<?wl = d 0 dw\ 

" ' h Q x 2 dx V dx) dx\ du) q u 2 dx dvdu dx g u 2 ’ Qy 2 dy\dv) dy\ dv) 

_ f d 2 w du . f d 2 w dv .2 d 2 w j d 2 w _ _ 8 _( gwt .... d A gwt . . d 2 w du , . g 2 tf dv _ .2 d 2 w 
dudv dy gy 2 dy Q v 2 ’ dydx dy V dx) dy v du) g u 2 dy dvdu dy dvdu 


_ s / 1 \ d 2 w _ d 2 w I 1 1 d 2 w d 2 w j / 1 1 d 2 w ... d 2 w 

\ r I dx 2 du 2 ’ 1 1 2 ) dy 2 dv 2 ’ { r ) W* Svd>u 

=> - »'”- 2 /(rr. y) - (4)(£?) ■>(f )(|§) 


When t = \,w = f(x,y) and we have n(n-l)f(x, y) = x 2 j + 2xy ^|^j + / 


2 d 2 f 


—4- as claimed. 
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6 . (a) lim 4 6 ' = lim ^ 2 . = where t = 6 r 


r—>0 


6r 


t->0 


t 


( sin6/t\ , 

6/i .. sin 6h-6h COS6A-6 -36 sin 6/i „ 

/,.,w, u, - 11111 -:- - 11111 - = lim -r— = lim —— = lim - - - = 0 

/!-> 0 h /?—>0 h h ->'0 6/J 2 A >0 12/1 A >0 12 

(applying l’Hopital’s rule twice) 

( sin6r\ /sin6r\ 

6 ' . 6 ' = lim t = 0 

0 " A->0 h A->0 


/! 


7. (a) r = xi + yj + zk => r = |r| = -Jx 2 + y 2 + z 2 and V r = 


-Jx 2 +y 2 +z 2 


•Jx 2 +y 2 +z 2 


J + 


a Jx 2 +y 2 +z 2 


k =J 


(b) r n = (yjx 2 +y 2 +z 2 j 

=> V (r n ) = nx[x 2 +y 2 + z 2 j* i+ ny^jt 2 + y 2 +z 2 j*' j+nz|jt 2 +y 2 +z 2 j*' * k = nr n ~ 2 r 

(c) Let n = 2 in part (b). Then -i V (r 2 ) = r => V r 2 j = r => £ y = \(x 2 +y 2 +z 2 j is the function. 

(d) dr = dx\ + dy\ + dzk => r • dr = x dx + y dy + z dz, and dr = r x dx + r v dy +r. dz dx+ y dydz 
=> r dr = x dx + y dy + z dz = r • dr 

(e) A = ai + b] + ck => A • r = ax + by + cz => V (A • r) = ai + Z>j + ck = A 


8 . f(g(t),h(t))=c^0=f = § f + f $ = (§ i+f j)‘(fi + f i). where fi + f j is the tangent vector 

=> V/ is orthogonal to the tangent vector 

9- f(x, y, z) = xy 2 - yz + cos ;*y -1 => V/ = (z 2 - y sin xy ji + (-z - .r sin xy )j + (2xz -y )k V/( 0 , 0 , 1 ) = i - 

=> the tangent plane is x -y = 0; r = (In t)i + (? In t)j +?k => r' = + (In t +l)j + k; x = y = 0, z = 1 

=>t =1 =>r'(l) = i + j+k. Since (i + j + k) - (i — j) =r'(l) • V/ =0,r is parallel to the plane, and 
r(l) = Oi + Oj + k => r is contained in the plane. 

10. Let f(x,y, z) =x 3 + y 3 +z 3 -xyz => V/ = [?>x 2 -yz)i + (3y 2 -xz)j+j3z 2 -xyjk 

=> V/"(0,-1,1) = i + 3j +3k => the tangent plane is x + 3y + 3z = 0; r = |-^--2ji + ^y-3jj + (cos(t-2))k 

r'= |^-ji-|4-j j-(sin(t-2))k; x = 0, y = -1, z = 1 => t = 2 => r'(2) = 3i - j. Since r'(2)-V/ = 0 => r is 
parallel to the plane, and r(2) = -i + k => r is contained in the plane. 


2 

11. = 3x 2 -9y = 0 and = 3y 2 -9x = 0 => y = }x 2 and 3^x 2 | -9x = 0 => ±x 4 -9x = 0 

=> x[x 2 -27 j = 0 => x = 0 or x = 3. Now x = 0 => y = 0 or (0, 0) and x = 3 => y =3 or (3, 3). Next 

= 6x, ^4 = 6y, and 44 = -9. For (0, 0), d f 8 \ -(4#-) = -81 => no extremum (a saddle point), and 

dx dy oxoy q x z Qy \oxoy J 

for (3, 3), 8 ; 5 f 1 =243 >0 and -^4 = 18>0 => a local minimum. 

dx 2 dy 2 \8x8y] 0 x 2 
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12. f{x, y) = 6xye~ (2x+3 ^ => f x (x, y) = 6y(l - 2x)e ~ (2x+ = 0 and f y {x, y) = 6x(l - 3y)e~ (2x+ ^ = 0 => * = 0 
and y = 0, or x = j and j = T. The value /(0, 0) = 0 is on the boundary, and f ^ ij = -L. On the positive 
j-axis, /(0, y) = 0, and on the positive x-axis, /(x, 0) = 0. As x -» oo or y —> co we see that /(x, y) —> 0. 
Thus the absolute maximum of/in the closed first quadrant is A a t the point 4j. 


13. Let /(x, j ,z) = + + ^r-l V/=^yi + ^y-j +A-k => an equation of the plane tangent at the point 

r b z <r a 1 b~ cr 

P 0 {x 0 ,y 0 ,y 0 ) is (y L )x + (^ L )f + (f L )-^ =4 + ^ + 4 = 2 or (J)x + (a)j + (j)z = 1. The 
intercepts of the plane are 0, oj, |o, 0 j and |o, 0, j-j. The volume of the tetrahedron formed by the 


plane and the coordinate planes is V = (' 3 ')(?')|^ - : 


we need to maximize 


V(x, y, z) = (ah ^ 1 (xyz) 1 subject to the constraint fix, y, z) = Xr + Z— + z_ - p Thus, 
° " a b' c 


{obey 


-^-\ = ^fA, 

xryz 


{obey 


xy 2 z 


A— = =Z-A, and 


(obey 


xyz 


~~2 1 = H; A- Multiply the first equation by 


2 2 2 2 2 2 2 
a yz , the second by b xz, and the third by c xy. Then equate the first and second => a~y = b x 


■ y = — x, x > 0 ; equate the first and third 


2 2 2 2 
■ a z =c x 


■ z = — x, x > 0 ; substitute into 


fix, J, z) = 0 => x = -*j= => J = -lj= => z = -j= => F = -y- abc. 


14. 2(x — u) = -A, 2 (y—v) = A, — 2(x —w) = ju, and -2(j -v) = -2/iv => x — u =v—y,x—u = -y, and 

y-v = juv => x —u = —juv = -y => v = T or ju = 0 . 

2 2 

CASE 1: /y = 0 => x = m, j = v, and X = 0; then j = x + l=>v = w+ l and v =u =>v = v~ +1 
=>v 2 -v + l = 0 =>v = => no real solution. 

CASE 2: v = T and u = v 2 => u ={;x-j=|-J' and j = x + 1=>x-T = -x-T=>2x = -T=>x = -T 

Then /(-T, y, y, y) = (-T-4-) +|7_ij =2^|j" => the minimum distance is |Vz (Notice that/has no 
maximum value.) 

15. Let (x 0 , Jo) be any point in R. We must show lim /(x, y) = f (x 0 , j 0 ) °L equivalently that 

< V. V) >(.v„. r„) 

lim |/(x 0 + h, j 0 +k)~ /(xq, j 0 )| = 0. Consider /(x 0 +h, y 0 +A:)-/(x 0 , J 0 ) 

(A, A’)->(0, 0) 

= [/(x 0 +/i, Jo + k)-f(x 0 , Jo + £)] + [/(XQ, Jo + k)-f(x 0 , Jo)]. Let Fix) = fix, y 0 + k) and apply the 
Mean Value Theorem: there exists <f with x 0 < f < x 0 + h such that F\f)h = Fix 0 + h) -F(x 0 ) 

=> Mx (/ Jo + k)=fix 0 +h, jo +k) - /(x 0 , Jo + k). Similarly, k f y (x 0 , rj) = f(x 0 , j 0 + k)-f(x 0 , j 0 ) for 

some q with y 0 <r/<y 0 +k. Then \fix 0 +h,y 0 +k)-fix 0 ,y 0 )\<\hf x i£,y 0 +k)\ + \kf y ix 0 ,ri)\. lfM,Aare 

positive real numbers such that \f x \ < M and |/ V |<A for all (x, j) in the xj-plane, then 
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|/(*0 + / L To +k)-f(x o, y 0 )\< M\h\ + N\k\. As \(h,k) -> 0, | f(x 0 +h, y 0 +k)-f(x 0 , j 0 )| 0 

=> hm I /(x 0 +h, y 0 +k)~ /(x 0 , j 0 )| = 0 ^ /is continuous at (x 0 , y () ). 

(h,k)->( 0 ,oy 

16. At extreme values, V/~ and v = ^ are orthogonal because ^- = V/-^|- = 0 by the First Derivative Theorem 
for Local Extreme Values. 

17. = 0 => f(x, y) = h(y) is a function of y only. Also, = 0 => g(x, y) = k(x) is a function of x only. 

Moreover, Jj^- = ^ => h'(y) = k'(x) for all x and y. This can happen only if h\y) = k'{x) = c is a constant. 
Integration gives /?(>>)= cy + q and k(x)=cx + c 2 , where Cj and c 2 are constants. Therefore f(x, y) = cy + q 
and g(x, j) = cx +c 2 . Then /(l, 2) = g(l, 2) = 5 => 5 = 2c + q =c + c 2 , and /(0, 0) = 4 => q = 4 => c = -y 
=>c 2 =•§• Thus, f(x,y)=±y + 4 and g(x,y)=±x + %. 

18. Let g(x, y) = D u f(x, y) = f x (x, y)a + f y (x, y)b. Then D u g(x, y) = g x (x, y)a + g y (x, y)b 

= fxx( x > y )“ 2 +fyx( x > y)ab + f xy (x, y)ba + f yy (x, y)b 2 = f xx (x, y)a 2 +2f xy (x, y)ab + f yy (x, y)b 2 . 

19. Since the particle is heat-seeking, at each point (x, y) it moves in the direction of maximal temperature 
increase, that is in the direction of V T(x, y) = [e~ 2y sinxji +[2e~ 2y cosx) j. Since V T(x, y) is parallel to the 

D — 2 y 

particle’s velocity vector, it is tangent to the path y = f(x) of the particle => f'(x) = cosx = 2 cot x. 

e ly sin x 

Integration gives /(x) = 2 In | sin x| + C and / = 0 => 0 = 2 In |sin j| + C => C = -2 In & = In = In 2. 

Therefore, the path of the particle is the graph of v = 2 In | sin x| + In 2. 


20 . 


The line of travel is x = t, y = t, z = 30 -5/ and the bullet hits the surface z = 2x + 3 y when 


30 —5t = 2t 2 +3t 2 =>t 2 +t -6 = 0=> (t+3)(t-2) = 0 => t = 2 (since t > 0). Thus the bullet hits the surface at 
the point (2, 2, 20). Now, the vector 4xi + 6 vj -k is normal to the surface at any (x, y, z), so that 
n = 8 i +12j -k is normal to the surface at (2, 2, 20). If v = i + j - 5k, then the velocity of the particle after the 


ricochet is w = v - 2 proj n v 



. 600 j_50_ 

209 J 209 


k ) 


= 191; 391; 995 . 

209 209 J 209 
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21. (a) k is a vector normal to z = 10 — x —y at the point (0, 0,10). So directions tangential to S at (0, 0,10) 
will be unit vectors u=ai+Z>j. Also, V T(x, y, z) = (2xy + 4)i + ^x 2 +2yz +14^ j + |y 2 +ljk 

=> V T{ 0, 0,10) = 4i +14j +k. We seek the unit vector u = ai +b\ such that D u T(0, 0,10) 

= (4i +14j + k) -{ai + A>j) = (4i + 14j)-(ai + 6 j) is a maximum. The maximum will occur when a\ +b\ has 
the same direction as 4i + 14j, or u =-y=(2i+7j). 


(b) A vector normal to S at (1,1, 8 ) is n = 2i + 2j + k. Now, V T (1,1, 8 ) = 6 i + 31 j + 2k and we seek the unit 
vector u such that D U T( 1,1, 8 ) = VT u has its largest value. Now write VT = v + w, where v is parallel 
to VT and w is orthogonal to V T. Then D U T = VT u = (v +w) u = v u +w u = w u. Thus 

D U T( 1,1, 8 ) is a maximum when u has the same direction as w. Now, w = VT —I vr ' n 


= (6i + 31j + 2k)-(^±|±2)(2i + 2j + k)=(6-i|2) i + (3i_l|2) j+ ( 2 _^) k= _^ i + l|7 j _^ k 


u=rT = - 

W 


^29,097 


(98i — 127j + 58k). 


22. Suppose the surface (boundary) of the mineral deposit is the graph of z = /(x, y ) (where the z-axis points up 
into the air). Then -Jpi - J^-j + k is an outer normal to the mineral deposit at (x, y ) and J^-i + Jpj points in 

the direction of steepest ascent of the mineral deposit. This is in the direction of the vector |^i + |^j at (0, 0) 

(the location of the 1st borehole) that the geologists should drill their fourth borehole. To approximate this 
vector we use the fact that (0, 0,-1000), (0,100,-950), and (100,0,-1025) lie on the graph of z = f(x,y). 
The plane containing these three points is a good approximation to the tangent plane to z = /(x, y) at the point 

i j k 

0 100 50 I = -2500i+5000j-10,000k, or -i + 2j-4k. So at (0, 0) 

100 0 -25 


(0, 0, 0). A normal to this plane is 


the vector + is approximately —i + 2j. Thus the geologists should drill their fourth borehole in the 

direction of -j=(-i + 2 j) from the first borehole. 

V5 


23. w = e ,r sin 7 rx => w t = re 11 sin;rx and w x = cos;rx => w vr =- 7 ^ 2 e >, sin 7 rx; w xx =\w t , where c 2 is the 

c 

positive constant determined by the material of the rod => -n 2 e ,r sin nx=\ (/ 

c V 

l , 2 2 ) 

■ I r + c n u 


-n 2 e f sin^rx = -V( re rt sin nx 


2 2 \ 22 2 2. 

[ r + c~n \e ' sin;rx = 0 => r = —cn => w = e~ c 71 1 sin;rx 


24. w = e" sin Ax => w t = re 1 sin kx and w x = ke" cos Ax => w xx = -k^e u sin Ax; w xx = \w t 

c“ 


-k~e u sin Ax = \(re rt sin Ax 

c- 


c 

„2,2. 


( r\ r\ , r\ r\ 

r + c~k~ e sin kx = 0 => r - -ck z => w = e~ 


w(L, t) = 0 => e c k 1 sin kL = 0 => kL = nn for n an integer => k = 


sin Ax. Now, 
3 in(-^x). As 


t —^ co, w —^ 0 since 


sin^xj 


< 1 and e - c2 » 2 ^ 2?/i2 _> o. 
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CHAPTER 15 MULTIPLE INTEGRALS 


15.1 DOUBLE AND ITERATED INTEGRALS OVER RECTANGLES 

r 2 r 4 r 2 r 2l 4 r 2 r 2I 2 

1. J ^ 2xy dy dx = J ^ yxy J dx = J ^ 16.r<ix = 8 x =24 

r 2 r 1 ,2r . 9 1 f 2 2 2 

2. J 0 J_ 1 (^“3 ; )4v^ = J 0 [^-2 3 ; J_ i ^ = J 0 2 x£& = [^x J q = 4 

f o fi f or r 2 i 1 c 0 r? i° 

3- J_ 1 j_ 1 (* + J ; + 1 ) dx dy = j^^y + ja+x = J_ 1 (2>’ + 2 ) dy = [/+ 2 )’\ l =1 



lo Jo t^ dxdy = Jo t ln l 1 + d y=\\ Xn \ l+ y\ d y = [> 11 + y\ - j+ in 11 +ji]J, = 2 in 2 -1 


8 ' Ji 4 Jo ( 2 " + 4 y) dxd y = Ji 4 i * 2 + Wv Q dy = ^{4 + 4y V2 )dy = 4y + ^y i ' 2 


9. j^j^ e 2 X+ y dy dx =j= f; 2 ( 


ln2 \e 2x+ yf 5 dx = \ Xn2 (5e 2x -e 2x+l ) dx = Ue 2x ^e 2x+l f 2 

0 L Ji Jo v / L 2 2 Jo 


—iln 2 , 

L =t (5 - e) 


10 . x y e x dy dx = J Q ^ x y 2 e x ~^dx = x e x dx = \x e x ~\e x = -| 


r 2 p 71 1 2 p 2 p -\7i!2 r 2 1 2 ^ 

!!• J_J 0 ysinX dx dy = cosx \ 0 dy = ^_^ydy=^y ^ 


12. J” | o (sin x + cos y) dx dy = J ~ [-cosx + xcos y^dy = ^~ (2 + 7rcos>0 dy = [2y + ns\ny^ =2n 
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14. j xln y dy dx = j {x(y\ny-y)] y _f j dx = J ^( 21 n 2 -l)x dx = ( 21 n 2 - 1 ) : 


i2 


= 31n2-- 


J-l 


15. — 2xj dA = j | | 6 j 2 -2xj dy dx = J Q [2 >’ 3 -2xj]g = | (| (16 — 4x) <£t = [16x -2 x 2 ]q = 14 


16 - 1J^^ = IoJi 2 /^^ = IoT'^1^ = IoV /2 ^ = [i x3/2 ]o =3 


17. jj-rjcos y dA = | xycosy dy dx = j Jxysinjr h-xcosj]^ dx = J ^ (— 2 jc) dx = |^-x 2 J 

ff _1 


= 0 


! 8 . Jjjsin(x + y)dA = J° j*y sin(x + y) dy dx = [->>cos(x + y) + sin(x + y)]} 


dx 


= J (sin(x + ;r)-7rcos(x + ;r)-sinx)ah: =[-cos(x + ;r)-;rsin(x + 7r) + cosx]^ =4 


i9. }je'-^.j; 2 j;%'-^*.j“p-'f 2 *.j i ; n2 p- in2 + < ! ')*.p- i « 2 « 


x—In 2 , ,.v 


nln2 

-0 


20. JJx dA = J J x y e x y dy dx = J 


Lpxy 

2 e 


,-it 


Jo 


dx = ^[^e x ~^\dx = 


± e *-ix 
2 e 2 X 


1C- 3 ) 


21 . (T44—aL4=[ dy dx = \ 

JJ r 2 +l JoJOr 2 +l JO 


i 2 


xy 


4^x 2 +l} 


dx = | 


4r- dx = 
Or+1 


2 In 


x 2 +1 


nl 


= 21n2 


JO 


Jo 


22 . \\-rr~, dA = jn Jq y 2 dxdy = J'[tan '(xy)]}) c/y = J' tan 1 j dy = jtan 1 y-j In |1 + y 


xV+l •’0J0(x^) 2 +l 


-|1 

']» 


23. J ~ dy dx = J | (In 2 -lnl) dx = (In 2 )^c?x=(ln 2) 2 


24. 


Ioio ycosxy dx dy = Iof sinxj; ]o dy = Io sin 71 y dy = \_-^ C0 * 7Ty \' = -1) : 


25. 


v = JJ/(x, y) dA = J^i|^i(x 2 + y 2 ^ dy dx = x 2 y+ y y 3 ^x = |^ 2 x 2 +|j 


I dx = 


9 3 9 ”1^ 

f x + f x J _ 1 


26. 


V = jj f(x, y) dA = J“ J“(l6 — x 2 - j 2 ) dy dx = 1 6 y - x 1 y - y y 3 dx = j}}^- 2 x 2 ) dx 


2 (x=f 2/ 
0 


160 

3 
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27 • v = y) dA = Jo Jo ( 2 “ * “ ^ dy dx = Jo [ 2y ~ xy ~ 2 y2 ] 0 dx = Jo ( 2 “ x ) dx = [ 2 ' x ~ 2 * 2 ] o = 1 

R 

r ~\2 

28 . V = JJ/(x, y ) dA = jj J^f dy dx = jj dx = jjl dx = [xf 0 = 4 

d L JO 


29. V = u * , y) dA = f* f* 2 sin x cos y dy dx = JJ [2 sin x sin y]J /4 <7x = JJ {y[l sin xjr/x 

R 

= J-V2cosxJ o ~ =V2 

30. V = JJ f{x, y) dA = a 2 (4-, 2 ) dy dx = j^4.y J 3 ] dx = j‘(f) dx = [f *]‘ = f 


31. j j^kx 2 ydxdy= I — x 3 j I t/or = 9 kydy = —ky 2 = — 

1 Jj V Jx=0y Jl 


= —k 


Thus we choose k = 2/27. 


1. sin |yfy j dy is some number, say a. Then J JJ xsin(JJyj dy dx = ffj dx =0 since the integral 


the odd function x over an interval symmetric to 0 is equal to 0 . 


33. By Fubini’s Theorem, 


—-— dx dy = I —-— dy dx 

0 Jo 1+x y j 0 Jo 1+x y 


■ j |ln(l + xy)Y y J^dx = J q ln(l + 2 x)dx = -—^[ln(l + 2 x)-l] 


= — In 3 — 1 
2 


34. By Fubini’s Theorem, 

r 1 r 3 . . r 3 r 1 


D xe ' 1 - 1 dx dy = f [ xe xy dy dx 
o Jo 


= e J -4 * 16.086 


35. (a) MAPLE gives 


r 2 if 2 f 1 

y~ x j j 1 . y-x 

-r- dx dy = — and —- 

. I n (X + VI 3 „ . n (x + vl 


———dydx = —. This does not contradict 
oJoD + p) 3 


J 0 Jo ( x +y) 3 Jo Jo ( x +y) 3 

Fubini’s Theorem since the integrand is not continuous on the region R : 0 <x <2, 0 <y <1. 
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36. Since / is continuous on R, for fixed u f(u, v) is a continuous function of v and has an antiderivative with 

r y 

respect to von/?, call it g(u,v). Then ' f(u,v)dv = g(u,y)-g(u,c) and 

J C 

F(x, y) = f f y f (u, v) dvdu = \ ( g(u, y) - g(u, c)) du. 

Ja Jc Ja 

9 r x 

F x = (g( M > f) - c)) du = g(x, y) - g(x, c ). 

& J a 

Now taking the derivative with respect to y, we get 

F xy =—(g(x,y)~g(x, c)) = f(x,y). 

To evaluate F yx we use Fubini’s Theorem to rewrite F(x,y) as J" J f(u,v)dudv and make a similar 
argument. The result is again f(x, y). 


15.2 DOUBLE INTEGRALS OVER GENERAL REGIONS 

1 . 2 . 
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r In 3 r 1 

!5. (a) J Q J e _ x dydx 

r l pin 3 

(b) LLn y dX(ly 


y 
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16 . (a) o: dy dx + ^ dy dx 

f l re y 

(b) J 0 J Q dxdy 


•e r 1 


r 1 r3-2x 

11 ' ^ Jo J JC dydx 

,, , fl ty j , f 3 f(3-r)/2 

(h) Jj 0 ^ + Jj 0 


dx dy 


18 


• (a) d y dx 

(b) \l\% dxd y + \l\f-i dxdy 


19 . J.J. (xsiny) dy dx = J [-xcosy]* dx 
= J (x-x cos x) dx = 


^-(cosx + xsinx) 


= f + 2 


O sin x r n y 1 r n i.2 

o ydydx = j Q ^-J ^ = J 0 2 sln xdx 


= 4 C (1 _C0S 2x) * = 4 [ X _ 2 sin 2x ] o = 4 


21 . \™\^ y e x+ ydxdy = \™ 




JO 


-lW' -e y l 


= ~e y 'jdy= (y-l)e 

= 8 (ln 8 - 1 ) - 8 + e = 8 In 8 -16 + e 


In 8 


Jl 


22 . 


\iiy dxdy = \ 2 l [y 2 -y)dy 


(f- 2 )-(i-i) 


7_1 = 5 
3 2 6 




y 





y 




■ 

0 Injj^ 


.1 


-J 
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25. nr — dy dx = [x In yf^dx = (In 2 )^ x dx = 


= 4 In 2 


26. 


JoJo V + y 2 )**=l l o 


x2 y + t 


n l—X 


3 4 12 


-l 1 


J 0 


C 1 

dx = 

JO 

(i—i-°)—(°-°—AH 


x (l-x) + 


q-^r 


f 1 

dx = 

Jo 


.2 3 , (1-x) 3 


X —X + 


dx 


27 ' Jo/o du=\'\^f^-4u(\-u) 


du 


\\-U + 4p-w 1/2 +!/ 3/ “ | du - 
0\2 2 


4 


a _«! , ui_2 3/2 ,2,5/2 
2 2 + 6 3 U + 5 U 


n 1 


J 0 


= I_I+I_2 + 2 : 
2 2 6 3 5 


:-i+ 2 : 

2 5 


10 


r2 rint r 2r -iinr -2 

28. Jj J 0 e ' In t ds c/r = J | |^e ,v In f J c/r = J ^ (r In r — In f) d/ 
= ( 21 n 2 -l- 21 n 2 + 2 )-(-i + l)=i 


2 2 

4rln/-4--/lnt + t 
2 4 


n 2 


(■0 r —V r 0 r n— 1 > f 0 

29. J 2 J 2dpdv-2 J 1 [/>] v dv = 2 j - 2 vrfv 


= —2 v 


1-2 


30. ' 8 tdt ds - 


'lo 4 (l- s2 )* = 4 

i i 

I 

>} 

i_i 


nVlV 
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31. 


f 

- 


-L 


nt 3 JO 
n! 3 


t r Til'S r ^ 

3 cos t du dt = J [(3 cos t)u | 


peer 

Jo 


71 IS 


3 dt = 2n 


32. rr"^^<=H^r 2 “ 

Jo Jl v 2 Jo L V J 


f 3/2 J 4-2 " 4-2u 
c 3/2 

= J o (3-2 m) du = 


du 


3m -m 


-i3/2 


JO 



-2 


V 



v = 1 
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38. J i J dy dx 
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39. j" j ^ 2 ^ ^ 1 6x dx dy 


p 4 rJ4—X 

40 ' Jo Jo y dy dx 



r 2 r j4—y~ 

42. } 2 Jo 6 x dx dy 


43. 


fT 

J 0 J e 


xy dx dy 




y 



/ 
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r 1/2 r sin 1 y i 

44 Jo Jo xy dxdy 


45. 



(x + y) dy dx 


46 - \r\fn X ^ dydx 


47. f f —dx - f f v 2EZ fa rfy = f sinv(i_y=2 
Jo Jx v ' Jo Jo v 'Jo J 


r 2 r 2 9 rZ f ^ 9 . 

48. J ^ J sin xj dy dx = J J ^ 2y sin xy dx dy 

= Jo [-2jcos.v]o dy = Jo~(-2jW + 2 J ; ) d y 


■2 f v. 


2 2 
= I -sin v +J 


-|2 

-0 


= 4-sin 4 


49. J x 2 e xy dx dy = x 2 e xx cfy dx = ^xe xy 


dx 


dx = 


l „ x 


. -.1 


X 

‘ 2 


JO 


e-2 

2 


50. f 2 f W f ^ c / 3 ;^ = f 4 f^^^ c / 3 ; 

J 0 j 0 4-y - J 0 J 0 4-y 


4 [ x 2 e 2y 

0 L —(4—>^) Jo 




dy = lo^ dy = 


Jo 



y 




y 
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56. ff xy dA = \ ~ f xy dy dx+ \ f xy dy dx 

JJ ' J 0 J x " J 2/3 J x 


1 r 2-x 
x 


= 1 


2/3 r i o i - x 

kxy 


f 1 r i 2 

dx + 4 xy 

J 2/31.2 


-|2-x 


dx 


2 1 3 

2 X 



57. 


: 1 0 ^ ( 2 ^ 3 "i * 3 ) dx + jl /3 [ y x(2 - x) 

■ |-x 3 dx + ^ 3 ^(lx—x~ j dx 

l' 4 ]r + [' 2 -t* 3 L 3 =(!)(I)4>-l)-[t-(lM)]^ + S-(lf-lf)=S 

r l 

dx = 

Jo 




2 y 
* * + T 


-\2-x 


?r 2 7x 3 , (2-x) 4 

/X 3 + 3 


2x 3 7x 4 (2-x) 


, it 


3 12 12 


JO 


dx = I 12x 2 - x 4 - x 3 I dx = 


f 1 (*2—x 2 f l r 2 2 x r 1 / 

• F = J_ 2 J Y * dydx = }_ 2 [x y\ x dx = )_ 1 \ 

_ /2_I_I\_/_16 , 32 _16\ _ /40 12 15 W 320 . 384 240\ _ 189 _ 63 
V3 5 4/V 3 5 4 / \60 60 60/ \ 60 60 60 ) 60 20 


2 3 15 14 

=- X -7X —j X 


-|1 


J-2 


59. K = jl 4 J^ v " ( x + 4) dy dx = |^ 4 [xy + 4j] 4 

= J^(-x 3 - lx 1 -8x +1hj dx = |(-Jj-x 4 ~J X ^ ~4x 2 +16x = (-Jj--j + 12j-(y-64) = Jy-- 2 - = yp 

nx/4-x 2 


|4 x dx = f ,fx(4-x 2 | + 4^4-x 2 -3x 2 -12x 


J3x 


dx 


rV4-x 


60 - F = JoJo ( 3 ~y) dy dx = J ( 

■| xV 4-x 2 + 6 sin” 1 (-|) - 2x + 




Jo 


dx = J~ 3^4-x 2 -1 


4-x 


dx 


l2 


Jo 


■(f)- 


= 6|4l-4+| = 3^-^ = ^ 


6L F= JoJ q 3 ( 4 ) dxd y=!o[ 4 x ~y 2 x l d y=\l [ n -^ y2 ) dy 


12 y-y 


l2 


Jo 


= 24-8 =16 


i4-x 


62 - F = Jo“Jo 4A (4~ x2 -y)dyd.x = j- (4-x 2 J/r-y ^ = Joi( 4 -x 2 ) ^ = { 0 2 (s-4x 2 +4)^ 


= | 8 x - J x 3 + y x 5 


n 2 


Jo 


J0 


1 /- 32 . 32 480-320+96 128 

3 10 30 15 


63 


• F = Jo J 0 2 X (^-3y 2 )dydx=j 2 o [l2y-y 3 ] o <fe = J“[ 24-12x-(2-x) 


dx = 


24x - 6 x + 


.2 , (2-x) 4 


~<2 


JO 


64. 


r-\'X. ! (3 - 3x) dy dx + | Q J . j (3 — 3x) dy dx = 6 J ; (l -x 2 j dx + 6 | o (l -x 2 j dx 


= 4 + 2 = 6 
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65. 


F = Ji J-il (x +1} dy dx = fi ^ + 7 1-i/x dx = \i\} + ^-(- l ~\]\ dx=2 \x ' f 1 + 7) <** = 2 [* + Mi 


= 2(1 +In 2) 


66 


f ^/3 rsec XI 7 \ rnl'i 

■ V = 4 So Jo ( 1+ * ) d y dx = 4 So 


+ nsec x 


r tt /31 


JO \ 


= [7 In |sec x + tan x| + sec x tan 


nl'h 


dx - 4 [ 

71n(2 + V3) + 2V3 


sec x + - 


dx 



™- U. 


1 rl/Vl-x 


-D-lA/l-r 
= 2 n 




dx = 4 lim 


sin 1 x 


ib 


= 4 lim [sin 1 b - 0] 
J 0 z>->r 


71. f f - 1 ——=—-—rdxdy = 2f (—?—If lim tan ^-tan 1 ol dy = 2n lim f —j—dv 

- Joly+lJU^oo J J i^ooJ0/+i J 

■ ^ lim tan -1 b - tan -1 0 j = (2;r)^yj = n~ 


= 2 n 


72. P r x e~ (x+2y) dx dy = C e~ 2y lim \-xe~ x -e _Jc f dy = Ce 

Jo Jo ^ Jo b . x l Jo J Jo 


-2+ 


lim i-be h -e b 


b — >00 V 


=lo V2 "*4 J Ss,K“ +1 ) 
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73. ||/(„)J3.i/(-l0| t l/(.,0) t l/(i.) = l(-l) t l(. t i) = -i 

R 


74. 


,U) + /(i U) + /(l ll) + /(ia)] = i L (29+ 3 1 + 33 + 35 )= m = 8 


75. The ray 0=^ meets the circle x 2 +y 2 =4 at the point (V3,1) => the ray is represented by the line y = -j=. 


Thus, || / (x, y) dA = ^4-x 2 dy dx = (d-x 2 Vd-x 


V3 


dx = 


3 (4-x 2 ) 

4x-^- + 4- 1 

3 3^3 


3/2 


V3 


20^3 


00 <»2 


* n, 


0 (x 2 -x)(.y-l) 2 


f 0 

■ dy dx = J 2 


3( v—1)' 


n 2 


dx = 


Jo 




= 6 lim [ln(x-l)-In x] 2 = 6 lim [ln(Z? -1) - In Z? - In 1 + ln 2] = 6 


b^> oo 


b^co 


lim ln('l-|Uln2 

*->00 V 


= 61n 2 




2 y 
x y+Y 


2-x 


fi?x 


?r 2 7x 3 , (2-x) J 

3 + 3 


t/x = 


2x 3 7x 4 (2~x) q 

3 12 12 


,il 


JO 


\3 12 12/ \ 12/ 3 



78. f (tan 1 /rx-tan 1 x)t£c=f f — ^- T dydx= f f V —^t/xofy+f f —^—dxdy 

Jo V /Jo Jx 1+y 2 * Jo J yin 1 +y 2 J J2 J yin 1+y 2 J 




-2# 

-2 


:(^-)ln5 + 2tan _l 2;r-^r In (l+ 4;r 2 ) 

= 2 tan -1 2;r -2 tan -1 2-2- ln|l + 4;r 2 j + 


- 2 tan 1 2 + 2- In 5 


In 5 

2 


79. To maximize the integral, we want the domain to include all points where the integrand is positive and to 
exclude all points where the integrand is negative. These criteria are met by the points (x, y) such that 

4-x — 2j7 >0 or x' +2y <4, which is the ellipse x +2y =4 together with its interior. 


80. To minimize the integral, we want the domain to include all points where the integrand is negative and to 
exclude all points where the integrand is positive. These criteria are met by the points (x, y) such that 

2 2 2 2 

x~ +y~ — 9 < 0 or x~ +y~ < 9, which is the closed disk of radius 3 centered at the origin. 

81. No, it is not possible. By Fubini's theorem, the two orders of integration must give the same result. 
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82. One way would be to partition R into two triangles with 
the line y = 1. The integral of/ over R could then be 
written as a sum of integrals that could be evaluated by 
integrating first with respect to x and then with respect 
to y: 

JJ fix, y) dA 

R 

f l f 2-(v/2) f 2 r2—(v/2) 

= JoJ - v f( x ’y) dxd y + Jj J f(x, y) dx dy. 

Partitioning R with the line x = 1 would let us write the 
integral of/ over R as a sum of iterated integrals with 
order dy dx. 


y 



rb rb 

81 LX 


b ' b e -* 2 -y 2 
bJ-b 


dx dy = | h \ h e y e x dx dy = j y ^J ^ e x dx^dy = ^ ^e x c/r^J ^ e y dy 


\ h _ b e~ xl dxj =[2 j b o e~ x2 dx J =a(\\~ x2 dx], 


; taking limits as b —> 00 gives the stated result. 


fl f3 2 rl 2 /»3 1 r.3 1 1 1 r. 

84. f f —dy dx =\ f —dx dy = f - V I, 

Jo Jo (y-l) 2/3 Jo Jo (_y_l) 2/3 ' Jo ( v-l) 2/3 L 3 Jo * 3 J( 


r 3 1 

"x 3 " 

Jo o-i ) 2/3 

3 


_ 1 f 3 dy 


Jo o-i) 


> 2/3 




■ b dy + 1 


-z 11111 1 - 

3 6->r J ° O'-!) 

lim (/>-l) 1/3 -(-l) 
6->r 


lim f 

1/3 


■3 dy ,. 

T -T — lliii I - ttt = lim 

' 2/3 3 &->i + ' b (r-i) ; 6->r 

lim (/> -1) 1/3 -(2) 
6->l + 


= (o+i)-( 0 -^ 2 ) 


l 3 

-b 


= 1 + 3/2 


85-88. Example CAS commands: 

Maple: 

f:= (x,y) -> 1/x/y; 

ql:= lnt(lnt (f(x,y) y=l..x), x=l.,3); 

evalf(ql); 

value(ql); 

evalf( value(ql)); 


89-94. Example CAS commands: 

Maple : 

f:=(x,y)-> exp(x A 2); 
c,d:= 0,1; 
gl:= y -> 2*y; 
g2:= y -> 4; 

q5: = lnt(lnt(f(x,y), x=gl(y)..g2(y) ),y=c..d); 
value( q5); 

plot3d(0, (x=gl(y)..g2(y), y=c..d, color =pink, style = pate hnogrid, axes=boxed, orientation =[-90,0] 
scaling = constrained, title ="#89(Section 15.2)"); 
r5 := lnt( lnt( f(x,y), y =0..x/2), x =0..2 ) + lnt( lnt( f(x, y = 0..1),x=2..4); 
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value( r5); 
value(q5-t5); 

85-94. Example CAS commands: 

Mathematica : (functions and bounds will vary) 

You can integrate using the built-in integral signs or with the command Integrate. In the Integrate command, 
the integration begins with the variable on the right. (In this case, y going from 1 to x). 

Clearfx, y, f] 

f[x_, y_]: = 1 / (x y) 

lntegrate[f[x, y], {x, 1, 3}, {y, 1, x}] 

To reverse the order of integration, it is best to first plot the region over which the integration extends. This can 
be done with ImplicitPlot and all bounds involving both x and y can be plotted. A graphics package must be 
loaded. Remember to use the double equal sign for the equations of the bounding curves. 

Clearfx, y, f] 

« Graphics' ImplicitPlot' 

ImplicitPlotf{x == 2y,x == 4, y == 0, y == 1}, {x,0,4.1}, {y,0,1.1}]; 
fIx_,y_]: = Exp[x 2 ] 

Integratefffx, y], {x, 0, 2}, {y, 0, x/2}] + Integratefffx, y], {x, 2, 4}, {y, 0, 1}] 

To get a numerical value for the result, use the numerical integrator, NIntegrate. Verify that this equals the 
original. 

Integratefffx, y], {x, 0, 2}, {y, 0, x/2}]+ Nlntegratefffx, y], {x, 2, 4}, {y, 0, 1}] 

NIntegratefffx, y], {y, 0, 1}, {x, 2y, 4f] 

Another way to show a region is with the FilledPlot command. This assumes that functions are given as 
y=f(x). 

Clearfx, y, f] 

« Graphics' F illedPlot' 

FilledPlot[{x 2 ,9},{x,0,3}, AxesLabels —» {x,y}]; 

ff x _, y_]:=x Cosfy 2 ] 

Integratefffx, y], [y, 0, 9], {x, 0, Sqrtfy]}] 


85. \l\l^dydx« 0.603 


86 . 



dy dx « 0.558 


87. 



xy dy dx ~ 0.233 



dy dx « 3.142 
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89. Evaluate the integrals: 

r 1 r 4 x 2 

e dx dy 
JoJ2.v 2 

= J J e x dy dx + j' j e x dy dx 
= --b + -b|e 4 erfi(2) + 2 -Jn erfi(4)j 

»1.1494xl0 6 


The following graph was generated using 
Mathematica. 


y 



90. Evaluate the integrals: 


| 0 J 2 jc cos [y 2 j dy dx = x cos ^y 2 j dx dy 


9 r Jy 


sin(81) 


-0.157472 


91. 


Evaluate the integrals: 

lo (x 2 y-xy 2 )dxdy = \l\f in (x 2 y-xy 2 )dydx 


67,520 

693 


97.4315 


The following graph was generated using 
Mathematica. 



0.5 1 1.5 2 2.5 3 

The following graph was generated using 
Mathematica. 


y 



92. Evaluate the integrals: 

J o 2 | o 4 ' v2 dx dy = J 4 dy dx 

« 20.5648 


The following graph was generated using 
Mathematica. 



93. Evaluate the integrals: 

2 2 

f 1 —— dy dx 

Jl Jo x+y - 

= f f —— dx dy + f f — — dx dy 
JO Jl X+y J Jl J dy X+V J 

= -1 + In 0.909543 


The following graph was generated using 
Mathematica. 

y 
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94. Evaluate the integrals: 

f2 (-8 i p8 r^fx i 

, 3 / , , dxdy - I , , dydx 

Jl J r V* +/ Jl Jl V *+y 
« 0.866649 


15.3 AREA BY DOUBLE INTEGRATION 


r 2 [2—X j*Z 

!. JJ o dydx = \ 0 (2-x)dx = 


-i2 


2 X -f 


= 2 , 


Jo 


or 


Jo Jo" ' dx dy = Jo " (2 “ dy = 2 



1 23456789 


>’ 



\l\l/ydx = \^(4-2x)dx-- 


4x —x 


-a 


Jo 


= 4, 


or 


\T^y-&y 


= 4 


■ Ll-2 dxdy =L{- y2 - y+2 ) dy 


nl 


y y 


+ 2 y 


J-2 


(-3"2 +2 )-(f- 2 “ 4 ) 


■ U- y r d '“'yio( 2 y-y 2 )‘ l y 


2 y~ 

y -T 


~\2 


JO 


=4-1=1 
3 3 


5. J o J dydx = j e x dx = 


-iln 2 


= 2 - 1=1 


y 



y 




(In 2. 2) 


0 In 2 


X 
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10 - \i\ty ldxdy = \^ X t-y dy 

r 2 


In y 


= Ii ( ln y~ l+ y) d y = 


n 2 


y\ny-2y+ A- 


Jl 


■21»2-i 
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h 3, M* 2 


-il r 


JO L 


■|x 3/2 -2-x + 2x 


-4 


Jl 


11 

3 


x 


13. 




= 36—^ = 12 


14. 


\IC X dydx = ll(lx-x 2 )dx = [lx 2 -|* 3 J 

= 27 _o = 9 
2 2 


15. f f dydx 

JO Jsin x 

= | (cos x - sin x) dx = [sin x + cos x 

= (4 + T-)-(°+ 1 )=V2- 1 


nt 4 
0 


* Cl 


dxdy = 


4—4 


-i 2 


J-l 


y 2 )dy 
(2 + 4-f)-(l-2 + i) 


=5-1=9 
2 2 



y 


>• = COS X 



4 



pO pi— X rZ rl—X 

17. ay dx + dydx 

J-\j-2x JO j-x/2 

= j °i t 1 + *) dx + Jo ( 1 - 2 ) dx 

.[ Jt + 4] 0 ]+ [,-4]C-(-l + l) + (2-l): 


r 2 A-x 
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r2 r»0 r4 r^fx 

18. J J .•, dydx+ J 0 J 0 dydx 

rl 


Jo JO 
r4 


I-(H) 


4 *-T 


-If* 3 ' 2 


,16 = 32 
3 3 


2 

y • * -4 


/////! 

////4 

ftffi 

///<y 

//// 



V2 


19. (a) average = sin (x + y) rfy dx = --y j^[-cos(x + j)]q dx = -y-J*[-cos(x + tt) + cos .r] dx 

= -y[-sin(x + n) + sin x]q = ^y[(-sin 2^ + sin ;r)-(-sin /r + sin 0)] = 0 


(b) average = 


1 r7T rn! 2 . J r7T r -\7r/2 l f^T / 

J o sin(x + y) dydx = 2 Jq [ _ cos(x + j)J q dx = -yJ q |^-cos(x + -|-J + cos x 


dx 


-sin^x+yj + sinx = -y (-sin yll + sin 7r)-(-sin-?^ + sin o) 


20. average value over the square = j\xy dy dx = d x = dx =3- = 0.25; 


i pi p\l—.X ^ pi 

average value over the quarter circle = 77TJ 0 J 0 d}’ dx = yl 

UJ U 




2 


dx = 


iJoV 


x 3 I dx 


til 


X_x_ 

2 4 


JO 


= ss 0.159. The average value over the square is larger. 


21. average height = |J Q J“(x 2 +y 2 j dydx = |J ( 


2 , y 

x y + r 


-|2 


m 


dx = T 2x + \dx = T 


I p2 In 2 p2 In 2 , , p 

n, average =——- dydx =—^ 


2 In 2 rIn v n21n2 


4 Jo V 31 2 

-2 In 2 


X , 4x 
3 3 


n 2 


JO 


dx = —J—r f —(In 2 + In In 2 - In In 2) t/x 

(In 21 2 Jin 2 x V J 


Jin 2 On 2) 
= 1 


= = (ih) [ ln x t n 2 2 = (jh) ( ln 2 + In In 2 - In In 2) 

23. The region R is shaded in the following figure. 



R U 


2-x 


l dy dx 


4 -x 2 -(2 — x)) dx = | y 


V4-x 2 +2sin 3 — + X 


2 ^ 

2x 

2 2 


■ n-2, where 


0 


we use integration by parts with u = x/4-x z and dv = 1/2 to find 


..2 — a j.. |^4-x 2 c/x. Geometrically, the region R 

is a quarter of a circle of radius 2 with a triangle of area 2 removed, giving area n — 2. 
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24. The area of the region R is 4 times the shaded in the following figure. 



The area integral will be easy to compute in polar coordinates, but in rectangular coordinates the calculation is 
awkward. 


JJ dA = 4 

R 




1 dy dx + 



1 dy dx 


= 4 


( V3 7T^\ ( 2n 

r + u) + {T 




= 3 71 


(As in Exercise 23, use integration by parts to evaluate the integrals Jy4 — x 2 dx and J y\ - xdx. ) 

Geometrically the area is the difference between the area of a circle of radius 2 and the area of a circle of radius 
1, or An —7t = 2)71. 


25 - dydX = 10,000 ( 1 -<r2 )l-s(Pd = 10,000 ( 1 — e “ 2 )[L°5lj + lo iff 


10,000(l-e“ 2 ) -21n(l-|)J° +10,000 (l -e“ 2 ) 21n(l+j) 

10,000(l-e“ 2 ) 21n(l+j)]+10,000(l-e' 2 ) 2 ln(l + |)] = 40,00()(l-e“ 2 )ln« 43. 


-.5 

-0 


,329 


26. lolc ' WQ(y+\)<hdy = ^[\W(y+\)xf* y dy = ^m(y+\)[ly-2y 2 ^dy = 2W)^[y-y i }dy 
: (200) (j) = 50 


= 200 


2 4 


-il 


JO 


27. Let (Xj , y t ) be the location of the weather station in county / for 1 = 1, ...,254. The average temperature in 

254 

t.T(x i ,y l )AA i 

Texas at time t 0 is approximately —---, where T(x i ,y j ) is the temperature at time at the weather 

station in county i, A A i is the area of country i, and A is the area of Texas. 


28. Let y = f(x) be a nonnegative, continuous function on \a,h\. then A = jjdA = j * dy dx = J dx 

R 

= J b fix) dx 

Ja 


29. Since / is continuous on R, if m < f(x, y) < M, property 3(b) of double integrals gives us 
JJ m dA < JJ f(x, y) dA < JJdT dA and hence niA(R) < jj f(x, y) dA <MA(R). 

R R R R 
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30. If f(x, v) is positive at some point P in R or on the boundary of R then by the continuity of / there is a 
disk of positive radius around P (or if P is on the boundary, the intersection of such a disk with R) on which 

f(x, y) is positive. This sub-region will make a positive contribution to the area jj/ (x, y) dA , and since 

R 

f (x, y) is never negative, jj f(x, y) dA will be greater than 0. This contradicts our assumption that 

R 

Jf/t* , y) dA = 0 , so f(x, y) is positive nowhere on R and is thus equal to 0 at every point of.#. 

R 

15.4 DOUBLE INTEGRALS IN POLAR FORM 

1. x~ + y~ = 9 2 => /' = 9 y < <9 < 2n, 0 < r < 9 

2. x 2 +y 2 =1 2 =>r=l,x 2 +y 2 = 4 2 =^>r=4=>-f <#<f,l<r<4 

3. y = x=>6 = -j,y = -x=> 0 = ^f-, y = 1 => r = esc <9 => y < 0 < r <csc# 

4. x = 1 => r = sec#, y = V3x => # = y => 0 < # < y, 0 < r < sec# 

5. x 2 +y 2 = l 2 => r = 1, x = 2^3 => r = 2>/3 sec#, y = 2 => r = 2 esc#; 

2V3 sec# = 2 esc# => 6 = y => 0 < 0 <y, 1 < r < 2-73 sec#; < # <y, 1 < r < 2 V 3 esc# 

6. x 2 +y 2 = 2? => r = 2, x =1 => r = sec#; 2 = sec# => # = y or # = -y => -y < # < y , sec# < r < 2 

7. v 2 -Ty 2 = 2 jc => r = 2 cos# => -y < # < y, 0 < r < 2 cos # 

8. v 2 + y 2 = 2y => r = 2 sin # => 0 < # < 7T, 0 < r < 2 sin # 

io - + ^ 2 ) dxdy =n: r3 dr d °=^z /ide= t 

11. j Q j^ [x 2 +y 2 j dxdy = j* j Q r 3 dO = 4j* dd = 2n 

C a C'la 2 -* 2 r2;r ~2 p2;r 2 

J J p —jdydx = ) o r dr a6 = aO-na 

r 6 rV r7tl2 r 6 CSC 6 9 rn!2 ^9 r ? 1^/2 

13. f (V jc tfccrfy = F , r cos 6 dr dO = 72 [ cot 0 esc 0 dO = -36 cot 2 # =36 

JO JO Jtt/4 Jo Jfl74 L -1^/4 
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14. f f ydydx=\ f r 2 sin 6 dr dO = f- f tan 9 sec 2 8 dd = 4 
Jo Jo * Jo Jo 3 Jo 3 


15. 

16. 

17. 


f dydx=\ K 9 rdrd0=\ n (|-sec 2 0-^csc 2 d\ dd = (~-|tan^ + ^cot d\ =2-^3 

Jl Jl J J^/6 Jcsc 9 Jtt/6 V 2 2 1 L2 2 J^/g 


Cjr/4 ry/3 seed 


-\n! 2 


(2 rv . . r^/2/-2csc0 . c/r/4/ 9 „ , „ r „ t „~\ n 

1^2 fev dydX = 1/4 l 2 r dr dd = 1/6 ( 2CSC ~ 0 ~ 2 ) d0 = [-2 COX6 -2 e \, A = 2 -f 


LV-W^v^^ = ^ // ^ rfr ^ =2 ^^° 1 ( 1 “^)^^ =2 ^ (1 “ In2) ^ =(1 “ ln2) ^ 


r’in/l f l 


3?r/2 ft/ 


rhjlll . 


18. 


19. 

20 . 


fl rVl-Jc 

J-iJ-Vt 


—iJ—yjl—x 


(i +x 2 +y 2 )" 


rn!2 r 1 r* r ir/2V i "l^ rn!2 

dy dx = 4\ f — dr dO - 4[ - Kr dO = 2\ dQ - n 

JO J 0 /,,„ 2 \ 2 Jo L l+r 2 Jo Jo 


M 


In2 J(ln2) 2 V 


r\ 

Jo Jo 


e V A +l dx ^ — J re r drdd = j^ (2 In 2 -1) dd = y (2 In 2 -1) 


n/2 , 
0 


-^ln^x 2 +y 2 +lj dx dy = 4| q J4n|r 2 +lj r dr dd = 2j o (ln4-1) dd = ?r(ln4-l) 


fl ryj2—X^ p7tI2 fV2 . f 

21. (x + 2 v) dv d!x; = (rcos# + 2rsin#) r dr dO = 

JO Jjc J;r/4 JO J; 


*/2 

;r/4 


-yCOs6> + ^t-sin6> 


nV5 


dd 


JO 


= Jw4 (^# cos ^ + sm 6>) ^<9 = 


2^2 


sin 8 ■ 


4^2 


-\n!2 


cos 8 


2(l+V2) 


-n! 4 


22 . 


ft 


y[2x—x 


rnl 4 p2cos# i r 

av dx = -x r dr dd — 

J JO Jsec6> r 4 J( 


pm 


w/4 


= [i (9+ i sin26 '-| tan6, J /4 


16 


1 


-|2cos0 


2 ; '“ JsecP 


</0 = 


ro 


7cos 2 ^--^sec 2 d8 
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25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 



rjrll f2%/2—sin20 rnll. 

J r dr d6 = 2j (2-sin2(9) dO = 2 (tt -1) 

rn/2 fl+cos0 . r7r/2/ „ ? \ . o,,, 

^4 = 2j o j ] r dr dO = |2cos0 +cos“ dO = ^ L 

rnt(> rl2cos30 , , . r^/6 o _ , „ 

^4 = 2 f [ rdrdO = 1441 cos 2 36* dO = \2n 

Jo Jo Jo 

A= \~ K \ 4m r dr dO = f[ 2 * O 2 d0=^£- 
Jo Jo 9 Jo 27 

A = r [ 1+Sin0 r dr dO = 1 r /2 (l + 2sin^-^) dO = if+ 1 
4 = 4j o 7r/2 ^“ C ° S0 r dr dO = 2^J 2 (^-IcosOdO = ?f-4 
average =^l„" 2 f“n/« 2 -a 2 *dO = -A_|'' 2 „ 3 rf9 = f 
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r~2 2 * 

pyla -x 


35. average = -±r ^/dr dd = £ ^ dd = 


2a 

3 


36. average = +3 ;2 dy dx =-^ J~^^(1 -rcos#) 2 +r 2 sin 2 6*J r dr dd 

R 

- iJo'JoP-- 2 '' 2 ' C 0 S H < de -= ^ 

37 - jf jf(*7^) r drd6 = if if 2 ln r Jr d9 = 2 \f\- r ln r - ■ r t de = 2 \f Je [(i - ! ) + ! ] dd = 2;r ( 
3s - drd ° =ioTw drde =j o 2 ;r [ (inr) 2 ]/ 0 =j>=^ 

pull. rl+COS# 9 -> cnlll 9 9 4 \ 

39. F = 2j o j r 2 cos# dr dd = j j |3cos" d +3cos 3 0 +cos 4 6\dd 


2 | 15^. + s i n 25» + 3sin6 , -sin 3 d + 


-nil 

-0 


4 , 5n 
3 8 


40. 


V = 4f* /4 j^ 2C ° S 29 r\l2 - r 2 dr dd = - j j^ /4 (2 -2cos2i9) 3/2 -2 3/2 ] dd 
= 2nA_31j- l4 ^_ cos 2^ sin0d0= 2nA_31 


- - COS d 


_ 6a-V2+4oV2-64 
9 


o rco poo —(* 2 +V 2 ) rn!2 rttl _..2 \ p7r/2 f/? „ 2 

4L (a) /_= Uo e ■ ] dxdy = [ ) J o ( e \drdd = l [um^re dr 


-(x 2 + y 2 ) 

" ^ “ Jo Jo r / “ 

=-ir «s,K ->) ■^= iC de -- c* ■ 1 -f 

(b) i i f.lo 2 5r‘* = if«" e "' , ‘* = (i)(#) =1 - frompar,(a) 


dd 


42 p p—i— dxdy= r z r^_ dr de= K Hm r^_ dr = i iim 

0 o ( 1+x 2 + ^ 2 ) 2 ' Jo Jo ^ &-»(»Jo p r 2 j 2 


-1 b 


T , lim fi-rrr 


L l+r‘ Jo 4 b->a o\ 1+6 


_ _7T 

4 


43. Over the disk x 

pin 


+? 1 [-W'-^r* ' 

R 

=Jo ^ ( _ 2 in {) d ° = (in 2 >r dd= ^ in 4 


dd 


Over the disk x~ +y~ < 1: 

= if 'nu [4 ln (l-« 2 ) 


r2n 

ll 

a—>1 _ L 

2 . 2 1 

V +J < 1 


-V 


dd = 2n ■ lim —k 
a^r 2 


f — ^ r -— dr dd = f 

lim dr 

O 

—> 

N 

5*» 

O 

|_a—>r 0 1—/' 2 J 


dd 


J-ln|l-a 2 j =2^ ■ 00 , so the integral does not exist over 
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44. The area in polar coordinates is given by A = f [ rdrd6=\ 

J a JO J a 

where r = f{9) 


L 2 JO 


/(*) 


d9 = \\ P f 2 (0)dO = f P \r 2 dO 

^ Jar Jar * 


45. average = -^r\" K \ a \(rcos6-h) 2 +r 2 sm 2 6 
na~ JO JO L 


m. 2 ' i;f- : 


r dr d9 = —1 ' |_ |/•■’ - 2r A h cos 6 +rh 2 ^ dr dO 


_ 1 f 2n ( a* 2a 3 hcosd a 2 h 2 ^\ j n _ i i a 2 2ah cos<9 , h 2 \ jn _ 1 

“^ 7 Jo |r-3 — + —) d9 -*)o It—— + -) de -7 

= + 2/? 2 


a 2 e 2ah sin 0 
4 3 2 


3;r/4 r 2sin0 


46. A= \ n f 

J/r/4 Jcsc# 


r dr d 0 


- 2 " j 3 ^ 4 (4sin 2 6- esc 2 0 j dO 
■ j [20 - sin 26 + cot d?] 


,3jz-/4 _ 
n!\ “ 2 


47. The region /t is shaded in the graph below. 




2 2 2 2 

The polar equation of the outer circle is just r = 2. The inner circle is x + (y - 1) =1 or x + y =2 y. This 

9 

is equivalent to r = 2rsind? or r = 2 sin <9. The integrand is r in polar coordinates, so 

\U x 2 + y 2 dA=V\l^ 9 r-rdrdO 


dO = 


2 sin 9 


j;k 


1 - sin 3 0 j dO 


Write the 


integrandas j|l-sind?|l-cos 2 The indefinite integral is then + cos d’-jcos 3 Oj and the 


definite integral is ^ d?+cosd?-jcos 3 0 


= -(3tt-4) 
9 
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48. 


The region R is shaded in the graph below. 



As 9 ranges from 3 tt/ 4 to 5 tt/ 4 the ray at angle 9 enters R at r = sec 9 and leaves R at r = sfl. Thus 


r 2 

r57t/4 

f A 






dA = 


—‘A 

■r dr d 9 





1 J 

3?z-/4 

Jsec# 







*5^/4 

1 _2 

^ , r W4 i/ 2 

\ , 1 

r 5tt/4 

i /4 1 

* 1 

= 


—r 

d9= — 2cos“ 9 — } 

\de = - 

f cos2 9d9 = 

—sin2 9 


J 

3^/4 

2 

sec 9 J 3^/4 4 V 

I 4 

hn/4 3 

8 

7 t /4 4 


49-52. Example CAS commands: 

Maple : 

f := ( x i Y ) ■> y/(x A 2+y A 2); 
a,b := 0,1; 
fl := x -> x; 
f2 := x -> 1; 

plot3d( f(x,y), y=fl(x)..f2(x), x=a..b, axes=boxed, style =patchnogrid, shading=zhue, orientation =[0,180], 
title="#49(a) (Section 15.4"); # (a) 

ql := eval( x=a, [x=r*cos(theta),y=r*sin(theta)]); # (b) 

q2 := eval( x=b, [x=r*cos(theta),y=r*sin(theta)]); 

q3 := eval( y=fl(x), [x=r*cos( theta),y=r*sin(theta)]); 

q4 := eval( y=f2(x), [x=r*cos(theta),y=r*sin(theta)]); 

thetal := solve) q3, theta ); 

theta2 := solve) ql, theta ); 

rl := 0; 

r2 := solve) q4, r ); 


plot3d(0,r=rl..r2, theta =thetal..theta2, axes=boxed, style =patchnogrid, shading=zhue, orientation =[-90,0], 
title="#49(c) (Section 15.4)"); 

fP := simplify(eval) f(x,y), [x=r*cos(theta),y=r*sin(theta)])); # (d) 

q5 := lnt( Int) fP*r, r=rl..r2 ), theta =thetal..theta2 ); 
value) q5); 

Mathematica : (functions and bounds will vary) 

For 49 and 50, begin by drawing the region of integration with the FilledPlot command. 
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Clear[x, y, r, t] 

«Graphics'FilledPlot' 

FilledPlot[{x, 1}, {x, 0,1}, AspectRatio —>1, AxesLabel —» {x,y}]; 

The picture demonstrates that r goes from 0 to the line y=l or r = 1/Sin[t], while t goes from ji/ 4 to ti/2. 

f:=y/(x 2 +y 2 ) 

topolar={x -»rCos[t], y —> rSin[t]}; 

fp= F.topolar //Simplify 

lntegrate[r fp, {t, ji/4, n/2}, {r, 0,1/Sin[t]}] 

For 51 and 52, drawing the region of integration with the ImplicitPlot command. 

Clear[x, y] 

«GraphicsTmplicitPlot' 

ImplicitPlot[{x==y, x==2-y, y==0, y==l}, {x, 0, 2.1}, {y, 0,1.1}]; 

The picture shows that as t goes from 0 to ji/4, r goes from 0 to the line x=2 - y. Solve will find the bound for 
r. 

bdr=Solve[r Cos[t]==2 - r Sin[t], r]//Simplify 
f:=Sqrt[x +y] 

topolar={x -» r Cos[t], y ->■ r Sin[t]}; 

fp= F.topolar //Simplify 

lntegrate[r fp, {t, 0, Jt/4}, {r, 0, bdr[[l, 1, 2]]}] 
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15.5 TRIPLE INTEGRALS IN RECTANGULAR COORDINATES 

rl rl— X rl rl rl— X 

L Jo Jo Lz F{X ’ y ’ Z)dydzdX = \o\o 

r 1 r n s n s (l-x) 2 1 , r'd-x) 2 , I" (l-x) 3 ] 1 i 

= j 0 ^(l -xy -*(1 -x)-—J dx = j 0 — dx = y ? 


| dy dz dx = J J (l-x- z) dz dx 


2. j‘| o 2 | o 3 dz dy dx = J J~ 3 dy dx = J 6 dx = 6, JoJoJo dz dx dy, J J" J dx dy dz, J” J J dx dz dy, 

3 12 13 2 

JoJjo dy dx dz, lololo dy dz dx 


3 - Jo jt 2a jj 2 dz dy dx =Jo jr t 3 - 3x -i v ) dy dx 

= Jo t 3 ^ 1 “ ^ ^ “ 4 ’ ^ 

= 3 J(/ 1 -x) 2 dx = -(l-x) 3 ] o =l, 

p2 pl-y/2 p3-3x-3y/2 pi p3-3x p2-2x-2z/3 

J 0 J 0 J 0 dzdxdy, J dydzdx, 

p3 pl-z/3 r 2-2x-2z/3 , , , r 2 f 3-3y/2 f l-y/2-z/3 , , , 

Jo Jo Jo dy dx ■ Jo Jo Jo dx dz dy ’ 

p3 p2-2z/3 pl-v/2-z/3 , , , 

Jo Jo Jo dx dy dz 




5. 



nnr^T**+*£,r i 


-2 Jy 


-dxdzdy, f oS *fed'*d' + £fe S ^d'»d'. 
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The projection of D onto the xy-plane has the boundary 

x~ + y = 2y => x~ + (y - 1) =1, which is a circle. 
Therefore the two integrals are: 


rz r\fzy-y~ r 

Jo J-^V J; 


2 + 2 dzdxdy and 


f l r lWl-x 2 rly i i i 
J 2+ 1 dzdydx 


z 



Jo Jo Jo t* 2 + y 2+z2 ) dz d y dx = Jo Jo t* 2 +y2+ fj d y dx = Jo (* 2 + 1) dx = 1 


8. Jq^Jq^J^j 2 dz dx dy = ^8-2x 2 -4 y 2 'jcbcdy = j d |^8x--|.r 3 -4 xy 2 ^ dy 


rV2 r 3.v 




i 3 - v 


if l 24 )’ ~ 18/ -1 2y 3 j dy ■■ 


12 y 2 -fy 4 


-0 


= 24-30 =-6 


9. f f f —dxdydz={ [ dydz=\ f — dydz = ?>[ dz =\ - dz =6 

Jl Jl Jl xyz J Ji Ji |_ yz Jj J Jl Jl yz J Jl |_ z Jj Jl z 


10 - Jo Jo 3A Jo 3 ' } dzdydx = Jo Jo 3 ' @-3x-y) dydx = J^(3 -3x) 2 -^-(3 -3x) 2 J dx = -x) 2 dx 


{1-xY 


,nl 


JO 


11. Jo 1^2^ sin z dxdydz = J o 5j> sin z dydz = sin z dz = 


r r/6 r 1 < 
Jo Jo" 


n!6 


5(2 -41) 


12 . J j J 0 Jo ( x+ y +z ) d y dx dz = J 1 Jo = x y + \ y 2 + z y dx dz ~ J i Jo +2+2z ) ^ z 


rl rl 




x~ +2x + 2 zx 


I 1 r 1 

c dz = (3 +2z) dz = 

Jo J -l 


3 z + z 


-i2 

1 

Jo 

1 J 1 
--1 


rl rl 


= 6 



\f^dzdydx = \l\f^4 9^ 


dy dx = 19 - x~ j 



= 18 


14. 




\l/2 


j 0 2 j_^r v dzdxdy = \i\^f/ {ix+ y )dxdy = fof +xy Yjfy dy= fb~ yi r (2j) dy 
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15. 


id r sr y dz dy dx= id \t (2 _ x _ dy dx= id [ (2 ■ x)2 



= "-k2--r) 3 



1 

6 


16. j o j o x dz dy dx = x{\-x 2 -yj dydx = f^x |l-.r 2 j -^(l—x 2 ^ dx = J^d-x^l -x 2 j dx 



1 

o 


12 


17. J | cos (u + v + w) du dv dw = J J [sin (w + v + n) - sin (w + v)] dv dw 
= [(-cos (w + 2ji) + cos (w + n)) + (cos (w + n) -cos w)] dw 

= [-sin (w + 2;r)+sin (w + n )-sin w + sin (w + tt)]q =0 


18. | 0 f |j s e r * '"I * dt dr ds = J Q ^seMnrj y(i n p) 3 dr ds = J Q ^-Xnrdrds 


r 1 r Ve/ 


ft fVe s e s 

~T 


= f<fT V^r-r]f ds=^fij l o se s ds 


2-yfe 


s s 

se —e 


. ~il 


2 -yfe 


JO 


rx/4 rlnsecv rlt . rn!\ rlnsecv / j, h\ , , enl4 rlnseci' 7 , . . 

19. [ [ f e x dxdtdv=\ f lira [e 2t -e b \dtdv= f [ e 2t dt dv 

Jo Jo J -00 Jo Jo 00 V / Jo Jo 


K ^i\_ 2 In sec v 


C ni^i 

~ JO \ 


i)*-r( 


7r/4l ssiv-d\ dv = 


tan v v 

~2 2 


-|7t/4 


Jo 


J_ 7t_ 

2 8 


20. f [ [^ JL dp dq dr = [ ? [ ‘ ? ^ 4 ? dq dr = [ 1 

Jo Jo Jo r +1 ' v Jo Jo r +1 Jo 3(;-+l) 






f l rl-X pi—Z 

21 • w J_i Jo J x 2 dydzdx 

(d) idid"'f$*** 


rl rl-Z 

(b) JoJ-VwJx 2 dydxdz 

^ i\%,V dzdxdy 


(c) jX'jS*** 


m —'Jz 

| c/y dz dx 

(d) 

I 1 lo !o ^' Y ^ 


m -4~z 

( dydxdz 

r 0 rl r_y^ 

(e) J-1J0J0 dzdxdy 


23. F = 


Idl-ilo &<fy ^ = |dlV 2 dydx=±j l o dx= § 


rl r—yfz rl 

(c) J0J-1 J 0 &fi? J ;fife 


rl rl—X r2—2z rl rl—X rl 

24 - F = lolo lo ^^ = Jolo (2-2 z)*^ = J o [2z-: 


-il-x 


JO 


dx = 




x u/x = 


*"T 


JO 
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• f =( ft- d y dx = tfjfv* ^ dx = 


dx = 


-|(4-x) 3/2 +j(4- 


= f(4) J, --T(16)=f-4=- 


1-1 1-0 —y , ft f 0 

26 . F = 2 /—j dz dy dx = -2 /—x 

JoJ-vi-x 2 Jo ' JoJ-Vl-x- 


y dy dx = J o |l -x 2 j fife = 


27. V = \o\o ^Jo 3 ' 3y ' 2dzdydx = J 0 J 0 2X (3-3x-|j)efyefe = j^6(l-x) 2 -|-4(l-x) 2 
= | 3(1 - x) 2 dx ■ 


dx 


<i-xr 


28. F = Jo Jo * j™ s(7rxl2) dz dy dx = j^ 1 'cos dy dx = ^(cos^) (1-x) dx 

= j^cos fife- j^x cos dx = ^ sin J* ” M cos u du [cos u +u sin ;/] 

=±- 4(f-i)=4 

V 2 / ^r 2 


W2 

0 


fl fVl—X Z rVl~x z ... fl f V 1 —X 2 / 9 " rl / o\ 

29. F = 8jJ J fife dy dx = 8 j J vl-x 2 c?x =8 Ml-x 2 j 




30. 


F = loJo"' r - y<izd y dx = \l\T ( 4 -x 2 -y) d ydx = \l ( 4 -x 2 ) Z -i(4-x 2 ) 


dx 


= if 0 2 (4-x 2 ) * = | 2 ( 8 -4 x 2 + 4)* = # 


15 


f =a^ /2 r dx dz dy = dz ^^ 

= IqW 16- ^ 2 dy — ^Jq J'V 16— j ;2 4’= W 16_ 


= 16 (f)4(16) 3/2 =8.-f 


yj\6-y 2 +16 sin 1 2- 


+ 


Jo 


M 16 -4 


, 3 / 2 1 4 
-0 


32. 


p 2 1 * 9 /4-x z r3 — x f 2 j-V4-x 2 r 2 I 9 "" 

F = J 7 J / 2 j Q fife (iy fife = J r— j(3-x) £?y efe = 2J ^(3-x)V4-x fife 

= 3 j* - ^ 2>/ 4 — x 2 fife-2 J^x-nA- x 2 fife; 

= 12 sin -1 1-12 sin -1 (—1) = 12(f )-12(-f) = 12;r 


A4-x 


k^4-x 2 +4 sin 1 ^ 


J-2 


/ 9 \3/2 

( 4 -) 


-2 
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r2 p 2—x r4—2x—2y r2 r2—x( 

33. f f f ' dz dy dx = \ f (3 -^---%-)dydx 
Jo Jo }(2-x-y)/2 J Jo Jo \ 2 2 ) - 


1 Jo [ 3 0 ~f ) ( 2 - x >~f ( 2 - ] dx = J ( 


6-6x + ^-M 


(2-x) 3 


n2 


6x - 3x + + 4 


= (12-12+4 + 0)-^- = 2 



34. 


dx dy dz = jo 4 /: (8 -2 z) dy dz = (8 — 2z)(8 -z) dz = ^64 -24z +2z“) dz 


= I 64z -12z 2 +-|z 3 




320 

10 3 


35. 


V = 2 j ^ jj — ^ + dz dy dx =2 J ^ _ ^ (x + 2) dy dx = J ^ (x + 2)^4-x 2 dx 

= j~ 2 2^4 -x 2 dx + J 2 ? xyj4-x 2 dx = j" xxf4- 


2 . . _i r 

- x + 4 sin ± 


-M 4 -* 2 ) 3 ' 2 T - 4 (f)- 4 (-f) 


36. 


V = 2 Jo Jo 1 JJ +> dz dx dy = 2 1 [x 2 +y 2 ^ dx dy - 2 


\ + *y 


dy 


i nl 




Jo 




37. average = | J“ J Q j"(v 2 + 9 j dz dy dx = ± J~ J“ ^2x 2 +18 j dy dx = | J Q "(4x 2 + 36j dx = y 

38. average =4 m (x + y-z) dz dy dx = j J J (2x + 2y — 2) dy dx = J- J (2x -1) dx = 0 

39. average = JqJq Jo(' t2 +yl + z2 )dzdydx = J^J^x 2 +y 2 +1) dy dx = j^x 2 +^jdx = 1 

2 2 2 2 2 2 

40. average = J J j xyz dz dy dx = -J-1 J xy dy dx =^Jxdx = l 

m 2 4cos(x 2 ) »4 r2 rx/2 4 cos(.r 2 ) -4-2 xcosfx 2 ) r4/sin4\ _l/7 

2 v dy = Jq Jo J 0 -^T 1 ^ dX dZ = J) Jo dX ^ = Jo (^) Z dZ 


= (sin 4)z 


1/2 




= 2 sin 4 


= 4 n 
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42. J J J 2 12 xz e A '’ dy dx dz = J Q 12 xz e zy dx dy dz = 6yz e zv dy dz = J 


3e zy ~ 


■ il 


dz 


JO 


\dz - 3 


Z 

e —z 


- 3e-6 


ai r 1 r 1 r ln 3 n ^ x sin| 
43 ' JoJ^/rJO y 


Uy 2 ) (-1 (-1 4a-sin Uv 2 ) r l pv 3 4s-sin(^v 2 l 

- dx dy dz = j Q J^_- -j - dy dz = j Q j Q - -5 - dz dy 


J o Any sin {^ry 1 j dy = - 2 cos|;ry 2 j = — 2 (— 1 ) + 2 ( 1 ) 


= 4 




2 r4—x x sin 2z 


<£t = f f 

Jo J( 


4 f 74-2 / s j n 2z 


0 \ 4-z 


■ <fx dz = j( 4 ~ z ) dz 


-tCOs2z] = 

1,1-2 
-T + T sin z 

L 4 Jo 

4 2 


sin 2 4 
2 


ft r4—a—x 2 r4—x 2 —y 


45 . f f f 

JO JO J a 


dz dy 7x = 2 jr => J" ^ a ' ^4 -x 2 -y-a^jdy dx 


■Jo (4 -«-x 2 )“-|(4 -a-x 2 ] 


dx = => y j^4 - a - x 1 j 7x = 4L => 


15 


J (4-a) 2 -2x 2 (4-a)+x 4 


dx 


15 


( 4 -a) 2 .r-|x 3 ( 4 -a )+4 


-il 


Jo 


= j|=>(4-a ) 2 -2(4-a)+1 = A^ > i 5( 4 _ fl )2 - 10 (4-a)-5=0 


5 15 


• 3(4 - a ) 2 -2(4-a) -1 =0 => [3(4-o) +l][(4-fl)-l] = 0 4-a = or 4-a = l^a=^ or a = 3 


46. The volume of the ellipsoid 2— + 2_ + ^_ = i ; s 4abcn S o that = 8 ;r => c = 3. 

a 2 b 2 c 2 3 3 

47. To minimize the integral, we want the domain to include all points where the integrand is negative and to 
exclude all points where it is positive. These criteria are met by the points ( x, y, z) such that 

777 777 

4x +4y~ +z -4 < 0 or 4x +4 y~ + z~ <4, which is a solid ellipsoid centered at the origin. 


48. To maximize the integral, we want the domain to include all points where the integrand is positive and to 
exclude all points where it is negative. These criteria are met by the points (x, y, z) such that 

777 777 

l-x -y -z~ > 0 or x~ + y~ + z < 1 , which is a solid sphere of radius 1 centered at the origin. 


49-52. Example CAS commands: 

Maple: 

F := (x,y,z) -> x A 2*y A 2*z; 

ql := Int( lnt( lnt( F(x,y,z), y=-sqrt(l-x A 2)..sqrt(l-x A 2)), x=-l..l), z=0..1); 
value( ql); 

Mathematica : (functions and bounds will vary) 

Clear[f, x, y, z]; 

f:= x 2 y 2 z 

Integrate[f, {x,-l,l}, {y,-Sqrt[l-x 2 ], Sqrtfl — x 2 ]}, {z, 0,1}] 
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N[%] 

topolar={x ->rCos[t], y -»rSin[t]}; 

fp = f/.topolar //Simplify 

integrate[r fp, {t, 0, 2n}, {r, 0, 1},{z, 0,1}] 

N[%] 

15.6 MOMENTS AND CENTERS OF MASS 


1. 3 dy dx = 3 J* o ^2 -x 2 -xj dx = A/ - v = J 0 J ~ 3x dy dx = 3j Q [xy]^ x dx 


= 3j ( J(2x-x 3 -x 2 )<fr=-f; M x = j' * 3y dy dx = |J ( ' y 2 dx = -5x 2 + x 4 ) dx = y 


^.r= S and J=§ 


2. M = S f f dy dx = S [ 3 dx = 9<5; I x = <5 f f j 2 dx = 5 [ 

*0 JO JO JO JO J( 


3 r 3 


~|3 


dx = 218\ 


JO 


4 = 


8 f f x~ dy dx = 8 f x~y dx = 8 f 3x 2 dx = 218 

Jo Jo x Jo L Jo Jo 


M = \]\% dx dy = Jo( 4_3 '~£) dy = T ; M y = Jo ^ dy = i\l[ x %"i2 dy 

= 2 Jo [^-Sy+y 2 -^dy=^f- M x = £y dx dy = J Q “ ( 4 y -y 1 -^jdy 


64 


3 and j = 


--1 
7 


r 3 p3 — x r 3 n r3 p3 —x f^r i3-jc r 3 / 

4 - M = Jo Jo dy dx = Jo ~ x ^ dx = 2’ M y = Jo Jo * dy dx = Jo M ’ dx = Jo\ 

=> x = 1 and y = 1, by symmetry 


r3 /*3 —x 


r x dx = J o 13x - x 2 dx = j 


5 - M = Jo J"/^ d y dx= ^T’ M y = Jo x </y </x = [xj/]q " x (& = Txa/ 


£ 


■rja 2 -x 


SO JO 

■x-y =jf, by symmetry 


la 2 -x 2 dx =-y 


rn rsinx „ C^rsinx , r;zT 2 

M=j o j 0 dy dx = J Q sin x dx = 2\ M x = J q J q P^^yJoL 3 ' 
= (1-cos 2x) e?x =-| => x =-| and y = | 


JO 


dx = 4- f sin 2 x dx 
2 Jo 


7 - ^ = L 2 2 |5tc y 2d y dx = \l 


-1V4-X 


J-V4 


r 2 / 2 \3/2 

fi?x=jJ _^4-x I dx=\n\ I y = An, by symmetry; 


4 = 4 +I y = %* 


tin (-(sin 2 x)/x 2 2 r2;r/ -2 \ i f2tf 

8. I y = J ' x dy dx = J I sin“ x-Oj dx = ^-J (l-cos2x)ax 
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r u re pU x r U v . A p U p C p U ^ 

9. M = dy dx=\ e dx = lim e dx = 1 - lim e =1; M v = xdy dx=\ xe' dx 

J-ooJO J-00 b->- 00 y J-00 Jo J—GO 

= lim f xe x dx= lim \xe x -e x l =-l- lim [be h -e b \ = - 1; M = I" f y dy dx = Jr f e 2x dx 
b^-ooJb b^-o oL J* 6 ->.-goV / J-ooJO ' 2 J-oo 

1 # pO Tv 1 _ _ 1 

= 4 lim e ' dx =4 => x = -1 and y = 4 

2 6^-go J * 4 4 


O e-r/2 . p/? — x 2 /2 

x dy dx = lim xe dx = - lim 

0 A^goJo 


2>-» GO 


-|£> 


JO 


1L M =JoJ-;' ^ + y)^dy = j ( 


■ 2 ir-r r 2 f v 4 2 o 
^T+ZZ dy = J 0 K-- 2 J 3 + 2 / |^ = 


f2 py - ■'_y 2 p 

h = J 0 J 7 (x + y) dx dy = J ( 


j-v 


fV , 3 

—i-+*y 


10 2 3 


JO 


15’ 


y-y 

J -y 


dy = {“ ^ - 2y 5 + 2y 4 j dy ■ 


64 . 
105 ’ 


f V3/2 Jl2-4y 


■v/3/2 


i2. 5xdxjy= 5 {_^; 


nV 12 - 4 r 2 


dy = f £^ 2 (l 2 - 4y 2 -16y 4 ) dy = 23^3 


44/ 


13. M = | o J _ (6x+ 3y+3) dy dx = J o |^6xy+ -|y 2 +3y dx = J Q |l2-12x 2 j dx = 8; 

My = i:r x(6x + 3y + 3) dy dx = J^12x-12x 3 )dx = 3; M x y(6x + 3y + 3) dy dx 

= | o |l4 -6x-6x 2 -2x 3 j dx = ^ => x = -| and y = 


14. M= foi/ } (y+^dxdy =J^2y-2y 3 jdy =i; M x = 3 y(y +1) dx dy = J^2y 2 -2y 4 j dy 

M y = £ jyf ' +1) dx dy = ^2y 2 - 2y 4 j dy 

=<(y 3 -y 5 ) d y-i 


r I /o„2_o,4l^, = J_ - = A and v = -§-•/ = pf 

15 ^x 15 ana Z 15J 0 J 


_4_- 

15’ 


1 r 2 r-y 2, , 1W , 

v 2 Z (y +1) dx dy 


!5- M = | q 6 (x + y +1) dx dy = (6y + 24) dy = 27; M x = | q 6 y(x + y +1) dx dy = y(6y + 24) dy = 14; 

My = I ( ; lo x(x + y +1) dx dy = (1 8 y + 90) dy = 99 => x = J2 and y =iy; 

/>. = j; J Q 6 x 2 (x + y +1) dx dy = 216^ dy = 432 


16. M = j’ 2 (y +1) dy dx = + x 2 - 1j dx = || ; M x = £ 2 y(y +1) dy dx = -y- -y) dx = || ; 

M v , = | 1 1 2 x(y +1) dy dx = J -^---r 3 j dx = 0 => x = 0 and y = y; 
dy = J* 2 X 2 (y +1) dy dx = ^— J 2 - - X 4 j dx = || 
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17 • M =\' L _Sz] ( ly+v > dy dx = jli +x2 ) dx = 15 ; M x = |_.jJ 0 ' y^y +') dy dx = j|,+4) dx =if ; ; 

M y = | jJq x (Jy + 1) dy dx = | + * 3 ) dx = 0 => x = 0 and y = 77 ; 

I y = j"_l! J* * 2 (7>- +1) dy dx = + x 4 j dx = 7 


18 - M = l 0 2 °|ll( 1 + 2o) dy dX = Jo°( 2+ to) dx = 60; M x = J 0 20 |l^( 1 + 2o) ^ dx = Jo" ( 


1+— — 
20 11 " 


-|1 


dx = 0; 


J-l 


M y = O-A'+ii) dy dx = Jo°( 2x+ io) dx ==>* = ■T and y =o; 

] x = C JV t 1 + d y dx =f J 0 2 °( 1+ 20 ) dx = 20 


19 - M = lo l-y ^ +1 ^ dxdy = lo i 2y2 +2 y) dy = f ; M x = Jo y y ( y+v ) dxd y = 2 \\[y i +p 2 )< 4 =y; 

My = JJ^.rO' + l) dx dy = J Q 0 dy = 0 => J = 0 and y = y 7 ; I x = j 0 j^y 2 (y + 1) dx dy 
= (jl 2 j 4 + 2y 3 dy j = ^; I y = JJV (y +1) dx dy = j J* ( 7 / + 2 j 3 ) <4 = ^ => 4 = 4 + 4 = f 

20. M "lolly! 3 * 2 +l ) dxdy = \\{ 2yi + 2 yjdy=^; M x = y(lx 2 +l) dx dy = +ly 2 )dy = j|; 

M y = j! j 2 , x ( 3 ^ 2 +l) dx dy =0 => x =0 and y = I x = j^j^y 2 (3x 2 +lj dx dy = j^y + 2y 3 j dy = 

] y = Jo I-y x2 ( 3x2 + l ) dx dy = 2 f 0 (f > ;5 + ^ => 4 = 4 + 4 = f 


21 . 


4 = 


ati 


2 , 2 
y +z 


dz d y dx = Jo lo ( c 3 ;2 + T )dy dx = Jo ( 


■ + ^\dx = 


cb 


abc[b 2 +c 2 ^ 


. M 




where 


M = abc; I v = 


M 


I 2 , 2\ 
+c 


and 4 = 3 - 


' 2 ? 

a~+b~ , by symmetry 


22. The plane z = ^4^ is the top of the wedge => I x = f f (y 2 +z 2 dz dy dx 

3 j_3J—2J—4/3 \ 


-fX 

‘IX 


8/ 2/ 8(2-v) J 64 

3 3 81 81 

(4-2v) 3 , x 2 (4-2.v) , 4 ,y , 64 


dy dx = | dx = 208; 7 V =j! 3 j! 2 J^ )/ V +z2 ) <fe<fy<fa 


81 


- + 


+ 3 + 81 


dy dx = J 3 ^ 


3 / 12x 2 +%f}dx = 280; 


4 = 


|l 3 |l 2 lll/ 3 2 ' >/3 ( x2 +y2 ) dz dy <** = jl 3 J_ 2 ( x2 + y2 )[^-^) dydx =l 2 l! 3 (* 2 +2)* =360 


23. 


M = 4 Jo Id Jv * = 4 Jo Jo ( 4 “ 4> ’ 2 ) dx = 16 Jl I dx = f : ’ M xy= 4 Jo Jo J 4 / z 4v * 

= 2 Jo Jo(l6 _ 16-l’ 4 ) d)’ dx =7 y^ Jo A =122- z =-y, and x=y= 0, by symmetry; 
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7 *= 4 IoOv( y 2 +z2 ) dzdydx = 4 Jo/o ( 4y2 + f )~{ 4y4 + ^r) dydx = 4 J<[@ dx = W’ 

J y = 4 JoJoO (' y2 +z2 ) dz dy dx = 4 Jo Jo ( 4x2 +f) "( 4jr V +ht) dy dx = 4 J> 2 +1 f) dx= ^¥’ 
4 = 4 Jo £ f 4 / (* 2 + y 1 ) dz dy dx = 16 Jo Jo ( x2 - * V +y 2 -y 4 ) d y dx = 1 6j ( ' dx = 


4=4 


r 1 (2£ + ^), fc= ^ 

o\ 3 15 f 45 


r 2 r V 4-v 2 /2 r 2 -x r 2 r^A-x 1 12 r 2 / T 

24. (a) M = J_ 2 J_^J/ 2 J () dzdydx = )_ 2 )_ — J/ 2 ( 2 -x) <& = J_ 2 (2-x)V4-x dx = 4n\ 

rl JA-x 2 /l r 2-x r 2 r\lA-x 2 /2 r 2 / J 

M yz = J ^ J 2 x dz dy r/x = J ^ J —T ^ x(2 - x) dy dx = J ^ x(2 -x) V4 -x dx = -2n\ 

r2 A—X“/2 r»2— X p2 A—X*~ /2 i p2 2 4_ v 2 

M -v-- = J_ 2 J-V^/2Jo J & dy dX = J-2 J-V 4 V/ 2 7(2 “ X) dy dx = 2 J_ 2 (2 “ x) |_^4- dx = 


1V1 « - J_ 2 J-V44?/2 Jo ^ “ Z ^ “ - J-2 J-V4 

=> x = —f and v = 0 


A-x 2 2 , r 2 V, 2 < 2 1 

ftlj/ 2 y( 2 -*) dy dx = T J_ 2 (2 -x) |^ ± f —dx = 


=4> x = —| and _y = 0 

f 2 Aa-x 2 /2 r2-x , r 2 Ja-x 2 /2 7 , r 2 ? / 9 

(h) M xv = J.J.^/Jo z ^ dy dx = z\_ 2 \_^/ 2 (2-x) dy dx = ^j_ 2 (2-x) ^4-x~ 

= 5n^z =| 


-x 2 dx 


r2 ry]4—X r4 r7l!2 r2 p4 c7Zl2 r 2/ a \ r^/2 

• (a) M=4 JJo h+? dztfydx=4 !o J 0 Jy ^ dz dv dO = 4 Jo Jo ( 4r —r ) dr d6 = 4 J o 4^=8^; 

M xy = J"* J 2 J 4 2 zr <#• d6 = j** J 2 ^(l 6 - r 4 j dr d6 = ^ J 2 * d6 = ^ => z = |, and x - y = 0, 
by symmetry 

(b) M = 8tt => 4;r = J ( )^ j C 2 >'dzdrdO = JJ^cr-r 3 jdr = j" o cf# =-^ => c 2 = 8 => c = 2-\/2, 

since c > 0 


26. M = 8 ; = J j J 3 J j z dy dx = | | j^-y- t/j dx = 0 ; 4/^=1^ J ^ x t/z t/j dx = 2 J j J 3 x d y dx 

= 4 J | x dx = 0 ; = | j J 3 J j f dy dx = 2 J ^ j dj dx = 16 J ^ dx = 32 x = 0 , y = 4, z = 0 ; 

4 = jjj J 3 5 jj, (j 2 + z 2 ) ^ dy dx = J 3 5 ( 2 j 2 + 1 ) dy dx = | 100 dx=^-\ 

d y = J-i J 3 +z2 )^ z dy dx = iJj^x 2 +j)<fy dx =||J i (3x 2 +ljc?x=^; 

Iz = J-i J 3 +y 2 )dzdydx = 2|Jj 3 (x 2 +y 2 j dy dx = 2jJ^2x 2 +yj dx = ^- 

27. The plane 32 + 2z = 2 is the top of the wedge => I L = J"t J 1 2 J-i 1 V ~ - 6 ) 2 + z2 ] dz dy dx 

~ J -2 J-2 ( ' V ~ 6) 2 (4 ~ v) + (2 ^ ) + y dy dx; let t = 2 -y I L = 4 |^| i ^- + 5? 2 +16/ +^j dt = 1386; 
M=i(3)(6)(4) = 36 
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28. 


<•2 r4 /»(2—jy)/2 r 2 2 ~l 

The plane j + 2z = 2 is the top of the wedge => I L = J ' (x - 4) + y \dzdydx 

=im* 2 -8x + 16 +y 2 j(4 -y) dy dx = J ^9-r 2 -12x +162 j dx = 696; M = i(3)(6)(4) = 36 


29. (a) M = J“J 0 X \l ' 2x dz dy dx = | Q | y |4x -2x 2 - 2xyJ dy dx = |x 3 -4x 2 + 4x j 

(b) M xy = J" J“ ' J 2 ' 3 2xz dz dy dx = J 2 J - X x{2 -x-y) 2 dy dx = J 2 A(2 ~ A) dx=-^; 


dx=^r 


— -2L • J\/[ — _2_ |3y 

io iv± xz i s u y 


r2 p2 —x r2—x—y 2 r2 r2—x 2 p2 / 2 \ 

symmetry; M yz = J q ' 2x dz dy dx = 2x (2 -x-y) dy dx = 1 2x-x I 


2 (2-x 


xz 15 
2 


dx = 


=> x = j, and y = z =j 


30. (a) M = j" ~ j"p kxy dz dy dx = kj~^xy^4—x 2 ^ dy dx = ^j~^4x 2 —x 4 ^ dx = ^j- 

(b) M yz = ' kx 2 ydzdydx = kj^j^ X x 1 y[4-x 2 j dy dx = -| | 2 (4x 3 -x 5 jcfc =-^ => x = |; 

M xz =loJ(f Jo ' ^y 2 dz dy dx = k \l\f xy2 ( 4 ) dy dx = } j“(4.r /2 -x 9/2 ) dx = 

=> T M rv = lo'lo^lo A kxyzdzdydx = j~j^ X xy( 4-x 2 ) dy dx Jq (l6x 2 -8 x 4 + x 6 j 

_ 256k _ s — _ 8_ 

“105 7 


31. (a) M =JoJoJo(* + T + z + l)^ z 4y^ = Jofo(* + T + f)^^ = Jg(* + 2)cfc=§ 

(b) = £ £ £ z ( x + ^ + z +!) * dy dx = ± Jjj |d( x + T+ f) dy dx=\ |d(x + f) * = | 
=> M xy = M yz = M XZ = j, b y symmetry ^>x=j7 = z= ^ 

(c) 4 = Jdldldi* 2 + /)(, + T + z + ^ z 4v^ = |d|d(x 2 + p 2 )(x + .y+|)<4dx 

= | 0 |-r 3 + 2x 2 + jx + -|j dx => I x = I y = / z =^-, by symmetry 


32. The plane j + 2z = 2 is the top of the wedge. 

(a) M = | J J l “ 3) (x +1 ) dz dy dx ; (x + l)^2-ij dy dx =18 

(b) = jd i |d 2 y x(x +1 ) dz dy dx = U ^x(x + 1)^2 dy dx = 6; 

r l r 4 c(2—v)/2 r l r 4 I v\ 

M xz =|_J_ 2 |_ 1 y{x + \)dz dy dx=\ ^__ > y{x + \)\2-^dy dx=0\ 

Mxy — ax~ yv ~ z(x +1) dz dy dx =y tc (x +1) - y) dy dx = 0 => x = j, and y = z = 0 
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(°) 4 = J _ 4 2 1 y)n{x+ v(y 2+z2 ) dz d y ^ = t J_V x + 1} 2 / + 1 - 4 +f) 


4 = 


L = 


jlill{I, ' )/_ 4 + ^ i* 2 + z2 ) dzd y dx = \\ j 4 ,(*+') 


?r 2 i 1 x ~y 
ZX + 3 2 t 3 


iM) 3 


dy dx = 45; 


dy dx = 15; 


(x +1 ) | x 2 + y~ j dz dy dx = (x+l)|2-|-j(x 2 +y 2 }dy dx 


= 42 


33. M=J | 1 |^(2y + 5) dy dx dz = |J ^ |z + 5-\/z j dx dz = J 2^z +5yfz j(l-z) dz 


Tf 1 r 1/2 , -3/2 2 \ , T 10 3/2 , l 2 0 5/2 1 3 

= 2 5z +z-5z -z dz = 2 ^-z + ^-z -2z “Z 

JO V 3 2 3 




34. 


M = ^ x2+y2 dz dy dx = tj ^ d ^ 2+y2 [ 16 “ 4 (* 2 +>') 


dy dx 


= 4f 27r f 2 r(4-r 2 )rir ( /(9 = 4f 2;r r^-4l 2 ^ = 4 [ 2;r f?^ 6 ' 

Jo Jo V ) Jo 3 5 Jo Jo 15 


512;r 

15 


35. (a) x = —4 = 0 => |||x<5(x, y, z) dx dy dz = 0 => M yz = 0 
R 

(b) Ii - JjJ| v-/ii| 2 dm = HI |(x-/?)i + yj| 2 dm = |||fx 2 -2 xh + h 2 +y 2 j dm 
D D D 

= \\\{x 2 +y 2 ) dm -i h III x dm +h 2 HI dm = I x - 0 + /? 2 m = I c m + h~m 


2 2 2 111 
36. Ii =/ cm + mh =jma +ma =jma 


37. 


(a) (x, y, z) = (f, f, f) => /- = / cm +«6c^4 + t) = >I c.m.= I z 

abc(a 2 + b 2 ) a bc(a 2 +b 2 ) a bc(a 2 +b 2 ) IJ— j^T 

7 4 19 5 rt c.m. \ M V 17 


abc\ 


(M) 


(b) 4 = 4m. + 




2 V abc(a 2 +b 2 ) aZ>c(a 2 +9Z> 2 ) a6c(4a 2 +28/> 2 j abc{a 2 +lb 2 ) 


12 


12 


I M 


38. M =| 2 3 | 4 2 |^ 4 /3 '' 1>A3 dzdy d^J^J^I^-yldydx^^l 4 >’ _ V dx = 12|4 3 = 72; x=y=z 


r 3 f 4 


i4 


fromExercise 22 I x = I c m + 72k/0 2 +0 2 = 4. m . h = 4m. +72U16 = 208 + 72^) = 


Copyright © 2014 Pearson Education, Inc. 


= 0 

1488 



1124 Chapter 15 Multiple Integrals 

15.7 TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES 


rln r 1 pV 2 — r 2 tin rl / oV 

L Jo Jo l dzrdrdd=j o { Q r[l-r ) 


1/2 


drdd= \T -\{ 2 ~ r2 ) 


\3/2 ^3 

' 3 


nl 




Jo 


1„ 2 


2^-/ 2^/2 


_ r2;r r3 pVl8—r2;r r3| z' ?\ 1/z ~ 3 , r2^r I i / n oV 

2 . f f f 2 dzrdrdd=\ f r(18-r 2 ) —fifefi? 6 *=f --j(18-r”) 

Jo Jo Jr 2 /3 Jo Jo V / 3 Jo 3 V ) 


f 2 "f 3 
Jo Jo 


1/2 3 
r_ 

3 


r2;r 

Jo 


\3/2 


n3 


r_ 

' 12 


de = 


9n 


Jo 


r2;r r9l(2n) |-3+24r 3 r2ff r9l(2n)i •> \ 7 4 n///(2^) 

' Jo Jo Jo dzrdrdd = j J (3r + 24r" j dr dd = J -|r“+ 6 r dd 


3 f 2?r / 9 2 1 46> 4 JO 3 

2 Jo 16* 4 J 2 


g 3 | 0 s 


17;r 

5 


4 j; r j_ 3 ^ z r dr d ° =j; j o 0/;r i[ 9 ( 4 - r2 H 4 - r2 )] ^ ^ ^ = 4 1 0 * \r ( 4r - r3 ) ^ ^ 


rn rO/n [ 


= 4 2r 


rn 

if 
Jo L 

5 . r f'f 

Jo Jo J/ 


-if?/* 


Jo 


= 4f ;r (2£i__^_'l 
J 0 U 2 4n 4 ) 


d6 = ^ 


2n rl r(2-r 2 ) ,2 

' ' 3 dz r dr dd =3 f 

r JO 

3 0^-!)^ = ,r(6^-8) 


rl 

I 2\ 2 

, r 2 n 

/ 2 \ 1/2 r 3 l 

Jo 

r\2-rj -r 2 | 

drdd = 3\ 

Jo 

H 2 -" ) -tj 


dd 


6 - r Jo j-i /2 t r2 sin2 e+ 2 ) dz r dr d °=r Jo ( r3 sin2 e+ n) dr de =c + 24) d ° ~ 

r2 n r3 rz/3 a r2;r r3 4 r2;r o o _ 

7. f f f r dr dz dd = f f ^rjt/zt/ 6 , = f -^-dd = ^~ 

Jo Jo Jo Jo Jo 324 Jo 20 10 

rl r2?T rl+COS 0 rl r2 71 9 rl 

8 . j j J 0 4rdrd0dz = j J 2(1 + cos 6 1 ) 2 d6 dz = j ^ 6 ^ d6 = lln 


fl r4z _2 

0 Jo 


9 - JoJo Z JoT cos2 0 + z2 ) r ^ dr dz = Jo J( 

,1^ 

-0 


1 rVz 
0 


r 2 fl r sin 29 _2 ff 
2 + 4 +z 17 


-|27r 


r dr dz = |?zr 3 + 2nrz" j dr dz 


Jo 


■ + nr z 


r l / 2 4 . 

fife = + 7TZ~ fife = 

Joy 4 


i nl 


12 4 


Jo 


• 2 rv4—r* 2 r2n r2 rv4—r 2 r2 / o \ 1 /2 7 

10. jj J 0 (r sin d + l)rdd dz dr = j j 2^r cfe <Zr = 2;rj r(4-r 2 j -r"+2r 


dr 


2^- 


2 

= 2^- 

_| + 4 + i(4) 3/2 



0 

L * J 


= 8 n 
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11. (a) \ 2n f\ 4 ' dz r dr dd 


(b) [ [ r dr dz d0+ f~ r r dr dz dd 

v Jo Jo Jo Jo Jv 3 Jo 


r 1 r\J4—r r2n 

(c) Jo Jo Jo rd0dzdr 


12. (a) J/JJ dzrdrdQ 

(b) | o | o r dr dz dd + ^ J~ r dr dz dd 

rl r2—r 2 r2n 

(c) Jo l Jo rd6dzdr 



p7tI2 fcos 0 r3r 2 

13 - L/2J0 Jo f(r ’ z) dz r dr de 


rnll rl rrcosd 4 , . rmz rl a „ . i rn/z „ , „ 

14. f f [ r dz dr dd =\ f r cosd dr dd = \\ cos d dd 
J—?r /2 Jo Jo J-W 2 J 0 5 j -„-/2 


nil rl 4 


rJTH 


71 rlsmO r4-rsin6 ) 


15. f ;r [ m f " 

Jo Jo Jo 


f(r, d, z) dz r dr dd 


(Till r3coS0 r5-r cos 9 „ .... 

16 - L/2J0 Jo f{r,e,z)dzrdrdd 


rnll rl+COSt? f4 , „ , , 

17 • J_ W2 Ji J \f(r,e, z ) dzrdrd e 


rn!2 r2cos0 r3-rsin0 „ . , , 

18. f f [ f(r,d,z)dz r dr dd 

J-7T/2 Jcos0 Jo J v ’ 


n!4 rseed r2-rs\n0 


19 r r r 

Jo Jo Jo 


/(r, d, z) dz r dr dd 


7t!2 rcos 0 r2-rsin# 


20. f f f 

Jtt/4 JO JO 


/(r, d, z) dz r dr dd 


21. J 0 J Q | 0 P 1 sin (j) dp d(j> dd = sin 4 j) d<f> dd = 

= 2j o sin 2 </) d<f> dd = j d - sn l 7 26 ' j dd = n dd = n~ 



'r 

n 

h 

r 

Jo 

sin 3 ^cos (/) 

4 

+1 

*71 2 

sin“ (j) dtj) 


V L J 

0 

7 


dd 


r2n r7rlA r2 2 p 2 ;r p7t! 4 r 

22. J^lpcos (/>) p sin^ dp dtp dd = J 4 cos^ sin <p dtp dd = J 


2 sin 2 i 


r 2 ;r 

dd = \ dd = 2n 

Jo 


Jo 
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23 . f^rr 

Jo Jo Jo 


^ ^ p 2 sin0 dp dtp dd = ^-J~ JJ (1-cos 0) 3 sin tj> dtp dd = (1-cos^) 4 

i /o'( 2 “ - °)=il/o"=i< 2 ^>=f 


Jo 


de 


rhnU r 7 T j -1 £ 

Jo Jo Jo' 


pint! pn . t? ^ pln/2 

J 0 j 0 sln ^^^ = 4j 0 

sirT^ cos^ 

n ^ 

9 f 2 T 

+ J-I sin <f>d<p 

3 


, L J 

0 0 J 


de 




3^/2 


i— 5 ;r 
2 


p 2 ;r f^/3 r 2 9 r2ji f^/3 / 9 c 

25 ' Jo Jo Jsec«J 3 ^" Sin ^^^^ = Jo Jo ( 8_SeC ^) sin ^^^ = J( 


-8cossec" ( 


-i7t/3 


JO 


dd 


Jo* [ ( ~ 4 - 2) - H - 2 )] de =f \T de = 5n 


pin pn/A /-sec d> 9 , pin pn/A 9 , pin r 1 9 n^/4 

2 6. p smficos <j> d p d<j> dd = j tan^sec <j>d<pdd = ^^ I 2-tan <p\ dd 

= ±( 2 ’ ! 'dd=f 
8 Jo 4 


pi rO pnll 9 pz /*u 

27 - \oLL/4 P sm2 * d * d0dp = loL p ' 


2 r 0 


cos20 


-\n!2 


nt\ 


ddd p = -^-dd dp = IZP-dp 


2 n 2 » 


i2 


np 


= 2 n 


Jo 


28 


pnl'5 p 2 csc 0 pin 2 ^ p7tl5 p 2 csc 0 2 ■ , In 3 ~\zcsc(p 

I p smp d 6 dp dp = 2 n\ , \ p smpdpdp = -^-\ p sirup dp 

Ja-/6 Jcsc^ Jo H Y r T J^/6 Jcscci H rry 3 Hcscd 


- 2 cso^ 

- CSC 


14 tt 


- 2-C^^ 

29 - JdJoT 4i2 ^ m3 ^^^^=JoJ, 


2M. 

' 3^3 


1 

0 J 0 


12p 


-sin (bcosa 


-\n!4 


JO 


» /4 

8pj^ s\n<f>d<f> 


dd dp 


( 49 / 2 - 5 )* 


= ;r 


4 ^ 2 -7t 


, nl 


Jo 


V2 


pnll pnll pi 


ejtH 

rn !2 ( 5 \ 

r 

( 32 -esc ~ (h\ 

J*/6 ■ 

-n! 2 V V 


1^16 J n /2 |32sin 3 p- esc 2 d6 dp = |32sin 3 ^-csc 2 dp 

+ ^ JJ/6 sm </’ d </’ + ” H C/e = 77 (^) ■-^ [ C0S C/6 - ■* (^) 


32 sin (f)cos(j) 
3 


-\n!l 


J^/6 


= >f^ + (M 2 r)^) = 33^ = 11 ^ 
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99 7*7 

31. (a) x +y =!=>/? sin 0=1, and psin p = 1 => p = csc0; 


f2 n r 7 il 6 r2 9 • pz;r p;r/z pcsc0> 2 • 

thus /? sin$) a/? ay d 6 + J /6 J 0 p sm<p dp dt/fdO 


2n ptt!2 rcsc# 


^ N r2;r r2 rsin hi Ip) 7 . , , , , pz;r rZ rm 0 7 . , , , , 

(b) j 0 Jj J 0 p 2 sm(/) d(j) dp d6 + ^ J Q J Q p 2 sm</> d</> dp d0 


In r2 cTt!6 


32 . (a) \l rT \l’ 4 \l sc \ 2 ^d P d ( i > de 

r2n rl rntA 2 ■ , , , , 1 s\ p2?r fZl ^n!4 


riff fl rn!4 7 r2?r rv2 ptf/4 2 

(b) Jo Jo Jo p ^ m( t> d< P d P dd + Jo Jj Jcos-i ^)- 0 sin pdpdpdO 



33. 


f 2 /r f#72 (* 29 . , /* 2 n rn!2t 9 \ , r2n 

F = J 0 Jo Jcos^ ^0dpd0d0 = 1 j Q J 0 (b-cos p ) sm p dp dd = y _[ Q 


2n rnl2i 


—o COS c 


cos (f) 


-\n!2 


dO 


Jo 


r2n rn!2 rl+COS^ 9 i r271 r7ll2l 9 9 \ 

34. V = J Q J p sin^ dp dp dd = TJ 13cos^ + 3cos“ p + cos 4 ^Isin^ dp dO 


31/T 

6 


If 2zr 
3 Jo 


—y cos 2 p — cos 2 0-2-COS 4 < 


-.nil 




2;r 


Jo 


35. F = J J | ^p sin p dp dp dd = 21”* J*(l-cos0) 3 sin p dp dd = 2J 


P2n 

(1-cos </>) 4 

Jo 

4 


dG 


^2f\] n dd = \(2n) 


_ %w_ 
3 


r2n rjll 2 fl—COS0 2 

= Jo Jo Jo P 811 
irJ 0 ^^ = i2 (27r ) = f 


3 Jo Jo '' 


r2* 

(1-COS 0 ) 4 

Jo 

4 


-\n!2 


dd 


r2jr rjlt 2 e2cOSj! 

Jo Jtt/4 Jo 

r 2 ;r 


r2^ rJl/2 

Jo J^/ 4 C 


|»2 71 

cos 4 0 

Jo 

4 


-\7i!2 


dd 


-J/z7 4 


3s - 


r2?r r 


r2;r 


39. (a) 8j"^ ^p 2 smpdpdpd9 


(b) 8 JJ” ” J J dz r dr d 9 


2 r^4-x 2 ryj4-x 2 -y 2 


<«> « J, 


dz dy dx 


Copyright © 2014 Pearson Education, Inc. 



1128 


Chapter 15 Multiple Integrals 

(b) J 7 -J 7 j p~ sin^ d p d</> d6 

c7il2 p7t1 4 f3 9 rn!2 r7i1 4 p;r/ 2 / i \ 

(c) Jo Jo J 0 P"sin^rfp^^ = 9j 0 J 0 sin () dtp dd = -9j Q (^-l)^ = 


40. (a) dzr dr d6 


r* /2 (_l _ Aj Q _ 9n { 2 ~^) 


4L (a) v= loir Ly ™<t> d p d <t> de 

(c) V = dzdydx 

(d) v = r (4 — r 2 j -r dr dd = J ( 

= | f 2 ^ = 

6 Jo 


r2n rsjl r\4-r 2 

(b) F = j j j dz r dr d 6 


2n 

0 


M 


-i-j3 


de = 


JTB 


3 b^ de 


Jo 


5g 

3 


f2 " fl | 1_> " r 2 dz r dr dd 

Jo 


r£7Z r I 

«- <» Wo Uo 

(b) 7 * = Jo ' Jo"“lo (^’ si ” 2 * t )( 7 ’ 2 sin *) dp d * de ’ 


• 22222 2 22 2 2 - 
since r = x + y~ = p sin“ <f> cos” 9 + p sin" <f> sin 0 = p sin </> 


(c) 4 = Jo"J o 7r/ ”i sin3 ^^ fl ' 0= iJ ( 




sirr (^cos^ 


-\n!2 


+ -||J sin (j> d</> d6> = jjrj o [-cos (j)^ 2 dd 


JO 


2 ^ r 


W 2 


15 V- n ) 15 


43. 


V = 4^ ~ J 0 J 4 j dz r dr dd = 4j^ ^5r-4r 3 -r 5 j dr dd = 4j () ^-| _ 1 _ ^) dd = 4| () dd 


P7rl2 r 1 p\—r „ P7rl2 rl f 9 / T\ „ rn!2 2 3 1 / 9 \3/2 

44 - F = 4 Jo JoJ-VJV* rt/r ^ = 4 Jo J 0 [r-r +rVl-r Jdrrf 0 = 4j o ---- 3 ( 1 -^) 


nl 


de 


Jo 


= 4 


Jo" /2 (i-f4 ) de = 2 C~ de = 2 (f) = * 


45 . 


t-2;r f3cos# r-rsin0 . . . rln rlcosO / 7 . \ . f2ir / 3 \ , . „ 

F=f f f dz r dr d6 = f f l-r 2 sin#) i/r dd = f l-9cos 3 0) (sm#) 
J3^/2J0 Jo J3^r/2 Jo V I hn/lK ) K 


de 


Q 4 /ij 2 ^ Q Q 

= jCOS (9 =4-0 = 4 

L 4 J3^/2 4 4 


r7T r—3 cOS# rr r7l r~ 3COS# 9 ? 71 l 9 \ 

46 ' WMo f„ 7:= 2 | i; f (| r *<ie = 3£ ;2 (-27co s e)dS 

([ 2ai f^L + tj: 2 - 7 " 7 '')- 12[ ^c2= 12 


= -18 
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47 - v -ZTX r dzrdrde =\l l2 \T 9r ^^ drd9= \T -it 1 - 7 ' 2 )" o de 

= -\\l n (l-sin 2 ^) 3/ "-l de = 4 f 0 * /2 (cos 3 g-l) de = -l^ cos2 f sing ] o +|J o ;r/2 cos0^j + [fJ 


= -|[sin^ /2 +f = =^p- 


lo 6 18 


(fill (COS0 ri^ll-r 2 , , (7tt2 (COS0 r 9 " , rn!2 / 9 \3/2 

5. V = | o dz r dr d6 = Sryl-r dr de = de 

= -^l-cos 2 #j +1 d6 = J * |l-sin 3 = fl + sln ^ cosg ~ _2 


= ^+2 r cos6 if/ 2 = 3?r-4 

- 2 + 3 [cos^j 0 - 2 3 - 6 


49 - f = nr/oV sin ^ dpd(/>de =JoXTt^^ d ° = ^=4 r 


r27T (2k!2 „3 


3 f 2;r r „„„.*i2*/3 _ a 3 r 2 »/j r 




3 ptt/6 r^/2 


„3 r w/6 . „ 


f 2 ;r f^/3 f 2 o ^ 

51. F = J o J ^p~ smtf> dp d</> de 

. .9^- fjd'ii 2 \ z = 1, or 

= jJ 0 J 0 (8 sin tan j> sec <j>y<j)de _V p . $ec 

= ilo Zr [ _ 8 cos ^“T tan2 ^ o d ° ^ - y 

r ^/2 fjr/4 rlseccb 9 zi r ^/ 2 r^/4/ 9 9 \ 

52. F = 4 [ f 1 p" d p d<j) de = \\ f (8sec ^-sec 0 ] sin </) d(j) d 6 

JO JO Jsec (f) JO JO \ / 

= f J q sec 3 <j> sin($ dtp de = y-JJ - J* tan^sec - " (pd<pde = -yJ Q ^-tan 2 ^j^ de 

M n ‘ 2 d e=df 

3 JO 3 


z = 1, or 


53. F = 4f [ [ dz r dr de = 4f [ r 3 dr d6 = [^~de ■■ 
Jo Jo Jo Jo Jo Jo 


54. F = 4f [ [ 2 dz r dr de = A\ [ r d6 = 2 f* d6 = n 

Jo Jo Jr 2 Jo Jo Jo 

(Kl2t42.tr (Kl2 (42 9 / 9 /y_r \ r^/2 4>r(2>/2—l) 

55 - F = 8 lo fi j 0 * r dr d e = 8 jo J, r~ dr de = 8 \ ~^ )| Q <W = - 3 - 
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56. 


rn!2 r-Jl r'Jl—r 2 rjtll r*j2 I T rn!2 i / 9 \3/2 ^ fir/2 a„ 

V = 8j o dz r dr dd =8j 0 ^ r^jl—r dr dd =8j o —j^2 —r"j = 8 dO = ^y 




57. F = J q ^ t/z r dr dd = | Q ^4r-r 2 sin 6^ dr dd = 8J q ^(l — ^ 3 ^) dd = \6n 


r2n r2 f4-;-cos0-rsin0 . . r2n r2f 9 „ . „ n . o f2;r „ . , „ 

58. V = j J J dz r dr dd = j j h4r-r 2 (cos# + sin#)J dr dd = |j (3-cos#-sm$) dd 

= 16?r 


11 1 1 
59. The paraboloids intersect when 4x + 4y =5-x -y 

r?r/2 f l r5—r 2 


• x 2 +y 2 = 1 and z = 4 


pk!2 rl r5 —r p7rl'l p 1 / 1 \ pjtl'l 

V = 4 S 0 fofv * r dr d9 = 4 J 0 j 0 ( 5 '-- 5 '- ) dr dd = 20J Q 


L ~|1 


Jo 


dd = 5j ( 


tt/2 


dd = ^f 


2 2 2 2 r7r1 2 <*3 <*9 —f 

60. The paraboloid intersects the xy-plane when 9-x -y = 0 => x +y = 9 => V = 4j o J J o dzrdrdd 

- «r J>-’> " - < 2 [¥-4]> - W-« “o - - 3 ^ 




-it 


dd = - 


Jo 


103--SU, 


4^(8-3V3) 


2 2 2 2 2 2 

62. The sphere and paraboloid intersect when jc +y +z = 2 and z = x +y =>z“+z-2 = 0 

11 

=^> (z + 2 )(z -l)=0=>z=l or z = -2 => z = 1 since z > 0. Thus, x + y =1 and the volume is given by the 


• 1 • 1 p/T"/2 rl |* 

triple integral V = 4J^ J 


rv/ 2—r 2 


0 JOJC 


fife r dr dd - 


rit 12 pi 

/t 23 

Jo Jo 

r^2-r z ) - r 


dr dd 


nl 


= < 2 [-i (^T -4j o * == *C (¥ 


63. 


average = j'j'/dz dr dd = ± f~* fer 2 dr dd = £ ft*dd = f 


64. average 


J_ [ 2n 

2 n Jo 


7 j— f n [ [^/— jr 2 dz dr dd = x~ f * f 2r 2 yfl-r 2 dr dd 
tetJo JoJ-v/l-r 2 4^ JO Jo 


if) 


ism *r—ir\ 


^ ('■~ 2r2 )t de --k Jo'(f +0 )' de == (v)< 2 *> 


3 n 
16 


65. average = \l* Ufa* sind * d9 = th\]’\l*™* d * d9 = ~t\T d9 = I 
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i pin pkH pi 3 3 |*Ln pniL o rz.n i sin z 

66. average =^j o J Q \ qP cosjsinf dp df d0 = -^\ Q j Q cos^ sin^ d</> d9 = £ J Q 

=^\T dB= (-^Y 2 ^=\ 


3 f 2;r f ^ 2 


2# f 


p/r/z pi pr pm pi o ,« p/zvz •-% pztz - pi pr 

67. M = 4[ 1 f dzrdrdd = A\ \r 2 drd9 = ^\ d9 = Pf-\ M =\ f f z dz r dr d9 

Jo Jo Jo Jo Jo 3 Jo 3 xy Jo Jo Jo 

= \\TiV dr de = \\T d9 = 4 => 1 = "w = (f )(£) = f > and x- = y = 0, by symmetry 


68 . M=\ K [ [ dzrdrd9=\ 7r f r 2 drd9 = f d9 = ^-\ M =\ K [ f xdzrdrd9 
Jo Jo Jo Jo Jo 3 Jo 3’ yz Jo Jo Jo 

pnll pi 3 pn/1 pull pi pr pk! 1 pi 3 

= f r cos <9 dr d9 = 4 [ cos 9 d9 = 4; Af = f i f v cfe r t/r d9 = i [ r sin 9 dr d9 
Jo Jo Jo xz Jo Jo Jo Jo Jo 

= ^\ 7T sin9d9 = 4 ; M = f* f f zdzrdrd9 = \\ 7r [ r 3 dr d9 = 2^ ~ d9 = n => x =—=—, 
Jo ’ ^ Jo Jo Jo 2 Jo Jo Jo M n' 


y = = —, and z = 

z M n M 4 


p2;z- pnll 


pzTz - p/zvz . p 

4Jo J /3 cos^ sin^ dQ = 4j ( 


2^ sin 2 <p 


69. M =^~- M xy = z /2 2 sin <t> d p d</> d9 = fg P’ cos^ sin <p d p d<j> d9 

o_ _/o o _ r . ? .n^/2 o _ o_ 

,/i 


^ = 4 C(T-|)^ = lC^ = 7r 


^J = ^ = 
M 


0)(^r) = |, and x = y = 0, by symmetry 


70 - M = f \T fo pl sin * dp d(/> cW = i\T \T sin * d</> cW = i\T^ dd = 

M xy = \l' A Jo P 3 sin <j >cos <p dp d<j) d9 = ^ J^ 4 sin <j> d(j) d9 = d9 = ^~ 

^ = ^f = ( E T-\ 7n =(¥)( j± #) = 3 ^f^ ' and x=y=0, by symmetry 


i= ^C 2 -2^2^ 

3 Jo 2 

, „ _4 r2^- 


( 2 ^). 


_(, a 4 ) 

3 

- I 

f3at 

U ) 

(2 + j2) 

I- 3 ! 

( 2 +V 2 )a 

M \ 8 j 

7ra 3 1 

( 2 -^). 

“1 

1 2 J 

1 16 


71. M = f - f r t/r d9 = f" [ r i/2 dr d9 = ^ f <76 , = 1=|^ 1 ; M = f” f z dzr dr d9 

Jo Jo Jo Jo Jo 5 Jo 5 ’ xy Jo Jo Jo 

= 2 lo^f 4 '' 2 d r d 9 = ^~\$ 7t d9 = ^y~ =>z =—^f = f > an d x=y = 0, by symmetry 


72. M = 


f 7 r /3 r I ryll—r~ rn'/'i rl [~ T r^/3 9 / 9 \3/2 

M=f f f I — xdzrdrd9=\ f 2ryl-r drd9=\ -fll-r“ ) d9 

J-^/3 Jo J-vl-r 2 J-?r/3 Jo J—jt/3[_ 3 \ / I 

= 3 C/3^ = (t) (¥) = M >’-- = COS '' 2 C ° S0dZ ^ ^ = 2 C 3 Jo r 2 ^ JcO S 0 ^ d0 

= O-- 1 r-\r4i^(\-2r 2 )] cos 0 d9 = f j^cost? = f [sint?]^ = (f) (2 .^) = 


A/ Q /o' 

■ x = -r 2 ^ = -r~-, and y = z = 0, by symmetry 


M 32 


Copyiight © 2014 Pearson Education, Inc. 



1132 Chapter 15 Multiple Integrals 


73. We orient the cone with its vertex at the origin and axis along the z-axis => (/> = -j. We use the v-axis which 


is through the vertex and parallel to the base of the cone => 4=J 0 J q J |r 2 sin 2 9 + z ? j dz r dr dO 


74. / = 


\l* j; dz dr dd = ^^2r^a 2 -r 2 dr d8 = 2j 2; j( 

= 2f frCl 5 dd = 

Jo 15 


2a 

15 


a -r 


1 1 3/2 T 

V 


dd 


i _ 8 na 

15 


75. 7 Z = 


=f0(A) r ( x2 +y 2 ) dzr dr dd= 0 jo 0 3 dz dr de =0j o > 3 “0) d '' d ° 


Jo 


4 5 a 


dd 


0 


■f *(*-£) 




Aq 4 [~ n jo _ nha* 
10 


76. (a) M = f""^ f f z cfe r dr dd = [ ^ [ 4' 5 dr dd =-h [ ^<76* = ^ 

v ’ Jo Jo Jo Jo Jo 2 12 Jo 6 ’ 

M; n' = 00 z2 dz r dr de = 3 Jo^ Jo r? dr dd = m\~o K d6 = n^ J = 2 ’ and x = y = 0, by 

symmetry; 4 = 0 J* J' zr 3 & dr dd = ± 0 J^ r 7 c/rc/0^ 0 d6 = f 

(b) M = [~ n f f r 2 dz dr dd = [ ^ [ r 4 dr dd = j [ K dd = 
v ’ Jo Jo Jo Jo Jo 5 Jo 5 ’ 

^=00; Z7 ' 2 dzdrde= 2\Tf/ drd0 = uC d0 = f^ J = l4’ and J = j 7 = 0 ’ by 

symmetry; I z = j~* J^ J^ r 4 dz dr dd = J 2 J J^ r 6 dr dd = ±0 dd=^f 

77. (a) M = J 2 "J^0&r^^ = IJ 2 "j‘(r-r 3 )^^ = IJ 2 ^@=f; 

M w=\ollC z2 dzrdrd0= ^\oll( r - r4 ) drd0= To\o’ Id0= f ^ z = 5> and J = y = °’ b y 

symmetry; I z = J ** J* (' zr 3 dz dr dd=\ 0 J0 3 - r 5 ) dr dd = £ dd = § 

(b) M = J^ ;r J o J z - " cfe r dr dd = y frompart (a); K J y J z 3 c/z r dr dd = 0^* J Q ( r ~r 5 ^jdr dd 

= -jhJ ^c/6 1 = -|- => z = -|, and 3c = y = 0, by symmetiy; I. = J""^ J J z 2 r 3 cfe dr dd 

= T 0 f Hr*-r 6 ) dr dd = ± \ 2 *dO = fr 
3 Jo Jo V / 28 Jo 14 


78. (a) M = n j* J q p 4 sin ^5 dp dtj) dd = -y J^ * J%in0 d<f> dd = 0- J Q * dd 

4 = 0 J* J* 72 6 sin 3 ()) dp d<j> dd = J* 0 cos 2 </) j sin </) d<j> dd = I -cos </> + ^0 


„5 r27t 


) _ 


5 

J pin 


de 


’\T“o-Hr 


4a 

21 Jo 
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o>) m =fuv sin2 $ dp #^=4i 0 27 T (1 co 44 de =2 f ~\T de =44 

7 Z = J 0 * p5 s * n4 <pdpd<pd6 =^ 5 “ Jq^ sin 4 <t> d<j> dd 

=4 f 2 <r - sm 3 f os ^ T +1 Tsm 2 ^ <4 de =4 f 2 44-^T ™=^4 f 27 ^=44- 

6 Jo 4 4 Jo r Y \ 8 Jo L 2 4 Jo 16 ^ 8 


79. M = f 2 * f" r dr d6 = f 2 * \* dr d0 = A [H-{(a 2 -r 2 f 2 1“ dd = A f 2 ^ 

Jo Jo Jo Jo Jo a <3 Jo 3 v / J 0 a Jo 3 

= 2Ap M = j-2*prfy/^ 2 3 x ^ 

3 ’ ^ Jo Jo Jo 2a 2 JO Jo V I la 2 Jo \ 2 4 ] 4 

=^> z = 1 ^4 j j = g A, an d 3c = y = 0, by symmetry 

80. Let the base radius of the cone be a and the height h, and place the cone’s axis of symmetiy along the z-axis 


with the vertex at the 


origin. Then M = and M xy = J J jP, z dz r dr dd 

\ a) 

■ 3 ) dr de =4444-“tT de =414 (4-4) de = de 

) 2 Jo L 2 4a 2 Jo 2 Jo \ 2 4 j 8 Jo 


\\ 2k r (/ ? 2 r - 4 r 3 ) dr de =4 f4[4 -4T dd =4 \ 27r 1 4 -4) de 

2 Jo Jo \ a 2 2 Jo L 2 4a 2 J 0 2 Jo \ 2 4) 


Ira 2 j n _ h 2 a 2 n 


=^> z = —jP = 4 ^ 4 ~j = 4 7 ’ an ^ x = y ~ 0 ’ ^ symmetry => the centroid is one fourth of the way from 

the base to the vertex 

81. The density distribution function is linear so it has the form 5{p) = kp + C, where p is the distance from the 
center of the planet. Now, S(R) = 0 => kR +C = 0, and 5{p) - kp-kR. It remains to determine the constant 

2 ^ 2 4 3 ^ 

k: M = J o J J (kp-kR) p 2 sin^ dp d(/> d6 = J J k^-kR^ sin <pd(j)d8 

=14444-4) sin ^ d< / > de = CK* 4 [-cos^o ^ k= ~3 

=> 5{p) = p + ^d-R. At the center of the planet p = 0 => r>(0) = = ML. 

71R 71R \ 71R ) 71R 

82. The mass of the planet’s atmosphere to an altitude h above the surface of the planet is the triple integral 

M{h) = Jf Jo" J« Ao e ~ c(p ~ R) p 2 sin <j>dpd<j>de = J* p {) e~ c(p ~ R) p 1 sin <j>d<j)dOdp 

= Jj? r [^ 0 e~ c(p ~ R) p 2 (-cos(zS) q dddp = 2 ^ p 0 e cR e~ cp p 2 d 8 dp = 4np 0 e cR J* e~ cp p 2 dp 


=4 


(by parts) 


= 4 W c 4-A!^_^_^ + «V1 + 2^ + 2^V 

\ c c <r c c c i ! 

The mass of the planet’s atmosphere is therefore M = lim M(/?) = 4;r// 0 (— +2iL + 2L J. 

/i-»oo \ c c c l 
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83. (a) A plane perpendicular to the x-axis has the form x = a in rectangular coordinates => rcost? = a 

=> r = => r = a sec 9 , in cylindrical coordinates, 

cos 9 J 

(b) A plane perpendicular to the y-axis has the form y = b in rectangular coordinates =>rsin9 = b 
=> r = r = b esc 9, in cylindrical coordinates. 

84. ax+by = c => air cos 9) +b(r sin 9) = c => r(a cos 9 + b sin 9) =c^>r = - „ c , . . . 

85. The equation r =/(z) implies that the point 
(r, 9, z) = (/(z), 9, z) will lie on the surface for all 
9. In particular (/(z), 9 + n,z) lies on the surface 
whenever (/(z), 9, z) does => the surface is 
symmetric with respect to the z-axis. 

86. The equation p = f(</>) implies that the point (p, </>, 9) = ( f(</), (j>, 9) lies on the surface for all 9. In 
particular, if (f ((/>), //>, 9) lies on the surface, then (f (</>), </>, 9 + n) lies on the surface, so the surface is 
symmetric with respect to the z-axis. 

15.8 SUBSTITUTIONS IN MULTIPUE INTEGRAUS 

1. (a) x—y=u and 2x + y = v => 3x = u +v and y = x — u => x = + v) and y = -j(-2w +v); 

I I 

S(x, y) _ 3 3 _ j_ 2 _I 

d(u,v) _2_ j_ 9 9 3 
3 3 

(b) The line segment y = x from (0, 0) to (1,1) is 
x - y = 0 => u = 0; the line segment y = —2 jc 
from (0,0) to (1,-2) is 2x+y = 0 => v = 0; 
the line segment x = l from (1,1) to (1, - 2) is 
(x-y) + (2x + y) = 3 => u + v = 3. The 
transformed region is sketched at the right. 

2. (a) x + 2y =u and x-y = v => 3y =u-v and x = v + y y = ^(u-v) and x = ^(u + 2v); 

i 2 

8(x,y) _ 3 3 = _i_2 = _I 

d(u,v) j_ _j_ 9 9 3 

3 3 

(b) The triangular region in the xv-plane has 
vertices (0, 0), (2, 0), and The line 

segment y = x from (0,0) to is 

x—y = 0=>v = 0; the line segment y - 0 from 
(0, 0) to (2, 0) => u = v; the line segment 

x + 2y - 2 from (A, to (2, 0) u = 2. The 
transformed region is sketched at the right. 
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3. (a) 


3x + 2y = u and x + 4y = v => -5x = -2u + v and y 


d(*-.v) 

d(u,v) 


2 _I 
5 5 

10 10 


_6_L = _L 

50 50 10 


■3(m -3x) => x = j(2u -v) and y = -pj(3v —m); 


(b) The x-axis y = 0 => u = 3v; 
the y-axis x = 0 => v = 2 m; 
the line x+y = 1 => j(2 u -v) +-^(3v-u) = 1 

=> 2(2 u -v) + (3v-m) =10 => 3m + v = 10. The 
transformed region is sketched at the right. 



4. (a) 2x — 3y = u and -x + y=v=>—x = u+ 3v and y = v +x => x =-u-3v and ym-u — 2v; 


S(.x, y ) 
d(u,v) 


-1 

-1 


-3 

-2 


= 2-3 


-1 


(b) The line x = -3 => -u -3v = -3 or u + 3v = 3; 
x = 0 => m + 3v = 0; y = x => v = 0; y = x +1 
=> v = 1. The transformed region is the 
parallelogram sketched at the right. 


v 



5. 


0 


0 Jy/2 


xy 

2 


-|) dx dy = | 

2 




dy 


6 . 


jj ^2x 2 - xy - y 2 j dh t/y = ||(x - y)(2x + y) dx dy 

R R 

= ||mv ^ j du dv = i ||mv du dv, We find the 


G G 

boundaries of G from the boundaries of R , shown in 
the accompanying figure: 


y 



xy -equations for 

the boundary of R 

Corresponding MV-equations 

for the boundary of G 

Simplified 

MV-equations 

y = - 2x + 4 

j(-2m + v) = —| (m +v) +4 

v = 4 

y = -2x + 7 

j(-2m + v) = — |(m +v) + 7 

v = 7 

y = x- 2 

j(-2m + v) = 3- ( m + v) — 2 

M = 2 

y = x + 1 

j (-2 m + v) =j(m+v) + 1 

M = -1 


3 || mv du dv = 3| | mv dv du = 3| ^ 


r 


L z J4 


fi?M = y 




(/m 



33 

4 
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7. JJ^3x 2 + I4xy+Sy 2 ^dxdy 

R 

= jj (3x + 2y)(x + 4 y) dx dy 
R 

= || MV fef du dv = lo \\ UV du dv ; 

G G 

We find the boundaries of G from the boundaries 
of R, shown in the accompanying figure: 




8. jj 2(x - y) dx dy = JJ (—2v) ^ 2 y du dv - JJ (—2v) du dv\ the region G is sketched in Exercise 4 
R G ’ G 

du dv = (-2v) du dv = | o (-2v)(3 — 3v + 3v) dv = | 0 ( _ 6v) dv = ||—3v 2 


9. * = * and y = uv^>^ = v 2 and xy = u 2 -^l = J(u,v) = V ' UV 2 

v ' x - 5(m, V) 


= v +v = —; 

V 


_y = x => uv = — => v = 1, and j = 4x => v = 2; xy = 1 => u = 1, and xy = 9 => « = 3; thus 

II + J dx d y = |j |] ( v + M ) (~) dv du = £ j"~ ^2 u + -=^-j dv du = £ \^2 uv + 2 u 2 In v J du 
R 

3 3 

= j^2u + 2u 2 \n2^du = K 2 +|t< 2 ln2] = 8 +|(26)(ln2) = 8 +f-(ln2) 
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(b) x = 1 => u = 1, and x = 2 => u = 2; j = 1 => uv = 1 => v = and y - 2=>uv 

f f~— dydx=\ f - (—) u dv du = f f wv dv du = f du = \~ u 

Jl Jl x - Ji h/u \u I Jl Jl !u Jl 2 ,, Jl 


f\(jr) du =^nu]*=±\n2; f~ dy dx = jj* ^ dx=\\[ 


L A Jl tu 
-|2 


' dx 
x 


11. x = ar cos 0 and y = ar sin 8 : 


g(-y.v) 

d(r, 9) 


- J(r, 0) = 


a cost? -ar sin f? 
b sin 6 br cos 6 


= abr cos 


/q = ||(-r 2 +J 2 )at4 = j^r 2 |a 2 cos 2 9 + b 2 sin 8^\J{r, 8)\dr dd 

R 

= abr 3 |a 2 cos 2 9+b 2 sin 2 O^drdO = -^jj ( 

_ab\a 1 e ! a 2 sin 29 , trff 6 2 sin2g ]"'" _ atl7r ( a + b ) 

4 L 2 


^a 2 cos' (9 + b 2 sin 2 t? | d8 


4 ' + '2 


12 - 


a 0 
0 b 


= lab 




2 ,. a +ysin a 


= ab ; ^4 = JJ afy dx = jj ab du dv = J ^ | ^—r ab dv du 
R G 

= abj^sin -1 1 — sin -1 (—1)J = ab 


-i l 


= abn 


13. The region of integration R in the xj-plane is 

sketched in the figure at the right. The boundaries of 
the image G are obtained as follows, with G 
sketched at the right: 


y 



v 



xy-equations for 

Corresponding wv-equations 

Simplified 

the boundary of R 

for the boundary of G 

wv-equations 

x - y 

4 <m +2v) =4( m _v ) 

v = 0 

x = 2-2y 

±(i# + 2v) = 2 - j(m - v) 

u = 2 

y = o 

O 

II 

1 

Tj 

V = u 


= 2 => v = —; thus, 

u 



|[lnx] 2 =| In 2 


2 

9 +abr sin^ 8 =abr ; 
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Also, from Exercise 2, = •/(«, v) = —j => J~ J Y (x + 2y)e' y x ^ dx dy = J Q J Q ue 1 |-y |dv du 

= 3 Jo 11 [ _e " V I du = 1 Jo" M t 1 - e "“) du = l[ u [ u + e ~ U ) ■-T + e ~ U ] 0 = i[ 2 ( 2 + e " 2 ) “ 2 + e “ 2 “ \ 

= i(3e“ 2 +l)« 0.4687 


14. 


x = u + j and y = v^>2x — y = (2m + v)-v = 2 u 

and = J(u, v) = 2 =1; next, 

9(«.v) 0 1 

M=x-j=x-y and v =■ y, so the boundaries of 
the region of integration 7? in the xy-plane are 
transformed to the boundaries of G: 





-1 -2 

15. x =-^ and y — uv => ^ = v 2 and xy = m 2 ; —J{u,v)= 1 

' ’ ' MU 


= v \i +v l u = —; 

V 


| v u | 

y — x wv = — => v = 1, and y = 4x => v = 2; xy = 1 => w = 1, and xy = 4 => u = 2; thus 

Jl Ji/ (^ 2 + ^ 2 ) dx d y + J2 J /li* 2 + ^ 2 ) dx ^ ~ Ji Ji ( J V + m2v2 )('V') du dv = J’|^- + 2!< 3 vj du dv 


r ~i2 

-4 + i// 4 v c?v = f 

2 tdL + ljA dv = 

,-|2 

_15 . 15v- 

[_2v 3 2 Jj Jl 

1 2v 3 2 J 

4v 2 4 _ j 


16. x=m 2 -v 2 and y = 2mv; = ^(m, v) - = 4m“ +4v 2 = 4(m 2 + v 2 ); 

oyu,v) 2 v 2 m \ / 

j = 2yj\-x => J 2 = 4(1 — x) => (2wv) 2 = 4^1 -^m 2 -v 2 jj => m = ± 1 ; j = 0 => 2mv = 0 => u = 0 or v = 0; 

x = 0 => u - v = 0 => u = v or u = -v; This gives us four triangular regions, but only the one in the quadrant 
where both u, v are positive maps into the region R in the xy-planc. 
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Jo r 7 +y 2dx dy = lo Jo ^i" 2 ~ x ’ 2 )~ + ( 2uv ^ ' 4 (“ 2 + y2 ) dv dll = 4 [u 2 + V 2 j dv < 

= 4f (~M 4 V + |-M 2 V 3 +iv 5 l =|f 

Jl L 3 5 J o 15 Ji 15 1_6 J ! 45 


17. (a) x — u cos v and y = z/sinv: 


d(x,v) COS V -M sin V 2 • 2 

_2 ’ rL ' — I I — ii r*r\ c 11 I n cin 


= u cos v + u sin v = u 


sinv wcosv 


/u\ • i d( x >y) sinv wcosv . 2 2 

(b) x = u sin v and y = u cos v => - ) ' = = -u sin v - u cos v = -u 

s b*, v ) cos v —u sin v 


cos v —u sin v 0 

18. (a) x = ;/cosv, y =» sin v, z = w => ^ = sin v t/cosv 0 = w cos" v +!<sin" v = u 

0 0 1 

2 0 0 

(b) x = 2«—l,j=3v —4,z = i(w—4)^|g^= 0 3 0 = (2)(3) (±) = 3 

0 0 1 


sin tp cos 9 /? cos ^ cost? -p sin ip sin 8 

19. sin^sint? pcos^sint? ypsin^cost? 

cos^ -psin ip 0 

p cos ^ cos 0 -psintpsind sin <p cost? -psin^sint? 

= {cos<p) + {psin<p) 

pcostpsinO p sin^cost? sin^sint? psin/pcosd 

= (p 2 cos^j|sin^cos0cos 2 0 + sin^cos(zisin 2 t?j + |p 2 sin<^j|sin 2 tpcos 2 £? + sin~ ^sin 2 8 

2 2 2-3 / 2 • \l 2 2 \ 2- 

= p~ sin p cos” <p + p" snr <p = \p~ sin tp cos” tp + sin“ <p = p sin <p 


20. Let u = g(x) => J(x) = *¥- = g'( x ) => f /(w) <iw = ^ f(gM)g'(x) dx in accordance with Theorem 7 ir 

dx J a ‘ Jg(a) ‘ v ' 

Section 5.6. Note that g'(x) represents the Jacobian of the transformation u = g(x) or x = g _1 (z/). 




3 r 4 r * 2 xv, xzY Hyl2) 


2 2 3 


= Jo Jo [i <>■ + 0 - L + f dydz 




a 0 0 

2 y 2 2 

22. J{u,v,w) = 0 b 0 =abc; the transformation takes the ellipsoid region ^- + ^- + -^<1 in xyz-space into 

a b c 

0 0 c 

the spherical region u 2 + v 2 + h 2 < 1 in zzvw-space (which has volume V = =^> F = ||j dx dy dz 

R 

= jjjabcdudvdw = ^f^ 
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\a 0 0 


23. J(u, v, w) = 0 b 0 = abc; for R and G as in Exercise 22, JJJ | xyz \ dx dy 4z||| a 2 b 2 c 2 uvw dw dv du 
0 0c R G 


= 8 a 2 b 2 c 2 ~ JJ” ” J o (psin^cos^)(yOsin^sin 0)(p cos <j))[p 2 sin^jt/ p d<f dd 
= 4a j c J nl2 sin 9 cos 0 sin 3 </> cos tp dtp dd = a h ^ c j* /2 sin 9 cos 0 dd = - 


4W r l2 r /2 .w 


1 0 0 

24. u = x, v = xy, and w = 3z => x = u, y = —, and z = \w => J{u, v, w ) = —y — 0 = y-; 

0 0 1 

Ulhv 3xjzj dx dy dz = JJJ |~ u 2 + 3w | J(u, v, vv) du dv dw = 3 J Q | 0 Jj ( V + Tf) d v d w 

D G 

2 p “ 13 

= \ f 3 f 2 (v + vw In 2) dv dw = | f 3 (l + w In 2) \ dw = \ f 3 (l + w In 2) dw = | w + ^ In 2 ] 

•J JO JO 3 JO q 3 JO 3 z 0 

= |(3+|ln2) = 2+3 1n2=2 + ln8 


25. The first moment about the xv-coordinatc plane for the semi-ellipsoid, ^ I T + ^- + 4 r = l using the 

transformation in Exercise 23 is, M xy = jjjz dz dy dx = JjJcvv | J(u, v, w)\ du dv dw 

D G 

= abc 2 JJJ w du dv dw = [abc 2 j °f the hemisphere x 2 +y 2 +z 2 = 1, z > oj = abc 4 n ; 

G 

the mass of the semi-ellipsoid is 2abc7t =y> z = [ abc 4 71 j [ ^abcji ) = 8 c 

26. A solid of revolution is symmetric about the axis of revolution, therefore, the height of the solid is solely a 
function of r. That is, y = f (v) = /(r). Using cylindrical coordinates with x - r cos d, y = y and z = r sin 9, 

we have V - JJJ r dy dd dr = J j” ^ r dy dd dr = j J" \r y^^dd dr = J rf(r)dddr 
G 

rb r -(Iji rb 

= J [rd f (r)J~ dr - J 2 nrf ( r)dr. In the last integral, r is a dummy or stand-in variable and as such it can be 

rb 

replaced by any variable name. Choosing x instead of r we have V = 2nxf {x)dx, which is the same result 

J a 

obtained using the shell method. 
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27. The region R is shaded in the graph below. 



Solving explicitly for the transformation that gives x and y in terms of u and v yields a complicated 

d(x,y) TT . d(u, v) . ... 

expression tor--. However, its reciprocal, - is relatively easy to compute. 

d(u,v) 8(x,y) 

Since u(x, y) = xy and v(x,y ) = y/x, J(x, y) 


y x 

y i 


2 r 
X x . 


-2— = 2v. Thus J(u,v) = l/2v. In the wv-plane 
x 


the region corresponding to R is G:^<u <2, ^-<v<2. Thus v is positive and | J(u, v) | = l/2v. 


2 r 2 


ff dA= f” — 

) V2 J 1/2 2v 


du dv = 


f 


1/2 


ln« 

Y 


2 "1 
1/2 


f 2 3 

dv = \ In 2 dv = —In 2 
Jl/2 ? 


28. Under the given transformation, y~ =uv, so 

■ 2 r2 


ff y^dA= f ( —du dv- 

J i' J l/ 2 Jl/22v 


r2 (_. 2 


2 ^ r 2 
dv = 

■ 1/2 


1 / 2 ' 


1/27 


Jl/216 32 
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10 

(1/10. 10) 

= jl 1 °(e- 1 )4’ = 9 e- 9 


r 


1 

\<u> 


0 

1 NOT TO SCALE 





dx 


dx = 

±e* 2 -4" 

1 

2 2 


-i 1 


J 0 


e-2 

2 


3. 




3/2 r J9-4/ 2 


dt 


~i( 


4/ 2 dt = 


4( 9 - 4 ' 2 ) 3 ' 2 


1 3/2 


^ (0 3/2 _ 9 3/2 


27 

6 




4. 




JoJ^ 2<fa dy = lo (^ + ^-y) dy 

= 4-2j-|(4-j) 3/2 ] 4 

L Jo 

= 4-8+|-4 3/2 =-4+^ = | 
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4 7/4 2 5/2 

jy —5 y 


6 - \l\f ^ dxdy = \l[¥ m ]y dy 

=tJd( 

= 1 ( 7 - 5 ) 

Jo J 2 a/x c/p dx = J o x 1/2 | X - x 2 j dx 
r 1 / 3/2 5 / 2 1 , 

= j o (x -x )4x 




4 

35 


n 1 


J 0 


= [l r 5/2_2 r 7/2l 1 _ 

|_5 7 Jo 5 7 35 


_ 2 2 _ 4 


r 3 r (l/2)V9-x 2 


0 ydydx = ]_. 

= \lM 9 ~ x2 ) dx = 

_ /27 _ 27 \ 27 ,27\ _ 27 _ 9 

l 8 24/ l 8 24 J 6 2 

<-3/2 f ^9-4y 


9x _ xl 
8 24 


21 

2 

-i 3 


(1/2)V9-.C 


dx 


J 0 


J -3 


IT f* * = f 


_ I g3/2 = 27 _ 9 
6 6 2 


y-x 


y.x 


0,1) 




8. f{ ( P 2x dj' dx = Jo Mo ' dx 
= |~^2x|4 -x 2 jj dx = ^8x -2x 3 j dx 


1 2 


4x -- 


Jo ^ 2x dx dy = J Q Jx 


J 0 


= 16-f = i 


i^y 


JO 
n 4 


dy 


4y 


:16-f = 


I 




= J 0 (4 — y) dy 

9. JoJ ? 4cos|x 2 j dx dy = J Q J Q 4cos^x 2 j dy dx = J q 2xcos^x 2 j dx = sin|x 2 j 


: sin 4 


r2fl v 2 , fl rZX r L pi 

10. e dx dy = e dy dx = 2xe 

JO JjV 2 Jo Jo x JO 


1 r 2x v 2 


dx = 


-.1 


= e-\ 


Jo 


1L \l\r x ^h dydx = \l\l ik dxdy=L Xs^ dy=Xj T- 
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f l f l 2;rsin(7rx 2 ) r l f x 3 2 tt sin(;rx 2 ) -1 t 2\ T / 2 il 1 

12 ' JoJ^7-?- dxdy = \X -?- dydx = )2nxsm[nx )dx = \-cos[xx 


= -(-!)-(-!) = 2 


rO r 4—X rO / 9 \ 

13 ' A = \-l\2 x +4 dydX = \-2\ X ~ 2X ) 


£?x = ■ 


14 - 4 = Of v dx dy = C (Jy~ 2+ y) d y 


.37 

6 


i5 - -Jo/rv^ 2 )—-Jo 1 

=(Hr&) 


^+T 


i2-x 


dx = j^| 2x 2 + (2 * ] -2f- 


dx = 


2x 3 (2-x) 7x 4 

3 12 12 


2_ _ 4_ 
12 3 


-|1 


J 0 


pZ p 6 —X 2 pz 2 " 0 * pz / 

16. F = J r = J ^ r j dx = J ^( 


2r 7 n6 ^*=f; 3 (6x 2 -x 4 -x 3 )*=if 


17. average value = J q xy <7y dx = J Q rf x = ^ dx = ^ 


1 pi ryjl—x^ a pi xy^ 2 pi / 1 

18. average value = T^y J 0 J 0 xydydx=- J Q J ^ dx=- j Q (x - x )4x=^ 


cl Wl-*' 


I I /—7 - 2 -v dy dx = f * [ —=^— 5 - dr dO = f ["-J-y d8 = y f dd = n 

J-iJ-Vl-x- ( 1 +x 2 +v 2^ 2 ' Jo J 0 ( 1+r 2) 2 Jo L l+r 2 Jo 2 J 0 


20. | j7" ln(x 2 + y 2 +lj dx dy = ln|r 2 +lj dr dd = 2- In c?m dd = [w In u —w] 2 dd 

j (2 In 2 -1) d6 = [ln(4) -1 \n 


21. |x 2 +y 2 j -^x 2 -y 2 j = 0 => r 4 -r 2 cos2# = 0 => r 2 = cos2# so the integral is /4 —'—jdrdO 


M 


I 


/r/4 


—7zV4 


-i Vcos20 


2 H) 


J 0 


^=ir /4 )^=jr M (i— ±r-)de=u 

2 J —^r/4 \ l+cos20/ 2 J—^-/4\ 2cos 2 #/ 2 J- 


-7r/4 


_ \ [ n tanff ~1 ^ 

- tL 6 '—2-J _ 


tt/4 0 

_ ;r—z 

tt/4 4 


r^/3 i-secf? 


“• w lir*"'-[ rrv 

«(t+x'+r) ( 1 +'- ) 


41 , 


72-/3 sec 2 0 


0 1+sec 0 


dO\ 


u = tan # 

2 

du = sec” 8 dO 


dr dd = J 


i r^ 3 


/r/3 


n sec# 


2 K) 


"=l 


/r/3 

0 


J 0 


1 _1 

2 


du _ 1 


2 JO 2+u 2 2 


-4= tan 1 - r 

sl2 V2. 




J o 


= #tan- 1 S 
4 


2(l+sec 2 0) 

£ 


dd 
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(b) [[--- jdx dy = f f — 

" (l+x 2 +.v 2 ) ' Jo Jo (l + ,- 2 f 


dr de = \ n> lim 

■"0 b —>oo 


xb 


2 M. 


J 0 


d6 = 2 lim 

^0 b —>oo 


1 _1 


2 K). 


de 


\C*° 


_ ;r 
4 


23. J coslx + j + z) oh dy dz = |^[sin(z + y +ji) -sin(z + y)] dy dz 

= J f-cos(z + 2;r) + cos(z + ;r) -cosz +cos(z + 7r)] dz =0 


24. 


fin 7 f ln2 f n 5 e (x+y+z) dz d dx = f ln7 f ln 2 e (x+.v) d dx = & 1 e x dx 

Jin6 JO Jin4 ' Jln6 Jo ' Jln6 


= 1 


25 - Jo Jo F (2x ~ y ~ z) dz dy dx = Jo Jo (V - ¥■) dy dx = Jd(¥ - t) dx -- 


35 


26. 


Ji Ji Jo dy dz dx = Ji Ji dz dx = Ji x dx = t x x ~ x ] 1 


= 1 


{Till fO {— lx { 71 H fO , v {Till 9 

27. F = 2j o J J o dz dx dy = 2j^ J (-2x) dx dy = 2J q cos y dy =2 


y sin 2y 

T + “ 


1 nil 


J 0 


28 - F = 4 J 0 2 C ' J 0 4 1 dz dy dx = 4 Jo" Jo 4 ' ( 4 “ ^) dy dx = 4 Jo "( 4 “ ) dx 

:(4-, 2 ) 3/2 + 6.rVT _ 


\3/2 


4-x +24 sin 


= 24 sin 1 1=12zr 


J 0 


29. average 


13 1 /- 1 3 /- 3 1 /- 

= 3 Jo Jo Jo 30xz V^ 2 +y dz dy dx = | J Q | 1 5xsjx 1 + y dy dx = j J Q | 1 5xs\x 2 + y dx dy 

■ / 2 \ 3/2 V , l r 3 l%,, . s3/2 3/21 , 1 , -.5/2 ~ 5/21 3 5/2 0 , a s5/2 C 

2(1 + y) -2 y J 0 =i[ 2(4) _2(3 ^ ~ 2 


dy = | Jo[ 5 ( 1 + >') 3/2 ~ 5 y il2 dy=\ 


= i[2(31-3 


,5/2 


30. 


average = ^ J[* /“ p 3 sin ^ dp d<fi dO = ^ j*sm djdd dd = % 


„ .. f v5 .Jizy jzzyzy 
31 - <a) 

|-2;r j-^/4 /-2 _ 

Jo Jo Jo' 


plji <• ji /4 r2 o 

(t>) Jo Jo \^p" ^^dpdtpde 


{In {yfl f\/4—r 2 /*2;r fV2 / 9 \l/2 

(c) Jo Jo l 3 dz r dr dd = 3 J Q J Q r(4-r ) -i 


f27T f%/2 


dr dO = . 


1 V 2 


r 2;r i / 9 \3/2 3 

3 lo [-+"'■ ) -vj 0 


de 


r2n / 

Jo , 


- 2 3/2 - 2 3/2 + 4 3/2 j de = (8 -4V2)j’“ Zr de = 2/r(8-4V2) 
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32. (a) \ n f f 2 21(r cos 8){r sin 0) 2 dz r dr dd = f* f f 2 21r 3 costJsin 2 9 dz r dr dd 

J -nil J 0 J —r~ J -nil JO J -r 


nil fl rr 1 


'—nil JO J —r 

rn!2 fl rr 2 


(b) \ n f f 2 21r 3 cos#sin 2 6 dz r dr dd = 84 P \ r b s\n 2 d cos d dr dd = 12^ ~ sm 2 d cos d dd 
v J-7Z-/2 Jo J-r 2 Jo Jo JO 


^ , N r2n r^/4 rsec^ 9 . , , , , , ^ 

33. ^ lo Jo Jo p ^pdpdpdO 

pin r7rl^ rsec 6 9 1 r2n rn!^ , p2nV 1 9 “itt/4 

(b) p sirup dp d(pdO = -^^ J o (sec^)(sec^ tan^) dp dd = 3-J^ j-mn d6 

= ±(^d0=f 
6 Jo 3 


34 . (a) [ f f y (6 + 4y)dzdydx (b) [ f f (6 + 4 rsin#) dz r dr dO 

JOJO JO JO JOJO 

(c) J o { /4 | 0 ^ (6 + 4/7 sin ^ sin 6 *) | yO 2 sin^jt/ p d<f> dd 

f/z72 j*l pr r7l!2 (*1 / 9 9 \ r7ll2V 9 a “1 1 

(d) J o Jo Jo (6 + 4 ^ sin( 9 ) dz r dr dO = ^\6r +4r sirr6^ dr d6 = 2r +r sin 0 d6 

= ’(2 +sin 9) dd = \26 -cos#] p = n +1 


rn!2 rl rr 


fi (r—r d 4 ~ x2 ~ y2 z 2 


35 . rrpu v 

JoJvi-x 2 Jl 


yx dz dy dx + J ^ J"^ _ ~ z 2 yx dz dy dx 


999 

36. (a) Bounded on the top and bottom by the sphere x +y +z =4, on the right by the right circular cylinder 

2 2 

(x-l) +y = 1, on the left by the plane y = 0 

( b) So' 2 Sc T e Su^ dzrdrde 

37. (a) V = j^^jf~^d zr drdd = f- 7r \-^r^^-2 r yrdd = f- 7r -jf 8 -'' 2 ) d9 

= C[-i(-4> 3/2 -44(8) 3/2 ]^ = ir!(-2-3 + 2^)^4(4^-5)f^^^ 

(b) F = J’ J 0 ^P~ s in<^ dp dtp dd = |JJ [2-Jl sin^-sec 3 ^sin^j dtp dd 

= |Jo J Q |2V2sin^-tan^sec 2 (/ty^dd =|| 0 j^-2>/2 cos^-^tan 2 (p dd 


\sT(- 2 -^) d °=^T{— 


%n 4V2-5 


38. Iz = (p 2 sin fljdpdtfdd = ^ J q 2 /j 4 sin 3 <p dp d<j>dd 


2n rn!2 r2 


fJo^jp |sin^-cos 2 0sin(zij d<p dd =^| 0 * -cos^ 


Jo 
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39 . With the centers of the spheres at the origin, I z = J~ * j* J S(ps'mif )) 2 | p 2 sin 

S\b~ ) p2n pn "5 Sib ci | »2 n pn / 0 \ 

= ——— 2 j J o sin 3 ^ dtf> dO = —^j (sin(zi-cos 2 ^sin^j d<f> dO 


dO 


S { b - fl5 ) ( l7r [ j. cos4 

^_Jo _ C0S ^ + _J 1 


JO 


4 slb 5 -a 5 ) px 8 nsitf-a*) 

dO = ’ ] dO = - 

15 Jo 15 


40 . 4 = 


p2n rn rl— COS 9 . 7 / 2 • C2^ c^- rl— COS $ 4 . 3 ,. 

Jo Jo Jo ^ Sln ^ I/ 2 = J o J o p Sin </)dpdc/)d0 


* n;^ C0 ^) 5 s ' n? ^ d</> ^0 = J * (1 — cos ^>) 6 (1 +cos^)sin^ d<j> dO\ 


2 n rn 


Jo 


U =l-COS (/) 

du = sin (f> dtf> 

2n 0 3 0 5 


f [ m 6 ( 2 -u) du dO = 1 f n ^\ dO = \ f 2 ^dO = 1 f * 2 - 2 - dO = |2 f 71 dO 

5 Jo Jo 5 Jo 7 8 n 5 Jo V 7 8 / 5 Jo 56 35 Jo 


64 n 
35 


41 . M = jj dy dx = ^2 - 2 j <ix = 2 - In 4 ; M y = Jj J x dy dx = x ^2 - 2 j dx = 1 ; 

M * = f lL y dy dx = \l[ 2 -jr) dx = ^x=y = 2^4 


42 - m - 0 - 2 r dxdy =tv* 2 ) dy 


= 31 ; M r = f4 t2y ~ y 


3 > 


U- 2 O 4*^ = { 0 (4i’ 2 -j 3 )^: 


4 r 3 v 4 


n4 


Jo 


64. 
3 ’ 


r 4 r 2 y-y 2 r 

M r=JoJ- 2 , xdxdy = J ( 


i 2 y-y 2 )" „ 2 

2 — 7 -^— 2 p 


dy = 


/_/ 

10 2 


T 4 


Jo 


x = tt- = and y = -^4 = 2 
5 - M 


M 


43 . / 0 = 


00 t 2 + 0 ( 3 ) ^ x= 3 U 4x 


2 =104 


• 4) 4 = J; 2 J_! (x 2 + 4 2 ) dy dx = J”, (2x 2 + jj 

4) 4 = J! a J_V 2 4 v dx = f_ a ^f dx=*f 

rb pa 


i)dx = ^ 


h - c c ^ - J_‘ 6 ^ ^ + ^ - 1444 


45. M = 


*\lC dy dx = <T * = 3(J; 4 = ^foC /J 4 2 4 dx =ff {Va = (|t)(t) = 


3 f 2x/3 2 


46. M = J o | 2 (x + 1 ) dy dx = J^^x-x 3 j c?x =2-; M x = J 1 2 j(x + 1 ) Jx = 2 -| () |x 3 -x 5 +x" -x 4 j dx = 
M y = J'j x(x + 1 ) dy dx = (x 2 -x 4 ) dx = ^ => x = ^ and J7 = 14; 4 = J X j ; 2 (x + 1 ) dy dx 

= 3 Jo0 " ■ + ^- ■ j6 ) dx = m =* R * = y/5 = M ; 4 = Jo C x2 4 + V dy dx = Jo( x3 - ■ j5 ) dx = n 
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47. 


M = J ^ J ^x 2 + y 7 +\^dy dx = J ^2x 2 + jj dx = 4; M x = | ^ J ^ j|x 2 +y 2 +jj dy dx = J ^0 dx = 0; 

, = | j| jx|x 2 + _y 2 +yj dydx = j ^2x 3 +jxj<£t = 0 


M y = 


48. Place the A ABC with its vertices at 4(0, 0), B(b,0) and C(a,h). The line through the points A and C is 

i . t /•/? r(a—b)y/h+b 

y = —x; the line through the points C and B is v = -^(x-b). Thus, M = 8 dx dv 

a a-D JO J ay/h 

(■/j r(a-b)y/h+b 2 , 

J ay/h 


d y =§ f> h = \xr +b y 2sdxdy =bS io{ y2 ~ir) 


ml 3 j-3 

-it1 3 Jo ' 

y = 0 by symmetry 


49. M =\ n f r dr dd = %■ f* dd=l>7T\ M = I" r 2 cost? dr dd = 9 \ n cost? dd = 9^3 => x = and 
J-^/3 JO 2 J-tt/3 ’ r J-tt/ 3 Jo J-jt/3 * 


r^/3 |-3 
-7Z-/3 Jo ; 


n! 3 
tt/3 


3 ^ 


50. M=f 7r ""f r dr d9 = A\ nl d6 = 2 n\ M =\ n ~\ r 2 cos d dr dd = ^\ K "cos d dd = ^~ => x = and 
Jo Jl Jo y Jo Jl 3 Jo 3 2 n 


y = by symmetry 


rn!2 rl+cos# 

51. (a) M = 2j o J r dr dd 


n 


M 


2 cos 8+ 1+c ° s26> 

rn!2 rl+COS# 


)4t? = -^; 


r 7Z7Z rl+COS (7 7 7/1 

v = (r cos 6 1 ) r dr a 6 

i—nl 2 J 1 

= J- 2 (cos 2 d + cos 2 0 + co ^ 61 j dd 

, and y = 0 by symmetry 


32+15;r ^ — _ 1 5 tt+32 
24 6^+48 


(b) 


y 



52. (a) M = \ a f r dr dd = \ a dd = a 2 a; 

J-aJ0 J-a 2 

M v = f f (rcost?) r dr dd 
J —oc J 0 

_ t a a 3 cosd (IQ — 2a 3 sing 

J -a 3 3 

_ 2a sin a , — n , 

=> x = —^—, and y = 0 by symmetry; 

lim x= lim 2«^ina =0 

v - v - 3 a 

a^n a^n 

(b) x = jjp and y = 0 


y 
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53. x = u + y and y = v=>x=u+v and y = v 

H H 


• J{u, v) = 


0 1 


= 1; the boundary of the image G 


is obtained from the boundary of R as follows: 



v 

/ / 0 1 
✓ / 


u * 0 


'** 0 .*0 s 
/// '• 0 * 

'' 0 ' / ' / 0 + 

g ;rv^i 

’//*;////, 
s / , /,, 


v * 0 


xv-equations for 

Corresponding wv-equations 

Simplified 

the boundary of R 

for the boundary of G 

wv-equations 

y=x 

v = u + V 

u = 0 

y = 0 

v = 0 

v = 0 


•0> sx f{ x ~y>y) d y dx = j 0 | 0 °° e S{M+V) f(u,v)dudv 


54. If s = ax + py and t = yx + 5y where (aS - J3y) 2 =ac-b 2 , then x = ^s-py ’ 4 ~ Js-Ry ’ anc * 


J (s,t) — -- z 

(aS-firf 

= , 1 f 2n dd = - [ 

2 slac-b 2 Jo Vi 


S -P 

-y a 


f" r 2 Tre^dr 


aS-fiy J —go 


d6 


=S=. Therefore, , 71 = 1 => ac-b 2 =n 2 . 

ac-b 2 


•Jac-b 


CHAPTER 15 ADDITIONAL AND ADVANCED EXERCISES 


O o—X O rz ro—X rx 

x 2 dy dx (b) V = f f \ dz dy dx 

x J-3Jj JO 

(c) E = j" 3 J x 2 dy dx = j 16x“ - x 4 - x 3 j dx = 


2r J 

5 4 


125 

4 


2. Place the sphere’s center at the origin with the surface of the water at z = -3. 

2 2 2 2 

Then 9 = 25 - x" - y => x +y =16 is the projection of the volume of water onto the xy-plane 


f2 71 r4 r— 3 , r4( [ 

V = j 11 /- ydz r dr dd =\ 1 ry 

Jo Jo J-V25 -r- Jo Jo l 


J25 —r 2 -3r } dr dO = -^25-r 2 j 


3/2 


-|4 


3 2 

~V 


do 


Jo 


= \T -|( 9 ) 3/2 -24 + |( 25) 3/2 d0 = \^ 2 ydO = ^ 


r 2 ;r / 

Jo 


3. Using cylindrical coordinates, V = Jo IJ< 

= j" Q ^1-|-cost? “Sint?) dO = ^#--jsin# + yCOS#J~ = 2n 


2n i-l f2-;-(cos6J+sin6J) . . . rlrc rl/ 9 „ 9 . , 

' dz r dr dO = J j (2r-r cos 0-7'“ sm£?| dr dO 


sin 0 j 1 


Copyright © 2014 Pearson Education, Inc. 






1150 Chapter 15 Multiple Integrals 


4 - v= 4 \T\l\f^ dzrdrde=4 i 


T ^) dr d ° = "i( 2 - ; ' 2 ) 


n3/2 ^ 

' 4 


nl 


d9 


Jo 




? ? 9 9 9 9 

5. The surfaces intersect when 3 -x -y =2x~+2y => x +y = 1. Thus the volume is 

fl ryl—X~ r3-X 2 -y~ rnll fl r3~f 2 rnll r 1 / 9 \ r 

V = 4 j o j ( . 2 ^ 2 dz dy dx = 4 2 dz r dr dO = 4 | 3r - 3r j dr d6 = 3 j ( 

rnl1 rnll p 2 sin 0 2 ■ 


n!2 

0 d0 = T 


^rn! 2 rn/2 rlsmd) 9 . , , , , , ^ rnl2 r/zV2 . 4 , , , 

F = 8j o j J p 2 sirup dp d<f> d9 = ^J J sin 4 ipd<pd9 


_ M f 

3 J( 


n!2 


sin 3 0 cos 0 


nil 


lo 




t/6» = 16j 


nil 

0 


if> sin 20 


-i/r /2 


J() 


t/6 1 = 4 tt f ^ d9 =2n 2 

Jo 


7. (a) The radius of the hole is 1, and the radius of the 
sphere is 2. 


(b) V = 2?;\f\f- rdrdzd9 = \^\f(l-z 2 


In r\[3 I 



n 3sin 0 f^9-r~ , . rn rlsinO I T , . „ ri ,/ 9 \3/2 

0 Jo rdrd9 = Jo Jo /"v9 — r dr d9 = J Q -yjs-r ) 


-|3 sin 0 


d9 


Jo 




3/2 


.i( 9 ) 3/2 


l-|l-sin 0j ~ d9 = 9j'^ r |l-cos 3 d9 


=/;( 


1-008 0 +sin 2 9cos9\d9 = 9 


d9 = 9 


0 -sin 0 + ^ 


= 9;r 


Jo 


2 2 * 2 + y 2 +l 2 2 

9. The surfaces intersect when x +y = : —^-=> x + y = 1. Thus the volume in cylindrical coordinates 


F . 4f -0P+')/^, * de .. 4jf j^-4) * * -4j; 
*' 2 r 2 '>' 2 sind cosd n-.. 9 .. j/. r ^ 2 r 2 3 ■ „ „ 


2 

rnl 1 rl / 


7r/2 

0 


4 8 


-t(/0=4r /2 c?0= 

Jo 2j ° 


f/ 77 Z pZ p 

10 - r -l U 

= ^f i( ' 2 Mn 0 t° S 0,/0 = U ' ,2 =n 


rnl! 

V 

Jo 

4 


sin0cos0 d9 
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11. f --— dx = [ f e Xy dydx= [ [ e xy dx dy = [ f lim e Xy dx\dy= [ lim 

JO x J() Ja Ja J() Ja l + _vw, JO ) Ja * 


t— »oo - 


dy 

^ a t —>oo L y Jo 


CiliA) 1 '' - ill * - i ln v £ - ln (i) 


12. (a) The region of integration is sketched at the right 

ijx 2 +y 2 j dx dy 




pa sin 

JO J y cot (5 

fAr« 


Jo lo rln ( r2 )^^ ; 


u = r 

du = 2 r dr 

UP 




1 p P pa 

In m du d 6 

2 Jo Jo 



= 2 Jo [» lnM -»]o dd = \L 


? 9 

2 a ln a-a -limflnt 




*->0 
r~2 2 

pa -x 


pio 


In 


dd = (2]n a-\) dd = a 1 f(\n a -y) 

|x 2 + j 2 j dy dx 


13. r \"e mix - t} f(t) dt du = F f x e m ^f{t) du dt = f; \x-t)e m ^f(t) dt ; also 

JU JO JO Jt J u 

Jo Jo Jo (0 dt du dv = j„ti; e »'(-r du dv dt = (v-t)e m *' r ^/(t) dv dt 


= J 0 Li(v- 0 2 e' 


2 m(x-t) 


fit) 


dt = l< 


- r^Le^mdt 


14 • |q /(*) (|q g(* -jO/OO 1tA = Jq j;g(.r - y).f{x)f iy) dy dx = g(x - y)f{x)f iy) dx dy 

= jg f iy) ( f y g(x- y)f (x) dx j dy; 

Jo Jo 8 ^ x ~ y I) f' W/Cv) dx dy = Jo Jo g(* - y)f(x)fiy) dy dx + J^ j' g(y - x)f(x)f(y) dy dx 

= Jo J* g(* - y)f(x)f iy) dx dy + J^ j' g(y - x)f(x)f(y) dy dx 

= Jo J* Six - y)fix).f iy) dx dy + J^ j' g(x - y)fiy)fix) dx dy = 2J^ j' g(x - y)fix)f(y) dx dy, 

simply interchange x and y variable names 

and the statement now follows. 


15. /, 


« (a) = Jo JcT (x 2 +y 2 )dydx = J ( 


2 , y 

x y + - 


n x/a 1 


dx = 


Jo 


Jo\a 2 3a 6 / 


dx = 


4 a 


2 12 a 6 Jo 


= “i + ± a ~ 2 - 

4 12 ’ 


1 „-4 


Igia) = y a a 3 =0=>a=y=>a = Since /"(a) = j + y a 

minimum for the polar moment of inertia / Q (a). 


> 0, the value of a does provide a 


16 - 7 ° = Jo" lL(* 2 + y2 ) (3) dy = 3 Jo ( 4 * 2 -^ ~+f) ^= 104 
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0 2 u2 


2 2 


rO rCl rO ( 

17. M = f f r dr dO=\ 

j- 9 Jbsecd J-0\ 

= a 2 0 - b 2 tan 0 =a~ cos -1 


^-^— 2 d\d6 


sec 




= a 2 cos 1 (— )-b\la~-b A ; 


.2 , 2 . 


I a = [ f r 3 c/rc/# = -jf (a 4 + Z > 4 sec 4 6 1 ) d6 
0 i-dibsec9 4 J -01 / 

= ^J ^fl 4 + b 4 |l + tan 2 ^j^sec 2 9 


a 4 G-b 4 Van 8- 1,4 0 


~\0 


-e 



= «l£_6^n0_Alt| 1 i0 = i a 4 cos -l (A)_l fr 3 Va 2 -Z) 2 _I & 3j a 2_^2j 3/2 


18 


• M = Citl//4) dx dy = J- 2 ( 1_ ^r I dy = 


n 2 


^“12 


J-2 


o r 2 f 2 -(r/ 2 ) 

= 3= M v=J-2L(//4) Xtfe ^ 




- 2 -(// 2 ) 

-l-(>’ 2 /4) 


d y =I_ 2 2 i( 4 -y) d y=Mh{ l 6 - % y 2 + ^ 4 ) dy : 


8v 3 

I 6 y-—+ y 


=# 2 -f + ¥)=fe)(¥)=@=^>- 8 ^ + /)^= 


1 £ 8 / / 

16 >3+r 


and j = 0 by symmetry 


JO 


19. = 


^e feV 
2 a* 


Jo 


2 2 

_J_ e «V 

2 6 a 


-16 


= y=(e* V -l| + ^-|e“" -lU^le 0 " -1 


2 a 6 


1 


2 a 6 


1 /„*v 


a 6 


20. [ 1 f 

J Vn J. 


fl f*i 8 z F{x, y) 
dx dy 


fo Jx o 


dx dy = | 


n 

y 0 L 


dF(x, y) 
dv 


1 r 

dy = f 


5F(x 1; >>) dF(x 0 ,y) 


9v 


dy 


dx=[F(x l ,y)-F(x 0 , y)]^ 


= F(x l ,y l )-F(x 0 ,y l )~ F(x l ,y 0 ) + F(x 0 , y 0 ) 


21. (a) (i) Fubini’s Theorem 

(ii) Treating G(y) as a constant 

(iii) Algebraic rearrangement 

(iv) The definite integral is a constant number 

fln2 rn/2 


(b) j^ n “ | 0 ^ 2 e x cos y dy dx = |j^ n 2 e x dx^^~ cos y dyj = (e ln 2 - e° j (sin j- - sin o) = ( 1 )( 1 ) = 1 


( c) ft f dxdy= [SiF d y )(JV 


dx 1 = 1 —- 


i2 r 


J’J-iL 




22. (a) V/ = xi +yj => D u f = UiX + u 2 y; the area of the region of integration is \ 
=> average = 2 J Q J o (m 1 x + m 2 j) dy dx = 2 | o ^m 1 x (1 -x) +^-m 2 (1 -x) 2 J cbc 


= 2 


w l 




r H 2 


) ! 


. nl 


= 2 


Jo 


(i«l+| M 2) = 3( M l+«2) 


(b) average = ^ + u 2 y) dA=^-\\xdA + ydA=u 1 (^J + « 2 (^) = u x x + u 2 y 
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23. 


dO 


(a) I 2 =J Q J q e (a +y ^dxdy = j* /2 jy je j r dr dO = ^~ lim r dr 

= -iT /2 lim (e~ bl -l)d0=if /2 dfl = f ^1=^- 
2 Jo J 2 Jo 4 2 

( b ) T = j” t^e-'dt = J”( y 2 ) / e~ y (2 y) dy = 2 J” e - ^ dy = 2 j = Jn, where y = 4t 


24. Q = J 2;r J S &r 2 (l-sin#) dr d9 = J ^(1-sin#) d9 = ^-\6 + cos0\^ = 


fa InkR 2 
3 


f V/i r'Jh—x 2 rh 

25. For a height h in the bowl the volume of water is V = J J ^—yj 2+ 2 dz dy dx 


r\fh r'J h-x 2 


_x2 - ■ y2 ) dy dx = rf ( /7 _r2 ) r dr d ° = j< 


r2;r 

Jo 


+y 

hr'“ 
2 


■Jh 


de ~\T 


JO 


Since the top of the bowl has area 10;r, then we calibrate the bowl by comparing it to a right circular cylinder 

h 2 i ; 

2 

to a depth vv then we have 107nv = AA- => w = So for 1 inch of rain, vv = 1 and h = ^20; for 3 inches of 


whose cross sectional area is 10;r from z = 0 to z = 10. If such a cylinder contains cubic inches of water 


20 ' 

rain, w= 3 and h = 

26. (a) An equation for the satellite dish in standard 
position is z = \x +±y . Since the axis is 
tilted 30°, a unit vector v = 0i+aj+Z>k 
normal to the plane of the water level satisfies 

i _ s/3 


5 = v-k = cos (jr) = fa 

-VT '' 


> a = -Vi —b - 



^v = - T j +- 2 - 
^4(j-l)+f (z-I) = 0 

=^> z = -j=y +^d.--C) is an equation of the plane of the water level. Therefore the volume of water is 

_L y+- _ — 

V = 2 ^ dz dy dx, where R is the interior of the ellipse x 2 +y 2 -^y- 1+-^ = 0. When x = 0, 


R 

then y = a or y = /3, a = 

\V 2 


-2-+ /4_ 4 |_i_ 
d3 \h 41 " 


(a l ) 


and [3 ■■ 


22 — |4_4| 21 _i 

■S \|3 41 " 


4 (Jr') 


k i J LLf’Q /1 * *^ 




3- 1 


V5 

2 

A 




(b) x = 0 => z = jy 2 and ^ = y; j = l=>^- = l=>the tangent line has slope 1 or a 45° slant => at 45° 
and thereafter, the dish will not hold water. 
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27. The cylinder is given by x 2 + y 2 = 1 from z = 1 to co => fff z(r 2 + z 2 ] ~ dV 


D 


p 2x pi poo 

Jo Jo Jl 


= lim C f' K) 

n —Jo V 3/ 


z 5 j 2 dz r dr d6 = 


lim [ [ [ - rz , dz dr dd = lim [ f (-4) 

,-v.Jo Jo Jl 2 ,.2\ 5 /2 n —Jo Jo l 3/ 


2 n f l 




('M 


3/2 


Jl 




(rWf ^( ; , +1 )3/2 


=-r 


drde= }™C i( r2+fl2 ) 1/2 “it 7 ' 2 +1 ) 


- 1/2 


nl 


d9 


Jo 


dd = lim 2n 

a —>oo 


i( 1+0 2 r i/2 _i^)-i(i). 


= 2;r 


3 V 3 / 2 


28. Let’s see? 

fl 

The length of the “unit” line segment is: L = 2J cfe = 2. 


2 - U x 2 -y 2 


dz dy dx = j n. 


pi 1—JC 

The area of the unit circle is : A = 4J^ dy dx-n. 

. pi C S 

The volume of the unit sphere is : F = 8J^ 

Therefore, the hypervolume of the unit 4-sphere should be: 

V fl r-Ji^x 2 Jl-x 2 -y 2 Jl-x 2 -y 2 -: 2 

K hyper = 16 J 0 J 0 J 0 J 0 dw dz dy dx. 

Mathematica is able to handle this integral, but we’ll use the brute force approach. 

dw dz dy dx = 16J ~ Jl -x 2 -y 2 -z 2 


fl fVl-x 2 rjl-x 2 -y 2 r-v/l—x 2 —v 2 —r 2 


w=i 6 f r * r p 

hyper J 0 J 0 J 0 J a 


: 16 Jo " 2 ^ J 1- * 2 “T 2 Jl - . f 2 * dy dx; 


l-x 2 -y 2 


Jo Jo Jo 

==cos 0 


•Jl-x 2 -) 

dz=-yjl-x 2 -y 2 sin Odd 


16 Jofo 1_A ( 1_x2 “P Jl!/ 2 (-Ji I ^PJsin /?] dO dy dx = 160 q ‘~ A (l -x 2 - P )J° /2 (-si 
Uo ^-^Jl-x 2 -j 2 j dy dx = 4^J o ^Jl-x 2 -x 2 Jl-x 2 -jJ-x 2 j j dx 
J o Jl-x 2 J-x 2 j-l=^- fife =f^| 0 J-x 2 j dx; 


= 16 

= 4tt 


x=eos 0 
Jx=- sin # d# 


tt/2 


f° (- 

l-co«2 0\ 2 dd- 2 ( 

JW2\ 

2 / 3 J; 


r/2 V 


= -f^!/2(f- 2COS2 ^ + ^)^ = 
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dr dd 


I 

3 


fife </y fife 


dd dy dx 



CHAPTER 16 INTEGRALS AND VECTOR FIELDS 


16.1 LINE INTEGRALS 

1. r = A + (l-Oj => x = t and y = 1 —t => y = 1 -x => (c) 

2. r = i + j + tk => x = 1, y = 1, and z = t => (e) 

2 2 

3. r = (2 cos ?)i + (2 sin Oj => x = 2 cos t and y = 2 sin t => x~ + j" = 4 => (g) 

4. r = A => x -1, y = 0, and z = 0 => (a) 

5. r = A + tj + tk => x = t, y = t, and z=t=>(d) 

6. r = /j + (2 - 2t)k => y = t and z = 2-2t => z = 2 - 2y => (b) 

7. r = [t 2 -ljj + 2/k => y = t 2 - l and z = 2t => j = ^--1 => (/) 

8. r = (2 cos ?)i + (2 sin t) k => x = 2 cos t and z = 2 sin t => x 2 + z 2 = 4 => (/?) 

9. r(0 = A + (1 -t) j, 0<t<l=}-^ = i- j^>|^| = V2j; x = t and y = 1 — / => jc + > , = /' + (1 — /■) =1 

=> J c f(x, y, z) ds = 1 - 1, 0) |^| dt = (1) (^2 ) <* = [= -J2 

10. r(t) = ri + (1 -f)j + k, 0<t<l=>4" = i-j=> |-^| = y/2; x =t, y = l-t, and z =1 => x -y + z -2 

= t-(l-t)+l-2 = 2t-2=> f f(x,y,z)ds= \ l (2t-2)-Jl dt = ^2.\t 2 -2t \ =-V2 

JC JO L Jo 

11. r (t) =2A+t\+{2 -2r)k, 0 < t < 1 => ^ = 2i + j -2k => |^j = V4+1+4 =3;xy+y+z= (2t)t +t +(2-2t) 

=> \ c f(x,y, z) ds = \ Q [2t 2 -f + 2)3 dt =3 |t 3 -|t 2 +2t Q =3(|-^ + 2j=^ 

12. r(0 = (4 cos 0i + (4 sin Oj + 3?k, - 2n <t <2n ^ = (-4 sin 0i + (4 cos Oj + 3k 

^ |^| =-^1^0^7+16^08^7-1^9 = 5 ;y[x 2 ^y 2 = yj\6 cos 2 1 +16 sin 2 t = 4 => J /(x, y, z) ds = J ^ (4)(5) dt 

= [20/g jr =80«- 

13. r(0 = (i + 2j + 3k) + 0-i - 3j - 2k) = (1 - Oi + (2 -30j + (3 - 20k, 0 < t < 1 => ^ = -i - 3j - 2k 
=> l^l = Vl + 9 + 4 = a/]~ 4; x + y +z = (1 ~0 + (2 -30 + (3 -20 = 6 -6/ => J /■ (x, j, z) rfs 

= jy(6 -60 Vl4 dt = 6Vl4 ,-4‘ =( 6 Vl4)(i) = 3Vl4 
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14. r(0 ti+tj + tk, l<t<a>=> J a +j+k =>|*| V3; x2+ ^I +z 2 , 2^2 ^ 

=> ic /(x ’ * z) ds = r(#) ^ dt =[4]”=^ b + i )= 1 


15. Q :r(t) = ri + t 2 j,0<t <l=>^- = i + 2tj: 


dr_ 

dt 


■ \jl + 4t 2 ; x + yfy -z 2 = t + \[t~ - 0 = t + \ t\ 


= 21 since 


j c fix, y, z) ds = j^ 2 rVl + 4r dt = 

/ 2 \ 3/2 J 

6 1 + 4r 

L Jc 

= i + j +tk, 0 < t < 1 ^ = k => ^ 

= l;x + -Jy -z 2 


2 t--t =!--=-■ 
3' J 0 z 3 3’ 


=> j Ci f (x, y, z) ds = (2 - r j(l )dt 
therefore J c /(x, y, z) ds = f(x, y, z) ds + f(x, y,z)ds = |V5 +| 


= tk, 0<t<l^>-^- = k=> l^l = 1 ; x + yfy -z 2 = 0 + To -1 2 = -t 2 

nl 




16. C, : r(t) 

=> J c fix, y, z) ds 
C 2 :r(t) = tj +k 

^\ c J(x,y, z ) ds Jor . ., w ~ 

1 : r(t) = d + j+k, 0 <t<l=>-^ = i 

^ f i x ’ y > z ) * =£(00 ) dt = 4 t 


r 


Jo 


i. 

3’ 


C 3 : 




0+Vt _ 1 = sft — 1 


r 2 = t+fl-l =t 


it 


. 1 


Jcv.• Jo v/v/ l 2 Jo 2 

>J c /(v y, Z) ds =J C , f ds +j^ f ds +J^ f ds = 


d-lH-i 


17. r(t) = ti + ?j + fk, 0 < a < t < b => = i+j+k^|f|=V3; 


_ 1 


dt * ^ \ dt\ 

rb/,\ nr . r nr. . rt> 


x+y+z 

x 2 +y 2 +z 2 ~ F+r+r “7 


/(x, 32 , z) ds = | dt = V3 In 1 1 = V3 In j , since 0 < a < 6 


18. r(7) = (a cos Oj +(a sin t)k, 0 < t < 2n => = (-a sin t)j + (a cos r)k : 


yf = sla 2 sin 2 t + a~ cos 2 t =| a |; 


dt 


1 2,2 
v(X +z 

=-v 

f 2 . 

0 + a sin 

2 


■9 

a cos t 

Jo" 

a cos t 


= —4a 


l ~2 2 I 2 • 2 f-*f.a | sin t, 0 <t < n r rn 2 2 

-Vx + z = -V 0 + a sin t = \ => \ fi x , y, z) ds = -1 a | sin t dt + | a | sin t dt 

{\a\smt,n<t<27r J C J0 

2, n 21 r 2 2, n " 

a (-l)-a -a —a (-1) 

(a) r(t) = ti + itj, 0 < t < 4 => ^ = i + ^ j |^| = ^: 

(b) r(t) = ti + 1 2 j, 0<t<2^>-^=i + 2tj^> |-^| = Vl + 4r 2 =^> J^x ds = j~tsll + 4t 2 dt 


f x ds = f 

A t A dt = A\\ dt = 

\4 1 2 ] 

JC J( 

) 2 2 Jo 

4 


n4 


= 4^5 


/ 9 \3/2 

(i +4r ) 


n2 


Jo 


17JI7-1 


12 
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20 . (a) r (0 = ti + 4^0<r<l^^ = i + 4j^>|f|=Vn^>J c Vx + 2 j& = J ( JVt + 2(4oVl7 

= Vnj‘V97^ = 3Vnj‘V7^= 2 Vnt 2/3 ^=2717 
(b) c i: r(t)=ri,0<t<l^f = i=>|f|=l;C 2 :r(0=i + d,0^^1=>f = j=>|f|=l 


j c V^+ 2 j = J c y]x + 2y ds + J c yfx + 2y ds = j^t+2(0) dt + J q yjl + 2(t) dt 

=l>-" + lo^-"=[i' 2 ' 3 l + [j < 1+2 '» 2 ' 3 ]o=i + (¥-l)= 5 4 ±! 

21. r(t) =4d-3tj,-1 < t < 2 => = 4i-3j => |^j = 5 => ds = J ^(-31) -5 dt 

- ->»iLV 1, -- W 6 ) 


22. r (t) = (cos t)i + (sin t)j, 0 <t < 2n => = (_ s i n r)i = (cos t)j => |[|r| = vsin 2 t + cos 2 t =1 

=> j (x — y + 3) ds = j^lcos t -sin t + 3) -1 dt = [sin t + cos t + = 6 n 


23. r(t)=t 2 i+t 3 j,l<t<2^-^ = 2ri + 3t 2 j^|[||=J(2t) 2 +[3t 2 | = tsJ4+9t 2 

=■ k7 *= l, 2 Mr'77^ * - J, 2 77? *•- [i(4 ♦ » 2 f T - 
v ) L Ji 


24. r(t) = v’i + t 4 j, 2-<t<l=>-^- = 3t 2 i + 4t 3 j => |^-| = ^3t 2 j +j4/‘ 3 j =rV9+16r 

=*f ^■t 2 ^W I dt=\ l t^m 2 dt=\lJ9 + l6t 2 ) V2 1 

JC x Jl/2 (3 Jl/2 [48 ( J J 48 

25. C| : r(0 = ti +t 2 j, 0 < t < 1 =5 ^ = i + 2?j => |[|| = sll + 4t 2 - C 2 : r(f) = (1 -t)i + (1 — r)j, 0 < t < 1 

=> f = -- j => If |=^ => J c (*+ ds = J Cl ( x + ft) ds +!c 2 ( x 4 '/>')'* 

= jft + sit a/ 1 + 4 1 dt + J*^^(1 — t) + a/1 — t j >/2 dt = J*^ 2tsjl + 4/ dt + [ 1 — t + 7l — / ^\[2dl 


[i(. + V) 3 ' 2 ]‘ + V2[ 


f _\_ { 2 _2 (1 _^3/2l 1 5-75-1 t 7^2 5V5+7V2-1 

2 3 ^ ' Jo 6 6 


26. Q :r(t)=ri, 0 <t <l=>[| = i=> ^ =1;C 2 : r(f) =i + tj, 0 < t <1 =5 4 = j => dL = i ; 


dt 3 \dt\ 


C 3 : r(t) = (l-t)i + j, 0 < t < 1 =>-^ = -i => 4 =l;C 4 :r(0 = (l-0i.0</<l=>^- = -j=> 4=1; 


' Jc7+/+i * Jc, 7+7+1 * + Jc 2 7+/+1 * + Ic 3 7 + 7 +i * + f< 


„ , 7 —A 
c 4 x 2 +7+i 
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_ C dt , f' dt f' dt _i f 1 dt 

Jor+1 JO/ 2 +2 J0(l-/) 2 +2 J0(l-/) 2 +l 


27. r(x) = xi+yj=xi + ^-j, 0<x<2=>j£ = i + xj=> = s]l +x 2 ; f(x, y) = 


—X — — 9 x 

' 2 \ 


S c f ds = f- (2,)7T77 dx = [f (i +* 2 f ]“ = f (5 3/2 -1) = ^ 


28. r(/) = (l -t)i +i(i -t) 2 j, o < t < l =* |f| = Vi + (i-0 2 ; /(x, p) = /((l-o, }d-0 2 ) = (1 J i ) + + J^ )4 


■f / /A | li: 

■* c ■' 0 Jl+(i-/) 2 


+0 -<) 2 * - 0(1 -0+|(1 -<) 4 ) dt - [-1(1 -r) 2 -^0-0 5 ]^ 




29. r(/) = (2 cos r)i + (2 sin t)j, 0 < t < y => ^ = (-2 sin /)i + (2 cos t) j => = 2; /(x, p) = /(2 cos t, 2 sin /) 

= 2 cos t +2 sin / => J / ds = ~(2 cos t + 2 sin /)(2) dt = [4 sin / - 4 cos t]^ 2 = 4 — (—4) = 8 


30. r(/) = (2 sin /)i + (2 cos r) j, 0<t<-^=>^ = (2 cos r)i + (-2 sin r)j =5> = 2; / (x, p) = / (2 sin t, 2 cos t) 


= 4 sin 2 t -2 cos t => j^/ ds = |4 sin 2 t-2 cos t j(2) dt = [4/-2 sin 2/ -4 sin /]^ /4 = /r -2^1 + V2 j 

31. p = x 2 ,0<x<2=> r(/) = /i + / 2 j, 0</<2=>-^ = i + 2/j=> |^j = sll + 4t 2 => A = J" _/* (jc, p) ds 
= j c ( x + s[y)d s =|^t + Vt 2 'jVl + 4r dt = ^2ts]l + 4t 2 dt = i^l + 4r 2 ^ = 17 ^~ 1 


2x + 3p = 6, 0 < x < 6 => r(/) =/i + |2--|/jj, 0<t<6: 


rfr _ : _ 2 : ^ dr_ _ Vb 
dt 3 * dt 3 


• ^ = \ c f{x, y) ds 


:| c (4 + 3 , + 2 rt & = | o 6 (4 + 3 , + 2 ( 2-|,))^,=^| o <, (8 + |< p <=^[ 8 < + |, 2 ]‘= 26 VH 


33. r(i) = (t 2 -1) j + 2tk, 0 < t < 1 => ^ = 2tj + 2k => |j|] = 2V/ 2 +1; M = J c <J(x, p, z) * = £(/)+ll /* 
- f^t^slt 2 +1 = (r+l) 3/2 =2 3/2 -l = 2>/2-l 
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34. r (t) = (t 2 -1)j + 2tk, -1 < t < 1 =5- -^ = 2tj + 2k 
=> |^r| = 2s]t 2 +1; M = j c S(x, y, z ) ds 


r.(?-1)J*2lk 


= J^is^r -lj + 2J^2-\/t 2 +lj dt 

j r . (^-1)1 + 2tk \X ^ 

= J^30(t 2 +l)^= 3o|y+ t j =60(i + l) = 80; y' \-a 

M XZ = f c yd( x ’ P> z ) * = {^(t 2 -1^3o(r + l)J dt 

= jSo(/ 4 -l) dt = 3o|y-t) 1 | = 60(j-l) = -48 => y = ^f = -§ = -f; M yz = j c xS(x, y, z) & 
= ds = 0 => x = 0; W = 0 by symmetry (since 8 is independent ofz) => (x, y, z) = ^0, —oj 


= 2sll+t 2 ; 


35. r(0=V2ti + V2tj + (4-t 2 |k, 0<t <1^>^| = V2i + V2j-2tk ^>|-^|=V2 + 2 + 4r = 2Vl + t 2 ; 

(a) M = J c 8 ds = (30^2-y/l +t 2 j dt = 2^1 + rj 3 ^ = 2^2 3/2 -l) = 477-2 

(b) M = J c 5 tfe = J ( |(1) ^2yll +t 2 ^jdt= fVl + r+ln^ + Vl+r j = 77 + ln(l + 77 )]-(0 + In 1) 

= 77 + ln(l + 77) 


36. r(t) = ri + 2/j +1 t 3/2 k, 0<t<2=>-^=i+2j + t 1/2 k => |^j = 77+4+7 = 75+7 ; 

M=j c Sds = j o 2 (37777) (7777) dt = J 2 3(5+0 ^ = f(5 + t) 2 “ = j(7 2 -5 2 )=f(24)=36; 

M yz = \ c x5 ds = +t)]dt = ^(\5t +?,t 2 }dt = ^ t 2 + t 3 ] 2 =30 + 8 =38; 

M xz = J c yS ds = j 2 2 1 [3(5 +t)]dt = 2 J 2 (l5t + 3 1 2 j dt = 76; M xy = | c z5 ds = j 2 f t V1 [3(5 +1)] dt 

= |q (i0t 3/2 +2t 5/2 ) dt = 4 t 5/2 +|7 /2 J = 4(2) 5/2 +y(2) 7/2 = 1677 + ^77=^77 

-> + -^L-38-IL ^_^_76_19 ,, nf | y _ M *y _ 144^2 _ 4 /T 
^ X M 36 18’^ M 36 9 ' and - M 7 . 36 7 ^ 

37. Let x = a cos t and y = a sin t, 0 < t < 2n. Then ~r = ~ a sin t,^j- = a cos t, y- = 0 

=> ^(y)~ + ^j~ + (*") dt = a dt', I z = | c (x 2 + y 2 j J <fe = J~ |a 2 sin 2 t +a 2 cos 2 t j aS dt 

= a 3 (5 dt = 2715a 2 ’. 

JO 

38. r(t) = tj + (2 -20k, 0 < t < 1 => ^ = j _2k => |^j = 77; M = j c 5 ds = |7'75 dt = 5^5; 

I x =J c (/+z 2 )Sds = f^t 2 +(2-2t) 2 Ss/5dt = j l o (5t 2 -8t + 4 2 jSj5 dt = 8^5 |t 3 -4r+4t ^ =|^75; 
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I y =J c (;t 2 +z 2 ) 8 ds = \^ 2 +{2-2tf Sy/5 dt = f ( jAt 2 -St + 4^8^ dt = Ssf5 -ft 3 -At 2 + 4t * =|W5; 
I z = J^x 2 +>’ 2 ) 8ds = | 0 ^0 2 + t 2 j 8~j5 dt = <?V5 y = ^5y[5 

39. r(r) = (cos t)i + (sin t) j + tk, 0 < t < 2n => -y = (-sin ?)i + (cos t)j + k => |y | = Vsin 2 t +cos 2 t +1 = V2; 

(a) 7 Z = +y 2 j 8 ds = j" Q ^cos 2 t + sin 2 t j Ssl 2 dt = 2n8^2 

(b) I z = J^x 2 + y 2 j S ds = Ssfl dt = 4 tt5sI2 

40. r (t) = ( t cos t)\ +(t sin t)j +yy? 3/2 k, 0 < t < 1 => y- = (cos t -t sin t)i + (sin t+t cos t)j + sflt k 

=> |yj = \j(t + 1) 2 =t + 1 for 0 <t < \,M = j^8 ds = J Q (t + 1) dt = \{t + l) 2 =^2 2 -l 2 j=-|; 

", - S c zS - !»(¥'“ )<'+»* - ¥£('” » m y*- ¥[f <7 ' 2 + 1 '” 1 

= 2V2 /2 2\ = 2V2 124 \ = 16^ - = ^jy_ I I6j2 )(2\ 32 ^ 2 . 

3 17 5/ 3 V35/ 35 M ^ 35 j\3/ 105 ’ 

4 = J c (* 2 = J^(r cos 2 t+t 2 sin 2 tj(t+l) dt=\^[t 2 + t 2 "jdt = ^ + y q = 4 + 3 = n 

41. <5(jc, y, z) = 2-z and r(t) = (cos t)j + (sin t)k, 0<t<n^>M=2n-2 as found in Example 3 of the text; also 
|y| = 1; I x = j c [y 2 + z 2 ^j 8 ds = j;(cos 2 t +sin 2 tj(2 - sin t) dt = J*(2- sin t) dt = 2n—2 


42. r(t) = ri +ypt 3/2 j +yk, 0 < / < 2 => yj- = i + a/ 2 t 1/2 j +tk => ^ =yll+2t+t 2 


0 < t< 2 ; M = j c S ds = J" (^(l + 0 dt = f {) dt = 2 ; M yz = ds = (^Jd + 0 dt = = 2 ; 



43-46. Example CAS commands: 

= (x,y,z) -> sqrt(l + 30*x A 2+10*y); 
= t -> t; 

= t -> t A 2; 

= t -> 3*t A 2; 
a,b:= 0.2; 



(1 + M = l + ?for 
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ds: = (D(g) A 2 + D(h) A 2 + D(k) A 2) A ( 1/2): #(a) 

'ds' = ds(t)*'dt'; 

F:=f(g,h,k): #(b) 

l F(t)'=F(t); 

lnt( f, s=C..NULL) =lnt( simplify(F(t)*ds(t)), t=a..b); #(c) 

"= value(rhs(%)); 

Mathematica : (functions and domains may vary) 

Clearfx, y, z, r, t, f] 

f[x_,y_,z_]: = Sqrt(l+ 30x 2 +10y] 

{a, b} = { 0 , 2 }; 
x[t_]:=t 

y[t_]: = t 2 
z[t_]: = 3t 2 

r[t_]: = {x[t], y[t], z[t]} 
v[t_]:= D[r[t],t] 

mag[vector_]: = Sqrtfvector. vector] 
lntegrate[f[x(t),y(t),z[t]] mag[v[t]], {t, a, b}] 

N[%] 

16.2 VECTOR FIELDS AND LINE INTEGRALS: WORK, CIRCULATION, AND FLUX 


1 . f(x, y, z) = ^ 

5f I 

W = - y \ 


2 2 2) 1/2 8f 

= ,x + z =>£- 2 


l /2 2 2 \ / 2 2 2 \ 

+ y + z I ( 2 x) = -xlx + y +z I ; similarly, 

xi-y\-zk 


\-3/2 


x 2 +y 2 +z 2 j and | f -=-z(x 2 + y 2 + z 2 


-3/2 


•v/ = 


(x 2 +y 2 +z 2 j 


2 . /(v,y, z)=\n^jx 2 +y 2 +z 2 = |ln(;r + y~ +z 


%- = — 5 —^^ and %- = ——^— T =^> V/ = —^^ 7 
ty x 2 +v 2 +z 2 3z x - +v 2 +z 2 x - + y 2 +z 2 


2 , v 2 +z 2)_a/_i( 1 

xi+j/j+zk 


dx 2\ x 2 + y 2 +z 2 


(2x) = 


— —^—r-; similarly, 
x+y+z 


3- g(x,y,z)=e z -ln(x 2 +y 2 y. 


2.x dg 


dx 


x 2 +y 2 ’ dy 


2y andf = e z ^Vg=l^ 


2 2 
x +y 


2 2 
x+y 


2y I. z, 

-22 J +e k 

x+y 


4. g(x, y, z) = xy+yz+ xz =>-^ = y+z,-^ = x + z, and-£- = y + x=> Vg =(y + z)i + (x + z)j + (x + y)k 


5. |F| inversely proportional to the square of the distance from (x,y) to the origin => M(x , y)) 2 +(N(x, y)) 2 

= + , , k > 0; F points toward the origin F is in the direction of n = , ~ A i — , 2 j => F = an , for 

* +r -Jx 2 +y 2 ix 2 +y 2 

some constant a > 0. Then M(x, y) = , ~ ax ^ and N(x, y) = , =^> J(M(x, y ))" + (/V(.r, j))" = a 

\jx 2 +y 2 " yjx 2 +y 2 

=> a = k , => F =- ... i--2 —ttt- j, for any constant k > 0 

* V (x 2 +/) (VV) 
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6. Given x 2 + y 2 = a 2 +b 2 , let x = \la z +b~ cos t and y = +b A sin t. Then 

r = f v/fl 2 +b 2 cos Ai-(^a 2 +b 2 sin t\ j traces the circle in a clockwise direction as t goes from 0 to 2 n 


2 , L 2 ■ 


=> v = l^-v/o 2 +b 2 sin t Ji -\^\la A +b A cos tj j is tangent to the circle in a clockwise direction. Thus, let 
F = v => F = yi -xj and F(0, 0) = 0. 


7. Substitute the parametric representations for r(t) = x(t)i +y(t )j +z(t)k representing each path into the vector 

field F, and calculate f F ~dt. 

J C dt 

(a) F = 3d + 2tj +4tk and ^ = i + j +k => F — = 9 1 => ^ 9t dt = | 

(b) F = 3i 2 i +2tj +4? 4 k and ^ = i +2tj +4t 3 k => F ~ = It 2 +16t 7 => J"^(7r 2 +16t 7 j = ^t 2 +2t & 

= 1 + 2=11 
3 + 3 

(c) = d +1\ and r 2 = i + j + tk; Fj = 3d + 2tj and =i + j => Fj = 5t => J 5t dt = 

F 2 = 3i + 2j + 4tk and = k => F 2 • = 4t => J At dt = 2 => + 2 = j 


1. Substitute the parametric representation for r(i) = x(t) i + y(7)j + z(/)k representing each path into the vector 

field F, and calculate f F ~dt. 

J C dt 

(a) F =(sr) iand *' i+i+k+=:,r 5 = ?h= , lo7h‘" = [ ,a "'''l = T 
O) F = fc) iand t = i + 2 ' i+4,3k ^ r t = *^Jo7wT‘ ft = [ ln ( ,2+1 )X =l ' 12 

(c) r, =(i+/jandr 2 = i+j + ?k;F, =|Wy)i and = i+jF, -^- = ^;F 2 =p alld W = k 

=>F 2 -^- = 0=> [ 1 ^-dt= f 
- dt JoF+l 4 


9. Substitute the parametric representation for r(i) = x(t )\ + v(7)j + z(/)k representing each path into the vector 

field F, and calculate f F ~dt. 

J C dt 

(a) F = \fti-2tj + Vfk and ^ =i +j +k => F ~ = 2\ft-2t => | 0 (2v/t-2fj dt = ^t 212 -t 2 = y 

(b) F = Gi-2tj+tk and-^ = i+2tj+4t 3 k =>F ~ = 4t 4 -3t 2 => J^4t 4 -3t 2 ^jdt = -t 2 * = -± 

(c) rj = d + 1 j and r 2 = i + j + tk; Fj = -2/j + -Jtk and = i + j => Fj ■ ^- = -2 1 => J o -2 1 dt = -1; 

F 2 = Vd -2j + k and^- = k=>F 2 -^- = 1=> = 1=>-1+1 = 0 


10. Substitute the parametric representation for r(t) = x(7)i + > (/ Jj + z(/)k representing each path into the vector 

field F, and calculate f F ~dt. 

J C dt 

(a) F = t 2 i + i 2 j + i 2 k and ^ = i+ j+ k=>F~ = 3i 2 =ojSr dt =1 
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(b) F = th -t 6 j + 1 5 k and = i + 2t\ + 4t\ => F • = t 3 + 2t 7 + 4 t 8 => (t 3 + 2t 7 + 4t 8 ) dt 

= tl + li + i/ 9 ] 1 _ 12 

4 4 9 Jo 18 

(c) r, = ri + tj andr 2 = i+j+tk;Fj = ri and-^ = i + j F[= t 2 

F 2 =i+(j+/kand^- = k=>F 2 -§- = f=>J^*=i=>i+i = | 

11. Substitute the parametric representation for r(i) = x(t) i + y(t )j + z(7)k representing each path into the vector 

field F, and calculate f F ~dt. 

J C dt 

(a) F = (3t 2 -3f)i +3tj +k and = i+j+k => F-^| = 3t 2 +1 => J^t 2 +l) t* = t 3 +t 1 =2 

(b) F = (3i 2 -3/ji +3t 4 j + k and ^ = i +2tj +4t 3 k => F ~ = 6i 5 +4t 3 +3t 2 -3 1 

=> Jo^6t 5 +4t 3 +3t 2 -3tj dt = t 6 +t 4 +t 3 —|r ^=| 

(c) rj = t\ +l\ and r 2 = i + j +fk; Fj = ^3t 2 -3t j i +k and = i + j => Fj = 3t 2 -3 1 

= , l«( 3 ' 2 - 3 ')'*=[' 3 -|‘ 3 l=-i: F 2= 3 'Uka„di = k3F 2 4 = l»J 0 rf,=l=.-i + l = I 

12. Substitute the parametric representation for r(i) = x(t)\ + v(7)j + z(7)k representing each path into the vector 

field F, and calculate f F ~dt. 

J C dt 

(a) F = 2rt + 2tj + 2fk and ^ = i + j + k => F ~ = 6t => 6t dt = 3f 2 = 3 

(b) F = (t 2 + t 4 )i+(i 4 +t^\+(t +t 2 jk and = i +2tj + 4t 3 k ~ = 6t 5 +5t 4 +3t 2 

=> Jo(6t 5 +5t 4 +3t 2 ^dt = t 6 +t 5 +t 3 1 =3 

(c) rj =l\+1\ and r 2 = i + j + tk; Fj = rt + tj + 2fk and = i + j => Fj • —4 = 2 t => J 2 t dt = 1; 

F 2 = (1 + f)i + (f +1) j + 2k and^-=k=>F 2 --^- = 2=>j‘ 1 2cft = 2=>l + 2=3 

3 3 n — 13 

13. v = t, y = 2t +1, 0 < t < 3 => dx = dt => j^(x-y) dx = J q (t-(2t +1)) dt = (-t -1) dt = -jt 2 —t = 

14. x = t, y = t 2 ,1 < t < 2 => dy = 2t dt => J ^ dy = -L (2t) dt = 2 dt = [2f]^ = 2 

15. Q : x = t, y = 0, 0 < t < 3 => dy = 0; C 2 : x = 3, y = t, 0 < t < 3 => dy = dt => j" c |x 2 + L 2 j ( b’ 

= j c (x 2 +y 2 j dx + J c (x 2 +y 2 j dx = J 2 (t 2 +0 2 j-0 + ^3 2 +t 2 j dt = +t 2 j dt = 9t +|t 3 ^ =36 
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16. Cj : x = t, y = 3t, 0 < t < 1 => dx = dt; C 2 : x = 1 —t, y = 3, 0 < t < 1 => dx = — dt ; C 3 :x = 0, y = 3-t, 0 < t < 3 
=> dx = 0 => ic-t + y dx = ^x + y dx + ^Jx+y dx + j^_ Jx+y dx 

= + dt + J Q ^/(l-t) +3(-l) dt + V0 + (3-t) -0 = | 0 2^ dt-j^4-t dt 


= 1,2/3 
3' 


-|1 


Jo 


K4-0 


2/3 


-0 = 3 + 


(2V3 --yj = 2V3 


-4 


17. r(/) = ri - j + /"k, 0 < t < 1 => dx = dt, dy = 0, dz = 21 dt 


\t 2 

■ 2 3 Jo 


(a) \ c (x+y~z)dx = ^(t-\-t 2 ^dt = 

(b) \ c {x + y-z)dy = ^[t-\-t 2 ^t) = 0 

(c) \ c (x + y-z)dz = ^[t-\-r^2t dt = ^[2t 2 -2t-2t^ 


dt = 


2,3_,2_i 41 1 

.3 1 2 l Jo 


18. r(/) = (cos r)i + (sin /)j - (cos r)k, 0 <t <71 dx = -sin t dt, dy =cos t dt, dz = sin t dt 

(a) j^x z dx = jj (cos /)(-cos /)(-sin t)dt = cos 2 / sin tdt = -b(cos f) 3 = 

(b) j^x z dy = | o (cos /)(-cos/)(cos t)dt = -| Q cos ^tdt = -| Q |l-sin 2 /jcos t dt = j(sin /) 3 -sin t 


= 0 


(c) [ x y z dz = [^(cos /)(sin /)(-cos ?)(sin t)dt = -f cos 2 t sin 2 t dt = —j fsin 2 2t dt = - j f 

J C ^0 JO 4 JO 4 JO 


Jo 

1 [X 1-cos 4 1 


dt 


—J (1-cos At) dt = -4?+4^sin4t 


0 8 


19. r = t\ + / 2 j + /k, 0 < t <1, and F = xyi+yj-yzk => F = fi + / z j -/ J k and 44 = i +2/j +k 


3; , .2 • .3, 


dr 


dt 


F — = 2t 3 => 

at 


work = f 2 P dt =\ 
JO 2 


20. r = (cos /)i+(sin /)j + J-k, 0 < t < 2 n, and F = 2y\ + 3„rj + (x + y)k 

=> F = (2 sin /)i + (3 cos /)j +(cos t + sin /)k and y = (-sin /)i + (cos Oj+ik 


=> F — = 3 cos 2 t -2sin 2 t +J-cos t + 7 rsin t => work : 
dt 6 6 


c2nt 2^-2 1 1 . , 

3 cos t —2 sin“ t +4 cos t +4 sin t dt 

Jo V 66) 


4/ + 4sin 2 t-t + 


sin 2 t j . 


+ 4 sin t -4 cos t 


-\2 n 


JO 


21. r = (sin /)i + (cos /)j +tk, 0 < t < 2 n, and F = zi +xj + yk => F = /i + (sin /)j +(cos /)k and 

r 2 *(. 


= (cos r)i — (sin /)j +k => F~ = t cos t -sin 2 t +cos t => work = f (t cos t -sin 2 t +cos t 

at JO 


dt 


J J J t sin 2 1 
cos t+t sin —— +sin t 


-\ 2 jt 


= -71 


JO 
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22. r = (sin f)i + (cos i)j +^k, 0 < t < 2n, and F = 6zi + y "j +12jck => F = ti +|cos 2 t j j +(12 sin t)k and 
4*- = (cos r)i — (sin t)j +^k => F ~ = t cos t - sin t cos 2 t + 2 sin t 

rln I . 2 • \ T 1 3 

=>work = J o u cos t -sin t cos t + 2smt\dt = cos t +t sin t cos t-2 cost 


~\2 n 


- 0 


23. x = t and y = x 2 = t 2 => r =ri +t 2 j, -1 < t < 2, and F = xyi + (x + y)\ => F = t 3 i +{t + t 2 jj and 

^ = i + 2(j => F ~ = t 2 +^2t 2 + 2t 3 j = 3t 3 +2t 2 => j^xy dx + (x +y) dy = J^F — dt = J ^ ^3r 3 +2t 2 j dt 

>( 12 +f)-(Hi 


V+2, 3 

4 l 3 


_ 45 ,18 _ 69 
II, ,1 4 _1 ~ 3 4 


24. Along (0,0) to (1,0): r = ti, 0 < t <1, and F = (x-y)i + (x + y)\ => F = ti +fj and ^ = i => F ~ = t; 
Along (1,0) to (0,1): r = (l-t)i +/j, 0 < t < 1, and F = (x-y)i+(x+y)j => F = (l-2t)i + j and 

f = - i + j^ F -f = 2t; 

Along (0,1) to (0,0): r = (1 — r)j, 0 < t < 1, and F = (x - y)i +(x + y)\ => F = (t -l)i +(l-t)j and 
^ = -j => F ~ = t-l => | (x - y) dx +(x + y) dy = j t dt + j 2t dt + j (t -l) dt = J (4t -1) dt 


It 1 -t 


-il 


Jo 


= 2 - 1=1 


25. r = xi + yj = y 2 i+yj, 2 > y > -1, and F = x 2 i -yj = /i - yj => -J = 2yi + j and F = 2y 5 -y 


2 . 


4; 


■S c TTds = £Fpy = \;'( 2 /-y)iy 




- 1-1 


J2 




3 _63 _ _ 39 
'23 2 


26. r = (cos ?)i + (sin ?)j, 0 <t <y, and F = yi-xj =>F = (sin t)i - (cos i)j and ^ = (-sin t)i + (cos t)j 

=> F ~ = -sin 2 t -cos 2 t = -1 => V -dr = J^ /2 (-l) dt = -y 

27. r = (i + j) +t(i +2j) = (l + t)i +(1 +2t)j, 0 < t < 1, and F = xyi + (y-x)j => F = |l +3t +2t 2 ji +tj and 

i + 2j => F ~ = 1 +5t+ 2t 2 => work = J F ~ dt = J^l + 5t +2t 2 \dt = , 


dr 

dt 


25 


1 + 2 + 3 ^ Jo “ 6 


28. r = (2 cos ?)i + (2 sin t) j, 0 < t < In, and F = V/ = 2(x + y) i + 2(x + y) j 


=> F = 4(cos t + sin t) i + 4(cos t + sin t) j and y- = (-2 sin f)i + (2 cos t) j 

=> F — = -8|sin t cos t+ sin 2 t j +8|cos 2 t + cos i sin?j =8|cos 2 t - sin 2 t j = 8 cos 2 1 

=> work = | V/ -dr = J^F ~ dt = j’^8 cos 2f dt = [4 sin 2t] 2;r = 0 

29. (a) r = (cos ?)i H- (sin t) j, 0 < t < 2n, Fj =xi +yj, and F 2 = -yi +xj = (-sin t)i + (cos r)j, 

F| = (cos t)i + (sin t)j, and F 2 = (-sin t)i + (cos t)j Fj ~ = 0 and F 2 — = sin 2 t +cos 2 t =1 
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=> Circj = J 0 dt = 0 and Circ 2 = J dt = 2n\ n = (cos ?)i + (sin r)j => Fj n = cos 2 t +sin ? t =1 and 
F 2 • n = 0 => Fluxj = J~ dt = 2 n and Flux 2 = 0 dt = 0 


(b) r = (cos t)i+(4 sin t) j, 0 < t < 2n => = (-sin t)i + (4 cos r)j, F] = (cos t)i+(4 sin ?)j, and 

F 2 = (-4 sin t)i +(cos t)j => Fj ~ = 15 sin t cos t and F 2 ~ = 4 => Circ] = J ^15 sin t cos t dt 


-y sin 2 t 


~2 71 
-0 


= 0 and Circ 2 = j"~ 4 dt = 8;r; n = |-^= cos f ji +|-d= sin t j j => F| n 


-^cos 2 t+-^=sin 2 t andF 2 -n =—j= sin t cos t => Flint] = J q (Fj n) |v| dt = J~ |-^=jVT7 


V4 


Vi? 


o UiF 1 


dt 


= and Flux 


2 =J o (F 2 n) |v| dt = J o |--j= sint cos t|Vl7 dt = -^fsin 2 t ~ =0 


30. r = (a cos r)i + (a sin t) j, 0 < t < 2n, Fj = 2xi - 3yj, and F 2 = 2xi + (x -y )j => y- = {-a sin t)i + (a cos t) j, 
Fj = (2 a cos t )i - (3a sin t) j, and F 2 = (2 a cos t )i + (a cos t - a sin t) j => n | v|= (a cos r)i + (a sin t)j, 


2 2 2 • 2 2 2 2 • 2*2 
F 1 -n|v|=2a cos t-3a sin t, and F 2 n |v| = 2a" cos" t + a sin? cost -a sin t 


■ F1UXJ = J” ^2a 2 cos 2 t-3a 2 sin 2 t j dt = 2 a 2 

r2 it 


t sin 21 


-\2n 


-3a- 


Jo 


l sin 2 1 
2 ~~ 


~\2 7T 


JO 


= -na L , and 


~2n / 2 2 2 2 2 \ 

F1ux 2 = i 2 a cos” l - a sin t cos t -a sin” tj dt 


= 2a 2 \t + — 

u L 2 4 


-\2n 


Jo 


4 


. 2 
sin t 


-2 n 
-0 


-a 


f sin 2 1 
2 4 


-\2n 


= 7i a 


Jo 


31. Fj = {a cos + (.a sin t) j, = (-a sin £)i + (a cos t )j => Fj • = 0 => Circj = 0; Mj = a cos t , 

r ( 2 2 2 2 \ 

Ni = a sin t, dx = -a sin t dt, dy = a cos t dt => Flint] = J Mj dy — N\ dx = |a" cos” t+a sin” t j dt 

p 2 i 2 

= a~dt = a n\ 

Jo 

F 2 = A, y 2 - = i => F 2 • yr = t Circ 2 = J t dt = 0; M 2 = t, N 2 = 0, dx = dt, dy = 0 
=> F1ux 2 = M 2 dy - N 2 dx = j 0 dt = 0; 

therefore, Circ = Circj +Circ 2 = 0 and Flux = Flint] +Flux 2 = a n 


32. F] = 


( 2 2 \ / 2 2 \ dx dv 3 2 3 2 

a” cos” t Ji +(a sin” t\ j, -jj- = (-a sin t)i +(o cos f)j F| ■~yy = -a sin t cos” t+a cos t sin” t 

a 3 2 3 2 \ ? 3 2 2 2 • 2 

-a sin t cos” t + a cos t sin" tjdt = -y-; Mj = a" cos" t, N\ =a sin" t, dy = a cos t dt. 


=> Cii'C] = 


I* * / 3 3 3 3 \ . 3 

dx = -a sin t dt => Flint] = J M\ dy-N\ dx = J o cos t+a sin 7 j dt = ja ; 

F 2 = t 2 i, = i => F 2 ■-ft= t 2 => Circ 2 = J t 2 dt =y-; M 2 = t 2 , N 2 = 0, dy = 0 ,dx= dt 
=5 F1ux 2 = J c M 2 dy-N 2 dx = 0; therefore, Circ = Circj +Circ 2 = 0 and Flux = Flint] +Flux 


2 -4 fl3 
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33. Fj = (-a sin r)i + (a cos t) j, = (-a sin ?)i + (a cos t)j => Fi = a 2 sin 2 t+a 2 cos" t = a" 

=> Circj = f n a 2 dt = a 2 jr, M , = -a sin t, N l =a cos t, dx = -a sin t dt, dy = a cos t dt 

JO 

C r 7T / n ^ \ cIy 

=> Fluxj = \ C M\ dy-N\ dx = J o (-a sin t cos t + a sin t cos t j dt =0; F 2 = tj, -jj- = i => F 2 = 0 

=> Circ 2 = 0; M 2 = 0, N 2 = t, dx = dt, dy = 0 => Flux 2 = f M 2 dy-N 2 dx = [ -t dt = 0; therefore, 

J C J —ci 

7 

Circ = Cite| +Circ 2 = an and Flux = Fluxj +F1 ux 2 = 0 

34. Fj = |-« 2 sin 2 +|a 2 cos 2 tj j, = (-a sin r)i + (« cos t)j Fj = o 3 sin 3 t+a 2 cos 3 t 

a 3 3 3 3 \ 43 27 22 

a sin t + a cos t\ dt = -|a ; Mj = -a" sin" t, N\ = a cos" t, dy = a cos t dt, dx = -a sin t dt 

=> Fluxj = jj M | dy-N\ dx = j-o 3 cos t sin 2 t+a 2 sin t cos 2 t^dt = -| a 2 ; F 2 = t 2 j, ^ = i => F 2 = 0 

=> Circ 2 = 0; M 2 = 0 ,N 2 =t 2 , dy = 0 ,dx = dt^> Flux 2 = f M 2 dy-N 2 dx = [ -t 2 dt = -^-a 3 ; therefore, 

J C J —a 3 

Circ = Circj +Circ 2 = -|a 3 and Flux = Fluxj +F1 ux 2 = 0 

35. (a) r = (cos i)i + (sin ?)j, 0 < t < n, and F = (x+y) i -|x 2 +y 2 j j => = (-sin t)i + (cos i)j and 

F = (cos t + sin t)i-jeos 2 t + sin" tj j => F ~ = - sin t cos t-sin 2 t-cos t => jj^F-T ds 

= jj^-sin t cos t-sin 2 t-cos t j dt = sin 2 t - j + S1 ” - sin t = -y 

(b) r = (l-2t)i, 0 < t < 1, and F = (x + y)i-(x 2 +y 2 j j =>-^ = -2i and F = (1 — 2r)i — (1 — 2r) 2 j => 

F~ = 4t-2 => J^FT ds = jjj(4f-2) dt = It 2 -2t * =0 
(c) rj = (l-t)i-tj, 0 <t <1, andF = {x+y)i-[x 2 + y 2 j j => ^ = -i- j and F = (l-2t)i-jl-2t + 2t 2 jj 

=oF-Ji = (2i-l)+(l-2t+2i 2 ) = 2i 2 ^Flowj = J c F•§- = {‘2i 2 dt = J; r 2 = -ti + (t -l)j, 

0 < t < 1, and F =(x + y) i - jx 2 +y 2 j j => = -i + j and F = -i - jt 2 +1 2 - 2t +1 j j 

—i-(2< 2 -2< + l)j=.F4 = l-(2, 2 -2, + l) = 2,-2, ! ^Fl0W2=| C! r-t = J-‘(2 ( -2, 2 )* 

= t 2 -\t 2 = \ Flow = Flowi +F1 ow 2 =\+\ =1 

3 Jq 3 1 ^33 

36. From (1,0) to (0,1): r, = (1 — f)i +4 0 < t < 1, and F ={x + y)i-(x 2 +y 2 ^ j=>^- = -i+j, 

F = +2t 2 j j, and iij |vj| = i + j F-iij |vj| = 2t -2t 2 => Flux! = J q ^2? -2t 2 j dt = t 2 -^t 2 = j; 

From (0,1) to (-1,0): r 2 = -ti + (l-f)j, 0 < t < 1, and F = (pc + y)\-(x 2 + y 2 )j ^=- = -i- j, 

F = (l-2t)i-(l-2?+2t 2 jj, and n 2 |v 2 | = -i+j =^>F-n 2 |v 2 |= (2t -1) +(-l +2t-2t 2 j = -2 +4t-2t 2 
=>Flux 2 = J^-2+4t-2r j dt= -2t + 2t 2 -\t 2 ^=-|; 
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From (-1, 0) to (1, 0): r 3 = (-1 + 2t)i, 0 < t < 1, and F = (x + y)i -[x + y 2 j j=>-^- = 2i, 

F = (-1 +2t)i-{\-4t + 4t 2 jj, and n 3 |v 3 | = -2j =>F n 3 |v 3 | = 2^1-4t + 4? 2 j 

=^> F1ux 3 = 2^[\-4t + 4t 2 j dt = 2 t-2t 2 + -|t 3 = | => Flux = Fluxj +F1 ux 2 +Flux 3 = y--|+-| = y 


37. (a) y = 2.x, 0 <x < 2 => r(t) = ri + 2ij, 0 < t < 2 => ^ =i +2tj => F ~ = |(2t) 2 i + 2(0(2t)j)'(i+2j) 

2 r -i2 

= 4t 2 +8t 2 = 12t 2 Flow = f F — dt = f~12t 2 dt = 4 ? 3 "=32 

Jc dt Jo L Jo 

(b) y = x 2 ,0<x<2^r(i)=d+t 2 j, 0 < t < 2 => f = i + 2tj => F•§■ = (jt 2 ) 2 i +2(t)(r) j 1-(1 +2tj) 

= t 4 +4t 4 = 5t 4 =^> Flow = I" F-^-dt = f 2 5t 4 dt = \t 5 T =32 
Jc dt Jo L Jo 

(c) answers will vary, one possible path is y = \x 2 , 0 <x < 2 => r (t) = ti + \t 2 '], 0 < t < 2 => ^ = i + 3t 2 j 


=^ F -t 


=((b 3 ) 2 i+ 2 «(F 3 )j)( 1 + 3 ' 2 i) = b 6 + f , 6 =F‘^ F 1 »“=i r t‘ < ' = l„ 2 i' 6 '" 


38. (a) C, : r(t) = (1 -f)i + j, 0 < t < 2 f = -i => F = ((l)i + ((1-0 + 2(1)) j) • (-i) = -1; 

C 2 : r (0 = -i +0 -f)j, 0<t<2^f = -j^F-f= ((l-t)i +((-1) + 2(1 -t)) j)-(-j) = 2t -1; 

C 3 : r(0 = (t - l)i - j, 0 < t < 2 => f = i => F • f = ((-l)i + ((# -1) + 2(-l)) j) ■ (i) = -1; 

C 4 : r (t) = i +(t -l)j, 0<t<2=>^|- = j=>F--^ = ((t -l)i +((1) +2(t -1)) j) -(j) = 2 1 -1; 

=i> Flow = f F ~dt = f F-^dt+\ F -&-dt+\ F -&-dt+\ F ~dt 
Jc dt Jc, dt Jc 2 dt J c 3 dt J C 4 dt 

= Jo (-1) dt +Jo (2t-l)dt+ | o (-1) dt +| o (2# -\)dt = [-t] 0 + r -t Q +[-t] 0 + t~ -t ^ 

= - 2 + 2 - 2+2 = 0 

(b) x 2 +y 2 = 4 => r(i) = (2 cos t)i +(2sin ?)j, 0<t<2^=>-^- = (-2 sin t)i +(2cos t)j 

=0 F ~ = ((2sin t)i +(2cos t + 2(2sin t))j)-((-2sin t)i + (2cos i)j) = -4sin 2 t +4cos 2 t +8sin? cos t 

= 4cos 2t +4sin 2 1 =^> Flow = J^F — dt = J’^Ocos 2t +4sin 2t) dt = [2sin 2t-2cos 2t] 2;r = 0 

(c) answers will vary, one possible path is: 

C i: r(t) = d,0<t<l^f = l=>F-f = ((0)i+(t+2(l))j)-(i) = 0; 

C 2 : r(f) = (1 - t)i + 4 0 < t < 1 => ^ = -i + j => F = (ri + ((1 - 1) + 2i) j) • (-i + j) = 1; 

Gt, : r(t) = (l-t)j, 0 < t <1 ^ = -j => F ~ = ((l-t)i +(0 + 2(1-t))j) - (-j) = 2t-l; 

^ Ho* = S C F-f * = lc F-f J, + lcF fj, + lcF-fd,= S' + + j‘(V-l)* 

= ^ + tlo + [ ; " -r 0 = l + (—1) = 0 
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at (2, 0), F = j; at (0, 2), F = -i; 
at (-2, 0), F = -j; at (0, -2), F = i; 

at (-\/2, V2), F = --y-i + 2'j; 

at (V2,-V2),F=4i+}j; 

at (-V2,V2),F = -^i-ij; 
at (-V2,-V2),F=^i-Ij 


y 



40. 


F = xi +y\ on x 2 +y 2 = 1; at (1, 0), F = i; 
at (-1, 0), F = -i; at (0,1), F = j; 


at (0, -1), F = -j; at (i,4). F = U +4i: 

at(-i#),F = -ii + #j; 




2 




V 2 9 2 2 2 2* 

a~ +b and to be tangent to x~ + y =a +b" in a 

9 9 9 9 

counterclockwise direction. Thus x +y~ = a +b => 2x + 2yy' = 0 => y' = is the slope of the 

tangent line at any point on the circle => y' = -j at (a, b). Let v = -b\ +aj => |v|= V« 2 +b 2 , with v in a 
counterclockwise direction and tangent to the circle. Then let P(x, y) = -y and Q(x, y) = x 

9 9 9 9 / 9 9 

=^> G = -yi + xj => for (a,b) on x +y =a +b~ we have G = -b\ +oj and |G| = ya~ +b . 

(b) G = [V* 2 +y 2 j F = ( y a 2 +b 2 j F. 


42. (a) From Exercise 41, part a, -yi + xj is a vector tangent to the circle and pointing in a counterclockwise 

direction => yi - xj is a vector tangent to the circle pointing in a clockwise direction =^> G = AJ ■ is a 

s h 2 +y 2 

unit vector tangent to the circle and pointing in a clockwise direction. 

(b) G = -F 


43. The slope of the line through (x, y) and the origin is ^ v = xi +yj is a vector parallel to that line and 

pointing away from the origin =0 F = —is the unit vector pointing toward the origin. 

sW+r 2 
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44. (a) From Exercise 43, - 


-U+VJ 

yjx 2 +y 2 


is a unit vector through ( x , y) pointing toward the origin and we want |F| to 


I 2 2 I 2 2 ~ 

have magnitude yjx +y =>F =y]x +y~ 


( 

xi+y) 


V 


(b) We want |F| = 


__c_ 


= -n - V|- 

( 


Jx 2 +y 2 


where C =£ 0 is a constant => F = 


__ C 


\jx 2 +y 2 


-u+.vj _ 


V fe+y 2 


-C 


-u+.vj 


^ 2 + y 2 


45. Yes. The work and area have the same numerical value because work = F ■ c/r = yi ■ dr 


= ^[/«i]( i +f j]* 

rb 

= f{t) dt = Area under the curve 

J a ' 


[On the path, y equals/!t)] 
[because f(t)> 0 ] 


46. r = xi + yi = xi + f(x)\ f = i + f(x) j; F = 


h 2 +y 2 


(vi + vj) has constant magnitude k and points away from 


the origin =0 F ~ = , kx + k j f (A) = /a + A ~ 7 (a > -f j2l = £jLJ x 2 + [/(v)] 2 , by the chain rule 

dx yjx 2 + [f(x)f dxV L J 


> j c F -T ds = \ c ¥ -^d,x = £ k-^^x 2 + [f(x)] dx = k 
ki^b 2 +[/(h)]" -\Ja 2 +[/(«)] 2 , as claimed. 


+[/«] 


47. F = -4t 3 i +8t 2 j +2k and -^ = i +2tj F ~ = 12t 3 => Flow = \*l2t 3 dt = 


3 r 


l2 


JO 


= 48 


48. F = 12t 2 j +9rk and ^- = 3j +4k => F ~ = 72t 2 => Flow = j*72t 2 dt = 


24f 


i "il 


Jo 


= 24 


49. F = (cos t -sin t)i +(cos f)k and ^ = (-sin t)i +(cos f)k => F ~ = -sin 1 cos t +1 


rn 

■ Flow = (-sin t cos t +1) dt 


J cos 2 t+t 


Jo 


: (T + 7r )-(l + 0 ) = 7r 


50. F = (-2 sin t )i — (2 cos r)j + 2k and ^ = (2 sin ?)i + (2 cos i)j + 2k => F ~ = -4 sin 2 ?-4 cos 2 t +4 = 0 
=> Flow = 0 

51. Cpr = (cos t)i +(sin t)j +tk, 0 < t <y => F = (2 cos t)i + 2t\ +(2 sin t)k and y- = (-sin ?)i +(cos f)j + k 

Hy • . 

=> F ~ = -2 cos t sin t +2t cos t +2 sin t = -sin 2 1 +21 cos £ +2 sin t 

at 

rnt 2 . r i . i?r/2 

=^> Flowj = (-sin 2t + 2t cos t + 2 sin £) dt = |j^cos 2t + 2t sin t + 2 cos £-2 cos = -l + ;r; 

C 2 : r = j +-|(1 -t)k, 0 < t < 1 => F = ;r(l -t)j + 2k and ^ = -f k => F ••y- = -;r 
=> Flow 2 = ~7i dt = [-Trtjjj = -n\ 
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C 3 : r = ti +(l-t)j, 0 < t < 1 => F =2ti + 2(1-t)k and = i~ j =>F ~ = 2 1 


pi 

■ FI 0 W 3 = J q 2 t dt = 


1 1 * 

r 

L Jo 


dt 3 dt 

= 1 Circulation = (—1 + n) -n + 1 = 0 


the chain rule => Circulation = J^F — dt = (/(r(t))) dt = /(r(b))-/(r(a)). Since C is an entire 


rb 

, Wt*rdt = 

J C dt J a 

ellipse, r(b)=r(a), thus the Circulation =0. 


53. Let i = i be the parameter => y = x 2 =t 2 and z = x = i => r = ?i +t 2 j +tk, 0 < t < 1 from (0, 0, 0) to (1,1,1) 
=0 = i + 2tj +k and F = xyi+yj-yzk = V"\ + rj -t 3 k =0 F ~ = t 3 + 2t 3 -t 3 =2 t 3 => Flow = j Q 2t 3 dt =\ 


54. (a) F = V(*yV)=>F-£ = £f + ££ + ff = ■£, where /fey, z) = xyV => d) F • £ 


dr _df dx , Of dy dz dz _df 


2 3 


dt 


dt ' 


dx dt dy dt dz dt 

=\ b f t {f( r (d)) dt =f(yb ))-/(*•(«)) = 0 since C is an entire ellipse. 


rfr 


C dt 


(b) Jc'-l-C’iK* 3 )*- 


'^Ill'll" = < 2 >< 1 > 2 <- 1 ) 3 -fl)(l) 2 (l) 3 =- 2 -! = -3 


55-60. Example CAS commands: 

Maple : 

with( Linear Algebra );#55 

F: = r -> < r[ 1 ] *r[2] A 613 *r[ 1 ] *(r[ 1 ]*r[2] A 5+2>; 

r: = t->< 2*cos(t)| sin(t) >; 

a,b:= 0.2* Pi; 

dr: = map(diff,r(t),t): # (a) 

F(r(t)); # (b) 

ql:= simplity( F(r(t)). dr) assuming t::real; # (c) 
q2:= Int( ql, t = a..b ); 
value( q2 ); 

Mathematica : (functions and bounds will vary): 

Exercises 55 and 56 use vectors in 2 dimensions 
Clear[x, y, t, f, r, v] 

fIx_,y_]: = {xy 6 ,3x(xy 5 +2)} 

{a,b}={0,2^}; 
x[t_]:= 2 Cosft] 
y[t_]:= Sin[t] 
r[t_]:={x[t],y[t]} 
v[t_]:= r’{t] 

integrand= f[x[t], y[t]]. v[t]//Simplify 
Integrate[integrand, (t, a, b)] 

N[%] 

If the integration takes too long or cannot be done, use NIntegrate to integrate numerically. This is suggested for 
Exercises 57 - 60 that use vectors in 3 dimensions. Be certain to leave spaces between variables to be multiplied. 


Copyright © 2014 Pearson Education, Inc. 



1172 Chapter 16 Integrals and Vector Fields 


Clear[x, y, z, t, f, r, v] 

9 

f[x_,y_, z_]:=[y+ y z Cos[x, y, z], x“+x z Cos[x, y, z], z+ x y Cos[x y z]j 

[a, b]= {0,2zr}; 

x[tj: = 2 Cos[t] 

y[tj:= 3 Sin[t] 

z[tj:= 1 

r[tj: = {x[t], y[t],z[t]j 
v[t_]:=r'[t] 

integrand = f[x[t], y[t],z[t]] • v[t]/Simplify 
NIntegrate[integrand (t, a, b}] 

16.3 PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS 

1. ^- = x = = y = 4^, 4^- = z = => Conservative 

oy oz oz y ox ox oy 

2. ^- = x cos z = = y cos z = 4^-, 4^- = sin z = 44^- => Conservative 

Oy oz oz y ox Ox Oy 

3. = -1 ^ 1 = => Not Conservative 4. 4^- = 1 ^ -1 = 4j^- => Not Conservative 

oy oz ox oy 

5. 44- = 0 ^ 1 = 4^- => Not Conservative 

ox oy 

6. -2C = 0 = 4^4 4^- = 0 = 4£, 4p- = -e x sin y = => Conservative 

cjy oz oz ox Ox y oy 

1 - % = 2x ^ 44 v y ’ z) = * 2 + z ) => = |4- = 3y => g( y , z ) = ^-+/j(z) => /(v y,z) = x +^-+h(z 

=> J4 = h'(z) = 4z => /?(z) = 2z 2 +C => f(x,y,z) = x 2 +^- + 2z 2 +C 

8 - fr = F + z f ( x ’ y ’ z ) = (F + z)* + g(F, z )^fr = * + fH* +z ^f7 = z = > z) = zy +/?(z) 

=> fix, y, z) = (y + z)x+zy + h(z) ^^ = x + y + h\z) = x+y^> h\z) = 0 => /?(z) = C =>/(*,y, z) 

= (y + z)x + zy + C 

9. f = e- v + 2r fix, y, z) = + 2z + g(y, z) ^ J = + 2z +J = ^ + 2z J- = 0 ^ fix, y, z) 

= xe- v + 2z + h(z) => |4 = 2jce v + 2z + ft'(z) = 2xe y + 2z => A'(z) = 0 => h(z) =C^> fix, y, z) = *e- v + 2z + C 

10. = y sin z => f(x, y,z) = xy sin z+g(y, z) => |4 = * sin z +|| = x sin z 

=^> f(x, y, z) = xy sin z +/?(z) => J4 = xy cos z+h'(z) =xy cos z => /?'(z) = 

= xy sin z + C 


= = 0 => g(y, z) = h{z) 

■ 0 => h(z) = C => y(ze, y, z) 
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11 ' &■ = y ’ z) = 2 ln [ yl + z 1 ) + S( x , y) => f: = % = ln v + sec 2 (x + y) => g(x, y) 

= (x ln x-x) + tan (x + y) + h(y) => f(x, y, z) = y ln^y 2 +z 2 j +(x ln x-x) + tan (x + y) +h(y) 

^%: = ^ L T + sec 2 (x+y) + h'(y) = sec 2 (x+y)+y 2 1 -/?'(y) = 0 /;(y) = C =>/(x, y,z) 

°y y+z y+z 

= y In (y 2 +z 2 I +(x ln x-x) + tan (x + y) +C 


12 • % = , ~ v 2 2 =>/(*>l* z ) = tan 1 (jy)+g(^z)^>|^= x 22 +% = 


dx i+*y 


* ^77 


v = _ ; 

Sz 7 1 


8y l + *V ' ^/i- vV 
• g(L, z) = sin -1 (yz) +/?(z) => /(x, y, z) = tan _1 (xy) + sin -1 (yz) +h(z) 


L= + h'(z)= . y +y^>h’(z)=y^h(z) = ln |z| + C 
xz Vi-r z 


■f(x,y,z) = tan '(xyl+sin '(yz)+ln |z| + C 


13. Let F(x, y, z) = 2xi + 2yj + 2zk => = 0 = = 0 = |£, = 0 = ^ => M dx +N dy +P dz is exact; 

f: = 2 * ^ /(x, y, z) = x 2 + g(y, z ) => = || = 2y =t> g(y, z) = y 2 +h{z)^> /(x, y, z) = x 2 + y 2 = h(z) 

=^> = h'{z) = 2z => /?(z) = z 2 +C => /(x, y, z) = x 2 +y^ +z“ +C => J ^ ^2x dx + 2y dy + 2z t/z 

= /(2, 3, -6)-/(0,0, 0) = 2 2 +3 2 +(-6) 2 = 49 


14. Let F(x, y, z) = yzi +xzj+xyk =>|£ = x = i p-, 4^ = y = |^-, 4^- = z = 4^ => M dx + N dy + P dz is 

exact; f: = yz => /(*, y, z) = xyz +g(y, z) => = xz + ^- = xz => -^ = 0 g(y, z) = /?(z) 

=> f(x, y, z) = xyz+h(z) = xy + h'(z) = xy => /T(z) = 0 => /?(z) = C => /(x, y, z) = xyz + C 
=> rf'lyz dx + xz dy +xydz= /(3,5, 0) -/(l, 1, 2) = 0 - 2 = -2 

15. Le.F(*,^z) = 2^i + (.v 2 -z 2 )j-2,.zk=.f =-2z = f,f-= 0 =f,f = 2* = f- 

=>M dx+N dy+P dz is exact; J4 = 2xy => /(x, y, z) = x 2 y+ g(y, z) => = x 2 + ^=x 2 -z 2 => |4 = -z 2 

=> g(L, z) = -yz 2 +/?(z) => /(x, y, z) = x 2 y -yz 2 +h(z) => = -2yz + /?'(z) = -2yz => /?'(z) = 0 /?(z) = C 

=> /(-x, y, z) = x 2 y - yz 2 + C => J^’ ^ ^ 2xy dx + (x 2 - z 2 j c/y - 2yz cfe = /(l, 2, 3) - /(0,0,0) = 2 - 2(3) 2 
= -16 


16. LetF(z, 7 .z) = 2zi-yj-( i a 7 jk=.f = 0=f..f- = 0=f,f = 0 = f- 

=> 3L dx+N dy+P dz is exact; = 2x /(x, y, z) = x 2 +g(y, z) => = |4 = -y 2 => g(y, z) = -^- + h(z) 

=> f(x, y,z)=x 2 -y + h(z) => = h'{z) = --=> A(z) = -4 tan -1 z + C 
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=> fix, y, z) = x 2 - y - 4 tan 1 z + C 2x dx-y 2 dy- dz = /(3, 3,1) - /(0, 0, 0) 

= (9-^- 4 f)-(°-0-0) = -zr 

17. Let F(x, y, z) = (sin y cos x)i +(cos y sin x)j +k => |^ = 0 = = 0 = |^, 4^ = cos y cos x = 

=> M dx+N dy + P dz is exact; J4 = sin y cos x => fix, y, z) = sin y sin x + g(y, z) => J4 = cos y sin x + 

= cos y sin x => = 0 => g(y, z ) = h(z) => fix, y, z) = sin y sin x + h(z) => J4 = h\z) = 1 => /?(z) = z +C 

=> fix, y, z) = sin y sin x+z + C => f*' ’ ’ *sin y cos x dx + cos y sin x dy+dz = /(0,1,1) -/(l, 0, 0) 

J(l, 0,0) 

= ( 0 + 1 )-( 0 + 0 ) = 1 


18. Let F(x, y, z) = (2 cos y) i+[^-2x sin y)j + (|)k => ^ = 0 = = 0 = |^, ^ = -2 sin y = ^ 

^>M dx+N dy+P dz is exact; = 2 cos y => /(x, y, z) = 2x cos y + g(y, z) => = -2x sin L + J 4 

= i- 2 xsiny=>|^- = i=> g(y, z) = In | y\ + h(z) => /(x, y, z) = 2x cos y + In |y| +/?(z) => = /?'(z) = X 

=> hiz) = In |z| +C => fix, y, z) = 2x cos y + In \y\ +ln |z| + C 

=> J ( ( q f y 2) 2cosydx+(j-2xsinyjdy + jdz=f(l,f,2')-fi0,2, 1 ) 

= ^ 2-0 + ln-|- + ln 2 j-( 0 -cos 2 +ln 2 +In I) = In y 

19. LetF( w ) = 3* 2 i + (4)j + (2.-l„,)k^f = (f-f.f-= 0 = f,f = 0=f- 

^>M dx+N dy+Pdz is exact; Jj£ = 3x 2 => /(x, 7 , z) = x 3 + g(y, z) => ^ => g(y, z) = z 2 In y + /?(z) 

=> fix, y, z) = x J + z 2 In y+h(z) => J4 = 2z In y + h\z) = 2z In y => /?'(z) = 0 => /?(z) = C 

=> fix, y, z) = x 3 + z 2 In v + C 3x 2 dx +ydy +2z In y dz = /(1, 2, 3)-/(l, 1,1) 

= (1 + 9 In 2 + C) - (1 + 0 + C) = 9 In 2 

20. Let F(x, y, z) = (2x In y-yz)i + (y-* z ) j -(xy)k ^^ = -x=^,^ = -y=^,^=^--z=^- 

dx + N dy +P dz is exact; f = 2x In y -yz =* fix, y, z) = x 2 lny-xyz + g(y, z) ^ | = f-xz + § 

= y-xz=>|4 = 0 =i>g(y, z) = /?(z) =>/(x, y,z) = x 2 In y-xyz + /?(z) =>^ = -xy + h\z) = -xy h\z) = 0 

=> hiz) = C => fix, y, z) = x 2 lny-xyz + C => ^' J(2x In y-yz) ah + |-y-xzj dy -xy dz 

= fi2, 1,1) -/(l, 2,1) = (4 In 1 - 2 + C) - (In 2 - 2 + C) = -In 2 


21. LetF(x > y ) z) = [l)i + |i-x| j -(z)k^| = -l = MM = 0= f > f = .± = M 


<3z ’ Sz 


cbc ’ dx 


3y 


■M dx+N dy+P dz is exact; f => fix, y, z) = 4 + g(y, z): 


<tf_ = x_ , 3g. = J__x. 

dy v 2 By z 
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=> = 7 => s(y, z) = t + Kz) => fix, y, z) = i +Z + h{z) => |^ = -4 +h'(z ) = => h'(z) = 0 =i> h(z) = C 


dz 


■ fix, y, z) = i + Z + c => J ( ( “j ^ 21 J dx + - -p j dy - fp dz = f( 2 , 2,2) - /(l, 1,1) = (|+1 + c) - \ + c) 


= 0 


22. Let F(x, y, z) = 


2xi + 2y j + 2zk 

2 9 2 

*+>> +Z 


| and letp 


2 _ „2 , 2 2 8p_ _ x_ Sp = y_ d£_ = z_ 

} Sx p’ dy p’ dz p 


= = = = M = -*2L = M_ => Mdx + Nd'y+Pdz is exact; 

g z a dx dx p* dy y 


dy 

8f _ 2x 


d x x 2 + v 2 +z 2 


■ fix, y, z) = In (x 2 + y 2 + z 2 j + g(y, z): 


5y 


: 0 => g(y, z) = Hz) => fix, y, z) = In [x 2 + y 


2 , 2 
+ z 


M 

x~+y‘+z 

,df 


2 v dg __ 2y_ 

2 ■ - 2 ■ - 2 dy 


2 2 2 
x+y+z 


2 z 


x^+y^+z* 


- + h\z) 


2 z 


2 2 2 
x+y+z 


■ h'(z) = 0 h( z ) = C => f (x, y, z) = ln|x 2 +y 2 +z 2 j + C 


(2,2,2) 2x dx+2y dy+2z dz 


nz,z,z) 

' '(- 1 ,- 1 , - 


(-1,-1,-t) x- + y 2 +z 2 


= /(2, 2, 2)-/(-l, -1, -1) = In 12-In 3 = In 4 


23. r = (i + j +k) +t(i +2j -2k) = (1 +t)\ + (1 + 2f)j + (1 -2f)k, 0 <t <l=>dx = dt,dy = 2 dt, dz = -2 dt 


r (2,3,-1) ,1 f i 

J(l ^ y dx+x dy+ 4 dz = J Q (2t +1) dt+(t+1)(2 dt) + 4(—2 ) dt = (4r — 5) dt 


It 2 -5 1 


-il 


Jo 


24. r = t(3j +4k), 0 < t < 1 

= Jg(l2r) (3 dt)+(^ (4 dt) = 5At 2 dt 


dx = 0, dy = 3 dt, dz = 4 dt : 

o il 


r(0,3,4) 2 


J(0,0, 0) 


x dx+yz dy + =5- Lfe 


18r 


Jo 


= 18 


25. = o = = 2 z = pp~, QJp- = 0 = =>M dx + N dy + Pdz is exact => F is conservative 

dy dz dz dx dx dy 

=> path independence 


26. f£ = - 

3y 


xz 


2 2 1 I 

X+y+Z 


. 8N 
■ Sr ’ 


dM _ 
dz 


^x 2 +/+z 2 ) 


= dP 
3 dx ’ 


JV _ 
cbc 


XV 


|^/x 2 + v 2 +z 2 j 


= 8M_ 
3 ay 


■ M dx+N dy + P dz is exact => F is conservative => path independence 


27. = o = iML = o = ^ ^ = iM. => F is conservative => there exists an/so that F = V/; 

dy dz dz dx dx y 2 dy 

d i = 2 f^fix,y) = ^+giy)^> d i = -^+g'iy) = x -^^g , iy) = \^giy) = -\+C 

ox y y oy y y y y 

^fix,y)=^-j + C^ F=v(^l) 

28. = cos z = fp-, = 0 = H 2 , Wp = — = ^¥- =^> F is conservative there exists an/so that F = V/; 

dy dz dz dx dx y dy 

% = e x In v => fix, y, z)=e x In y + g(y, z)=>^ = ^+^ = ^ + sm z => ^ = sin z g(y, z) 
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= y sin z + h(z) => fix, y, z) = e x In y + y sin z + h(z) =>-|^ = y cos z +h'(z) = y cos z => h'(z) = 0 
=> h(z) = C => fix, y, z) =e x In y + y sin z+C => F =v(e x In y+y sin zj 

29. |^ = 0 = jp, = 0 = |^, |^ = l= 4^- => F is conservative =4 there exists an/so that F = V/; 

^ = x 2 +y^ f{x, y, z) = |x 3 +xy+g(y, z) =4 ^ = x = y 2 +x =4 ^ = y 2 => g(y, z) = iy 3 +/?(z) 

=> .fix, 4, z) =jx 3 + xy+±y 3 +/?(z) ^ =/?'(z) = ze r =>/?(z) = ze z -e 1 +C 

=> fix, y, z) = i.t 3 +xy +yj ;3 + ze^ -e z +C => F = V^x 3 +xy +^y 3 + ze z -e z j 

(a) work={^F.f^ = ^F. fl fr=[lx 3 +xy+ly 3 +z e z - e z ||’°’‘ ) ) =(i + 0 + 0 +e - e )-(l + 0 + 0-l) = l 

r i t? , o -|(1,0,1) 

(b) work = F-t/r =^ix 3 +xy+iy 3 +ze z -e z J =1 

rB r i t? l 1 "|(1,0,1) 

(c) work = F-c/r= \x x +xy+\y x +ze~ -e z =1 

JA l_3 ^3^ _l(i,o,0) 

: B 

Note : Since F is conservative, F -dr is independent ot the path trom (1, 0, 0) to (1, 0,1). 

J A 

30. = xe yz +xyze yz +cos y = 4^-, = y e yz = 4^- = ze- vz = => F is conservative =4 there exists an/so 

that F = V/; ^ = e- vz =4 /(x, y, z) = xe yz + g(y, z) =4 Jj£ = xze^ + ^ = xze yz + z cos y =41| = z cos y 

=4 g(y, z) = z sin y+ /7(z) => fix, y, z) =xe yz +z sin y + h(z) => ^ z = xye y ~ +sin y+ /7'(z) = xye yz +sin y 
=4 h\z) = 0 => /7(z) = C => fix, y, z) = xe y ~ +z sin y + C => F = v|xe- v " +z sin yj 

( B r vz -i(l, jt/2, 0) 

(a) work = f F-<7r = xe u +zsiny = (1+ 0)-(1+0) = 0 

JA L J(l, 0,1) 

r B r _ 1(1,77/2,0) 

(b) work = F • dr = xe-~ + z sin v =0 

J A L -1(1,0,1) 

,£ r „ i(l,7r/2,0) 

(c) work = F • dr = xe- ~ + z sin v =0 

Ja L 41,0,1) 

Note : Since F is conservative, J^F-dr is independent of the path from (1, 0,1) to |l, -f, o). 

31. (a) F = V^x 3 y 2 j => F = 3x 2 y 2 i + 2x 3 yj; let Q be the path from (-1,1) to (0, 0) =4> x = t -1 and 

y = -/ +1, 0 < t < 1 => F = 3(/-l) 2 (-/ + l) 2 i +2(/-l) 3 (-t + l)j = 3(/ -1) 4 i - 2(7 -1) 4 j and 

r l = (t — l)i +(-/ +l)j => dr\ = dt i-dt j => F ■ dr^ = |^3(r — l) 4 +2(7 -l) 4 dt 

= f 5(7-1) 4 o 7= (f — l) 5 =1; let Ci be the path from (0,0) to (1,1) =>x=/andy = t, 

0<t <1=>F =3/ 4 i + 2/ 4 j and r 2 =ri+7j =><7r 2 =dti+dt] =4 F-dr 2 = J q |3 / 4 +2/ 4 j<7/ 

= f 5 t 4 dt = l=>f F ■ <7r = [ F• c/rj + f F<fr 2 = 2 
»0 JC J Cj J c 2 


Copyright © 2014 Pearson Education, Inc. 



Section 16.3 Path Independence, Potential Functions, and Conservative Fields 


1177 


(b) Since /( x, y ) = x 3 y 2 is a potential function for F, J*' ^ • dr = /(l, 1) - /(-1,1) = 2 


32. = 0 = = 0 = ^r, = -2x sin y = => F is conservative => there exists an f so that F = V/; 

oy oz oz ox ox y oy 

|^ = 2 x cos y f{x, y, z) = x 2 cos y + g(y, z)=>^ = -x 1 sin y = -x 2 sin y => ^ = 0 g(y, z) = h(z) 

=> f{x, y, z) = x 2 cos y + h(z) =>^- = h\z) = 0 => /?(z) = C => fix, y, z) =x 2 cos y+C => F = v|x 2 cos yj 

1 ( 0 , 1 ) 


_ dM 


(a) 

f 2 x cos 

jc 

y dx- 

-x 2 sin 

3- 

II 

x 2 cos y 

(b) 

f 2 x cos 

JC 

y dx- 

-x 2 sin 

ydy = \ 

x 2 cos y 

(c) 

f 2 x cos 

JC 

y dx- 

-x 2 sin 

ydy = 

x 2 cos y 

(d) 

f 2 x cos 

JC 

y dx- 

-x 2 sin 

ydy = 

x 2 cos y 

33. (a) 

If the differential form 

is exact 

, then Ip 

dy 


x, and 4p- 

OX 

SM 

dy 

^by- 

= 2 ay for all y => 

(b) 

F = V/- 

> the differential form with a 


1 ( 1 , 0 ) 

1 ( 1 , 0 ) 


J(-l, It) 
-1(1,0) 
J(-1,0) 
1 ( 1 , 0 ) 


= 0-1 = -1 
!-(-!) = 2 


= 1 - 1=0 


- 1 ( 1 , 0 ) 


= 1 - 1=0 


• 2 ay = cy for all y => 2a = c, => 2 cx = 2cx for all 


34. F = V/ => g(x, y, z) = ^ F ■ * = f V/ • dr = fix, y, z) - /(0,0,0) =* § = f- - 0, - 0, and 


J( 0 , 0 . 0 ) 

Jp = J 7 - 0 => Vg = V/ = F, as claimed 


35. The path will not matter; the work along any path will be the same because the field is conservative. 

36. The field is not conservative, for otherwise the work would be the same along Q and C 2 . 

37. Let the coordinates of points A and B be (x A , y A , z A ) and (x B , y B , z B ), respectively. The force 

F = ai + h\ + ck is conservative because all the partial derivatives ofM, N, and P are zero. Therefore, the 
potential function is /(x, y, z) = ax+by +cz+C, and the work done by the force in moving a particle along 
any path from A to B is f(B) -fiA) = f(x B , y B , z B )-f(x A , y A , z A ) 

= (ax B +by B +cz B +C)-(ax A +by A +cz A +C) = a(x B -x A )+b(y B -y A )+c(z B -z a ) = F-BA 


38. (a) Let -GmM = C => F = C 


J+- 


(. x 2 +y 2 +z 2 j (x 2 +y 2 +z 2 j (x 2 +y 2 +z 2 ) 


dP -3yrC gjy SM -ixzC 


dy 


(x 2 +y 2 +z 2 ) 


dP 8N 

5/2 5z ’ 8z I 2 2 2 \ 512 8x ’ dx 


(x 2 +y 2 +z 2 j 


= f- => F = V/ for some./; 


|x 2 +y 2 +z 2 j 


dx 


xC 


(x 2 +y 2 +z 2 j 


Z )=~ , 1/2 +g(y,z)'-~ 3y 

(x'+y +z \ 


(x 2 +y 2 +z 2 'j 
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>,C 3/2 => % = 0 => S(y, z) = h(z) => J f 3/2 + A'(z) = 

fjt +jr+z I 


zC 


(V+.vW)' 

> K z ) = Q => /(x, z) =- c 


[x 2 + v 2 +z 2 j 


- + C]. Let Cj = 0 => f(x, y, z) = 


(x 2 +v 2 +z 2 j 
GmM 


(x 2 +r+z 2 ) 


is a potential 


tlinotion for F. 

/2 2 2 

(b) If 5 is the distance of (. x,y,z ) from the origin, then s = ^jx~ + y +z . The work done by the 


f^ 2 F - dr = 

GmM 

J d 

yjx 2 +y 2 +z 2 


_GmM__GmM_ _ Q m M i— - hi 

s 2 Si \s 2 sj 


as claimed. 


16.4 GREEN’S THEOREM IN THE PLANE 


1. M = -y = -a sin t, N = x = a cos t, dx = -a sin T dt, dy = a cos t dt => = 0, = -1, = 1, and ^- = 0 

y y ay ay ox ay 

f2^r, . , s, .n . f27 X, 


Equation (3): dy-N dx = J ^[(-a sin t)(a cos t) -(a cos t)(-a sin t)] dt = J ^0 dt = 0; 

II (^af + ly j dx d y = \\ Q dx dy = °’ Flux 

R ' R 

Equation (4): <|> M dx + N dy = ^[(-a sin t)(-a sin t)-(a cos t)(a cos t)] dt = J”* a 1 dt = 2ncP", 

\\{^~^) dxdy= \ 1^ 2 dy dx = j 4Va 2 - x 2 dx = 4 la 2 -V + 1 


r 2 2 

rVa -x 

I /lv rfl) — I 

_ dx dy 

■- 2a 2 Cj + -yj = 2 a 2 7T, Circulation 


■^sin -1 — 


2. M = y = a sin t, N = 0, dx = -a sin t dt, dy = a cos t dt => - = 0, = 1, = 0, and = 0; 

* dx dv ox dy 

-[In 


Equation (3): dy -N dx = J Q ^a 2 sin t cos t dt = a 2 -i- sin 2 r J = 0; JJ0 dx dy = 0, Flux 

Equation (4): dx + IV dy = J Q g |-a 2 sin 2 tj dt = -a 2 [ 2~ ~ ]q =-na 1 \ 

Il(^“1c) dx dy = H _1 dx dy = Ho _r d '' d ® ~ \ o rr ~\ dd = _7rfl2 ’ Circulation 


3. M =2x = 2a cos t, N = -3y = -3a sin f, dx = -a sin t dt, dy = a cos t dt => = 2, = 0,^ = 0, and 


dN 

dy 


= -3; 


Equation (3): O M dy-N dx = J~ [(2a cos t)(a cos t) + (3a sin t)(-a sin t)] 


dt 


■r< 


2a z cos 2 t -3a 2 sin 2 1 1 dt = 2a 


t sin 2 1 

— H- 

2 4 


-2n 

-0 


-3a 


f sin 2 1 
2 4~ 


-i2n 


JO 

Flux 


2 2 2 
= 2 na -3 na =—na ; 


[f(f- + §)=II - 1 * dy =CIo- r ^ = \T~i de =- mi1 ' 

R R 

Equation (4): ^ A/ dx + N dy = | [(2a cos t)(-a sin r) + (-3a sin t)(a cos t)] 

= |-2a 2 sin t cos t -3a 2 sin t cos t j dt = -5a 2 ^ sin 2 tj” = 0; JJ0 dx dy = 0, Ci 


dt 


' = 0, Circulation 
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? To 9 T *9 

4. M =-x y = -a cos t, N =xy =a cos t sin" t, dx = -a sin t dt, dy = a cos t dt 
8M 




rd 4 n 4 ■ 4 
^cos t+^sin t 
4 4 


= 0 ; 


Equation (3): <J^M dy-N dx = J Q ^-a 4 cos3 t s'mt + a 4 cos t sin 3 t j: 

If + f^f) dx dy = II ( ~ 1%y + 2xy * dy = °’ Fll,x 

Equation (4): ^ M dx + N dy = J~ |a 4 cos 2 t sin 2 t + a 4 cos 2 t sin 2 /j dt = J Q ^2a 4 cos 2 t sin 2 t j dt 

= J 0 2 Vsi“ 2 2/* = 4j 0 4 *sm 2 « < fa=4[f-^] 4 '=^;Jj(f-^) < fc^ = fJ(^+^)&^ 


= f” T [% 2 -r dr dO = \~ K dO == s ^~. Circulation 
JO Jo Jo 4 2 ’ 


5. M =x-y,N = y—x ■ 


SM 

dx 


= f- = - 1 ’f- = 1 ^ Flux = II 2 ^^ = IoIo 2 ^^ = 2; 


Circ = JJ [-1 -(-1)] dx dy = 0 


6. M =x 2 + 4y, N = x + y 2 => ^ = 2x, = 4, ^ = 1, = 2j => Flux = JJ (2x + 2 y) dx dy 


= Jo Jo ( 2x+2y ' ) dx dy = Jo [* 2 +2xy o dy = \\( l+2y ) dy 

= J Q J^ -3 dx dy = -3 


,-il 


y+y 


J0 


= 2; Circ = JJ(1 - 4) dx dy 


7. M = y 2 -x 2 , N = x 2 + y 2 => ^ = -2x, ^ = 2 y, M = 2x , = 2y => Flux = JJ (~2x + 2y) dx dy 


= J Q J^ (~2x + 2 y) dy dx = J^ (—2x 2 + x 2 j dx ■ 
= J^ J^ ( 2x - 2y) dy dx = J Q x 2 dx = 9 


1 3 3 

~kx 

. 3 Jo 


-9; Circ = JJ (2x - 2y) dx dy 


8. M=x + y,N = -[x 2 +y 2) j^^ = l,^ = l,^ = -2x,f = -2y^Flux=jj(l-2y)dxdy 

R 

= J^ J^ (1 - 2 y) dy dx = J Q Jr - x 2 j dx = y ; Circ = JJ (~2x - 1) dx dy = J^ J q (~2x - 1) dy dx 

R 

=j‘(-2* 2 -*)^=—! 


9. M=xy + y,N = x-y 

r 1 


8M 

dx 


y,f- = x + 2y,f = l,f = -l^Flux=ff(y + (-l))dydx 

R 

(y~ l ) dy dx = \\[\x-4x- y x A +x 2 ^dx = -JjjL; Circ = JJ (l -(x + 2y)) dy dx 

R 

J o J 2 (1 — jc — 2 y) dy dx = j^^Jx -x 2/2 -x—x 2 + r 3 + r 4 j dx = 
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10. M = x + 3y, N =2x-y =>-^ = 1, = 3, = 2, ^ =-1 => Flux = ||(l+ (-!)) dy dx=0 


Circ = ||(2-3) dy dx = |^Q-j It -|r—(-1) dy dx = J^V2-x 2 dx = -n^l 

r " \( 2 ~ x r 2 

11. M = x 3 r, N = i V 4 > => M. = 3x 2 /, M. = 2x 3 f- = 2x 3 >, |f = }* 4 => Flux = JJ( 3 x 2 / + \ x 4 ) & 

= Jo J 2 ^3x 2 }> 2 + ^-x 4 j Jy dx = J~^3x 5 --^-x 6 + 3x 7 -x 8 j dx = Circ = JJ ^2x^y — 2x 3 y^j dy dx = 0 


12. M=^r,N 

1 + / 


= ta n - 1 y=>^ = - L T,^ = ^T,^ = 0,^ = - L T=> F1 ux=fff^ + ^L 
3x i + v 2 ay / 1+ y>\ 2 ^ i + y -"U + r i + x 

I - 2 f ( V 

2 0 d x dy = f —— 7 - dx =4^V2 - 47 t; Circ = IT 0 - —dy dx 

l+y J -‘^ ] l{ [m 2 JJ 


X— h- dx dy 

r/ 1 + y 2 J 


= f‘ \^zZ T ^dxdy=f ^fdx 

J-lJ_^/l_ y 2 1 + / ' J-l 1 + y 2 


= -0f dy dx = j^j(0) dx=0 


13. M =x +e x sin y, N =x + e x cos y => XM- = l + e x sin y, ^- = e' x cos y, ^ =1 +e x cos y ,%7 = ~e x sin y 
=> Flux = \\dx dy = 4 fV C0S ~ 9 r d r dQ = \ nlA (1 cos 20 ) dd = fi sin 26>1 =4-; 


Circ = 


14. M = tan -1 N = ln|x 2 + J 2 j 
=> Flux = fff-T^Y + ^^yl 0 

X +JT X+jT 


? = [i sin 2 9 

f /4 1. 

J-»/4 2 ’ 

r dr dd = j 

■^■/4 / 1 

(4- cos 20 

-W4V2 

2x dN 

_ 2y 

x 2 +y 2 ’ 

x 2 +y 2 

sin 6 dd = 2: 



Circ = 


22 22 

x +y x +y 


dx dy = J o j ] | ' c ° s 9 j r dr dd = JJ cos 6 dd = 0 


15. M=xy,N = y 2 ^ ^ = y, ^ = x,^ = 0, f =2y ^>¥\ux = \\{y+ 2y) dy dx = Q^y dy dx 

R 

= lo(^2—^2~) = Circ = JJ—x dy dx = J Q J 2 ~ x dy dx = J 0 ( - V + x 3 j dx = —X 

R 

16. M = -sin v, N = x cos y => = 0, = -cos y,W- = cos y,^- = -x sin v 

y ox dy y dx y dy 

=> Flux = JJ (-x sin y) dx dy = JJ /2 JJ /2 (-x sin v) dx dy = JJ 2 (-^J sin j j dy = ; 

R 

Circ = JJ [cos y - (-cos j)] dx dy = J q j* ~ 2 cos y dx dy = J Q n cos y dy = \n sin y^~ = n 
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H. M=3 X y-^ 7 ,N=e x + t^y^^ = 3y- T j 7 ,f = T j 7 

=> Flux = Jjj 3y -+ —i-y J dx dy = JJ3_v dx dy = J n J 0 *' + ^(3r sin 6)r dr d8 

R \ ! + >! + > y R 

2 — 3 _ 2 

= J o a 3 (l + cos fi') 3 (sin 6) dd = — ^-(1 +cos 0) 4 - -4a 3 -|-4a 3 j = 0 

18. M =y+e x \ny,N = ^^^ = l+^,^ = ^=>Ciic=\j ^-fl + ^) dx dy = JJ (—1) dx dy 

r'-' j r 

= 1^4 ^ —dy dx = —| ^3 -x 2 j -(* 4 +lj dx = | ^x 4 + x" — 2j dx = 

19. M =2xy 2 ,N =4 x 2 y 2 => = 6xy 2 ,4^-= 8xy 2 => work = 2xy 2 dx + 4x 2 = J"J ^8jqy 2 - 6xy 2 j dx dy 

R 

= JoJo 2xyldy dx = lot *' 0 dx = ^ 

20. M = 4x - 2y, N = 2x -4j => = -2, ^ = 2 => work = ^ (4x - 2j) dx + (2x -4y) dy 

= JJ [2 — (—2)] dx dy = 4 JJ c/x dy = 4(Area of the circle) =4(tt -4) = \6n 
R R 

21. M = y 2 , N = x 2 => = 2y, 4^- = 2x => J^i 2 dx + x 2 dy = JJ(2x -2j) dy dx 

R 

= J o | o (2jc — 2_y) dy dx = J o |-3x 2 + 4x-lj dx = -x 3 + 2x 2 —x = -1 + 2-1 = 0 


22. M = 3 y, N = 2x => 4^- = 3, 4^- = 2 => J^3y dx + 2x dy = JJ(2 — 3) dx dy = (-1) dy dx 

R 

= -f sin x dx = -2 

Jo 

23. M = 6y + x, N = y + 2x => 4|f- = 6, 4^- = 2 => (6 y + x) dx + (y + 2x) dy = JJ(2 — 6) dy dx 

R 

= -4(Area of the circle) = -167T 

24. M =2x+y 2 ,N = 2xy + 3j => 4^- = 2y,*^ = 2y => (j )^(lx + y 2 )dx + (2xy + 3j) dy = jj (2y -2y) dx dy = 0 


25. M - x - a cos t, N = y = a sin t => dx = —a sin t dt , dy = a cos t dt => Area = ^-O x dy —y dx 


2jt [ 2 2 2-2 

a cos t+a sin t 


if 2 */ 

2 Jo 


)* = 2/( 


27r 2 2 
a dt = 7i a 

0 


26. M = x-a cos t, N = j = b sin t => dx = -a sin r dt, dy =b cos t dt => Area = -^J^x dy - y dx 
= ^j~*^ab cos 2 t + ab sin 2 rj dt ab dt = nab 
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27. 


M = x = cos 3 t,N =y = sin 3 1 => dx = -3 cos 2 


2 J O 2 "( 3sin2rC ° s2 0( 


. 9 

sin“ t cos‘ t II cos‘ t + sin t 


t^jdt 


_ 3 u sin 

~T6[_2 4 


-An 


= \n 


Jo 


t sin t dt, dy =3 sin 2 1 cos t dt => Area = \§ c x dy ~y dx 

r2^/ .2 9 \ , -i r2^ . 9 , -1 r4;r . t 

3 sin t cos'" t ] dt — \ sin”2tat=7F sin u du 

Jo V / 8 Jo 16 Jo 


28. C|: M =x=t,N = y = 0 = 2 > dx = dt, dy = 0; C 2 : M =x = (2n -t)-sin(2;r-t) = 2;r-t + sin t, 

N = y = 1 -cos( 27 T — t) = 1 -cos t => dx = (cos t -1) dt, dy = sin t dt 
=> Area = j J)^. x dy - y dx = d ^ x dy -y dx + 2 x dy — y dx 

= -^J” (0 )dt+^~ \(2n-t +sin t)(sin t)-(l-cos /) (cos t -1)] dt = — j J Q (2 cos t +t sin t-2 —2n sin t) dt 
= -^-[3 sin t-t cos t — 2t — 2n cos = 3 n 


29. (a) M = f(x), N = g(y ) => f 1 = 0, = 0 =* j> c f(x) dx + g(y) dy = JJ dx dy = JJ 0 dx dy = 0 

R ' R 

(b) M = ky,N = hx^^ = k,^ = h^>j> c kydx+hxdy=^(^-^jdxdy 

= JJ ( h-k ) r/x dy = (h—k )(Area of the region) 

R 

30. M = xy 2 , N = x 2 y + 2x => 4^- = 2x>’, 4^- = 2xy +2 => iJ^xj 2 £& + (x 2 y + 2xj r/y = jj('§7 _ '^7') dx dy 

R V 

= JJ (2xy +2- 2 xy) dx dy = 2 JJ dx dy = 2 times the area of the square 
R R 

31. The integral is 0 for any simple closed plane curve C. The reasoning: By the tangential form of Green’s 

Theorem, with M = 4x 2 y and N = x 4 , J) ( .4x 3 y dx+x 4 dy =JJ |j|;|x 4 ) --^^4x 2 y^ dx dy 

R L 

= JJ (4x 3 - 4x 3 j dx dy = 0. 


32. The integral is 0 for any simple closed curve C. The reasoning: By the normal form of Green’s theorem, with 
M =x 3 and N = —y 3 ,^.—y 3 £/y + x 2 dx =JJ 

R 

33. Let M =x and N = 0 => = 1 and = 0 => ^ M dy-N dx = jj(ff + f)r) dx dy =2> ^x dy 

JJ (1 + 0) dx dy => Area of R = JJ dx dy = <J^x dy, similarly, M = y and N = 0 => = 1 and 4^ = 0 

R R 

= 2 > (J^M dx +N dy = JJ^4^+ 4|f-J dy dx => dx =JJ(0-1 ) dy dx => -§ c y dx = JJt/x dy = Area of R 

R ' R R 
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rb r 

34. f{x) dx = Area of R = -d) y dx , from Exercise 33 

J a ' C 


M 


jjxS(x,y)dA ffxdA jjxdA 


35. Let d(x,y) = l=>x =-rf= R 


■ Ax = ||x dA = ||(x + 0) dx dy 


M jjS(x,y)dA jj dA A 

R R n n 

= ^ 2L. dy, Ax = || x dA = ||(0 + x) dx dy = - 1^, xy dx, and Ax = ||x dA = JJ(T+j x) dx dy 
R R R R 

= <^^x 2 dy ~jxy dx => j(j> c x 2 dy = -<g xy dx = |cgx 2 c/y -xy dx = Ax 

36. If 5(x, y) = l then I v = ||x 2 <5(x, y) dA =||x 2 dA = JJg 2 + oj dy dx = j^x 3 dy, 

R R R 

||x 2 dA ^ ||(o +x 2 j dy dx = -(j>^x 2 y dx, and ||x 2 dA = ||g* 2 + jx 2 j dy dx 
R R R R 

= (j^gx 3 dy -jx 2 y dx = dy — x 2 y dx => |<|^x 3 <iy = -^x 2 y dx = i^x 3 dy —x~y dx = I v 


37. M = N = => = -^Ur => d) |-dxdy = IT) dxdy = 0 for such curves C 

dy dx 8v dy 2 dx dx 2 JC 3v dx 2 JJ I 8x 2 Qy 2 I 2 


38. M=jx 2 y + jy 3 ,N=x^>-^- = jx 2 +y 2 ,jg- = 1 => Curl = jjZ—M. = l-(l x 2 +y 2 ') > 0 in the interior of 

the ellipse ^-x 2 + y 2 = 1 => work = (|^ F • dr = |||l-^-x 2 - y 2 j dx dy will be maximized on the region 

R 

1 2 2 

R = {(x, y) | curl F} > 0 or over the region enclosed by 1 = \x + y 


2 y 


2 2 
x +y 


39. (a) V/ = [ 2 2x 2 |i + [ 2 y 2 \]=> M = 2 2 * 2 , TV = ^ 2 ; since M, TV are discontinuous at (0, 0), we 


2.y - 


2 2 : 
x+y 


2 2 - 
x +y 


compute [ V/-n <fe directly since Green’s Theorem does not apply. Let x = acosf, y = a sin/ 

J c 

=> dx = -asintdt, dy = a cos t dt,M = ^-cos t,N =gsin t, 0 < t < In, so |^ V/' ■ n ds = J^, M dy-N dx 

= 1“ geos t)(« cos t)-(fsin ? )(- fl sint) dt = | q ^^cos 2 1 +sin 2 tj dt = 4n. Note that this holds for 
any a > 0, so [ V/’-n ds = 4n for any circle C centered at (0, 0) traversed counterclockwise and 
| V/ • n ds = -4it if C is traversed clockwise. 

(b) If K does not enclose the point (0,0) we may apply Green’s Theorem: [ V/-n ds = [ M dy -N dx 

JC JC 

Ay-f) 2 (y-ff 




(") pv) 


dx dy = ||0 dx dy = 0. If K does enclose the point (0, 0) 


ji vv / v ■ / J 

we proceed as follows: 

Choose a small enough so that the circle C centered at (0, 0) of radius a lies entirely within K. Green’s 

Theorem applies to the region R that lies between K and C. Thus, as before, 0 = || j dx dy 

R V 

= g M dy-N dx + J M dy-N dx where K is traversed counterclockwise and C is traversed clockwise. 
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Hence by part (a) 0 



4?r => 4;r = f M dy — N dx=\ V/ • n ds. We have shown: 

J K J K 


l K W- n* 


JO if (0, 0) lies inside V 
[4;r if (0, 0) lies outside V 


40. Assume a particle has a closed trajectory in and let Cj be the path => Cj encloses a simply connected region 

=> Cj is a simple closed curve. Then the flux over Ry is CD F ■ n ds = 0, since the velocity vectors F are 

JC\ 

tangent to Cj. But 0 = (j)^ F n ds = M dy - N dx = jj('^ 7 " +'§ 7 ) dx dy => 44 x +N y =0, which is a 

R \ 

contradiction. Therefore, Cj cannot be a closed trajectory. 

4L £)f' dx d y = N (S2 (y), y)-N( gl (y), y) => \ d c J^(f dx) dy =( [N(g 2 (y), y)-N( gl (y), y)] dy 

= \ d c N{g 2 {y), y) dy - N(g\{y), y) dy = jj* N(g 2 (y), y) dy + JJv (gi(y),y) dy = N dy + jj, N dy 

= <£ c dy <| c N dy =jj dx dy 

R 

42. The curl of a conservative two-dimensional field is zero. The reasoning. A two-dimensional field F = Mi + Nj 
can be considered to be the restriction to the xv-plane of a three-dimensional field whose k component, P. is 
zero, and whose i and j components are independent ofz. For such a field to be conservative, we must have 

M. _ 8M_ by t jj e component test in Section 16.3 => , W~ = ^, and . 

ox dy ox By dy ox dz dx 


43-46. Example CAS commands: 

Maple : 

with( plots );#43 
M: = (x,y) -> 2*x-y; 

N: = (x,y) -> x+3*y; 

C:= x A 2+4*y A 2= 4; 

implicitplot( C, x=-2..2,y = 2..2, scaling =constrained, title = "#43(a)(Section 16.4)"); 
curlF_k:=D[l](N) - D[2](M): #(b) 

'curlFk' = curlF_k(x,y); 

top,bot:= solve( C, y); #(c) 

left,right: = -2,2; 

ql:= Int( Int( curlF_k(x,y),y =bot..top ), x = left..right); 
value( ql ); 

Mathematica : (functions and bounds will vary) 

The ImplicitPlot command will be useful for 43 and 44, but is not needed for 45 and 46. In 46, the equation of 
the line from (0, 4) to (2, 0) must be determined first. 

Clear[x, y, f] 

«Graphics 'ImplicitPlot' 
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f[x_, y_]:= {2x - y, x +3y} 

2 2 

curve=x +4y” ==4 

lmplicitPlot[curve, [x,-3,3},{y,-2,2}, AspectRatio —» Automatic, AxesLabel —» {x, y}]; 
ybonds= Solve[curve, y] 

{yl,y2]=y/.bounds; 

integrand: =D[f(x,y] [[2]],x] - D[f[x,y]],y]/Simplify 
lntegrate[integrand, {x, -2,2}, {y, yl, y2}] 

N[%] 

Bounds for y are determined differently in 45 and 46. In 46, note equation of the line from (0, 4) to (2, 0). 
Clearfx, y, f] 

f[x_, y_]:= {x Exp[y], 4x 2 Log[y]} 
ybound = 4 — 2x 

Plot[{0, ybound}, {x, 0, 2.1}, AspectRatio —» Automatic, AxesLabel —> {x,y}]; 
integrand: = D[f[x, y][[2]],x] — D[f[x,y][[l]],y]//Simplify 
lntegrate[integrand, [x, 0, 2], {y, 0, ybound }] 

N[%] 

16.5 SURFACES AND AREA 

1. In cylindrical coordinates, let x = r cos 9, y = r sin 9, z = ^\[x ' + y 2 1 = r 2 . 

Then r(r, 9) = (r cos 9)i + (r sin 9) j + r 2 k, 0 < r < 2, 0 < 9 < 2n. 

2 2 2 

2. In cylindrical coordinates, let x = rcos6>, y = 7-sin 9, z -9-x -y =9-r . 

Then r(;-, 9) = (r cos^li + (/-sin 9)j + ^9 -r 2 jk;z > 0 => 9 -r~ >0 => /- 2 < 9 => -3 < r < 3, 0 < 9 < 2n. 

But -3 < r < 0 gives the same points as 0 < r < 3, so let 0 < r < 3. 

r~2 2 

3. In cylindrical coordinates, let x = r cos 9, y = r sin 9, z = 0 + ' 1 => z = 

Then r(r, 9) = (/-cos 6)i +(rsin 6*)j + (^)k. For 0<z<3, 0<^<3^>0</-<6; to get only the first octant, 
let 0<9<f. 

/ 2 2 

4. In cylindrical coordinates, let x = r cos 9, y = r sin 9, z = 2-\]x~ + y => z = 2 r. 

Then r(r, 9) = (r cos 9)i + (r sin 9) j + 2rk. For 2<z<4, 2<2r<4=>l</-<2, and let 0 < 9 < 2n. 

222 2 l 2 2 \ 2 

5. In cylindrical coordinates, let x = r cos 9, y = r sin 9; since x +y =r“=>z = 9 -1 x +y~ \ = 9-r 

=> z = ^9 — r~ , z > 0. Then r(r, = (r cos (9)i +(/- sin 6)\ +^9 -r 2 k. Let 0 < 0 < 2n. For the domain of r: 
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z =<J.X 2 + y 2 and x 2 + y 2 + z 2 = 9 =>x 2 +y 2 + ^x 2 +y 2 j = 9 => l[x 2 + y 2 j = 9 => 2r 2 =9 


=> r = -4= => 0 < r < -j=. 

V2 V2 


6. In cylindrical coordinates, r(r, 9) = (r cos 9) i + (r sin #)j + v4 —r 2 k (see Exercise 5 above with 

9 9 9.9 9 9 

x + y + z = 4, instead of x + y + z = 9 ). For the first octant, let 0 < 9 < y . For the domain of r: 
z = tJx 2 + y 2 and x 2 +y 2 + z 2 = 4 => x 2 +y +| \j. ' x 2 +y 2 = 4 => 2 |x" + y 2 j = 4 => 2r 2 = 4 => r = yjl. 

Thus, let V 2 < r <2 (to get the portion of the sphere between the cone and the xy-plane). 


7. In spherical coordinates, x = p sin (j) cos 9, y = p sin (j) sin 9, p = \jx 2 +y 2 +z 2 => p 2 = 3 => p = %/3 
=^>z = V3cos^ for the sphere; z = 4^- = V3 cos (f> => cos^ = y => (f> = y ;z = -4^ => -4^- = V3 cos^ 
=Ocos ^ = —= Then r(^, #) = (\/3 sin^cos^ji+(\/3 sin^sin#) j + j cos^jk, 
y <tp<^Y and 0 <9 < In. 


8. In spherical coordinates, x = p sin (/> cos 9, y = p sin tj> sin 9, p = \jx 2 +y 2 +z 2 => y> 2 = 8 => p = V8 = 2^2 
=> x = 2 V 2 sin (j) cos 9, y = 2y[2 sin (j) sin 6>, and z = 2^2 cos (/). Thus let 

r((p, 6) = (2.y[2 sin^cos^ji + ^2\/2 sin^sin j +(2.y[2 cos^jk;z = -2 => —2 = 2 V 2 cos (/) 

=> cos^ = --J= => </> = z = 2^2 => 2 V 2 = 2-^2 cos (j) => cos^ = 1 => (/> =0. Thus 0<^<yy and 
0 < 9 < 2 n. 

9. Since z = 4 - y 2 , we can let r be a function ofx andy => r(x, y) = xi + yj + ^4-y 2 jk. Then z = 0 
=^> 0 = 4-y 2 =>y = +2. Thus, let -2 <y <2 and 0 <x <2. 

10. Since y = x , we can let r be a function ofx and z => r(x, z) = xi + x j + zk. Then y = 2 
=> x 2 = 2 => x = ±V2. Thus, let -^2 < x < V 2 and 0 < z < 3. 

9 9 

11. When x = 0 , let y + z = 9 be the circular section in the yz-plane . Use polar coordinates in the yz-plane 

=> y = 3 cos 9 and z = 3 sin 9. Thus let x = u and 9 = v => r(u, v) = ui + (3 cos v) j + (3 sin v)k where 

0 < u < 3, and 0 < v < 2 n. 

9 9 

12. When y = 0, let x‘ + z' =4 be the circular section in the xz-plane. Use polar coordinates in the xz-plane 

=>x = 2cos# and z = 2sin6f Thus let y = u and 9 = v => r(u,v) = (2 cos v)i + wj + (3 sinv)k where 

-2 < u < 2, and 0 < v < n (since we want the portion above the xy-plane). 

13. (a) x + y+ z = l=>z = l- x-y. In cylindrical coordinates, let x = r cos 9 and y = r sin 9 

=> z = l-rcosf?-/' sin 9 => r(r, 9) = (r cos#)i + (r sind?)j + (l-rcos6 , -rsin6 l )k,0 <9 <2n 
and 0 < r < 3. 
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(b) In a fashion similar to cylindrical coordinates, but working in the yz -plane instead of the xy-plane, let 

V 2 2 

y +z and v is the angle formed by (x, y, z), (x, 0,0), and (x, y,0) 
with (x, 0,0) as vertex. Since x + y + z = l^>x=l-y-z^>x = l-u cos v-u sin v, then r is a function 
of u and v => r (u, v) = (1-wcosv-wsinv)i + (u cosv)j + (u sin v)k, 0 <u < 3 and 0 < v < 2 n. 

14. (a) In a fashion similar to cylindrical coordinates, but working in the xz -plane instead of the xy-plane, let 

x=u cosv, z = u sin v where u = \lx 2 +z 2 and v is the angle formed by (x, y, z), (y, 0, 0), and 
(x, y, 0) with vertex (j,0,0). Since x-y + 2z = 2=>y=x + 2z-2, then 
r (u, v) = (u cos v)i + (u cos v + 2 u sin v - 2) j + (u sin v)k, 0 < u < V3 and 0 < v < 2n. 

(b) In a fashion similar to cylindrical coordinates, but working in the yz -plane instead of the xy-plane, let 

V 2 2 

y +z and v is the angle formed by ( x, y, z), (x, 0, 0), and 
(x,y, 0) with vertex (jc, 0,0). Since x->’ + 2z = 2=>.x: = >’-2z + 2, then 
r (m, v) = (u cos v - 2u sin v + 2)i + (u cos v)j + (w sin v)k, 0 < u < V2 and 0 < v < 2 n. 

2 9 7 7 

15. Let x = wcos v and z = w sin v. Then (x -2) +z = 4 => x -4x + z =0 
2 2 2-2 2 

=> w cos v-4wcosv + w sm“ v = 0 => w —4 w cos v = 0 => w = 0 or w-4cos v = 0 => w = 0 or 
w = 4 cos v. Now w = 0 => x = 0 and y = 0, which is a line not a cylinder. Therefore, let 

7 

w = 4 cos v => x = (4 cos v)(cos v) = 4 cos v and z = 4 cos v sin v. Finally, let y = u. Then 
r(w, v) = (4 cos 2 vji +u\ + (4cos v sin v)k,-y < v <y and 0 < u <3. 


7 7 7 7 

16. Let j = vrcosv and z = wsinv. Then y +(z—5) =25=>y +z -10z = 0 

7 7 7.7. 7 

cos v + vv’ _ sin v-lOwsinv = 0 => w -lOwsin v = 0 => w(w -10 sin v) = 0 => w = 0 orw = 10sinv. 
Now w = 0=>>> = 0 and z=0, which is a line not a cylinder. Therefore, let w = lOsin v => y = lOsin vcos v 

and z = 10sin 2 v. Finally, let x = u. Then r(w, v) = u\ +(10sin vcos v) j + |l0sin 2 vjk, 0 <m< 10 and 
0 < v < n. 


17. Let x = rco&6 and y = r sin6>. Then r (r, 6) = (rcos6 | )i + (rsin^)j + ^ 2 r ^ ln6> jk, 0<r<l and 0<9<2tt 
- (cos^li + lsin^lj-l^^-jk and r e = (-r sin 6>)i + (r cos 6) j - ( - c ° s9 j k 


r = ( 


=^ r ,- xr g = 


cos6> 


sin 8 


-r sinf? r cos 9 - rc ° sd 


A,- S ing cos g | (sin 6*)(r cos g) 

o' ~i 


)i + M 


sin 2 g . r cos 2 # 

' o 


=> r.xr n\=.y— + r = 


2 _ %[5r 


jj + |rcos“# + 7'sin 6*jk=yj+rk 

a= \ 2n \ 1 ^- drd9=\ 2n \^f\ dd=\ 2rr de = ^- 
Jo Jo 2 Jo |_ 4 J 0 Jo 2 


18. Let x = rcos9 and y = r sin# => z = —x =—rcos9, 0 < r < 2 and §<9<2n. Then 
r(/y 8) = (rcos#)i + (rsin 0)j-(rcos 6>)k => r,. = (cos + (sin 6>)j — (cos 6>)k and 

r q = (-r sin 9) i + (r cos 9) j + (r sin 9) k 
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^>r,.xr g = 


i j k 

cos 9 sint? -cost? 
-r sin 6* r cos 6* rsint? 


= ri + rk 


: |rsin 9 + rcos 2 t?ji + (rsin 9 cost? -rsin 9 cos9 )j +|rcos 2 9 + rsin t?jk = ri 

* |r r xr*| = V777 =rj2^A= f 2 rjldr d9 = d9 = 2-^2 d9 = 4x^2 

JO JO JO ^ q JO 


19. Let x = rcosO and y = r sin 9 => z = 2yjx 2 +y 2 = 2r, 1 < r < 3 and 0 < 9 < 2 n. Then 

r(r, 9) = (rcos#)i + (rsin<9)j + 2rk => r,. = (cos 9)i + (sin 9 )j + 2k and r g = (-rsin 6>)i+ (r cos t?)j 

j k l 

= (-2rcost?)i-(2rsint?)j +^rcos 2 0 + rsin 2 $jk 


^>r,.xr 0 = 


cos 9 sin 9 2 

|-rsint? rcost? 0 

■ (-2r cost?)i — (2r sint?)j + rk => \r r xig| = V4r 2 cos 2 t? + 4r 2 sin 2 9 + r 2 = V5r" =rV5 

. ^ = J^rV^r </t? = j 2 "[^ J </t? = fW^t? = 8^5 




3 =y,3<r<4 and 0 < t? < 2 n. Then 


20. Let x = rcos9 and >> = rsint?=>z=- 

r(r, 0) = (rcos#)i+ (rsin<9)j + (j)k =>r r = (cos#)i+(sin<9)j + (-|)k and r g = (-rsin 9)\ + (rcost?)j 

j k| 

^-ircos^ji-^rsin^jj+ |rcos 2 0 + rsin 2 <?jk 


^>r,.xr 0 = 


cos 9 sin 9 j 


-rsin 9 rcos9 0| 

: jrcos#)i-(yrsint?)j +rk => \r r xr^| = J^r 2 cos 2 9 + ^r 2 sin 2 9 + r 2 = 


A = f 4 rM dr d6 = t 2 *\£M~f de = f 

Jo J 3 3 Jo |_ 6 J 3 J( 


\ 2 *lM de= l*M 

JO 6 3 


21. Let x = rcost? and y = rsin 9 => r 2 = x 2 + y 2 = 1,1 < z < 4 and 0 < 9 < 2 it. Then 
r(z, 9) = (cos t?)i + (sin 6 )j + zk => r. = k and r g = (-sin t?)i + (cost?)j 

j k /—7-— 

= (cos 9)i + (sin 9) j =>|r^ xr_| =\Jcos 2 9 + s'm 2 9=1 


=>r 0 xr z = 


sin 9 cos 9 0 
0 0 1 

In 
0 


A = \~ n j" 1 drd6=\ 3d9 = 67r 

Jo Ji Jo 


2 2 2 

22. Let x = ucosv and z = wsinv=>w =x +z =10, -1 < y < 1, 0 < v < 2n. Then 

r(y, v) = (mcos v)i + j/j +(w sin v)k = ^VlO cosvji + y\ + (VlOsin vjk => r v = ^—s/To sin vji + (VlO cosvjl 
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and r v = j=>r v xr,, = 


i j k 

-Jio sinv o VTo COSV 
0 1 0 


:(-Vl() cosvji -|VlO sinvjk => |r v xr v | = VlO 


A = J 0 "\ i"v/lOt/w dv = j o ^VlOttJ </v = J o 2 VlO <iv = 4^- VlO 


23. z = 2 — x 2 —v 2 and z = -^/x 2 + j" =>z = 2-z 2 =>z“+z — 2 = 0 => z = —2 orz = l. Since z = i^x 2 +j 2 > 0, 
we get z = 1 where the cone intersects the paraboloid. When x = 0 and y - 0, z = 2 =5 the vertex of the 

2 2 

paraboloid is (0, 0, 2). Therefore, z ranges from 1 to 2 on the “cap” => r ranges from 1 (when x~ +y~ =1 ) to 

0 (when x = 0 and y = 0 at the vertex). Let x = r cos#, y = rsin#, and z = 2-r . Then 

r(r, #) = (rcos#)i +(rsin#)j+^2-r 2 jk, 0 < r < 1, 0 < 8 < In => r,. = (cos#)i +(sin ^Ij -2rk and 

i j 1 


= (-r sin 8)i + (r cos 8) j => r,. x= 


cos # sin 8 —2r 

-r sin 8 r cos 8 0 


j +rk : 


|r xrJ = V4r 4 cos 2 # + 4r 4 sin 2 9+r 2 = r-v/^r 2 


= ^2r 2 cos^ji +^2r 2 sin#j j 


2 2 2 -2 

24. Let x = rcosd, y = rsin8 and z =x +y =r . Then r(r, 8) = (rcos8)i + (r sin 8)'] + r~\i, l<r<2, 
0 < 8 < In => r,. = (cos60i + (sin 8)j + 2rk and r 9 =(-rsint?)i + (rcos6 , )j 

j k 

= ^-2r 2 cosfi’ji -^2/- 2 sin#j j + rk => \r r xr d \ 


^>r r xr 9 = 


cos 8 sin# 2r 
-rsint? r cos 8 0 


3/2 


1 - 


de 


ji 


= V4r 4 cos 2 8 + 4 r 4 sin“ 9 + r' = r\l 4r 2 +1 =j> A = r\j 4r 2 +7 dr dd = J” -jk-^4r 2 +1 j 

25. Let x = yosin^cos#, y = psmtpsvxd, and z = pcos^ => p = y]x 2 +y 2 +z~ = \[2 on the sphere. Next, 

222 / 2 2 2 2 2 

x" +J" + z~ = 2 and z = y.x~ + 7 => z +z~=2=>z = 1 => z = 1 since z > 0 => (j) = For the lower 

portion of the sphere cut by the cone, we get <j> = jr. Then 

r {(f>, 6) = {^2 sin^cos^ji + (^J2 sin^sin^j j + ^2 cos^jk, ^ < <f> < < 6 <2n 

=> = ^V2 sin 0cos6>)i+|%/2 cos^sin j-|V2 sin ^jk and r 9 = |-\/2sin0sin#ji + ^V2 sin^cos^jj 

i j k 

=>r^xr0= V^cos^cos# V2cos^sin# —v/2sin^| 

—y/2 sin (f> sin 8 V 2 sin <f> cost? 0 


= ^2sin ^cos^ji + |2sin 2 (j )sin 6>jj + (2sin0cos^)l 
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/ . 4 2 4 . 2 .? 2 / . 2 

=> |r^ xr^| = -\/4sin 0cos~ 9 + 4 sin 0sin“ 9 + 4 sin" ^Scos“ tf> = ^/4sin“ 0 = 2| sin ip\ = 2sin (j> 

=> ^4 = J"^ J 2 sin <J> d<f> dd = J ^2 + V2 jt/# = ^4 + 2yf2 'jx 

V I 1 1 

x +y~ +z = 2 on the sphere. Next, 
z = -1 => -1 = 2cos0 => cos (/> = — \ => ^ = -yS z = V3^V3 = 2cos (Zi => cos^ = ^ => ^ = -Then 
r(0, 9) = (2 sin 0cos #)i + (2sin^sin6 , )j + (2cos^)k, < ^ < ^^,0 < ^9 < 2zr 

=> = (2 cos (j) cos 6*)i + (2 cos (j) sin 6*)j - (2 sin ^)k and = (-2 sin (f> sin 9) i + (2 sin (j) cos 9) j 

i j k 

= 2cos^cos6 ) 2cos0sin6 ) -2sin^ = ^4sin 2 0cost?ji + ^4sin 2 (zisin(?jj +(4sin(zScos^)l 
-2sin^sin(9 2sin^cos# 0 

=> xr 0 | = ->/l6sin 4 ^cos 2 0 + 16sin 4 ^sin 2 0 + 16sin^ ^cos 2 ^ 

=>^4=J~ J ^ 4 sin (/> d(/> dd = J~ ^2 + 2^3 ^dd = ^4 + 4^3 


27. The parametrization r(r, #) = (rcos#)!+ (r sin 6>)j + rk 

at P 0 =(V2, V2,2)^0 = f,r=2, 

r,. = (cos#)i + (sin 9 )j + k =^f-i + ^f-j+k and 


(V2, i/2,2) - 


* + y - >/2s = Q 


= (-r sin 6>)i + (r cos #)j = -%/2i + V2j 

i j k 

=> r ; . xr 0 = V2/2 V2/2 1 = -V2i - V2j + 2k 

-V 2 V 2 0 

=> the tangent plane is 0 = (-V2i - V2j + 2 kj-|^x - a/2 ji +[y — V 2 j j +(z-2)k => *Jlx + \[ly-2z =0, or 

x + >’-V2z=0. The parametrization r(r, 9)^> x=r cos 6 1 , j = r sin 0 and z = r => x +y = r =z 
/ 2 2 

=i> the surface is z = Jx~ + y . 


28. The parametrization 

r(</>, 9) = (4sin^cos6 | )i +(4sin^sin6 , )j + (4cos^)k at V 2 x + V2 y + 2^3 

P 0 = (V2 , a/2 , 2V3) - p = 4 and 

z = 2 a/ 3 = 4cos => </)=-j', also x = V2 and y = a/2 

=^> 9 = -f. Then 
4 

= (4 cos ^cos 9) i + (4 cos (f >sin 9) j - (4 sin 0)k 
= V6i + V6j - 2k and 



i j k 

r@ - (-4sin 0sin 9)i + (4sin^cos 9)] = -V2i + V2j at ig => x = a/6 a/6 -2 = 2\/2i + 2 a/ 2j + 4V3k 

-V2 V2 0 

the tangent plane is ^2%/2i + 2V2j + 4V3kj-|^.x-V2ji + (j-V 2 ) j + (z -2 a/ 3 jkj = 0 
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=> V2x + V2 y + 2-^3 z =16, or x + y + %/6z = 8^2. The parametrization 

2 2 2 

=> x = 4sin^cos6 | , y = 4sin^sin0, z = 4cos0 =^> the surface is x + y +z = 16,z>0. 

29. The parametrization 
r(6, z) = (3sin 26 , )i + ^6sin 2 $jj + zk at 

P 0 = 0 ) => 6 = f and z = 0. Then 

r e =(6cos26 , )i + (12sin0cos6 ) )j = —3i + 3V3j and 

i j k 

r z = k at Pq => r 9 xr z -3 3^3 0 = 3^/31 + 3j 

0 0 1 

=> the tangent plane is ^3^i + 3jj- |x + ^y— jj j + (z-0)k = 0 => VJx + y = 9. The parametrization 

2 

=> x = 3sin26 ) and y = 6sin 2 9 => x 2 +y 2 = 9sin 2 26* +^6sin 2 

= 9 (4 sin 2 9 cos 2 0^ + 36 sin 4 0 = 6^6 sin 2 0 j = 6y => x 2 + y 2 - 6y + 9 = 9 => x 2 + (y - 3) 2 = 9 

30. The parametrization r(x, 7 ) = xi +y\-x k at 
Pq = ( 1 , 2 , - 1 ) => r x = i - 2 xk = i - 2 k and r y = j 

i j k 

at Pq => r x x r v = 1 0 -2 = 2i + k => the tangent 

0 1 0 

plane is (2i + k)-[(x-l)i+(j>-2)j+(z + l)k] = 0 
=> 2x + z = 1. The parametrization => x = x, y = y 
and z = -x => the surface is z = —x 

31. (a) An arbitrary point on the circle C is (x, z) = (i? + r cos u, r sin u) => (x, y, z) is on the toms with 

x = (R+r cosn)cos v, y = (R+r cos !<)sin v, and z = r sim^, 0 < u < 2 n, 0 < v < 2n 
(b) r u = (-r sin wcos v)i -(r sin m sin v)j + (r cos u)k and r v = (-(R + r cosu) sin v)i+ ((R+r cosu)cos\')] 

i j k 

=>r 1( xr v = -rsinwcosv -rsinwsinv rcosu 

-(R + r cosn) sin v (R+r cos u) cos v 0 

= -(R +r cos u)(r cos v cos u)\- (R +r cos u)(r sin v cos z<)j + (~r sin u)(R +rcosu)k 

2 2/22 2 22 2 2 2 \ 

=>|r M xr v | = (R + r cosu) Ir cos vcos u+r sin vcos u+r sin" u => \r u x r v | = r(R +r cosu) 

rln tin l 7 \ r 2 ^ 2 

=> A = I rR + r cos u I du dv = J Q 2nrR dv = 4 n rR 
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32. (a) The point (x, y, z) is on the surface for fixed x = f(u ) when y = g(u) sin^y-v) and 

z = g( u ) cos f-y - vj => x = f(u),y=g(u) cosv, and z = g(z/)sin v => r(z/, v) 

= /(w)i + (g(w)cosv)j + (g(w)sinv)k, 0 < v < 2n, a <u <b 

2 2 2 

(b) Let // = j and * = // => /(//) = u and g(u ) = // => r{u , v) = m i + (u cos v)j + (// sin v)k, 
0 < v < 2 n, 0 < u 


2 2 2 

33. (a) Let w 2 + = 1 where w = cos^ and ^- = sin^^>^- + ^- = cos 2 


— = cos/^cos(? and ^- = cos^sin6 ) 
a T b T 


c <r b 

=> x = a cost? cos y =6sin6'cos^, and z = c sin^ 

=> r (9, (f>) = (a cos 9 cos <j >)i + ( b sin 9 cos (/))']+ (c sin 0)k 
(b) r q =(-asin0cos^)i + (6cos6 | cos^)j and = (-a cos 6 sin tp)i -(6 sin 9 sin^)j +(ccos^)k 

i j k 

^>r e xr^j = -asin£?cos(/S b cos 9 cos <j> 0 

-a cos 6*sin ^ -b sin 9 sin (j) ccos^ 

= cost? cos 2 ^ji + |ac sin t? cos 2 j + (aZ>sin^cos0)k 

2 22 2 4 22*2 4 22*2 2 

=> |r^ xr^|" =6 c" cos t?cos ^ + a c sin t?cos $ + a~b sin'^cos - ^, and the result follows. 

/ »2^z" r2^r /•2?r 222 2 222 4 222 4 11 / 2 

^4 = Jo J q |r^ dd = J Q J a 6 sin" (Scos ^ + 6 c cos Scos ^ + a c sin” 0cos ^ d(/>d6 


34. (a) r(t?, z/) = (cosh//cos t?)i + (cosh//sin t?)j + (sinhz/)k 

(b) r(t?, //) = (a cosh // cos 9) i + (6 cosh // sin t?)j + (csinh z/)k 


35. r(t?, u) = (5 cosh// cos t?)i + (5 cosh// sin t?)j +(5sinh//)k => = (-5 cosh//sin t?)i + (5coshz/cost?)j and 

i j k 

r u = (5sinhz/cost?)i + (5sinh // sin (9)j +(5cosh//)k => r@ xr fl = -5cosh// sin 6 5cosh// cos 9 0 

5 sinh//cost? 5 sinh// sin 9 5 cosh// 

= |25cosh 2 z/cost?ji +|25cosh 2 z/sint?jj-(25cosh // sinh//)k. At the point (x 0 , y 0 , 0), where Xq + y$ =25 
we have 5sinh// = 0 => u = 0 and x 0 = 25cos 9, y 0 = 25sin 9 => the tangent plane is 
5 (-A)' + To j)' [(* ~ *o )i + (y ~ To) j + zk ] = 0 => x 0 x - xfi + y 0 y - yl = 0 => x 0 x + y 0 y =25 


36. Let Ar-w 2 =1 where = = coshz/ and w = sinh//=> iv 2 = A- + V- =^> — = vi’cost? and - 7 - = H’sint? 

c 2 c a 2 b 2 a b 

=> x = a sinh // cos 9, y = b sinh u sin 9, and z = c cosh u 

=> r (9, u) = (a sinh // cos t?)i + (b sinh // sin ^?) j + (c cosh //)k, 0 <9 < 2n, -oo <u < oo 


37. p = k, V/ = 2x\ + 2y\ - k => | V/| = J(2x) 2 + (2yf + (-1) 2 = ^4x 2 +4v 2 +1 and |V/-p| = 1; 


z = 2 => x z 


+ > ,2 =2; thus *5 = 11 ^ = JjV^* 2 +4T 2 +1 dx dy = jj^4r 2 cos 2 6 + 4r 2 sin^ 9 + \r dr d9 


R 

2 7r[ 


nV5 


= jf^4r 2 +lr dr d9 = \** ^(dr 2 + if* ^ d0 = [ 


lld6 = —JT 
JO b 3 71 
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38. p = k, V/ = 2xi + 2jj -k => |V/| = 4x 2 + 4 y 2 +1 and | V/ ■ p| = 1; 2 < x 2 +y 2 < 6 => 5 = JJ jM. dA 

R 

= J"J^4.\' 2 + 4i 2 + ldx dy = JJV4r 2 +1 r dr dd = Jj^ V 4r 2 +\ r dr <18 = J () -J^4r 2 +l) ~ dd 

R R L JV2 

= [ 2 *%de=&x 

Jo 6 3 

39. p = k, V/ = i + 2j +2k => |V/| = 3 and |V/ -p| = 2; x = y 2 and x = 2-y 2 intersect at (1,1) and (1, -1) 

=> 5 = Wwv \ dA = M dx dy = J y I * dy =\\( 3 ~ 3y2 ) dy = 4 

R R 

40. p = k, V/ = 2xi -2k => |V/| = V4x 2 + 4 = 2^x 2 +1 and |V/ -p| = 2 =i> 5 = dA 


II 2 ^~2~ +1 dx dy = if lo dy dx = \f x ^ x2 + 1 dx = 3’(''‘ 2 + ^) = 3 

r L Jo 


=|(4) 3/2 4=| 


41. p=k,V/ = 2;ci-2j-2k=>|V/| = J(2x) 2 +(-2) 2 +(-2) 2 = V4x 2 +8 = 2y]x 2 ■ 


_ _ r n 2 

■ 5 1 = JJ t//l = JJ 2 ^ x ~ +2 - dx dy = J Q J Q yjx 2 +2 dy dx = j~ 3x\l x 2 + 2 dx = |.r 2 +2j ~ = 6\[6-2y[2 

r ' r L Jo 


42. p =k, V/' = 2xi+2>’ + 2zk =>|V/] = ^4x 2 + 4y 2 + 4z 2 =V8 =2^2 and |V/-p| = 2z; x 2 +j 2 +z 2 = 2 and 
z=Jx 2 +y 2 ^x 2 +y 2 =1; thus, 5 = JJ ^-dA = \\ ^fdA=^2\j y dA 


= J2\\ . 1 dA=42\ 2n \ X ’^± = ^\ 27I (-l + ^)de = 2n{2-j2) 

y JJ UM) J o Jo^J Jo V v / { ) 


43. p = k, V/ = ci -k => |V/| = Vc 2 +1 2 and |V/ -p| = 1 => S = JJ dA = JJ \jc 2 +1 dx dy 

R ' R 

=r io^+i r dr de =r # 1 d ° = ^^+1 


1 = 7lyC +1 


44. p = k, V/ = 2xi + 2zj => |V/| =^j(2x) 2 + (2z) 2 = 2 and |V/ *p| = 2z for the upper surface, z > 0 

^ 5= ji fk\ dA =w i dA =n 


: sin 1 x 


R R 

, nl/2 
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45. p =i, V/ = i + 2yj+2zk => |V/| = -Jl 2 +(2y) 2 +(2z) 2 =Jl + 4y 2 +4z 2 and|V/-p| = l; 1 <j 2 +z 2 <4 

=> 5 = JJ Jpi. dA = JjV 1 + 4 J 2 +4z 2 dy dz = J 2 * J 2 Vl + 4r 2 cos 2 G + 4r 2 sin 2 6 r dr dO 
R R 

. ~\2 


■ Jo" |] 2 V 1 + 4r 2 r dr dG = J** £(l + 4r 2 


3/2 2 

t/6i = |“ 7r T h( 17 Vl7-5V5) t/6 1 =f( 17 Vl7-5^5) 


46. p=j,V/=2xi + j + 2zk^|V/| = ^4x 2 +4 z z +1 and |V/ • p| = 1; _y = 0 and x z +J + z z = 2 => x z + z z =2 
thus 5 = JJ ^ fi!4 = JJ ^4x 2 +4 z" +1 fifefife = | J^V4r 2 +1 r dr dG = y t/# = y tt 


2 , _2 


47. p = k, V/ = (lx - J )i + Vl5j -k => | V/| = fax -1 ) 2 + (Vl5 ) 2 + (-1) 2 = fa 2 +8 + f = fax + f f 

= 2x + y on 1 < x < 2 and |V/-p| = 1 => 5 = JJ dA = JJ^2x + 2x _1 j dx dy = J Q J~^2x + 2x _1 je?x dy 

R R 

= J o Jx“ + 2 In x ~dy = (3 +2 In 2)dy = 3 +2 In 2 


48. p =k, V/' = 3Vxi+37vj-3k^>|V/'|= A /9x + 9>’ + 9 =3yjx+y + l and|V/-p| = 3 

=> S = JJ dA = JJ jx + y + i dx dy = ^^x + y + ldx dy = J^|(x +y +1) 3/2 dy 

R R 

“ lo [i ( x + 2)3,2 -yCx + 1)3 


dy = 


4 / . <*>\5/2 4 / . i\5/2 

T5 (v + 2) -l5^ + 1 ) 


= 4_ 
JO 15 


(3) 5/2 — (2) 572 — (2) 5/2 +1 


^(973-8^2+1) 


49. f x (x, y) = 2x, f y (x, y) = 2y => ^jf 2 + f 2 +1 = ^4x 2 + 4>’ 2 +1 => Area = JJ ^4x 2 +4 y 2 +1 dx dy 

R 

-af^ 2 +lr drd0 = f(l3y/u-l} 


50. / x (y, z) = -2/ z ( y, z) = -2z =J> J/ 2 +/ 2 +1 = ^4y 2 +4z 2 +1 


Area = 


JJ ^4y 2 +4 z’ +1 c/y <iz 


: J 0 ^ J 0 V4r 2 +1 r dr dG = yj5-\/5 -lj 


51. f x (x,y) = 


= ,.f v (x, y) = - 


V* +y +>' 


2 +/v 2 +l = 


JC 1 •/ 


2 2 2 2 
JC+jr JT+JT 


+1 = V2 => Area = JJ V 2 efe dy 


= V2 (Area between the ellipse and the circle) = -J2(6n - n) = 57tV2 


52. OverTC,: z = 


2 -jx~2y => / X (x, j;) = f y (x, y) = -2 => ^f 2 + f 2 +1 = ^| + 4+l = | 


Area = JJ y afe4 = y (Area of the shadow triangle in the xy-plane) = (yj|lj = 1, 
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Over R xz : y = 1 -jx-jz => f x (x, z ) = f.{x, z) = => ^jf[+ff+l = Ji + i + 1 = | 


2 V-'x -'r "v 9 4 6 


Area = jj ^ dA = ^ (Area of the shadow triangle in the xz- plane ) = (^)(3) : 


Over R yz : x = 3 - 3y -|z =^> f y (y, z) = -3, f z (y, z) = => + // +1 = 1 +1 = \ 

=^> Area = Jj" ^ dA=^ (Area of the shadow triangle in the jz-plane) = |^j(l) = 4- 


53. y = jz 3/2 =i> f x (x, z ) = 0, f z (x, z) = z 1/2 =i> yjf x + f 2 +1 = Vz+I; y = ^ =4> ^ = |z 3/2 => z = 4 
=> Area = J j^VzTTfitx dz = J yfz~+ldz = |^5V5-l) 

54. y = 4 -z => / v (x, z) = 0, f z (x, z) = -1 => ^f 2 +f ~+1 = x/2 =^> Area = jj V2 dL4 = J J V2 <ir t/z 




2i^-lW2 


4 - z u/z = 


55. r(x, j) = xi + vj + /(x, y) k => r x (x, y) = i + f x (x, y) k, r v (x, j) = j + f y (x, y) k 

i j k 

=> r v x r y =10 f x (x, y) = -f x (x, y) i - f y (x, v)j + k 
0 1 f y (x, y) 

-> \ r x x r y I = \J(-fx( X ’ y)f +{~fy{x,yjf +! 2 = *Jfx(x, yf + fy(x, y) 2 +1 
^>d<7 = yjf x (x, y) 2 +f y (x, y) 2 +1 dA 


56. S is obtained by rotating y = f (x), a <x <b about the x-axis where /(x) > 0 

(a) Let (x, y, z) be a point on S. Consider the cross section when x = x*, the cross section is a circle with 
radius r = /(x*). The set of parametric equations for this circle are given by y(9) = rcosd = /(x*)cos6 ) 
and z(9) = r sin 8 = /(x*) sin 8 where 0 < 9 < 2n. Since x can take on any value between a and b we 
have x(x, 9) = x, y(x, 9) = f(x)cos9, z(x, 8) = /(x)sin<9 where a <x<b and 0 <9 < 2 n. Thus 

r(x, 9) = xi + /(x) cos 9j + f (x) sin 8k 

(b) r x (x, 9) = i + /'(x)cos#j +/'(x)sin6 , k and r () (x, 9) = -/(x) sin 6\ + /(x) cos 9k 


i j k 

^>r r xr^ = 1 /'(x)cos# /'(x)sin0 = /(x) - / '(x)i - /(x)cos 0j - /(x)sin /9 k 

0 -/(xlsint? /(xlcosi? 



Copyright © 2014 Pearson Education, Inc. 



1196 Chapter 16 Integrals and Vector Fields 


16.6 SURFACE INTEGRALS 

i j k 

2 

1. Let the parametrization be r(x, z) = „ri + x j + zk => r x = i + 2xj and r z = k => r x x r. = 1 2x 0 

0 0 1 

-.2 

= 2xi + j =>|r x xr z | = VL 2 "-!-! => JJg(x, _y, z) £?cr = jJ J q xVax-^+Lx £?z = J Q p^4x 2 +lj dz 

S L Jo 


2. Let the parametrization be r(x, y) = xi + y\ + ^4- y z k,-2 < y <2 =>r x = i and r y = j- r — k 

V4-/ 


i j k 


=>r y xr =1 0 0 =-p£=j+k=>|r r xr v |= M^- + l =-=i= 

x - v jw y P~y P 1 ? 

0 1 —=J= 


I » I 

' JJ G(x, y, z) d a = jJ jJJ sj^-y 2 -^== j ^ dx = 24 


3. Let the parametrization be r(0, 0) = (sin^cos^i +(sin ^sin^lj + (cos(zi)k (spherical coordinates with /? = 1 
on the sphere), 0<(/)<7r, 0 < 0 < 2tt => = (cos^cos 69i + (cos ^ sin #)j -(sin^)k and 

i j k 

r d =(-sin^sin6 , )i + (sin^cos6 l )j => xr^ = cos^cos# cos^sin# -sin <j> 

-sin^sint? sin^cost? 0 

= |sin 2 ^cos^ji + ^sin 2 ^sintjjj+ (sin^cos0)k => |r^ xr^| =^s'm 4 </> cos 2 # + sin 4 ^sin 2 # + sin 2 ^cos 2 (j) 

= sin^; x =sin^cos# => G(x, _y, z) =cos 2 6>sin 2 (f> => JjG(x, y, z) da = J Q JJ |cos 2 #sin 2 ^j(sin^) d</> d8 

S 

= fa- 2 du=-2\d</ H 2 TK d )( u2 ~ x ) dud6 

= 1o 2 "( cos2 ^)[t- m ] 1 =P 


4. Let the parametrization be r(<p, 6) = (asin ^cosfihi + (asin 0sin 0)\ + (acos^)k (spherical coordinates with 
p = a, a > 0, on the sphere), 0 < <j> < y (since z > 0 ), 0<9 <2n 

=^>r^ =(acos^cos6 , )i + (acos(zSsin6 , )j-(asin(zi)k and r e =(-asin^sint?)i + (asin^cos6 , )j 

i j k 

=>r^xr0= acos^cos# a cos^sin# -asin(zS = |a 2 sin" ^cos#ji + ^a 2 sin 2 (Asin#jj + [a 2 sin^cos^jk 
—a sin (f> sin 9 a sin ^ cost? 0 
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■\r l j l xr 0 \ = ^a 4 sin 4 $ cos 2 8 +a 4 sin 4 tpsin 8 + a 4 sin 0cos 2 <p = a 2 sin^; z = a cos(zS 
■ G(x, y, z) = a 2 cos 2 j jjG(x, y, z)da = j~ J q (a 2 cos 2 <pMa 2 s\o<p^d^> d8 = ^7ra 


i j k 

5. Let the parametrization be r(x,y) = xi + yj + (4 -x—y)k => r x = i -k and r v = j -k => r x xr v , = 1 0 -1 

0 1 -1 

= i + j + k => |r x xr^| = J} => JJ F(x, y,z)da = ^ J^(4 -x -y)Ji dy dx = ^3 4y -xy - y- dx 

S L Jo 

= lo^(2- X ) &= ^[f T -4] 0 = 3 ^ 

6. Let the parametrization be r(r,0) = (r cos<9)i + (r sin 6^) j +rk, 0<r<l (since 0<z<l ) and 0<6<2 n 

i j k 

=>r ; . =(cos0)i + (sin6 | )j+k and r e = (-rsin#)i+(rcos#)j => r ; . xr s = cos# sin^7 1 

-rsin# r cos 8 0 

= (-rcos#)i-(rsin#)j + rk =>|r r xr 0 | =^(—r cost?) 2 + (-rsin#) 2 + r 2 = rV2;z=r and x = rcosd 
=> F(x, y z) = r-r cos 8 => JjF(x, y, z)da = ^^{r -r cos8)(^r^[2^dr d8 


^\l*\l(\-cos6)r 2 drde= 2 ?f 


2 

7. Let the parametrization be r(r,8) = (r cos #)i +(r sin #)j + (l-r~)k, 0<r<l (since 0<z<l ) and 
0 < 0 < 2n => r r = (cos#)i + (sin 8)] -2rk and r d =(-rsin6 ) )i + (rcos6 , )j 

i j k 

=>r ; .xr$= cos 8 sin# -2r = ^2r 2 cos#ji +^2r 2 sin#jj + rk => \r r xr^| 


-rsin# rcosO 0 


y|2r 2 cos#j + |2r 2 sin#j + r 2 = rVl+ 4r 2 ; z = 1-r 2 and x = r cos 6 => H (x, y z) = |r 2 cos 2 6 j Vl + 4 r 2 
■ jj H(x, y, z)dcr = j~ J o |r“ cos" #j(Vl + 4r" (ryjl + 4r 2 drd0 = j^ ^1 +4r 2 jcos 2 0 dr dd = -j^- 


8. Let the parametrization be r(0, #) = (2sin 0cos#)i+ (2sin (?Ssin #)j + (2cos^)k (spherical coordinates with 
p = 2 on the sphere), 0 < 0 <-j; x 2 + y 2 + z 2 = 4 and z = ~Jx 2 + y 2 =z 2 +z 2 =4 => z 2 =2 => z = V2 (since 
z > 0 ) ^> 2 cos (j) = V2 => cos0 = ^f-=>0=^,O<#<2;r; r^= (2cos0cos#)i +(2cos^sin #)j — (2 sin ^)k 

i j k 

and rg = (-2sin^sin #)i + (2sin0cos#)j => xr$ = 2cost/>cos8 2cos(zSsin 8 -2sin^ 

-2sin(zisin# 2sin$Scos# 0 

= ^4sin 2 ^cos#ji + ^4sin~ 0sin#j j + (4sin0cos^)k 
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i> |r^ xr^| = -y/l 6sin 4 ^cos^ 0 + 16sin 4 tps'm 9 + 16sin" ^cos 2 <j> = 4sin 0; y = 2sin 0sin 9 and 
= 2cos^ => H(x, y, z ) = 4 cos 0 sin sin 0 => y, z)dcr = | | ^cos^sin^sin^l^sin^)^ d8 


j-7r j"^/ 4 16gin~ ^cos^sin# d</> dd = 0 


9. The bottom face S of the cube is in the xy-plane => z = 0 => G(x, y, 0) = x + y and f(x, y, z) - z = 0 => p = k 

and Vf = k => |V/| = 1 and | V/ -y>\=\=> da = dx dy ^G da = ||(x + }9^-r dy = | | (x + y)dx dy 

S R 

= Ijj- + ay j dy = a 3 . Because of symmetry, we also get a 3 over the face of the cube in the vz-plane and 

a over the face of the cube in the jz-plane . Next, on the top of the cube, G(x, y, z) = G(x, y, a) = x + y +a 
and f(x, y, z) = z = a => p = k and V/ = k => |V/| = 1 and | V/ • p| = 1 => da = dx dy 

da = ||(x + y + a) dx dy = J J (x + y + a) dx dy J | ( x + y) dx dy + | J a dx dy = 2a 3 . Because of 
S R 

•5 

symmetry, the integral is also 2 a over each of the other two faces. Therefore, 

|| (x + y + z)da =3^a 3 + 2a 3 J = 9a 3 . 

cube 

10. On the face S in the vz-plane, we have y = 0 => f(x, y, z) = y - 0 and G(x, y, z) = G(x, 0, z) = z => p = j and 

12 1 

V/ = j => Y/'| =1 and | V/ p\ = l^> da = dx dz => ^G da = j^(y + z)da = j j z dx dz = ^ 2z dz =1. 

S S 

On the face in the xy-plane, we have z = 0 => f(x, y, z) = z = 0 and G(x, y, z) = G(x, y, 0) = y => p = k and 

1 2 

V/ = k => | V/| = 1 and ^>\Vf da = dx dy ^G da = ^y da = ^ ^ y dx dy = \. 

S S 

On the triangular face in the plane x = 2 we have f(x, y, z) = x = 2 and G(x, y, z) = G(2, y, z)= y +z 

=> p = i and V/ = i => | V/~| = 1 and |Vf ■ p| = 1 => da = dz dy => || G da = ||(jv -I- z) da 

S S 

=j:r +z) dz dy =lo 2 ( l ~y 2 ) d y = r 

On the triangular face in the jz-plane we have x = 0 => f(x, y, z) = x = 0 and G(x, y, z) = G( 0, y, z) = y + z 

=> p = i and V/ = i => |V/| = 1 and \Vf -\>\ = \^>da = dz dy => da = ^(y + z) da 

s s 

= \W {y+z)dzdy= r 

Finally, on the sloped face, we have y + z = 1 => f(x, y, z) = y + z = 1 and G(x, y, z) = y + z = l=>p=k and 

V f = j + k => |V/| = V2 and |V/ • p| = 1 => t/cr = V 2 dx dy ^G da = ^{y + z) da = *J2 dx dy = 2 V 2 . 

S S 

Therefore, 11 G(x, y, z)da = 1 + 1 + ± + ± + 2^2 = f+ 2 V 2 
wedge 
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11. On the faces in the coordinate planes, G(x, y, z) = 0 => the integral over these faces is 0. 

On the face x = a, we have f(x, y, z) = x = a and G(x, y, z) = G(a, y, z) = ayz => p = i and 

V/ = i => |Y/1 = 1 and | V/ ■ p|=l^Jcr = (i}’(iz=>Jj'Ga , a' = jjayz da = J | ayz dy dz = ab £ . 

S S 

On the face y = b, we have f(x, y, z) = y = b and G(x, y, z) = G(x, b, z) = bxz => p = j and 

V/ = j => | V/| = 1 and | V/• p| = 1 => t/cr = <ix dz => JJG <7 = jj bxz da = bxz dx dz = a . 

S S 

On the face z = c, we have f (x, y, z) = z = c and G(x, y, z) = G(x, y, c) = cxy => p = k and 

V/ = k => |V/| =1 and |V/ -p| = 1 => d<r = dj’ dx => Jj"G d<r = jjcxy> cr = cxy dx dy = a & c . 

S S 

t,, r ff \ i abc(ab+ac+bc) 

Theretore, II G(x, y, z) da = -^-. 

S 


12. On the face x = a, we have f(x, y, z) = x = a and G(x, y, z) = G(a, y, z) = ayz => p = i and 

V/ = i => |V/| = 1 and | Vf -p| = 1 =>dcr=dzd>’=>Jj'Gdc7 = Jj" ayz da = J J ayz dz dy = 0. Because of the 

S S 

symmetry of G on all the other faces, all the integrals are 0, and Jj" G(x, y, z) da = 0. 


13. f(x,y,z) = 2x + 2y + z = 2 => V/ = 2i + 2j +k and G(x, y, z ) = x + y + (2 — 2jc — 2_y) = 2-x->’=>p=k, 
|V/| = 3 and |V/-p| = 1 => da =3 dy dx; z = 0 => 2x + 2y = 2 => y = l-x => JJ G da = jj(2 —x -y) da 


s s 

4—) dx =2 


= 3 lolo X ( 2 ~ x ~y) d y dx = 3 jo[( 2 -*)(i - x ) -- x ) 2 ] ^= 3 (f - 2x +\) dx 
14. /(x, y, z) = y 2 +4z = 16 => V/ = 2yj + 4k => | V/| = ^y 2 +16 = 2 Jy 2 + 4 and p = k =>\Vf -p| 


= 4 


da = —dx dy => JJG da = +4 j ^'\ +4 dx dy = —-dxdy 




*(/+4) 


V 2 


J^l(/ + 4)^=i 


i4 


V + 4V 


JO 


4(f + 16).f 


15. /(x, j, z) =x + / -z = 0 => V/ = i + 2yj — k => | V/ | = ^4y 2 + 2 = V 2 + 1 and 

p=k^>|V/-p|=l=>d<7 = j x dy j jG da = j^j^x+y 2 -x\ ~j2yj2y 2 +1 dx dy 

S 

= V 2 j 0 ' j ;2 V 2 f 2 +1 dx d y = Jo -> ;3 V 2 p 2 +1 d y = ^\f 2 


16. f{x,y,z) =x 2 + j*#z = 0=> V/ = 2.ri + j - k => | V/ | =^4x 2 +2 = V2-\/2x 2 +1 and p=k=>|V/-p|=l 
=> da — '^ 2 '^ 2x — dx dy=>^Gda = ^ xV2 V 2x 2 +1 t/.r t/y = V 2 J ^ | xV 2,r 2 +1 dx dy 


3^6-V2 f 1 , 3^6-V2 

6 Jo 4 3 


Copyright © 2014 Pearson Education, Inc. 



1200 


Chapter 16 Integrals and Vector Fields 


17. f(x, y, z) = 2x + y + z = 2 => V/ = 2i + j + k => | Vf |= y/6 and p = k => | V / - p | =1 => da = ^-dy dx 

=^> JJG c/cr = J"^ " xy(2—2x—y)y[6 dy dx = V 6 | Q J” ^2xy -2x 2 y -xy 2 jdy dx 

S 

= K ( 3 * - 2x2 + 2x3 - 3 ') dX = ^ 

18. f(x,y, z) = x + y = lx>Vf = i + j =x | yf\ = V2 and p = fax]Vf p\ = l^ da = ^y-dz dx 

-x)-z) V2 dz dx = V 2 J | (2x —z-1) dz dx = V 2 J ( 2 .x-^dx = - : y- 
S 


19. Let the parametrization be r(x, y) = xi +y] + ^4 -y 2 jk, 0 < x < 1, -2 < y < 2; z = 0 => 0 = 4 -y 

i j k 

1 0 0 
0 1 -2y 


=> >’ = ± 2 ; r x = i and r v = j - 2 vk => r x xr y = 


= 2 vj + k^>F-n<io-=F- 


r v x r | dy dx 


= (2xy — 3z) dy dx = 


2xy — 3^4 -y 2 j dy dx => JJ F ■ n da = J q J ^ 2xy +3 y~ -12 j dy dx 


j 0 xy 2 +y 3 - 12 y dx = J Q (— 32) dx = -32 


20. Let the parametrization be r(x, y) = xi +x^j + zk, -1<x<1, 0<z<2^>r r = i + 2xj and r. = k 

j k l 


1 2 x 0 
0 0 1 

1 r2 


= 2xi -j=>F-inf( 7 =F -p—- 7 1 r T xr. | dz dx = -x 2 dz dx 

l r v xr r I 


jf F n da = {_J 0 “(-V )dzdx = -± 


21. Let the parametrization be r (<p, 9) = ( a sin 0cos0)i + (a sin </>sin 6*)j + (acos^)k (spherical coordinates with 
p = a, a > 0, on the sphere), 0 < <p < y (for the first octant), 0 < 9 < y (for the first octant) 

=> = (acos^cosfi 1 )! + (acos^sint?)j -(asin^)k and r d = (-asin^sint?)i + (asin^cos6 , )j 


^ >r <j> y ' Y e 


i j k 

acos^cos# acos^sin# -asin^j 
-asin^sint? asin^cost? 0 


= |r / 2 sin 0 cos#ji +{ci 2 sin^ ^sin 6 *jj + |a 2 sin^cos^jl 


=> F n dcr =F • / —A nxr» | d9 d</> = a 2 cos 2 ^sin fid9 d<j> since F = zk = (acos^)k 
l 1 > xr 0l v 

=> JJFn da = a 2 cos 2 ^sin <j) d</> d9 = 

S 


22. Let the parametrization be r (<p, 9) = (a sin 0cos0)i + (a sin </>sin 6 *)j + (acos^)k (spherical coordinates with 
p = a,a> 0 , on the sphere), 0 < ^ < ;r, 0 <6 <2tt 

=> T'f = (acos^cosfiOi + (a cos 0 sin 9)\ -(asin^)k and r e = (-asin^sint?)i + (asin^cos 6 | )j 
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=>«> xr 0 = 


i j k 

acos^cost? acos^sint? -asin^j 
-asin^sin# asin^cos# 0 


■ sin j/icos^ji +{ci 2 sin 1 ^sin^jj + ( a 2 sin^cos^jl 


=^> F n da = F • 


-5 

= a sin (j> d6 d<f> since F = xi + yj + zk = (a sin (j> cos 9)i + {a sin </> sin 9) j + (a cos (j))k 
r2n r 7 r t. .„ . 3 


| xr d | dd d(j> = |a 3 sin 3 0cos 2 <f> + a 2 sin 3 0sin 2 9 +a 2 sin <j> cos 2 <j>^dd d<j> 


■ JjF n da = | | a 3 sin^ d(/> dd = Ancc' 


23. Let the parametrization be r(x, y) = xi + y\ + (2a-x-y) k, 0<x<a, 0<y<a^>r x = i-k and r v = j -k 

|i j k| 


^r v xr„ = 


1 0 -1 

0 1 -1 


= i + j + k=>F-na , er = F' 


l r vxr v | x ‘y 


r x x r | dy dx 


= [2 xy + 2y(2a -x-y) +2x(2a -x-y)\ dy dx since F = 2xyi + 2yzj +2xzk 

= 2xyi + 2y(2a -x-y)j+2x(2a-x-y) k => J Jf n da 

S 

= | o [2xy + 2y(2a —x-y) + 2x(2a —x—y)] dy dx = J [4ay-2y 2 + 4ax—2x 2 -2xyj dy 

= Jo ( 3 '° 3 + 3a2x - 2 ^ 2 ) dx = (| + § - 1) a 4 = 


dx 


24. Let the parametrization be r (9, z) = (cos G)i + (sin £?)j + zk, 0 < z < a, 0 < 9 < 2n (where r = yjx 2 +y 2 = 1 

i j k| 

the cylinder) => r g = (-sin 9) i + (cos 9) j and v. = k=>r g xr? =\ 


-sin 9 cos 9 0 
0 0 1 


= (cos6>)i +(sin 9) j 


=> F n da = F • 


l e’ 


l%xr z | 1 '9 
2n ra 

0 Jo 


xr. | dz d9 = |cos 2 9 + sin 2 G^dz d9 = dz d9, since F = (cos0)i + (sin<9)j + zk 


JJ F n da = j ^ 1 dz d9 = 2na 


25. Let the parametrization be r(r, 9) = (r cos#)i + (r sin 9) j + rk, 0 < r < 1 (since 0 < z < 1) and 0 < 9 < 2tt 

i j k| 

=> r,. = (cos^li + (sin d?)j + k and r e = (-rsin 9)\ + (rcos#)j => r e xr,. = -r sin 9 rcos9 0 

cos 9 sin 9 1 


= (rcos #)i + (rsin#)j-rk => F n da = F ■ | r g xr,. | d9 dr = |r 3 sin<9 cos 2 <9 + r 2 j d9 dr since 

F = |r 2 sin <9cos#ji-rk => JJ F n da = J^j^r 3 sin 9 cos 2 ^-i-r 2 j dr d9 = ^ sin 9 cos 2 9 + \^d9 

S 


—cos 3 6> + -f 


-(In 


2 n 


JO 
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26. Let the parametrization be r(r, 9) = (r cos60i + (r sin#)j + 2rk, 0 < r < 1 (since 0 < z < 2) and 0 < 9 < 2n 

i j k 

=>r ; . = (cos^li + (sin(9)j + 2k and Y g = (—r sin 9)i + (rcos 6>)j => Y g xr,. = -rsint? rcos9 0 

cos 9 sin 9 2 

= (2rcos6 | )i + (2rsin6 | )j -rk=>Fnc/<r = F • rgXr '’ | Y g x r r \d9 dr 

rO XI *r I 

= ^2r 3 sin 2 <9cos#4 4r 3 cos^sin^ + r j d9 dr since F = ^r 2 sin 2 9^i +{lr 2 cos^j j -k 

=> JJF n da = Jo(2'" 3 s hi 2 ^cos 9 + Ar cos^sin^ + rj dr d9 =|^ ?I (ysin 2 9cos9 + cos9sin9 + \^d9 
S 

= -^sin 3 9 + ^-sin“ 6 + \0 =n 
L6 2 2 J 0 

27. Let the parametrization be r(r, 9) = (rcos9)i + (rsin 9) j + rk, 1 < r < 2 (since 1 < z < 2) and 0 < 9 < 2ji 

i j k 

=> r ; . = (cos^li + (sin 6*)j +k and Y g = (—r sin 9)i +(r cos60j => Y g xr,. = -r sin 9 rcos 9 0 

cost? sint? 1 

= (r cos 9)\ + {r sin 9) j - rk => F n dcr = F • rgXr '’ | Y g xr,. \d9 dr = i-r 2 cos 2 9-r 2 sin 2 9-r 3 )d9 dr 

l r 6> xr r I V / 

= |-/- 2 -r 3 j d9 dr since F = (-rcos#)i-(rsin#)j + r 2 k => JJF n da =J~^ jj-r 2 -r 3 j dr d9 = ~-^ L 

S 

J 

28. Let the parametrization be r(r, 9) = (r cos#)i + (r sin 9)\ + r k, 0 < r < 1 (since 0 < z < 1) and 0 < 9 < 2n 

i j k 

=> Y r = (cos 9) i + (sin 6>)j + 2rk and Y g = (-r sin 9)i + (r cos 9) j => Y g x r,. = -r sin 9 r cos 9 0 

cos 9 sin 9 2 r 

= (ir 2 cos6>ji 4 j 2 r 2 sin#j j - rk => F n da = F ■ | Y g xr,. | d9 dr = |8r 3 cos 2 #4 8r 3 sin 2 9-2rj d9 dr 

= |8r 3 -2 r^d9 dr since F = (4rcos#)i 4(4rsin#)j 4 2k => JJ F n da = J ^ -2r j dr d9 = 2 n 

S 

29. g(x, y, z) = z, p = k => Vg = k => | Vg |= 1 and | Vg - p j = 1 => Flux = JJ F n da = JJ (F k) dA 

S R 

2 3 

= J J 3 dy dx = 18 

30. g(x, y, z) = y, p = -j => Vg = j => | Vg | = 1 and | Vg p | = 1 => Flux = JJf n da =jj(F --j) dA 

S R 

= J 2 J 7 2 dz dx = 2(7-2) dx = 10(2 41) = 30 
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31. Vg = 2xi + 2 vj + 2zk ^> | Vg | = 4x 2 + 4g 2 + 4z 2 = 2a; n = 2 ” => F ■ n = 

I'jx 1 +y~ +z~ 

| Vg • k | = 2z => da = ^ydA => Flux = || dA =jj z dA = jj^a 2 ~[x~ +y 2 j dx dy 


1203 




32. Vg = 2xi + 2 vj + 2zk^\Vg\= ^4x 2 + 4y 2 + 4z 2 = 2a; n = 2x } + * yi f :k = ” + ^ + ~ k =^F-n=-^ + j| = 0; 


2 yjx 2 +y 2 +z 2 


| Vg-k | = 2z => t/cj = i^dA => Flux = J|F-ndcr = ||0e?c7 = 0 

5 5 

33. FromExercise 31,n = * i+xi+zk wider = iL dA => F n = + => Flux = fff—V—W^4 = ffl dA 

a z a a a a JJ \aj\zj JJ 


a~q~ 

4 


34. From Exercise 31, n = 


-u+.i j+-k anc j d a - a_rfA => F n =^^ + — + — = z 
a z a a a 


2 2 2 
x+y+z 


= az 


Flux =jj( za)(j j = || a 2 dx dy = a 2 (Area of R) = i na A dx dy 


35. From Exercise 31, n = AI+ - T l + - k an d d a = ^-<£4=>F-n= —+ —+ — = a=> Flux =ff a(—\dA= IT— dA 

a z a a a JJ \z) JJ z 


= |T .- a dA =( [ , a r dr dB = f a 

J j Ja 2 -( X 2 + y 2 ) Jo ^/^ J ° 


rW2 2 

i n 2 1 

1 a 

Jo 

1 

& 

1 


d6=^f- 


■ Flux = Jffdx dy = 



= 1 


37. g(x, y, z)=y 2 + z=4^Vg=2yi + k^\Vg\=j4y 2 +l^n=lM^^F-n= 2xy - 3z ■ 


W+l 


VV+ 1 ’ 


p=k=>|Vg-p|=l=>a , <7 = \j^y 2 +1 dA => Flux = || 


2 2 

z = 0 and z = 4 - => j =4=> Flux = 


2xy-3z 


+ldA = jj(2xy-3z)dA; 


H^xy - 3 (4 - y 2 j dA =|^ jj 2 ( 2 x 7 -12 + 3g 2 j dy dx 

r L 

= jl[xy 2 ~ 12 y+y 3 _ 0 dx = lo(- 32 > dx - -32 

• g(x,j,z)=x 2 + J 2 - z = 0 => Vg =2xi + 2yj-k =>| Vg \ = ^4x 2 +4y 2 +1 = ^4(x 2 + j 2 1+ 1 


=> n = 


2xi+2>-j-k 


F n = Sa ==; p =k => | Vgp | = 1 => da = y4^x 2 +y 2 j + 1 dA 


j4(.v 2 + v 2 )+l j4(x 2 +v 2 )+l 
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8x 2 +8.v 2 -2 


+ y 2 j + 1 dA = |||8.r" +8 y 2 -2^ dA; z = 1 and x 2 +y 2 


Flux = IT , , = 

R l vA / 4 (- lf2 +.r 2 )+ 1 j 

• x 2 +y~ = 1 => Flux =|’ |^8r 2 dr dd = 2 n 


39. g(x, y, z) = y -e x = 0 => Vg = -e x i + j ^> | Vg | = \le 2x +1 => n = -£LL => F n = — 2 ~ v • 


Je 2x +l 


Je 2x +l 


p = i => | Vg • p | = e x => da = ^ g2 ' +1 dA => Flux = 




-2e x -2e x 


dA 


= JfH)^ = JoJ 1 2 H)^* = - 4 


40. g(x, j, z) = j - In ^ = 0 => Vg = —Li + j => | Vg | = /-^- +1 = since 1 < x < e n = 


(# +J ) -i+vj 
•Jl+x 2 


=> F n = 3— ; p = j => | Vg p | =1 => da = ^ 1+x dd => Flux = 
V l+x 2 x 

rife. . . re fl 




t/4 


J J e 2>» dx dz = J | 2 In x t/z dx = J 2\n x dx = 2 [x In x-x]| = 2(e-e)-2(0 -1) =2 


41. On the face z=a\ g(x, y, z) = z => Vg = k => | Vg | = 1; n = k => F n = 2xz = 2 ax since z = a; dcr = dx dy 

=> Flux = || 2 ax dx dy =| | 2 ax dx dy = a 4 . 

R 

On the face z = 0 : g(x, y, z) = z => Vg = k => | Vg | = 1; n = -k => F n = -2xz = 0 since z = 0; 

da =dx dy => Flux = ||0 dx dy = 0. 

R 

On the face x = a: g(x, y, z)=x=>Vg=i=>|Vg|=l;n=i=>F-n = 2xy = 2 ay since x = a; 
da = dy dz => Flux = J | 2 ay dy dz = a 4 . 

On the face x = 0: g(x, y, z) = x => Vg = i => | Vg | = 1; n = -1 => F • n = -2 xy = 0 since x = 0 => Flux = 0. 
On the face y = a: g(x, y, z)=_p=>Vg = j=>|Vg|=l;n=j=>F-n = 2 yz = 2 az since y = a; 

da = dz dx => Flux = f f 2 az dz dx = a 4 ' 

JO Jo 

On the face y = 0: g(x, y, z) = y => Vg = j => | Vg | = 1; n = -j => F • n = -2 yz = 0 since y = 0 => Flux = 0. 
Therefore, Total Flux =3a 4 . 

42. Across the cap: g(x, y, z) = x 2 +y 2 +z 2 - 25 => Vg = 2xi +2yj +2zk => | Vg | = ij4x 2 + 4v“ + 4z 2 = 10 
^■n=^ = xi+J j +;:k =>F-n=^ + ^ + |;p=k=>| Vg-p|=2z since z > 0 => da = ^dA 

=> Flu^cap = || F ■ n r/cr = ||f^ ^ + fl (f) ri4 = ||(x 2 + j 2 +1) dx dy = | Q 4 (r 2 +1 )r dr d6 

cap R V J R 

= f 2?r 72 dd = 144tt. 

Jo 
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Across the bottom: g(x, y, z) = z = 3 => Vg = k => | Vg | = 1 => n = -k => F -n = -1; p = k => | Vg p | = 1 

=> do = dA^> Flux bottom = 11 F -n da = JJ—1 dA = -l(Area ot the circular region) = -16;r. Therefore, 

bottom R 

Flux = Flux cap + Flux bottom = 128 tt 

43. V/ = 2xi + 2y\ + 2zk =>\Vf\,= yJ4x~ + 4y 1 + 4z 2 = 2a; p = k => | V/p |= 2z since z > 0 => da=^dA 

= ^dA;M = ||j da = (surface area of sphere) = 5n “ ; M xy =|| zS^da =sjjz^—'jdA =a5^dA 
S S R R 

= adfy J Q r dr dd = => z = = y. Because of symmetry, x = y = y 

=> the centroid is (■§ > -f > 


. V/ = 2yj + 2zk => | V/ | = \j4y 2 + 4z 2 =^4 (y 2 +z 2 j = 6; p = k => | V/k | = 2z since z> 0 => d cr-—.-^dA 

3 3 3 3 3 3 

= 1 z dA-M=\\\da = \_^ dx dy = |_ 3 | Q dx dy = 9 n\ M xy = j }z da = |_ 3 | Q z (f) dx dy = 54; 

s y $ 

SS yda = f_ 3 3 Jo y (l ) dx dy = J-3 Jo dx dy = 0; M y- = \\ xdcj = j-3 Jo -fy dx dy = 2 r 7T - 


M r , = 


{ 21 2 71 ) _ 3 -_A ,„4T_54_6 


Therefore, x = - 9 ^_ y = j,y=0, and z = 


9 n n 


■dA 


45. Because of symmetry, x = y =0;M = jjd da = djjda = (Area of S)S = lirxflS; V/ = 2xi + 2yj-2zk 

S S 

=> | V/ | = \j4x 2 + 4r 2 +4z 2 = 2^]x 2 + y 2 + z 2 ; p = k => | Vf -p 1 = 2z => <7cr = 2 ^ x ^'~ + ' 

(J2fx 

'JJ " 

R 

(14^.) 


Jx 2 +y 2 +(x 2 +v 2 ) L 2 2 

V- dA = d2^x_ +^ ^ = 

R V 


j* 2 +r ^ 


<^4 = 5 


|| -^2^x 2 +y 2 dA 


= S\l n \l^r 2 drdd = 


iWi 


5 => z = - 


3 in 4^5 9 


•(x,7 > z)=(0,0,^). Next, /. = ||(.r 2 +y 2 Jdda 


= ||(x 2 + t 2 ) 




2 2 \ 
x+y 


5 dA = 5-J2 |||x 2 + y 2 j dA = S^j 2 J” r 2 dr dd 


15^-V 2 c _. d _ \ h _ VTo 

2 Z ~\M ~ 2 


46. /(x, y, z) = 4x 2 + 4y 2 - z 2 = 0 V/ = 8xi + 8yj - 2zk => | V/ | = 64x 2 +64y 2 +4z 2 


= 2yjl6x 2 +16>’ 2 1 - 2 


+ z 2 = 2 V 4 z 2 +z 2 = 2 V 5 z since z > 0; P = k => | Vf -p | = 2z da = dA = V5 dA 


=>h = 


J|(x 2 + y 2 ) J = ^V5||(x 2 + j 2 ) dx dy = 51_^ 2 fr 3 dr dd = ^ 


? ? ? ? 

47. (a) Let the diameter lie on the z-axis and let f(x, y, z) =x +y +z = a~, z > 0 be the upper hemisphere 
=> V/ = 2xi + 2yj + 2zk => | V/1 = \j ' 4x 2 +4v 2 +4z 2 = 2a, a > 0; p = k => | V/ -p | = 2z since z > 0 


■da= — dA^>I„ = 

7 Z 


||^ (-r 2 +j 2 j(-j)a , o- = a^ || 


2 2 
x+y 


4F4 


dA^aSy’l 


2 n ra r i 


9 4a 2 -r 2 


r dr d d 
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f- 7r 2 r~2 2 2 

Jo “ r “ r "3 


|a 2 -r“j dd = adj Q -|a 3 dd = ^a 4 S 


= 7 a 8 => the moment of inertia is 


^yci^d for the whole sphere 
2 

(b) Ii = I c m + mh , where m is the mass of the body and h is the distance between the parallel lines; now, 
7 C m . = a 4 5 (from part a) and da = 8 ^^j dA = ad JJ . = = =dy dx 


3 ' r 7 2 JJ JJ V r / JJ 2 / 2, 2\ ' 

S R R y [ x +y J 

= a<5f~ f , 1 r dr dO = a5 f -si a 2 -r" d8 = aS[ a dd = 2nc?'8 and h 

Jo Jo ^517 Jo [_ J 0 Jo 

=> I 1 =^-a 4 5 + 4na 1 5a~ 


1 / 2 9 _ _ 

48. Let z = —x]x + y be the cone from z = 0 to z = h, h > 0. Because of symmetry, x = 0 and y = 0; 
z = ^x 2 +y 2 => f(x, y, z) = 4(* 2 + y 2 ) -z 2 = 0 => Vf = +^- j -2zk 

^|V/|=^ + ^ + 4z 2 =2^gp V) = 20)(* 2 V)(tH =2^p 

= (4)V/V +a 2 since z>0;p=k^>|V/-p| = 2z=> da = - (id = ^ l,2 + a dA; 

M = JJ rfCT = (74 ) = na'Jh 1 +a 2 := JJz = JJzf^±Z"j <74 

SR S R K J 

- 77II f7+7 * *=77 Jo' Jo r2 <*■ <<9 - ? - 7 - f =■ ,he cent 

(°.0.f) 


2 / /? 2 +q 2 


z = -7- = 7 => the centroid is 

M 3 


16.7 STOKES’THEOREM 

i j k 

1. curl F = VxF = -JL 7 JL =0i +0j + (2-0)k = 2k and n =k => curl F n =2 => da = dx dy 
x 2 2x z 2 


,F -dr = JJ 2 dA = 2(Area of the ellipse) = 4;r 


i j k 

2. curl F = VxF = 4 JL JL = 0i +0j +(3-2)k =k and n =k => curl Fn = 1 => da = dx dy 
2 y 3x -z~ 

=> (J^F • dr = || dx dy = Area of circle = 9n 
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3. curl F = VxF = 


da = ^ydA => o F -dr = JJ-W-3x +z—\)~jl> dA = £r [—3jc + (1 - x — y) -1] dy dx 


i j k 

5_ _5_ d_ 

dx 8v dz 

2 

y xz x 


= —xi - 2xj + (z - l)k and n = 1+ J^ k => curl F • n = (—x - 2x + z — 1) 


V3 


1 rl-X r 

0 Jo 


: Jo Jo ' (_4x “ ^ dy dx = Jo “ [ 4x ^ _ X ) + 2 ^ ] dx = “Jo ( 2 + 3x “ 2 x2 ) dx : 


4. curl F = VxF = 


8_ 

dx 


J 

JL 

dv 


d_ 

dz 


2,2 2,2 2,2 

y + z x + z x +y 


= (2 y - 2z)i + (2z - 2x)j + (2x - 2j)k and n = 1+ j^ k 


curl F n = -j=(2y-2z + 2z-2x +2x-2y) = 0 => O^F -dr = JJ 0 da = 0 


5. curl F = VxF = 


d_ 

dx 


d_ 

dy 


d_ 

dz 


2,2 2,2 2,2 

y +z x +y x +y 


= 2yi + (2z - 2x)j + (2x - 2y)k and n = k => curl F ■ n = 2x - 2y 


■ da = dx dy => ^F -dr = J ^ J ^ (2x — 2y) dx dy = J ^x 2 -2xyj ^ dy = J 4 y dy = 0 


6. curl F = VxF = 


i j k 

d_ _d_ d_ 

dx dy dz 

x y l z 


= Oi + Oj -3x 2 rk and n = 2 " +2 ^ +2zk = => curl F n = -fx 2 /z; 

2yjx 2 +y 2 +z 2 4 4 X 


da= 4 dA (Section 16.6, Example 6, with a = 4 )=> (j^F-t/r = jj|--|x 2 > ,2 zj(4) dA 

R 

Jo Jo (r 2 c °s 2 ^)(r 2 sin 2 r rfr = -3| o (cos 6>sin 8) 2 dd = — 32^sin 2 2 Odd 


= -3 


-An 


-4f ^sin 2 M^ = -4r^-^-l = -8 tt 

Jo L2 4 Jo 


7. x = 3cost and y = 2sint => F = (2sinr)i + |9cos 2 tj j + ^9cos 2 t +16sin 4 tjsin e -7< 6sm,cos O(0) 
the shell; r = (3 cos t)i + (2 sin t)j => dv = (—3sinr)i + (2cost)j => F ~ = -6sin 2 t +11 
^JJVxF-ndc^j^^-6 sin 2 t +18 cos 3 tj dt = -3t + -|sin 2t + 6(sin t)|cos 2 t + 2^ 


k at the base of 


= -6?r 
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i j k 

8. curl F = V xF = dL JL ± = -2j; f(x, y, z) = 4x 2 + y +z 2 => V/ = 8xi + j + 2zk 

- z + 2TF tan '^ * + 4TT 

=> n = lyff and p = j I ' p I = 1 d(a = i^t dA = I v/1 dA -; v x F • n = i^f (■-2 j i • V/') = |^| 

=> VxF -n da = -2 dA => JJVxF -nda = jJ-2 dA = -2 (Area of R) = —2(tt-1 -2) = -4 n, where R is the 

S R 

7 7 

elliptic region in the xz-plane enclosed by 4x + z =4. 

9. Flux of VxF = JJVxF n dcr = <j) F-Jr, so let Cbe parametrized by r = (acost)i + (a sin f) j, 0 < t < 2n 

S 

I / 2 2 2 2 2 

=> = (-asint)i + (acost)j => F ~ = ay sint +ax cos t = a~ sin“ t+a cos t =a 

=> Flux of VxF = <j)^F • dr =J Q a~dt = 2 na*' 


i j k 

10. Vx(p) = | ; jL -fL =-k; n =i^| =^ 7 === = Jfi + jj+zk=> Vx(yi) n =-z; da dA 


dx 5y dz 

y 0 0 


(Section 16.6, Example 6, with a=l) => JJVx(ji)-n da = j"j"(-z)(d-oL4j = -jjdA = —n, where R is the disk 


2 2 

x~ +y~ < 1 in the xy-plane. 


11. For the upper hemisphere with z > 0, the boundary C is the unit circle of radius 1 centered at the origin in the 
xy-planc. An outward normal on the upper hemisphere corresponds to counterclockwise circulation around the 
boundary, so the boundary can be parametrized as r(9) = (cos <9)i + (sin#)j -i-Ok, with {)< 8<2tt. Thus 

dr = (-sind d8)i + (cos0 d9)\. Forthe field A = (v + ~Jz )i + e xyz j +(cosxz)k, the flux of F = V x A across the 
upper hemisphere is, by Stokes’ Theorem, equal to the circulation of A on the boundary. Since z = 0 and 
y = sin 8 on the boundary, the field A on the boundary is (sin 8)\ + j + k. The circulation of A on C is 

(j)A -dr = <j)((sin 9)i + j + k) -((-sin# dd)i -Kcos# d0)]) = Jj" (cosd-s'm~ d0 

c c 

= J o ^cos6 , + y(cos26 , -l)^£/6 , = -3‘ 


12. Since the outward normal on the bottom hemisphere corresponds to clockwise circulation on the boundary, the 
flux of F through the bottom hemisphere will be n and the total flux through the sphere will be 0. 

1 j k 

13. VxF=-JL jj- JL =5i + 2j+3k;r r =(cos^)i+(sin6 ) )j-2rkandr 0 = (-rsin<9)i + (rcos#)j 

2 z 3x 5 y 

i j k 

=> r ; . x Vq = cos 8 sin 8 -2 r = ^2 r 2 cos 0 ji + ^2r“ sin 8 j j + rk; n = ~~i and da = | r r x rg \dr d8 

—r sin# r cos 9 0 
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■VxF- 


n da = (VxF)-(r,. xr^) dr dd = 10r 2 cos# + 4r 2 sin# + 3r t/rt/#=>|| 


VxF -n dcr 


J 0 'J 0 (lOr 2 cos# + 4r 2 sin # + 3rj dr dO = * y r 3 cos# + -|r 3 sin 6 + \r 2 J dd 

| o _;r (f cos# + f sin# + 6)</# = 6(2x) =12 n 


14. V xF = 


jL jL 

3x 3y 


_ 3 _ 

dz 


= i — 2j — 2k; r,. xr 0 = ^2r 2 cos#)i + ^2r 2 sin#jj + rk and 


| y—z z-x x + z 

VxF -n da = (VxF) -(r,. xr^) dr dd (see Exercise 13 above) 

rim r3/ _ o _ . 7 . _ _ \ . . _ r-n 


> || VxF n da = | q |-2r"cos#-4r 2 sin 6 — 2r jc?r dd = |^ ^--= r 3 cos#-yr 3 sin d-r~ 

S 

1^ (-18 cos #-36 sin#-9) dd = -9(2n) = -18tt 


n3 


Jo 


dd 



i j k 


i j k 

15. VxF = 

_d_ JL 5_ 

8x 5y dz 

= -2y 3 i + 0j-.r 2 k;r,. xr 9 = 

cos# sin# 1 




-rsin# rcos# 0 


x~y 2y i z 3 z 




= (-rcos#)i-(rsin#)j+rk and 

VxF -n da = (VxF) -(r,. xr^) dr dd (see Exercise 13 above) => jjVxFn da = || ^2ry 3 cos # -r.r 2 j dr dd 

S R 

= J fj T j^2r 4 sin 3 #cos#-r 3 cos 2 #j dr dd = |~ 7r (-|sin 3 #cos#-^cos 2 #j dd = ysin 4 #-^-y + sln 4 2<9 )J 


2 n 
10 



i j k 


i j k 

16. VxF = 

JL JL JL 

dx dy dz 

x-y y-z z-x 

= i+j+k;r ; . xr 9 = 

cos# sin# -1 

-rsin# rcos# 0 


= (rcos#)i + (rsin#)j+rk and 


VxF n da = (VxF)-(r r xr^) dr dd (see Exercise 13 above) 


jjVxFn da = | | (r cos # + r sin # + r) dr dd = | 


2k 


(cos# + sin# + l)- 


n5 


JO 


dd = (2f}(27r) 


= 25 n 



i j k 


i j k 

17. VxF = 

d_ JL JL 

dx dy dz 

= Oi + Oj-5k;r^xr 0 = 

%/3cos^cos# %/3cos^sin# -Vising 


3y 5 -2x z 2 -2 


-V3sin^sin# V3sin^cos# 0 


= ^sin 1 0cos#ji + I 3sin 2 


|j + (3sin{$cos0)k; VxF n da = (VxF)-(r^ xr 9 ) dtp dd (see Exercise 13 

*2n ?nl2, . . , x , . , „ p2^\~ i ^ ? n^/2 _ r 2n 

) 

Jo 


above) => ||VxF -nda = |~ | q (-15cos^ sin (f) d(j> dd = |~ ^fcos 2 ^ e?# = | ( 


15 

JO ' 2 


dd = -15;r 
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i 

j 

k 


i 

j 

k 

18. VxF = 

8_ 

dx 

d 

dy 

d_ 

dz 

= — 2 zi-j- 2 yk;r^xi 0 = 

2 cos tj) cos 9 

2 cos 0 sin 9 

-2 sin (/> 


2 

2 



-2 sin tj> sin 9 

2 sin <j> cos 9 

0 


y 

z 

X 






= |4sin 2 (zicos^ji + |4sin^ 0sin j + (4sin^cos0)k; VxF-na , cr=(VxF)-(r^xr 6 ))(i^t/0 (see Exercise 13 

above) => JjVxF n da = |||-8zsin 2 ^cos6 , -4sin 2 0 sin 9-8y sin <f> cos 9 j dtp dd 
S R 

= Jo J o |-16sin~ (j) cos (j) cos#-4sin~ 0sin 9 -16sin~ 0sin#cos 6>j d(j> dd 

= 1 , 


2 n 
0 

2 n 


-^sin 3 <j) cos6 l -4^- Sln 4 2 ^ j(sin 9) -16^- sm ^ Vsinffcosff) 


-\jiI2 


d9 


{-^jCOs9-nsm9-A7rs,m9cos9^d9 - 


1 ft 2 

—^gsin 0 + 7rcos<9-2;rsm“ 0 


i2x 


JO 


= 0 


7 

19. We first compute the circulation of F = yi -xj +x k on the curve C given by 

r(t) = (2cost)i + (2sint)j + (3-2cos 3 r)k for 0 < t < 2n. On C F = (2sin r)i — (2cosr)j +(4cos 2 f)k, and 
dr = (-2sinf <ft)i + (2cost dt)j - (6sin t cos t dt)k. 

C^F -dr = (j)((2sinf)i -(2cost)j +(4cos 2 r)k) • ((-2sint dt)i + (2cost dt)} -(6sintcos 2 t dt)k) 
c c 

= -4 J" (sin 2 t +cos 2 t + 6sintcos 4 t) dt = -4j (1 + 6sintcos 4 1) dt = -8;r. 

Now we find the flux of V x F across the surface S. Note that counterclockwise circulation on C corresponds 
to inward normals on the cylindrical portion of S and upward normals on the base disk. 

For the field F = yi -xj + x 2 k, V x F = (-2x)j - 2k. 

On the base disk, the unit upward normal is k so V x F n = ((-2x)j - 2k) • k = -2. The integral of the 
constant -2 over a disk of area An is -tin, so to verify Stokes’ Theorem in this case it remains to show that 
the flux across the cylindrical portion of S is 0. 

We’ll reuse the parameter t and parametrize the cylinder by s (t,z) = (2cos/)i +(2sin t)\ + zk with 

0<z<3-2cos t. An inward unit normal is (—cos f)i + (—sin/)j and the area element is da = 2dz dt. On 
the cylinder the field V x F = (-4cost)j -2k. Thus 


JJ V x F n da = JJ ((-4cost)j - 2 k) -((-cost)i +(—sinz“)j) da 
s s 

C r 3—2cOS 3 t rljt -1 

= (4sintcost) 2dz dt = 8 (sinf cost)(3-2cos t) dt 

Jo 

_ ^ _ 

2 ^. / 3 2 \ 

= 8 j^ (3sintcost -2sinf cos 4 t) dt = 8 ^—sin 2 t + jcos 5 tj 


11 .. 

20. The boundary C of the paraboloid S given byz = A-x-y is the circle of radius 2 centered at the origin in 
the xy-planc. An upward normal on the paraboloid corresponds to counterclockwise circulation around C, so 
we can parametrize C by r(f) = (2cost)i + (2sint)j for 0 < t < 2n, with dr = (-2sint dt)i +(2cosf dt)]. On C 
the field F = 2xyi + xj+(y + z)k is equal to (8costsint)i + (2cosf)j + (2sint)k. 
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(j)F -dr = <|((8cos/sin/)i + (2cos/)j + (2sin/)k) -((-2sin? dt)i + (2cost dt)\) 

C C 


-2 n 9 9 ( 4 9 1 1 't] 2 ^ 

= 4 ( -4 cost sin t + cos t) dt = 4 —sin t + —sin 2/ +— t 

J 0 l 3 4 2 )} 0 


= 4 n 


Now for comparison we integrate VxF = i+(l- 2x)k over the paraboloid S. We can parametrize the 

paraboloid as s(m, t) = (wcosi)i + (»sin/)j +(4-m )k with 0<t;<2 and 0<t<2;z\ Thus on S the field 
VxF is equal to i+(l-2z/cost)k. 

First we find the vector area element: 

s u xs, =((cost)i + (sint)j+(-2!/)k)x((-;/sint)i + (!/cost)j+0k) 

= (2 u cos ?)i + (2z/ sin/)j+z/k 


which is upward, as we require. The integral of the outward component of the field is then 

'- n [2 , 

'0 


||(V x F) -(s„ xs ( ) du dt = j | Q (i + (1 -2zzcos/)k) -|(2zz 2 cosr)i + (2z^ 2 sinr)j + z/kj du dt 



u du dt = 


rln , 




dt = 4 7i 


Jo v -ioy 

Thus the circulation of F around the boundary of the paraboloid is equal to the flux of V x F through the 
paraboloid. 


21. (a) F = 2xi + 2yj + 2zk =>curlF = 0 => <| c F-(/r = ||VxFn da = ||0 da =0 

s s 

(b) Let f(x,y, z) = x 2 y 2 z 3 =>VxF = VxV/ = 0=> curl F = 0 => ^ F - (Jr = ||VxF - n dcr = ||o da = 0 

s s 

(c) F = Vx(xi + yj + zk) = 0 => VxF = 0 => ^ F -dr = ||VxF n da = ||o da = 0 

s s 

(d) F = V/ => VxF = Vx V/ = 0 => <| c F dr = ||VxF n da = ||o da = 0 

S S 


22. F = V/ = i(x 2 +y 2 +z 2 
v—3/2 


-3/2 


(2x)i-|(x 2 +y 2 + z 2 


-3/2 


2 2 2 

-xlx +y +z 


\ . 2 2 2 
j 1 -y[x +y +z 


r M 


(2y)j-}( 
) 


2 2 2 
x +y +z 


x-3/2 

) (2z)k 


2 2 2 
x +y +z 


-3/2 


(a) r = (ocost)i + (asin/)j, 0 <t <2 k => ^ = (-asint)i + («cos/)j 


• f-4 = -j 


(b) 


/ 9 2 2 \ * z • ( 2 2 2 \ 

xlx +y +z (-asin/)-yIx" +y +z I ( acost ) 

-j(-asin/) -| asi " ? j(flcost) = 0 => <| 

,F • dr = || V xF n da = || V x V/ -nda = ||o n da = ||o da = 0 


dt 

_/ a cos 


F-dr = 0 
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23. Let F = 2yi +3zj -xk => VxF = 


i j k 

a_ 5_ a_ 

dx dy dz 


= -3i + j-2k;n = 


2i+2j+k 


■ V x F • n = -2 


\2y 3 z -x| 

2y dx+3z dy - x dz = J F-t/r = j j VxF n da = J J —2 dcr = -ijjda, where jjdcr is the area of the 


region enclosed by C on the plane S : 2x + 2y + z = 2 


24. VxF = 


8_ d_ d_ 

dx dy dz 

x y z 


= 0 


25. Suppose F=M + A/j + .Pk exists such that VxF = + =xi+yj + zk. 

d IdP avl _ d ^ d 2 P d 2 N _ i 
dx \ dy dz J dx ^ ' dxdv dxdy 

rise, = 1 and f (fL-fl) = f (z) =>|^-ff- = l. 

dy \ & dx / d_y 7 dydz dydx dz \ ox dy j dz v 7 dzdx dzdy 


Then 


Likewise, 


Summing the calculated equations => ( 4-^- - - 4-^) = 3 or 0 = 3 

1 \ dxdy dydx J \ dzdx dxdz) \ drydz dzdy) 

(assuming the second mixed partials are equal). This result is a contradiction, so there is no field F such that 
curl F = xi + yj + zk. 

26. Yes: If V xF =0, then the circulation of F around the boundary C of any oriented surface S in the domain of F 
is zero. The reason is this: By Stokes’ theorem, circulation = J^F -dr = JJ V xF n da = JJ0 n da = 0. 


27. r = yjx 2 +y 2 =^r 4 = (x 2 + y 2 J => F = v(r 4 j = Ax[x 2 + y 2 )i+4y(x 2 + y 2 )j = M + Vj 

=> J c ^ 7 ( r4 )n ds = J^F-n ds = J^M dy-N dx = <fx dy 

R 

= J|[ 4 (x 2 +y 2 j + 8x 2 +4|x 2 + y 2 j + 8y 2 dA = JJ 16^x 2 +y 2 ^dA = 16JJx 2 <i4 + 16 JJy 2 dA 


= 16 Iy +16 I x . 


SP 

dy 


dN 

dz 


dM 

dz 


dP 

dx 


dN 

dx 


2 2 
y -x 

8M y 2 -* 2 . 

— \ r'lirl F — 

y 1 -* 1 

2 2 
y —X 

(>-Nf 

’ ® (x 2 + y 2 f ' 

zz? Lilli r — 

(x 2 +v 2 ) 2 

(x 2 + y 2 f 


However, x 2 +y 2 = 1 => r = (cos f)i + (sin?)j => ^ = (—sin r)i + (cos f)j 


• F = (-sint)i + (cosi)j => F ~ =sin 2 t +cos 2 t = 1: 


F -dr = 


C 


2 71 


k = 0. 


\dt = 2n which is not zero. 
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16.8 THE DIVERGENCE THEOREM AND A UNIFIED THEORY 


1. F = 


-vi+xj 

V* 2 + v 2 


• div F = 


xy-xy 

hVF 


= 0 


2. F = xi + yj => div F = 1 + 1 = 2 


3. F = 


GM(xi+vj+zk) 


(x 2 +y 2 +z 2 ) 312 


=> div F = -GM 


(x 2 +y 2 +Z 2 f l ^x 2 {x 2 + y 2 + z 2 f 2 
(x 2 +y 2 + z 2 ) 

(x 2 + v 2 +z 2 ) 3/2 -3r 2 (x 2 +y 2 +z 2 ) 


-GM 


-GM 


(x 1 +y 1 +z 2 j 


(x 2 +y 2 + z 2 f 2 -3y 2 (x 2 + y 2 + z 2 ) 1 ' 

{x 2 +y 2 +z 2 ) 

3(x 2 +y 2 +z 2 ) 2 -3(x 2 +v 2 +z 2 )(x 2 +y 2 +z 2 ) 


= -GM 


{x 2 +y 2 +z 2 


= 0 


4. z = a - r~ in cylindrical coordinates => z = a -1 x + y ]=>v = la -x —y 


k => div v = 0 


5. Jj^(y-x) = -1 ,j^(z-y) = -1, y-x ) = 0 => V-F =-2 => Flux = ^ -2 dx dy dz = —2 ^2 3 j = -16 


6- f- 

OX 


(v 2 ) = 2v, ) = 2y, Jr(z 2 ) = 2z => V - F = 2x + 2y + 2z 

(a) Flux = J| | (2x +2y + 2 z) dx dy dz = J J |"x 2 + 2x(y + z) 1 dy dz = J J (1 + 2 y + 2 z) dy dz 


{q y(l + 2z) +y 2 o dz = ^(2 + 2z)dz 


2z + z 




Jo 


= 3 


(b) Flux = J y2x + 2y+ 2z) dx dy dz = J ^x 2 +2x(y + z) ^ dy dz = J | (4y + 4z) dy dz 

= | ^ |^2y 2 + 4yzJ dz = J ^ 8z dz = |^4z" J =0 

(c) In cylindrical coordinates, Flux = JJJ(2x + 2y + 2z)dx dy dz 


D 


loflo 2 (2r cos 9 + 2r sin 9 + 2z) r dr dd dz = jjj-r 3 cos 9 + -=-r 3 sin 9 + zr 
■ j 0 1 | 0 ” ;r (^cos6 , + ysin0 + 4z) dd dz = J ( !^ysin0-ycos6 , + 4z0^ dz = j^8;rz dz 


rl rln 


dd dz 


4;rz“ 


i nl 


= 4/r 


JO 


7. ~fa(y) = j|-(*y) = v, Jr(~ z ) = -1 => V F = jc — 1; z =x 2 +y 2 => z = r~ in cylindrical coordinates 


Flux = 


HI (x-l)dz dy dx = | Q J o (rcos9-X) dz r dr d9 = ^ J o |r 3 cos 9-r 2 ^rdrd9 
D 


In r2 I 


\~ n ^cos£?-Jj- d9 =\" rT (^cos9-A\d9 = \y-sm9-A9~\ =-8 n 
Jo L 5 4 Jo Jo V 5 ) L 5 Jo 
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8. |Jx 2 ) = 2x, j-(xz) = 0, 4L(3 z) = 3^>V-F = 2x + 3=i> Flux = JJJ (2x+3) dV 

D 


■ sin (j> cos 9 + p 


sin (j) d</) d 6 


= Jo n lo Jo ( 2p sin ^ cos 6+3 )( p2 sin dp d< ^ de = Jo K I( 

2 ^. 2 _ / • \ — 2 

= f [ (8sin^cos# + 8) sin^ dtp d8 = f * 8(^~ Sm2< j cos0-8cos^ d9=\ (4^cos6 | + 16) d9 = 32n 

JO JO JO |_ \ ^ 4 / Jo Jo 

9. J|jx 2 j = 2x, jJ(-2x>0 = -2x, ^-(3xz) = 3x => Flux = JJJ 3x dx dy dz 

D 

^/2 ^/2 2 / \ tt / 2 tt / 2 jl 1 2 

= r J o J (3/7 sin <j) cos #)(/ 0 2 sin ^5j dp d(/> d9 = JJ JJ 12 sin 2 ^ cos# dtp d9 = J 3ttcos 9 d9 = 3 tt 


10. |j6x 2 + 2xjJ = 12x + 2j, |J2 j; +x 2 z j = 2, dL^xV j = 0 => V - F =12x + 2j + 2 

=.Fiux.j|j ( i2, + 2y + 2VF.rr' 2 r (12/'cos # + 2rsin# + 2) r dr d9 dz 
D 

= Jo Jo ~( 22cos ^ + JJsin# + 4) d9 dz = J ^32 +2n +-y) dz =\\2 + 6n 


11- Jj2xz) = 2z > ^(--V 2 ) = Jr(-z 2 ) = -2z => vF = -X => Flux =JJJ -x dV 

D 

(•V 16-4x 


= Jo"j/ J Q l (-x) flfe c/y dx = J (xy - 4x) dy dx = J J x |l6-4x 2 j-4x-\/l6-4x 2 


t/x 


4x 2 -|x 4 + 


i( 16 - 


4x" 


3/2 


i2 


40 

3 


12. Jj* 3 ) = 3x 2 ,-| 7 (>’ 3 ) = 3y 2 , ■J-Jz 3 ) = 3z 2 => V-F =3x 2 + 3y 2 +3z 2 => Flux = JJJ 3^x 2 + y 2 +z 2 'jdV 


= 3 


JT Z Jo ■ pl (■ pl sin *) d p d * de = 3 JT J<T j 4 s510 * d(/> de=3 Jo * ■¥■ d ° 


D 

12 gq 5 


13. Let p = Jx 2 +y 2 +z 2 . Then § = ^ f = J,J = ^ =>£(/») = (g)x + p = ^ + A 




£ 

P 


-(Py) = [^\}’ + P = L y + P,jy(pz)=[^y\z + p = ^ + V-F = A +7 + ~ + 3/7 = 4/?, since 


Sr ' 


az / # p 

r2;r p# pV2 


/> - '/ ?7 V 7? =» F,UX . Jjj4pdV - f j; J/ 2 <4„(p* sin f> j dp d(j> d9 = Jj J^ 3 sin (/> d</> d9 

D 

r2n 

= f 6 d& =12 tt 

JO 
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14. Let p = Jx 2 + y" + z 2 . Then = — ,yy~ = — ,|p = — => = — - JL r- Similarly, 

r v - dx p dy p dz p 8x\p) p I p 2 J 8x p p> J 


3-U\ = L#£ m i£.U\ = ±-£ 


■ => V -F = —— 


2 2 2 

3 x +y +z _ 2 


dy\p) p p 3 Sz\p) p p 3 p p 3 


Flux = 


15. 


Iff ~p ldV = \T\li{^)[p 2 sin ^) dpd</>d6 = 1^3sin <!>d<j > dd = \ 2 \ d9 = 12* 

D 

:|5x 3 +12 xy 2 j = 15x 2 +12 y 2 ,-^^y 2 + e y sinzj =3 y 2 + e y sinz, J^5z 3 +e y coszj = 15z 2 -e y sinz 
> V-F=15x 2 +15.y 2 +15z 2 = 15p 2 =>Flux = JjJl5p 2 dF = J^(l5/J 2 j(/? 2 sin j^dpd(j>d9 

D 

cj>m sin <f)d<j>de = (244l - 6) de = (48x/2 -12 )n 


16 - £ 


In 


Flux = Jj| 


ill 

(T 


• V-F = 


_ 2x 


2 2 2 2 
x+y x+y 


2z +xjx 2 + y 2 


D 


1+1 

2x 


2 2 
x +y 


2 z 


2 2 2 2 
x+y x+y 


, J^z^x 2 + y 2 j = Jx 2 + y 2 

\[)x 2 +y 2 j dz dy dx 


= So" !i* J-i -4 + r ) dz r dr d9 = J 2 * (6 cos 9 - ^ + 3r 2 ) dr d6 

= \ 27T ^6 (V2 -1)cos 9 - 3 In f2 + 2-J2 -1] dd = In In 2 + 2f2 -1) 

17. (a) J^(x) = 1, gr(y) =1, £i z ) = 1 => V - F = 3 => Flux = JJJ 3 dV = 3JJJ dV = 3 (Volume of the solid) 

D D 

(b) If F is orthogonal to n at every point of 5, then F • n = 0 everywhere =^> Flux = JJf • n dcr = 0. But the 

S 

flux is 3 (Volume of the solid) ^ 0, so F is not orthogonal to n at every point. 


18. Yes, the outward flux through the top is 5. The reason is this: Since V F = V-(xi -2yj + (z + 3)k 

= 1- 2+1 = 0, the outward flux across the closed cubelike surface is 0 by the Divergence Theorem. The flux 
across the top is therefore the negative of the flux across the sides and base. Routine calculations show that the 
sum of these latter fluxes is -5. (The flux across the sides that lie in the xz-plane and the vz-plane are 0, 
while the flux across the xv-plane is -3.) Therefore the flux across the top is 5. 


2 2 

19. Forthe field F = (y cos 2x)\+{y~ sin 2x)j + (x y +x)k, VF = -2ysin2x +2y sin2x + 1 = 1. If F were the curl 
of a field A whose component functions have continuous second partial derivatives, then we would have 
div F = div(curl A) = V - (V x A) = 0. Since div F = 1, F is not the curl of such a field. 


D 


fix, y, z ) = ln->/x 2 +y 2 +z 2 = |ln(x 2 +y 2 +z 2 j: 


dx 


20. From the Divergence Theorem, jjv/ n da = JJJ V -V/ dV =JjJI dV. Now, 


dx 


dy- 


dz“ 


x <r 

u+/+z 2 ’^ 


y V 

' U +. v 2 +_- 2 ’ 


2 2 2 
x +y +z 


8 2 f _ -x 2 +y 2 +z 2 d 2 f _ x 2 -y 2 +z 2 
dx 2 


8 2 f _ x 2 +y 2 -z 2 


(x 2 +r+z 2 ) 2 ’ 


(x 2 +y 2 +z 2 f ’ & 2 


(x 2 +v 2 +z 2 j 


8 2 f d 2 f d 2 f _ x 2 +y 2 +z 2 _ 

dx 2 8y 2 dz 2 ( x 2 +v 2 +z 2j 2 x 2 +y 2 +z 2 


1 
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=• iw • - "-iff nr» - ***•*• 

S D 

= ^ \-d cos <fi^ 2 dd = ^ add^^f- 


21. The integral’s value never exceeds the surface area of S. Since | F| < 1, we have |F-n| =|F| |n| <(1)(1) =1 and 


J J J V - F da ■n da 


D 


< F n Ida 




[Divergence Theorem] 
[A property of integrals] 
[|F -n|< l] 


= Area of S. 


22. V-F = —2x -4y-6z + 12 => Flux = 00 io (- 2x - 4y - 6z + 12 ) dz dy dx = 0 * {-2x -4y + 9) dy dx = 

J o ^-2xb -2b" + 9Z>j dx = -crb -2ab~ +9ab = ab{-a -2b + 9) = f(a, b)\ = -2ab-2b~ +9b and 

= -a 2 -4ab + 9a so that ^ = 0 and = 0 => b(-2a - 2b + 9) = 0 and a(-a - 4b +9) = 0 => b = 0 or 
-2a-2b +9 = 0, and a = 0 or -a-4b +9 = 0. Now 6 = 0ora=0=> Flux = 0; -2a -2b +9 = 0 and 
-a-46+9 = 0=>3a-9=0=>a=3=>6=-|so that / ^3, y) = is the maximum flux. 


2 XV 

23. By the Divergence Theorem, the net outward flux of the field F = xyi + (sin xz +y )} + (e y +v)k over the 
surface S will be equal to the integral of V ■ F = v + 2y = 3 y over the region D bounded by S. We will 

integrate using the area in the zx-plane bounded by z = 0 and z = 1 - x~ as the base. The y height at any point 
(x,z) will be 2-z. Thus the integral of div F over D is 



/ 2 2 2 

24. The field F = (x\ + y‘} + zk) /1 x +y +z is discussed in Example 5 in Section 16.8, where we show that 

the flux of F across any closed surface enclosing the origin is 4 n. Note that the divergence of F is not 
defined at the origin, so we need an argument like that shown in Example 5. 


25. (a) 


div(*r ) = V.gF=i fe M) + | ; (gA-) + |:(gP) = (gf- + J/|) + (gf + v|) + ( ir f + pf) 

= («t + iv f +/, f) + s(f- + f + f) = ® v - F + v *- F 
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i(gP)-£(gN) 


^[UsM)-l{ g P)]\ + 




(b) V x (gF) = j 

= g V x F + Vg x F 

26. (a) Let Fj = A/ji + lVJ+/jk and F 2 = A/ 2 i+ lV 2 j+ 7^ 

ci F] +foF 2 = ( ci\4 1 + hK4 2 ) i + (ci N | + bN 2 ) j ~\~{(iP\ + hP , j k 

„ . „ , „ , / 8M, , dM 2 \ / dN, ,dN-,\ I 8P, , dP' 2 \ 

^V-(aF 1+ 6F 2 )=(«-ar+6-ar)+(fl-^+6-^-)+(fl-^ + 6-^-J 

Ism , aw a«\ ,/aM, aw, ap, \ _ , . /„ _ s. 

= fl (^r + V + T7) +z '(^r + V + ^) = fl ( v - F i) + Mv-F 2 ) 

(b) Define Fj and Ft as in part a 
=> Vx(aF 1 +6F 2 ) = 


a ^ +b ^H a lt +b '-* 


|a ^T +z, -az 


- 

cbc ox 


= a 


)M( 

/ SAT, ,dN 2 \ / 3M, , 

\ a ^ +b ^)-{ a ^ +b 

1 3N l \.,(dM l aq\.,/avi aMih.1,J/af 2 dN 2 \.JdM 2 dP 2 \ . , / 
^ a 2 j \ az ax \ ax a^ j \ ay az j \ az ax \ 


aM 2 

ay 


av 1 _aM 1 
ax ' |K 


ay 


= aVxFj +Z>VxF 2 

i j 


(c) FjxFo 


Mj ATj i| 

M 2 n 2 p 2 


--(N x P 2 -P x N 2 )i-(M x P 2 - P X M 2 ) j +(M l N 2 - N x M 2 ) k 


. V • (Fj x F 2 ) = V • [( N x P 2 -P X N 2 ) i - (M x P 2 -P X M 2 ) j +(M x N 2 - N x M 2 ) k 


= £W 2 - p i n i)-%X m x p 2 - p iM 2 )+i{ m x n 2 -n x m 2 ) 




^Vl_l AT. A/". P ^N 2 \ j A/f dl\_ _l_ p_ _ p dM 2 

1 ay 0 ” 


ap, 

'2 af 


■(' 


: F 2 ■ VxFj -Fj • VxF- 


27. Let Fj = Mji+ _/VJ+F5k and F 2 = M 2 i + N 2 \ +P 2 k. 

(a) Fj x F 2 = ( N x P 2 -P x N 2 )i + ( P X M 2 -M X P 2 ) j +(M x N 2 -N x M 2 )k 

=> Vx(Fj xF 2 ) =[%(M x N 2 -N x M 2 )-^(P x M 2 -M 1 P 2 )]i+[^(lV 1 P 2 -P 1 lV 2 )-^(M 1 At 2 -N X M 2 )] j 

\iM M 2 -m,p 2 )-Un x p 2 -P x N 2 ) 


consider the i-component only: M X N 2 -N X M 2 ) - jp(P x M 2 -M x P 2 ) 


8y 

5M , ..aiV, .. 8N, .. dM. 

N 2^ + M l^- M 2^-N^ 


dz' 

2 l\4 ^I± P dM 2 p 8M t dP 2 

- M 2-&- F i~8r + F 2-ar +M \ &- 


xr dM[ p o/V/| 
N 2-df + F 2-fr 


\r SM 2 p 5M 2 

“^r +jP i“aT 




ay az 
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2 2 gy 2 g z j ( 1 < 5 X 1 3)j 1 dz ) \ dx dy dz J 1 [ dx dy dz ) 2 


Now, i-comp of (F 2 ■ V)Fj = 


=( m 2&+n 2 


)M 


= m 2 ^ + n 2 ^ + p 7 


dy z dz ] 


likewise, i-comp of (F r V)F 2 = [ M \ ^T + N l ^T +P l ^T 


likewise, i-tump U1 |rj • v jr 2 - yvi j — f JVj — f r x — j, 

r rx-? r w / SM 7 dN 2 dP 2 \ . ~ /„ „ / aM, clAt, 3/! \ . 

i comp of CV • F 2 )Fj = j Mj and i-comp of (V • Fj )F 2 = +-£J M 2 . 

Similar results hold for the j and k components of Vx(F] xF 2 ). In summary, since the corresponding 
components are equal, we have the result Vx (F, x F 2 ) = (F 2 • V)F 1 -(Fj • V)F 2 +(V-F 2 )F 1 -(V-F 1 )F 2 
(b) Here again we consider only the i-component of each expression. Thus, the i-comp of V (Fj • F 2 ) 

= H m i m 2+N,N 2 +P|/> 2 ) = (Mi *+M 2 ^1 + A'| *+A' 2 ^ L + /i ®+P 2 5-) 

i-comp of (r r V)r 2 = («i^ + V,^+A^). 


. _ I At 5M, ,, SM, _ 0M. 

i-comp ot (F 2 • V)Fj =(M 2 -^ L + N 2 -^- + P 2 -^ L ), 

• r r /v7 \ at l dNj dM ? \ „ / dMj dPj \ , 

i-compot F 1 x(VxF 2 ) = V 1 (^-^J-Pi(^-^), and 

i-comp of F 2 x(VxF 1 ) = V 2 (^-^)-P 2 (^-^). 

Since corresponding components are equal, we see that 

V(Fj -F 2 ) = (Fj -V)F 2 +(F 2 -V)Fj +Fj x(VxF 2 )+F 2 x(VxFj), as claimed. 

28. (a) From the Divergence Theorem, JJ V/ • ndcr = JJJ V • Vf dV = UK v2 /K=j]J° dV = 0 

S D D D 

(b) From the Divergence Theorem, JJ / V/-n da = JJJ V-fVf dV. Now, 


JM, 8MA 

W + 2 ^j’ 


(SN 2 _ 3M 2 
i dx dy 


/av L _aM L \_ _ aM, sp { ' 

( dx dy dz dx } " 


= /V 2 / + |v /| 2 = 0 +|V/f since/is harmonic => JJ / Vf -nda = JJJ|V /| 2 dV , as claimed. 


29. || /Vg-n do = JJ! V ■ / V g rfF = HI V-(/| i + /f j + /f k)jT 

S D D 

=si[f&+ ft+/0+ff+/f+ftV 


uiWf + & + &] + (s + f t + f t =uj (^+’ ■^ ■ y* v 
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30. By Exercise 29, JJ/V g ■ n dcr = JJJ |/V 2 g + V/ -V g j dV and by interchanging the roles of/and g, 

S D 

JJ ^V/-nd CT = JJJ|gV 2 / + V g -V/ j dV. Subtracting the second equation from the first yields: 

S D 

JJ(/V g-g V/)-n da = JJJ (/V 2 g -g V 2 /) dV since V/-V g = V g- V/. 

X D 

31. (a) The integral JJJ p(t, x, y, z ) d V represents the mass of the fluid at any time t. The equation says that the 

D 

instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D: the 
mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward 
(interpreting n as the outward pointing unit normal to the surface). 

( b ) Iff t dV = i\\\ P dV = -JJ P v ' nfl,(T = -JIf V-pv</F=>f = -V-py 

D D S D 

Since the law is to hold for all regions D, V • p\ + ^ = 0, as claimed 

32. (a) VT points in the direction of maximum change of the temperature, so if the solid is heating up at the 

point the temperature is greater in a region surrounding the point => V7' points away from the point 
=> — VT points toward the point => -VT points in the direction the heat flows. 

(b) Assuming the Law of Conservation of Mass (Exercise 31) with —kVT = p\ and cpT = p, we have 

illhr dV = -JJ -k V T n dcr => the continuity equation, V ■ {-k V T) + -^(cpT) = 0 
D S 

=} cp^P- = -V ■ {-k V T) = k V 2 T =^> = -±- V 2 T = K V 2 T, as claimed 

r at at cp 

CHAPTER 16 PRACTICE EXERCISES 

1. Path 1: r = ri +?j +tk => x = t, y = t, z = t, 0 < t <1 => / (g(t), h(t), k(t )) = 3-3t 2 and ^ = 1, = 1, 

f = 1 => ^(t) 2+ (f) + (t) 2< dt=Jidt=> J c f(x, y, z) ds = Jo V3 (3 -3t 2 )dt = 2^3 

Path 2:rj = t\ + t\, 0<t<l=>x = t, y = t, z = 0=> f (g(t), h(t), k(t )) = 2t-3t 2 +3 and-^- = 1,^ = 1, 

t = 0 => + Of dt = V2 dt => J /((x, y, z) ds = V2 (2t -3r +3) dt = 372; 

Q 

r 2=i + j+fk=>x = l,y = l,z=t=>/ (g(0, /? (0, k(t)) = 2 - 2t and ^ = 0, ^ = 0, ^ = 1 

^ ^(tr + (f) + (t ) 2 ^= dt =* ic 2 /(x ’ * z) *=io (2 dt = 1 

=> J c / (*, T, z) = J f(x, y, Z) ds + f{x, y, z) = 3V2 +1 

2. Path 1: r t = ri x = t, y = 0, z = 0 => /(g(f), /»(0, k{tj) = r and ^ = 1, ^ = 0, ^ = 0 

^ ^(t)~ + (f) + (f) 2 ^ =' dt => Jq f[( *’ y ’ z) ds =! l / dt =il 

r 2 =i + tj=>x=l,y=t,z=0=>f (g(t), hit), k(t )) = 1 + ? and ^ = 0, -^ = 1, -^ = 0 
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^ ^(£) 2 +($Ht ) 2 *=■ dt => Jc 2 f ^ y ’ z) *=Jo (1+0 *=i ; 

r 3 = 1 + j + ?k => x = 1, y = 1, z = t => f (git), h{t), kit)) = 2 -1 and ^ = 0, = 0, jL = 1 

^ + ^ dt =dt ^ k f ' (X ’ * Z) * = io (2 dt = 2 

=> j path , /(*, y-z) ds = J fix, y, z) ds + J fix, y, z) ds + J c fix, y, z)ds=f 
Path2 \r 4 =A + t}^>x = t,y = t,z =0^> f (git), hit), kit)) = t 2 +t and ^ = 1, ^ = 1, ^ = 0 

=> ^(tr + (f) + (f) 2 ^ = ^ dt => j Q /(x, j, z) & = j‘V2 (t 2 +t) dt = |^; 
r 3 = i + j + ?k (see above) => J c fix, y, z) ds = | 

=> j path 2 /(*, J, z ) * = /O, j, z) fib + f\x,y,z)ds= f v/2 +| = 

Path 3 : r 5 = tk => x = 0, y = 0, z = t, 0 < t < 1 => f (g(t), hit), kf)) = -t and ^ = 0, ^ = 0, ^ = 1 

^ + (*f dt =dt ^ k f (X ’ y ’ Z) dS = dt = " 2 ;; 

r 6 = d + k => X = 0, y = t, z = 1, 0 < t < 1 => f(git), hit), kit)) = t - 1 and = 0, ^ = 1, ^ = 0 

^ jtfT+i ~¥j~+(ff dt = dt ^ k f (x ’* z) ds= F (?_l) dt= ~ 2 ; 

r 7 =ti+j + k=>x=t,y = l,z=l,0<t<l=> f(git), hit), kit)) =t 2 and ^ = 1, -^ = 0, -^ = 0 

^ M + (if + (if dt=dt ^ k f (x> * z) ds= k 2dt =\ 

=> j Path 3 /(*, P, z ) * = J c /(*, P, z ) ds + J /(x, j, z) fife + J /(x, y, z)* = -d.-d. + i = -| 


3. r = (a cos t)j + (a sin t)k => x = 0, y = a cos t, z = a sin t => / (g(t), hf), kit)) = si a 2 sin 2 t = a | sin t\ and 
f . 0, % - -a sin ,,£ - a cos, =, f + (f f + (f f * - a * 

=> J /(x, j, z) fife = *a 2 \sin t| dt = j*a 2 sin t dt + j ^-o 2 sin tj dt = 4fi/ 2 


4. r = (cos t +t sin t)i + (sin t-t cos t)j x =cos t +t sin t, y =sin t -t cos t,z = 0 
=5- / (git), hf), kit)) = \j (cos t +1 sin t ) 2 + (sin t -1 cos t) 2 = sjl + t 2 and 

^ = -sin t + sin t +t cos t = t cos t,-^ = cos t - cos t +t sin t = t sin = 0 => dt 

= sit 2 cos 2 t+t 2 sin - t dt = |t| dt =t dt since 0 < t < V3 J fix,y,z)ds = JJ^tv/l + t 2 dt =y 
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5 . 


dP = _l( x+v + z Y v 2 = M m_ = _w + +z y irz = SP dN = _]_( yirz 8M 

dv 2 y X + y+Z ) dz’ dz 2\ X+y + Z > ax’ dx 2\ X + y + Z ) dv 


•3/2 _ gp SN . 


-3/2 _ dM 


3y 


dy 

3/ 


dx + Ndy+Pdz is exact; |4 = => f (x, y, z) = 2^x +y + z+ g(y, z)|4 = -j=± 

= jsfer =» f - 0 =■ frC* *> = => /< w) = 2/*+->'+z +*<*)=>§ = +*’(z) 

- ^ =* *'« - 0 =■ ‘«- c =■ /(,,,, z) - 2 ^ 1 *c =• Cuf'Wr 

= /(4, -3, 0) —/(—1,1,1) = 2 VI -2 VI = 0 


x+y+z 


5g_ 

dy 


6. |^ =-L = |V,f- = 0=f « = 0 dx + Ndy + Pdz is exact; f^ = l 

qy 2J_yz cz <9z ot fir dy ox 

.fix, y, z) =x + g(y, z) => fjt = => g(y, z) = -2 y[yz+h(z) => /(x, j, z) =x-2^d + h{z) 

=> y = -i/f- + /*'(z) = => h\z) = 0 => /?(z) = C => /(x, j, z) = x - 2^ + C 

=> j ( ,^ Jj ^dx-Jjdy-^ dz = /(10, 3, 3) -/(l, 1,1) = (10 -2 ■ 3) -(1 -2 • 1) = 4 +1 = 5 

7- yf = -J> cos z ^ j cos z = 4^ => F is not conservative; r = (2 cos /)i + (2 sin /)j - k, 0 < t < In 

=> fi?r = (—2sin /)i — (2cos/)j => J^F -dr = J [-(-2 sin /)(sin(-l))(-2 sin t) + (2 cos r)(sin(—1))(—2 cos /)] dt 
= 4 sin(l)J~ |sin~ t+ cos 2 t j dt = 87T sin(l) 


. = 0 = 4 ^-, = 0 4 ^- = 3 x 2 = => F is conservative => f F-r/r =0 

dy dz dz dx dx dv J c 


9 . Let M = 8x sin y and N = -8 y cos x => 4 y = 8x cos y and 4 ^ = 8 y sin x => 8x sin y dx - 87 cos x dy 


dy 

JJ (8J2 sinx-8xcos y) dy dx = J*' j*' "(832 sin x-8x cos y)dy dx = ~[y 2 sin x-8xj 


C 

nll i 2 • 


I dx = - n ' 2 +71“ = 0 


10. Let M = y~ and N = x~ 4y = 2 y and y- = 2x => j^y 2 dx + x“dy = jj(2x-2j) dx dy 

R 

= Ho" C0S sin 9) r dr d6 = J’^y (cos 6>-sin 9) d6 = 0 

11. Let z = 1 -x -v => f x {x, y) = -1 and f y (x, y) = -1 => ^f x +f y +1 = V3 => Surface Area = JJv/3 dx dy 

R 

= V3 (Area of the circular region in the xj-plane ) = n4 3 

12. Vf = -3i + 2yj + 2zk, p = i => lY/’l = -^9 + 4 y 2 + 4z 2 and|V/'-pj = 3 

=^> Surface Area = dy dz = j~ s/ 9 + 4r _ r dr d9 = j ^V2l--|j dO =^(lj2A-9^ 

R 
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13. V f = 2x\ + 2y\ + 2zk, p = k => | V/] = yj4x 2 + 4 y 2 + 4 z 2 = 2y]x 2 +y 2 +z 2 = 2 and \\f -p| = \2z\ - 2z since 
Surface Area = IT -^dA= \\-dA= ff , 1 = dx dy =\ * f ^ J — , 

j „ j2r ]] R Z Jo Jo 7^ 


Z > 0 : 


■ r dr dd 


-i 


2 n 
0 


-\ll-r 2 


1 1/V2 


J 0 




14. (a) S/f = 2xi + 2 yj + 2zk, p = k |V/'| = yj4x 2 +4y 1 +4z 2 = 2yjx 2 +y 2 +z 2 = 4 and V/' ■ p| = 2z since 

z > 0 Surface Area = JJTt dA = JJ7 dA = 2|^ ~ r dr dd = 4;r -8 

2 2 2 2 

(b) r = 2 cos 6 => t/r = -2 sin 9 d9\ ds~ = r~dd~ +dr (Arc length in polar coordinates) 

=> tis 2 = (2 cos 0) 2 dd 2 +dr 2 = 4cos 2 9 dd 2 +4sin^ 9 dd 2 =4 d9 2 => ds = 2 dd\ the height of the 


cylinder is z = v/4-r 2 = V4 -4cos 2 0 = 2|sin6 , | = 2sin0 if 0 < 0 < y 
=0 Surface Area = f A ds = 2 f 1 (2 sin 6*)(2 t/6>) = 8 

J-7r/2 JO 


15. /(x,y, z)=-f-+|-+f = l=>y/' = (2.)i+(i)j+(i)k^>|y/'|=^+X^X and p=k^>|V/-p|=l since 

■ 0 => Surface Area = fl *" A £ dA = c /-V + -y + 4;- ff dA= y abc /-L+Il+Il s j 

JJ (-4 V« 2 b 2 c 2 JJ 2 v a 2 b 2 c 2 

/? Vet /? 


c >i 


1-C + 4r + -C, since the area of the 


triangular region is y ob. To check this result, let v = ai + ck and w = -ai +b\, the area can be found by 
computing y|vxw|. 


16. (a) Y f - 2yj -k, p = k => |Vf| = yj4y 2 +1 and |Vf -p| = 1 => da = ^4 y 2 +1 dx dy 

=> J[ g(x, y,z)da = JJ Jf— ^4y 2 +1 dx dy = JJy (y 2 -1) dx dy = J^ J 3 (y 3 - yj dx dy 

S R 7 4 -V + 1 R 

= |1i 3 (t 3 -y]dy 

J|g(x, y, z) da = JJ j 4 Z 2 + J 4y2+1 dx dy = jli Jo _1 ) dx dy = |li 3 ( > ’ 2 _1 ) dy 


/_/ 

4 2 


(b) 


-il 


*r-y 


= —4 


J-l 


17. V/' = 2yj +2zk, p = k => |V/'| = yj'4y 2 +4 z 2 = 2yjy 2 +z 2 = 10 and |V/' ■ p| = 2z since z > 0 

=> da=^dx dy - dx dy = JJg(x, y, z) dcr = jj(x 4 y^[y 2 +z 2 J^-J dx dy 


ff(x 4 y)(25) , 5 dx dy = f f x 4 dx dy = \ 25y dy =50 

JoJo 7^v 


18. Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth’s axis (north 
is the positive z direction), and the vz-plane contains the earth’s prime meridian. Let S denote the surface 
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/ 9 9 9 

which is Wyoming so then S is part of the surface z = I R -x -y I . Let R xv be the projection of S onto 
the xy-plane . The surface area of Wyoming is JJ 1 da = jj ^l + (J|-)~ + dA 

I I 0 

-JJ- 


R 2 -x 2 -v 2 R 2 -x 2 -y 2 


-'M-SS 


rft fSsin49° / 9 9 \-iu 

dA=fg r dr dd (where 8\ and 


- 1/2 




JR sin 45 


^9 are the radian 


ian equivalent to 104°3' and 111°3', respectively) = J J 1 -ft|i? 2 -r 2 j 


ni?sin49° 


de 


fein 45° 


CH* 2 - 


R 2 sin 2 45°j 1/_ -f ?^ 2 -R 2 sin 2 49 c 


r 


dd = (02 -0 l )R 2 (cos45°-cos 49°) 


= j^R 1 (cos 45°-cos 49°) = ^(3959) 2 (cos 45° -cos 49°) ® 97,751 sq. mi. 

19. A possible parametrization is r(^, 6) = (bsin^cos^li + (6sin ^sin 8 )j + (6cos^)k (spherical coordinates); now 
p = 6 and z = -3 => -3 = 6cos0 => cos t/> = => (j) = and z = 3y/3 => 3^3 = 6cos^ 


9/3 


=>cos iji = : y-^ 0 =-f=> j-<</> <^’, also 0<<9<2;r 


20. A possible parametrization is r(r, (9) = (/-cos 6 ^)i + (r sin <9)j — (^'^ 9 -J k (cylindrical coordinates); now 

r = 1 /x 2 +J 2 => z = — L- and -2 < z < 0 => —2 < - 1 — <0=>4>r" >0=>0<r<2 since r > 0; also 
0 < 6 < 2n 


21. A possible parametrization is r(r, 0) = (rcos6*)i + (rsin^)j + (l + r)k (cylindrical coordinates); 
now r = ■Jx 2 +y 2 => z = 1 + r and l<z<3=>l<l + r<3=>0<r<2; also 0 < 0 < 2n 

22. A possible parametrization is r(x, y) = xi +Tj + ^3 —x --yj k for 0<x<2 and 0 <y<2 

V 2 9 

x + z and v is the angle in the xz-plane with the x-axis 

=> r(;<, v) = (w cos v)i + 2w j + (m sin v)k is a possible parametrization; 0 < y <2 => 2u~ <2 u <1 
=> 0 < u < 1 since u > 0; also, for just the upper half of the paraboloid, 0 < v < n 

24. A possible parametrization is (VlO sin ^cos6*ji + ^v/lO sin 0sin j + |VlO cos^jk, 0 < (f> < y and 0<<9<-y 


25. r M = i + j, r v = i - j + k => r u x r v = 


Surface Area = J | \ r u xr v | du dv = J J -J6 du dv = y ]6 


i j k 

1 1 0 
1 -1 1 

T 

0 Jo 


= i - j - 2k =>|r„ xr v | =V6 
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26. 



— 2v 


2 


du dv 



27. r,. = (cos 6 )i + (sin @)j, = (-r sin 0)i + (r cos + k => r ; . xr 0 = 


i j k 

cos 9 sin 9 0 

-r sin 9 rcos9 1 


= (sin#)i-(cos#)j + rk => |r ; . xr g \ =Vsin 2 # + cos 2 9 + r 2 = v/l + r 2 => Surface Area = IT |r ; . xr^dr d9 




rln rl 

/ ? , r 27 r 

Jo Jo 

Vl + r dr d9 = [ 

J u 


yVl + r + -yln fr + x/l + C 


1 

_ 0 


d9 = \T\y 2+}ln( 1 + V2) 


d9 


= n V2+ln(l + V2) 

28. JJ jc 2 + y" +1 dcr = j~ J Q Vr” cos - <9 + r“ sin" # + l\/l + r 2 drd9 = j~ J o |l + r 2 j dr d9 


= [ r+3— d0=\ jd0=^7r 

JO [ 3 J 0 Jo 3 3 


n I 


2 7T , 


29. ^ = 0 = 4^- = 0 = = 0 = 4^- => Conservative 

cjy oz cz ox ox oy 


20 5P __Vf_ _ dN_ 8M _ -3xz __ aP dN_ _ _Vr_ aM p nn cprvntivp 

t 2 2 2 \-5/2 az ’ az t 2 2 ^r 5/2 a*’ ax / 2 2 ^r 5/2 av ^ 

JC +v +z lx +v +z ) lx +v +z ) 


31. ^ = 0 ^ ye z = 4r- => Not Conservative 

ay oz 


z _ aiv. 


32. 

33. 


ap... x 

a -r (x+yz) 2 


JV 8M_ = ^y_ = dP_ 5N -z 
5z ’ Sz (x+yz) 2 & & (x+yz) 2 


= 4r- => Conservative 

av 


f: = 2 => f( x > z ) = + g(y, z )^ > f; = |f = 2 >’ + z ^ g(y, z) = J 2 + zy + *(z) => /(x, y, z) 

= 2x + y 2 + zy + /?(z) => J4 = y + h\z) = y +1 => h'(z) = 1 => /?(z) = z + C => f(x, y, z) = 2x + y 2 + zy + z + C 


34 • £ = z cos xz /(x, j, z) = sin xz + g(y, z) => ^ => g(y, z)=e y + h(z) => f(x, y, z) 

= sin xz+e } +h(z ) => ^- = xcosxz + /?'(z) =x cos xz => h'(z ) = 0 => h(z ) = Clb> /(x, y, z) = sinxz +e +C 

35 . Over Path 1: r =ri +tj + fk, 0 <t <1 => x =t, y =t, z -t and dr = (i + j +k) dt => F = 2ri + j + f 2 k 
=>F-rfr =^ 3 t 2 + l)dt=> Work = J^t 2 + l) dt = 2 ; 

Over Path 2: p = ri +t\, 0 < t < 1 => x = t, y = t, z = 0 and dp = (i + j )dt => Fj = 2ri + j + f 2 k 
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=> F] -dri = [it 2 + lj dt => Workj = ^[lt 2 +lj dt = r 2 = i +j + tk, 0<f<l=>;c = l, y = l, z=t and 
dr 2 = k dt => F 2 = 2i + j + k => F 2 • dr 2 = dt => Work 2 = J dt = 1 => Work = Workj + Work 2 = | +1 = | 

36. Over Path 1: r = ?i +?j + ?k, 0<t<l=>x = t, y =t, z = t and dr = (i + j +k) dt => F = 2ri + 1 2 \ +k 
=> F -dr = [it 2 +1) A Work = |^3t 2 +l) dt = 2; 

Over Path 2: Since/is conservative, cp^F ■ dr = 0 around any simply closed curve C. Thus consider 

f ¥ -dr = f F-t/r+f F-<ir, where C. is the path from (0,0,0) to (1,1,0) to (1,1,1) and C 2 is the 
Jcurve JC, J C 2 

path from (1,1,1) to (0, 0, 0). Now, from Path 1 above, f F ■ dr = -2 => 0 = f F • dr = f ¥ -dr + (-2) 

JC 2 Jcurve JC[ 

=> f F-dr = 2 
•'C 


37. (a) r = [e f cos fji +[e* sin tjj => x = e cos t, y =e sin t from (1,0) to |e 2;r ,oj => 0 < t < In 

xi+yj _ (e'cos«)i+(e'sinr)j 


dr t t ■ \ . 

^>^f=e cos t-e sin m + e 
dt I 


sin t + e cos t j and F = 


) j 


[x 2 +v 2 [ [e 2 ‘ cos 2 t+e 2 ' sin 2 1 j 

= (^')i + (^L)j =>F .f = (c^i_«£^I + aa!i + ^^) = e -< => Work = J ( 


2n ~t 1 —27T 

e dt=l-e 

0 


(b) F = ■ 


.vi+yj 


9/ 


(x 2 +y 2 ) (x 2 +y 2 j 


■f{x,y,z) = -(* 2 +y 2 ) + g(y,z)^>^ = 


(xW) 


y _ ,Sg_ 

3/2 + Qy 


(x 2 +y 2 ) 3/2 


? 9 —1/9 

g(y,z) = C => f(x,y,z) = -(x +y ) “ is a potential function for F 


j^F-dr =/(<>,o)-/(l,0)=l- 


—2 n 


38. (a) F = v[x 2 ze y 


=> F is conservative 


, F • dr = 0 for any closed path C 


(b) J^F-dr = ’q’q*'^[ x 2 ze y j-dr =[x 2 ze y j -^x 2 ze y J 


= In -0 = In 


( 1 , 0 , 0 ) 


39. 


VxF = 


d_ 

dx 


8 _ 

8y 


d_ 

dz 


-y 3z 2 


-2yk; unit normal to the plane is n = = yi + y j -yk 


=> VxF n=|j/;p=k and f(x, y, z) = lx +6y-3z => \Vf -p| = 3 => da = ij^dA = ydT 

=* § C F • 1dr = Iff yda = If (jy) (i dA ) = J ! 2 ^ dA = So* Jo 2r sin 9rdrd 6 = STi sin 6 de = 0 

R R R 
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40. VxF = 


JL 

dx 


j 

d_ 

dv 


8 _ 

8z 


9 9 

x~ +y x+y 4y -z 


= 8yi; the circle lies in the plane f (x, y, z) = y + z = 0 with unit normal 


n =-j=j + -j^k => VxF - ii = 0 => O^F -(7r = JjVxF - n cicr = JJ 0 da = 0 


41. (a) r = V2ri + V2tj+(4-/ 2 )k,0<t <l=>x = y/2t, y = s[2t,z =4-t 2 ^ =-2t 

' 2 =^.-2 


c -\ 

K dt) 

= 4^2-2 


dx \ 2 Jdyf 


dt , 


dzY dt=^4 + 4rdt => M = | S(x, y, z) ds = j'3t\l4 + 4t 2 dt = 1(4 + 4t) 3/2 


v dt 


1 

- 0 


(b) M = J c S(x, y, z) ds = J ( 'V- 


4+4r<* = 


tsll+t 2 +\n[t + sjl ' ' 2 


. + t 


~\ 1 


J 0 


: V2 +ln(l + V2) 


42. r = d + 2tj+4t 3/2 k,0<t<2^x = t,j=2t,z=4t 3/2 ^f = l,f = 2,f = t 1/2 


dt ’ dt 


dt 


I ^ 2 2 2 

=>J(§) + (^jrj + (^) dt = Vt +5 dt =>M = j c <5(x, y, z) ds = 3V5 +tVt +5 dt = | 3(1 + 5) dt = 36; 

2 2 

_M VZ = jVr&fa = 3t(7 + 5) dt = 38; _M XZ = J = J 6 t(t + 5) dt = 76; M xy = J^z<5 efo 

- f 2 7/ 3/2 1/ +SWf- 144 JJ -s r - Myz - 38 - 19 7 _ 76 _ 19 - _ M *y _ (V^) _ 4 R 

-j Q it (t+5)dt-—V2 -^T-36-Js’ y -lir-36 “T’ Z “^““^^“7 V2 


£■ 

43. r=ri + 


I+ (^) j+ (£) k , 0S , S 2^» = ,, = ^.z4 S f = 1 .f = V2,'' 2 .t = ' 

zo if)- + j^-|" +(^)"dt = Vl +2f +f-dt = s](t + l)~ dt = |f +1| dt = (f +1) dt on the domain given. 

Then M = (t^t)( ? + 1 ) dt = J~<* = 2 ; M yz = = Jq ^(tFt)^ +1 > dt = { f /^ = 2; 

«<= . * - J^t 3 ' 2 )(Jj)(, + 1) d, - t 3 ' 2 dt - §. J c z^ ds 


r-2/,2 

JO 




M v . 


llWJ_V/ + n dt = f t—dt-dL^s x = ZUH. =A = 1- v =212= = AI2Z. = *o. = 22L = A- 

2 ; Jo 2 al ~3^ X ~ M 2 l ’ y M 2 “15 ’ Z M 2 3’ 


4 = 


4 = 


j c (r+z 2 )^ = | 2 (ft 3 + 4)^ 

t(T 2 + * 2 )<5 fifa = J^f 2 +t f3 )‘* 


VI dt = 4 = J c (* 2 +V1 = 


JoV 2 v 


t- dt = —■ 
4 15’ 


56 

9 


44. z = 0 because the arch is in the xr-plane, and x = 0 because the mass is distributed symmetrically with 


respect to the y-axis; r(t) = (a cos r)i + (a sin t)j, 0 < t < n => ds = + dt 

= \j(-a sin t ) 2 +(acos t) 2 dt = cidt, since a > 0; M = j^S ds = J (2 a -y) ds = j*(2a-a sin t) adt 
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= 2a 2 n-2a 2 \ M xz = j c yd dt = j c y(2a-y) ds = (a sin t)(2a-a sin t) dt = JJ^2« 2 sin t-a 2 sin 2 f j 


dt 


-2a cos t 


lit si: 
-a it — 
\ A 


sin 21' 


J 0 


= 4 a ~^=>y = 


4a — 


8 -n 


2cCn-2a 2 


(x,y,z) = ( 0 ,^, 0 ) 


45. r(t) = cos tji + |e ? sin tjj +e ? k, 0<t<ln2=>x=e ? cos t,y =e sin t,z =e => ^ cos t -e ? sin t j, 
1 = (e ? sin t + e f cos t ) ,f = => J(ff + (J) + (f f dt 


= ^e r cos t-e r sin tj~ +|e ? sin t +e cos tj +(e f j" dt =^3e 2r dt = \[2e dt;M = J 8ds = V3 e 
= V3;M^ = e' )(*') dt = \^^e 2t dt = => z = ^ 


M 


_ 3. 
VI “2’ 


/- = 


J £ (* 2 + /) J ds = \'" 2 (e 2t cos 2 t +c 2 ' sin 2 t)(^e')dt = e 3 ‘dt = 7 -f 


46. r(t) = (2 sin t)i + (2 cos f)j + 3tk, 0 < t < 2n => x = 2 sin t, y = 2cost, z = 3t => ^ = 2 cos t,‘-^ = -2 sin t, 

% = 3 =■ J(wf+($f+(%f * = V4^9 * = V13 tr,M = J/* = l*'*© * = 2rfVU; 

M xy = J z<5 fife = | ( ^(3t)(jVl3) dt = 6S7r 2 Jl3;M yz = j x8 ds = j^(2 sin = 0; 

M xz =| g<5 tfe = (2cost)|i?Vij jfi?t =0=> J = y = 0 and z = —= 2>n (0, 0, 3tt) is the 

center of mass 

_ _ 111 

47. Because of symmetry x = y = 0. Let f(x, y, z)=x +y +z = 25 => V/ = 2.ri + 2 yj + 2zk 

=> | V/’| = -J4x 2 +4j 2 +4z 2 = 10 and p = k => |V/-p| = 2z, since z>0=>M=JJ 8(x, y,z)dS 

R 

= J | z(ih) dA = 115 dA = 5 (Area of the circular region) = 80 = j j zS dS = j j 5z dA 

R R R R 

= j J 5^25 -x 2 -y 2 dx dy = $^25-r 2 ) r dr dO = ]** *fd6 = n => F = ^ = § 

R 

=> (x, y, z) = (0, 0, 4|);7 Z = J J(x 2 + y 2 )5 da = J |5 (x z + y 2 j dx dy = 5 r 2 dr dd = 320 d6 

R R 

= 640/r 


48. On the face z =1: g(x, y, z) - z = 1 and p=k=>Vg=k=> |Vg| = 1 and |Vg -p| =1 =^> da = dA 

=> / = 11|.r 2 +y 2 j dA = 2JJ” J* ^ r 2 dr dd = On the face z = 0 : g(x, y, z) = z = 0 => Vg = k and p = k 
R 

=> |Vg| = 1 => | Vg • p| =1 =>dcr = dA=>I=j ||.r 2 +y 2 j dA = On the face y = 0: g(x, y,z) = y = 0 

R 

=> Vg = j and p = j => | Vg| = 1 => | Vg • p| = 1 => da = dA => / = J j|.r 2 + 0 j dA = x 2 dx dz = ^; On the face 

R 
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I dA 


y = 1: g(x, y, z) = y =l=>Vg = } and p = j => |Vg| = 1 => |Vg -p| = 1 => da = dA => / =JJ(.r 2 +l 2 j l 

R 

= J Q J 0 (-r 2 + lj dx dz =j; On the face x = l: g(x, y, z) = x = 1 => Vg = i and p = i => |Vg| = 1 => |Vg-p| =1 

=> da = dA => / = | j|l 2 + y 2 j dA = J^ J^ |l + y 2 j dy dz = j; On the face x = 0: g(x, y, z) = x = 0 => Vg = i 
R 

and p =i |Vg| =1 |Vg -p| =1 => da =dA =^» / = J J^O 2 +y 2 ^j dA = J* f^dy dz = y 


./ = 2+2 + i + 4 + 4 + I = 14 
z 3 3 3 3 3 3 3 


49. M=2xy + xwAN = xy-y=>®*- = 2y+l,®Z- = 2x,®L = y,2f = x-l 

=> Flux = JJ(+ fjf) dx dy = jj (2y +1 + x - 1) dy dx = jj (2 y + x) dy dx = |; 

CirC = \\[ S fc-%) dxdy = \\( y - 2x) d} ’ dx =folo O' “ 2X) d} ’ dX = ~2 

R V ' R 


50. M=y-6x 2 and N = x + y 2 => = -\2x,^f- = 1 ,= 1, = 2y 

y y dx dy dx dy y 

=> Flux = JJ [^ + dx dy = JJ(-12* + 2 y) dx dy = J^ j' (—12 jc + 2 y) dx dy =J^ [Ay 2 + 2y - 6j dy = -y; 

R R y 

QrC = ) ^ = If (1 “ 1} dx dy = 0 

R R 


,, , , cos v , ., , . BM sin v , BN sin y t . . , cos y , 

51. M = --and N = In x sin y => = —- and <+> l n xsin y dy - -dx 

x ^ dy x dx x J c x 

R R 

52. (a) Let M = x and V = _y => = 0, = 0, ^ = 1 

v ' ' dx dy dx dy 

=> Flux = JJ [^- + dx dy = JJ(1 +1) dx dy = 2 JJ dx dy = 2(Area of the region) 

R R R 

(b) Let C be a closed curve to which Green’s Theorem applies and let n be the unit normal vector to C. Let 
F = xi + yj and assume F is orthogonal to n at every point of C. Then the flux density of F at every point 

of C is 0 since F • n = 0 at every point of C => = 0 at every point of C 

=> Flux = JJ [^- + 4^- j dx dy = JJ 0 dx dy = 0. But part (a) above states that the flux is 
R V ’ R 

2(Area of the region) => the area of the region would be 0 => contradiction. Therefore, F cannot be 
orthogonal to n at every point of C. 

53. J^(2 xy) = 2y,-4^(2yz) = 2z,j^(2xz) = 2x => V F = 2y + 2z + 2x => Flux = JJJ (2x + 2y + 2z) dV 

D 

= [ [ [ (2x + 2y + 2z) dx dy xz = f f (1 + 2_y + 2z) dy dz = f (2+2z) dz =3 

JO «0 »0 JO JO JO 
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54. 


8 _ 

dx 


(xz) = 



■ 2 Jt <-4 r\jl5-r 

'o Jo J3 


(yz) = z, Jr(l) = 0 =^> V F = 2z => Flux = JJJ 2z r dr dd dz 

D 

2zdzrdrdd = j~ r ^16 — r 2 j dr dd = J Q 64 dd = 128;r 


55. ^(-2x) = -2, -jL(-3 y) = -3, f (z) = 1 => V F = -4;x 2 + y 2 + z 2 = 2 and x 2 + y 2 = z => z = 1 

=> ^ + y 2 = 1 => Flux = II f- 4 dv = ~ A \T\l dz r dr d0 = -€\l(r^- r ) dr de 

D V 7 

= - A \l n {-Y2 +1 ^ 2 ) d9 = H 1 -^ 2 ) 

56. jL(6x + y) = 6,-jL(-x-z) = 0,-jt(4yz) = 4y =>V-F = 6 + 4 y; z = tJx 2 +y 2 = r 

=> Flux = JJJ (6 +4y) dV = JJ ” j 0 j 0 (6 + 4/' sin#) dz r dr dd = J * | Q (6r 2 + 4r 3 sin #j dr dd 
D 

= "(2 + sin 6?) dd = n +1 


57. 


58. 


F = yi+zj + xk => V -F =0 => Flux = JJ F n da =JJJ V F dV = 0 

S D 

JJJ V-F dV 

D 


F = 3xz 2 i+yj-z 3 k => V F = 3z 2 +l-3z 2 = l=>Flux = JJ F n da = 

S 


d y dx = fo(^r) dx = 



8 

3 


59. F = xy 2 i + x 2 yS + yk => V-F =y 2 + x 2 +0=> Flux = JJf n da = JJJ V-F dV 

S D 

=jjj t* 2 +y 2 ) dv = nx^ r dr de =\Tty dr d °= =n 

D 

60. (a) F = (3z + l)k => V • F = 3 => Flux across the hemisphere = JJ F • n da = JJJ V • F dV = JJJ 3 dV 

S D D 

= 3^4.)|-|^a 3 j = 2 nc 2 

(b) f(x, y,z)=x 2 +y 2 +z 2 -a 2 = 0 => V/ = 2xi+2yj + 2zk => |V/| = -J4x 2 +4j 2 +4z 2 =^^4a 2 =2 a since 
a > 0 => n = 2xi+2 yi +2:k - ” + *i + - k => F • n = (3z + l)(|);p = k => V/ -p = V/ -k = 2z => |V/ -p| = 2z 

since z > 0 => da = = yzdA = jdA => JJ F n da = JJ (3z + 1)(§)(^)^ = JJ (3z +1) dx dy 

I ?! c- n ~ n 

J n xy ^xy 

= JJ ^3-y Ja 2 -x 2 - y 2 +1^ dx dy = J” J^ ^3 *Ja 2 -r 2 +1 jr dr dd = J^ |-^+- + a 3 j dd = no 2 +2na 2 ’, 

R xy 

which is the flux across the hemisphere. Across the base we find F = [3(0) + l]k = k since z = 0 in the 
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xy -plane => n = -k (outward normal) => F n = -1 => Flux across the base = JJ F n da 

S 

= JJ (-1) dx dy = -no 1 . Therefore, the total flux across the closed surface is 

R xy 

( 2 3 \ 2 3 

nci~+2na I — na =2 na . 

CHAPTER 16 ADDITIONAL AND ADVANCED EXERCISES 

1. dx = (-2sin t +2 sin 2 1) dt and dy = (2cos t-2 cos 2 1) dt ; Area = x dy—y dx 
= ^-J o [(2 cos t — cos 2t)(2cos t— 2 cos 2r) — (2 sin t - sin 2r)(—2sin t + 2 sin 21)] dt 
= -i-Jo [6-(6cos t cos 2t + 6sin t sin 2t)] dt = 2- J q (6-6cos t) dt = 6n 


2. dx- (-2 sin t -2sin2f) dt and dy = (2 cos t -2 cos 2 1) dt; Area = \ J^, x dy-y dx 
= 2Jo [(2 cos t + cos 2t)(2cos t -2 cos 2f) — (2 sin t - sin 2?)(—2 sin t -2 sin 2t)\ dt 
= yj (| T [2-2(cos t cos 2?-sin t sin2?)] dt =2 J^ ^( 2-2008 3 1) dt = 2 J2t --|sin 3?J~ = 27T 


3. dx = cos 2 1 dt and dy =cos t dt; Area = 2<J ^_.x dy-y dx = \ J^^sin 2 1 cos t -sin t cos 2f) dt 
= ^J 0 |" s i n r cos2 t-(sin t)^2cos 2 t — 1 


dt=^r f (-sin t cos 2 t + sin t) dt = 2 

2 Jo V 2 


2-COS 2 t -cos t 


Jo 


4. dx = (-2a sin t-2a cos 2t) dt and dy = (bcos t) dt; Area=2-o xdy-ydx 

z j c 


4 Jo \^2ab cos 2 t-ab cos t sin 2t j-|-2ab sin 2 t-2ab sin t cos 2 1 

tint 


dt 


= 2J“ ^2ab-2ab cos 2 t sin t + 2a6(sin t)^2cos 2 t-lj dt = \^ ^2ab +2ab cos 2 t s'mt-2ab sin t 
= 2-j2abf - j ab cos 3 1 +2ab cos t 


= 2 nab 


5. (a) F(x, y, z,) = zi + xj + yk is 0 only at the point (0, 0, 0), and curl F(x, y, z) = i + j + k is never 0. 

(b) F(x, y, z) = zi + yk is 0 only on the line x=t, y = 0, z = 0 and curl F(x, y, z) = i + j is never 0. 

(c) F(x, y, z) = zi is 0 only when z = 0 (the xy-plane) and curl F(x, y,z) = j is never 0. 


6. F = yz 2 i + xz 2 j + 2xyzk and n = = A1+ -d+"- k ; so p} s parallel to n wherT yz = ^- 2 xz = -jr, 

y x 2 +y 2 +z 2 

= 2 xy y 2 = x~ => y = ±x and z 2 = +-§- = 2x 2 => z = ±^2x. Also, 


and 2 xyz = 


,„2 2 
CZ > z _ XZ 


x 2 +y 2 +z“ = i? 2 => x 2 + x 2 + 2x“ = R => 4x 2 =7?" => x = ±y. Thus the points are: (y , y, 
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(r R _^2r) (_R _R_ V2 R ) l_R _R _J2R_\ (r _R_ -JlR \ Ir _R_ ~Jir) 

l 2 ’ 2 ’ 2 r\ 2 ’ 2 ’ 2 M 2 ’ 2 ’ 2 r l 2 ’ 2 ’ 2 r\ 2 ’ 2 ’ 2 r 

I _R_ R J2r\ l_R R -J2R\ 

\ 2 ’ 2 ’ 2 2 ’ 2 ’ 2 ) 


x +{y-R) +z 

= yjx^ + y 2 + z 2 -2 Ry + R" = ^2R~ -2Ry ; Iet f(x, y, z) = x 2 +y 2 + z 2 -R 2 and p = i 


> V/ = 2xi+2yj + 2zk => |V/| = 2y]x 2 +y 2 +z 2 = 2R^>da = Mldz dy = ^ 


• Mass = JJ S(x, y, z) da = jj ^2 R 2 - 2Ry dz dy =R jj — 

S R„ X R m V 


|V/-i| * v “ 2ic 
yj. 2R 2 -2Rv 


dz dy 


'R 2 -y 2 -z 2 


dz dy 


= 4tff S f^ 2 ~ V 2^ L^^ dz dy = 4R f* ^2 R 2 -2 Ry sin " 1 1 

J-«Jo I? J y y 


J« 2 -y 2 J 




dy 


= 2nR 


\ R JlR 2 -2Ry dy=27iR[^Y2R 2 -2Ry) 


3/2 


_ 16 tcR? 
I -R 3 


i j k 

cos# sin# 0 
-rsin 6 rcos# 1 


r(r, #) = (r cos #)i +(r sin 6) j + #k, 0 < r < 1, 0 < 0 < 2n => r,. x r e = \ 

= (sin #)i - (cos 6 )j + rk => |r ; . x r g | = ^|l + ~r 2 ; 5 = 2yjx 2 +y 2 = 2yjr 2 cos 2 6 + r 2 sin 2 0 =2r 

=> Mass = JJ 5{x, j, z)da = J“ J Q 2rVl + r 2 drd8=j Q ■=-|l + r 2 j d0 = ^ ^2^2-lj dd 

s L 

-(2>/2-l) 


Jo 


4 n I 
3 


9. M = x 2 + 4xy and A = -6y => = 2x + 4y and^ = -6 => Flux = J* J" (2x + 4y - 6) dx dy 

rb I 7 \ 2 2 

= J la +4ay-6a\dy =a b+2ab -6ab. We want to minimize 

/(a, b) = a 2 b + 2ab 2 - 6 ab = ab(a +2b-6). Thus, f a (a, b) = 2ab+ 2b 2 -6b = 0 and 

/J,(a, Z>) = a 2 +4ab-6a = 0 => b(2a + 2b-6) = 0 => 6 = 0 or Z> = -a +3. Now 6 = 0^>a 2 -6a=0=>a=0 

or a = 6 => (0,0) and (6, 0) are critical points. On the other hand, b = -a +3 => a + 4a(-a + 3) -6a = 0 

=> -3a +6a=0=>a=0 or a = 2 => (0, 3) and (2,1) are also critical points. The flux at (0, 0) = 0, the flux at 

(6, 0) = 0, the flux at (0, 3) = 0 and the flux at (2,1) = -4. Therefore, the flux is minimized at (2,1) with 

value -4. 


10. A plane through the origin has equation ax + by + cz = 0. Consider first the case when c =£ 0. Assume the plane 
is given by z = ax + by and let f(x, y, z) = x + y + z =4. Let C denote the circle of intersection of the plane 

with the sphere. By Stokes’ Theorem, <j) F -dr = || V xF -n da, where n is a unit normal to the plane. Let 

S 
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r(x, y) = xi + yj + (ax + by) k be a parametrization of the surface. Then r x x r y = 


i j k 

10 a 

0 1 b 


■da = r v xr v dx dy = V a 2 +b 2 +1 dx dy. Also, V xF = 


i j k 

8_ d_ _5_ 

dx dy 5z 

z X y 


= i + j + k and n = 


= -ai - Z>j + k 


tfi+6j-k 


yla 2 +b 2 +1 


If V xF n da = JJ j== V« 2 +b 2 +1 dx dy = JJ (a +b- 1) dx dy = (a +b -1) JJ dx dy. Now 


x 2 + y 2 + (ax + by) 2 = 4 => ^-j^x 2 +(^)v = 1 => the region R xy is the interior of the ellipse 

2 2 2.i / 12 i 

Ax + fixj + Cy = 1 in the xj-plane, where A = B = ^p, and C = 0 f ■ The area of the ellipse is 
—--——-^ • dr = h(a, b) = Thus we optimize H(a, b) = (a , +6 ^ : 


f.4C~B 2 f 2 +b 2 +1 •' C 


at/ 

So 


2(a+6-l)(, 


Zr+l+a-aZ; 


a// 


(a 2 +Zr+l) 


- = 0 and „ 

2 aa 


f 

2(a+b-l)i 


2 +b 2 +1 


« 2 +i+a-aa 


(a 2 +a 2 +lj 


• = 0=>a+6-l = 0, or a +1+ a-a6 = 0 and 


2 2 2 

a + l + Z>-aZ> = 0=>a+Z>-l = 0, ora -b +(b -a) = 0 => a + 6 -1 = 0, or (a —b)(a +b -1) = 0 

2 

=>a+6-l = 0ora=A The critical values a+b- 1 = 0 give a saddle. If a = Z>, then 0 = b + l + a -ab 
=>a+l + a-a = 0=>a=-l=>Z> = -l. Thus, the point (a, 6) = (-1,-1) gives a local extremum for 
-dr => z = —x—y => x + _y + z = 0 is the desired plane, if c ^ 0. 

Note : Since h(— 1, -1) is negative, the circulation about n is clockwise, so -n is the correct pointing normal 

for the counterclockwise circulation. Thus J"J VxF-(-n) da actually gives the maximum circulation. 

S 

If c = 0, one can see that the corresponding problem is equivalent to the calculation above when b = 0, which 
does not lead to a local extreme. 

(a) Partition the string into small pieces. Let A t s be the length of the / th piece. Let(x,-, y t ) be a point in the 
7 th piece. The work done by gravity in moving the i h piece to the x- axis is approximately 

Wj = (gx ( -y ; A ( -.s')y ( where x^y^AjS is approximately the mass of the i ,h piece. The total work done by 

2 r 2 

gravity in moving the string to the x-axis is XWj = zLgx i y i A ,s => Work = gxy ds 

i i JC 

(b) Work = j gxy 2 ds = ~g(2cos /)(4sin 2 t)yj 4 sin 2 t + 4cos 2 tdt = 16gj o cos tsin 2 t dt 

' 16g («^ 

_ \ c x(xy)ds _ 


-|7t/2 


JO 




(c) X 


-and v 


- y( x y ) ds 


; the mass of the string is xy ds and the weight of the string is 


\ c xyds \ c xyds 

gj c x y ds. Therefore, the work done in moving the point mass at (x, y) to the x-axis is 

W = ( g !c Xy dS )y = 8 $c Xy2 dS = 1 3 8 ' 
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12. (a) Partition the sheet into small pieces. Let A ,-cr be the area of the ; th piece and select a point ( x t , y t , z t ) in 

the ;' th piece. The mass of the / th piece is approximately x^y^A^a. The work done by gravity in moving 

the ; th piece to the xy-plane is approximately (gx j y i A j a)z i = gx ( -j/ ; z ( -A ( cr Work = jj gxyz da. 

S 

(b) JJ gxyz da = g JJ xy( 1 -x- y)yjl+(-\) 2 +(-l) 2 dA =V3 g J^ J^ * [xy-x 2 y-xy 2 ^ dy dx 

S Rxy 

= 'ftgjl^xy 2 ~\x 2 y 2 -^T 3 ] 0 dx = yf3gf^x-jx 2 +±x 3 -±x 4 dx 

= AJi r U r 3 + l/_i x 5| = A„(i_l) = ^i 
VJ& |_12' 6 ' + 6 30 ' J 0 V12 30/ 20 

(c) The center of mass of the sheet is the point (x, y, z) where z = —^-with M xy = jjxyz da and 

5 

M = \jxy da. The work done by gravity in moving the point mass at ( x, y, z) to the xy-plane is 
5 

gMz = gM f 1 = g^xy = JJ gxyz da = 


13. (a) Partition the sphere x 2 +y 2 +(z-2)“ =1 into small pieces. Let A t a be the surface area of the / th piece 

and let (x t , y t , z ; ) be a point on the ; th piece. The force due to pressure on the / th piece is approximately 

w(4 -z ; )A ( cr. The total force on S is approximately Xw(4-z^A^cr. This gives the actual force to be 

i 

JJ w(4 - z) da. 

S 

(b) The upward buoyant force is a result of the k -component of the force on the ball due to liquid pressure. 
The force on the ball at (x, y, z) is w(4-z)(-n) = w(z -4)n, where n is the outer unit normal at (x, y, z). 
Hence the k -component of this force is w(z - 4)n • k = w(z - 4)k • n. The (magnitude of the) buoyant 

force on the ball is obtained by adding up all these k -component s to obtain JJ w(z -4)k -n da. 

S 

(c) The Divergence Theorem says JJ w(z - 4)k • n da = JJJ div ( w(z — 4)k) dV = JJJ w dV, where D is 

S D D 

x 2 +y 2 + (z- 2) 2 < l JJ w(z - 4)k n da =w JJJ 1 dV ~ 7iw, the weight of the fluid if it were to 

S D 

occupy the region D. 

14. The surface S is z = Jx 2 +y 2 from z = 1 to z = 2. Partition S into small pieces and let A,a be the area of the 


/ th piece. Let (x h y t , z ( -) be a point on the / th piece. Then the magnitude of the force on the / th piece due to 
liquid pressure is approximately F ( - = w(2 - z ( )A,cr =^> the total force on S is approximately 
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15. Assume that S is a surface to which Stokes’ Theorem applies. Then (j^E-c/r = JJ (VxE)-n da 

S 

= JJ(-f )- n da = — J^JJb n da. Thus the voltage around a loop equals the negative of the rate of change of 


magnetic flux through the loop. 


16. According to Gauss’s Law, JJ F n da = AnGmM for any surface enclosing the origin. But if F = V xH then 

S 

the integral over such a closed surface would have to be 0 by the Divergence Theorem since div F = 0. 


17. <J C /Vg - Jr = JJ V x(/V g) n da 

S 

xVg+V/ xVg)-n Jff 
S 

= JJ[(/)(0)+V/xVg]-nrf<r 

s 

= JJ( V / x V g)-n da 


(Stokes’ Theorem) 


(Section 16.8,Exercise 19b) 


(Section 16.7, Equation 8) 


18. V xFj =V xF 2 =>V x(F 2 -Fj) = 0 => F 2 -F, is conservative => F 2 -F| =V /; also, V-Fj =V -F 2 
=> V '( F 2 -Fj) = 0^> V 2 /= 0 (so/is harmonic). Finally, on the surface S, V/-n = (F 2 -Fi)-n 
= F 2 • n - Fj • n = 0. Now, V • (/V/) =V/ -V/ + /V 2 / so the Divergence Theorem gives 
JJJ |V /|“ dV + JJJ / V 2 / dV = JJJ V ■(/ S7f)dV = JJ/V/ n da = 0, and since V 2 / = 0 we have 

D D D S 

JJJ |V dV + 0=0^>J[J |F 2 -F|| 2 dV = 0 = JJ/V/ n da = 0, as claimed. 


i j k 

19. False; let F = yi +xj 0 => VF = j^(y) + -Jj;(x) = 0 and V xF = jj- ■£■ = Oi+0j+0k = 0 

x y 0 

20. |r M xr v | = |r„| |r v | sin 9 = \r u \ |r v | [1-cos 9j = |r u | |r v | -|r M | |r v | cos 9 = \r u \ |r v | -(r„-r v ) 

=^>|r (i xr v | 2 =EG-F 2 =^>da =\r u xr v | du dv =\IeG-F 2 du dv 

21. r = xi + yj + zk => V - r =1 + 1 + 1+ = 3 => JJJ V-r JF=3JJJ dV = 3V => V = |JJJ V-rdV=jjj r n da, by 

D D D S 

the Divergence Theorem 
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17.1 SECOND-ORDER LINEAR EQUATIONS 

1. y" — y' — 12y = 0 => r 2 — r — 12 = 0 => (r — 4)(r + 3) = 0 r = 4 or r = — 3=^y = Cie 4x + C 2 e _3x 

2. 3y" — y' = 0 => 3r 2 — r = 0 => r(3r — l)=0=>r=0orr=|=>y = cie 0x + C 2 e! x =>• y = Ci + C 2 e! x 

3. y" + 3y' - 4y = 0 => r 2 + 3r - 4 = 0 => (r + 4)(r - 1) = 0 =>■ r = -4 or r = 1 =>■ y = cie~ 4x + c 2 e x 

4. y" - 9y = 0 =>• r 2 - 9 = 0 => (r — 3)(r + 3) = 0 => r = 3 or r = -3 => y = Cie 3x + c 2 e _3x 

5. y" — 4y = 0 => r 2 - 4 = 0 => (r — 2)(r + 2) = 0 => r = 2 or r = —2 =*> y = Cie 2x + c 2 e" 2x 

6. y" — 64y = 0 => r 2 — 64 = 0 =>■ (r — 8)(r + 8) = 0 =>■ r = 8 or r = — 8 => y = Cie 8x + C 2 e“ 8x 

7. 2y" — y' — 3y = 0 => 2r 2 — r — 3 = 0 => (2r — 3)(r + 1) = 0 => r = | or r = — 1 => y = Cie5 x + C 2 e~ x 

8. 9y" — y = 0 => 9r 2 — 1 = 0 => (3r - l)(3r + l)=0=>r=|orr=-|=>y = cies x + C 2 e~s x 

9. 8y" - 10y' — 3y = 0 => 8r 2 - lOr - 3 = 0 =>• (4r+ l)(2r - 3) = 0 => r = -± orr = § =>• y = c ie -* x + c 2 eJ x 

10. 3y" - 20y' + 12y = 0 =*► 3r 2 - 20r + 12 = 0 => (3r - 2)(r - 6) = 0 => r = § or r = 6 => y = CieJ x + c 2 e 6x 

11. y" + 9y = 0 => r 2 + 9 = 0 => r = 0 ± 3i => y = e 0x (cicos3x + C2sin3x) => y = cicos3x + C2sin3x 

12. y" + 4y' + 5y = 0 =$■ r 2 + 4r + 5 = 0 => r = = — 2 ± i => y = e~ 2x (ciCosx + c 2 sinx) 

13. y" + 25y = 0=>r 2 + 25 = 0=^r = 0±5i =>y = e 0x (cicos5x + C2sin5x) => y = CiCos5x + C2sin5x 

14. y" + y = 0=>r 2 -|-l=0=>r=0±i => y = e 0x (cicosx + C 2 sinx) => y = cicosx + C 2 sinx 

15. y" — 2y' + 5y = 0 => r 2 — 2r + 5 = 0 => r = ( -)±\/^- )2 ~ 4(1)(5) — 1 ± 2i y = e x (ciCos2x + C2sin2x) 

16. y" + 16y = 0=^r 2 + 16 = 0=^r = 0±4i =>y = e 0x (cicos4x + C2sin4x) =>y = cicos4x + C2sin4x 

17. y" + 2y' + 4y = 0 => r 2 + 2r + 4 = 0 => r = = — 1 ± y/3i => y = e _x (ciCOS y/z x + c 2 sin y/z xj 

18. y" — 2y' + 3y = 0 => r 2 — 2r + 3 = 0 => r = ( - )2 ~ 4(1)( ^ 1 = l±-\/2i=>y = e x ^cicos y/2x + C 2 sin \/2xj 

19. y" + 4y' + 9y = 0 => r 2 + 4r + 9 = 0 => r = ~ 4± ^ 4 ( " 4( ^- = —2 ± y/5i => y = e _2x ^cjcos a/5x + C 2 sin \/5xj 
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20. 4y" - 4y' + 13y = 0 => 4r 2 - 4r + 13 = 0 =>• r = ( = \ ± 03 i 

=> y = eJ x 0cos 03 x + C 2 sin \/3xj 

21 . y" = 0 => r 2 = 0 => r = 0 , repeated twice => y = Cie 0x + C 2 X e 0x =>■ y = Ci + C 2 X 

22. y" + 8 y' + 16y = 0 => r 2 + 8 r + 16 = 0 (r + 4 ) 2 = 0 =» r = —4, repeated twice => y = cie~ 4x + C 2 X e” 4x 

23. 0 + 40 +4y = 0=^r 2 +4r + 4 = 0=>(r + 2 ) 2 = 0=>r = —2, repeated twice => y = Cie _2x + C 2 xe~ 2x 

24. 0 — 60 + 9y = 0=^r 2 — 6 r + 9 = 0=>(r — 3)“ = 0 => r = 3, repeated twice => y = C!e 3x + C 2 X e 3x 

25. 0 + 60 +9y = 0=^r 2 + 6r + 9 = 0=>(r + 3) 2 = 0=>r = — 3 , repeated twice => y = Cie _3x + C 2 xe~ 3x 

26. 40 — 120 + 9y = 0 =$■ 4r 2 — 12r + 9 = 0 => (2r — 3 ) 2 = 0 => r = repeated twice =>■ y = ciei x + C 2 xeJ x 

27. 40 + 40 + y = 0 => 4r 2 + 4r + 1 = 0 => (2r+ l ) 2 = 0 => r = — 0 repeated twice => y = Cie~l x + C 2 xe“l x 

28. 40 — 40 + y = 0 =>• 4r 2 — 4r + 1 = 0 =>• (2r — l ) 2 = 0 =>■ r = repeated twice => y = ciel x + C 2 xe 2 x 

29. 90 + 60 + y = 0 =>■ 9r 2 + 6 r + 1 = 0 => (3r + l ) 2 = 0 =$■ r = — repeated twice =>y = Cie~J x + C 2 xe _ J x 

30. 90 — 120 + 4y = 0 9r 2 — 12r + 4 = 0 =$■ (3r — 2 ) 2 = 0 => r = |, repeated twice =>■ y = Cie 3 x + C 2 xe 5 x 

31. y" + 6 y' + 5y = 0. y(0) = 0, y'(0) = 3=>r 2 + 6 r + 5 = 0=> (r + 5)(r+ 1 ) = 0 => r = -5 or r = -1 

=> y = cie" 5x + c 2 e" x => y' = —5c\e~ 5x - c 2 e _x ; y(0) = 0 ci + C 2 = 0, and y'(0) = 3 => —5ci — C 2 = 3 

=> ci = -1 and c 2 = \ =>■ y = - f e~ 5x + |e~ x 

32. y" + 16y = 0, y(0) = 2, y'(0) = — 2=>r 2 + 16 = 0=>r = 0±4i=>y = CiCos4x + C 2 sin 4 x 

=> y' = —4cisin4x + 4 c 2 Cos 4 x; y(0) = 2 => Ci = 2, and y'(0) = —2 => 4 c 2 = —2 => Ci = 2 and C 2 = — \ 

=> y = 2 cos 4x — \ sin 4x 

33. y" + 12y = 0, y(0) = 0, y'(0) = 1 =>r 2 + 12 = 0=>r = 0± 203i => y = cicos203x + C2sin203x 

=> y' = —203 Ci sin 203 x + 203c2cos203x; y(0) = 0 =>■ ci = 0, and y'(0) = 1 => 203 C 2 = 1 
=>ci =0andc 2 = =^y= 0^sin203x 

34. 12y" + 5y' -2y = 0, y(0) = 1,300) = -1 => 12r 2 + 5r - 2 = 0 => (4r - l)(3r + 2) = 0 => r = \ orr = 

=> y = cie ( 7 4 ^ x + C 2 e” 7 / 3 ) x =^> y' = Ide 0 / 4 ) x — |c 2 e~ 7 / 3 )x. y( 0 ) = 1 => ci + C 2 = 1 , and y'( 0 ) = —1 

=> |ci - |c 2 = — 1 => Ci = — Yi andc 2 = || => y = - 0 e (1 / 4 ) x + jl e -( 2 / 3 ) x 

35 . y" + 8y = 0, y(0) = —1, y'(0) = 2=>r 2 + 8 = 0=>r = 0± 202i => y = cicos 202x + C 2 sin 202x 
=> y' = —202cisin 202x + 202 c 2 cos 202x; y(0) = — 1 => ci = —1, and y'(0) = 2 => 202 c 2 = 2 
=> Ci = — 1 and C 2 = 0 => y = —cos 202x + 0sin 202x 
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36. y" + Ay' + 4y = 0, y(0) = 0, y'(0) = 1 => r 2 + 4r + 4 = 0 => (r + 2 ) 2 = 0 r = — 2 repeated twice 

=> y = Cie~ 2x + C 2 xe _2x => y' = — 2 cie _2x + C 2 e~ 2x — 2 c 2 xe“ 2x ; y( 0 ) = 0 => Ci = 0 , and 
y'( 0 ) = 1 =>• — 2 ci + C 2 = 1 => ci = 0 and C 2 = 1 => y = xe~ 2x 

37. y" — Ay' + 4y = 0, y(0) = 1, y'(0) = 0 => r 2 — 4r + 4 = 0 => (r — 2 ) 2 = 0 r = 2 repeated twice 

=> y = Cie 2x + C 2 xe 2x => y' = 2 cie 2x + C 2 e 2x + 2 c 2 xe 2x ; y( 0 ) = 1 => ci = 1 , and y'( 0 ) = 0 => 2 ci + C 2 = 0 

=> Ci = 1 and C 2 = —2 => y = e 2x — 2 x e 2x 

38. 4y" — 4y' + y = 0, y(0) = 4, y'(0) = 4 => 4r 2 — 4r + 1 = 0 => (2r — l) 2 = 0 => r = \ repeated twice 

=> y = cies x + C 2 xel x =>■ y' = 00 11 + C 2 es x + 02 x e jX ; y(0) = 4 => c t =4, 

and y'(0) = 4 => 0i + C 2 = 4 =>■ Ci = 4 and C 2 = 2 => y = 4eJ x + 2xeJ x 

39. 4^ + 12g| + 9y = 0, y(0) = 2, 00) = 1 => 4r 2 + 12r + 9 = 0 => (2r + 3) 2 = 0 => r = -\repeated twice 

=> y = Cie~J x + C 2 xe^s x => ^ = — 0 ie~ 5 x + C 2 e~s x — |c 2 xe~s x ; y( 0 ) = 2 => Ci = 2 , and 00) = 1 

=> — |ci + C 2 = 1 => Ci = 2 and C 2 = 4 =>• y = 2e~s x + 4xe _ s x 

40. 90 - 12^ + 4y = 0, y(0) = -1, 00) = 1 =>• 9r 2 - 12r + 4 = 0 => (3r - 2) 2 = 0 => r = | repeated twice 

=> y = cieJ x + C 2 xeJ x =*> ^ = |cieJ x + C 2 ei x + |c 2 xei x ; y(0) = —1 => Ci = —1, and 00) = 1 

=> |ci + C 2 = 1 => Ci = — 1 and C 2 = | =>■ y — — ei x + 0 ei x 

41. y" — 2y' — 3y = 0 => r 2 — 2r — 3 = 0 => (r — 3)(r +1) = 0=t>r = 3orr=— 1 => y = Cie 3x + C 2 e _x 

42. 6 y" — y' — y = 0=>6r 2 —r—l=0=t>(2r—l)(3r+l)=0^>r=^orr=—|=^y = Cie3 x + C 2 e _ 3 x 

43. 4y" + 4y' + y = 0 => 4r 2 + 4r + 1 = 0 => (2r + l ) 2 = 0 => r = — \ repeated twice => y = Cie~! x + C 2 xe~l x 

44. 9y" + 12y' + 4y = 0 => 9r 2 + 12r + 4 = 0 => (3r + 2 ) 2 = 0 => r = — | repeated twice => y = Cie~s x + C 2 xe _ s x 

45. 4y" + 20y = 0 4r 2 + 20 = 0 => r = 0 ± 5i => y = e 0x ^cicos 05 x + C 2 sin 05 x j => y = cicos 05 x + c 2 sin 05 x 

46. y" + 2y' + 2y = 0 r 2 + 2r + 2 = 0 => r = ~' ± ^ //( ^~ 4( ' 1)( ~ ) = — 1 ± i =t> y = e _x (cicosx + C 2 sinx) 

47. 25y" + 10y' + y = 0 => 25r 2 + lOr + 1 = 0 =t> (5r + l ) 2 = 0 => r = — | repeated twice => y = c ^ - ! 11 + c 2 xe~! x 

48. 6 y" + 13y' - 5y = 0 => 6 r 2 + 13r - 5 = 0 =>• (3r - l)(2r + 5) = 0 => r = ± orr = => y = cies x + c 2 e-i x 

49. 4y" + 4y' + 5y = 0 => 4r 2 + 4r + 5 = 0 =>• r = 4 ± ^ 2 ( 4 ]~ ~~^ = —5 ± i =>■ y = e~J x (ciCosx + C 2 sinx) 

50. y" + 4y' + 6 y = 0 => r 2 + 4r + 6 = 0 => r = 4 ± ^ 4 0 4(1><6) = — 2 ± 02 i => y = e~ 2x ^cicos 02 x + C 2 sin 02x^j 

51. 16y" — 24y' + 9y = 0 =>■ 16r 2 — 24r + 9 = 0 => (4r — 3 ) 2 = 0 => r = | repeated twice => y = cie? x + C 2 xe* x 
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52. 6 y " — 5y' - 6 y = 0 => 6 r 2 - 5r — 6 = 0 => (2r — 3)(3r + 2) = 0 =>• r = f or r = — = =>• y = cieJ x + C 2 e _ s x 

53. 9y" + 24y' + 16y = 0 =>■ 9r 2 + 24r + 16 = 0 => (3r + 4) 2 = 0 => r = — | repeated twice =>■ y = de _ s x + C 2 xe~J x 

54. 4y" + 16y' + 52y = 0 => 4r 2 + 16r + 52 = 0 => r = 16 ± \Zt 1 ^~ 4(4)(5 -- ) = —2 ± 3i => y = e~ 2 x (ciCos3x + C 2 sin 3 x) 

55. 6 y" — 5y' — 4y = 0 => 6 r 2 — 5r — 4 = 0 =>■ (3r — 4)(2r +1) = 0 => r = | or r = — \ => y = cieJ x + C 2 e“ 5 x 

56. y" - 2y' + 2y = 0, y(0) = 0, y'(0) = 2=>r 2 -2r + 2 = 0=>r = = 1 ± i 

=> y = e x (cicosx + C 2 sinx) => y' = e x (cicosx + C 2 sinx) + e x (—Cisinx + C 2 Cosx); y(0) = 0 => ci = 0, and 
y'(0) = 2 =>• ci + C 2 = 2 =>■ Ci = 0 and C 2 = 2 => y = 2e x sin x 

57. y" + 2y' + y = 0, y(0) = 1, y'(0) = l=>r 2 + 2r+l=0=>(r+l ) 2 = 0=>r= — 1, repeated twice 

=>■ y = Cie“ x + C 2 xe -X =>■ y' = —Cie~ x — C 2 xe -X + C 2 e~ x ; y(0) = 1 => ci = 1, and y'(0) = 1 => —ci + C 2 = 1 
=> Ci = 1 and C 2 = 2 =>■ y = e _x + 2xe _x 

58. 4y" — 4y' + y = 0, y(0) = —1, y'(0) = 2 => 4r 2 — 4r + 1 = 0 => (2r — l) 2 = 0 => r = repeated twice 
=> y = cies x + C 2 xel x => y' = ^cies x + ic 2 xeJ x + C 2 es x ; y(0) = — 1 => ci = —1, andy'(O) = 2 

=> jCi +C 2 = 2 =>Ci = —1 and C 2 = | =>■ y = — e5 x + |xel x 

59. 3y" + y'-14y = 0, y(0) = 2, y'(0) = -1 => 3r 2 + r - 14 = 0 => (3r + 7)(r - 2) = 0 =*► r = or r = 2 

=> y = cie~ 5 x + C 2 e 2x =>■ y' = — |cie~3 x + 2 c 2 e 2x ; y( 0 ) = 2 => ci + C 2 = 2 , and y'( 0 ) = — 1 => — |ci + 2 c 2 = — 1 
=> ci = |f and c 2 = || => y = |f e -( 7 / 3 ) x + |i e 2x 

60. 4y" + 4y' + 5y = 0, y(?r) = 1, y'(?r) = 0=>4r 2 +4r + 5 = 0=^r = ~ 4±v/( ^~ 4(4)( - = ± i 

=> y = e^ 5 x (ciCosx + C2sinx) => y' = — ^e~l x (cicosx + C2sinx) + e _ J x (—cisinx + C2Cosx); y(n) = 1 
=> — e _ ici = 1 , and y'( 7 r) = 0 =$■ — ^e _ ici + e _ *C2 = 0 =>■ Ci = —e^ and C2 = —jd 
=> y = e~2 x (—e^cosx — ^e^sinx) 

61. Let ri and r 2 be real roots with ri ^ r 2 . If e riX and e f2X are linearly independent, then e riX is not a constant multiple of e 1 ' 2 * 
(and vice versa). Assume that e riX is a constant multiple of e r2X , then for some nonzero constant c, e riX = c e r2X =>• ^ = c 
=> e riX_r2X = c => e ,r|_r2,x = c. Since r : ^ i' 2 , c is not a constant, which is a contridiction. Thus e riX and e r2X are linearly 
independent. 

62. Let r be the only repeated real root. If e rx and x e rx are linearly independent, then e rx is not a constant multiple of x e rx 
(and vice versa). Assume that xe rx is a constant multiple of e rx , then for some nonzero constant c, xe rx = ce rx 
=>xe rx — c e rx = 0 => e rx (x — c) = 0 => e rx = 0 or x — c = 0. Since e rx 7 ^ 0 =>■ x = c, thus c is not a constant, which 
is a contridiction. Thus e rx and xe l x are linearly independent. 
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63. Let ri = a + i (3 and r 2 = a — i 3 be complex roots. If e QX cos 3 x and e" x sin 3 x are linearly independent, then e“ x cos 3 x 
is not a constant multiple of e“ x sin 3 x (and vice versa). Assume that e“ x cos fix is a constant multiple of e QX sin 3 x, then 
for some nonzero constant c, e“ x cos /?x = ce“ x sin/lx =>• e QX cos/3x — c e QX sin /3x = 0 =>■ e“ x (cos/3x — c sin/3x) =0 
=> e“ x = 0 or cos /? x — c sin /l x = 0. Since e ax 7 ^ 0 => c = cot 3 x, thus c is not a constant, which is a contridiction. 
Thus e“ x cos 3 x and e“ x sin 3 x are linearly independent. 

64. Let yi and y 2 be linearly independent solutions of P(x) y" + Q(x) y' + R(x) y = 0. Let y 3 = yi + y 2 => y 3 = y[ + y 2 
=>Y 3 = Yi + Y" • Then P(x) yf + Q(x) y ' 3 + R(x) y 3 = P(x) (yf + yf) + Q(x)(y{ + y') + R(x) ( Yl + y 2 ) 

= P(x) yf + P(x) yf + Q(x)y( + Q(x) y' 2 + R(x) Yl + R(x) y 2 

= P(x) yf + Q(x)y{ + R(x) y x + P(x) yf + Q(x) yi + R(x) y 2 = 0 + 0 = 0. Let y 4 = y x - y 2 => y \ = y[ - yi 
=► yl = yf - y"• Then P(x) yf + Q(x) yf + R(x) y 4 = P(x) (yf - yf) + Q(x)(y{ - yi) + R(x) ( Yl - y 2 ) 

= P(x) yf - P(x) yf + Q(x)y{ - Q(x) y' 2 + R(x) y, - R(x) y 2 

= P(x) yf + Q(x)y{ + R(x) yi — [P(x) yf + Q(x) yi + R(x) y 2 ] = 0 — 0 = 0. Thus y 3 and y 4 are both solutions. 

Suppose that y 3 is a constant multiple of y 4 , then there is a nonzero constant c such that y 3 — c y 4 . 

=> yi + y 2 = c(yi — V 2 ). If we solve this equation for yi we obtain yi = f-f y 2 => y x is a constant multiple of y 2 , 
which is a contradiction since y 1 and y 2 are linearly independent =+ yi + >'2 and y 3 — y 2 are linearly independent. 

65. (a) y" + 4y = 0, y(0) = 0, y( 7 r) = l=^r 2 + 4 = 0+>r = 0±2i => y = e 0 x (c 1 cos 2x + C 2 sin 2x) 

=+ y = CiCos2x + C 2 sin 2 x; y(0) = 0 => Cj = 0, and y( 7 r) = 1 => Cj = 1 => no solution 
(b) y" + 4y = 0, y(0) = 0, y( 7 r) = 0=t>r 2 +4 = 0=>r = 0±2i => y = e 0 x (cicos2x + C 2 sin 2 x) 

=+ y = cicos 2x + C 2 sin2x; y(0) = 0 => Ci = 0, and y( 7 r) = 0 => Cj = 0 => cj = 0, C 2 can be any real number 
+• y = c 2 sin 2 x 

66 . Let a, b, and c be positive constants, then r = ~ b± ^f" 4 — = — f a ± v/b )f 4ac . There are three cases to consider. 

Case I: Two distinct real solutions =+ b 2 — 4ac > 0. Since a, b, and c are positive => 4ac > 0 and b > 0 

=+ —4ac < 0 and — b < 0 =$■ 0 < b 2 — 4ac < b 2 +> 0 < \J b 2 — 4ac < b => — b + \/b 2 — 4ac < 0 
and -b - v ^ 2 - 4ac < 0. Since 2a > 0 => -b± 7 b 2 - 4 ac < Q Thus ri = -b + 3 /b 2 - 4 ac < Q and 

r 2 = < 0. The general solution to the differential equation is y = Cie riX + C 2 e r2X . 

lim (de r > x + c 2 e r2X ) =0 + 0 = 0 . 

X—MX) 

Case II: One repeated real solution => b 2 — 4ac = 0. Since a, b, and c are positive => 2a > 0 and —b < 0 
=> r = — L < 0. The general solution to the differential equation is y = Cie rx + C 2 xe rx . Since 
r < 0 —r > 0. lim (cie rx + C 2 xe rx ) = lim (cie rx + ^) = lim (cie rx ) + lim (fS) 

= 0 + lim ( _ C2 _„ ) = 0, using L'hopital's rule to evaluate the limit of the second expression. 

Case III: Two complex, nonreal solutions =>• b 2 — 4ac < 0 => 4ac — b 2 > 0. Since a, b, and c are positive => 2a > 0 and 
—b < 0 => — ^ <0. The roots are ri = — ^ + v/ 4 a f~ b i and r 2 = — ^ — 7 4 ac-b 2 •, q 3US a _ _ Jl <0 and 

3 — ^ 4 ^~ b2 > 0 . The general solution to the differential equation is y = e“ x (ciCos 3 x + C 2 sin 3 x). Since 
— 1 < sin/3x < 1 and —1 < cos/3x < 1 => — |c 2 1 < C 2 sin/3x < |c 2 1 and — |c 4 1 < cicos/3x < |c 4 1 
=>■ -|ci| - |c 2 | < Cicos 3 X + c 2 sin/3x < |c 4 1 + |c 2 | 

=>■ e“ x (—|ci| — |c 2 |) < e QX (cicos/3x + c 2 sin/Jx) < e“ x (|ci| + |c 2 |) 

lim [e ax (—|ci| - |c 2 |)] = (—|ci| - |c 2 |) lime“ x = 0 and lim [e“ x (|c 4 1 + |c 2 |)] = (|c 4 1 + |c 2 |) lime" x = 0 

X—MX) X—>00 X—^OO X—>00 

thus by the Sandwich theorem, lim [e“ x (cicos /?x + c 2 sin 3 x)] = 0. 
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17.2 NONHOMOGENEOUS LINEAR EQUATIONS 

1. y" — 3y' - lOy = — 3 => r 2 - 3r - 10 = 0 => (r - 5)(r + 2) = 0 => r = 5 or r = — 2 y c = Cie 5x + c 2 e~ 2x ; y p 
=> y^ = 0 => y" = 0 => 0 - 3(0) - 10A = -3=>A=^=>y = Cl e 5x + c 2 e- 2x + ^ 

2. y" - 3y' - lOy = 2x - 3 => r 2 - 3r - 10 = 0 => (r - 5)(r + 2) = 0 => r = 5 or r = -2 =>• y c = c t e 5x + c 2 e~ 2x ; 
y p = Ax + B => y p = A =S> y" = 0 => 0 - 3A - 10(Ax + B) = 2x - 3 => -lOAx + (-3A - 10B) = 2x - 3 
=> — 10A = 2, —3A — 10B = -3 => A = B = ^ => y = cie 5x + c 2 e- 2x - ±x + § 

3. y" — y' = sinx => r 2 — r = 0 =>• r(r — 1) = 0 =>■ r = 0 or r = 1 => y c = Cie 0x + c 2 e x = ci + c 2 e x ; 

y p = A sin x + B cos x y p = A cos x — B sin x =>• y " = —A sin x — B cos x 

=> —Asinx — B cosx — (Acosx — B sinx) = sinx => (—A + B)sinx + (—A — B)cosx = sinx 
=> —A + B = 1, —A — B = 0 => A = — ^,B = \ =^y = ci+ c 2 e x — 2 sinx + \ cosx 

4. y" + 2y' + y = x 2 r 2 + 2r + 1 = 0 => (r + l) 2 = 0 r = -1 repeated twice => y c = Cie~ x + c 2 xe~ x ; 
y p = Ax 2 + Bx + C =*> y p = 2Ax + B => y" = 2A => (Ax 2 + Bx + C) + 2(2Ax + B) + 2A = x 2 

=> Ax 2 + (4A + B) x + (2A + 2B + C) = x 2 =>• A = 1, 4A + B = 0, 2A + 2B + C = 0 => A = 1, B = -4, 

C = 6 => y = Cie~ x + c 2 xe” x + x 2 — 4x + 6 

5. y" + y = cos3x =>r 2 + l= 0=t>r = 0±i=>y c = e 0x (cicosx + c 2 sinx) = cicosx + c 2 sinx; 
y p = A sin 3x + B cos 3x => y p = 3A cos 3x — 3B sin 3x => y " = —9A sin 3x — 9B cos 3x 

=>• —9A sin 3x — 9B cos 3x + (A sin 3x + B cos 3x) = cos 3x =>• —8A sin x — 8B cos x = cos 3x 
=>• — 8A = 0, —8B = 1 => A = 0, B = — t=>y = c^osx + c 2 sinx — | cos3x 

6. y" + y = e 2x => r 2 + 1 = 0 => r = 0 ± i =>• y c = e 0x (cicosx + c 2 sinx) = cicosx + c 2 sinx; 

y p =Ae 2x ^-y' = 2Ae 2x =>■ y" = 4Ae 2x => 4Ae 2x + Ae 2x = e 2x => 5Ae 2x = e 2x => 5A = 1 
=> A = i => y = cicosx + c 2 sinx + le 2x 

7. y" — y' — 2y = 20cosx ^r 2 — r — 2 = 0=>(r — 2)(r + l)=0=>r=2orr=—l=>y c = Cie 2x + c 2 e~ x ; 
y p = A sin x + B cos x =>• y p = A cos x — B sin x => y" = —A sin x — B cos x 

=> —A sin x — B cos x — (A cos x — B sin x) — 2(A sin x + B cos x) = 20cos x 

=>• (—3A -1- B)sinx + (—A — 3B)cosx = 20cosx => —3A + B = 0, —A — 3B = 20 => A = —2, B = —6 
=> y = cie 2x + c 2 e~ x — 2sinx — 6cosx 


8. y" + y = 2x + 3e x =>• r 2 + 1 = 0 => r = 0 ± i => y c = cicosx + c 2 sinx; y p = Ax + B + Ce x => y p = A + Ce x 
=S> y" = Ce x => Ce x + (Ax + B + Ce x ) = 2x + 3e x Ax + B + 2Ce x = 2x + 3e x =>• A = 2, B = 0. 2C = 3 
=> A = 2, B = 0, C = 2 => y = cicosx + c 2 sinx + 2x + |e x 

9. y" — y = e x + x 2 => r 2 — 1 = 0 => (r — l)(r + l)=0=t>r=lorr=—l=>y c = Cie x + c 2 e~ x ; 
y p = Axe x + Bx 2 + Cx + D => y p = Ae x + Axe x + 2Bx + C => y" = 2Ae x + Axe x + 2B 

=S> (2Ae x + Axe x + 2B) - (Axe x + Bx 2 + Cx + D) = e x + x 2 => 2Ae x - Bx 2 - Cx + (2B - D) = e x + x 2 
=> 2A = 1, -B = 1, -C = 0, 2B - D = 0 =>• A = B = -1, C = 0, D = -2 
=> y = cie x + c 2 e~ x + jxe x — x 2 — 2 
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10. y" + 2y' + y = 6sin2x r 2 + 2r + 1 = 0 => (r + l) 2 = 0 r = —1, repeated twice => y c = cie x + C 2 xe x ; 
y p = A sin 2x + B cos 2x => y^ = 2A cos 2x — 2B sin 2x => y " = —4A sin 2x — 4B cos 2x 

=> —4A sin 2x — 4B cos 2x + 2(2A cos 2x — 2B sin 2x) + (A sin 2x + B cos 2x) = 6sin 2x 

=> (—3A — 4B)sin2x + (4A — 3B)cos2x = 6sin2x =$■ -3A - 4B = 6, 4A - 3B = 0 =>- A = -g,B = -^| 

=> y = cie~ x + c 2 xe~ x — sin2x — cos 2x 

11. y" — y' — 6y = e~ x — 7cosx => r 2 — r — 6 = 0 => (r — 3)(r + 2) = 0 =$■ r = 3 or r = — 2 => y c = cie 3x + c 2 e _2x ; 
y p = Ae _x + B sinx + C cos x =>■ y' = — Ae~ x + B cos x — C sinx => y" = Ae _x — B sin x — C cos x 

=> Ae _x — B sin x — C cos x — (— Ae~ x + B cos x — C sin x) — 6(Ae~ x + B sin x + C cos x) = e~ x — 7cos x 
=> -4Ae~ x + (-7B + C)sinx+ (-B -7C)cosx = e~ x -7cosx=> -4A = 1, -7B + C = 0, -B - 7C = -7 
=>• A = B = ^,C=|g=>y = Cl e 3x + c 2 e~ 2x - ±e~ x + ^sinx + f^cosx 

12. y" + 3y' + 2y = e“ x + e” 2x - x => r 2 + 3r + 2 = 0 => (r + l)(r + 2) = 0 => r = -1 or r = -2 y c = cie“ x + c 2 e _2x ; 

y p = Ax e~ x + Bx e~ 2x + Cx + D =*> y p = Ae“ x - Axe~ x + B e' 2x - 2Bxe~ 2x + C 

=> y" = —2Ae~ x + Axe“ x - 4Be- 2x + 4Bxe“ 2x =» -2Ae“ x + Axe~ x - 4Be- 2x + 4Bxe' 2x 

+ 3(Ae -x - Ax e~ x + B e~ 2x - 2Bx e~ 2x + C) + 2(Ax e“ x + Bx e~ 2x + Cx + D) = e~ x + e“ 2x - x 
=> Ax e~ x — B e” 2x + 2Cx + (3C + 2D) = e" x + e~ 2x - x => A = 1, —B = 1, 2C = -1, 3C + 2D = 0 
=> A = 1, B = — 1, C = — D = \ =^> y = cie _x + C 2 e~ 2x + xe~ x — xe~ 2x - ^x + \ 

13. gj + 5g^ = 15x 2 =>• r 2 + 5r = 0 => r(r + 5) = 0 => r = 0 or r = — 5 => y c = Cie 0 x + c 2 e~ 5x = Ci + c 2 e~ 5x ; 

y p = Ax 3 + Bx 2 + Cx =>• y^ = 3Ax 2 + 2Bx + C => y" = 6Ax + 2B => 6Ax + 2B + 5(3Ax 2 + 2Bx + C) = 15x 2 
=> 15Ax 2 + (6A + 10B)x + (2B + 5C) = 15x 2 =>• 15A = 15, 6A + 10B = 0, 2B + 5C = 0 => A = 1, B = -f, C = ^ 
=>• y = cr + c 2 e” 5x + x 3 - |x 2 + ^x 

14. - gj = — 8x + 3=>r 2 -r = 0=^r(r-l)=0=>r = 0orr=l=>y c = cie 0x + C 2 e lx = ci + c 2 e x ; 

y p = Ax 2 + Bx => y^ = 2Ax + B => y" = 2Ax => 2A - (2Ax + B) = -8x + 3 => -2Ax + (2A - B) = -8x + 3 
=> — 2A = —8, 2A — B = 3=>A = 4, B = 5=>y = Ci + C 2 e x + 4x 2 + 5x 

15. g7[ — 3gj = e 3x — 12x =>■ r 2 — 3r = 0 => r(r — 3) = 0 =$■ r = 0 or r = 3 => y c = Cie 0 x + C 2 e 3x = Ci + C 2 e 3x ; 
y p = Ax e 3x + Bx 2 + Cx => y^ = Ae 3x + 3Ax e 3x + 2Bx + C =>• y" = 6Ae 3x + 9Axe 3x + 2B 

=> 6Ae 3x + 9Axe 3x + 2B - 3(Ae 3x + 3Axe 3x + 2Bx + C) = e 3x - 12x 3Ae 3x - 6Bx + (2B - 3C) = e 3x - 12x 
=> 3A = 1, 6B = 12, 2B — 3C = 0 => A = g, B = 2, C = g => y = ci + c 2 e 3x + ±x e 3x + 2x 2 + f x 

16. g^ + 7g| = 42x 2 + 5x + 1 =>■ r 2 + 7r = 0 => r(r + 7) = 0 =>■ r = 0 or r = — 7 => y c = cie 0x + C 2 e _7x = ci + C 2 e~ 7x ; 
y p = Ax 3 + Bx 2 + Cx => yp = 3Ax 2 + 2Bx + C y" = 6Ax + 2B 

=» 6Ax + 2B + 7(3Ax 2 + 2Bx + C) = 42x 2 + 5x + 1 => 21Ax 2 + (6A + 14B)x + (2B + 1C) = 42x 2 + 5x + 1 
21A = 42, 6A + 14B = 5, 2B + 7C = 1 A = 2, B = C = f => y = cj + c 2 e- 7x + 2x 3 - jx 2 + fx 


17. y" + y' = x, => r" + r = 0 => r(r + 1) = 0 => r = 0 or r = -1 => y c = Cie 0 x + c 2 e x = Cj + c 2 e x =>• y! = 1, y 2 = e 


v, = 


0 e -x 
x —e _ 
1 

0 -e 


= x and = 


1 

0 

0 

X 

1 

e -x 

0 

—e _x 


= —xe x => V| = J'xdx = gX 2 and 


v 2 — J -xe x dx = — xe x + e x => y p = ^x 2 (l) + (—xe x + e x )e x = |x 2 — : 
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18. y" + y = tanx, —|<x<f=>r 2 +l= 0 =^r = 0 ±i=^y c = cicosx + casinx => yi = cosx, y 2 = sinx 


0 sinx 

_v _ tanx cosx _ —sinxtanx _ c • v sinx 

—/* V 1 — — , — Sill A 

1 cos x sin x 1 cos x 

—sinx cosx 


sin 2 x 

cosx 


and Vj 


COSX 

0 

—sinx 

tanx 

cosx 

sinx 

—sinx 

cosx 


cos x tan x 

1 


= cos x • = sin x 


=> vi = — f^^dx = rcosfjc— l dx = -— )dx = f (cosx — secx)dx = sinx — lnlsecx + tanxl and 

1 J COS X J COS X J \ COS X COS X / J \ / I 1 I 

v 2 = /sinxdx = -cosx => y p = (sinx - ln|secx + tanx|)(cosx) + (-cosx)(sinx) = -(cosx) ln|secx + tanx| 


=> y = cicosx + C 2 sinx — (cosx) lnjsecx + tanx| 


19. y" + y = sinx ^•r 2 +l=0^r = 0±i=>y c = cicosx + C 2 sinx => yi = 


cos x, y 2 = sin x 


0 sinx 
sin x cos x 
cos x sin x 
—sinx cosx 


-= — sin 2 x and = 


cosx 

0 

—sinx 

sinx 

cosx 

sinx 

—sinx 

cosx 


sin x cos x 


= sinx cosx 


Vi = J— sin 2 xdx = J cos2x 1 dx = lsin 2 x — ^x, and V 2 = J sinxcosxdx 
Yp = Qsin 2x — ix)(cosx) + (^sin 2 x) (sinx) = jsinxcos 2 x— )-xcosx+ jsinx— ^sinxcos 2 x 


1 • 2 
= ^sin x 


= —^xcosx + ^sinx => y = cicosx + C 2 sinx — ^xcosx 


20 . y" + 2 y' + y = e x r 2 + 2 r + 1 = 0 => (r + l ) 2 = 0 r = — 1 , repeated twice => y c = Cie x + C 2 xe 


=> yi = e x , y 2 = xe 

j 0 se- 1 
e x e _x — xe _x 


V = 


= -4 = —xe 2x and v) = 


—e x e x — xe x 


-e x e x - xe x 


= -ij = e 2x => V| = — Jxe 2x dx = — ^xe : 


1 „ „2x j 1 , 


and V 2 = J e 2x dx = ^e 2x => y p = (-'xe 2x + |e 2x )(e x ) + ('e 2x )(xe x ) = |e x => y = cie x + C 2 xe x + |e x 

21 . y" + 2y' + y = e~ x =z- r 2 + 2 r + 1 = 0 => (r + l) 2 = 0 => r = — 1 , repeated twice =>• y c = Cie _x + C 2 xe~ x 
=> yi = e~ x , y 2 = xe~ x 


0 xe x 
e x e _x — xe _x 


—e -x e -x — xe - 


xe = -x and V 2 = 


-x 0 

-— X X 


p—2x 


—e x e x — xe 


= = 1 => Vi = - f xdx = - 


— _U2 

— 2 X 


and v 2 = J ldx = x =>■ y p = (—^x 2 )(e x ) + (x)(xe x ) = ^x 2 e x =>• y = ^e x + c 2 xe x + ix 2 e x 

22 . y" — y = x => r 2 — 1 = 0 =>■ (r — l)(r+ 1 ) = 0 => r = 1 orr = — 1 => y c = cie x + C 2 e~ x => yi = e x , y 2 = e~ x 

[ J xe~ x dx = -±xe~ x - ±e“ x 


0 e~ x 
x —e _ 


aX p —X 


— 5 X e x and v) = 


e x 0 
e x x 


pX p—X 


= ^ = - 5 xeX ^ v l = 5. 


and V 2 — — ^ J"xe x dx = — (xe ! + je x => y p = (— (xe x — ^e x )e x + (—|xe x + ^e x )e x = — x 
=> y = cie x + C 2 e~ x — x 

23. y" — y = e x => r 2 — 1 = 0 => (r — l)(r + 1 ) = 0 => r = 1 or r = — 1 => y c = Cie x + C 2 e~ x => yi = e x , y 2 = e” 

= = — ^e 2x => vi = J* | dx = ^x and V2 = — 5 J"e 2x dx = — |e : 


0 

e x 

e - x 

-e~ x 

e x 

e -x 

e x 

—e -x 

(K 

)e x + 


= =5 = 5 and v 2 = 


e x 0 

„x _x 


,2x 


pX p—X 


y p = Qx)e x + (—^e 2x )e x = ^xe x - ^e x =4> y = cie x + c 2 e x + 


2x 
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24. y” — y = sinx ^r 2 —l=0=>(r — l)(r + 1) = 0 => r = 1 or r = — 1 => y c = cie x + C 2 e x => yi = e x , y 2 = e 

I 0 e- x I |e x 0 I 


1 Ie x e~ x 


-2 2 


e x 

0 

e x 

sinx 

e x 

e _x 

e x 

—e _x 


=> Vi = \ J'e x sinxdx = — |e x cosx — |e x sinx and V 2 = — 5 J e x sinxdx = |e : 


= |e x cosx— |e x sinx 


y p = (—|e x cosx — x sinx)e x + (|e x cosx — |e x sinx)e x = — ^sinx =>■ y = Cie x + C 2 e x e x — ^sinx 


25. y + 4y' + 5y = 10 => r 2 + 4r + 5 = 0 => r = 


_ —4±^4 2 —4(1)(5) 


=> yi = e 2x cosx, y 2 = e 2x sinx => v[ = 


- 2(1) - 

I 0 e _2x sinx 

| 10 e _2x cos x—2e _2x sin x | 
e _2x cos x e -2x sin x 

—e _2x sin x—2e _2x cos x e -2x cos x—2e _2x sin x 


= — 2 ± i => y = e 2x (cicosx + C 2 sinx) 


= - 10e :^ sinx = — 10e 2x sinx 


and v 2 = 


e _2x cos x 0 

—e -2x sinx—2e _2x cosx 10 
e _2x cos x e -2x sin x 

—e _2x sin x—2e _2x cos x e -2x cos x—2e _2x sin x 


10e ~> sx = 10e 2x cosx 


=> Vi = — J 10e 2x sinxdx = 2e 2x cosx — 4e 2x sinx and V 2 = J 10e 2x cosxdx = 2e 2x sinx + 4e 2x cosx 

y p = (2e 2x cosx — 4e 2x sinx)(e~ 2x cosx) + (2e 2x sinx + 4e 2x cosx)(e~ 2x sinx) = 2 =>■ y = e~ 2x (cicosx + C 2 sinx) + 2 


26. y" — y' = 2 X => r 2 — r = 0 => r(r — 1) = 0 => r = 0 or r = 1 =>■ y c = Cie 0x + C 2 e x = ci + C 2 e x => yi = 1 , y 2 = e x 


0 e x 


1 0 

2 X e x 

— -2 x e x _ ox „ nr | .,1 _ 

0 2 X 

0) <U 

O 

- e X — ^ V2 - 

1 e x 

0 e x 


V! = /(■)■* = Eti(i r =*■ y- = (Arm + (nrtrd)-)^ = (A + irtr)2‘ = 


=>• y — ci + c 2 e x 


In 2—1 qx 
In2(ln2—1) ^ 


§ + y = sec x, -1 < x < f => r 2 

I 0 sinx I 

, _ / sec x cos x —sin x sec x 


= —tan x and vi = 


±i => 

o 

II 

cosx 

0 

—sinx 

sec x 

cosx 

sin x 

—sinx 

cos X 


J— tanxdx 


-f ^dx = In| cosx| and v 2 = fl dx = x =► y p = (ln|cosx|)(cosx) + (x)(sinx) = cosxln|cosx| + xsinx 
y = cicosx + C 2 sinx + cosxln|cosx| + xsinx 


28. ^ ^ = e x cosx=>r 2 —r = 0=>r(r — l)=0=>r = 0orr=l=>y c = cie 0x + C 2 e x = ci + C 2 e x 


1 o 

• y / I e x cos X 0 X _P 2 ^COS X x i/0 6 X C0S x e^cos X 

=> Yi = 1, y 2 = e x => v{ = 1 n eX | 1 = e e x = -e x cosx and v' 2 = , eX = = cosx 

| 0 e x | | 0 e x | 

=> Vi = — J'e x cosxdx = — ^e x sinx — le x cosx and and V 2 — J cosxdx = sinx 

=> y p = (—^e x sinx — ie x cosx) (1) + (sinx)(e x ) = ^e x sinx — ^e x cosx => y = ci + C 2 e x + ^e x sinx — ^e x cosx 


29. y" — 5y' = xe 5x , y p = Ax 2 e 5x + Bxe 5x => y p = 5Ax 2 e 5x + 2Axe 5x + 5Bxe 5x + Be 5x 
=> y" = 25Ax 2 e 5x + 20Axe 5x + 2Ae Sx + 25Bxe 5x + 10B e 5x 

=> (25Ax 2 e 5x + 20Ax e 5x + 2Ae 5x + 25Bxe 5x + 10B e 5x ) - 5(5Ax 2 e 5x + 2Axe 5x + 5Bxe 5x + B e 5x ) = xe 5x 
=> lOAxe 5x + (2A + 5B) e 5x =xe 5x => 10A = 1, 2A + 5B = 0 => A = L, B = -L y p = ^x 2 e 5x - ^xe 5x ; 
r 2 — 5r = 0 => r(r — 5) = 0 => r = 0 or r = 5 => y c = c^ 0 ' 11 + C 2 e 5x = cj + c 2 e Sx 
=^> y = ci + C 2 e 5x + ^,x 2 e 5x — ^xe 5x 
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30. y" — y' = cos x + sin x, y p = A cos x + B sin x => y p = — A sin x + B cos x => y” = —A cos x — B sin x 

=> —Acosx — B sinx — (—Asinx + Bcosx) = cosx + sinx => (A — B)sinx + (—A — B)cosx = cosx + sinx 
=> A - B = 1, -A - B = 1 => A = 0, B = -1 => y p = -sinx; r 2 -r = 0=>r(r-l)=0=>r = 0orr=l 
=> y c = C|e 0x + C 2 e x = c\ + C 2 e x =>- y = ci + C 2 e 5x — sinx 


31. y" + y = 2cos x + sin x, y p = Ax sin x + Bx cos x => y p = Ax cos x + A sin x — Bx sin x + B cos x 
=> y " = —Ax sin x + 2A cos x — Bx cos x — 2B sin x 

=> (—Axsinx + 2Acosx — Bxcosx — 2B sinx) + (Axsinx + Bxcosx) = cosx + sinx 
=> —2B sinx + 2Acosx = 2cosx + sinx => —2B = 1, 2A = 2 =>• A = 1, B = — \ => y p = xsinx — ^xcosx; 
r 2 + l = 0=>r = 0±i=>y c = cicosx + C 2 sinx => y = cicosx + C 2 sinx + xsinx — bxcosx 


32. y" + y' — 2y = x e x , y p = Ax 2 e x + Bx e x => y p = Ax 2 e x + 2Ax e x + Bx e x + B e x 
=> y" = Ax 2 e x + 4Ax e x + 2Ae x + Bx e x + 2B e x 

=> (Ax 2 e x + 4Ax e x + 2Ae x + Bx e x + 2B e x ) + (Ax 2 e x + 2Ax e x + Bx e x + B e x ) — 2(Ax 2 e x + Bx e x ) = x e x 
6Axe x + (2A + 3B)e x = xe 5x =>• 6A = 1, 2A + 3B = 0 =>• A = B = -± => y p = ±x 2 e x - ±xe x ; 
r 2 +r — 2 = 0=>(r + 2)(r — 1) = 0 => r = — 2 or r = 1 => y c = Cie _2x + C 2 e x => y = cie~ 2x + C 2 e x + gX 2 e x — gxe x 


33 - 


(a) yj = 1, y 2 = e x 


=> r 2 — r = 0 r(r l) = 0=>r = 0orr = 1 ^ y c = cie 0 x + C 2 e x = ci + C 2 e 


v, = 


0 

e x_|_ e -x 

1 e 7 
0 e x 


—e zx — 1 


= —e 


e x and = 


1 o 

0 e x +e - 

I 

0 e x 


_ e +e~ 


= 1 + e' 


-2x 


=>vi = f (—e x — e x ) dx = —e x + e x and V 2 = J*( 1 + e 2x ) dx = x — 2x 

=> y p = (—e x + e~ x )(l) + (x — 7 e -2x )(e x ) = —e x + xe x + => y = ci + C 2 e x xe x + 

(b) y p = Ax e x + B e _x y p = Ax e x + A e x — B e _x => y" = Ax e x + 2A e x + B e _x 

=>• (Axe x + 2Ae x + B e _x ) - (Axe x + Ae x — B e~ x ) = e x + e~ x => Ae x + 2Be" x = e x + e~ 
=^A=l,2B = l=^A=l,B = i=>y = Ci + c 2 e x + xe x + ie~ x 


34. 


d 2 y 

dx 2 


4+ 4y = 2e 2x =>■ r 2 — 4r + 4 = 0 => (r — 2) 2 = 0 =>■ r = 2, repeated twice =>■ y c = cie 2x + C 2 Xe 


a 2x 


(a) yi = e 2x , y 2 = xe- 


=2x 


V, = 


0 

xe 2x 

2e 2x 

e 2x +2x e 2x 

e 2x 

xe 2x 

2e 2x 

e 2x +2x e 2x 


_ —2x e 4x 

74x 


= —2x and v 2 = 


e lx 0 
2e 2x 2e 2x 


e iA x e ZA 
2e 2x e 2x +2xe 2x 


_ 2e 4x _ 2 


V| — J (—2x) dx = —x 2 and V 2 = J2 dx = 2x =>■ y p = (—x 2 )(e 2x ) + (2x)(xe 2x ) = x 2 e x 


y = cie 2x + C 2 Xe 2x + x 2 e x 


(b) y p = Ax 2 e 2x => yj, = 2Ax e 2x + 2Ax 2 e 2x =» y" = 2A e 2x + 8Ax e 2x + 4Ax 2 e 2x 

=> (2Ae 2x + 8Ax e 2x + 4Ax 2 e 2x ) - 4(2Ax e 2x + 2Ax 2 e 2x ) + 4Ax 2 e 2x = 2e 2x =>• 2Ae 2x = 2e 2x 
=> 2A = 2 => A = 1 => y = cie 2x + C 2 Xe 2x + x 2 e x 


35. — 4^ - 5y = e x + 4 =>■ r 2 - 4r - 5 = 0 => (r — 5)(r +l)=0=^r = 5orr=-l=>y c = Cie 5x + c 2 e x 


(a) yi = e 5x , y 2 = e x 


v, = 


vi = 


/( 


0 e -x 


e 5x 

0 

e x +4 —e _x 

_ — 1—4e x _ 1 „-4x , 2 —5x „ nf i . 

5e 5x 

e x +4 

e 5x e _x 

- — 6e 4x - 6 e + 3 e ana v 2 — 

e 5x 

e _x 

5e 5x -e- x 


5e 5x 

—e _x 


e 6 x +4e 5x 

—6e 4x 


I~—4x 1 2 5x 

6 C 3 C 


) dx = 


J_ p -4x 

~24 e 


^e 5x and v 2 = f (— ge 2x — §e x ) dx = — j^e 2x 


Yp = (-^ e 4x - 5x )(e 5x ) + (-^e 2x - |e x ) (e x ) = -|e 


| =>■ y = cie 5x + C 2 e x 


I~x 

o c 


1 ~2x 


(b) y p = Ae x + B => y' p = Ae x => y" = Ae x ^ Ae x - 4Ae x + - 5(Ae x + B) = e x + 4 => -8Ae x - 5B = e x + 4 
=> —8A = 1, —5B = 4 =*► A = ~i,B = -5 ^ y = cie 5x + c 2 e“ 


l~X 

Q ^ 
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36. § - = 9e 9x => r 2 - 9r = 0 => r(r - 9) = 0 => r = 0 orr = 9 => y c = Cie 0x 


Qv 

C2& = Ci 


c 2 e 


9x 


(a) yi = 1, y 2 = e 


_ a 9x 


0 e 9x 


1 

0 

9e 9x 9e 9x 

_ 9e 18 x _ 9x „ nf i v / _ 

0 

9e 9x 

It e 9x 

9 e 9x — c dnu \2 — 

T~ 

e 9x 

0 Se* 


0 

9e 9x 

-|e 9x and v 2 

= /(l)dx = X => y p = 

(- 

l„9x 

9 e 


_ 9e 9x _ 1 

— 9e 9x — 1 


a 9x 


y = Ci + c 2 e 9x + x e 9x 


(b) y p = Ax e 9x => y(, = 9Ax e 9x + Ae 9x => y" = 81Axe 9x + 18A< 


,9x 


(81 Ax e 9x + 18A e 9x ) - 9(9Axe 9x + Ae 9x ) = 9e 9x => 9Ae 9x = 9e 9x => 9A = 9 => A = 1 
=$■ y = ci + c 2 e 9x + x e 9x 


37. y" + y = cotx, 0 < x < n => r 2 -f 

I 0 sinx I 

| cotx cosx| _ —sinxcotx 


Vi = 


cosx 

—sinx 


sinx 

cosx 


1 


1 = 0=M=0±i=>y c = cicosx + c 2 sinx => yi = cosx, y 2 = sinx 

cosx _ _ cosx anc j v ' = 


= —sinx : 


/ c 


=>• Vi = — / cosxdx = sinx and v 2 = I ^^dx = | 

- * i/ sin x j 


1—sin 2 x 


dx = | (-A- 


COSX 

0 

—sinx 

cotx 

cosx 

sinx 

—sinx 

cosx 


_ sin 


COSX 

sinx 


cos x 
sin x 


dx = 


/( 


esc x — sin x 


)dx 


= lnjcscx + cotx| — sinx => y p = (sinx)(cosx) + (lnjcscx + cotx| — sinx)(sinx) = —(sinx) ln|cscx + cotx| 
=> y = cicosx + c 2 sinx — (sinx) lnjcscx + cotxj 


38. y" + y = esc x, 0 < x < 7r 

I 0 sinx I 
esc x cos x 
cos x sin x 
—sinx cosx 


Vi = 


1 = 0=>r = 0±i=>y c = cicosx + c 2 sinx =>■ yi = cosx, y 2 = sinx 

l 


sinxescx _ _sinx - 

1 sinx 


= — 1 and v, = 


cosx 

0 

—sinx 

cscx 

cosx 

sinx 

—sinx 

cosx 


COS X CSC X 

1 


= COS X • 


COS X 

sinx 


=> Vi = J*(—1) dx = —x and v 2 = J ^j)dx = In |sinx| => y p = (—x)(cos x) + (In |sinx|)(sinx) 
= —xcosx + (sinx)ln jsinxj => y = cicosx + c 2 sinx — xcosx + (sinx)ln jsinxj 


39. y" — 8y' = e 8x => r 2 — 8r = 0 => r(r — 8) = 0 => r = 0 or r = 8 =>■ y c = cie 0x + c 2 e 8x = ci + c 2 e 8x ; 

y p = Axe 8x => y p = Ae 8x + 8Axe 8x =>■ y" = 16Ae 8x + 64Axe x => (16Ae 8x + 64Axe x ) — 8(Ae 8x + 8Axe Sx ) = e 8x 
=>■ 8Ae Sx = e 8x => 8A = 1 =>■ A = | => y = ci + c 2 e 8x + gxe 8x 

40. y" + 4y = sinx => r 2 + 4 = 0 =» r = 0 ± 2i => y c = e 0x (cicos2x + c 2 sin2x) = CiCos2x + c 2 sin2x; 
y p = A sin x + B cos x =>• y p = A cos x — B sin x =>- y" = —A sin x — B cos x 

=> (—Asinx — Bcosx) + 4(Asinx + Bcosx) = sinx => 3Asinx + 3Bcosx = sinx => 3A = 1, 3B = 0 
=> A = ^,B = 0=^y = CiCos2x + c 2 sin2x + | sinx 

41. y" — y' = x 3 => r 2 — r = 0 => r(r — 1) = 0 => r = 0 orr = 1 =>■ y c = Cie 0x + c 2 e x = ci + c 2 e x ; 

y p = Ax 4 + Bx 3 + Cx 2 + Dx => y p = 4Ax 3 + 3Bx 2 + 2Cx + D => y" = 12Ax 2 + 6Bx + 2C 

=> (12Ax 2 + 6Bx + 2C) - (4Ax 3 + 3Bx 2 + 2Cx + D) = x 3 

=> —4Ax 3 + (12A - 3B)x 2 + (6B - 2C)x + (2C - D) = x 3 => -4A = 1, 12A - 3B = 0, 6B - 2C = 0, 2C - D = 0 
=> A = — B = —1, C = —3, D = — 6 => y = ci + c 2 e x — |x 4 — x 3 — 3x 2 — 6x 

42. y" + 4y' + 5y = x + 2 => r 2 + 4r + 5 = 0 =>■ r = — —2 ± i => y c = e~ 2x (cicosx + c 2 sinx) 

y p = Ax + B =>• y p = A => y" = 0 => 0 + 4A + 5(Ax + B) = x + 2 =>• 5Ax + (4A + 5B) = x + 2 =>• 5A = 1, 

4A + 5B = 2 =^A=j,B = j|=>y = e~ 2x (cicosx + c 2 sinx) + g* + 55 
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1014 Chapter 17 Second-Order Differential Equations 

43. y" + 2y' = x 2 — e x => r 2 + 2r = 0 => r(r + 2) = 0 r = 0 or r = — 2 =>■ y c = Cie 0x + C 2 e~ 2x = ci + C 2 e” 2x ; 
y p = Ax 3 + Bx 2 + Cx + De x => y p = 3Ax 2 + 2Bx + C + De x => y" = 6Ax + 2B + De x 

=> (6Ax + 2B + De x ) + 2(3Ax 2 + 2Bx + C + De x ) = x 2 - e x 6Ax 2 + (6A + 4B)x + (2B + 2C) + 3De x = x 2 - e x 
6A= 1.6A + 4B = 0.2B + 2C = 0,3D = -1 =* A= i,B = -i,C = ±,D = -i 
=> y = ci + c 2 e _2x + gx 3 - |x 2 + gx - |e x 

44. y" + 9y = 9x — cosx =>r 2 +9 = 0=^r = 0±3i=^y c = e 0x (cicos3x + C2sin3x) = cicos3x + C 2 sin3x; 
y p = Ax + B + C sinx + Dcosx =>- y p = A + Ccosx — D sinx => y" = —C sinx — D cosx 

=> (—Csinx-Dcosx) + 9(Ax + B + Csinx + Dcosx) = 9x — cosx => 9Ax + 9B + 8Csinx + 8Dcosx = 9x — cosx 
=> 9A = 9, 9B = 0, 8C = 0, 8D = —1 => A = 1, B = 0, C = 0, D = —g => y = CiCos3x + C2sin3x + x — |cosx 


45. 


+ y = sec x tan x, —| <x< |=>r 2 + l= 0=>r = 0±i=>y c = cicos x + C 2 sin x => yi = cos x, y 2 = sin x 

—sinx sec x tanx = _ tan 2 x and y / = 


dx 2 I 2 — 2 ^ "■ " 2 

0 sinx 
sec x tan x cos x 


Vl = 


cos x sin x 
—sinx cosx 


1 


COSX 

0 


—sinx 

sec x tan x 

_cos x sec x tan x 

cosx 

sin x 

1 

—sinx 

cosx 



= tanx 


=> v L = J— tan 2 xdx = f (1 — sec 2 x)dx = x — tanx and V 2 = f tanxdx = J'gg^dx = —lnjcosx j 


=> y p = (x — tanx)(cosx) + (—ln|cosx |)(sinx) = xcosx — sinx — (sinx)ln|cosx | 
=> y = cicosx + C 2 sinx + xcosx — (sinx)ln|cosx | 


46. y" — 3y' + 2y = e x — 2e 2x ^r 2 — 3r + 2 = 0=> (r— l)(r — 2) = 0 => r = 1 or r = 2 => y c = cie x + C 2 e 2x ; 
y p = Ax e 2x + Bx e x => y p = 2Ax e 2x + A e 2x + Bx e x + Be x => y " = 4Ax e 2x + 4A e 2x + Bx e x + 2Be x 
=> (4Ax e 2x + 4A e 2x + Bxe x + 2Be x ) - 3(2Axe 2x + Ae 2x + Bxe x + Be x ) + 2(Axe 2x + Bxe x ) = e x - 2e 2x 
=> Ae 2x - Be x = e x - 2e 2x => A = -2, -B = 1 => A = -2, B = —1 => y = de x + c 2 e 2x - 2xe 2x - xe x 


47. y' — 3y = e x => r — 3 = 0 => r = 3 =>■ y c = de 3x ; y p = Ae x => y p = Ae x => Ae x — 3Ae x = e x => —2A e x = e x 
=> — 2A = 1=>A=—|=>y = cie 3x - de x 


48. y' + 4y = x => r + 4 = 0 => r = -4 =>• y c = Cie~ 4x ; y p = Ax + B=^y p = A=>A + 4(Ax + B) = x 

=> 4Ax+ (A + 4B) = x => 4A = 1, A + 4B = 0 => A = i,B = - ts => y = Cie“ 4x + |x - ^ 

49. y' — 3y = 5e 3x =>■ r — 3 = 0=>r = 3=>y c = cie 3x ; y p = Axe 3x => y p = 3Axe 3x + Ae 3x 
=$■ (3Axe 3x + Ae 3x ) — 3Axe 3x = 5e 3x => Ae 3x = 5e 3x =>■ A = 5 =>■ y = cie 3x + 5xe 3x 

50. y' + y = sinx=>r+l = 0 => r = —1 =>y c = Cie~ x ; y p = A sinx + B cosx =>- y p = A cosx — B sinx 

=> (Acosx — B sinx) + (Asinx + B cosx) = sinx =>■ (A — B)sinx + (A + B)cosx = sinx => A — B = 1, A + B = 0 
=> A = B = — j => y = Cie~ x + ^sinx — jcosx 


51. gj + y = sec 2 x, —| < x < y(0) = y'(0) = l=>r 2 + l = 0=>r = 0±i=>y c = cicosx + C 2 sinx 

=> y i = cos x, y 2 = sin x 


0 sinx 

sec 2 x cosx 

— sinx sec x — opr* v ton y ond — 1 

cosx 0 

—sinx sec 2 x 

| _ cosx sec 2 x 

cos x sin x 

j — 1 — oCv A tell 1 A clllU V 2 — 

cos x sin x 

1 

—sinx cosx 


—sinx cosx 



=> V| — J—secxtanxdx =—secxand V 2 = J secxdx = ln|secx + tanx| 

=> y p = (—secx)(cosx) + (ln|secx + tanx|)(sinx) = — 1 + (sinx)ln|secx + tanx| 

=> y = cicosx + C 2 sinx — 1 + (sinx)lnjsecx + tanx|; y(0) = 1 1 = Cj — 1 => Ci = 2; 
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= —cisinx + cacosx + (cosx)ln|secx + tanx| + (sinx)secx, y'( 0 ) = 1 => 1 = C 2 
=> y = 2 cosx + sinx — 1 + (sinx)ln|secx + tanx| 

52. 0 + y = e 2x , y(0) = 0, y'(0) = |=>r 2 + l= 0=>r = 0±i=^y c = cicosx + C 2 sinx 

y p = Ae 2x => y p = 2Ae 2x => y " = 4Ae 2x => 4Ae 2x + Ae 2x = e 2x =>■ 5Ae 2x = e 2x => 5A = 1 => A = ^ 

=> y = cicosx + C 2 sinx + |e 2x => y' = —cisinx + C 2 cosx + |e 2x ; y( 0 ) = 0 => Ci + 5 = 0 => Ci = — 
y'(0) = | => c 2 + | = | =4- c 2 = 0 => y = - |cos x + je 2x 

53. y" 4y' = x,y p = frx, y(0) = 0, y'(0) = 0; y p = f - x => yj, = x - 1 => y" = 1 => y" + y' = 1 + x - 1 = x 
=> x = x => y p satisfies the differential equation. y" + y' = 0 =>r 2 +r = 0=>r(r-|-l)=0=>r = 0orr= — 1 
=> y c = Cie 0x + C 2 e^ x = ci + C 2 e _x => y = ci + C 2 e _x + y — x =>■ y' = —C 2 e^ x + x — 1; 

y( 0 ) = 0 => 0 = ci + c 2 , y'( 0 ) = 0 => —c 2 — l= 0 =>c 1 = l,c 2 = -l=^y=l - e~ x + y — x 

54. y" + y = x, y p = 2sin x + x, y(0) = 0, y'(0) = 0; y p = 2sin x + x => y p = 2cosx + 1 => y" = -2sin x 

=> y" + y = (—2sinx) + (2sinx + x)=x=>x = x=^y p satisfies the differential equation, y" + y = 0 => r 2 + 1 = 0 
=>r = 0±i=>y c = cicosx + C 2 sinx => y = cjcosx + C 2 sinx + 2sinx + x =>• y' = —Cisinx + C 2 COS x + 2cosx + 1; 
y(0) = 0 =$■ 0 = ci; y'(0) = 0=^0 = c 2 + 3=^C2 = -3=^y = -3sinx + 2sinx + x = -sinx + x 

55. jy" + y' + y = 4e x (cosx — sinx), y p = 2e x cosx, y(0) = 0, y'(0) = 1; y p = 2e x cosx =>■ y p = 2e x cosx — 2e x sinx 
=> y" = —4e x sinx => ty" + y' + y = ^(—4e x sinx) + (2e x cosx — 2e x sinx) + 2e x cosx = 4e x cosx — 4e x sinx 

=> 4e x cos x — 4e x sinx = 4e x (cos x — sin x) => y p satisfies the differential equation, ^y" + y' + y = 0 => ^r 2 + r + 1 = 0 

=> r = - ,7' = —l±i=>y c = e~ x (ciCosx + C 2 sinx) => y = e~ x (ciCosx + C 2 sinx) + 2e x cosx 

*\ 2 / 

=> y' = —e _x (ciCosx + C 2 sinx) + e _x (—Cisinx + C 2 Cosx) + 2e x cosx — 2e x sinx; y(0) = 0=^ci+2 = 0=t>ci = —2; 
y'(0) = 1 =>• —Ci +C2+2 = 1 =^C 2 = —3=>y = e~ x (—2cosx — 3sinx) + 2e x cosx = 2(e x — e~ x )cosx — 3e _x sinx 

56. y" — y' — 2y = 1 — 2x, y p = x - 1, y(0) = 0, y'(0) = 1; y p = x - 1 =► y^ = 1 =* y" = 0 

=> y" — y' — 2 y = 0 — 1 — 2 (x — 1 ) = 1 — 2 x =>■ 1 — 2 x = 1 — 2 x => y p satisfies the differential equation, 
y" -y' — 2 y = 0 =>• r 2 -r - 2 = 0 => (r - 2 )(r+ 1 ) = 0 =>r = 2 orr=-l=>y c = cie 2x + c 2 e~ x 
=> y = cie 2x + C 2 e~ x + x - 1 => y' = 2 cie 2x — C 2 e~ x + 1 ; y( 0 ) = 0 =>■ Ci + C 2 — 1 = 0 =>■ Ci + C 2 = 1 , 
y'(0) = 1 => 2c 1 — C 2 + 1 = 1 => 2c 1 — C 2 = 0. Thus Ci + C 2 = 1, 2ci — C 2 = 0 =>■ Ci = C 2 = | 

=> y = |e 2x + |e~ x + x - 1 

57. y" — 2y' + y = 2e x , y p = x 2 e x , y(0) = 1, y'(0) = 0; y p = x 2 e x => y p = x 2 e x + 2xe x => y" = x 2 e x + 4xe x + 2e x 

=> y" — 2y' + y = (x 2 e x + 4xe x + 2e x ) — 2(x 2 e x + 2xe x ) + x 2 e x = x 2 e x => x 2 e x = x 2 e x =>■ y p satisfies the differential 

equation, y" — 2y' + y = 0 => r 2 — 2r+l=0=^(r— l) 2 =0=^>r=l, repeated twice =>■ y c = Cie x + C 2 xe x 
=> y = cie x + C 2 xe x + x 2 e x => y' = cie x + C 2 xe x + C 2 e x + x 2 e x + 2xe x ; y(0) = 1 =*> ci = 1; y'(0) = 0 =>■ ci + C 2 = 0 
=>C 2 = —l=^y = e x — xe x + x 2 e x 

58. y" — 2y' + y = x~'e x , x > 0, y p = xe x lnx, y(l) = e, y'(l) = 0; y p = xe x lnx =>■ y p = e x + xe x Inx + e x lnx 
=> y" = 2 e x +xe x Inx + e x Inx + ^ 

=> y" — 2y' + y = (2e x + xe x lnx + e x lnx + ^) — 2(e x + xe x lnx + e x lnx) + xe x lnx = ^ => ^ = x _1 e x 

=> y p satisfies the differential equation, y" — 2 y' + y = 0 r 2 — 2 r+ 1 = 0 => (r— l ) 2 = 0 =^r = 1 , repeated twice 

=> y c = cie x + C 2 xe x =>■ y = cie x + C 2 xe x + xe x lnx => y' = cie x + C 2 xe x + C 2 e x + e x + xe x lnx + e x lnx; 
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1016 Chapter 17 Second-Order Differential Equations 

y( 1) = e =>• cie + C2 e = e, y'(l) = 0 => cie + 2c2 e + e = 0 => cie + 2c2e = — e => ci + C2 = 1, ci + 2c2 = — 1 
=>- ci = 3, C2 = —2 => y = 3e x — 2xe x + x e x In x 


59. x 2 y" -I- 2xy' — 2y = x 2 , yi = x 2 , y 2 = x 



0 X 


X- 2 

0 


£ 1 

X 2 1 

_ — ^ — _Lv ^ qnH \t f — 

—2x -3 

X 2 

X 2 


X- 2 

x| “ 3x-2 - 3 X ana v 2 - 

X- 2 

X 

- 

-2x- 3 

1 

-2x- 3 

1 


=>vi= J-|x 3 dx = —^x 4 and v 2 = Jjdx = |x => y p = (-yjx 4 ) (x 2 ) + Qx) (x) = ^x 2 
60. x 2 y" + xy' — y = x, yi = x _1 , y2 = x 


0 X 

x-> 0 

Ij? M — —1 — ^ y nnd v / — 

v — 2 x 
_x ? 

x-> X - 2X- 1 “ 2 X ana V 2 - 

X -1 X 

-x- 2 1 

-X-2 1 


=> Vi = f—jx dx =-|x 2 and v 2 = J'jX 3 dx = jln|x| =>■ y p = (-^x 2 ) (x *) + (jln|x|) (x) = — |x + jxln|x| 

17.3 APPLICATIONS 

1. mg=16^m = |f; k = 1; <5 = 1 =* |fg + if + ly = 0 =s- ig + f + y = 0, y(0) = 2, y'(0) = 2 

2. mg = 81b=*m=£;8=k-4=*k = 2;«=1.5=>£§ + 1.5® + 2y = 0^i$ + ff+2y = 0, y(0) = -2, 

y'(0) = 3 

3. 20 = k • ^ k = 40; w = 25 lb => m = ; <5 = 0 => p fr + 0 • f + 40y = 0. If w = 25 lb, it stretches the 

spring 25 = 40x => x = | ft =$■ spring is now stretched 645 — 3 = 2 7 4 ft below equilibrium y(0) = ^; initial velocity 
v « £ = g £ => y'(0) = g- Thus we have + 40y = 0, y(0) = y'(0) = g 

4. w=101b=>m=|§; 10 = k • (£) => k = 60£; 6 = f g = ^ =* | § + f + 60y = 0 

=> I § + 731 + 6 °y = y(°) = ?- y'(°) = o 

5. E(t) = 20cost; Rf = 4®; Tq = lOq; L| = 2§ =* 2§ + 4® + lOq = 20cost, q(0) = 2, q'(0) = 3 

6. L = 2, R = 12, C = E(t) = 300 ^ 2|? + 12f + 16q = 300, q(0) = 0, q'(0) = 0 

7. mg = 16 => m = k = 1; resistance = velocity =><5=l=>if^ + lf + ly = 0, y(0) = 2, y'(0) = 2 

=t> ir 2 +r+l=0=>r 2 + 2r + 2 = 0=>r = ~ 2±v/ ; ( ~ 4( ^^ = — 1 ± i => y = e _t (ciC0St + C 2 sint), 

=> y' = e“ l (—Cisint + C 2 Cost) — e^'^cost + C 2 sint); y(0) = 2 Ci = 2; y'(0) = 2 => c 2 — Ci = 2 => c 2 = 4 
=> y(t) = e~ ( (2cost + 4sint). At t = 7r, y = e -7r (2cos7r + 4sin7r) = —2e _7r w —0.0864 => 0.0864 ft above 
equilibrium. 

8. w = 8=t>m=|j;8 = k- 4=>k = 2; resistance = 1.5 v => <5 = 1.5 => + 1-5® + 2y = 0, y(0) = —2, y'(0) = 3 

\\ 2 + 1.5r + 2 = 0=>r 2 + 6r + 8 = 0=> (r + 4)(r + 2) =>■ r = —4 or r = —2 => y = Cie~ 4t + c 2 e~ 2t 
=> y' = -4cie~ 4t - 2c 2 e _2t ; y(0) = -2 =>• ci + C 2 = -2; => y'(0) = 3 => —4cj — 2c 2 = 3 => ci = c 2 = — | 

=> y(t) = ^e~ 4t — fe _2t . At t = 2, y = ^e~ 8 — 3 e -2 « —0.0456 => 0.0456 ft above equilibrium. 
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9. 


20 = k • | => k = 40; w = 25 lb => m = ||; <S = 0 py+0' y + 40y = 0. If w = 25 lb, it stretches the spring 
25 = 40x =>■ x = | ft => spring is now stretched yy — | = ^ ft below equilibrium =>■ y(0) = y; initial velocity is 

v o to = n b =► y'(°) = tI- Thuswehave 2 iw + 4 °y = °>y(°) = b y'(°) = 1 =* l r2 + 40 = o =► r 2 + 2 -f = o 

=^r = 0 ± i|i => y = e 0 t (cicos(-^|t) +c 2 sin(-^|t)) = ciCOs(^|t) + c 2 sin(-^t), y( 0 ) = ^ => ci = b 

y‘ = -> sin te t ) + y,( o) = §^> = s^ = w 

=t> y(t) = ^cos^-^tj + y^ysin(-^t) (in feet) or y(t) = |cos^-^=t^ + y^sin(-^t) (in inches) 


10. m= l,k= f ,6 = 3 => 1 • $ +3| + fy = 0,y(0) = -l,y'(0) =3 =► r 2 + 3r + f = 0 
=> 4r 2 + 12r + 25 = 0 => r = ~ 1 - ±v/1 ^ 4 y 4(4)(25) = — | ± 2i => y = e“i t (ciC0S 2t + c 2 sin 2t) 

=> y' = e _ 5 t ((—|ci + 2c 2 )cos2t+ (—2ci — |c 2 )sin2t); y(0) = — 1 => Ci = — 1, y'(0) = 3 => — |ci + 2c 2 = 3 
=> ci = — 1 , c 2 = | => y(t) = e _ s t (—cos 2 t+ |sin 2 t) 


11 . mg = 10 ^m=p ; ;10 = k-I^k = 60; ( 5=^|=5V / 2^ + 5y/2| + 60y = 0 , y( 0 ) = i, y'( 0 ) = 0 

, , /- - r- -16 % /2±,/(l6v / 2) 2 -4(l)(192) 

=> j|r 2 + 5y/2r + 60 = 0 => r 2 + 16 v /2r + 192 = 0 => r = - lUT - =-8y/2 ± 8 i 

=> y = e~ 8v/2t ( c i cos 8t + c 2 sin8t) =>■ y' = e" 8v/2t ^-8y/2 ci + 8c 2 ^cos 8t + 8ci - 8\/2 c 2 ^ sin8tj; 
y(0) = \ =*► ci = y'(0) = 0 => -8y/2 ci + 8c 2 = 0 =»• ci = c 2 = => y = e _s y ,2t ^cos8t+ ^sin8t) 

Solve y(t) = 0 => e ~ 8 ^ 2t ^cos 8t + ^sin8tj = 0 => |cos8t + ^sin8t = 0 => tan8t = —^ => t « 0.3157 sec 


12 . 


w = mg; mg = k • i => k = 2mg = 64m; <5 = 0 => m^| + 0 • ^ + 64my = 0, y(0) = g, y'(0) = g =>■ mr 2 + 64m = 0, 
=>r 2 + 64 = 0=>r = 0±8i=^y = e 0t (cicos 8 t + c 2 sin 8 t) = cicos 8 t + c 2 sin 8 t => y' = — 8 cisin 8 t + 8 c 2 cos 8 t 
y(°) = \ =^ C 1 = g.y'(0) = \ => 8 c 2 = \ => Cl = ±,c 2 = i =>y(t) = geos 8 t + ^sin 8 t 

(a) Solve y(t) = 0 =>■ geos 8 t + ^sin 8 t = 0 => tan 8 t = — 8 t ss —0.1808, first positive solution is t = —0.1808 + | 

« 0.2119 sec 

(b) y' = — |sin 8 t + geos 8 t, solve y'(t) = 0 => — |sin 8 t + geos 8 t = 0 =>• tan 8 t = | =t> t w 0.4082 sec 
=> y(0.4082) « 0.1680 ft 


(c) y" = — y cos 8 t — | sin 8 t, solve y"(t) = 0 
solution where maximum occurs is at t = - 


- y cos 8t 


tsin 8 t = 0 =>■ tan 8 t = — 8 => t = tan i 8 \ first positive 


+ f^y , ( tan ^ z8i + l) 


= -f sin 8+ |) + i CO s8(5^^^^ + f) = -fsin (tan” 1 (-8) + 2 tt) + ±cos ((tan” 1 (-8) + 2 tt)) 
= — | [sin (tan -1 (—8)) cos 2ir + cos(tan _1 (—8))sin27r] + g [cos (tan -1 (—8))cos 27r — sin (tan -1 (—8))sin27r] 


v75 +0 


[J *5 0 


= ^5 = S^5 ^^12(1^65) =2y/^. Note that 2 V '¥ + T = 2y/65 


when g = 32. 


13. First weight: w = 10 lb => m = 10 = k • (f) => k = 12^; ^ = 0 + 0- + 12y = 0, y(0) = g,y'(0) = -| 

=> ^r 2 + 12 = 0 => 5r 2 + 192 = 0 =» r = 0 ± 8 ^' 5 i => y = e 0t ( Cl cos ^t + c 2 sin ^t) 

= Cl cos ^t + c 2 sin *&t => y' = -^c lS in «^t + ^c 2 cos ^t; y(0) = I =► Cl = i, y'(0) = -| 

=t> ^j^c 2 = — j Ci = g, c 2 = — yp y = geos ^y^t — ypsin ^y^t. The amplitude is C = \j Q)" + _ 

_ y / 159 
72 ' 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



1018 Chapter 17 Second-Order Differential Equations 


Second weight: x = cjcoscct + C4sinwt, x(0) = P/ 9 , x'(0) = 2 =>■ x' = —wc3sinwt + ui C4COS u) t: x(0) = 

=> C3 = x'(0) = 2=>WC4 = 2=>C3 = /p/ C4 = 7 => x = /p/cosoA + psinwt. Since amplitude of second 

spnng = 2C ^ 2(^5) = ^ u ^ = yr = yg ^ m = ft ^ mg = (4)32 

= 8.8333 lbs 


14. First spring: nqg = ki • \ => ki = 128mi; 5i=0=>miy+0-^ + 128miy = 0, y(0) = y'(0) = 0 

=> mi r 2 + 128 mi = 0 => r 2 + 128 = 0 => r = 0 ± 8v^2i => y = e 0 t ^cicos 83/21 + C2sin 8\/2 t^j 

= CiCos8\/2t + C2sin8y/2t => y ; = —8\/2~cisin8\/2t+ 8y/2c2Cos8\/2t; y(0) = ^ =>■ Ci = y'(0) = 0 

=> 8\/2 c 2 = 0 => ci = -/, C 2 = 0 => y(t) = /cos 8y/2t 

Second spring: m 2 g = k 2 • § => ki = /pm 2 ; <5 2 = 0 =>■ m 2 ^f + 0 • ^ + ^m 2 x = 0, x(0) = /, x'(0) = 0 
=> y + /px = 0=^r 2 + i|^=0=>r = 0± %\J\i => x = e 0t (/ 3 cos 8-y/f t + c 4 sin8^f tj 

= C 3 COS %\J\ t + C 4 sin 8 y^t => y' = — 8 ^/| C 3 sin 8 y^| t + 8 ^|C 4 COS 8 ^|t; x(0) = / =>■ C 3 = /, x'(0) = 0 
=> 8^1 C4 = 0 => C3 = yj, C 4 = 0 x(t) = /cos 8^/| t 

Equal velocities => y' = x' => —/^sin8y/2t = —|y^| sin 8-^1 t => t « 0.2237 sec 


15. mg= 16=>m = ±;16 = k-4=^k = 4;<5 = 0=^ ±§+0- + 4y = 0, y(0) = 5, y'(0) = 0 => / 2 +4 = 0 


r 2 + ; 


= 0 =$■ r = 0 ± 2y/2i => y = e 0t ^CiCos2y/21 + C2sin2y/2 tj = cicos 2\fl t + C2sin2y/21 

=> y' = — 2 \/ 2 ~cisin 2 y/ 2 t + 2\/2c2Cos 2\/21; y( 0 ) = 5 Ci = 5, y'( 0 ) = 0 => 2\flc2 = 0 => ci = 5, C2 = 0 
=> y(t) = 5 cos 2 \/ 2 1. The amplitude is C = \/ 5 2 + 0 2 = 5 

y = C3C0S 2\[2t ± C4sin2y/2 1, y( 0 ) = 5, y'( 0 ) = Vo => y' = — 2-\/2c3sin2\/2 1 + 2y/2c4Cos 2\[2 1; y( 0 ) = 5 => C3 = 5 
y'( 0 ) = Vo => 2y/2c4 = Vo => C3 = 5, C4 = // => y(t) = 5 cos 2 y/ 2 t + // sin 2^/2 1, and the new amplitude is 2 • 5 

=► 10 = \j 5 ' 2 + {^) 2 => v « = 10^6 « 24.4949 £ 


16. mg = 8 =► m = / 8 = k • / =► k = 32; 8 = 2 =► + 2^ + 32y = 0, y(0) = 0, y'(0) = ± => / 2 + 2r + 32 = 0 


=> r + 8r+ 128 = 0 => r = 


_ -8± v /8 2 -4(l)(128) 


= -4 ±43/7i 


1 =>■ y = e 4t ( cicos 


3 4 

^CiCos4y^71 + C2sin43/7 tj 
4ci + 4 y^7c2^cos 4\/7 t + 4y/7ci — 4c2^sin4y/7t ; y(0) = 0 =>■ ci = 0, y'(0) = | 


y = e 


-4t 


=> -4C! ± 4/7c 2 = 5 => d = 0. c 2 = 3/73 y(0 = 4t sin4 \Jl t. Solve y(t) = 0 =>• 4t sin4/71 = 0 


sin 4/71 = 0 => t = 


4x/7 


123/7 

0.2969 sec 


123/7 


17. (5 decreases by 90% in 10 sec => 10% remains => e 10b = ^ =>■ b = — TOl n ("nj) = // 2b = ^ =>■ 5 = /^in 


period = 2 sec => 2 = 


27T 


3/w 2 —b 2 


=^4 = 


47T 2 

xt 2 -b 2 


CJ 2 = 7T 2 + b 2 = 7T 2 + — 


In 10 \ 2 _ 1007r 2 +(lnl0) 2 


100 


k _ 1007r 2 +(ln 10) 2 
m — 100 


100 


+ (¥">)£ + ( J 


1 1007r 2 +(ln lO) 2 d 2 y , /In 10 \ dy , ( 1007r 2 +(ln 10) 2 \ n 1 a / o ^u 

k =-77 ^—=> ^ ^)y = 0. When y = ^ and y = —2, then 


100 


m ±y 

m dt 2 


+ ( ! r e m)(-2) + ( 10t> "Y 0 ( ‘ nl0)2 m) (|) = 0 => g = ^ - 100 " 2+(lnl0)2 


400 


1-5596 ^ 
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18 . mg=10^m=^;10 = k. 2 ^k = 5;6=^ = ^^§ + ^f + 5y = 0 , y(0) = I, y'(O) = 0 


A r 2 

16 1 


^r + 5 = 0 => r 2 + 4s/l r + 16 = 0 => r = 


4v 2) —4(1)(16) 


2 ( 1 ) 


= -2y/2±2y/2i 


y(t) = e 2v/2t ^CiCos2y/2t + c 2 sin2\/2tj 


=> y' = e ~ 2v/2t 


^ — 2\Jlc\ + 2 y/ 2 c 2 ^cos 2 \/ 2 t + 2\flc.\ — 2y/2c 2 ^sin2\/2t ; y(0) = \ => Ci = 

y'(0) — 0 => —2\Jlc\ + 2 \[ 2 c 2 = 0=*>ci = j,c 2 =j=>y = e _2v/2t ^cos2V / 2t + |sin2y/2t^ 

To find maximum, solve y'(t) = 0 =>■ y'(t) = — 2\/2e~ 2v/2t sin2y/2t =>■ — 2y/2e~ 2 ^ 2t sin2\/2t = 0 
=> sin2y/2t = 0 => t = 0, 


7T 7T 


, and at t = 


A -A 




-0.02161 ft « —0.2593 in (above equilibrium) 


19. L = i, R = 1, C = §, E(t) = 0^i§ + l- | + fq = 0, q(0) = 2, q'(0) = 4 => ^r 2 + r + f = 0 

=> r 2 + 5r + 6 = 0 => (r + 3)(r + 2) = 0 =>• r = — 3 or r = -2 =>■ q(t) = Cie -3t + C 2 e~ 2t => q' = —3ci e~ 3t - 2c 2 e~ 
q(0) = 2 =» Cl + c 2 = 2; q'(0) = 4 -3ci - 2c 2 = 4 =>• ci = -8, c 2 = 10 => q = -8e~ 3t + 10e~ 2t 
limq = lim(—8e~ 3t + 10e^ 2t ) = 0 


t —>00 t—>oo 


20. iq = lOq; = 4^; L| = 2§, E(t) = 0 =* 2§ + 4^ + lOq = 0, q(0) = 2, q'(0) = 3 =► 2r 2 + 4r + 10 = 0 

=>r 2 +2r + 5 = 0=>r = ~ 2=l= ~ 4 ( 1A71 = — 1 ± 2i => q(t) = e~ l (dcos2t + C2sin2t) 

=> q' = e~ l ((—Ci + 2c2)cos2t + (—2ci — C2)sin2t); q(0) = 2 =>■ ci + C 2 = 2; q'(0) = 3 => —ci + 2c2 = 3 
=> Ci = C 2 = | => q(t) = e~ t (jCos2t + |sin2t) 

21. mg= 16=^m= |f; 16 = k • 4 => k = 4; 6 = 4.5; f(t) = 4 + e" 2t => ‘ y + 4.5 ^ + 4y = 4 + e~ 2t , y(0) = 2, y'(0) =4 
=> ±r 2 +4.5r + 4 = 0=>r 2 + 9r+8 = 0=>(r+8)(r+l)=0=>r=-8orr=-l=>y c = cie^ 8t + c 2 e _t ; 

y p = A + Be~ 2t => y^ = -2Be“ 2t => y" = 4Be“ 2t =>• i(4Be~ 2t ) + 4.5(-2Be” 2t ) + 4(A + Be" 21 ) = 4 + e“ 2t 
=> 4A - 3Be _2t = 4 + e~ 2t => 4A = 4, -3B =1=>A = 1,B = -|=> y(t) = de~ 8t + c 2 e-‘ + 1 - ±e“ 2t 
=> y' = — 8cie~ 8t - C 2 e _t + |e~ 2t ; y(0) = 2 => ci + c 2 + = = 2 =>■ ci + C 2 = y'(0) = 4 => -8ci - C 2 + § = 4 

=> — 8ci — C 2 = y => Ci = —C 2 = 2 =>• y(t) = — |e _8t + 2e~ l + 1 — je~ 2t 

22. m = 10; k = 140; 6 = 90; f(t) = 5sint => 10§ + 90 f + 140y = 5sint, y(0) = 0, y'(0) = -1 => 10r 2 + 90r+ 140 = 0 
=> r 2 + 9r + 14 = 0 => (r + 2)(r + 7) = 0 => r = — 2 or r = —7 => y c = Cie~ 2t + C 2 e~ 7t ; y p = Asint + Bcost 

=> y p = Acos t — Bsin t => y" = — Asin t — Bcos t 

=> 10(—Asint — Bcost) + 90(Acost — Bsint) + 140(Asint + Bcost) = 5sint 
=> (130A — 90B)sint + (90A + 130B)cost = 5sint => A = B = — ^ 

=> y(t) = cie _2t + c 2 e~ 7t + j^sint— j^cost =4> y' = -2cie~ 2t - 7c 2 e~ 7t + ^cost + ^sint; 
y(o) = 0 Cj + c 2 - 550 = 0, y'(0) = -1 => -2d - ?c 2 + ^ = -1 => d + c 2 = 5 ^, -2d - 7c 2 = 

=► Ci = C 2 = H =>• y(t) = -|e- 2t + H e- 7t + ^sint - ^cost 

23. m = 2 => mg = 2(9.8) = 19.6; 19.6 = k • 1.96 =>k= 10; 6 = 4; f(t) = 20cost =)> 2$ + 4f + lOy = 20cost, 

y(0) = 2, y'(0) = 3 =4> 2r 2 + 4r + 10 = 0 =>■ r = ~ 4±v/4 , = -1 ± 2i => y c = e _t (c!Cos2t + c 2 sin2t) 

y p = Asin t + Bcos t => y p = Acos t — Bsin t => y" = —Asin t — Bcos t 
=)> 2(—Asint — Bcost) + 4(Acost — Bsint) + 10(Asint + Bcost) = 20cost 
=> (8A — 4B)sint + (4A + 8B)cost = 20cost 8A — 4B = 0, 4A + 8B = 20 => A = 1, B = 2 
=> y(t) = e _t (ciCos2t + C2sin2t) + sint + 2cost =>• y' = e -t ((—ci + 2c 2 )cos2t + (—2ci — c 2 )sin2t) + cost — 2sint; 
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1020 Chapter 17 Second-Order Differential Equations 

y(0) = 2 => ci + 2 = 2, y'(0) = 3 => —ci + 2c2 + 1 = 3 =>• Ci = 0 , —ci + 2c2 = 2 => Ci = 0, C 2 = 1 
=> y(t) = e~'sin2t + sint + 2cost; y(7r) = —2 =>■ 2 m above equilibrium 

24. mg = 8=^m=^;8=k-4=^k = 2;«5 = 1.5; f(t) = 6 + e~‘ =>• + 1.5f + 2y = 6 + e’ 1 , y(0) = -2, y'(0) = 3 

=> ir 2 + 1.5r + 2 = 0=>r 2 + 6r+8 = 0=> (r + 2)(r+ 4) = 0 => r = -2 or r = -4 => y c = Cie^ 2t + c 2 e _4t ; 
y p = A + Be- 1 => y p = -Be-' =» y" = Be" 1 => i(B e -‘) + l-5(-B e -‘) + 2(A + Be-') = 6 + e“‘ 

=> 2A + |Be-' = 6 + e“' => 2A = 6, ^B = 1 => A = 3, B = | => y(t) = Cje" 2 ' + c 2 e" 4 ' + 3 + f e“' 

=>y' = — 2cie- 2 ‘ - 4 c 2 e-" 4 ' — |e“‘; y(0) = -2 => ci + C2 + y = -2 =>• ci 4- C2 = — y, y'(0) = 3 
=>• —2ci — 4 c 2 - | = 3 => -2ci - 4c 2 = y => ci = -y, C 2 = ^ => y(t) = -y-e _2 ‘ + y e~ 4 ‘ + 3 + |e _ ‘; 
y(2) ps 2.98953 => 2.99 ft below equilibrium 


25. L = 10, R = 10, C = jig, E(t) = 100 => lOy? + lOf + 500q = 100, q(0) = 10, q'(0) = 0 =>• 10r 2 + lOr + 500 = 0 


^ r 2 +r + 50 = 0 ^ r= ^v^4 5 )(56) = _i ± Af9 i ^ qc = e 


2 ( 1 ) 


*(' 


cicos Pp^t + C2sin Pp^tj 


q p = A q[, = 0 => q" = 0 => 10(0) + 10(0) + 500A = 100 


500A = 100 => A = j 


q(t) = e h ^cicos Pp^t + C2sin Pp^tj + j => q' = e h 

. Cl + \ = 10^ ci = f,q'(0) =( 
q(t) = e-l' (f cos P^t + sin P*»t) + 


(-ici + ^c 2 )cos^t + (-^ci - ic 2 )sin^t 


q(0) = 10 => Ci + i = 10 => ci = y, q'(0) = 0 => — 5C1 + Ppp2 = 0 =>■ Ci = y, C2 = 49 P* 99 


995 


26. R^ = 4^; iq = lOq; L| = 2§, E(t) = 20cost =► 2§ + 4^ + lOq = 0, q(0) = 2, q'(0) = 3 =* 2r 2 + 4r + 10 = 0 
=>r 2 +2r + 5 = 0=>r= ^P^^p 1 ^ 51 = — 1 ± 2i => q c = e _ *(ciCos2t + C2sin2t); q p = Asint + Bcost 
=> q p = Acost — Bsint => q p = —Asint — Bcost 

=> 2(—Asint — Bcost) + 4(Acost — Bsint) + 10(Asint + Bcost) = 20cost 
=>■ (8A — 4B)sint + (4A + 8B)cost = 20cost =>- 8A — 4B = 0, 4A + 8B = 20 => A = 1, B = 2 
=> q(t) = e _t (ciCos2t + C2sin2t) + sint + 2cost =>• q' = e~'((—ci + 2c2)cos2t + (—2ci — C2)sin2t) + cost — 2sint; 
q(0) = 2 => ci + 2 = 2; q'(0) = 3 => — ci + 2c2 + 1 = 3=>C2 = 1=> q(t) = 2e-'sin2t + sint + 2cost; y(10) ps —2.222 
=> 2.222 ft above equilbrium 


17.4 EULER EQUATIONS 

1. x 2 y" + 2x y' — 2y = 0 => r 2 + (2 — l)r - 2 = 0 => r 2 + r - 2 = 0 => (r - l)(r + 2) = 0=>r=lorr=-2 

=> y = cie z + C 2 e _2z = cie lnx + C 2 e _21nx =$■ y = cix + y 

2. x 2 y" + x y' — 4y = 0=»r 2 + (l-l)r-4 = 0^>r 2 -4 = 0=» (r - 2)(r + 2) = 0=>r = 2orr=-2 

=> y = cie 2z + C 2 e~ 2z = cie 21nx + C 2 e _21nx => y = cix 2 + y 

3. x 2 y" — 6y = 0 r 2 4- (0 — l)r — 6 = 0 => r 2 — r — 6 = 0 (r — 3)(r + 2) = 0 => r = 3 or r = — 2 

=> y = cie 3z + C 2 &~ 2z = cie 31nx + C 2 e _2lnx => y = cix 3 + y 

4. x 2 y" + xy' — y = 0 => r 2 + (1 - l)r - 1 = 0 => r 2 - 1 = 0 =>• (r - l)(r+ 1) = 0 =*> r = 1 or r = -1 

=> y = cie z + C 2 e~ z = Cie lnx + C 2 e- lnx => y = cix + y 

5. x 2 y" - 5xy' + 8y = 0 =>• r 2 + (-5 - l)r + 8 = 0 => r 2 - 6r + 8 = 0 =*► (r - 4)(r - 2) = 0 => r = 4 or r = 2 
=> y = cie 4z + C 2 e 2z = Cie 41nx + C 2 e 21nx =>■ y = cix 4 + C 2 x 2 
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6. 2x 2 y" + 7xy' + 2y = 0 => 2r 2 + (7 - 2)r + 2 = 0 => 2r 2 + 5r + 2 = 0 => (2r + l)(r + 2) = 0 => r = or r = -2 

=> y = cie~^ z + c 2 e~ 2z = cie~3 lnx + coe~ 21nx => y = -4= + % 

v x x 

7. 3x 2 y" + 4xy' = 0 => 3r 2 + (4 - 3)r = 0 => 3r 2 + r = 0 => r(3r + l)=0=^r = 0orr=-±=>y = cie 0z + c 2 e~5 z 
= cie 01nx + cie“3 lnx y = C| + 

v x 

8. x 2 y" + 6xy' + 4y = 0=>r 2 + (6-l)r + 4 = 0=>r 2 + 5r + 4 = 0=>(r-|- l)(r+ 4) = 0 => r = -1 or r = -4 
=> y = cie” z + c 2 e~ 4z = Cie _lnx + c 2 e~ 41nx => y = ^ 

9. x 2 y" - x y' + y = 0 => r 2 + (-1 - l)r + 1 = 0 => r 2 - 2r + 1 = 0 => (r - l) 2 = 0 => r = 1, repeated twice 
=y y = cie z + c 2 ze z = Cie lnx + c 2 lnxe lnx => y = Cix + c 2 xlnx 

10. x 2 y" -xy' + 2y = 0 => r 2 + (-1 - l)r + 2 = 0 => r 2 - 2r + 2 = 0 => r = ~ ( ~ 2)± ^~ 2 ) )2 ~ -^l^ = 1 ±i 
=> y = e z (ciCos z + c 2 sinz) = e lnx (ciCos(lnx) + c 2 sin(lnx)) =>• y = x (cicos(lnx) + c 2 sin(lnx)) 

11. x 2 y" - xy' + 5y = 0 =>r + (-l-l)r + 5 = 0=^r 2 -2r + 5 = 0=^r = ~ ( ~ 2)± ^- 2)2 ~^ ^ = 1 ± 2i 

y = e z (ciCos2z + c 2 sin2z) = e lnx (ciCos(21nx) + c 2 sin(21nx)) => y = x (cicos(21nx) + c 2 sin(21nx)) 

12. x 2 y" + 7xy' + 13y = 0 =y r 2 + (7 - l)r + 13 = 0 => r 2 + 6r + 13 = 0 => r = ~ 6± ^%) 4(1K - = -3 ± 2i 

=y y = e~ 3z (cicos2z + c 2 sin2z) = e~ 31nx (ciCos(21nx) + c 2 sin(21nx)) => y = ^ (ciCos(21nx) + c 2 sin(21nx)) 

13. x 2 y" + 3xy' + lOy = 0 =S> r 2 + (3 - l)r + 10 = 0 => r 2 + 2r + 10 = 0 =>■ r = = -1 ±3i 

=> y = e~ z (ciCos3z + c 2 sin3z) = e~ lnx (c!Cos(3 lnx) + c 2 sin(3 lnx)) => y = i (c!Cos(3 lnx) + c 2 sin(3 lnx)) 

14. x 2 y" - 5xy' + lOy = 0 =► r 2 + (-5 - l)r + 10 = 0 => r 2 - 6r + 10 = 0 => r = -t~W(^) 2 ~4 (ixiO) = 3 ± i 
=> y = e 3z (cjCosz + c 2 sinz) = e 31nx (ciCos(lnx) + c 2 sin(lnx)) => y = x 3 (c!Cos(lnx) + c 2 sin(lnx)) 

15. 4x 2 y" + 8xy' + 5y = 0=S>r 2 + (8-4)r + 5 = 0=>4r 2 +4r + 5 = 0 =» r = = _I±i 

=> y = e~i z (ciCosz + c 2 sinz) = e - s lnx (cicos(lnx) + c 2 sin(lnx)) => y = -E (cicos(lnx) + c 2 sin(lnx)) 


16. 4x 2 y" - 4xy' + 5y = 0 =y 4r 2 + (-4 - 4)r + 5 = 0 => 4r 2 - 8r + 5 = 0 r = ( 8)± ^ )2 4 ^ > = 1 ± ±i 

=> y = e z (ciCos (^z) + c 2 sin (^z)) = e lnx (ciCos(i lnx) + c 2 sinQ lnx)) => y = x(ciCos(^ lnx) + c 2 sin(^ lnx)) 

17. x 2 y" + 3xy' + y = 0 => r 2 + (3 — l)r + 1 = 0 => r 2 + 2r + 1 = 0 => (r + l) 2 = 0 =>■ r = — 1, repeated twice 
=> y = cie~ z + c 2 ze~ z = cie" lnx + c 2 lnxe~ lnx => y = ^ + ^4^ 


18. x 2 y" — 3x y' + 9y = 0 


-3- l)r + 9 = 0^r 2 


4r + 9 — 0^>r = ~ ( ~ 4|± 4~ 4>; ~ 4tl)9 — 


= 2± ^5i 


y = e 


7 Z ^cicos ^^5z^ +c 2 sin^y/5z^ = e 21nx ^CiCos^y/51nxj + c 2 sin^i/51nx^ 


y = x 2 ^cicos lnx^j + c 2 sin^y/51nxjj 
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1022 Chapter 17 Second-Order Differential Equations 

19. x 2 y" + xy' = 0=^r 2 + (l — l)r = 0 =» r 2 = 0 => r = 0, repeated twice => y = Cie 0z + C 2 ze 0z = cie 01nx + C 2 lnxe 01nx 
=> y = Ci + C 2 Inx 

20. 4x 2 y" + y = 0 =>■ 4r 2 + (0 — 4)r + 1 = 0 =>• 4r 2 — 4r + 1 = 0 => (2r — l) 2 = 0 =>■ r = repeated twice 

=> y = CieJ z + C 2 zel z = C[ez lnx + C 2 lnxez lnx =>• y = C! x + C 2 \J x In x 

21. 9x 2 y" + 15xy' + y = 0 => 9r 2 4- (15 — 9)r + 1 = 0 9r 2 + 6r + 1 = 0 => (3r + l) 2 = 0 => r = —repeated twice 

=> y = cie~5 z + C 2 ze~s z = cie~h nx + c 2 lnxe~5 lnx => y = 

22. 16x 2 y" - 8xy' + 9y = 0 =*► 16r 2 + (-8 - 16)r + 9 = 0 =>• 16r 2 - 24r + 9 = 0 =>• (4r - 3) 2 = 0 =>• r = repeated 
twice => y = cie? z + C 2 ze? z = cie? lnx + C 2 lnxe? lnx =>■ y = cix 3 / 4 + C 2 x 3 / 4 lnx 

23. 16x 2 y" + 56xy' + 25y = 0 =» 16r 2 + (56 - 16)r + 25 = 0 => 16r 2 + 40r + 25 = 0 => (4r + 5) 2 = 0 => r = -f, 
repeated twice => y = cie~? z + C 2 ze - ? Z = cie _ ? lnx + C 2 lnxe~3 lnx =>■ y = 

24. 4x 2 y" - 16xy' + 25y = 0 => 4r 2 + (-16 - 4)r + 25 = 0 =» 4r 2 - 20r + 25 = 0 (2r - 5) 2 = 0 =>• r = §, repeated 

twice => y = Cie3 z + C 2 zez z = ciez lnx + C 2 lnxez lnx => y = Cix 5 / 2 + C 2 x 5 / 2 lnx 

25. x 2 y" + 3xy' - 3y = 0, y(l) = l,y'(l) = -1 =>• r 2 + (3 - l)r - 3 = 0 => r 2 + 2r - 3 = 0 => (r - l)(r+3) = 0 

=> r = 1 orr = —3 => y = cie z + C 2 e~ 3z = cie lnx + C 2 e~ 31nx =>■ y = cix + p => y' = ci — ; 

y( 1) = 1 => C! +c 2 = 1; y'(l) = -1 => d - 3c 2 = -1 => d = c 2 = \ =4> y = ^x + ^ 

26. 6x 2 y" + 7xy' - 2y = 0, y(l) = 0, y'(l) = 1 => 6r 2 + (7 - 6)r - 2 = 0 =» 6r 2 + r - 2 = 0 => (2r - l)(3r + 2) = 0 

=> r = \ or r = — | => y = ciez z + c 2 e^i z = ciez lnx + c 2 e _ i lnx =>• y = Ci y/x + ^ y' = _ _^ 2 _; 

y( 1) = 0 =>• d +c 2 = 0; y'(l) = 1 =>• |c! - |c 2 = 1 =► ci = |, c 2 = -f => y = f i/x- ^ 

27. x 2 y" - xy'+ y = 0,y(l) = l,y'(l) = 1 => r 2 + (-1 - l)r + 1 = 0 =>• r 2 - 2r + 1 = 0 => (r - l) 2 = 0 =>• r = 1, 

repeated twice =>• y = cie z + C 2 ze z = cie lnx + C 2 lnxe lnx => y = Cix + C 2 xlnx =>■ y' = Ci + C 2 lnx + C 2 ; 

y(l) = 1 => ci = 1; y'(l) = 1 => ci + C 2 = 1 => Ci = 1, C 2 = 0 =^y = x 

28. x 2 y" + 7xy' + 9y = 0, y(l) = l,y'(l) = 0 =>• r 2 + (7 - l)r + 9 = 0 => r 2 + 6r + 9 = 0 => (r + 3) 2 = 0 => r = -3. 

repeated twice => y = cie~ 3z + C 2 ze -3z = cie _31nx + C 2 lnxe _31nx =>■ y = ^ => y' = — ^ + C 2 1-3 4 lnx ; 

y( 1) = 1 => ci = 1; y'(l) = 0 =>• -3d + c 2 = 0 => ci = 1, c 2 = 3^y=j3 + ^ 


29. x 2 y" — xy' + 2y = 0, y(l) = -l,y'(l) = 1 => r 2 + (-1 - l)r + 2 = 0 =*► r 2 - 2r + 2 = 0 => r = ( 

= 1 ± i => y = e z (cicos z + C 2 sinz) = e lnx (cicos(lnx) + C 2 sin(lnx)) =>■ y = x (cicos(lnx) + C 2 sin(lnx)) 

=>■ y' = (ci + C2)cos(lnx) + (C 2 — Ci)sin(lnx); y(l) = — 1 ci = —1; y'(l) = 1 => Ci + C 2 = 1 => Ci = — 1, C 2 = 2 

=> y = x (—cos(lnx) + 2 sin(lnx)) 


30. x 2 y" + 3xy' + 5y = 0,y(l) = 1, y'(l) = 0 ^ r 2 + (3 -l)r + 5 = 0^r 2 + 2r + 5 = 0=^r= 2± 'J^ 4 ^ 5 l 

— — l± 2 i=>y = e~ z (cicos 2 z + C2sin2z) = e” lnx (cicos( 21 nx) + C2sin(21nx)) y = j (cicos( 21 nx) + C2sin(21nx)) 
=>■ y' = —^ ((ci — 2c2)cos(21nx) + (2ci + C2)sin(21nx)); y(l) = 1 =$■ Ci = 1 ; y'(l) = 0 =>■ —Ci + 2 c 2 = 0 => Ci = 1 , 
C2 = 5 =>■ y = j (cos(21nx) + ^sin(21nx)) 
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17.5 POWER-SERIES SOLUTIONS 


1. y" + 2y' = 0=> £n(n — l)c n x n ~ 2 + 2£nc n x n_1 = 0^ £n(n- l)c n x n -+ £2nc„x n - 1 =0 

n=2 n—1 n—2 n=l 


power of x 


coefficient equation 

2 ( 1 )c 2 + 2 ( 1 )ci =0 
3(2)c 3 + 2(2)c 2 = 0 
4(3)c 4 + 2(3)c 3 =0 
5(4)c 5 + 2(4)c 4 = 0 
6(5)c 6 + 2(5)c 5 = 0 


c 2 = 

C3 = 
C 4 = 
C5 = 
C6 = 


-Cl 

o 2 

-|C 2 = 5 C 1 

-5 C 3 = ~5 Cl 
2 2 

~! C 4 = I5 C 1 

-5 C 5 = -® c i 


(n 4- 2)(n -f- l)cn+ 2 T 2(n 4- l)c n +i — 0 = r > Cn+ 2 — n 7 2 ^ n +i 


or c, 


n = - 5 C n _i = (—j) (—jriC n _ 2 ) = (-^(-^)(-^c„_ 3 ) = c i, n > 2. Thus 


y = c 0 + Cix - cix 2 + |Cix 3 - |cix 4 + j|cix 5 - ^CiX 6 + ... =c 0 + c 1 (x-x 2 + 

„ r Cl _ C 4 , Cl (9 \ _ Cl (2x) 2 . Cl (2x) 3 _ ci (2x) 4 . ci (2x) 5 _ ci (2xf . 

UL j cq T 2 2 t 2 2 2! ~ r 2 3 ! 2 4! 2 5! 2 6! “T - - - 


2 V 3 


1 v 4 


X 4 + ^X 5 - 


y = (c 0 + |) - |(l - (2x) 


+ 


2 2 ! 
(2x) 2 


2 3! 

(2x) 3 | (2x) 4 
3! T 4! 


(2xf 

5! 


' n—0 


(-2x)“ 


= (cq + t) — 2 ~ e 2x = a H- be 2x , where a = cq + y and b = — ^ 


1 ¥ 6 
45 X 


+ ...) 


2. y" + 2y' + y = 0 => J2 n ( n ~ l) c nX n 2 + 2 J]nc n x n 1 + ^c n x n = 0 


n=0 


=> - l) c nX n 2 + ^2nc n x n 1 + Z] c nX n = 0 


n=2 


power of x 


n—0 

coefficient equation 

2 ( 1 )c 2 + 2(l)ci + Co = 0 
3(2)c 3 + 2(2)c 2 + Ci = 0 
4(3)c4 + 2(3)c 3 + c 2 = 0 
5(4)c5 + 2(4)c 4 + C 3 = 0 
6(5)c 6 -I- 2(5)c5 + C 4 = 0 


=> c 2 = -Cl 


5 Co 


=> c 3 = -|c 2 - gd = 5 C 1 + |Co 
^ C 4 = — 2 c 3 — I 3 C 2 = — gCi — gC 0 
=> c 5 = — f c 4 — yjC 3 = ^Ci + 5 jjCo 

T 20 Cl — I44 C ° 


C 6 — 3 C 5 30^4 — 


(n T 2)(n T l)c n 4 _ 2 -(- 2(n 4- l)c n +i -f- Cn — 0 = r' c n + 2 — n + 2 Cn 4 -i 


1 


(n+2)(n+l) Vn 

y = C 0 + C 1 X+ (-Cl - 3 C 0 )x 2 + (\c X + yC 0 )x 3 + (-gCi - gC 0 )x 4 + (^Ci + ^C 0 )x 5 + (-y^Ci - yj 4 C 0 )x 6 + ... 

= Co - 3 C 0 X 2 + |c 0 X 3 - gC 0 X 4 + yjC 0 X 5 - j^jCo X 6 + ... + ClX - ClX 2 + ijClX 3 - |cix 4 + ^Cix 5 - Y5o ClX<5 + ••• 

= Co(l - W + |x 3 - ±x 4 + ix 5 - jijX 6 + . . . ) + Cl (x - X 2 + ix 3 - ix 4 + ix 5 - i^x 6 + . . . ) 

(_ n n_1 

Note that in each coefficient equation, the coefficient of Ci can be given by y£yyr- To find the coefficient of Co, note that: 

_T _ __ it _ _/r _ j_\ i_ i_i_ _!_j_ _i _ _/t _Li — —(1 _ li _L — J_i_ — i_i 

2 — V 1 2/ V 1! 2! / ’ 3 — 2 6 — — 2! 3!’ 8 — V6 24/ _ V 3! 4!/’ 30 — 24 120 _ 4! 5! 

so the coefficient of cq can be given by (—1) 


n—1 


(n—1)! 


_ (-ir 1 

- (n—1)! 


+ 


- 1 )” 


Thus c n = 


(-ir 1 

(n— 1)! 


(~lf 

n! 


Co + 


t-ir 1 

(n-l)! 


Cl 


n = ^^-c 0 + 7 jrT)r(co + ci) forn > 2. Thus y = c 0 + cix + £ ( ^r-c 0 + ^^-(co + Ci))x n 

n=2 ^ ' 

lf Y n 


, , , in—1 oo „_i 

= Co + ClX + Co £ ^X 11 + Co £ \H2T)T xn + C 1 £ 753I)TX n 
n=2 n—2 n=2 

= Co - Co X + Co £ x n + C 0 X + C 0 £ \,y^)rX n + ClX + Cl £ ^fnZTjrX 11 
n=2 n—2 n=2 


^ / ,\n w , ,\n-l , . >n-i ^ / ,XI1 ^ ( ,\n-l 

= CO £ ^-X” + cox £ ^X + c * x E ^x- 1 = co £ tfx“ + (co + ci ) X £ ^x- 1 
n=0 n=l n=l n=0 n=l 

/_ j \n /_ j \k 

= Co £ ^-yr-x 11 + (co + c i) x£ ^-jy-x k = coe _x + (cq + ci) xe~ x = ae _x + bxe _x , where a = cq and b = cq + Ci 


n—0 


k—0 
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oo oo 03 oo 

y" + 4y = 0 => E n ( n — l) c n x 11-2 + 4j]c n x n = 0 => E n ( n - l)c n x 11-2 + E4c n x n = 0 

n=2 n=0 n—2 n=0 


power of x 


coefficient equation 
2(1)c 2 + 4c 0 = 0 
3(2)c3 + 4c i =0 
4 ( 3 )c 4 + 4c 2 = 0 
5(4)c5 + 4c3 = 0 
6(5)c 6 + 4c 4 = 0 


=> c 2 = —2co 
=> c 3 = —|ci 
=> c 4 = -\c 2 = I Co 
=> C5 = — jC3 = J5C1 


Cg — 1 c C4 — 


45 


Co 


x n (n + 2)(n+l)c n+2 + 4c n = 0 => c n+2 = 


~(n+2)(n+l) Cn 


y = Co + cix - 2 cqx 2 - 5 C 1 X 3 + =c 0 x 4 + ^Cix 5 - ^c 0 x 6 + ... 


= Co - 2c 0 X 2 + |C 0 X 4 - ^C 0 X 6 + . . . + Cix — 5 C 1 X 3 + fjCiX 5 + 

= c 0 (l-l%£ + »i 


\ + £1 A X _1W! + &£+ + _ 

2! ' 4! 6! '***/' 2 l3! ^ 5! ^ * • * ) ~ 2^ (2n)! ^ 2 ^ (2n+l)! 

7 x 7 n=0 n=0 


-D n 


(2x) 


2n+l 


= cocos 2x + y sin 2x = a cos 2x + b sin 2x, where a = cq and b = y 


4. y" — 3y' + 2y = 0 => ~ l)c n x ’ 

n=2 

oo oo 

=> E n ( n - l)c n x 11-2 — J^3nc n x n_1 


n—2 


3 J]nc n x J 

n=l 


n— 1 


n=2 


power of x 


n=l 


E2c„x n = 0 

n—0 


coefficient equation 
2(1 )c 2 — 3(l) Cl + 2c 0 = 0 
3(2)c 3 — 3(2)c 2 + 2c j =0 
4(3 )c 4 - 3(3)c 3 + 2c 2 = 0 
5(4)c 5 — 3(4)c 4 + 2c 3 =0 
6(5)c6 — 3(5)c5 + 2 c 4 = 0 


2EcnX"=0 
n—0 


3, 


=>■ C 2 = 2 Ci - Co 
— 3 v 


=>■ C 3 = C 2 - |ci = la - Co 


§C 2 = fci - i^Co 


=>■ c 4 = |c 3 

=> c 5 = |c 4 — J^C3 = ^C1 — jCo 

_ 1 1 _ 7 31 

C6 — 2 C 5 — T 5 C 4 = 80 c l — 360 C ° 


x n (n + 2)(n+l)c n+2 - 3(n+l)c n+ i+2c n = 0 =>• c n+2 = ^c n+1 - (n+2) 2 (n+1) c n 

y = c 0 + cix + (§d - c 0 )x 2 + (la - c 0 )x 3 + (|d - ^c 0 )x 4 + (^ci - pc 0 )x 5 + (^ci - ^c 0 )x 6 + 


= c 0 - CoX- - C 0 x 3 - J^c 0 x 4 - |c 0 x 5 - ^C 0 x 6 + ... +C 1 X+ §dx 2 + 2 Cl x 3 -I- |cix 4 + -^CiX 5 + ^CiX 6 -I- ... 


360 


= C o(l - X 2 - fx 3 - ^X 4 - ix 5 - |L x 6 - ...) + Cl ( X + 2 X 2 + 2 X 3 + | x 4 + ^X 5 + ^X 6 + .. .) 

00 00 , 

Note that if we use the techniques of Section 17.2, our solution is y = ae x + be 2x = a E + bE Thus 

(a + b) + (a + 2 b)x + ... = c 0 + cix + (|ci - c 0 )x 2 + (|ci - c 0 )x 3 + (§ci - ^c 0 )x 4 + (^ci - pc 0 )x 5 + ... 

If the series are equivalent, then take Co = a + b and ci = a + 2b and substitute in our first series for Co and ci to obtain 
y = (a + b) + (a + 2 b) x + ( 3 (a + 2 b) — (a + b))x 2 + (|(a + 2 b) — (a + b))x 3 + (|(a + 2 b) — (a + b))x 4 
+ (ng( a + 2 b) _ ?(a + b))x 5 + (^(a + 2 b) - ^b(a + b))x 6 + ... 

= (a + b) + (a + 2 b) x + ( 2 a + 2 b)x~ + (ga + jb)x 3 + (^a + |b)x 4 + (p^a + )pb)x 5 + ( 760 a “b ^b)x® + ... 

= a + ax + ,ax 2 + 2 ax 3 + Tjax 4 + -i^ax 5 + 4o ax6 + • ■ • + b + 2bx + 2bx 2 + |bx 3 + |bx 4 + ^bx 5 + ^bx 6 + ... 
= a(l+x+^x 2 +ix 3 + ix 4 + Tx 5 + Tx 6 + ...)+b(l+2x+^ + ^f + ^ + ^ + ^ + ...) 

= aEs+ b E i | L =ae x + be 2x 


n=0 


n=0 
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x 2 y" - 2xy' 

OO 

+ 2y = 0 =E x 2 X] n ( n — l)c n x n_2 

OO 

— 2xJ]nc n x 11-1 


n=2 

n—1 

OO 

=> En(n- 

OO OO 

l)c n x n - 2nc n x n + |]2c n x n = 

= 0 

n=2 

n= 1 n=0 


power of x 

coefficient equation 


x° 

2co = 0 

=> c 0 = 0 

X 1 

—2(l)ci + 2ci = 0 

=^0 = 0 

X 2 

2(1)c 2 —2(2)c 2 + 2c 2 = 0 

=^0 = 0 

X 3 

3(2)c 3 -2(3)c 3 + 2c 3 = 0 

=>■ c 3 = 0 

X 4 

4(3)c4—2(4)c4 + 2c 4 = 0 

=>■ C4 = 0 

x n 

n(n — l)c n — 2nc„ + 2c n = 0 

=> c n = 0 , n > 3 


2Ec„x“ = 0 

n—0 


y = cix 4- c 2 x 2 


6 . 


OO OO OO 


y" _ X y' + y = o =>■ ]Tn(n — l)c n x n 2 — x]Cnc n x n 1 + E c n x n = 0 


j j j 

/ -/ V / 11 / > 

n=2 n=l 

XI / J ** 

n=0 

OO 

=► X>(n- 

n=2 

OO OO 

l)c n x 11-2 - E>c n x n + Ec n x n = 

n=l n=0 

0 

power of x 

coefficient equation 


x° 

2(1 )c 2 + c 0 = 0 

=> c 2 = ^c 0 

X 1 

3(2)c 3 - (l)ci + ci = 0 

=>■ c 3 = 0 

X 2 

4(3)c 4 - (2)c 2 + c 2 = 0 

^ C 4 = 12 C 2 = ~24 C ° 

X 3 

5(4)c 5 - (3)c 3 + c 3 = 0 

^ C5 — ygC 3 =0 

X 4 

6(5)c 6 - (4)c 4 + c 4 = 0 

=* C 6 = B C 4 = -M) C 0 

x n 

(n + 2)(n+ l)c n+2 -nc„ + c n = 

0 => C n+2 — ( n+2 )( n+ i) c n 

y = co + cix 

- jCqX 2 - ^CqX 4 - j^qCqX 6 + ... 

= co(l - |x 2 - 23 x4 - M) x 


+ ...) +CiX 


7. (1 + x)y" - y = 0 => (1 + x)^]n(n - l)c n x n 2 -]Cc n x n = 0 

n—2 n—0 


E n ( n - l)c n x' 

n—2 


n—2 


E n ( n — l)c n x n Cn x n — 0 

n—2 n—0 


power of x 

coefficient eauation 


x° 

2(1 )c 2 - c 0 = 0 

=> c 2 = jC 0 

X 1 

3(2)c 3 + 2(l)c 2 - Cl =0 

=> C 3 = -\c 2 + gCl = ic! - gC 0 

X 2 

4(3)c 4 + 3(2)c 3 - c 2 = 0 

=> c 4 = -±c 3 + ±C 2 = -^Ci + ic 0 

X 3 

5(4)c 5 +4(3)c 4 -c 3 =0 

=> c 5 = — 5C4 + J2 C 3 = lTO 12 ! — n 00 

X 4 

6(5)c 6 + 5(4)c 5 - c 4 = 0 

c 6 = ~ 5 C 5 + ^jC4 = — j}Ci + ^C 0 

x n (n 

+ 2)(n + l)c n+2 + n(n + l)c n+ i - c n = 0 

=> C n+2 — ( n+2 )C n +l + ( n+2 )(n+l) c n 

y = co + cix+ \ 

C 0 X 2 + (gCl - gc 0 )x 3 + (-j^Cl + gC 0 )x 4 

■P (l20 Cl — I2 C °) X 5” (~24 Cl + 720 C °) X 

= c 0 (l + 3 x 2 - 

1 x 3 + l x 4 _ _^ x 5 + «. x 6 + ...)+ Cl ( X + I X 3 _ i X 4 + ^X 5 i X 6 + ... ) 


+ ... 
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8. (1 — x 2 )y" - 4xy' + 6y = 0 =+ (1 — x 2 )]T)n(n — l)c n x n 2 - 4x)f)nc n x n 1 +6]Cc n x I1 = 0 

n=2 n=l n=0 


X) n ( n - l)c n x n 2 - ^2n(n - l)c n x n - J]4nc n x n + ^6c n x n = 0 


n=2 


n=2 


n=l 


n=0 


power of x 


coefficient equation 
2 ( 1 )c 2 + 6c 0 = 0 
3 ( 2 ) 03 - 4 ( 1 ) 01 + 60 ! = 0 
4(3)c 4 - 2(1)02 - 4(2)02 + 6c 2 = 0 
5(4)c 5 - 3(2)c 3 - 4(3)c 3 + 6 c 3 = 0 
6(5)c 6 - 4(3)c 4 - 4(4)c 4 + 6 c 4 = 0 


=> c 2 = -3c 0 

=> c 3 = - 3 C 1 
= + C 4 — gC 2 — Co 
+-C 5 = |c 3 = -5C1 
=» C 6 = |ic 4 =-|4c 0 


x n (n + 2)(n + l)c n+ 2 - n(n - l)c n - 4nc n + 6 c n = 0 
y = c 0 + cix - 3c 0 x 2 - 5 C 1 X 3 - c 0 x 4 - gCiX 5 - jgc 0 x 6 - ... 

= c 0 (l — 3x 2 — x 4 — jjX 6 — ...) + Ci (x — 3 X 3 — jX 5 — ■ • •) 


_ n 2 +3n—6 

<-n+2 — ( n +2)(n+l) Cn 


9. (x 2 — l)y" + 2xy'— 2y = 0+■ (x 2 — 1) J()n(n — l)c n x n 2 + 2x]Cnc n x n l — 2j))c n x n = 0 

n=2 n—1 n=0 

00 00 00 oo 

=> X>( n - l)c n x n - En(n- l)c n x n ~ 2 + ^)2nc n x n - ]E2c n x n = 0 


n=2 


n—2 


n=l 


n=0 


power of x 


coefficient equation 
-2(1 )c 2 - 2c 0 = 0 
-3(2 )c 3 +2(l)ci -2ci =0 
2(1)02 - 4(3)c 4 + 2(2)02 - 2c 2 = 0 
3(2 )c 3 - 5 ( 4)05 + 2(3)c 3 - 2c 3 = 0 
4(3)c 4 — 6(5)c6 + 2(4)c 4 — 2c 4 = 0 


=> c 2 = -c 0 
=> c 3 = 0 

=> C 4 = 5 C 2 = - 5 C 0 
=> C 5 = ±c 3 = 0 
=> C 6 = |c 4 = -gC 0 


n(n - l)c n - (n + 2)(n + l)c n+2 + 2nc n - 2c n = 0 => c n+2 = 


n-i „ 
(n+l) Cn 


y = c 0 +cix - c 0 x 2 - 3 C 0 X 4 - jc 0 x 6 - ... = c 0 (l 


„2 1 v 4 L6 


...) +C 1 X 


10. y" + y' — x 2 y = 0 +■ ]Cn(n - l)c n x n 2 + )C nc n x ‘ 


n—1 


n—2 


n=l 


=> X)n(n - l)c n x n 2 + ]Cnc n x n 1 - ]Ec n x n+2 = 0 


n—2 


power of x 


n—1 


n—0 


coefficient equation 

2 ( 1)02 +(l)ci =0 
3(2)c 3 + (2)c 2 = 0 
4(3)c 4 + (3)c 3 - c 0 = 0 
5(4)c 5 + (4)c 4 - ci = 0 
6(5)c 6 + (5)c 5 - c 2 = 0 


x 2 £c n x n = 0 


n—0 


+■ C 2 — 2^1 

+> c 3 = -|c 2 = gCi 

C4 — 4 C 3 + ^2^0 — 24^t + p+0 

+ c 5 = -ic 4 +2^01 = ^01 + 3^0 

^ C6 = — gC5 + 3gC 2 = —J§)Ci — yIqCo 


X n (n + 2)(n + l)c n+2 + (n + l)c n+ i - c n _ 2 = 0 
y = c 0 +cix - jc 0 x 2 + gcix 3 + (- 25 C 1 + nc 0 )x 4 + (j^qC, 
= Co(l - U 2 + I^X 4 + 3 ^X 5 - MjX 6 + ...) +Ci(x+ ix 3 - 


C n +2 — (n+2) c n+l + ( n +2)(n+l) Cn “ 2 

+ ^c 0 )x 5 + (-^Ci - ^oC 0 )x 6 + ... 

+ Y 4 -1- J_Y 5 _ J+Y 6 4- i 
24 A ~ r 120 A 720 A _r •• • / 
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11. (x 2 - l)y" -6y = 0=> (x 2 - l)E n 0- l)c n x n - 


6 £c„x "=0 

n=0 


En(n - 1) c n x n - E n ( n - l)c n x n 


n=2 


E6c n x n = 0 

n—0 


power of x 

coefficient equation 


x° 

— 2(1 )c 2 — 6 co = 0 

=> C 2 = —3c 0 

X 1 

—3(2)c 3 — 6 ci = 0 

=> C 3 = -Cl 

X 2 

2(1 )c 2 — 4(3)c 4 — 6 c 2 =0 

= > C 4 — ^C 2 — Co 

X 3 

3(2)c 3 - 5(4)c 5 - 6 c 3 = 0 

=> C 5 = 0 

X 4 

4(3)c 4 — 6(5)cg — 6 c 4 = 0 

= > C 6 = 5^4 = 5^0 

x n 

n(n - l)c n - (n + 2 )(n + l)c n+2 - 6 c n = 0 

C n+2 — ( n+ 1 )C n 

y = Co +cix 

- 3cqx 2 - C 3 X 3 + CqX 4 - jCqX 6 - . .. = Co(l 

- 3x 2 + x 4 - ix 6 + ...) 


12. xy" — (x + 2)y'+ 2y = 0 => xEn(n — l)c n x n 2 - (x + 2) J^nc n x n '+2]Tc n x n =0 

n—2 n=l n—0 


=> E n ( n - l)c n x n 1 - X>c n x n _ £2nc n x n 1 

n—2 n=l n=l 


E2c„x n =0 

n—0 


power of x coefficient equation 

x° -2(l)ci +2c 0 = 0 

x 1 2(1)c 2 — (l)ci — 2(2)c 2 + 2c r = 0 

x 2 3(2)c 3 - (2)c 2 - 2(3)c 3 + 2c 2 = 0 

x 3 4(3)c 4 - (3)c 3 - 2(4)c 4 + 2c 3 = 0 

x 4 5(4)c 5 -(4)c 4 -2(5)c5 + 2c 4 = 0 


Cl = c 0 

=» c 2 = 5 C 1 = jC 0 
=>0 = 0 
^ C 4 — jC 3 
=$■ C5 — ^C 4 = 20 C 3 


(n+l) Cn 


x n (n+l)nc n+ i - nc n - 2(n + l)c n+ i+2c n = 0 => c n+ i = 

y = Co + c 0 x + ic 0 X 2 + C 3 X 3 + jC 3 X 4 + 20C 3 X 5 + ... = Co(l + X + \ X 2 ) + c 3 (x 3 + ix 4 + 2gX 5 + ...) 


13. (x 2 — l)y" + 4xy'+ 2y = 0 => (x 2 — l)E n ( n ~ l) c n x n 2 + 4xE nc n x n 1 + 2E c n x n = 0 

n=2 n=l n=0 

00 00 00 00 

=> E n ( n ~ l) C nX“ - E n ( n ~ l) c nX n ~ 2 + E 4nC nX n + E 2c n X n = 0 
n=2 n—2 n=l n=0 


power of x coefficient equation 

x° — 2(1)c 2 + 2c 0 = 0 

x 1 -3(2)c 3 +4(l)ci +2ci = 0 

x 2 2(1 )c 2 — 4(3)c 4 4- 4(2)c 2 + 2c 2 = 0 

x 3 3(2)c 3 - 5(4)c 5 + 4(3)c 3 + 2c 3 = 0 

x 4 4(3)c 4 - 6(5)c 6 + 4(4)c 4 + 2c 4 = 0 


=> c 2 = c 0 
=> c 3 = Cl 
=> C 4 = C 2 = CO 
=> c 5 = C 3 = Cl 
= r' Co — C 4 — Co 


X n n(n - l)c n - (n + 2)(n + l)c n+2 + 4nc n + 2c n = 0 => c n+2 = c n 

y = c 0 + cix + c 0 x 2 + c 3 x 3 + cix 4 + CiX 5 + c 0 x 6 - ... = c 0 (l + x 2 + x 4 + x 6 + ...) + c 3 (x + x 3 + x 5 


+ ...) 
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14. y" — 2xy'+ 4y = 0 =» ]Cn(n — l)c n x n - — 2xJ]nc n x n 1 +4^c n x I1 = 0 


X>( n - l)c n x n " 

n—2 


E 2nC nX n + E 4c nX" = 0 

n—1 n—0 


power of x 

coefficient equation 


x° 

2(1)c 2 + 4c 0 = 0 

=> c 2 = — 2c 0 

X 1 

3(2)c 3 -2(l) Cl +4ci =0 

=> c 3 = -5C1 

X 2 

4(3)c 4 - 2(2)c 2 + 4c 2 = 0 

=> C4 = 0 

X 3 

5(4)c 5 -2(3)c 3 +4c 3 =0 

^ C 5 = W C 3 = 3h C ^ 

X 4 

6(5)c6 — 2(4)c4 + 4c4 = 0 

=> C 6 = Y 5 C 4 = 0 

x n 

(n + 2)(n+ l)c n+ 2 - 2nc n + 4c n = 0 

„ 2(n—1) 

=> C n+2 — ( n +2)(n+l) Cn 

y = co + cix 

- 2c 0 x 2 - |cix 3 - ^cix 5 - ... = c 0 (l 

- 2x 2 ) + Ci (x — jX 3 — 

oo oo 

y" — 2xy' + 3y = 0 => ^ n ( n - l)c n x n_2 — 2x^nc n 

n=2 n=l 

OO 

x n - 1 +3Ec n x n = 0 

n—0 

OO 

=► En(n- 

OO OO 

l)c n X n_2 - 2n C n x n + Y2 3°nx n = 0 


n=2 

n=l n=0 


power of x 

coefficient equation 


x° 

2(1)c 2 + 3c 0 = 0 

=> c 2 = — |c 0 

X 1 

3(2)c 3 -2(l) Cl +3ci =0 

^ C3 = 5^1 

X 2 

4(3)c 4 - 2(2)c 2 + 3c 2 = 0 

=t > C 4 — 12^2 — g Co 

X 3 

5(4)c5 — 2(3)c 3 + 3c 3 = 0 

^ C 5 ~ ^ C 3 “ — 40 Cl 

x 4 

6(5)c6 — 2(4)c4 + 3c 4 = 0 

^ ^6 = ^C4 = 48^0 


(n + 2)(n + l)c n+2 - 2nc n + 3c n = 0 

1 „_ v 4 1 „ ^5 1 


r , — -n—3 

Ln +2 — ( n +2)(n+l) Ln 


y = c 0 + cix - |c 0 x 2 - 2 cix 3 - 2 c 0 x 4 - ^dx 5 - ^c 0 x u - 


= c 0 (l 


3„2 1 v 4 

O A 


X 4 - JgX 6 -...)+ Cl (x - 2 x 3 - 2 X 5 


40 


...) 


16. (1 — x 2 )y" — xy'+ 4y = 0 => (1 — x 2 )J^n(n — l)c n x 11 2 — x^nc n x n 1 +4^c n x I1 = 0 


n=2 


n=l 


n=0 


=> E n ( n - l)c n x n 2 - J>( n - l)c n x n - ][>c n x n + J]4c n x n = 0 

n—2 n—2 n=l n=0 


power of x 

coefficient equation 


x° 

2 ( l)c 2 + 4co = 0 

=> c 2 = — 2 c 0 

X 1 

3(2)c 3 - (l)ci+4 Cl =0 

=r> C 3 - 2^1 

X 2 

4(3)c 4 -2(1)c2-(2)c2 + 4c 2 =0 

=> C 4 = 0 

X 3 

5(4)c 5 — 3(2)c 3 — (3)c 3 + 4c 3 = 0 

^ C 5 = ^C 3 — — ; 

X 4 

6(5)c 6 - 4(3)c 4 - ( 4)04 + 4c 4 = 0 

=> c 6 = |c 4 = 0 

x n 

(n + 2)(n + l)c n 4 _ 2 - n(n - l)c n - nc„ + 4c n = 0 

C n +2 = (^+f) c n 

y = Co +cix 

- 2c 0 x 2 - 2 ClX — gCiX 5 - ... = c 0 (l - X 2 ) + Cl (x 

-ix 3 -ix 5 -...) 
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17. y 


y" - xy' + 3y = 

OO OO 

0 => E n (n — l)c n x n ” 2 — x^nc n 

n =2 n=l 

OO 

x"- 1 + 3Ec n x n =0 

n =0 

OO 

=> X>(n - l)c r 

n =2 

OO OO 

, X n_2 - J2 n C n X n + E3c n X n = 0 
n —1 n —0 


power of x 

coefficient eauation 


x° 

2 (1 )c2 + 3c 0 = 0 

=> c 2 = -|co 

X 1 

3(2)c 3 - (l)ci +3 Cl =0 

=> C 3 = - 5 C 1 

X 2 

4(3)c 4 - (2)c 2 + 3c 2 = 0 

= * > e 4 — 12^2 — §co 

X 3 

5(4)c 5 - (3)c 3 + 3c 3 = 0 

=> c 5 = 0 

X 4 

6(5)c6 - (4)c 4 + 3c 4 = 0 

c 6 = ^C 4 = j|qCo 

x n (n 

+ 2)(n + l)c n+2 - nc n + 3c n = 0 

=> c n +2 — (n+ 2 )(n+l) Cn 


y = c 0 + cix - §c 0 x 2 - icix 3 + gc 0 x 4 + jjgCox 6 


. =co(l- fx 2 + ±x 4 + jigX 6 + ...)+ Cl(x- ±x 3 ) 


18. x 2 y" — 4xy' + 6y — 0 


k 2 ^n(n — l)c n x n 2 —4xJ^nc n x n 1 


n=2 


n=l 


6Ec n x n = 0 

n=0 


X>( n - l)c n x n - 4nc n x n + X>c n x n = 0 


n=2 


n=l 


n=0 


Dower of x 

coefficient eauation 


x° 

O 

II 

O 

O 

=> c 0 = 0 

X 1 

—4(l)ci + 6ci = 0 

=4* ci = 0 

X 2 

2(1)c 2 — 4(2)c 2 + 6c 2 = 0 

=>0 = 0 

X 3 

3(2)c 3 —4(3)c 3 + 6c 3 =0 

=>0 = 0 

X 4 

4(3)c 4 —4(4)c 4 + 6c 4 = 0 

=> c 4 = 0 

x n n 

y = c 2 x 2 + c 3 x 3 

(n — l)c n — 4nc„ + 6c n = 0 

=> c n = 0 
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